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Abst rac t :  Term rewriting is commonly implemented by graph reduction in order to 

improve efficiency. In general, however, graph reduction is not complete: a term may 

be not normalizable through graph derivations although a normal form exists. Term 

rewriting systems which permit a complete implementation by graph reduction are called 

graph-reducible. We show that the following property is sufficient for graph-reducibility: 

every term having a normal form can be normalized by parallel term rewrite steps in 

which a rule is applied to all occurrences of some subterm. As a consequence, a broad 

class of term rewriting systems which includes all terminating and all orthogonal systems 

can be shown to be graph-reducible. 
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1 I n t r o d u c t i o n  

Term rewriting serves as a model of computation in several areas of computing science 

such as algebraic specification, functional programming, and theorem proving. In practice, 

implementations of term rewriting usually represent terms by graphs in order to exploit 

the sharing of common subterms: repeated evaluations of the same subterm are avoided. 

However, sharing common subterms may lead to incompleteness. As an example, consider 

the following term rewriting system: 

- .  g(x,x) 

a - - ~ b  
g(a,b) -0 c 

S(b,b) ¢(a) 

The term f (a) can be normalized by the rewrite sequence 

g(a,a) - ,  g(a,b) - -  c. 

But no normal form can be reached when common subterms are shared: 

f g g f 

a a b a 

This kind of incompleteness could be remedied by introducing graph rules which "unfold" 

shared subterms. But then the efficiency gained by sharing would get lost, and with 

it the very advantage of graph reduction. In this paper, we study the class of term 

rewriting systems that permit completeness despite sharing. The kind of completeness 

we are aiming at is normalizability: if a graph represents a term that has a normal form, 

then this graph must be reducible to some normal form. Following Barendregt et al. 

[BEGKPS 87], we cM1 term rewriting systems with this property graph-reducible. 

The problem with the term rewriting system shown above is that sharing excludes certain 

rewrite steps (e.g. g(a, a) -* g(a, b)). In contrast, we show in section 3 that parallel term 

rewrite steps of the following kind can always be implemented by graph reduction: a term 

is rewritten by applying a rule simultaneously to all occurrences of some subterm. Such a 

parallel step can be modelled on the graph level by maintaining a full sharing of common 
subterms. 

Working with parallel term rewrite steps enables us to establish various sufficient con- 

ditions for graph-reducibility. In particular, it is straightforward to show that all termi- 

nating and all orthogonal term rewriting systems are graph-reducible. Moreover, nor- 

malizing term rewriting strategies that are defined in terms of parallel rewrite steps can 

effectively be translated into normalizing graph reduction strategies. Our classification 

of graph-reducible systems is complemented by examples which delimit subclasses from 
each other. 
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2 Jungle  Evaluat ion 

We review the jungle evaluation approach ([HKP 88], [HP 88]) as far as it is necessary for 

the following sections. We assume that  the reader is familiar with basic notions of term 

rewriting (see for example [DJ 90], [Klo 90]). 

Let SIG = (S, F )  be a signature, that is, S is a set of sorts and F is a set of function 

symbols such that  each f E F has a string of argument sorts s l . . .  s ,  E S* and a result 

sort s E S. A function symbol f is written f : sl . . .  s~ --* s when the argument and result 

sorts matter .  

A hypevgraph G = (Va, Ea,  sa,  to,  la, raG) over SIG consists of a finite set Va of nodes, 

a finite set E a  of hyperedges (or edges for short), two mappings sa : Ea  --* V~ and 

ta : Ea  --* V~, assigning a string of source nodes and a string of target nodes to each 

hyperedge, and two mappings ta : VG --* S and m a  : Ea  --* F ,  labeling nodes with sorts 

and hyperedges with function symbols. 

A hypergraph G over SIG is a jungle if 

• the labeling of G is compatible with SIG,  that  is, for each e E Ec ,  

mG(e) = f :  81 . . .  s ,  --~ s implies l~(sa(e))  = s and l~(tG(e)) = s t . . .  s , ,  

• outdegreee(v)  < 1 for each v E V a ,  

• G is acyclic. 

2.1 E x a m p l e  

Assume that  SIG contains a sort na t  and function symbols 

0 :-~ nat, 

SUCC, fib : nat -~ nat, 

+ : nat nat -~ nat. 

Then the following hypergraph is a jungle over SIG. 

