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A B S T R A C T 

Volatile evolution in protoplanetary discs determines the compositional evolution of forming planets. Below their sub- 
limation temperatures, volatiles freeze out from the vapour phase onto dust grains in the disc and transition to being 
dynamically coupled to the dust component as opposed to the gas. The boundary between the ice and vapour phases is 
referred to as the snow line, when thought of as the mid-plane radius at which the phase transition occurs, or the snow 

surface, when viewed as a 2D (radial and vertical) structure in the disc. We investigate whether the CO snow line (and 
therefore snow surface) is thermally unstable and therefore liable to changes in its location during disc evolution using 
the disc evolution code cuDisc , to which we have added an ice-vapour chemistry solver. We find that the instability does 
lead to there being two steady-state stable equilibrium solutions for the snow surface when including the vertical structure. 
However, in dynamically evolving simulations, the disc does not enter a limit-cycle – as seen in previous 1D models – due 
to the shape of the 2D snow surface and the vertical transport of volatiles. We therefore expect that dynamically evolution 

of snow lines due to instability is limited to transient, stochastic events rather than oscillatory behaviour with a regular 
period. However, we also expect the snow surface to evolve substantially during the disc lifetime solely due to changes in 

the thermal structure driven by evolution of the dust spatial structure and grain-size distribution – this we will explore in 

future models. 

Key words: astrochemistry – protoplanetary discs. 
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 INTRODUCTION  

he initial composition of young planets is set by the solid and
aseous material that they accrete whilst forming in their host 
rotoplanetary discs. In these discs, most of the important chem- 
cal elements are found in the form of simple molecules that are
olatile at the temperatures and pressures found in such environ- 
ents – e.g. H2 O, CO2 , CO, N2 , and CH4 , amongst others (see K.
. Öberg, S. Facchini & D. E. Anderson 2023 ; K. Zhang 2024 , for
ecent reviews of disc chemistry). These molecules can therefore 
ither be in the vapour phase or frozen-out onto the surfaces of 
ust grains at a certain location in the disc; the contour that marks
he transition between the vapour and ice phase is referred to
s the snow surface whilst the mid-plane radial location of this
urface is called the snow line. The location of the snow line and
he shape of the snow surface are set by the temperature structure
f the disc, the binding energy of the volatile to the grain surfaces
nd the vapour pressure of the volatile. 
Understanding these features of discs is vital for explaining 
lanet formation. As snow lines lie at different radii for each 
olatile, the compositions of the gas and dust components of the
isc – and therefore important quantities such as the C/O ratio –
re functions of disc location (K. I. Öberg, R. Murray-Clay & E.
. Bergin 2011 ). Also, the dynamics of the ice and vapour phase
 E-mail: a.robinson21@imperial.ac.uk 
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olatiles are very different, as the ice-phase volatiles are coupled 
o the radially drifting dust rather than the slowly evolving gas.
uch a difference means that composition is also a function of 
ime (see e.g. D. J. Stevenson & J. I. Lunine 1988 ; J. N. Cuzzi &
. J. Zahnle 2004 ; R. A. Booth et al. 2017 ; R. A. Booth & J. D.
lee 2019 ). We also know that CO is depleted compared to the
SM abundance in many discs, primarily inferred from CO gas 
asses that suggest dust-to-gas ratios larger than those of the ISM
M. Ansdell et al. 2016 ; A. Miotello et al. 2017 ). Inclusion of dust
rowth and dynamics alongside chemistry when modelling the 
O snow line (see M. Kama et al. 2016 ; R. A. Booth et al. 2017 ; S.
rijt et al. 2018 ; R. A. Booth & J. D. Ilee 2019 ; S. Krijt et al. 2020 ;
. Powell et al. 2022 ; E. Van Clepper et al. 2022 ) has indicated
hat these processes play a crucial role in CO depletion. More
ecently, James Webb Space Telescope ( JWST ) observations have 
uggested that low-mass stars ( < 0 . 3 M�) have high C/O ratios
n the inner disc (B. Tabone et al. 2023 ; A. M. Arabhavi et al.
024 ; J. Kanwar et al. 2024 ; F. Long et al. 2025 ) in contrast to
eemingly oxygen-rich higher mass stars (see e.g. C. E. Romero- 
irza et al. 2024 ; M. Temmink et al. 2024 ). Insight into this
ifferentiation requires comprehensive modelling of both chem- 
stry and dust processes; using 1D models that combine volatile 
olecule chemistry with dust and gas transport, A. D. Sellek & E.
. van Dishoeck ( 2025 ) and A. D. Sellek, M. Vlasblom & E. F. van
ishoeck ( 2025 ) show that the C/O ratio in the inner disc regions
s a time-dependent function of both chemical and dynamical 
imescales. 
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To understand the spatial structure, abundance and temporal
volution of molecules in discs, we therefore evidently need mod-
ls of dust evolution that are coupled to the disc chemistry. CO
n particular is 3.an important molecule to study. It has a high
nterstellar abundance (M. Asplund et al. 2009 ), both making
t very important for outer disc chemistry and amenable to ob-
ervation across multiple isotopologues (e.g. 12 CO, 13 CO, C18 O,
17 O; see A. Miotello, S. Bruderer & E. F. van Dishoeck 2014 ;
. Ansdell et al. 2016 ; A. S. Booth et al. 2019 ; C. J. Law et al.
023 ). For typical discs around solar-mass stars, the mid-plane
O snow line lies in the outer disc, at radii of > ∼ 20 au (see
.g. K. I. Öberg et al. 2011 ). This means that it lies in a region of 
he disc where the temperature is governed by absorption and re-
rocessing of stellar light by dust grains. In the aforementioned
odels, the disc thermal structure is not self-consistently coupled
o the evolving dust and volatile distribution, and is usually held
onstant. As the CO snow line (and snow surface) is exponentially
ensitive to the disc thermal structure, any evolution of the disc
emperature due to changes in the dust population should have
rofound impacts on the molecular layout of the disc. As a case in
oint, J. E. Owen ( 2020 ) produced a model of CO evolution that
ncluded dust dynamics and coupled the disc thermal structure
o the dust and CO ice distributions; their results suggested that
he snow line can be unstable to thermal perturbations, leading
o rapid radial movement of the mid-plane CO snow line. All of 
his points to the case that self-consistent modelling of the disc
emperature structure alongside dust evolution and chemistry is
ital for correctly modelling the evolution of molecules in discs. 
In this paper, we study the CO snow line – and snow sur-

ace – in two dimensions (radial and vertical), coupling the disc
hermodynamics to the time-dependent evolution of the dust
nd ice in the disc. To do this, we use the protoplanetary disc
volution code cuDisc (A. Robinson, R. A. Booth & J. E. Owen
024 ), adding to the base model ice–vapour chemistry and ice
pacities, all of which allows us to study the CO snow line in a
hermodynamically coupled, vertically resolved disc. With this
pdated model, we build upon the work done studying the CO
now line instability in 1D by J. E. Owen ( 2020 ) by including the
ertical dimension and a detailed model of the evolving grain-
ize distribution; in this paper, we discuss the effect that these
nclusions have on the nature of the snow line instability. 

 METHODS  

e use cuDisc (A. Robinson et al. 2024 ), a protoplanetary disc
ode that simulates dust evolution in the 2D R- Z plane for ax-
symmetric discs and couples this evolving dust population to the
hermal structure of the disc through solving the equations of 
adiative transfer using wavelength- and grain-size-dependent
pacities. To study volatile evolution and study the movement of 
now lines, we update cuDisc to include ice–vapour chemistry. 

.1 Ice–vapour chemistry 

he ice–vapour chemistry model is based on those detailed by
. A. Booth et al. ( 2017 ); J. E. Owen ( 2020 ), which in turn were
ased on D. Hollenbach et al. ( 2009 ). We consider adsorption
nd desorption of individual molecules from the surfaces of 
ust grains and construct rates for each of these processes. With
his construction, we solve the following equations for the mass
ensity of vapour and ice, 
NRAS 550, 1–18 (2026)
∂ρv 

∂t 
=
∑ 

k 

(Rth ,k + Rph ,k − Rad ,k 
)
, (1) 

∂ρi ,k 

∂t 
= Rad ,k − Rth ,k − Rph ,k , (2) 

here ρv is the mass density of the vapour, ρi ,k is the mass density
f the ice condensed onto dust grains in size-bin k, and the rates
re volatile adsorption, Rad ,k and thermal desorption, Rth ,k . The
ate of volatile adsorption onto the grains is given by 

ad ,k = πa2 k vth nk ρv , (3) 

here ak and nk are the radius and number density of grain size
, and vth is the thermal velocity, 

th =
√ 

8 kB T 
πmmol 

, (4) 

mol being the mass of the volatile molecule. The rate of thermal
esorption is given by the Polanyi–Wigner equation (E. A. Bergin
 M. Tafalla 2007 ), 

th ,k = 4 πa2 k Ns nk mmol pk νi exp 
(

−Tbind 
T 

)
, (5) 

here Ns is the number of adsorption sites per unit area, set by
efault to 1 . 5 × 1015 cm−2 (Y. Aikawa et al. 1996 ), Tbind is the
emperature of the binding energy of the molecule (i.e. Ebind =
B Tbind – such binding energies are derived from desorption rates
easured in temperature programmed desorption (TPD) exper-
ments; see H. M. Cuppen et al. 2017 ) and νi its vibrational
requency, estimated by 

i =
√ 

2 Ns kB Tbind 
π2 μmol mH 

, (6) 

here μmol is the molecular weight of the molecule. pk is the
robability of an adsorption site having a molecule bonded to it.
ere, we assume that adsorbing molecules distribute randomly
cross the grain surface, such that 

pk = 1 − exp 
(

− ρi ,k 

4 πa2 k Ns nk mmol 

)
. (7) 

