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ABSTRACT

Volatile evolution in protoplanetary discs determines the compositional evolution of forming planets. Below their sub-
limation temperatures, volatiles freeze out from the vapour phase onto dust grains in the disc and transition to being
dynamically coupled to the dust component as opposed to the gas. The boundary between the ice and vapour phases is
referred to as the snow line, when thought of as the mid-plane radius at which the phase transition occurs, or the snow
surface, when viewed as a 2D (radial and vertical) structure in the disc. We investigate whether the CO snow line (and
therefore snow surface) is thermally unstable and therefore liable to changes in its location during disc evolution using
the disc evolution code cUDISC, to which we have added an ice-vapour chemistry solver. We find that the instability does
lead to there being two steady-state stable equilibrium solutions for the snow surface when including the vertical structure.
However, in dynamically evolving simulations, the disc does not enter a limit-cycle — as seen in previous 1D models — due
to the shape of the 2D snow surface and the vertical transport of volatiles. We therefore expect that dynamically evolution
of snow lines due to instability is limited to transient, stochastic events rather than oscillatory behaviour with a regular
period. However, we also expect the snow surface to evolve substantially during the disc lifetime solely due to changes in
the thermal structure driven by evolution of the dust spatial structure and grain-size distribution - this we will explore in

future models.

Key words: astrochemistry — protoplanetary discs.

1 INTRODUCTION

The initial composition of young planets is set by the solid and
gaseous material that they accrete whilst forming in their host
protoplanetary discs. In these discs, most of the important chem-
ical elements are found in the form of simple molecules that are
volatile at the temperatures and pressures found in such environ-
ments - e.g. H,0, CO,, CO, N,, and CH,, amongst others (see K.
I. Oberg, S. Facchini & D. E. Anderson 2023; K. Zhang 2024, for
recent reviews of disc chemistry). These molecules can therefore
either be in the vapour phase or frozen-out onto the surfaces of
dust grains at a certain location in the disc; the contour that marks
the transition between the vapour and ice phase is referred to
as the snow surface whilst the mid-plane radial location of this
surface is called the snow line. The location of the snow line and
the shape of the snow surface are set by the temperature structure
of the disc, the binding energy of the volatile to the grain surfaces
and the vapour pressure of the volatile.

Understanding these features of discs is vital for explaining
planet formation. As snow lines lie at different radii for each
volatile, the compositions of the gas and dust components of the
disc - and therefore important quantities such as the C/O ratio -
are functions of disc location (K. I. Oberg, R. Murray-Clay & E.
A. Bergin 2011). Also, the dynamics of the ice and vapour phase
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volatiles are very different, as the ice-phase volatiles are coupled
to the radially drifting dust rather than the slowly evolving gas.
Such a difference means that composition is also a function of
time (see e.g. D. J. Stevenson & J. I. Lunine 1988; J. N. Cuzzi &
K. J. Zahnle 2004; R. A. Booth et al. 2017; R. A. Booth & J. D.
Ilee 2019). We also know that CO is depleted compared to the
ISM abundance in many discs, primarily inferred from CO gas
masses that suggest dust-to-gas ratios larger than those of the ISM
(M. Ansdell et al. 2016; A. Miotello et al. 2017). Inclusion of dust
growth and dynamics alongside chemistry when modelling the
CO snow line (see M. Kama et al. 2016; R. A. Booth et al. 2017; S.
Krijt et al. 2018; R. A. Booth & J. D. Ilee 2019; S. Krijt et al. 2020;
D. Powell et al. 2022; E. Van Clepper et al. 2022) has indicated
that these processes play a crucial role in CO depletion. More
recently, James Webb Space Telescope (JWST) observations have
suggested that low-mass stars (< 0.3 M) have high C/O ratios
in the inner disc (B. Tabone et al. 2023; A. M. Arabhavi et al.
2024; J. Kanwar et al. 2024; F. Long et al. 2025) in contrast to
seemingly oxygen-rich higher mass stars (see e.g. C. E. Romero-
Mirza et al. 2024; M. Temmink et al. 2024). Insight into this
differentiation requires comprehensive modelling of both chem-
istry and dust processes; using 1D models that combine volatile
molecule chemistry with dust and gas transport, A. D. Sellek & E.
F. van Dishoeck (2025) and A. D. Sellek, M. Vlasblom & E. F. van
Dishoeck (2025) show that the C/O ratio in the inner disc regions
is a time-dependent function of both chemical and dynamical
timescales.
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To understand the spatial structure, abundance and temporal
evolution of molecules in discs, we therefore evidently need mod-
els of dust evolution that are coupled to the disc chemistry. CO
in particular is 3.an important molecule to study. It has a high
interstellar abundance (M. Asplund et al. 2009), both making
it very important for outer disc chemistry and amenable to ob-
servation across multiple isotopologues (e.g. 12CO, *CO, C*#0,
C'70; see A. Miotello, S. Bruderer & E. F. van Dishoeck 2014;
M. Ansdell et al. 2016; A. S. Booth et al. 2019; C. J. Law et al.
2023). For typical discs around solar-mass stars, the mid-plane
CO snow line lies in the outer disc, at radii of >~ 20 au (see
e.g. K. I. Oberg et al. 2011). This means that it lies in a region of
the disc where the temperature is governed by absorption and re-
processing of stellar light by dust grains. In the aforementioned
models, the disc thermal structure is not self-consistently coupled
to the evolving dust and volatile distribution, and is usually held
constant. As the CO snow line (and snow surface) is exponentially
sensitive to the disc thermal structure, any evolution of the disc
temperature due to changes in the dust population should have
profound impacts on the molecular layout of the disc. As a case in
point, J. E. Owen (2020) produced a model of CO evolution that
included dust dynamics and coupled the disc thermal structure
to the dust and CO ice distributions; their results suggested that
the snow line can be unstable to thermal perturbations, leading
to rapid radial movement of the mid-plane CO snow line. All of
this points to the case that self-consistent modelling of the disc
temperature structure alongside dust evolution and chemistry is
vital for correctly modelling the evolution of molecules in discs.

In this paper, we study the CO snow line - and snow sur-
face - in two dimensions (radial and vertical), coupling the disc
thermodynamics to the time-dependent evolution of the dust
and ice in the disc. To do this, we use the protoplanetary disc
evolution code cuDISsC (A. Robinson, R. A. Booth & J. E. Owen
2024), adding to the base model ice-vapour chemistry and ice
opacities, all of which allows us to study the CO snow line in a
thermodynamically coupled, vertically resolved disc. With this
updated model, we build upon the work done studying the CO
snow line instability in 1D by J. E. Owen (2020) by including the
vertical dimension and a detailed model of the evolving grain-
size distribution; in this paper, we discuss the effect that these
inclusions have on the nature of the snow line instability.

2 METHODS

We use cUDISC (A. Robinson et al. 2024), a protoplanetary disc
code that simulates dust evolution in the 2D R-Z plane for ax-
isymmetric discs and couples this evolving dust population to the
thermal structure of the disc through solving the equations of
radiative transfer using wavelength- and grain-size-dependent
opacities. To study volatile evolution and study the movement of
snow lines, we update CUDISC to include ice-vapour chemistry.

2.1 Ice-vapour chemistry

The ice-vapour chemistry model is based on those detailed by
R. A. Booth et al. (2017); J. E. Owen (2020), which in turn were
based on D. Hollenbach et al. (2009). We consider adsorption
and desorption of individual molecules from the surfaces of
dust grains and construct rates for each of these processes. With
this construction, we solve the following equations for the mass
density of vapour and ice,
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dpv
o = Z (Renk + Rphk — Radk) - @®
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a0
a;k = Radk — Rink — Rpnk 2

where py is the mass density of the vapour, p; x is the mass density
of the ice condensed onto dust grains in size-bin k, and the rates
are volatile adsorption, R4 x and thermal desorption, R . The
rate of volatile adsorption onto the grains is given by

Radk = TARVinNkPy, ©)

where a; and n; are the radius and number density of grain size
k, and vy, is the thermal velocity,

8kgT
v = | ———, )
TT Mol

Mme being the mass of the volatile molecule. The rate of thermal
desorption is given by the Polanyi-Wigner equation (E. A. Bergin
& M. Tafalla 2007),

Rinje = 47 QgNgNMimo) Pi Vi €XP <— Tbde> , ©)
where N; is the number of adsorption sites per unit area, set by
default to 1.5 x 10° cm~2 (Y. Aikawa et al. 1996), Ty is the
temperature of the binding energy of the molecule (i.e. Eping =
kg Tyina — such binding energies are derived from desorption rates
measured in temperature programmed desorption (TPD) exper-
iments; see H. M. Cuppen et al. 2017) and v; its vibrational
frequency, estimated by

2Nk Ty
v = 25 B bmd’ (6)
T [hmol MH

where iy is the molecular weight of the molecule. py is the
probability of an adsorption site having a molecule bonded to it.
Here, we assume that adsorbing molecules distribute randomly
across the grain surface, such that

ik ) . @

=l-exp|——s"——
Pr P ( 477 a2 Ny Mol

This smoothly interpolates between the zeroth-order rate, when
the grains are completely coated in volatiles and p; = 1, and the
first-order rate, when the grains are only partially coated. A caveat
of this method is that it ignores potential distributions in the
molecule-to-grain binding energies, which have been observed
in laboratory experiments and predicted by quantum chemistry
calculations (see G. M. Bovolenta et al. 2022; K. Furuya 2024).
‘We leave this as a topic for future models to explore. Some pre-
vious work has also shown that nucleation of water ice on bare
silicate grains requires larger vapour pressures than that required
for ice-coated grains (K. Ros et al. 2019); however, since these
effects have not been studied for CO ice, we do not take them
into account for the work presented in this paper. Likewise, we do
not currently include the effect of the release of latent heat dur-
ing sublimation, as for CO it has a negligible impact on heating
compared to changes in opacity (see J. E. Owen 2020); however,
studies have shown it to be important when studying the water
snow line (M. Lecar et al. 2006; Y. Wang et al. 2025).
Photodesorption of adsorbed volatile molecules is triggered by
UV photons from both the star-disc system and FUV photons
generated by cosmic rays. For these two processes, we follow H.
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Figure 1. The left-hand panel shows grain-size-independent mass densities of ice and dust for vapour condensing onto a static distribution of dust
grains. The dashed blue line shows the initial non-icy dust distribution, whilst the dashed green line is proportional to the total grain surface in a bin,
ie o nkai. The right-hand panel shows grain-size-independent mass densities of ice and dust evolving through collisions from the initial state shown

in the left-hand panel until a steady-state is reached.