1Given a mapping g : A --* B, the extension g* : A* ~ B* is defined by g*(A) = A and g*(aw) = 
g(a)g* (w) for all a E A, w E A*. Here A denotes the empty string. 
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Nodes are drawn as circles and hyperedges as boxes, both with their labels written inside. 

A line without arrow-head connects a hyperedge with its unique source node, while arrows 

point to the target nodes (if there are any). The arrows are arranged from left to right in 

the order given by the target mapping. [3 

When SIG- te rms  shall be represented by jungles, nodes without outgoing hyperedge serve 

as variables. The set of all such nodes in a jungle G is denoted by VARa.  (Note that  each 

variable in V A R a  occurs only once in G, since variables are nodes rather than labels.) 

The term represented by a node v is then defined by 

v if v 6 VARG, 

t e r m a ( v )  = m a ( e ) t e r m b ( t G ( e ) )  otherwise, where e is the unique 

hyperedge with sa (e )  = v. 

For instance, if v is the left one of the two topmost nodes in the above example, then 

r e t i n a ( v )  = (x + 0) + succ(x + 0) (using infix notation) where x is the unique variable 

node in G. 

For defining reduction rules and reduction steps we need structure preserving mappings 

between jungles. A jungle morphism g : G -~ H consists of two mappings gv : Va --~ VH 

and gE : EG --+ EH which preserve sources, targets, and labels, that  is, SH o g~ = gv  o sa ,  

tH o gE = g~" o tG, lg  o gv  = lG, and mH o gE = mG. 

Now we are ready to translate term rewrite rules into evaluation rules. For motivations 

and further details, however, we refer to [HP 88]. 

A s s u m p t i o n  

For the rest of this paper we assume that  7£ is an arbitrary term rewriting system, that  

is, each rule l --~ r in 7£ consists of two terms l and r of equal sort such that  1 is not a 

variable and all variables in r occur already in l. [] 

Given a rule l --* r from 7£, the corresponding evaluation rule (L ~ K b R) consists of 

three jungles L , K , R  and jungle morphisms K --~ L and b : K --* R such that: 

L is a variable-collapsed tree 2 with termL(rOOtL) = l. 

K is the sub jungle of L obtained by removing the edge outgoing from rootL. 

R is constructed from K as follows: if r is a variable, then rootL is identified with 

the node r; otherwise, R is the disjoint union of K and a variable-collapsed tree R' 

with t e rmn, ( roo tn , )  = r where tooth, is identified with rootL and each x 6 VARR, 

is identified with its counterpart in VARK.  

K ~-~ L and b : K --* R are inclusions with the possible exception that  b identifies 

rootL with some variable. 

2.2 E x a m p l e  

The following picture shows the evaluation rule for the rewrite rule succ(x) + y --* 

succ(x + y) (where • depicts a nat-labeled node): 

2That is, there is a unique node rootL with indegreel.(rOOtL) = 0 and only variables may have an 
indegree greater than 1. 
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( ~ ) 

xy xy xy 

[] 

We assume from now on that  every jungle G has a distinguished node roota which rep- 

resents the term to be evaluated. Then the "relevant" part  of G consists of all nodes 

and edges that  are reachable from roota. This sub jungle is denoted by G °. The nodes 

and edges in G - G ° are said to be garbage. In the following we write term(G) for 

termc(roota). 

The application of an evaluation rule (L *-~ K --* R) to a jungle G requires to find an 

occurrence of L in G* and works then analogously to the construction of K and R described 

above." 

• Find a jungle morphism g : L -~ G °. 

• Remove the edge outgoing from g(root~), yielding a jungle D (with tooth = roote). 

• The resulting jungle H is obtained from D like R is constructed from K:  if r is a 

variable, then g(rootL) is identified with g(r); otherwise, H is the disjoint union of 

D and the variable-collapsed tree R' where rootR, is identified with g(rootI.) and 

each x E VARR, is identified with g(x). Finally, rootD becomes tOOtH. 

We write G =~ H if H is the result of applying an evaluation rule to G and call this an 

evaluation step. We also use the notation G = ~  H if v is the image of rootL in G, that  

is, if v = g(rooti.). For the resulting jungle H its structure and labeling matters  rather 

than the names of (non-variable) nodes. So every jungle H' essentially isomorphic a to H 

is allowed as a result of this evaluation step as well. We require, however, that  variable 

nodes are not renamed. 