his smoothly interpolates between the zeroth-order rate, when
he grains are completely coated in volatiles and pk = 1 , and the
rst-order rate, when the grains are only partially coated. A caveat
f this method is that it ignores potential distributions in the
olecule-to-grain binding energies, which have been observed
n laboratory experiments and predicted by quantum chemistry
alculations (see G. M. Bovolenta et al. 2022 ; K. Furuya 2024 ).
e leave this as a topic for future models to explore. Some pre-
ious work has also shown that nucleation of water ice on bare
ilicate grains requires larger vapour pressures than that required
or ice-coated grains (K. Ros et al. 2019 ); however, since these
ffects have not been studied for CO ice, we do not take them
nto account for the work presented in this paper. Likewise, we do
ot currently include the effect of the release of latent heat dur-
ng sublimation, as for CO it has a negligible impact on heating
ompared to changes in opacity (see J. E. Owen 2020 ); however,
tudies have shown it to be important when studying the water
now line (M. Lecar et al. 2006 ; Y. Wang et al. 2025 ). 
Photodesorption of adsorbed volatile molecules is triggered by
V photons from both the star–disc system and FUV photons
enerated by cosmic rays. For these two processes, we follow H.
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Figure 1. The left-hand panel shows grain-size-independent mass densities of ice and dust for vapour condensing onto a static distribution of dust 
grains. The dashed blue line shows the initial non-icy dust distribution, whilst the dashed green line is proportional to the total grain surface in a bin, 
i.e. ∝ nk a2 k . The right-hand panel shows grain-size-independent mass densities of ice and dust evolving through collisions from the initial state shown 
in the left-hand panel until a steady-state is reached. 
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. Cuppen et al. ( 2017 ) and A. Sternberg, A. Dalgarno & S. Lepp
 1987 ), T. W. Hartquist & D. A. Williams ( 1990 ), respectively, and
rrive at the following photodesorption rate, 

ph ,k = πa2 k nk mmol pk ( γUV + γCR ) Y (8) 

here γUV and γCR and the UV photon fluxes (photons cm−2 s−1 ) 
enerated by the star–disc system and cosmic rays respectively 
nd Y is the photodesorption yield, taken to be 2 . 7 × 10−3 

olecules photon−1 (K. I. Öberg, E. F. van Dishoeck & H. Linnartz 
009 ). The photon flux from the star–disc system, γUV , is calcu-
ated by converting both the direct stellar radiation field and the
adiative energy in each of the FLD wavelength-bands to a photon
ux, taking energy only from bands with wavelengths less than 
00 nm. The FUV flux stimulated by cosmic rays, γCR , is found by
alancing the rate at which UV photons are produced by cosmic 
ays (A. Sternberg et al. 1987 ) with the rate at which they are
dsorbed by dust grains and is given by 

CR = 0 . 15 ηCR 
nH nuc ∑ 

k πa2 k nk 
, (9) 

here ηCR is the rate of cosmic ionisations per hydrogen nucleus, 
aken as 10−17 s−1 , and nH nuc is the number density of hydrogen 
uclei, calculated from the gas density assuming that it is solely
omposed of hydrogen and helium at ISM abundances. For the 
ork presented here looking at the CO snow line, photodesorp- 
ion has a negligible effect because thermal desorption constrains 
he snow surface to altitudes below those at which photodesorp- 
ion becomes important. 
Equations ( 1 ) and ( 2 ) are solved using a first-order iterative

mplicit method. First, we rewrite the equations in a form where 
he rates are linearly dependent on the vapour and ice densities,
hen discretise them implicitly: 

ρn +1 v − ρn v 

	t 
=
∑ 

k 

(
Dk ρ

n +1 
i ,k − Ak ρ

n +1 
v 
)
, (10) 

ρn +1 i ,k − ρn i ,k = Ak ρ
n +1 
v − Dk ρ

n +1 
i ,k , (11) 
	t 
here Ak and Dk are the adsorption and desorption rates in units 
f molecules s−1 . This system can be solved analytically, and 
pdates to each of the vapour and ice species are calculated
hrough the following steps: 

(i) ˜ ρi ≡
∑ 

k 

Dk 	tρn i ,k 
1 + Dk 	t 

(ii) ˜ A ≡
∑ 

k 

Ak 	t 
1 + Dk 	t 

(iii) ρn +1 v = ρn v + ˜ ρi 
1 + ˜ A 

(iv) ρn +1 i ,k = ρn i ,k + Ak 	tρn +1 v 

1 + Dk 	t 

where ˜ ρi and ˜ A are intermediate sums. 
Since both Ak and Dk depend on the ice mass density implicitly 

hrough the grain radius, ak , and the covering fraction, fC,k , we
terate the above steps, recalculating the rates at the start of each
teration. Before commencing the next iteration, grain sizes and 
nternal matter densities are recalculated to incorporate the new 

ce mass-fractions. Iterations are continued until convergence to 
 tolerance is achieved in the final vapour and ice mass densities.
he tolerance is set through calculating the mean fractional er- 
or across all ice species and vapour over the entire spatial grid
etween subsequent iterations. The default tolerance is a mean 
ractional error of 10−5 . 
The left-hand panel of Fig. 1 shows the equilibrium distribu-

ion of icy grains for CO vapour condensing onto a static dis-
ribution of dust grains, i.e. the equilibrium distribution when 
oagulation is neglected. The parameters for the model are shown 
n Table 1 . When plotting the distribution, the dust and ice densi-
ies are re-binned onto a uniformly spaced logarithmic mass-grid, 
nd the grain size-grid is recalculated using the binned densities 
ecause several of the smallest mass bins end up with very sim-
larly sized grains. The binning is carried out in the same mass-
onserving method used to distribute coagulation products into 
he correct bins – see equation (65) in A. Robinson et al. ( 2024 ). To
void spurious noise in the binned distribution that arises due to
MNRAS 550, 1–18 (2026)
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M

Table 1. Parameters used for the 0D and 1D simulations. The CO binding 
energy temperature is assumed to be that of pure CO ice, and is taken from 

S. E. Bisschop et al. ( 2006 ). 

Parameter Symbol Value 

Viscosity α 10−4 
Dust-to-gas ratio – 10−2 
CO ice internal density ρm ,CO 0.89 g cm−3 
Base dust internal density ρm ,dust 1.67 g cm−3 
Cylindrical radius R 40 au 
Gas surface density �g 600 (R/au )−1 g cm−2 

Temperature T 130 (R/au )−
1 
2 K 

Fragmentation velocity vfrag 100 cm s−1 
CO binding energy temperature Tbind,CO 850 K 
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eriodicities between the two mass-grids, the re-binned grid uses
ust over half the number of simulation mass bins. As the internal
ensity in each mass-bin can vary, the size-grid becomes non-
niform. To remove the effect this has on the plotted grain-size
istribution, we plot the quantity ρk 

d ln a , i.e. the grain-size-grid-
ndependent mass density, as done in works such as T. Birnstiel,
. P. Dullemond & F. Brauer ( 2010 ). 
The ice distribution is almost proportional to the total surface
rea of each grain size bin, nk a2 k , shown by the dashed green line.
his occurs because the adsorption rate is proportional to this
rea, so in the initial stages of ice adsorption, when desorption
ates are negligible in comparison to adsorption rates, the ice
orms a distribution that is proportional to area. The distribution
s not exactly proportional however, as the smallest grains have
rown considerably compared to their initial size, so the initial
urface area available for adsorption was smaller than the final
rea shown by the dashed green line. 

.2 Ice growth 

n our growth model, the ice component of each grain is treated
s a tracer of the non-ice base component. As grains collide
nd mass is transferred between mass bins, the ice is assumed
o also be transferred proportionally according to the ice mass-
raction in each bin. The rate of ice density gain due to collisions,
˙ i,gain , is found by multiplying the rate for the associated non-ice
omponent by the ice to non-ice density ratio, 

˙ i,loss ,i j =
(
ρi , j 

ρd , j 

)
mj ni nj Ki j (pcoag ,i j + pfrag ,i j ) , (12) 

here ρd , j is the density of the non-ice dust component, mi and
j are the masses of the non-ice components, and K, pcoag , and

pfrag are the coagulation kernel and the coagulation and fragmen-
ation probabilities as given in A. Robinson et al. ( 2024 ). The rate
f loss of ice density due to collisions, ρ̇i,loss , is then given by 

ρ̇i,gain ,i jk = ni nj Ki j 
[
pcoag ,i j Mi ,i j Ci jk (13) 

+ pfrag ,i j X̄i j 
(
mrem ,i j Ri jk + mfrag ,i j Fi jk 

)]
, 

here C, R , and F are the collision product coefficients, and mrem 

nd mfrag are the remnant and fragment masses, again all defined
n A. Robinson et al. ( 2024 ). Mi is the total colliding ice mass, 

i ,i j =
(
ρi ,i 

ρd ,i 

)
mi +

(
ρi , j 

ρd , j 

)
mj , (14) 
NRAS 550, 1–18 (2026)
nd X̄ is the total ice-to-dust ratio, 

¯i j =
ρi ,i 
ni 

+ ρi , j 
n j 

mi + mj 
. (15) 

This method makes the assumption that the ice and non-
ce components are equally mixed throughout the grain; in re-
lity, the ice predominantly forms a mantle around a non-ice
ore; however, incorporating this physics currently goes beyond
he scope of this work. Also, the inclusion of this piece of 
hysics would only significantly impact fragmentation or abra-
ion, which are less important processes at the CO snow line due
o radial drift. 
The Stokes numbers used to determine the grain relative veloc-

ties also depend on the ice mass-fraction through the grain size
nd internal matter density, which vary with the ice fraction of 
he grains. We keep the mass-grid used in the growth calculations
xed to the masses of the base dust grains. 
The right-hand panel of Fig. 1 shows 0D growth evolution
t the disc mid-plane with the same set-up as for the pure
dsorption-desorption calculation shown in the left-hand panel.
s there is no dynamics, the dust distribution is limited by frag-
entation rather than radial drift. We see that the ice becomes
qually-distributed amongst the mass bins when in coagulation-
ragmentation equilibrium. This is because, at equilibrium, the
et condensation and evaporation rates are the same for all grains
nd do not depend on the ice mass-fraction. Hence, growth with
ragmentation ultimately redistributes the ice across all grain
izes. 