M. Cuppen et al. (2017) and A. Sternberg, A. Dalgarno & S. Lepp
(1987), T. W. Hartquist & D. A. Williams (1990), respectively, and
arrive at the following photodesorption rate,

Rphk = TApNcMmoi P (Yov + Yer) Y ®

where yyy and ycr and the UV photon fluxes (photons cm~2s71)
generated by the star-disc system and cosmic rays respectively
and Y is the photodesorption yield, taken to be 2.7 x 1073
molecules photon—1(K.I. Oberg, E. F. van Dishoeck & H. Linnartz
2009). The photon flux from the star-disc system, yyy, is calcu-
lated by converting both the direct stellar radiation field and the
radiative energy in each of the FLD wavelength-bands to a photon
flux, taking energy only from bands with wavelengths less than
200 nm. The FUV flux stimulated by cosmic rays, ycr, is found by
balancing the rate at which UV photons are produced by cosmic
rays (A. Sternberg et al. 1987) with the rate at which they are
adsorbed by dust grains and is given by

n .
Hnue (9)

ycr = 0.157cr ,
Yomaing

where ncg is the rate of cosmic ionisations per hydrogen nucleus,
taken as 1077 s71, and ny,,,. is the number density of hydrogen
nuclei, calculated from the gas density assuming that it is solely
composed of hydrogen and helium at ISM abundances. For the
work presented here looking at the CO snow line, photodesorp-
tion has a negligible effect because thermal desorption constrains
the snow surface to altitudes below those at which photodesorp-
tion becomes important.

Equations (1) and (2) are solved using a first-order iterative
implicit method. First, we rewrite the equations in a form where
the rates are linearly dependent on the vapour and ice densities,
then discretise them implicitly:

M — E (ka_"H _Akp"H) (10)
At p i,k v ’
1 n

/Olnk+ ~ Pik 1 1

T = Akp";l+ — kaf;: s (11)

where Ay and Dy, are the adsorption and desorption rates in units
of molecules s~!. This system can be solved analytically, and
updates to each of the vapour and ice species are calculated
through the following steps:

i = 30 DBl
e — 1+ DAt
; ApAt
ii)A = _
(i) Xk: 1+ Dy At
or+ pi
iii) ptt = L—
(iii) oy 1+ A 1
(iv) pt = Pik + AcAtplt
Lk 1+ Dy At

where p; and A are intermediate sums.

Since both Ay and Dy depend on the ice mass density implicitly
through the grain radius, ay, and the covering fraction, f-x, we
iterate the above steps, recalculating the rates at the start of each
iteration. Before commencing the next iteration, grain sizes and
internal matter densities are recalculated to incorporate the new
ice mass-fractions. Iterations are continued until convergence to
a tolerance is achieved in the final vapour and ice mass densities.
The tolerance is set through calculating the mean fractional er-
ror across all ice species and vapour over the entire spatial grid
between subsequent iterations. The default tolerance is a mean
fractional error of 1075,

The left-hand panel of Fig. 1 shows the equilibrium distribu-
tion of icy grains for CO vapour condensing onto a static dis-
tribution of dust grains, i.e. the equilibrium distribution when
coagulation is neglected. The parameters for the model are shown
in Table 1. When plotting the distribution, the dust and ice densi-
ties are re-binned onto a uniformly spaced logarithmic mass-grid,
and the grain size-grid is recalculated using the binned densities
because several of the smallest mass bins end up with very sim-
ilarly sized grains. The binning is carried out in the same mass-
conserving method used to distribute coagulation products into
the correct bins - see equation (65) in A. Robinson et al. (2024). To
avoid spurious noise in the binned distribution that arises due to

MNRAS 550, 1-18 (2026)
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Table1. Parameters used for the 0D and 1D simulations. The CO binding
energy temperature is assumed to be that of pure CO ice, and is taken from
S. E. Bisschop et al. (2006).

Parameter Symbol Value
Viscosity o 1074
Dust-to-gas ratio - 1072

CO ice internal density Pm,CO 0.89 gcm ™3
Base dust internal density Pm. dust 1.67 gcm ™3
Cylindrical radius R 40 au

Gas surface density P 600(R/au) ! gcm—2
Temperature T 130(R/au)_% K
Fragmentation velocity Virag 100 cms™!

CO binding energy temperature  Tpind,co 850 K

periodicities between the two mass-grids, the re-binned grid uses
just over half the number of simulation mass bins. As the internal
density in each mass-bin can vary, the size-grid becomes non-
uniform. To remove the effect this has on the plotted grain-size
distribution, we plot the quantity 7%, i.e. the grain-size-grid-
independent mass density, as done in works such as T. Birnstiel,
C. P. Dullemond & F. Brauer (2010).

The ice distribution is almost proportional to the total surface
area of each grain size bin, nxa, shown by the dashed green line.
This occurs because the adsorption rate is proportional to this
area, so in the initial stages of ice adsorption, when desorption
rates are negligible in comparison to adsorption rates, the ice
forms a distribution that is proportional to area. The distribution
is not exactly proportional however, as the smallest grains have
grown considerably compared to their initial size, so the initial
surface area available for adsorption was smaller than the final
area shown by the dashed green line.

2.2 Ice growth

In our growth model, the ice component of each grain is treated
as a tracer of the non-ice base component. As grains collide
and mass is transferred between mass bins, the ice is assumed
to also be transferred proportionally according to the ice mass-
fraction in each bin. The rate of ice density gain due to collisions,
Pi,gain» is found by multiplying the rate for the associated non-ice
component by the ice to non-ice density ratio,

. Pi,j
Piloss,ij = <,0171> mjninjmj(pcoag.ij + pfrag.ij), (12)
d.j

where pq ; is the density of the non-ice dust component, m; and
m; are the masses of the non-ice components, and K, Deoag> and
Drrag are the coagulation kernel and the coagulation and fragmen-
tation probabilities as given in A. Robinson et al. (2024). The rate
of loss of ice density due to collisions, g;ess, iS then given by

Pigain.ijk = NiNjKij [ Peoag.iiMiijCijk 13)
+ Dtrag,ijXij (Mrem,ijRiji + Mirag.ijFijic) |

where C, R, and F are the collision product coefficients, and mem
and my,, are the remnant and fragment masses, again all defined
in A. Robinson et al. (2024). M; is the total colliding ice mass,

Mi,jj = <&> mi—|— (pi’j>mj, (14)
Ld,i £d,j
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and X is the total ice-to-dust ratio,

Pii Pi,j
PO as)
v m; + m; '

This method makes the assumption that the ice and non-
ice components are equally mixed throughout the grain; in re-
ality, the ice predominantly forms a mantle around a non-ice
core; however, incorporating this physics currently goes beyond
the scope of this work. Also, the inclusion of this piece of
physics would only significantly impact fragmentation or abra-
sion, which are less important processes at the CO snow line due
to radial drift.

The Stokes numbers used to determine the grain relative veloc-
ities also depend on the ice mass-fraction through the grain size
and internal matter density, which vary with the ice fraction of
the grains. We keep the mass-grid used in the growth calculations
fixed to the masses of the base dust grains.

The right-hand panel of Fig. 1 shows 0D growth evolution
at the disc mid-plane with the same set-up as for the pure
adsorption-desorption calculation shown in the left-hand panel.
As there is no dynamics, the dust distribution is limited by frag-
mentation rather than radial drift. We see that the ice becomes
equally-distributed amongst the mass bins when in coagulation-
fragmentation equilibrium. This is because, at equilibrium, the
net condensation and evaporation rates are the same for all grains
and do not depend on the ice mass-fraction. Hence, growth with
fragmentation ultimately redistributes the ice across all grain
sizes.