For stating the effect of an evaluation step G =~ H on term(G) we need some more 

notions. Recall that  the positions in a term t are strings of natural  numbers denoting 

nodes in the tree representation of t and that  for each position Ir in t, t[r] is the subterm 

at ~r. 7r is called a redex if there is some rule l --* r and some substitution a such that  

t i t  I = a(l) .  

Given a nonempty set A = {zq , . . . ,  ~',} of redexes in a term t such that  t[~',] = t[x'j] 

for 1 _< i , j  <_ n, we denote by t -~a u the parallel rewrite step that  reduces all the ~r~ 

simultaneously by the same rule. 

For every jungle G there is a mapping uodeo which takes positions in term(G) to nodes 

in G" such that  A is mapped to roota and each position ~ri to the i-th target node 

STwo jungles G and H are said to be esseulially isomorphic if there is a jungle morphism g : G' --* H* 
with gv and gE bijective. Note that we only compare the non-garbage parts of G and H. 
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of the unique edge outgoing from nodec(~r). For each position r ,  nodea(r) represents 

term( G)[rr]. 

2.3 E v a l u a t i o n  T h e o r e m  ( [HP 88]) 

Let G ==~ H be an evaluation step. Then 

term(G) -~ term(H) 
& 

with A = {~r I nodea(~r) = v}. D 

The Evaluation Theorem expresses correctness: evaluation steps perform term rewriting. 

But there is a problem with evaluation rules for non-left-linear rewrite rules: since the 

left-hand side L of such a rule is not a tree, there may be no jungle morphism from L 

to a jungle G although the underlying term rewrite rule is applicable to term(G).  This 

happens if a shared variable in L corresponds to different occurrences of a subterm in G. 

To overcome this problem we introduce folding rules which allow to compress a jungle 

such that  equal subterms are represented by the same node. 

For each function symbol in F there is a folding rule (L ~ K ~ R): 

symbol c :--* s: ( ~ (~) ) 

] 

For each function 
symbol f : s l . . .  s,~ --~ s: 

, • > 

The application of a folding rule to a jungle G is called a folding step and works as follows: 

• Find a jungle morphism g : L --* G" with gE injective. 

• Remove g(e), where e is the unique edge in L - K.  

• Identify g(v) and g(v'), where v and v' are the two source nodes in L. 

If H is the resulting jungle, then this folding step is denoted by G -.~ H. Again we allow 

every jungle essentially isomorphic to H as a result of this folding step (but require that  

variables are not renamed). A sequence G ~-¢* 0 of folding steps is called a folding. 

A jungle G is said to be fully collapsed if no folding rule is applicable to G. Equivalently, 

G is fully collapsed if for all nodes Vl, v2 in G °, terma(Vl) = terma(v2) implies vl = v2. 

By applying folding rules as tong as possible, every jungle can be transformed into a fully 

collapsed jungle. 
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2.4 T h e o r e m  ( [HP 88]) 

For every jungle G there is a folding G "-** G such that  G is fully collapsed, m 

Note that  folding rules are constructed in such a way that  folding preserves terms: G -,z* 

implies term(G) = term(G).  

In the following we use evaluation and folding rules together and abbreviate =~ U ~,* by 

9 .  A step G ~ H is called a reduction step and a sequence G 9 "  H of reduction steps is 

said to be a reduction. 

A jungle H is a normal form (with respect to 9 )  if there is no reduction step H ~ J .  In 

this case H is a normal form of every jungle G with G 9 "  H.  A jungle G has a normal 

form if G 9 "  H for some normal form H. These notions are analogously defined for terms 

(by replacing ~ by ---~). 

2.5 N o r m a l  F o r m  T h e o r e m  ( [HP 88]) 

Let G 9 "  H be a reduction such that  H is a normal form. Then term(H) is a normal 

form of term(G). [] 

3 Graph-Reducibility 

In this section we establish a sufficient condition for term rewriting systems to have a 

complete implementation by graph reduction. We consider parallel term rewrite steps 

in which a rule is applied to all occurrences of some subterm. Every sequence of such 

rewrite steps can be modelled by a sequence of jungle reduction steps in which jungles 

axe completely folded ahead of evaluation steps. As a consequence, a jungle has a normal 

form if it represents a term that  can be normalized by parallel rewriting. 

3.1 Def in i t i on  

A term rewriting system is called graph-reducible if for every jungle G, if term(G) has a 
normal form, then G has a normal form. 4 [] 

3.2 T h e o r e m  

The following is equivalent: 

(i) ~ is graph-reducible. 