.3 Ice–vapour transport 

ce that condenses onto grains in a certain dust mass-bin travels at
he velocity of the grains in that bin. The drag forces that govern
hese velocities are calculated using the radius and density of 
he total grain (ice and dust). Using these velocities and the ice
ensity in each bin, we calculate the total ice density-flux due to
dvection and diffusion using the same method described in A.
obinson et al. ( 2024 ). To conserve momentum, we update the
otal momentum of the dust and ice by summing the fluxes. The
omentum of each component can then be updated using the
ppropriate mass fraction. As the size and internal matter density
f the grains in each cell are updated based on the local ice mass
raction, the Stokes numbers are also correctly calculated using
hese values during the source step of the dynamics calculation.
dvective and diffusive fluxes are also calculated for the vapour,
ssuming it travels at the gas velocity. 
We also adjust the vapour density during hydrostatic equilib-

ium calculations using a Lagrangian remapping approach: as
he gas mass is redistributed vertically, we likewise redistribute
he vapour mass to give the same vapour distribution as a func-
ion of vertical gas column density. In summary, the steps of the
alculation are: 

(i) Perform the standard hydrostatic equilibrium update for the
as. 
(ii) Calculate the gas column as a function of height before and
fter the update, and calculate the initial vapour column. 
(iii) Interpolate to find the updated vapour column that repro-
uces the initial vapour column as a function of gas column,
iven the updated gas column. 
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Figure 2. Schematic showing the method used for updating the vapour column during hydrostatic equilibrium calculations. The left two cartoons show 

how the column is affected by a temperature decrease that causes the gas density to increase at lower altitudes. The dashed lines show the new altitudes 
of the column values that were initially at the heights Z0 up to Z3 . The solid line on the plot on the right shows the initial vapour column as a function 
of gas column, whilst the dashed line shows the initial vapour column now as a function of the new gas column. At each Z-value, the gas column has 
decreased, and the vapour must follow suit. We then interpolate along the original vapour–gas distribution (solid line) to the find the updated vapour 
column values that lie at the new gas column values, indicated by the crosses. 
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Table 2. The base composition used for dust grains, taken from the 
dsharp model (T. Birnstiel et al. 2018 ). The references from which the 
optical constants have been taken are given for each species. 

Species Mass fraction Reference 

Organics 0.397 T. Henning & R. Stognienko ( 1996 ) 
Silicates 0.329 B. T. Draine ( 2003 ) 
Water ice 0.2 S. G. Warren & R. E. Brandt ( 2008 ) 
FeS 0.074 T. Henning & R. Stognienko ( 1996 ) 
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outer disc at radii > 10 au, we do not update the composition to remove 
the water ice component for dust interior to the location of the water snow 

line at ∼ 1- 5 au; this is an addition that we would be interested in studying 
when investigating the inner disc in the future. 
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The column of either vapour or gas is calculated through 

(Z) = ln 
∫ Z 

∞ 

ρ d Z′ , (16) 

here the integration is performed from the surface to the mid-
lane to avoid losing accuracy near the surface due to the limits
n floating-point precision. The gas column is calculated before 
nd after the hydrostatic equilibrium update, and the vapour col- 
mn is calculated similarly before the update. We now want to
alculate new vapour column values so that the vapour column 
s a function of the gas column remains constant, i.e. the vapour
as moved the same distance vertically as the gas. 
This is achieved by interpolating on the grid of original vapour 
nd gas column values to calculate the new vapour column values 
hat lie at the new gas column values, as demonstrated in Fig. 2 .
his interpolation is given by 

1 
v (Zj ) = ξ 0 v (Zl ) +

[
ξ 0 v (Zl−1 ) − ξ 0 v (Zl )

] ξ 1 g (Zj ) − ξ 0 g (Zl ) 
ξ 0 g (Zl−1 ) − ξ 0 g (Zl ) 

, (17) 

here the superscripts 0 and 1 indicate the original and new col-
mn values respectively, Zl is the altitude that satisfies ξ 0 g (Zl ) < 

1 
g (Zj ) < ξ 0 g (Zl−1 ) . Note that ξ increases with decreasing Z since
e are integrating from the surface down. The interpolation is 
erformed in log–log space to increase accuracy given the quasi- 
xponential forms of the column densities. The final vapour 
ensities are calculated via 

1 
v =

d exp (ξ 1 v ) 
d Z 

. (18) 

.4 Thermodynamic coupling: CO ice opacities 

o couple the ice component of each grain to the thermodynam-
cs of the system, we implement the opacity model detailed by J.
. Cuzzi, P. R. Estrada & S. S. Davis ( 2014 ). This model allows
he calculation of absorption and scattering opacities on-the-fly, 
s opposed to the use of interpolated opacity tables. It is an ap-
roximation to full Mie theory (G. Mie 1908 ). Each grain is taken
o be composed of a number of different species, each species
 with tabulated optical constants – either a complex dielectric 
unction, εk , as a function of wavelength or complex refractive 
ndex, Nk = √ 

εk – and a mass-fraction of the total grain mass, 
fm ,k . By default, each grain has the same base composition as
hat used by the DSHARP model (T. Birnstiel et al. 2018 , see
able 2 ). 1 In addition to this base composition, CO contributes
o the overall grain composition with a mass-fraction given by 
fm ,CO = ρi / (ρd + ρi ) , where ρi and ρd are the CO ice density and
ust density in a given spatial cell and base dust-grain-mass bin. 
The optical constants for CO ice are adapted from the exper-

mental data presented by A. A. Gavdush et al. ( 2022 ). The real
nd imaginary components of the data-derived complex refrac- 
ive index, N = n + ik, can be seen in the red dashed lines in the
pper row of Fig. 3 ; for reference, the real component determines
he phase velocity of waves entering the medium, i.e. scattering, 
hilst the imaginary component is responsible for absorption of 
ave energy in the medium (see C. F. Bohren & D. R. Huffman
983 ). The peaks in the imaginary component can be modelled as
esonant dipole excitations using Lorentz kernels; there are three 
bsorption peaks at wavelengths of 37, 115, and 200µm . The data
xtends from ∼ 25 µm to 0.2 cm, whilst the wavelength range 
sed in our simulations is typically 0.1µm to 1 cm. To extend
o the broader wavelength range, we first extend the imaginary 
MNRAS 550, 1–18 (2026)
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Figure 3. The optical constants used for CO when calculating opacities. The data (red dashed line) is taken from A. A. Gavdush et al. ( 2022 ) and the 
black line shows the extended optical constants used for calculations. The optical constants for H2 O ice from S. G. Warren & R. E. Brandt ( 2008 ) are 
plotted for comparison. 
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omponent to short and long wavelengths, then assume that the
eal and imaginary components are not independent and can be
elated using the Kramers–Kronig relations (applicable for media
hat can be described by a well-defined complex refractive index):

 = 1 + 2 
π
P
∫ ∞ 

0 

ν ′ k 
ν ′ 2 − ν2 

d ν ′ , (19) 

here P is the Cauchy principal value that allows the integral
o be defined by avoiding the singularity at ν ′ = ν. To extend to
horter wavelengths, we perform a linear log-space extrapolation
f the non-resonance background absorption below the peak at
7 µm . For longer wavelengths, we have chosen to cut the data
t ∼ 300 μm and to use the long-wavelength behaviour of the
orentz resonance kernel, i.e. 1/ λ. We have chosen this method
f extension for three reasons: 1) the authors state that diffrac-
ion distortions become significant at wavelengths � 0 . 06 cm, 2)
xtrapolating from the data past the resonance peak at 200 µm
eads to discontinuities and unphysical asymptotic behaviour of 
he real component, and 3) extending from the resonance peak
sing k ∝ 1 /λ is physically motivated from the Lorentz oscillator
odel (for more discussion, see chapter 9 of C. F. Bohren & D. R.
uffman 1983 ). The wavelength-extended optical constants used
n simulations are shown alongside the data in the upper row
f Fig. 3 , whilst the lower row shows the constants compared to
hose of water ice for reference. 
NRAS 550, 1–18 (2026)
Given a set of species with optical constants and mass-
ractions, we calculate an effective dielectric function, ε = ε′ +
ε′′ , using Maxwell–Garnett effective medium theory (EMT; J. C.
axwell Garnett 1904 ). In this model, we assume that within the
eterogeneous medium, different species manifest as spherical
nclusions within a homogeneous matrix. For simplifying pur-
oses, the homogeneous matrix is assumed to have ε = 1 . The
omposition-averaged optical constants are then used to calculate
bsorption and scattering opacities via 

a/s = 3 Qa/s 

4 ρm a 
, (20) 

here the absorption and scattering efficiencies, Qa and Qs , are
iven by 

a = 12 x
ε′ 

(ε′ + 2)2 + ε′′ 2 , (21) 

nd 

s =

⎧ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎩ 

8 
3 x

4 (ε
′ − 1)2 + ε′′ 2 

(ε′ + 2)2 + ε′′ 2 for x < 1 . 3 

2 x2 (n − 1)2 
[ 
1 −

(
k 

n − 1 

)2 ] 
otherwise , 

(22) 

here x = 2 πa/λ. The two forms for Qs account for the transi-
ion between the Rayleigh regime ( Qs ∝ x4 ) for particles smaller
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Figure 4. Grain-size-distribution-averaged absorption and scattering opacities for grains with and without CO as a part of their composition. The grain- 
size distributions are set as MRN (J. S. Mathis, W. Rumpl & K. H. Nordsieck 1977 ) distributions with maximum grain sizes of 1 µm and 1 cm. The base 
grain composition (without CO, shown by dashed lines) is the DSHARP composition (T. Birnstiel et al. 2018 ) and the mixed composition (solid lines) is 
20 per cent DSHARP and 80 per cent CO by mass. 
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han the wavelength, i.e. x < 1 , to the Rayleigh–Gans regime
 Qs ∝ x2 ), applicable for particles with x ∼ 1 and refractive in-
ices of around unity (see H. C. van de Hulst 1957 , pp. 179–
82) – a reasonable assumption for the mixed-composition grains 
e deal with in this work. To account for anisotropic scattering,
he scattering efficiency is modified by (1 − gasym 