2.3 Ice-vapour transport

Ice that condenses onto grains in a certain dust mass-bin travels at
the velocity of the grains in that bin. The drag forces that govern
these velocities are calculated using the radius and density of
the total grain (ice and dust). Using these velocities and the ice
density in each bin, we calculate the total ice density-flux due to
advection and diffusion using the same method described in A.
Robinson et al. (2024). To conserve momentum, we update the
total momentum of the dust and ice by summing the fluxes. The
momentum of each component can then be updated using the
appropriate mass fraction. As the size and internal matter density
of the grains in each cell are updated based on the local ice mass
fraction, the Stokes numbers are also correctly calculated using
these values during the source step of the dynamics calculation.
Advective and diffusive fluxes are also calculated for the vapour,
assuming it travels at the gas velocity.

We also adjust the vapour density during hydrostatic equilib-
rium calculations using a Lagrangian remapping approach: as
the gas mass is redistributed vertically, we likewise redistribute
the vapour mass to give the same vapour distribution as a func-
tion of vertical gas column density. In summary, the steps of the
calculation are:

(i) Perform the standard hydrostatic equilibrium update for the
gas.

(ii) Calculate the gas column as a function of height before and
after the update, and calculate the initial vapour column.

(iii) Interpolate to find the updated vapour column that repro-
duces the initial vapour column as a function of gas column,
given the updated gas column.
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Figure 2. Schematic showing the method used for updating the vapour column during hydrostatic equilibrium calculations. The left two cartoons show
how the column is affected by a temperature decrease that causes the gas density to increase at lower altitudes. The dashed lines show the new altitudes
of the column values that were initially at the heights Z up to Zs. The solid line on the plot on the right shows the initial vapour column as a function
of gas column, whilst the dashed line shows the initial vapour column now as a function of the new gas column. At each Z-value, the gas column has
decreased, and the vapour must follow suit. We then interpolate along the original vapour—gas distribution (solid line) to the find the updated vapour

column values that lie at the new gas column values, indicated by the crosses.

The column of either vapour or gas is calculated through

£(2) = ln/zde/, (16)

oo

where the integration is performed from the surface to the mid-
plane to avoid losing accuracy near the surface due to the limits
on floating-point precision. The gas column is calculated before
and after the hydrostatic equilibrium update, and the vapour col-
umn is calculated similarly before the update. We now want to
calculate new vapour column values so that the vapour column
as a function of the gas column remains constant, i.e. the vapour
has moved the same distance vertically as the gas.

This is achieved by interpolating on the grid of original vapour
and gas column values to calculate the new vapour column values
that lie at the new gas column values, as demonstrated in Fig. 2.
This interpolation is given by

£1(Z) - £22)
2(Zi) - 82
where the superscripts 0 and 1 indicate the original and new col-

umn values respectively, Z; is the altitude that satisfies Ego(Zl) <
‘;‘gl(Z i) < é}'é)(zl_l). Note that & increases with decreasing Z since
we are integrating from the surface down. The interpolation is
performed in log-log space to increase accuracy given the quasi-
exponential forms of the column densities. The final vapour
densities are calculated via

, dexp (&)
WETaz

£(Z) = £)(Z) + [£)(Z1-1) — £)(Z)] 7)

(18)

2.4 Thermodynamic coupling: CO ice opacities

To couple the ice component of each grain to the thermodynam-
ics of the system, we implement the opacity model detailed by J.
N. Cuzzi, P. R. Estrada & S. S. Davis (2014). This model allows
the calculation of absorption and scattering opacities on-the-fly,
as opposed to the use of interpolated opacity tables. It is an ap-
proximation to full Mie theory (G. Mie 1908). Each grain is taken
to be composed of a number of different species, each species
k with tabulated optical constants - either a complex dielectric

Table 2. The base composition used for dust grains, taken from the
DSHARP model (T. Birnstiel et al. 2018). The references from which the
optical constants have been taken are given for each species.

Species Mass fraction Reference

Organics 0.397 T. Henning & R. Stognienko (1996)
Silicates 0.329 B. T. Draine (2003)

Water ice 0.2 S. G. Warren & R. E. Brandt (2008)
FeS 0.074 T. Henning & R. Stognienko (1996)

function, €, as a function of wavelength or complex refractive
index, Ny = ,/€x — and a mass-fraction of the total grain mass,
fm.k. By default, each grain has the same base composition as
that used by the DSHARP model (T. Birnstiel et al. 2018, see
Table 2).! In addition to this base composition, CO contributes
to the overall grain composition with a mass-fraction given by
fm.co = pi/(pa + pi), where p; and pq are the CO ice density and
dust density in a given spatial cell and base dust-grain-mass bin.

The optical constants for CO ice are adapted from the exper-
imental data presented by A. A. Gavdush et al. (2022). The real
and imaginary components of the data-derived complex refrac-
tive index, N = n + ik, can be seen in the red dashed lines in the
upper row of Fig. 3; for reference, the real component determines
the phase velocity of waves entering the medium, i.e. scattering,
whilst the imaginary component is responsible for absorption of
wave energy in the medium (see C. F. Bohren & D. R. Huffman
1983). The peaks in the imaginary component can be modelled as
resonant dipole excitations using Lorentz kernels; there are three
absorption peaks at wavelengths of 37, 115, and 200 pm. The data
extends from ~ 25 um to 0.2 cm, whilst the wavelength range
used in our simulations is typically 0.1 um to 1cm. To extend
to the broader wavelength range, we first extend the imaginary

LGiven that this paper focuses on the CO snow line, which resides in the
outer disc at radii > 10 au, we do not update the composition to remove
the water ice component for dust interior to the location of the water snow
line at ~ 1-5 au; this is an addition that we would be interested in studying
when investigating the inner disc in the future.

MNRAS 550, 1-18 (2026)
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Figure 3. The optical constants used for CO when calculating opacities. The data (red dashed line) is taken from A. A. Gavdush et al. (2022) and the
black line shows the extended optical constants used for calculations. The optical constants for H,O ice from S. G. Warren & R. E. Brandt (2008) are

plotted for comparison.

component to short and long wavelengths, then assume that the
real and imaginary components are not independent and can be
related using the Kramers—Kronig relations (applicable for media
that can be described by a well-defined complex refractive index):

2 [ vk
n=1+—P/ YR v, (19)
T 0 V2

where P is the Cauchy principal value that allows the integral
to be defined by avoiding the singularity at v = v. To extend to
shorter wavelengths, we perform a linear log-space extrapolation
of the non-resonance background absorption below the peak at
37 um. For longer wavelengths, we have chosen to cut the data
at ~ 300 um and to use the long-wavelength behaviour of the
Lorentz resonance kernel, i.e. 1/1. We have chosen this method
of extension for three reasons: 1) the authors state that diffrac-
tion distortions become significant at wavelengths < 0.06 cm, 2)
extrapolating from the data past the resonance peak at 200 pm
leads to discontinuities and unphysical asymptotic behaviour of
the real component, and 3) extending from the resonance peak
using k o< 1/ is physically motivated from the Lorentz oscillator
model (for more discussion, see chapter 9 of C. F. Bohren & D. R.
Huffman 1983). The wavelength-extended optical constants used
in simulations are shown alongside the data in the upper row
of Fig. 3, whilst the lower row shows the constants compared to
those of water ice for reference.
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Given a set of species with optical constants and mass-
fractions, we calculate an effective dielectric function, € = ¢’ +
ie”, using Maxwell-Garnett effective medium theory (EMT; J. C.
Maxwell Garnett 1904). In this model, we assume that within the
heterogeneous medium, different species manifest as spherical
inclusions within a homogeneous matrix. For simplifying pur-
poses, the homogeneous matrix is assumed to have € = 1. The
composition-averaged optical constants are then used to calculate
absorption and scattering opacities via

Kass = s (20)

where the absorption and scattering efficiencies, Q, and Qs, are
given by

’

€
Q= 12xm s (21)

and
§x4 (6/ _ 1)2 + 6//2
Q 3 (6/ + 2)2 +6//2 (22)
s = k 2
2x%(n — 1) |:1 — <71) i| otherwise,

forx < 1.3

where x = 2wa/A. The two forms for Q; account for the transi-
tion between the Rayleigh regime (Q; oc x*) for particles smaller
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Figure 4. Grain-size-distribution-averaged absorption and scattering opacities for grains with and without CO as a part of their composition. The grain-
size distributions are set as MRN (J. S. Mathis, W. Rumpl & K. H. Nordsieck 1977) distributions with maximum grain sizes of 1 um and 1 cm. The base
grain composition (without CO, shown by dashed lines) is the DSHARP composition (T. Birnstiel et al. 2018) and the mixed composition (solid lines) is

20 per cent DSHARP and 80 per cent CO by mass.

than the wavelength, i.e. x < 1, to the Rayleigh-Gans regime
(Qs o x?), applicable for particles with x ~ 1 and refractive in-
dices of around unity (see H. C. van de Hulst 1957, pp. 179-
182) - areasonable assumption for the mixed-composition grains
we deal with in this work. To account for anisotropic scattering,
the scattering efficiency is modified by (1 — gasym) Where gugym is
the scattering asymmetry parameter. The efficiencies are limited
to a maximum value of unity - this corresponds to the geomet-
ric optics regime when the absorption/scattering cross section is
equal to the physical cross section. One limitation of this model
is that it does not capture resonant absorption around 2wa/A ~ 1
for solid particles as well as Mie theory; however, this is not an
important deviation for the poly-disperse grain-size distributions
studied in this work; such distributions smooth over the oscil-
latory fluctuations seen in absorption and scattering properties
of mono-disperse particles (J. E. Hansen & L. D. Travis 1974). In
addition, as we are computing temperatures, not spectra, there
is additional smoothing generated through integration over the
wavelength bands.