(ii) For every jungle G, if term(G) has a normal form, then there is a reduction G ~* H 

such that  term(H) is a normal form of term(G). 

Proof .  Let G be a jungle such that  term(G) has a normal form. 

(i) =~ (ii). If T~ is graph-reducible, then there is a reduction G 9 "  H such that  H is a 

normal form. By Theorem 2.5, term(H) is a normal form of term(G). 
(ii) ~ (i). By (ii) there is a reduction G 9 "  g such that  term(H) is a normal form 

of term(G). A subsequent folding H ~,z* H yields a fully collapsed jungle H which is a 

4The notion of graph-reducibility was introduced by Barendregt et al. [BEGKPS 87]. Their definition 
requires that all normal forms of a term can be computed by graph reduction. However, the results in 
[BEGKPS 87] that systems with "hypernormalizing" and "sib-normalizing" strategies are graph-reducible 
hold only for the weaker definition used here. See also section 4. 
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normal form by the Evaluation Theorem 2.3. (For if there were any jungle J with H =~ J ,  

then t erm(H)  = term(H) -h~ t e r m ( J ) ,  so term(H)  would not be a normal form.) Thus 

T~ is graph-reducible. [] 

In order to give sufficient conditions for graph-reducibility, we consider the parallel appli- 

cation of a term rewrite rule to all occurrences of some subterm. 

3.3 D e f i n i t i o n  

Given a te rm t and some redex Ir in t, t -off= u denotes a parallel rewrite step in which 

all redexes that  represent the same subterm as ~r are reduced by the same rule. Tha t  is, 

t --~I,~ u if and only if t ~ u with A = {~r' [ t[~r'] = t[~r]}. [] 

By using folding rules it is possible to model arbitrary ---~l-steps by jungle reduction steps. 

This is achieved by completely folding a jungle before applying an evaluation rule. 

3.4 T h e o r e m  

For every parallel term rewrite step t --~1 u and every jungle G with term(G) = t there is 

a reduction 

G Zz O =~ H 

such that  t erm(H)  = u. 

P r o o f .  Let l --* r be the rewrite rule and a the substitution associated with t --~1 u. By 

Theorem 2.4 there is a folding G --** 0 such that  0 is fully collapsed. Since term(G) = t, 

there is a unique node v in 0 ° with termff(v) = a(I). Let (L ~-~ K --* R) be the evaluation 

rule for l --* r. As shown in [HP 88], there is a jungle morphism g : L --* 0 ° with 

g(rootL) = v, because G is fully collapsed. So there is an evaluation step G = ~  H.  

By the Evaluation Theorem 2.3 we have t = term(G) "04 term(H)  with A = {Tr [ 

nodef(~r ) = v}. node~ takes each r with = ~(l) to a node  representing a(l). Since v 

is the only node in G° representing a(l), we conclude that  A = {~r [ t[r] = a(1)}. Thus 

t --~1 term(H)  via l -* r and a, which implies term(H)  = u. [] 

3.5 C o r o l l a r y  

Let t --~1" u for some terms t, u. Then for every jungle G with term(G) = t there is a 

reduction G ~* H such that term(H)  = u. [] 

The above corollary suggests to consider the following kind of term rewriting systems. 

3.6 D e f i n i t i o n  

A term rewriting system is called parallelly normalizing if for every term t having a normal 

form, there is a parallel rewrite sequence t --ill* u to some normal form u. 5 [] 

Corollary 3.5 together with Theorem 3.2 yields the following result. 

5Note that "parailelly normalizing" neither implies nor follows from the property that every term 
has a normal form. A term rewriting system with the latter property is called "normalizing" [DJ 90] or 
"weakly normalizing" [Klo 90]. 
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3.7 C o r o l l a r y  

Paxallelly normalizing term rewriting systems are graph-reducible. 