) where gasym 

is 
he scattering asymmetry parameter. The efficiencies are limited 
o a maximum value of unity – this corresponds to the geomet- 
ic optics regime when the absorption/scattering cross section is 
qual to the physical cross section. One limitation of this model 
s that it does not capture resonant absorption around 2 πa/λ ∼ 1 
or solid particles as well as Mie theory; however, this is not an
mportant deviation for the poly-disperse grain-size distributions 
tudied in this work; such distributions smooth over the oscil- 
atory fluctuations seen in absorption and scattering properties 
f mono-disperse particles (J. E. Hansen & L. D. Travis 1974 ). In
ddition, as we are computing temperatures, not spectra, there 
s additional smoothing generated through integration over the 
avelength bands. 
Fig. A1 in the appendix shows a comparison of our opacity 
odel to full Mie theory, calculated using the DSHARP opacity 
ool (T. Birnstiel et al. 2018 ). There are generally only small de-
iations across the majority of the wavelength range that we use,
aking the model suitable for our thermal calculations. Fig. 4 
hows absorption and scattering opacities calculated for grains 
ith the base DSHARP composition and those with 80 per cent 
ass in CO ice + 20 per cent DSHARP. Opacities are averaged
ver two different MRN dust distributions, both with minimum 

rain sizes of 0.1µm , one of ISM-like dust with a maximum
rain size of 1 µm and the other evolved dust with a maximum
rain size of 1 cm. Total opacity decreases with the addition of 
O due to it having both fewer and lower amplitude absorption
esonances. The effect of the most prominent CO absorption reso- 
ances (at 115 and 200 µm ) can be seen in the absorption opacity.
 t  
 THE  SNOW  LINE  INSTABILITY  

he snow line instability is similar in nature to the well-known
hermal instability of accretion discs (see N. I. Shakura & R.
. Sunyaev 1976 ; J. E. Pringle 1981 ). The simple picture of the
hermal instability can be understood by considering the rela- 
ive changes of the heating and cooling rates in the disc at a
ertain radius, q+ 

and q−, with respect to small changes in the
isc’s temperature at that location. If the cooling rate increases 
ith temperature by a greater amount than the heating rate, the
ystem will return to equilibrium for any perturbation to the 
emperature. However, if the heating rate increases with temper- 
ture by a greater amount than the cooling rate, a small increase
decrease) in temperature will lead to runaway heating (cooling). 
he criterion for a location in the disc to be unstable can be
ritten as (J. E. Pringle 1981 ) 

d log q+ 

d log Tm 

>
d log q−
d log Tm 

, (23) 

here Tm 

is the mid-plane temperature of the disc. 
In the two-layer approximation for passive heating, the heating 
nd cooling rates can be written as 

+ 

= 1 
2 
ψs F∗, q− = ψi σT4 

m 

, (24) 

here F∗ is the intercepted stellar flux, given by 

∗ = L∗
4 πR2 

sin α f , (25) 

nd ψs / i account for the fraction of radiation from the sur- 
ace/interior that is absorbed or emitted by the interior (C. P.
ullemond, C. Dominik & A. Natta 2001 ). 
If the disc interior is optically thick to the given radiation, then
s / i are well approximated as unity. When the disc is optically 
hick to both surface and interior radiation, the disc is stable. This
MNRAS 550, 1–18 (2026)
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s because the cooling rate scales as T4 
m 

, while F∗ is only weakly
ependent on Tm 

via the flaring angle, α f . 
When the interior is optically thin, the absorption fraction can
e written as ψ ≈ τ ≈ �sol κ , �sol and κ being the total solid
urface density and mean opacity for the appropriate radiation
eld. We neglect any gaseous contribution because the gas opac-
ty is negligible in comparison to the solids. If the interior is
ow optically thin to both surface and interior radiation, we are
till left with a stable disc because both heating and cooling are
roportional to �sol κ . However, if the disc is optically thick to
urface radiation but optically thin to interior radiation, then the
ooling rate is proportional to �sol κT4 

m 

whilst the heating rate is
ot. Under conditions where �sol κ decreases sufficiently steeply
ith increasing Tm 

, we can overcome the stabilisation generated
y T4 

m 

. 
Discs may therefore become thermally unstable at snow lines,
here a small increase in temperature causes a large amount of 
olatiles to evaporate, substantially reducing the optical depth
nd cooling rate. If we assume that the opacity remains constant
we know already that this is not the case, but we can assume that
hanges in total solid density are more important), then we can
ow write the condition for instability, equation ( 23 ), as 
d log �sol 

d log Tm 

� −4 . (26) 

Sublimation of ices can readily meet this requirement. For
xample, consider we have 50 per cent of our solid mass in CO
ce at the snow line, and we perturb the temperature up by 15
er cent, say from 20 to 23 K; in doing so, we cross the sublimation
emperature and all of the CO sublimates. In this case, the left-
and side of equation ( 26 ) is −5 and the disc is unstable. If the
mount of solids near the snow line decreases, then the cooling
ate decreases causing the temperature to rise, further decreasing
he solid density and producing a phase of runaway heating. This
unaway heating would manifest in the disc as the snow line
apidly moving to larger radii as the ice sublimates. Ultimately,
he snow line will stop moving once it reaches a radius at which
he disc becomes stable; this can either be where the opacity
onditions described above break down, or at the point where
ll of the ice has sublimated and d log �sol 

d log Tm 
≈ 0 . The opposite will

appen for a decreasing temperature perturbation, with the snow
ine moving radially inwards until it reaches a region where the
isc is too warm for any ice to remain, and the disc is again sta-
le. These boundaries therefore define the edges of the unstable
egion, within which there is a range of radii for which there are
wo solutions for the temperature; one with a ‘hot’ equilibrium
emperature and all of the volatiles in the vapour phase, and one
ith a ‘cold’ equilibrium temperature and all of the volatiles in
he ice phase. 
These two temperature solutions are associated with different
ass-fluxes of volatiles due to differences between the radial
elocities of the vapour and ice phase volatiles. When in the
ce phase, the volatiles are coupled to the dynamics of the dust
opulation – which radially drifts relative to the gas – and we
herefore expect the radial velocity to be larger than that of the
apour-phase volatiles. A difference in radial velocity means a
ifference in radial mass-flux between the two solution branches;
he hot, vapour-phase solution being a low mass-flux state, whilst
he cold, ice-phase solution is a high mass-flux state. 
As discussed in J. E. Owen ( 2020 ), this separation in mass flux
an allow a limit-cycle to be established, where the disc is driven
o jump between the hot and cold states in a periodic fashion.
NRAS 550, 1–18 (2026)
onsider a radius in the unstable region that is in the cold, high
ass-flux state and is being fed by a lower ice mass-flux from the
uter disc. Over time the volatile surface density at that radius
ill decrease, and the decrease in ice will lead to an increase
n temperature due to the opacity configuration. At a critical ice
ensity, the disc will be hot enough to trigger sublimation of the
ce into the vapour phase and therefore a jump to the hot, low
ass-flux state. The disc at this radius is still being fed by the same
ce mass-flux from the outer disc, but this now leads to a build-
p of volatiles over time, and therefore a decreasing temperature.
s before, we reach a critical point where the disc is cool enough
hat all of the vapour can condense into ice, and we jump back to
he cold, high mass-flux state. 
In simulations performed by J. E. Owen ( 2020 ), this limit-cycle
anifests as the CO snow line moving through 10s of au on kyr
ime-scales as local regions in the disc transition between the
ot and cold states. They studied the snow line using 1D radial
odels, where evolution of the dust grain-size distribution was
odelled by solving the time-evolution of the maximum grain
ize, motivated by T. Birnstiel, H. Klahr & B. Ercolano ( 2012 ).
ne limitation to this approach is that it ignores any impact
hat vertical fluxes of CO may have on setting up the instabil-
ty and allowing a limit-cycle to exist, as it does not take into
ccount the 2D structure of the snow surface generated by the
ertical temperature structure. In addition, temperature pertur-
ations at the mid-plane affect the vertical structure and there-
ore could lead to shadowing of the outer disc and potentially
he spawning of more features. We also expect the increased
omplexity to which we model the evolution of the grain-size
istribution and the deposition of ice to impact the results, as
e have already seen in Section 2.1 that the distribution of ice
cross the grain distribution can vary depending on the growth
imescale. With our model, we are now able to investigate the
mpact that both of these effects – vertical structure and de-
ailed grain-size distribution evolution –have on the results found
reviously. 

.1 Static equilibrium solutions in 2D 

o investigate the theoretical instability in discs with a resolved
ertical dimension, we set up a disc system with only 10 µm
ust grains and, starting from either a cold or hot disc, iterate
he temperature and vertical gas and dust structures towards
quilibrium solutions. The grid parameters are: 600 power-law-
paced radial cells ( Rn , n = 0 . 25 ) between R = 0 . 3 and 300 au,
nd 250 power-law-spaced cells ( θn , n = 0 . 75 ) between θ = 0
nd π/ 6 rad. The stellar properties are shown in Table 3 . Stellar
eating calculations use 200 logarithmically-spaced wavelength
ins, spanning a wavelength range of 0 . 1- 105 µm . These wave-
engths, and the opacities associated with them, are binned into
0 logarithmically spaced wavelength bands for the flux-limited-
iffusion (FLD) calculations used for radiative transport of re-
mitted thermal radiation. A constant background temperature
f 10 K is applied to provide a baseline radiation field that bathes
he entire disc. We set the relative tolerance of the FLD solver to
0−5 . The gas is initialized with the D. Lynden-Bell & J. E. Pringle
 1974 ) self-similar solution with a characteristic radius of 50 au
nd an initial gas mass of 0.06 M�. The general disc parameters
re: α = 10−3 , dust-to-gas ratio = 6 × 10−4 . This low dust-to-gas
atio is necessary because the opacity of 10 µm grains is much
arger than that of large grains (cf. Fig. 4 ), and we need optical
epths of < 1 to the 60 K radiation field emanating from the
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Table 3. Stellar properties for both the static and dynamic models. We 
assume a solar-mass pre-main-sequence star for all of our models. 