Fig. Al in the appendix shows a comparison of our opacity
model to full Mie theory, calculated using the DSHARP opacity
tool (T. Birnstiel et al. 2018). There are generally only small de-
viations across the majority of the wavelength range that we use,
making the model suitable for our thermal calculations. Fig. 4
shows absorption and scattering opacities calculated for grains
with the base DSHARP composition and those with 80 per cent
mass in CO ice + 20 per cent DSHARP. Opacities are averaged
over two different MRN dust distributions, both with minimum
grain sizes of 0.1 um, one of ISM-like dust with a maximum
grain size of 1 um and the other evolved dust with a maximum
grain size of 1 cm. Total opacity decreases with the addition of
CO due to it having both fewer and lower amplitude absorption
resonances. The effect of the most prominent CO absorption reso-
nances (at 115 and 200 um) can be seen in the absorption opacity.

3 THE SNOW LINE INSTABILITY

The snow line instability is similar in nature to the well-known
thermal instability of accretion discs (see N. I. Shakura & R.
A. Sunyaev 1976; J. E. Pringle 1981). The simple picture of the
thermal instability can be understood by considering the rela-
tive changes of the heating and cooling rates in the disc at a
certain radius, g, and q_, with respect to small changes in the
disc’s temperature at that location. If the cooling rate increases
with temperature by a greater amount than the heating rate, the
system will return to equilibrium for any perturbation to the
temperature. However, if the heating rate increases with temper-
ature by a greater amount than the cooling rate, a small increase
(decrease) in temperature will lead to runaway heating (cooling).
The criterion for a location in the disc to be unstable can be
written as (J. E. Pringle 1981)

dlogq_
dlog Ty’

dlogg,

23
dlog Ty = (23)

where T;, is the mid-plane temperature of the disc.
In the two-layer approximation for passive heating, the heating
and cooling rates can be written as

1 4
q: = EwsF*, q- = Yio Ty, (24)
where F, is the intercepted stellar flux, given by
L, .
L= sinay, (25)

and ¥, account for the fraction of radiation from the sur-
face/interior that is absorbed or emitted by the interior (C. P.
Dullemond, C. Dominik & A. Natta 2001).

If the disc interior is optically thick to the given radiation, then
Vi are well approximated as unity. When the disc is optically
thick to both surface and interior radiation, the disc is stable. This
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is because the cooling rate scales as T, while F, is only weakly
dependent on T, via the flaring angle, ay.

When the interior is optically thin, the absorption fraction can
be written as ¥ &~ 7 & gk, Zso and « being the total solid
surface density and mean opacity for the appropriate radiation
field. We neglect any gaseous contribution because the gas opac-
ity is negligible in comparison to the solids. If the interior is
now optically thin to both surface and interior radiation, we are
still left with a stable disc because both heating and cooling are
proportional to Xy, «x. However, if the disc is optically thick to
surface radiation but optically thin to interior radiation, then the
cooling rate is proportional to X« T whilst the heating rate is
not. Under conditions where X,k decreases sufficiently steeply
with increasing T;,, we can overcome the stabilisation generated
by T2.

Discs may therefore become thermally unstable at snow lines,
where a small increase in temperature causes a large amount of
volatiles to evaporate, substantially reducing the optical depth
and cooling rate. If we assume that the opacity remains constant
(we know already that this is not the case, but we can assume that
changes in total solid density are more important), then we can
now write the condition for instability, equation (23), as

dlog®a (26)
dlog Ty,

Sublimation of ices can readily meet this requirement. For
example, consider we have 50 per cent of our solid mass in CO
ice at the snow line, and we perturb the temperature up by 15
per cent, say from 20 to 23 K; in doing so, we cross the sublimation
temperature and all of the CO sublimates. In this case, the left-
hand side of equation (26) is —5 and the disc is unstable. If the
amount of solids near the snow line decreases, then the cooling
rate decreases causing the temperature to rise, further decreasing
the solid density and producing a phase of runaway heating. This
runaway heating would manifest in the disc as the snow line
rapidly moving to larger radii as the ice sublimates. Ultimately,
the snow line will stop moving once it reaches a radius at which
the disc becomes stable; this can either be where the opacity
conditions described above break down, or at the point where
all of the ice has sublimated and % ~ 0. The opposite will
happen for a decreasing temperature perturbation, with the snow
line moving radially inwards until it reaches a region where the
disc is too warm for any ice to remain, and the disc is again sta-
ble. These boundaries therefore define the edges of the unstable
region, within which there is a range of radii for which there are
two solutions for the temperature; one with a ‘hot’ equilibrium
temperature and all of the volatiles in the vapour phase, and one
with a ‘cold’ equilibrium temperature and all of the volatiles in
the ice phase.

These two temperature solutions are associated with different
mass-fluxes of volatiles due to differences between the radial
velocities of the vapour and ice phase volatiles. When in the
ice phase, the volatiles are coupled to the dynamics of the dust
population - which radially drifts relative to the gas — and we
therefore expect the radial velocity to be larger than that of the
vapour-phase volatiles. A difference in radial velocity means a
difference in radial mass-flux between the two solution branches;
the hot, vapour-phase solution being a low mass-flux state, whilst
the cold, ice-phase solution is a high mass-flux state.

As discussed in J. E. Owen (2020), this separation in mass flux
can allow a limit-cycle to be established, where the disc is driven
to jump between the hot and cold states in a periodic fashion.

MNRAS 550, 1-18 (2026)

Consider a radius in the unstable region that is in the cold, high
mass-flux state and is being fed by a lower ice mass-flux from the
outer disc. Over time the volatile surface density at that radius
will decrease, and the decrease in ice will lead to an increase
in temperature due to the opacity configuration. At a critical ice
density, the disc will be hot enough to trigger sublimation of the
ice into the vapour phase and therefore a jump to the hot, low
mass-flux state. The disc at this radius is still being fed by the same
ice mass-flux from the outer disc, but this now leads to a build-
up of volatiles over time, and therefore a decreasing temperature.
As before, we reach a critical point where the disc is cool enough
that all of the vapour can condense into ice, and we jump back to
the cold, high mass-flux state.

In simulations performed by J. E. Owen (2020), this limit-cycle
manifests as the CO snow line moving through 10s of au on kyr
time-scales as local regions in the disc transition between the
hot and cold states. They studied the snow line using 1D radial
models, where evolution of the dust grain-size distribution was
modelled by solving the time-evolution of the maximum grain
size, motivated by T. Birnstiel, H. Klahr & B. Ercolano (2012).
One limitation to this approach is that it ignores any impact
that vertical fluxes of CO may have on setting up the instabil-
ity and allowing a limit-cycle to exist, as it does not take into
account the 2D structure of the snow surface generated by the
vertical temperature structure. In addition, temperature pertur-
bations at the mid-plane affect the vertical structure and there-
fore could lead to shadowing of the outer disc and potentially
the spawning of more features. We also expect the increased
complexity to which we model the evolution of the grain-size
distribution and the deposition of ice to impact the results, as
we have already seen in Section 2.1 that the distribution of ice
across the grain distribution can vary depending on the growth
timescale. With our model, we are now able to investigate the
impact that both of these effects — vertical structure and de-
tailed grain-size distribution evolution - have on the results found
previously.

3.1 Static equilibrium solutions in 2D

To investigate the theoretical instability in discs with a resolved
vertical dimension, we set up a disc system with only 10 um
dust grains and, starting from either a cold or hot disc, iterate
the temperature and vertical gas and dust structures towards
equilibrium solutions. The grid parameters are: 600 power-law-
spaced radial cells (R", n = 0.25) between R = 0.3 and 300 au,
and 250 power-law-spaced cells (6", n = 0.75) between 6 =0
and /6 rad. The stellar properties are shown in Table 3. Stellar
heating calculations use 200 logarithmically-spaced wavelength
bins, spanning a wavelength range of 0.1-10> pm. These wave-
lengths, and the opacities associated with them, are binned into
40 logarithmically spaced wavelength bands for the flux-limited-
diffusion (FLD) calculations used for radiative transport of re-
emitted thermal radiation. A constant background temperature
of 10K is applied to provide a baseline radiation field that bathes
the entire disc. We set the relative tolerance of the FLD solver to
107°. The gas is initialized with the D. Lynden-Bell & J. E. Pringle
(1974) self-similar solution with a characteristic radius of 50 au
and an initial gas mass of 0.06 M. The general disc parameters
are: @ = 1073, dust-to-gas ratio = 6 x 10~*. This low dust-to-gas
ratio is necessary because the opacity of 10 um grains is much
larger than that of large grains (cf. Fig. 4), and we need optical
depths of < 1 to the 60K radiation field emanating from the
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Table 3. Stellar properties for both the static and dynamic models. We
assume a solar-mass pre-main-sequence star for all of our models.