P roo f .  Let 7~ be parailelly normalizing and G be a jungle such that  t e rm(G)  has a 

normal form. Then t e rm(G)  --~11" u for some normal form u. Hence, by Corollary 3.5, 

there is a reduction G ~* H with t e r m ( H )  = u. With Theorem 3.2 it follows that  7~ is 

graph-reducible, t3 

3.8 E x a m p l e  

Let 7~ consist of the following three rules for the addition of natural numbers: 

O + x  --, x 

+ y + y) 

x + y  --~ y + x  

Here a term t has a normal form if and only if there is at most one variable occurrence in 

t. The following procedure computes this normal form via innermost --~l-steps (a redex 

in t is said to be innermost if no proper subterm of t[r] contains a redex): 

whi le  there is some innermost redez r in t d o  

beg in  

let t[Tr] = ul + u2; 

if.u1 is a variable t h e n  t -~l~t' by rule 3 

else t --~l~t' by rule 1 or ~; 

t : :  t l 

e n d  

The procedure terminates whenever the input term has a normal form, so T~ is parallelly 

normalizing and thus graph-reducible, cl 

The following example shows that  the converse of Corollary 3.7 does not hold, that  is, 

there axe graph-reducible term rewriting systems which are not paxallelly normalizing. 

3.9 E x a m p l e  

Suppose that  T~ is given as follows: 

a ---+ b 

f (b ,a )  ~ c 

To see that 7~ is graph-reducible, let tl,t~ be any terms and G be any jungle with 

term(G) = f(t,,t~). Then 

G = [~(tl,t~)] ~ [~(a, tl)] ~ [~(a, a)] ~ [~(b,a)] ~ [c] 

where, for every term t, [t] denotes some jungle ,,vith term([t]) = t. Note that the two 

occurrences of a in f(a, a) are represented by different nodes in [f(a, a)]. 
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Although 7~ is graph-reducible, it is not parallelly normalizing, f (b ,b ) ,  for instance, 

cannot be normalized by --qFsteps: 

f(b,b) -'~I f(a,b) -~I f( 

[] 

It should be noted that  the above example does no longer work if we require that  jungles 

are completely folded before an evaluation rule is applied. Indeed, if we consider graph- 

reducibility for this special kind of reduction, then a term rewriting system is graph- 

reducible if and only if it is parallelly normalizing. 

4 Reduct ion  Strategies 

In evaluating terms or jungles we are interested to perform only steps that  eventually lead 

to a normal form. So we need some control mechanism which selects for every term resp. 

jungle those steps that have to be performed next. This leads us to the investigation of 

reduction strategies. 

Similar to Barendregt et al. [BEGKPS 87] we use an abstract definition of a strategy 

which can be applied to both term and graph rewriting. 

4.1 De f in i t i on  

1. Let (B,--*) be an abstract reduction system, that is, B is a set and --* is a binary 

relation on B. A strategy for (B, --*) is a function ,9 that  maps each b in B to a set S(b) 
satisfying the following two conditions: 

• Each element in S(b) is a reduction sequence of the form 

b ~ b~ --. b2 --* . . .  ~ b,, with n > 1. 

• S(b) is empty only if b is a normal form. 

We write b ~ s  b' if there is some sequence b --* bl --* . . .  --* b, = b' in S(b). S is called 

a one-step strategy if, for each b in B,  all sequences in S(b) are of length 1. S is said 

to be normalizing if for each b in B having a normal form, there is no infinite sequence 

b ---~s bl --*s b2 --*s . . .  

2. A term rewriting strategy S is a --~l-strategy if, for every term t, S(t) contains only 

sequences of the form t --ql tl ---~1 t2 --~1 . . .  ---~1 t,,. [] 

It is straightforward to verify the following characterization of parallelly normalizing sys- 

tems. 

4.2 Fac t  

A term rewriting system is parallelly normalizing if and only if it has a normalizing ---~l- 

strategy. O 
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By Corollary 3.7 it is in principle possible to compute term normal forms via jungle 

reductions if T~ is parallelly normalizing. To make this reality, however, we have to find a 

(computable) normalizing jungle reduction strategy. Fortunately, Theorem 3.4 allows us 

to effectively transform every -~l-strategy S into a jungle strategy Sj .  

4.3 D e f i n i t i o n  

Given some sequence t --~ltl ---~1 . . .  ---~lt, and some jungle G with term(G) = t, we denote 

by reda[t ---~Itl --~11 • • • --~tlt,] a jungle reduction G ~* G1 ~ * . . .  ~*  G ,  with term(Gi) = ti, 
for i = 1, ..., n. Such a reduction can be effectively constructed by Theorem 3.4. 

Let now G be an arbitrary jungle. Sj(G) is defined as follows: 

• Sj(G) = 0 if G is a normal form. 