Stellar property Value 

Mass, M� 1 M�
Effective temperature, T� 4500 K 

Radius, R� 1.7 R�
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Figure 5. 2D ice density and temperature structure of stable equilibrium 

snow line solutions in the single-grain size model. Temperature contours 
(in K) are overplotted on the density maps. 

Figure 6. Cumulative optical depths to mid-plane and surface radiation, 
τi and τs , as functions of height. For the optical depth to mid-plane radi- 
ation, the column is summed from the mid-plane up to the surface, and 
vice versa for the optical depth to the surface. The top panel shows how 

the optical depth changes on either side of the snow line, which lies at 
radius Rsnow , due to ice condensation affecting the solid mass. The bottom 

panel shows the optical depths at the snow lines when the system has 
converged to a single equilibrium solution, either hot or cold. 
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urface to fulfil the moderate optical depth requirement of the 
nstability discussed in Section . The CO abundance relative to 
tomic hydrogen, CO/H, is set to 8 × 10−5 , just under the canon-
cal value; this leads to an ice mass-fraction of �i,CO / �d+i,CO = 

 . 75 , where �i,CO and �d+i,CO are the surface densities of CO ice
nd total solids (dust and ice) respectively. This ice mass-fraction 
s high compared to other studies (e.g. K. I. Öberg et al. 2021 ); this
s because we approximately maintain the ISM CO abundance 
hilst reducing the dust-to-gas ratio. For this static model, where 
e simply want to demonstrate that two solutions can exist, a 
igh ice mass-fraction is justified to enhance the effect of the ice
n the opacity structure – in the dynamic models, we use a more
tandard ice mass-fraction of 20 per cent. Regardless, the chosen 
ce mass-fraction does not affect the existence of the limit-cycle; 
his is discussed in Section 4.3. 
When starting in the hot state, the initial temperature profile is
et to T = 100(R/au )−0 . 4 K, for which the snow line is at a radius
f ∼ 50 au; for the cold state, T = 80(R/au )−0 . 5 K, for which the
now line is at ∼ 15 au. As the temperature is iterated from each
nitial condition slowly towards equilibrium, the gas and dust ver- 
ical profiles are updated respectively through solving for hydro- 
tatic equilibrium and solving for diffusion-settling equilibrium 

see equation 30 in T. Takeuchi & D. N. C. Lin 2002 ). The ice–
apour chemistry is also evolved to equilibrium at each iteration. 
s the simulations iterate towards convergence, the snow lines 
ove radially inwards/outwards for the initially hot/cold discs. 
f the disc is unstable, the two snow line solutions lie at the edges
f the unstable region in the disc. When we advance the snow
ines from initially hot/cold states (making sure to force the tem-
erature structure to evolve slowly), they should therefore stop 
t the first equilibrium solution they encounter, thereby locating 
he two possible solutions. 
Fig. 5 shows two stable equilibrium solutions found through 

his method, separated by ∼ 8 au. The drop in mid-plane tem-
erature at the snow line can be understood by examining the
hanges in optical depth caused by the increase in solids at the
now line. Calculating the optical depth of the disc interior to
oth the surface and the mid-plane radiation allows us to inves-
igate how well the disc at altitudes above the mid-plane absorbs
he mid-plane radiation field and how well the disc interior ab- 
orbs the surface radiation field. To calculate the optical depth, we 
valuate the Planck mean opacity of the disc at a given tempera-
ure (surface/mid-plane); this is appropriate to use given we are in
 marginally optically thin regime. The top panel of Fig. 6 shows
he cumulative optical depth in the cells either side of the radial
ocation of the mid-plane snow line as functions of height and 
t two different radiation temperatures: that of the mid-plane, at 
2 K; and of the surface, at 60 K. These values are taken from the
ertical temperature structure at the snow line. The cumulative 
ptical depth at 22 K is found by summing upwards from the
id-plane to the surface, and vice versa for the depth at 60 K.
he optical depth to the surface/interior radiation, τs / i , in a cell is
alculated via 

s / i = (ρd + ρi ) κP , s / i 	Z, (27) 

here κP is the Planck mean opacity, given by 

P , s / i =
∫ 
κa,νBν (Ts / i )d ν∫ 
Bν (Ts / i )d ν

, (28) 

here κa,ν is the frequency-dependent absorption opacity for the 
iven grain composition. As described in Section 3 , the instability
MNRAS 550, 1–18 (2026)
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Figure 7. Mid-plane snow line radii for the hot and cold solutions as a 
function of total volatile surface density. We pick a reference radius of 
30 au for the total volatile surface density as this lies between the snow 

line solutions. The black circles indicate the two snow line solutions for 
the initial surface density. 
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equires the disc interior to at least be marginally more optically
hick to the surface radiation than the disc above the mid-plane
s to the mid-plane radiation. The top panel of Fig. 6 shows that
t radii just interior to the snow line (i.e. R < Rsnow ), the disc
id-plane is optically thick to the surface radiation, with τs > 1 ,
nd the disc above the mid-plane is marginally optically thin to
he mid-plane radiation, with τi ∼ 0 . 2 . As we move to the next
adial cell, exterior to the mid-plane snow line (i.e. R > Rsnow ),
e see that the increase in solid density around the mid-plane
ue to ice causes an increase in τi . Given that the emissivity of 
n optically thin medium is proportional to the optical depth,
his increase in depth increases the cooling rate relative to that of 
eating (which is optically thick), causing the disc to equilibrate
t a cooler temperature. 
From this system of two stable equilibria for a given volatile
urface density, we can modulate the surface density to explore
he density range over which the disc is unstable. As the density
s increased, τi will increase, and at some point be large enough
hat the cooling rate will no longer respond more sensitively to
emperature; at this point we would expect the disc to be globally
table with only one snow line solution. Likewise, decreasing the
ensity will decrease τs ; once this is also optically thin enough
hat the heating rate responds as sensitively to temperature as the
ooling, we again expect to see a single snow line solution. 
When we increase/decrease the total surface density of solids

ice + dust) in the simulations, the cold/hot solution remains in
lace until the solutions converge and begin to move in tandem,
s can be seen in Fig. 7 . The bottom panel of Fig. 6 shows the
ptical depths at the snow lines (in the final cell where R < Rsnow ;
herefore there is no contribution to the optical depth from the
ce) for the systems where the two solutions have converged to
ne through decreasing and increasing the total solid surface
ensity. The dotted lines show the single solution found when
he surface density is decreased, i.e. the disc is in the hot state,
hilst the dot–dashed lines show the single cold state solution
or an increased surface density. The solutions converge to the
ot equilibrium when the optical depth to the surface radiation
rops to ∼ 0 . 2 , whilst the solutions converge to the cold solution
hen the optical depth to mid-plane radiation surpasses ∼ 0 . 3 .
his implies that, for this setup, when τs , τi � 0 . 2 , they are both
ptically thin enough for the heating rate to respond more sen-
itively to temperature than the cooling rate, and vice versa for
NRAS 550, 1–18 (2026)
s , τi � 0 . 3 – i.e. the transition between optically thick and thin
ccurs in the optical depth range of 0 . 2- 0 . 3 . 

 DYNAMICAL  EVOLUTION  

e now construct simulations to study whether the CO snow line
an be unstable in a 2D dynamical disc, and whether a limit-cycle
an be established. 

.1 Methods 

hese simulations have a similar set-up to the equilibrium calcu-
ations detailed in the previous section, but with some notable
ifferences. We use 300 power-law-spaced radial cells ( Rn , n =
 . 25 ) between R = 0 . 5 and 100 au, and 180 power-law-spaced
ells ( θn , n = 0 . 75 ) between θ = 0 and π/ 6 rad. A full distribution
f dust grains is included, with a resolution of 7 mass-bins per
ecade, to give 148 bins logarithmically spaced between 0.1 µm
nd 100 cm. To increase the computational efficiency, we run
adial 1D gas and dust models in the inner region of the grid, from
.5 to 15 au, which couple to 2D calculations in the remaining
uter disc. Using a 1D inner region significantly speeds up the
imulations; both by reducing the dimensionality of the problem
n the 1D region, but also because the 2D CFL time-step is typi-
ally governed by diffusion in the vertical dimension in the mid-
lane cell at the smallest radius, whilst the 1D CFL time-step is
overned by diffusion in the radial dimension, which is much
ess constraining. The 1D solver updates are sub-cycled within
he global 2D CFL time-step loop in the same fashion as the co-
gulation and temperature updates (see A. Robinson et al. 2024 ).
his approach is valid for studying the CO snow line, as it resides
t radii � 20 au, and therefore the detailed 2D dynamics in the
nner disc are not important for this problem; we simply require
t for calculating the correct temperature profile. For details of the
D methodology, see Appendix B . 
To facilitate the 1D–2D grid interface, we have implemented a
ub-gridding method to the code wherein radial portions of the
ull grid can be separated into sub-grids. Making the sub-grids
ortions of the full grid allows for simple copying of quantities
etween the full grid and the sub-grids, and makes the ghost cells
t the boundaries of the sub-grids overlap identically with active
ells on the full grid, making boundary conditions easier to set.
ub-grids can be either 1D or 2D; if 1D, the sub-grid shares a
ortion of the radial grid of the full 2D grid and only has one
ctive cell in the vertical dimension. 
The viscosity is set to be linear with respect to radius, i.e. ν =

0 (R/au ) . As described in A. Robinson, J. E. Owen & R. A. Booth
 2025 ), a linear relationship with radius is fairly consistent with
bservations (see e.g. L. Hartmann et al. 1998 ) and the under-
ying nature of the viscosity is not well constrained – therefore,
oupling the viscosity to the evolving temperature structure is un-
otivated. ν0 is calculated using the α formalism (N. I. Shakura &
. A. Sunyaev 1973 ), ν0 = αc2 s ,au / �K ,au cm2 s−1 , where cs ,au is the
ound speed at 1 au assuming a mid-plane temperature of 160 K
t 1 au, and �K ,au is the Keplerian angular velocity at 1 au. 