Stellar property Value
Mass, M, 1 Mg
Effective temperature, T, 4500 K
Radius, R, 1.7Rp

surface to fulfil the moderate optical depth requirement of the
instability discussed in Section . The CO abundance relative to
atomic hydrogen, CO/H, is set to 8 x 107>, just under the canon-
ical value; this leads to an ice mass-fraction of % co/Zdtico =
0.75, where X co and X44ico are the surface densities of CO ice
and total solids (dust and ice) respectively. This ice mass-fraction
is high compared to other studies (e.g. K. I. Oberg et al. 2021); this
is because we approximately maintain the ISM CO abundance
whilst reducing the dust-to-gas ratio. For this static model, where
we simply want to demonstrate that two solutions can exist, a
high ice mass-fraction is justified to enhance the effect of the ice
on the opacity structure - in the dynamic models, we use a more
standard ice mass-fraction of 20 per cent. Regardless, the chosen
ice mass-fraction does not affect the existence of the limit-cycle;
this is discussed in Section 4.3.

When starting in the hot state, the initial temperature profile is
setto T = 100(R/au)~%* K, for which the snow line is at a radius
of ~ 50 au; for the cold state, T = 80(R/au)~%° K, for which the
snow line is at ~ 15 au. As the temperature is iterated from each
initial condition slowly towards equilibrium, the gas and dust ver-
tical profiles are updated respectively through solving for hydro-
static equilibrium and solving for diffusion-settling equilibrium
(see equation 30 in T. Takeuchi & D. N. C. Lin 2002). The ice-
vapour chemistry is also evolved to equilibrium at each iteration.
As the simulations iterate towards convergence, the snow lines
move radially inwards/outwards for the initially hot/cold discs.
If the disc is unstable, the two snow line solutions lie at the edges
of the unstable region in the disc. When we advance the snow
lines from initially hot/cold states (making sure to force the tem-
perature structure to evolve slowly), they should therefore stop
at the first equilibrium solution they encounter, thereby locating
the two possible solutions.

Fig. 5 shows two stable equilibrium solutions found through
this method, separated by ~ 8 au. The drop in mid-plane tem-
perature at the snow line can be understood by examining the
changes in optical depth caused by the increase in solids at the
snow line. Calculating the optical depth of the disc interior to
both the surface and the mid-plane radiation allows us to inves-
tigate how well the disc at altitudes above the mid-plane absorbs
the mid-plane radiation field and how well the disc interior ab-
sorbs the surface radiation field. To calculate the optical depth, we
evaluate the Planck mean opacity of the disc at a given tempera-
ture (surface/mid-plane); this is appropriate to use given we are in
a marginally optically thin regime. The top panel of Fig. 6 shows
the cumulative optical depth in the cells either side of the radial
location of the mid-plane snow line as functions of height and
at two different radiation temperatures: that of the mid-plane, at
22K; and of the surface, at 60 K. These values are taken from the
vertical temperature structure at the snow line. The cumulative
optical depth at 22 K is found by summing upwards from the
mid-plane to the surface, and vice versa for the depth at 60 K.
The optical depth to the surface/interior radiation, 7y, in a cell is

Snow lines stabilized in 2D using CUDISC 9
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Figure 5. 2D ice density and temperature structure of stable equilibrium
snow line solutions in the single-grain size model. Temperature contours
(in K) are overplotted on the density maps.
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Figure 6. Cumulative optical depths to mid-plane and surface radiation,
7; and 15, as functions of height. For the optical depth to mid-plane radi-
ation, the column is summed from the mid-plane up to the surface, and
vice versa for the optical depth to the surface. The top panel shows how
the optical depth changes on either side of the snow line, which lies at
radius Rsnow, due to ice condensation affecting the solid mass. The bottom
panel shows the optical depths at the snow lines when the system has
converged to a single equilibrium solution, either hot or cold.

calculated via
Tosi = (Pa + Pi)Kp,s/iAZ, 27)
where «p is the Planck mean opacity, given by

fKa.vBu(Ts/i)dV
s/i= T o 28
P R (Tydv (28)

where «, , is the frequency-dependent absorption opacity for the
given grain composition. As described in Section 3, the instability

MNRAS 550, 1-18 (2026)
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Figure 7. Mid-plane snow line radii for the hot and cold solutions as a
function of total volatile surface density. We pick a reference radius of
30 au for the total volatile surface density as this lies between the snow
line solutions. The black circles indicate the two snow line solutions for
the initial surface density.

requires the disc interior to at least be marginally more optically
thick to the surface radiation than the disc above the mid-plane
is to the mid-plane radiation. The top panel of Fig. 6 shows that
at radii just interior to the snow line (i.e. R < Rsnow), the disc
mid-plane is optically thick to the surface radiation, with 73 > 1,
and the disc above the mid-plane is marginally optically thin to
the mid-plane radiation, with 7; ~ 0.2. As we move to the next
radial cell, exterior to the mid-plane snow line (i.e. R > Rgow),
we see that the increase in solid density around the mid-plane
due to ice causes an increase in 7;. Given that the emissivity of
an optically thin medium is proportional to the optical depth,
this increase in depth increases the cooling rate relative to that of
heating (which is optically thick), causing the disc to equilibrate
at a cooler temperature.

From this system of two stable equilibria for a given volatile
surface density, we can modulate the surface density to explore
the density range over which the disc is unstable. As the density
is increased, 7; will increase, and at some point be large enough
that the cooling rate will no longer respond more sensitively to
temperature; at this point we would expect the disc to be globally
stable with only one snow line solution. Likewise, decreasing the
density will decrease t,; once this is also optically thin enough
that the heating rate responds as sensitively to temperature as the
cooling, we again expect to see a single snow line solution.

When we increase/decrease the total surface density of solids
(ice + dust) in the simulations, the cold/hot solution remains in
place until the solutions converge and begin to move in tandem,
as can be seen in Fig. 7. The bottom panel of Fig. 6 shows the
optical depths at the snow lines (in the final cell where R < Rgpow;
therefore there is no contribution to the optical depth from the
ice) for the systems where the two solutions have converged to
one through decreasing and increasing the total solid surface
density. The dotted lines show the single solution found when
the surface density is decreased, i.e. the disc is in the hot state,
whilst the dot-dashed lines show the single cold state solution
for an increased surface density. The solutions converge to the
hot equilibrium when the optical depth to the surface radiation
drops to ~ 0.2, whilst the solutions converge to the cold solution
when the optical depth to mid-plane radiation surpasses ~ 0.3.
This implies that, for this setup, when 7, 7; < 0.2, they are both
optically thin enough for the heating rate to respond more sen-
sitively to temperature than the cooling rate, and vice versa for

MNRAS 550, 1-18 (2026)

75, Ti 2, 0.3 - i.e. the transition between optically thick and thin

~

occurs in the optical depth range of 0.2-0.3.

4 DYNAMICAL EVOLUTION

‘We now construct simulations to study whether the CO snow line
can be unstable in a 2D dynamical disc, and whether a limit-cycle
can be established.

4.1 Methods

These simulations have a similar set-up to the equilibrium calcu-
lations detailed in the previous section, but with some notable
differences. We use 300 power-law-spaced radial cells (R", n =
0.25) between R = 0.5 and 100 au, and 180 power-law-spaced
cells (0", n = 0.75) between # = 0 and 7 /6 rad. A full distribution
of dust grains is included, with a resolution of 7 mass-bins per
decade, to give 148 bins logarithmically spaced between 0.1 pm
and 100 cm. To increase the computational efficiency, we run
radial 1D gas and dust models in the inner region of the grid, from
0.5 to 15au, which couple to 2D calculations in the remaining
outer disc. Using a 1D inner region significantly speeds up the
simulations; both by reducing the dimensionality of the problem
in the 1D region, but also because the 2D CFL time-step is typi-
cally governed by diffusion in the vertical dimension in the mid-
plane cell at the smallest radius, whilst the 1D CFL time-step is
governed by diffusion in the radial dimension, which is much
less constraining. The 1D solver updates are sub-cycled within
the global 2D CFL time-step loop in the same fashion as the co-
agulation and temperature updates (see A. Robinson et al. 2024).
This approach is valid for studying the CO snow line, as it resides
at radii 2 20 au, and therefore the detailed 2D dynamics in the
inner disc are not important for this problem; we simply require
it for calculating the correct temperature profile. For details of the
1D methodology, see Appendix B.

To facilitate the 1D-2D grid interface, we have implemented a
sub-gridding method to the code wherein radial portions of the
full grid can be separated into sub-grids. Making the sub-grids
portions of the full grid allows for simple copying of quantities
between the full grid and the sub-grids, and makes the ghost cells
at the boundaries of the sub-grids overlap identically with active
cells on the full grid, making boundary conditions easier to set.
Sub-grids can be either 1D or 2D; if 1D, the sub-grid shares a
portion of the radial grid of the full 2D grid and only has one
active cell in the vertical dimension.

The viscosity is set to be linear with respect to radius, i.e. v =
vo(R/au). As described in A. Robinson, J. E. Owen & R. A. Booth
(2025), a linear relationship with radius is fairly consistent with
observations (see e.g. L. Hartmann et al. 1998) and the under-
lying nature of the viscosity is not well constrained - therefore,
coupling the viscosity to the evolving temperature structure is un-
motivated. vy is calculated using the « formalism (N. I. Shakura &
R. A. Sunyaev 1973), vy = ac?,, /2 au cM?s™", Where ¢ 5 is the
sound speed at 1 au assuming a mid-plane temperature of 160 K
at 1 au, and Qg .y is the Keplerian angular velocity at 1 au.