• Sj(G) = {G ",~* G} if term(G) is a normal form, but G is not fully collapsed. Here 

G-,~* G is some folding such that  G is fully collapsed. 

* S j (G)  --- {redc[term(G) "-*lit1 -"tl..  • "~ltn] I term(G) ---~llt, --~11. • • "-~ltn E S(term(G))} 
if neither of the first two cases applies. 

4.4 T h e o r e m  

If S is a normalizing --~tl-strategy, then Sa is normalizing. 

P r o o f .  Let G be a jungle having a normal form. Suppose there were an infinite sequence 

G ~ s j  G1 ~ s j  G~ a s s  . . .  Then term(G) ~ s  term(G1) ~ s  term(G2) --*s ... by the 

above construction. But term(G) has a normal form by Theorem 2.5, so S would not be 

normalizing. [] 

If some term rewriting strategy S is known to be normalizing, one may t ry  to "parallelize" 

S in order to obtain a normalizing --~l-strategy. There is a natural choice for such a 

transformation if S is a one-step strategy. 

4.5 D e f i n i t i o n  

Let t ~ u be a term rewrite step via some rule l ~ v and some redex 7r. Then t --~t1~ t2 via 

l ~ v is called the pavallelization of t ~ u. For every one-step strategy S,  the --~l-strategy 

S n is defined by 

Sll(t) = {t ---~1 fi I t --~llfi is the parallelization of some step t ~ u in S(t)}.  

I-1 

Examples for one-step strategies that  are normalizing after parallelization are the so-called 

sib-normalizing strategies considered by Barendregt et al. [BEGKPS 87]. A one-step 

strategy S is said to be sib-normalizing if the extended strategy ,ff defined by 

,.if(t) = (t  7 t '  -~ t" I t '  -~ t" reduces siblings of the redex reduced by t 7 t'} 

is normalizing. (A sibling of a redex 7r in a term t is a redex ~r' with t[~r] = t[~r'].) In 

[BEGKPS 87] it is shown that  every left-linear term rewriting system that  has a sib- 

normalizing strategy is graph-reducible. 
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4.6 T h e o r e m  

Every term rewriting system that  has a sib-normalizing strategy is parallelly normalizing. 

The converse does not hold. 

P roof .  It is evident that  t --*sllt' implies t --+5 t', for every one-step strategy S and for all 

terms t, t (  Hence if S is sib-norma~izing, then S m is a normalizing --*tl-strategy. To show 

that  the converse is not true, let T¢ consist of the two rules a --~ b and a --~ f (a ,  a) 6. 

Then the ---~t-strategy which applies the first rule simultaneously to all occurrences of a 

in a term is normalizing. But for every one-step strategy S and for every term t that  

contains at least two occurrences of a, there is a step t --*~ t t such that  t ~ again contains 

two occurrences of a. This is because after a step t --~s ~ there is an occurrences of a in 

to which the second rule can be applied. Hence S is not normalizing, rn 

An interesting difference between S and Sll is that  (by definition) for ,~ to be normalizing 

it is necessary that  S is normalizing, while S u may be normalizing even if S is not. As 

an example for the latter, consider two terminating term rewriting systems T~o and 7"Q 

with disjoint function symbols. Then 7"¢0 t3 T¢1 may be non-terminating. In this case the 

strategy S : t ~-* {t --* t ' [ t '  is an arbitrary term} is not normalizing (and hence not 

sib-normMizing) while Sll is normalizing (cf. section 5.1). 

5 Two Classes of Parallelly Normalizing Systems 

In this section we show that  both terminating and orthogonal term rewriting systems 

are parallelly normalizing. (In fact, the termination property can be relaxed to "parallel 

termination"). This gives us practical methods to prove graph-reducibility: many methods 

for proving termination are known (see [Der 87]), and orthogonality is a syntactic property 

which is simple to check. 

5.1 Parallelly Terminating Systems 

A term rewriting systemis  terminating if there is no infinite rewrite sequence tl --~ t2 --* 

ts -~ . . .  Clearly, in this case there is neither an infinite sequence of --~l-steps, so every 

terminating system is parallelly normalizing. This argument suggests the following weaker 

condition. 