.1.1 Boundary conditions 

he outer boundary condition on the dust surface density in the
D grid is set by the vertically integrated dust density from the 2D
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rid, i.e. 

GC 
1D =

∫ 
ρAC 2D d Z, (29) 

here GC and AC stand for ghost cell and active cell, as the ghost
ells of the inner 1D grid overlap with the first active cells of the
D grid. The inner boundary condition on the dust density in the
D grid is set using the surface density from the 1D grid projected
nto the vertical dimension using the normalized vertical dust 
istribution in the first active cell of the 2D grid, i.e. 

GC 
2D = �AC 

1D 

( 

ρAC , 0 2D 

�AC , 0 
2D 

) 

, (30) 

here AC,0 corresponds to the first active cell of the 2D grid. The
D and 2D velocities are then set via standard outflow boundary
onditions. In contrast to the default choice for the other bound-
ries, diffusion over the 1D–2D grid boundary is allowed. Ex- 
anding the inner 1D densities to 2D for calculating the tempera-
ure structure is done in the same fashion as the static equilibrium
alculations; the gas through solving for hydrostatic equilibrium 

nd the dust through solving for diffusion-settling equilibrium. 
he 2D densities at the interface between inner and outer grids
re joined together through a smoothing function taken from B. 
axton et al. ( 2011 ); defining F = log (R/Rin ) / log (Rout /Rin ) and 
 = [1 − cos (πF )] / 2 , the smoothed density is calculated via 

log ρsmooth = S log ρouter + (1 − S) log ρinner , (31) 

here ρinner is the surface density in the outer, 2D region ex- 
anded in the vertical dimension using the diffusion-settling 
quilibrium calculation used in the inner region, whilst ρouter 
s the actual 2D density profile of the outer region. For this
odel, Rin = 15 au and Rout = 17 au. The dust distribution is also
moothed in the inner regions of the 1D grid to avoid a pile-up
f dust that leads to an unstable temperature profile due to shad-
wing. Using the same smoothing formalism defined above, the 
ust densities are smoothed down to a dust-to-gas ratio of 10−6 at 
.5 au, with Rout = 1 . 2 au. The dust distribution is initiated as an
RN distribution with a cut-off in grain size at the minimum of 
he fragmentation and drift limits. 
To study whether the disc enters a limit-cycle, we want the
ass-fluxes of dust and volatiles at the outer boundary to be 
onstant with time so that any dynamical evolution is driven by 
he instability rather than global evolution of the dust and volatile 
istributions. In a real disc, this would not be the case due to
he evolution of the dust distribution, the conversion of dust to
lanetesimals, and the accretion of solids onto the central star. 
owever, we expect that there should be phases of quasi-steady 
olatile mass-flux that exist for timescales greater than those as- 
ociated with the limit-cycles (kyr), meaning they would still have 
n impact on the disc structure even if they did not exist for the
ntire lifetime of the disc. To implement fixed mass-fluxes of dust
nd volatiles at the outer boundary, the dust and volatile densities
nd velocities in the outer 5 au are kept constant at the initial
alues. The gas is also assumed to be in steady-state and therefore
ept at the initial values of surface density; the volume density
nd velocity structure are however updated as the temperature 
tructure evolves so as to maintain a constant gas mass accretion 
ate over time. 
e
.2 Vertically isothermal ice–vapour solutions 

o compare to the 1D simulations of J. E. Owen ( 2020 ), we first
un calculations where the ice–vapour solver is fed a vertically- 
sothermal temperature structure; i.e. the 2D temperature field 
hat is fed to the ice–vapour solver at each update is a copy of 
he full 2D temperature field where the temperature at all alti-
udes is set to the mid-plane value. Doing this means that the 2D
tructure of the snow surface is controlled purely by the vapour
ensity profile, and there is therefore negligible vapour present at 
ltitudes above the snow surface at radii exterior to the mid-plane
now line radius. Whilst the temperature structure is comparable 
o that in J. E. Owen ( 2020 ) in being 1D, the simulations do differ
y our inclusion of the full grain-size distribution. 
In such a setup, we see that the disc does enter a limit-cycle –
lbeit one that is phenomenologically different to that found by 
. E. Owen ( 2020 ). Our fiducial simulation uses parameters very
imilar to those in the fiducial simulation of J. E. Owen ( 2020 ):
= 10−3 , vfrag = 10 m s−1 , Mdisc = 0 . 05 M�, and outer disc values
f the ice mass-fraction and dust-to-gas ratio of 20 per cent and
 per cent, respectively. Fig. 8 shows how the surface densities
f each species, the mid-plane temperature and the ice mass- 
raction evolve throughout the cycle. The disc remains in the cold
tate for ∼ 100 kyr, before jumping to the hot state for ∼ 3 kyr.
he hot state is different to that seen by J. E. Owen ( 2020 ), as the
isc only jumps to the hot state some distance behind the mid-
lane snow line, leading to two isolated snow surfaces. The hot
tate is short-lived, as vapour rapidly builds up in the hot region
ue to the advection of icy pebbles from the outer disc and diffu-
ion of icy dust outwards from the inner cold region. As the disc
emains in the hot state for only a short time, the perturbation in
he dust surface density that it triggers is diffusively smoothed out
n short timescales after the disc has returned to the cold state;
t therefore has no subsequent impact on the dust distribution
nterior to the cold state mid-plane snow line. 
As discussed in Section for the models presented in J. E. Owen

 2020 ), the instability is triggered by the disparity between ice and
apour mass-fluxes in the vicinity of the snow line. During the
old state, at the snow line, vapour diffuses radially outwards and
ondenses onto small grains. Due to the long growth time, these
mall icy grains diffuse outwards by several au before being swept
p by large grains. As the large grains rapidly drift inwards and
weep up the icy grains, they lead to a large inwards advection of 
ce. This can be seen in the upper panel of Fig. 9 , where we see
 large radially outwards diffusive flux of small icy grains that is
ountered by a radially inwards advective flux of large icy grains.
hilst these two fluxes appear to cancel out on the scale shown

n the upper panel of Fig. 9 , with the tighter y-axis limits used
n the lower panel we see that there is structure in the net mass-
ux of CO. From ∼ 36 to ∼ 55 au, the net mass-flux decreases as
 function of radius, due to the advective flux of large grains. The
ce mass-fraction therefore decreases as a function of time in this
adial region where the net mass-flux has a negative gradient, as
he advective flux of icy grains moving to smaller radii is smaller
han that which is replenishing the region from the outer disc past
55 au. 
The decrease in ice mass-fraction in this radial region during 

he cold state can be seen in Fig. 10 , which plots how the ice
ass-fraction, optical depth and mid-plane temperature evolve 
ver the course of the limit-cycle at a radius of 39.6 au. As the
ce mass-fraction decreases, attempting to drive the mass-flux to 
quilibrium, the optical depths to both surface and mid-plane 
MNRAS 550, 1–18 (2026)
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Figure 8. Snapshots of the vertically isothermal simulation in the pre-jump cold state, during the hot state, and in the post-jump cold state. The top row 

shows the surface densities of dust (ice included), ice and vapour. The middle row shows the mid-plane temperature, Tmid , whilst the bottom row shows 
the ice mass fraction of the dust, fice . 

Figure 9. The top panel shows the total CO mass-flux as a function of ra- 
dius whilst the disc is in the cold state, along with the individual advective 
and diffusive flux components; the mass-flux is defined as positive in the 
radially inward direction, i.e. towards the star, but for plotting purposes, 
the diffusive flux is plotted as positive in the radial-outwards direction. 
The bottom panel shows the same total CO mass-flux, but zoomed-in for 
clarity. 
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adiation likewise decrease. The heating via surface radiation is
ore optically thick than the cooling via mid-plane radiation,
eaning that, as both optical depths decrease, the efficiency of 
ooling decreases more than that of heating, and the mid-plane
eats up. As the desorption rate is exponentially sensitive to
emperature, at a certain point the ice starts rapidly sublimating,
ausing runaway heating; this is the jump to the hot state. When
n the hot state, large icy grains drifting in from the outer disc
nd small icy grains diffusing outwards from the cold region at
maller radii both deposit their vapour in the hot region, caus-
ng the vapour density there to rapidly increase. As the vapour
ressure increases, more vapour can condense onto the grains
t the same temperature; as this condensation commences, the
pacity once again starts to increase, causing the disc to cool. The
ooling and condensation then enter a runaway phase, and the
isc returns to the cold state. 
In the region that enters the limit-cycle, we can construct S-
urves in temperature and mass-flux space; these are shown in
he left and right panels of Fig. 11 . S-curves are used to plot out
he contours of stable solutions in unstable systems; we see how
ntering a limit-cycle causes the system to traverse the stable
olution space, ultimately restarting once one period of the cycle
as completed. For these S-curves, we see that the disc is initially
n the cold, high mass-flux state; after ∼ 20 kyr the disc heats up
nough to jump to the hot, low mass-flux state, where it remains
or a few thousand years before jumping back to the cold state.
n contrast to the S-curves shown by J. E. Owen ( 2020 ), the CO
urface density continues to increase once the disc has jumped
ack to the cold state. This is because the ice is initially deposited
nto the smallest grains, and it takes several thousand years at
his radius for the ice to be transferred to larger grains that can
ncrease the CO mass-flux to greater values than the mass-flux
hat is feeding the region from the outer disc. This can be seen
n how the ice-density-averaged Stokes number changes over the
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Figure 10. The ice mass-fraction, vertical optical depth to surface and 
mid-plane radiation fields ( Tsurf & Tmid , respectively), and mid-plane 
temperature as functions of time, at a radius of 39.6 au. After each jump 
back to the cold state from the hot state (at around 42 and 155 kyr), the 
optical depth to surface radiation takes a longer amount of time to reach 
a maximum than that to the mid-plane radiation. This is because the 
freshly deposited ice takes time to grow into the ∼ 100 µm grains that 
dominate the opacity at Tsurf . The opacity to the mid-plane radiation is 
not as affected by this, as a large contribution to the opacity comes from 

the CO absorption peaks at ∼ 100- 200 µm that are substantial even for 
very small icy grains. 
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ycle. Once the mass-flux surpasses the feeding rate, we see that
he surface density and mass-flux begin to decrease, continuing 
he cycle. 