4.1.1 Boundary conditions

The outer boundary condition on the dust surface density in the
1D grid is set by the vertically integrated dust density from the 2D
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grid, i.e.
=% = [ ez, (29)

where GC and AC stand for ghost cell and active cell, as the ghost
cells of the inner 1D grid overlap with the first active cells of the
2D grid. The inner boundary condition on the dust density in the
2D grid is set using the surface density from the 1D grid projected
into the vertical dimension using the normalized vertical dust
distribution in the first active cell of the 2D grid, i.e.

pAC,O
ps =2 | s | (30)
z:2D

where AC,0 corresponds to the first active cell of the 2D grid. The
1D and 2D velocities are then set via standard outflow boundary
conditions. In contrast to the default choice for the other bound-
aries, diffusion over the 1D-2D grid boundary is allowed. Ex-
panding the inner 1D densities to 2D for calculating the tempera-
ture structure is done in the same fashion as the static equilibrium
calculations; the gas through solving for hydrostatic equilibrium
and the dust through solving for diffusion-settling equilibrium.
The 2D densities at the interface between inner and outer grids
are joined together through a smoothing function taken from B.
Paxton et al. (2011); defining F = log(R/Rin)/ log(Rout/Rin) and
S = [1 — cos( F)]/2, the smoothed density is calculated via

10g Psmooth = S 10g Pouter + (1 - S) 10g Pinners (31)

where pinner is the surface density in the outer, 2D region ex-
panded in the vertical dimension using the diffusion-settling
equilibrium calculation used in the inner region, whilst poyter
is the actual 2D density profile of the outer region. For this
model, R;, = 15au and R,y = 17 au. The dust distribution is also
smoothed in the inner regions of the 1D grid to avoid a pile-up
of dust that leads to an unstable temperature profile due to shad-
owing. Using the same smoothing formalism defined above, the
dust densities are smoothed down to a dust-to-gas ratio of 107° at
0.5 au, with Ry, = 1.2 au. The dust distribution is initiated as an
MRN distribution with a cut-off in grain size at the minimum of
the fragmentation and drift limits.

To study whether the disc enters a limit-cycle, we want the
mass-fluxes of dust and volatiles at the outer boundary to be
constant with time so that any dynamical evolution is driven by
the instability rather than global evolution of the dust and volatile
distributions. In a real disc, this would not be the case due to
the evolution of the dust distribution, the conversion of dust to
planetesimals, and the accretion of solids onto the central star.
However, we expect that there should be phases of quasi-steady
volatile mass-flux that exist for timescales greater than those as-
sociated with the limit-cycles (kyr), meaning they would still have
an impact on the disc structure even if they did not exist for the
entire lifetime of the disc. To implement fixed mass-fluxes of dust
and volatiles at the outer boundary, the dust and volatile densities
and velocities in the outer 5au are kept constant at the initial
values. The gas is also assumed to be in steady-state and therefore
kept at the initial values of surface density; the volume density
and velocity structure are however updated as the temperature
structure evolves so as to maintain a constant gas mass accretion
rate over time.

Snow lines stabilized in 2D using cuDISC 11

4.2 Vertically isothermal ice-vapour solutions

To compare to the 1D simulations of J. E. Owen (2020), we first
run calculations where the ice-vapour solver is fed a vertically-
isothermal temperature structure; i.e. the 2D temperature field
that is fed to the ice-vapour solver at each update is a copy of
the full 2D temperature field where the temperature at all alti-
tudes is set to the mid-plane value. Doing this means that the 2D
structure of the snow surface is controlled purely by the vapour
density profile, and there is therefore negligible vapour present at
altitudes above the snow surface at radii exterior to the mid-plane
snow line radius. Whilst the temperature structure is comparable
to that in J. E. Owen (2020) in being 1D, the simulations do differ
by our inclusion of the full grain-size distribution.

In such a setup, we see that the disc does enter a limit-cycle —
albeit one that is phenomenologically different to that found by
J. E. Owen (2020). Our fiducial simulation uses parameters very
similar to those in the fiducial simulation of J. E. Owen (2020):
o =107, Vg = 10m ™, Myisc = 0.05 M, and outer disc values
of the ice mass-fraction and dust-to-gas ratio of 20 per cent and
1 per cent, respectively. Fig. 8 shows how the surface densities
of each species, the mid-plane temperature and the ice mass-
fraction evolve throughout the cycle. The disc remains in the cold
state for ~ 100 kyr, before jumping to the hot state for ~ 3 kyr.
The hot state is different to that seen by J. E. Owen (2020), as the
disc only jumps to the hot state some distance behind the mid-
plane snow line, leading to two isolated snow surfaces. The hot
state is short-lived, as vapour rapidly builds up in the hot region
due to the advection of icy pebbles from the outer disc and diffu-
sion of icy dust outwards from the inner cold region. As the disc
remains in the hot state for only a short time, the perturbation in
the dust surface density that it triggers is diffusively smoothed out
on short timescales after the disc has returned to the cold state;
it therefore has no subsequent impact on the dust distribution
interior to the cold state mid-plane snow line.

As discussed in Section for the models presented in J. E. Owen
(2020), the instability is triggered by the disparity between ice and
vapour mass-fluxes in the vicinity of the snow line. During the
cold state, at the snow line, vapour diffuses radially outwards and
condenses onto small grains. Due to the long growth time, these
small icy grains diffuse outwards by several au before being swept
up by large grains. As the large grains rapidly drift inwards and
sweep up the icy grains, they lead to a large inwards advection of
ice. This can be seen in the upper panel of Fig. 9, where we see
a large radially outwards diffusive flux of small icy grains that is
countered by a radially inwards advective flux of large icy grains.
Whilst these two fluxes appear to cancel out on the scale shown
in the upper panel of Fig. 9, with the tighter y-axis limits used
in the lower panel we see that there is structure in the net mass-
flux of CO. From ~ 36 to ~ 55 au, the net mass-flux decreases as
a function of radius, due to the advective flux of large grains. The
ice mass-fraction therefore decreases as a function of time in this
radial region where the net mass-flux has a negative gradient, as
the advective flux of icy grains moving to smaller radii is smaller
than that which is replenishing the region from the outer disc past
~ 55au.

The decrease in ice mass-fraction in this radial region during
the cold state can be seen in Fig. 10, which plots how the ice
mass-fraction, optical depth and mid-plane temperature evolve
over the course of the limit-cycle at a radius of 39.6 au. As the
ice mass-fraction decreases, attempting to drive the mass-flux to
equilibrium, the optical depths to both surface and mid-plane
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Figure 9. The top panel shows the total CO mass-flux as a function of ra-
dius whilst the disc is in the cold state, along with the individual advective
and diffusive flux components; the mass-flux is defined as positive in the
radially inward direction, i.e. towards the star, but for plotting purposes,
the diffusive flux is plotted as positive in the radial-outwards direction.
The bottom panel shows the same total CO mass-flux, but zoomed-in for
clarity.
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radiation likewise decrease. The heating via surface radiation is
more optically thick than the cooling via mid-plane radiation,
meaning that, as both optical depths decrease, the efficiency of
cooling decreases more than that of heating, and the mid-plane
heats up. As the desorption rate is exponentially sensitive to
temperature, at a certain point the ice starts rapidly sublimating,
causing runaway heating; this is the jump to the hot state. When
in the hot state, large icy grains drifting in from the outer disc
and small icy grains diffusing outwards from the cold region at
smaller radii both deposit their vapour in the hot region, caus-
ing the vapour density there to rapidly increase. As the vapour
pressure increases, more vapour can condense onto the grains
at the same temperature; as this condensation commences, the
opacity once again starts to increase, causing the disc to cool. The
cooling and condensation then enter a runaway phase, and the
disc returns to the cold state.

In the region that enters the limit-cycle, we can construct S-
curves in temperature and mass-flux space; these are shown in
the left and right panels of Fig. 11. S-curves are used to plot out
the contours of stable solutions in unstable systems; we see how
entering a limit-cycle causes the system to traverse the stable
solution space, ultimately restarting once one period of the cycle
has completed. For these S-curves, we see that the disc is initially
in the cold, high mass-flux state; after ~ 20 kyr the disc heats up
enough to jump to the hot, low mass-flux state, where it remains
for a few thousand years before jumping back to the cold state.
In contrast to the S-curves shown by J. E. Owen (2020), the CO
surface density continues to increase once the disc has jumped
back to the cold state. This is because the ice is initially deposited
onto the smallest grains, and it takes several thousand years at
this radius for the ice to be transferred to larger grains that can
increase the CO mass-flux to greater values than the mass-flux
that is feeding the region from the outer disc. This can be seen
in how the ice-density-averaged Stokes number changes over the

920z AN 1z uo 1senb Aq 9£922/8/S+Z | BeIS/E/0GG/a101E/SEIUW/WO0D dNO"DILUSPEDE//:SANY WO} POPEOJUMOQ



o
~
T

©
W
T

Ice mass—fraction

o
~
T
]

(@]
N
T
—
0
<

1

Optical depth

| I S R Y

10000 15000
Time [yr]

-

Mid—plane
temperature (Tmig) [K]

200000

Figure 10. The ice mass-fraction, vertical optical depth to surface and
mid-plane radiation fields (Tt & Tmid, respectively), and mid-plane
temperature as functions of time, at a radius of 39.6 au. After each jump
back to the cold state from the hot state (at around 42 and 155 kyr), the
optical depth to surface radiation takes a longer amount of time to reach
a maximum than that to the mid-plane radiation. This is because the
freshly deposited ice takes time to grow into the ~ 100 um grains that
dominate the opacity at Tg,,s. The opacity to the mid-plane radiation is
not as affected by this, as a large contribution to the opacity comes from
the CO absorption peaks at ~ 100-200 pum that are substantial even for
very small icy grains.

cycle. Once the mass-flux surpasses the feeding rate, we see that
the surface density and mass-flux begin to decrease, continuing
the cycle.