5.1 Def in i t i on  

A term rewriting system is called paraltelly terminating if there is no infinite sequence 

tl -'~ll t2 ---ill t3 "-'ill . . .  v1 

Hence for paralleUy terminating systems every --~l-strategy is normalizing. The following 

example (from Toyama [Toy 87]) demonstrates that  parallelty terminating systems axe 

not necessarily terminating: 

SThis example is due to Michael LSwe. 
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T~: f(o, 1, x) -~ f(x, x,x) 

7"~1: or(x ,y)  -~ X 

or(x ,y)  -~ y 

Although Tio and T~I are terminating, Ro U 7£1 is non-terminating since the term 

f ( o r ( 0 , 1 )  , o r ( 0 , i )  , o r ( 0 , 1 ) )  reduces in three steps to itself. In [Plu 9t] it is shown 

that  jungle reduction is terminating for 7£o U T£1, that  is, there is no infinite sequence of 

~-steps. With Theorem 3.4 it follows that  Ti0UTZ1 is parallelly terminating. Actually, the 

main result in [Plu 91] implies that  a combined system T£o U 7Z1 is parallelly terminating 

whenever 77.o and 7£1 are terminating and when the left-hand sides of T£1 have no common 

function symbols with the right-hand sides of 7Zl_i (i = 0,1). 

5 . 2  O r t h o g o n a l  S y s t e m s  

Orthogonal (or regular) term rewriting systems are characterized by two properties: their 

rules are left-linear and nonoverlapping. That  is, every variable occurs at most once in 

every left-hand side, and whenever there are two rules l ~ r and l' --* r '  such that  l 

overlaps l' in some subterm u, then l = u and l --~ r = l' ~ r'. (A term t overlaps a term 

t' in a subterm u of t, if u is not a variable and there are substitutions a and a '  such that  

~(u) = ~'(t').) 

An example for an orthogonal term rewriting system is Combinatory Logic: 

((s .  x).  y) .  z - ~  

( K ' x ) ' y  --~ x 

I . x  --+ x 

(x. z) .  (y. 7) 

The (nullary) function symbols S, K, I denote combinators while the binary function 

symbol • denotes function application. (See [Klo 90] for the importance of Combinatory 

Logic.) 

It is well-known that  the parallel outermost strategy is normalizing for orthogonal sys- 

tems. This strategy reduces all the outermost redexes in a term in parallel. By a slight 

modification of the parallel outermost strategy we obtain a normalizing --~l-strategy. Let 

t be any term not in normM form, and let H = {zrl , . . . ,  r , }  be a set of outermost redexes 

in t such that  

• t[~r,] # t[~-A for i # j,  and 

• for each outermost redex 7r in t there is some ~ri 6 II with t[r] = t[crl]. 

Then ,.q(t) = {t --~t~i tl --~[~2 . .-  -~b .  t,~} defines a -~l-strategy. (Note that  8 is wall- 

defined by orthogonality: lri+l is a redex in ti for i = 1 , . . .  , n  - 1.) S is normalizing 

by O'Donnell's result that  "eventually outermost" rewrite sequences are normalizing (see 

[O'D 77]). 
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6 C o n c l u s i o n  

We can summarize our classification of graph-reducible term rewriting systems as follows: 

graph-reducible term rewriting systems 

paralletly normalizing 

( p a r a l l e l l y  ~ ~ 
terminating orthogonal 

All the inclusions in this diagram are proper. (Example 3.8 shows a parallelly normaliz- 
ing system which is neither parallelly terminating nor orthogonal.) Moreover, the exam- 

pie shown in the introduction demonstrates that confluence 7 is not sufficient for graph- 
reducibility. 

Finally, we mention some topics for further research: 

Not all graph-reducible systems are parallelly normalizing. Is there a satisfactory 
characterization of graph-reducibility in terms of term rewriting notions? 

Are there sufficient syntactic conditions for graph-reducibility which go beyond or- 

thogonality? If so, do these conditions give rise to efficient (or at least computable) 
normalizing strategies? 

Our definition of graph-reducibility can be strengthened by requiring that for every 

jungle G all normal forms of term(G) can be computed by jungle reductions. This 

strong graph-reducibility clearly holds for graph-reducible systems in which every 

term has at most one normal form, so in particular for orthogonal systems. But 

what can be said for other classes of term rewriting systems? Terminating systems, 
for instance, are not strongly graph-reducible in general (a counterexarnple can be 
found in the long version of [HP 88]). 
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7A term rewriting system is called confluent if for all terms t,tt,t2 with tl %- t --,* t2 there is a term 
t3 such that tl --~* t3 %--- t2. 
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