.3 Full 2D solutions 

e now run full 2D calculations, where the ice-vapour solver 
s given the non-vertically isothermal temperature structure. As 
ur fiducial simulation, we repeat the vertically isothermal sim- 
lation presented in Section 4.2 , which has the parameters: α = 

0−3 , vfrag = 10 m s−1 , Mdisc = 0 . 05 M�, and outer disc values of 
he ice mass-fraction and dust-to-gas ratio of 20 per cent and 1
er cent, respectively. Allowing the system to evolve for several 
yr, we find that the disc does not enter a limit-cycle, instead
volving very slowly towards equilibrium in the cold state. This 
an be seen in the surface density profiles shown in Fig. 12 , where
he snow line can be seen to move radially inwards without ever
ntering a limit-cycle. The vapour dominates the total volatile 
urface density, even 10 s of au exterior to the mid-plane snow
ine. As can be seen in Fig. 13 , including the vertical tempera-
ure structure tightly constrains the snow surface to low altitudes 
bove the mid-plane. Above the snow surface, there is a large 
nough reservoir of vapour that the ice is only dominant over 
apour outside of ∼ 80 au—this is in contrast to the vertically
sothermal model (and the model presented in J. E. Owen 2020 )
here the ice dominates the vapour at all radii exterior to the mid-
lane snow line radius. 
To investigate what is stopping the disc from entering a limit-
ycle, we perturb the volatile density in the vicinity of the mid-
lane snow line and study the subsequent changes in tem- 
erature and volatile density. To perturb the volatile density, 
e apply a Gaussian decrease centred on the mid-plane snow 

ine radius that has an amplitude of 80 per cent of the initial
ensity and a standard deviation of 3 au. We present two cases
n Fig. 14 ; the left column shows the subsequent evolution after
 perturbation to solely the ice density, whilst the right column
hows the subsequent evolution after a perturbation to both the 
ce and vapour components. In both cases, we see that the mid-
lane temperature initially begins to rise. This is in line with
ur expectations for the system if it is unstable, as a decrease
n the ice density should lead to an increase in the temperature
hrough making the cooling less efficient. However, after this 
nitial temperature increase, the cases diverge. In the case with 
nly a perturbation to the ice component, the ice surface density
oes not continue to decrease in tandem with the thermal pertur-
ation; instead, it gradually begins to increase back to the initial
istribution. This evolution back to equilibrium is also then seen 
n the temperature structure, which cools back down. On the 
ther hand, the case where the vapour is also perturbed sees the
nstability develop as expected; the thermal perturbation at the 
id-plane snowline leads to a further decrease in ice density, 
hich continues to raise the temperature until all of the ice has
ublimated at the initial snow line location. This pushes the mid-
lane snow line back to a radius at which the initial perturbation
as not large enough to trigger sufficient mid-plane heating. 
The reason that the unperturbed vapour reservoir is able to 
amp the development of the instability is due to vertical trans-
ort of vapour over the 2D snow surface. Fig. 15 shows the evolu-
ion of the vertical density distributions of the volatile compo- 
ents for both perturbation cases. In the ice-only case, we see
hat the initial perturbation generates a large gradient in the 
otal volatile density distribution. This drives vapour to diffuse 
ertically downwards, condensing onto the dust grains beneath 
he snow surface. This supply of ice is able to counteract the
ublimation driven by the thermal perturbation. This behaviour 
s in contrast to the case where the vapour is also perturbed,
here the lack of an large volatile gradient after the initial per-
urbation means that the diffusive flux of vapour is significantly 
iminished, and the ice sublimates faster than it is replenished –
llowing the instability to grow. 

.3.1 Parameter exploration 

o explore whether this behaviour is limited to our choice of 
ducial parameters, we run a number of simulations with the key
arameters varied. First, we vary the turbulence level, running a 
imulation with a reduced turbulence of α = 10−4 . Reducing the 
urbulence level decreases the diffusive flux of vapour, making 
he diffusion time longer. This affects the vertical transport of 
apour, and could therefore dictate whether the disc can be unsta- 
le. However, we once again see a stable disc configuration with
 dominant vapour reservoir throughout much of the disc extent. 
ig. 16 shows the 2D spatial distributions of ice and vapour af-
er 2 Myr for this low turbulence simulation. Compared to the
MNRAS 550, 1–18 (2026)
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Figure 11. S-curves of stable equilibrium solutions for one cycle in mid-plane temperature (left panel), CO mass flux, (right panel circles) and ice- 
density-averaged Stokes number (right panel crosses) versus CO surface density space for the vertically isothermal simulation, at a radius of 39.6 au. 
There are no values for the average Stokes number whilst the disc is in the hot state. The points marked with black crosses correspond to the final 
snapshot where the disc is in the hot state. The dotted line in the right panel corresponds to the mass-flux from the outer disc that is feeding the unstable 
region. 

Figure 12. Evolution of the fiducial full 2D simulation. The simulation 
has run for ∼ 4 Myr; line opacity increases with time in intervals of 
0.4 Myr. The top row shows the surface densities of dust (ice included), 
ice and vapour, whilst the second row shows the mid-plane temperature. 
The small non-continuous deviations in the surface density appear due to 
integration over the tightly-constrained, discontinuous vertical structure 
of the ice. 
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Figure 13. Spatial distributions of CO ice and vapour density in the full 
2D fiducial simulation. Temperature contours (in K) are overplotted for 
reference. 
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ducial simulation, the snow surface lies closer to the mid-plane.
his is because the temperature rises more rapidly away from the
id-plane, because the lower turbulence level leads to enhanced
ust settling that brings the photospheric surface of the disc to
ower altitudes. Even though the lower turbulence increases the
iffusion timescale of the vapour, the tightly constrained snow
urface allows such a large vapour reservoir to exist that it is still
NRAS 550, 1–18 (2026)
ble to supply the mid-plane with enough ice through vertical
ransport to quench the instability. 
We also vary the fragmentation velocity of the grains, running

 simulation with vfrag = 1 m s−1 . A lower fragmentation velocity
eads to a grain-size distribution with a larger proportion of small
rains, so we expect the snow surface to be less tightly constrained
o the mid-plane due to a higher altitude photosphere. This could
ffect the instability by reducing the size of the vapour reservoir
bove the snow surface that is available to supply the mid-plane.
owever, we once again find a stable disc configuration. Fig. 17
hows the surface density distributions of ice, dust and vapour af-
er 1 Myr for a simulation with the fiducial turbulence but a lower
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Figure 14. Evolution of the fiducial full 2D simulation after perturba- 
tion. The left column shows the evolution after a perturbation to the ice 
density, whilst the right column shows the evolution after a perturbation 
to the total volatile density. Line opacity increases with time, with snap- 
shots at t = 0 , 4, 27, 176, and 1150 yr. The top row shows the surface den- 
sities of dust (ice included), ice and vapour, whilst the second row shows 
the change in mid-plane temperature compared to the unperturbed state. 

Figure 15. Vertical profiles of the ice and vapour densities for each of the 
perturbation cases. The ice-only and total volatile cases are shown in the 
top and bottom panels, respectively. The solid lines show the systems just 
after perturbation, whilst the dashed lines show the systems after 17 yr of 
evolution. 

f
l
S
m
a
u  

c  

i

Figure 16. Spatial distributions of CO ice and vapour density in the full 
2D simulation with lower turbulence ( α = 10−4 ). Temperature contours 
(in K) are overplotted for reference. 

Figure 17. The steady-state reached for the full 2D simulation with a 
lower fragmentation velocity ( vfrag = 1 m s−1 ). The top row shows the 
surface densities of dust (ice included), ice and vapour, whilst the second 
row shows the mid-plane temperature. 
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ragmentation velocity. Whilst the lower fragmentation velocity 
eads to a less-constrained snow surface as expected, the low 

tokes numbers of the ice-carrying grains severely restrain the ice 
ass-flux. This reduces the dynamical separation between the ice 
nd vapour phase volatiles, meaning that vapour does not build 
p at the snow surface. With no build-up of vapour, there is no ac-
ruing of ice behind the snow line due to vapour diffusion mean-
ng that the mass-flux conditions required to trigger the instabil- 
ty cannot be established. We therefore find that the disc reaches a
teady-state. 

 DISCUSSION  

he perturbation tests show that the disc can be unstable and
ould be able to enter a limit-cycle if the vapour reservoir was un-
ble to supply the mid-plane. However, a large vapour reservoir 
s a natural consequence of the 2D structure of the snow surface.
he tightly constrained shape means that the snow line radius 
hifts radially outwards as a function of height above the mid-
lane, and vapour is therefore deposited at all radii, not solely at
MNRAS 550, 1–18 (2026)
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Figure 18. The left panel shows the radial CO flux at a range of heights (height increases with line darkness); 0, 0.13, 0.3, 0.57, 0.85, 1.2, and 1.6 au. 
The flux is defined as positive in the radially inward direction, i.e. towards the star. The right panel shows the the vertical CO flux at a radius of 60 au. 
The flux is defined as positive in the vertically-downward direction, i.e. towards the mid-plane. The vertical dashed lines correspond to the snow line 
locations at each height (left panel) or radius (right panel). 
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he mid-plane snow line radius. Due to this, the disc cannot enter
 limit-cycle, as the CO mass-flux conditions required to facilitate
he cycle seen in the vertically-isothermal simulations are prohib-
ted. We can see this by examining the radial and vertical fluxes
f CO of the unperturbed system. The left panel of Fig. 18 shows
ow the radial flux of CO, i.e. 