4.3 Full 2D solutions

We now run full 2D calculations, where the ice-vapour solver
is given the non-vertically isothermal temperature structure. As
our fiducial simulation, we repeat the vertically isothermal sim-
ulation presented in Section 4.2, which has the parameters: o =
1073, Virag = 10 m 87!, Myisc = 0.05 M, and outer disc values of
the ice mass-fraction and dust-to-gas ratio of 20 percent and 1
per cent, respectively. Allowing the system to evolve for several
Myr, we find that the disc does not enter a limit-cycle, instead
evolving very slowly towards equilibrium in the cold state. This
can be seen in the surface density profiles shown in Fig. 12, where
the snow line can be seen to move radially inwards without ever
entering a limit-cycle. The vapour dominates the total volatile
surface density, even 10s of au exterior to the mid-plane snow
line. As can be seen in Fig. 13, including the vertical tempera-
ture structure tightly constrains the snow surface to low altitudes
above the mid-plane. Above the snow surface, there is a large
enough reservoir of vapour that the ice is only dominant over
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vapour outside of ~ 80 au—this is in contrast to the vertically
isothermal model (and the model presented in J. E. Owen 2020)
where the ice dominates the vapour at all radii exterior to the mid-
plane snow line radius.

To investigate what is stopping the disc from entering a limit-
cycle, we perturb the volatile density in the vicinity of the mid-
plane snow line and study the subsequent changes in tem-
perature and volatile density. To perturb the volatile density,
we apply a Gaussian decrease centred on the mid-plane snow
line radius that has an amplitude of 80 percent of the initial
density and a standard deviation of 3 au. We present two cases
in Fig. 14; the left column shows the subsequent evolution after
a perturbation to solely the ice density, whilst the right column
shows the subsequent evolution after a perturbation to both the
ice and vapour components. In both cases, we see that the mid-
plane temperature initially begins to rise. This is in line with
our expectations for the system if it is unstable, as a decrease
in the ice density should lead to an increase in the temperature
through making the cooling less efficient. However, after this
initial temperature increase, the cases diverge. In the case with
only a perturbation to the ice component, the ice surface density
does not continue to decrease in tandem with the thermal pertur-
bation; instead, it gradually begins to increase back to the initial
distribution. This evolution back to equilibrium is also then seen
in the temperature structure, which cools back down. On the
other hand, the case where the vapour is also perturbed sees the
instability develop as expected; the thermal perturbation at the
mid-plane snowline leads to a further decrease in ice density,
which continues to raise the temperature until all of the ice has
sublimated at the initial snow line location. This pushes the mid-
plane snow line back to a radius at which the initial perturbation
was not large enough to trigger sufficient mid-plane heating.

The reason that the unperturbed vapour reservoir is able to
damp the development of the instability is due to vertical trans-
port of vapour over the 2D snow surface. Fig. 15 shows the evolu-
tion of the vertical density distributions of the volatile compo-
nents for both perturbation cases. In the ice-only case, we see
that the initial perturbation generates a large gradient in the
total volatile density distribution. This drives vapour to diffuse
vertically downwards, condensing onto the dust grains beneath
the snow surface. This supply of ice is able to counteract the
sublimation driven by the thermal perturbation. This behaviour
is in contrast to the case where the vapour is also perturbed,
where the lack of an large volatile gradient after the initial per-
turbation means that the diffusive flux of vapour is significantly
diminished, and the ice sublimates faster than it is replenished -
allowing the instability to grow.

4.3.1 Parameter exploration

To explore whether this behaviour is limited to our choice of
fiducial parameters, we run a number of simulations with the key
parameters varied. First, we vary the turbulence level, running a
simulation with a reduced turbulence of & = 10~*. Reducing the
turbulence level decreases the diffusive flux of vapour, making
the diffusion time longer. This affects the vertical transport of
vapour, and could therefore dictate whether the disc can be unsta-
ble. However, we once again see a stable disc configuration with
a dominant vapour reservoir throughout much of the disc extent.
Fig. 16 shows the 2D spatial distributions of ice and vapour af-
ter 2Myr for this low turbulence simulation. Compared to the
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Figure 12. Evolution of the fiducial full 2D simulation. The simulation
has run for ~ 4 Myr; line opacity increases with time in intervals of
0.4 Myr. The top row shows the surface densities of dust (ice included),
ice and vapour, whilst the second row shows the mid-plane temperature.
The small non-continuous deviations in the surface density appear due to
integration over the tightly-constrained, discontinuous vertical structure
of the ice.

fiducial simulation, the snow surface lies closer to the mid-plane.
This is because the temperature rises more rapidly away from the
mid-plane, because the lower turbulence level leads to enhanced
dust settling that brings the photospheric surface of the disc to
lower altitudes. Even though the lower turbulence increases the
diffusion timescale of the vapour, the tightly constrained snow
surface allows such a large vapour reservoir to exist that it is still
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Figure 13. Spatial distributions of CO ice and vapour density in the full
2D fiducial simulation. Temperature contours (in K) are overplotted for
reference.

able to supply the mid-plane with enough ice through vertical
transport to quench the instability.

We also vary the fragmentation velocity of the grains, running
a simulation with vy, = 1m s~1. A lower fragmentation velocity
leads to a grain-size distribution with a larger proportion of small
grains, so we expect the snow surface to be less tightly constrained
to the mid-plane due to a higher altitude photosphere. This could
affect the instability by reducing the size of the vapour reservoir
above the snow surface that is available to supply the mid-plane.
However, we once again find a stable disc configuration. Fig. 17
shows the surface density distributions of ice, dust and vapour af-
ter 1 Myr for a simulation with the fiducial turbulence but a lower
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Figure15. Vertical profiles of the ice and vapour densities for each of the
perturbation cases. The ice-only and total volatile cases are shown in the
top and bottom panels, respectively. The solid lines show the systems just
after perturbation, whilst the dashed lines show the systems after 17 yr of
evolution.

fragmentation velocity. Whilst the lower fragmentation velocity
leads to a less-constrained snow surface as expected, the low
Stokes numbers of the ice-carrying grains severely restrain the ice
mass-flux. This reduces the dynamical separation between the ice
and vapour phase volatiles, meaning that vapour does not build
up at the snow surface. With no build-up of vapour, there is no ac-
cruing of ice behind the snow line due to vapour diffusion mean-
ing that the mass-flux conditions required to trigger the instabil-
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Figure 16. Spatial distributions of CO ice and vapour density in the full
2D simulation with lower turbulence (« = 10~#). Temperature contours
(in K) are overplotted for reference.
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Figure 17. The steady-state reached for the full 2D simulation with a
lower fragmentation velocity (Vg = 1 m s71). The top row shows the
surface densities of dust (ice included), ice and vapour, whilst the second
row shows the mid-plane temperature.

ity cannot be established. We therefore find that the disc reaches a
steady-state.

5 DISCUSSION

The perturbation tests show that the disc can be unstable and
would be able to enter a limit-cycle if the vapour reservoir was un-
able to supply the mid-plane. However, a large vapour reservoir
is a natural consequence of the 2D structure of the snow surface.
The tightly constrained shape means that the snow line radius
shifts radially outwards as a function of height above the mid-
plane, and vapour is therefore deposited at all radii, not solely at

MNRAS 550, 1-18 (2026)
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Figure 18. The left panel shows the radial CO flux at a range of heights (height increases with line darkness); 0, 0.13, 0.3, 0.57, 0.85, 1.2, and 1.6 au.
The flux is defined as positive in the radially inward direction, i.e. towards the star. The right panel shows the the vertical CO flux at a radius of 60 au.
The flux is defined as positive in the vertically-downward direction, i.e. towards the mid-plane. The vertical dashed lines correspond to the snow line

locations at each height (left panel) or radius (right panel).

the mid-plane snow line radius. Due to this, the disc cannot enter
a limit-cycle, as the CO mass-flux conditions required to facilitate
the cycle seen in the vertically-isothermal simulations are prohib-
ited. We can see this by examining the radial and vertical fluxes
of CO of the unperturbed system. The left panel of Fig. 18 shows
how the radial flux of CO, i.e.