R = ρi 
(
vdiffi ,R + vadv i ,R 

)+ ρv 
(
vdiffv ,R + vadv v ,R 

)
, (32) 

here both the diffusive and advective velocities of the ice and
apour are included, varies as a function of height for the final
napshot shown in Fig. 12 . Around the mid-plane, we see that
he flux has a similar radial profile to that seen in the vertically
sothermal model; for radii exterior to the mid-plane snow line
here is a negative slope, which we may expect to lead to a de-
rease in CO density as a function of time. This decrease is coun-
ered by the deposition of vapour in this region at higher altitudes
n the disc, as shown by the mass-fluxes at heights where the
now line radii fall in this region. The vapour deposited at these
eights is transported in the vertical direction through diffusion,
rossing the snow surface and feeding the mid-plane with CO ice.
his is demonstrated by the vertical flux (defined similarly to the
ux in equation 32 , but with the Z-velocities) at 60 au shown in
he right panel of Fig. 18 . The vertical flux is defined as positive
owards the mid-plane, and we can therefore see that there is a net
ux of volatiles above the snow surface heading towards the mid-
lane. The flux decreases as we approach the mid-plane, meaning
hat the density of volatiles would increase over time were there
ot also radial fluxes to consider. This shows that the vertical
ransport of volatiles is able to supply the mid-plane and counter
adial fluxes that would lead to the disc entering a limit-cycle.
n the vertically isothermal model, there is no vapour reservoir
ble to vertically resupply the mid-plane, allowing the formation
f a limit-cycle. We make a note here that we do not consider
ertical gas flows due to photoevaporative or MHD winds, which
ne could expect to affect how well the vapour can resupply the
id-plane. However, our snow surfaces are highly constrained
o the mid-plane, where large gas densities mean that upward
elocities due to winds launched near the disc surface are small.
his means any advective flux of vapour away from the mid-
lane would be much smaller than the diffusive fluxes driven by
he large vapour gradient at the snow surface. We are therefore
NRAS 550, 1–18 (2026)
onfident that our results would be unaffected by the inclusion
f wind-driven vertical velocities. 
J. E. Owen ( 2020 ) speculated on the effect that shadowing
ue to features in the dust density distribution would have on
he instability, suggesting that it could spawn more time-variable
eatures. However, in both the vertically isothermal and full 2D
odels, whilst the photosphere shapes do indicate a shadowed
egion exterior to the mid-plane snow line radius, the extent of 
his shadowing is not as extreme as suggested by J. E. Owen ( 2020 )
nd therefore no additional features appear in the outer disc. 
Our findings indicate that snow lines in protoplanetary discs
an be thermally unstable, with two stable equilibrium solutions.
owever, unlike the results of J. E. Owen ( 2020 ), the disc cannot
nter a limit-cycle that causes it to jump between the solution
ranches in an oscillatory fashion with a regular period. We there-
ore infer that the snow line instability is unlikely to be the cause
f any structures observed in disc surveys. We expect that the only
ay in which the instability may manifest in realistic discs is via
tochastic events where the opacity and mass-flux conditions are
uch that the disc is forced to jump between states. One specu-
ative example could be a gap opening due to a planet or other
rocess that traps dust and ice exterior it, generating a build-up
f volatiles that can trigger the disc to jump to the cold state.
his is something to bear in mind for future studies; if significant
ransient dynamical evolution is seen in simulations of snow lines
n 2D, thermodynamically-evolving discs, one can test whether it
s caused by stochastic triggering of the instability by checking
or optical depths in the range 0 . 1- 0 . 5 and how the temperature
volves as the volatile density distribution evolves. We also make
he point that a limit-cycle could appear if some disc configura-
ion that we have not studied leads to a large vertically-isothermal
egion in the vicinity of the snow line. 
In addition, we have shown that including the vertical struc-

ure is vitally important for correctly modelling the evolution
f volatiles in protoplanetary discs. As the snow line radius
s strongly dependent on altitude, the spatial distribution of 
olatiles cannot be correctly evolved by assuming that vapour
uilds up solely at the radius of the mid-plane snow line. Instead,
he vapour is deposited over a wide range of radii, and the vertical
ransport of this vapour means that the ice distribution is also
ffected across this radial range. This could have an impact on the
esults of 1D models of volatile evolution in discs, where build-
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ps of volatiles are found at the mid-plane radii of snow lines due
o the ‘cold-finger’ effect (see e.g. D. J. Stevenson & J. I. Lunine
988 ; J. N. Cuzzi & K. J. Zahnle 2004 ; D. Schoonenberg & C. W.
rmel 2017 ). Also, the vapour reservoir that exists above the snow
urface needs to be considered if running 1D models due to its
mpact on the spatial (especially vertical) variation of quantities 
mportant to planet formation, such as the C/O ratio. 
Our results have also shown that the mid-plane snow line ra-
ius and the 2D structure of the snow surface are highly depen-
ent on the spatial structure and grain-size distribution of the 
ust due to how these govern the thermal structure of the disc.
oth of these features of the dust component can be modulated by
ust microphysical parameters, such as the fragmentation veloc- 
ty, or the nature of the gas evolution, such as the level of turbu-
ence. As we know that the dust component evolves dramatically 
ver the several million years that discs exist, we would similarly
xpect the snow line structure to evolve. This has implications 
or planet formation, where the locations of the snow lines of 
ifferent species govern the composition of icy pebbles or gas that
 nascent planet accretes as it grows and migrates through the
isc. Future work will be to investigate how snow lines evolve 
n discs with evolving dust populations by running simulations 
ith no fixed mass-flux feeding the outer boundary as was done 
or this work. 

 CONCLUSIONS  

n this paper, we have revisited the snow line instability presented
n J. E. Owen ( 2020 ), using the disc evolution code cuDisc with
 newly added ice–vapour chemistry module. The added ice–
apour chemistry includes time-dependent calculation of adsorp- 
ion and desorption across a full grain-size distribution, colli- 
ional evolution of the icy grains, and coupling of the ice to the
isc thermodynamics through modulation of the dust opacities as 
he ice mass-fraction changes. When investigating the snow line 
nstability, we find that: 

(i) From 2D equilibrium models of the CO snow line and snow
urface, we find that the disc is in fact unstable when including
he vertical dimension, as two stable solutions exist. These two 
olutions manifest as two possible locations for the snow line in
he disc; the solution where the snow line lies closer to the star is
he cold state, whilst the solution where the snow line lies further
ut is the hot state. 
(ii) However, in dynamic models, we find that the disc can only 
e made to periodically jump between the two solutions (i.e. enter
 limit-cycle as seen by J. E. Owen 2020 ) in models where the ice–
apour solver is fed a vertically isothermal temperature structure, 
here all altitudes have the mid-plane temperature. 
(iii) Simulations with the full, non-isothermal vertical temper- 
ture structure do not exhibit a limit-cycle, due to being stabilized
y the presence of a vapour reservoir above the snow surface
hat can feed volatiles to the mid-plane through vertical diffusive 
ransport. 
(iv) This vapour reservoir is a natural outcome of the 2D tem-
erature structure, which increases away from the mid-plane and 
eads to a snow surface that is tightly constrained to the disc mid-
lane. As icy grains drift inwards, they therefore cross the snow
urface over a wide range of radii, depositing vapour throughout 
 large radial extent of the disc. 
(v) These results have shown that including the vertical struc- 

ure is vital for correctly modelling the dynamical evolution of 
olatiles in discs, particularly around mid-plane snow lines. 
(vi) Snow surfaces are exponentially sensitive to the disc ther- 
al structure and therefore the nature of the dust and gas; we
xpect their mid-plane location and vertical structure to evolve 
ubstantially over the disc lifetime. 

In future work, we will study how snow lines evolve in thermo-
ynamically evolving discs over Myr timescales for a range of disc
arameters with no fixed-outer mass-flux; this will allow us to get
 handle on how the shape and structure of 2D snow surfaces can
ary over the disc lifetime, which may have a profound effect on
ur understanding of planet formation. 
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PPENDIX  A:  COMPARISON  OF  OPACITY  

ODEL  TO  MIE  THEORY  

ig. A1 shows how extinctions ( κa + κs ) calculated using our
pacity model (based on that of J. N. Cuzzi et al. 2014 ) com-
are to full Mie theory. For the comparison we have used the
sharp composition and calculated the Mie opacities using the
sharp python opacity tool (T. Birnstiel et al. 2018 ). Extinc-
ions averaged over two MRN grain-size distributions are shown:
NRAS 550, 1–18 (2026)

Published by Oxford University Press on behalf of Royal Astronomical Society. This is an Open
( https://creativecommons.org/licenses/by/4.0/ ), which permits unrestricted reuse, dis
igure A1. Comparison of our opacity model to Mie theory for the
sharp composition averaged over two grain-size distributions. 

ne of small dust with a maximum grain size of 1 µm , and one
f a wide range of sizes with a maximum of 1 cm. The extinc-
ions are mostly very consistent, with the largest deviations ( ∼ 50
er cent) occurring only at the very shortest wavelengths; these
avelengths lie at shorter wavelengths than those corresponding
o the peak of a typical proto-stellar spectrum ( ∼ 0 . 7 µm ) so
ill not lead to large deviations when considering the absorp-
ion/scattering of the majority of stellar irradiation. 

PPENDIX  B:  1D  METHOD  

or our 1D model of dust evolution, we solve the 1D advection-
iffusion equation 

∂�d 

∂t 
+ 1 
R 

∂ 

∂R 

{
R
[
�d vd ,R − ν�g 

Sc 
∂ 

∂R 

(
�d 

�g 

)]}
= 0 , (B1) 

sing the same second-order finite-volume Godonuv method
sed to solve the 2D advection-diffusion equations (see section
 in A. Robinson et al. 2024 ). The radial advection velocity for a
articular grain size is calculated via 

d ,R = v̄g ,R + 2(vg ,φ − vK St ) 
1 + St 2 

, (B2) 

here v̄g , R is the radial gas velocity vertically integrated over the
ust distribution for that given grain size, 

¯g , R = 

1 
�d 

∫ ∞ 

−∞ 

ρd vg , R d Z 

= 

√ 

1 + St /α
�g 

∫ ∞ 

−∞ 

ρg vg , R exp 
(

− Z2 

2 H2 
d 

St 
α

)
d Z, (B3) 

here we have made use of the diffusion-settling dust scale-
eight given by Hd = H

√ 

1 
1+St /α , and vg ,φ is the 1D gas azimuthal

elocity. 
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