Fr = pi (v} + %) + ov (R + %K) -

(32)
where both the diffusive and advective velocities of the ice and
vapour are included, varies as a function of height for the final
snapshot shown in Fig. 12. Around the mid-plane, we see that
the flux has a similar radial profile to that seen in the vertically
isothermal model; for radii exterior to the mid-plane snow line
there is a negative slope, which we may expect to lead to a de-
crease in CO density as a function of time. This decrease is coun-
tered by the deposition of vapour in this region at higher altitudes
in the disc, as shown by the mass-fluxes at heights where the
snow line radii fall in this region. The vapour deposited at these
heights is transported in the vertical direction through diffusion,
crossing the snow surface and feeding the mid-plane with CO ice.
This is demonstrated by the vertical flux (defined similarly to the
flux in equation 32, but with the Z-velocities) at 60 au shown in
the right panel of Fig. 18. The vertical flux is defined as positive
towards the mid-plane, and we can therefore see that there is a net
flux of volatiles above the snow surface heading towards the mid-
plane. The flux decreases as we approach the mid-plane, meaning
that the density of volatiles would increase over time were there
not also radial fluxes to consider. This shows that the vertical
transport of volatiles is able to supply the mid-plane and counter
radial fluxes that would lead to the disc entering a limit-cycle.
In the vertically isothermal model, there is no vapour reservoir
able to vertically resupply the mid-plane, allowing the formation
of a limit-cycle. We make a note here that we do not consider
vertical gas flows due to photoevaporative or MHD winds, which
one could expect to affect how well the vapour can resupply the
mid-plane. However, our snow surfaces are highly constrained
to the mid-plane, where large gas densities mean that upward
velocities due to winds launched near the disc surface are small.
This means any advective flux of vapour away from the mid-
plane would be much smaller than the diffusive fluxes driven by
the large vapour gradient at the snow surface. We are therefore

MNRAS 550, 1-18 (2026)

confident that our results would be unaffected by the inclusion
of wind-driven vertical velocities.

J. E. Owen (2020) speculated on the effect that shadowing
due to features in the dust density distribution would have on
the instability, suggesting that it could spawn more time-variable
features. However, in both the vertically isothermal and full 2D
models, whilst the photosphere shapes do indicate a shadowed
region exterior to the mid-plane snow line radius, the extent of
this shadowing is not as extreme as suggested by J. E. Owen (2020)
and therefore no additional features appear in the outer disc.

Our findings indicate that snow lines in protoplanetary discs
can be thermally unstable, with two stable equilibrium solutions.
However, unlike the results of J. E. Owen (2020), the disc cannot
enter a limit-cycle that causes it to jump between the solution
branches in an oscillatory fashion with a regular period. We there-
fore infer that the snow line instability is unlikely to be the cause
of any structures observed in disc surveys. We expect that the only
way in which the instability may manifest in realistic discs is via
stochastic events where the opacity and mass-flux conditions are
such that the disc is forced to jump between states. One specu-
lative example could be a gap opening due to a planet or other
process that traps dust and ice exterior it, generating a build-up
of volatiles that can trigger the disc to jump to the cold state.
This is something to bear in mind for future studies; if significant
transient dynamical evolution is seen in simulations of snow lines
in 2D, thermodynamically-evolving discs, one can test whether it
is caused by stochastic triggering of the instability by checking
for optical depths in the range 0.1-0.5 and how the temperature
evolves as the volatile density distribution evolves. We also make
the point that a limit-cycle could appear if some disc configura-
tion that we have not studied leads to a large vertically-isothermal
region in the vicinity of the snow line.

In addition, we have shown that including the vertical struc-
ture is vitally important for correctly modelling the evolution
of volatiles in protoplanetary discs. As the snow line radius
is strongly dependent on altitude, the spatial distribution of
volatiles cannot be correctly evolved by assuming that vapour
builds up solely at the radius of the mid-plane snow line. Instead,
the vapour is deposited over a wide range of radii, and the vertical
transport of this vapour means that the ice distribution is also
affected across this radial range. This could have an impact on the
results of 1D models of volatile evolution in discs, where build-
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ups of volatiles are found at the mid-plane radii of snow lines due
to the ‘cold-finger’ effect (see e.g. D. J. Stevenson & J. I. Lunine
1988; J. N. Cuzzi & K. J. Zahnle 2004; D. Schoonenberg & C. W.
Ormel 2017). Also, the vapour reservoir that exists above the snow
surface needs to be considered if running 1D models due to its
impact on the spatial (especially vertical) variation of quantities
important to planet formation, such as the C/O ratio.

Our results have also shown that the mid-plane snow line ra-
dius and the 2D structure of the snow surface are highly depen-
dent on the spatial structure and grain-size distribution of the
dust due to how these govern the thermal structure of the disc.
Both of these features of the dust component can be modulated by
dust microphysical parameters, such as the fragmentation veloc-
ity, or the nature of the gas evolution, such as the level of turbu-
lence. As we know that the dust component evolves dramatically
over the several million years that discs exist, we would similarly
expect the snow line structure to evolve. This has implications
for planet formation, where the locations of the snow lines of
different species govern the composition of icy pebbles or gas that
a nascent planet accretes as it grows and migrates through the
disc. Future work will be to investigate how snow lines evolve
in discs with evolving dust populations by running simulations
with no fixed mass-flux feeding the outer boundary as was done
for this work.

6 CONCLUSIONS

In this paper, we have revisited the snow line instability presented
in J. E. Owen (2020), using the disc evolution code cuDiISC with
a newly added ice-vapour chemistry module. The added ice-
vapour chemistry includes time-dependent calculation of adsorp-
tion and desorption across a full grain-size distribution, colli-
sional evolution of the icy grains, and coupling of the ice to the
disc thermodynamics through modulation of the dust opacities as
the ice mass-fraction changes. When investigating the snow line
instability, we find that:

(i) From 2D equilibrium models of the CO snow line and snow
surface, we find that the disc is in fact unstable when including
the vertical dimension, as two stable solutions exist. These two
solutions manifest as two possible locations for the snow line in
the disc; the solution where the snow line lies closer to the star is
the cold state, whilst the solution where the snow line lies further
out is the hot state.

(ii) However, in dynamic models, we find that the disc can only
be made to periodically jump between the two solutions (i.e. enter
alimit-cycle as seen by J. E. Owen 2020) in models where the ice—
vapour solver is fed a vertically isothermal temperature structure,
where all altitudes have the mid-plane temperature.

(iii) Simulations with the full, non-isothermal vertical temper-
ature structure do not exhibit a limit-cycle, due to being stabilized
by the presence of a vapour reservoir above the snow surface
that can feed volatiles to the mid-plane through vertical diffusive
transport.

(iv) This vapour reservoir is a natural outcome of the 2D tem-
perature structure, which increases away from the mid-plane and
leads to a snow surface that is tightly constrained to the disc mid-
plane. As icy grains drift inwards, they therefore cross the snow
surface over a wide range of radii, depositing vapour throughout
a large radial extent of the disc.

(v) These results have shown that including the vertical struc-
ture is vital for correctly modelling the dynamical evolution of
volatiles in discs, particularly around mid-plane snow lines.

Snow lines stabilized in 2D using cuDISC 17

(vi) Snow surfaces are exponentially sensitive to the disc ther-
mal structure and therefore the nature of the dust and gas; we
expect their mid-plane location and vertical structure to evolve
substantially over the disc lifetime.

In future work, we will study how snow lines evolve in thermo-
dynamically evolving discs over Myr timescales for a range of disc
parameters with no fixed-outer mass-flux; this will allow us to get
a handle on how the shape and structure of 2D snow surfaces can
vary over the disc lifetime, which may have a profound effect on
our understanding of planet formation.
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APPENDIX A: COMPARISON OF OPACITY
MODEL TO MIE THEORY

Fig. Al shows how extinctions (k, + «5) calculated using our
opacity model (based on that of J. N. Cuzzi et al. 2014) com-
pare to full Mie theory. For the comparison we have used the
DSHARP composition and calculated the Mie opacities using the
DSHARP PYTHON opacity tool (T. Birnstiel et al. 2018). Extinc-
tions averaged over two MRN grain-size distributions are shown:
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Figure Al. Comparison of our opacity model to Mie theory for the
DSHARP composition averaged over two grain-size distributions.

one of small dust with a maximum grain size of 1 pum, and one
of a wide range of sizes with a maximum of 1cm. The extinc-
tions are mostly very consistent, with the largest deviations (~ 50
per cent) occurring only at the very shortest wavelengths; these
wavelengths lie at shorter wavelengths than those corresponding
to the peak of a typical proto-stellar spectrum (~ 0.7 pm) so
will not lead to large deviations when considering the absorp-
tion/scattering of the majority of stellar irradiation.

APPENDIX B: 1D METHOD

For our 1D model of dust evolution, we solve the 1D advection-
diffusion equation

82(1 4 10 Rl=w VEg d Ed -0 (Bl)
at ' ROR T se ar \ 2. )] T

using the same second-order finite-volume Godonuv method
used to solve the 2D advection-diffusion equations (see section
3 in A. Robinson et al. 2024). The radial advection velocity for a
particular grain size is calculated via

N ﬁg,R + 2(ng¢ — VKSt)
N 1+ St

Vd,R , (B2)

where 7, y is the radial gas velocity vertically integrated over the
dust distribution for that given grain size,

1 o0
171 = PdVg, dz
eR = 5, ) PaTeR
V145t o VAR
= 7/“/ PgVg R €XP (——2— dz, (B3)
g o 2Hi «
where we have made use of the diffusion-settling dust scale-
height given by Hy = m, and v, 4 is the 1D gas azimuthal
velocity.
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