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ABSTRACT

A challenge in the ongoing development of mathematical and computer modelling of cities is to add detail, and this implies fner

scales—space, sectors and time. This involves specifying high•dimensional arrays and hence large numbers of variables for

comprehensive models. The objective of this paper is to show how such large numbers can be reduced by defning sets of principal

fows, along with constructing tiers of zone systems, in such a way that computation can be handled at fne scales. The argument is

illustrated with the retail model but can easily be extended to a variety of applications.

1 | The Challenge

Urban models need to be specifed in terms of scale: spatial units

(zones), sectors and time. Here, we investigate models which

need a fne•grain spatial structure, and we tackle the problem of

high dimensionality which generates interpretational complexity

along with computational challenges. We aim to show that we

can extract useful information from large matrices. We use the

retail model with a two•dimensional matrix of variables to fx

ideas. This paper provides the basis for comprehensive models

founded on small•zone input output accounts which will be

reported in a later paper.Multiple time scales would add a further

dimension.

As the number of pairwise interactions within a zonal system in•

creases quadratically (relative to the number of zones), fne•grain

systems quickly become complex. Consider a geo•system which for

England and Wales might be divided into the 35,672 lower layer

super output areas (LSOAs). If we seek to model the whole system

(where each LSOA may interact with every other LSOA), there

would be approximately 35,672 interactions/fows—that is 1.27Bn.

This number of equations, in a simple model, would have to be

computed this number of times for each iteration [1].

Earlier work on this problem provides some useful connections,

in particular ofering tests on the efects of aggregation. Arbia and

Petrarca [2], with an econometric approach, use measures of

“mean fow” to test the impacts of various levels of aggregation in

traditional gravity models. Batty and Sidkar [3], the frst of

a series of papers aggregate through increasing the size of zones

and test the impact using “spatial entropy” as a measure of

information loss. In neither of these cases are there formal linked

tiers of spatial systems. Others, such asHagen•Zanker and Jin [4],

have relied on hierarchial clustering to reduce the number of

zones. Roumpani [5] did develop a two•tier version of the Lowry

[6] model, extending earlier work by Dearden and Wilson [7],

Chapter 4. The distinctive feature of the approach ofered in this

paper is to defne tiers along with tests of what are signifcant

fows, and this leads to dramatic reductions in dimensionality.

Formally, we are not engaged with aggregation:We simply defne

an appropriate model that recognises signifcant fows which can

be calibrated in the usual way.

We consider in turn the retail model as an example (Section 2);

how to construct subsets to represent principal fows and hence

reduce dimensionality (Section 3); we then enumerate the model

equations for the retail model (Section 4). In Section 5, we review
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the potential for reducing dimensionality, and in Section 6, we

present a worked example. Next steps and future work are

identifed in Section 7.

2 | The Retail Example

We use a simple version of the standard retail model for illus•

trative purposes [8]. A defnition of all symbols used is provided

in the annex. For a single region with zones i,  j,   … , from 1 to N1;

let Pi be the population of zone i and ei, the per capita expen•

diture. Let Wj be a measure of the attractiveness of retail pro•

vision in zone j and cij, a measure of the travel impedance

between i and j. The fows are then contained in the matrix [Tij]

(where we are using T, rather than the more conventional S, to

reserve S for other uses later). Then,

Tij = AieiPiW
α
j e

−βcij
, (1)

with parameters α and β representing the strength of attraction

and of impedance, respectively.

Ai =
1

∑N
j=1W

α
j e

−βcij
, (2)

to ensure that the constraint

∑
N

j=1
Tij = eiPi, (3)

is satisfed. Since this is a singly constrained model, we can also

calculate

Dj = ∑
N

i=1
Tij =

∑N
i=1eiPiW

α
j e

−βcij

∑N
k=1W

α
ke

−βcik
, (4)

as total revenues attracted to retail in a zone, substituting forAi in

Tij from (2)
2.

The set of j•zones, the retail centres, is likely to be diferent from

the set of i•zones, the residential areas housing the consumers3.

3 | Reducing Dimensionality: The Subsets

As a key step to reducing dimensionality, we set up a two•tier

spatial system. A simple case would be a single city region,

embedded in a system of super•regions within a country—for

example, the United Kingdom. As we noted in Section 1, this is

likely to necessitate a very high•dimensional set of variables. To

reduce the dimensionality, we focus on signifcant fows. To

achieve this, we frst specify subsets of principal fows which help

us to meet the dimensionality challenge. For this simple case, the

frst step is to reduce the number of super•regions to a subset that

capture only the signifcant fows in or out of the region of in•

terest. The criterion of “signifcance” can simply be a minimum

size of fows, the Tij’s in Equation (1) above, which might be

determined experimentally. This is a principle that can be refned

through further research.

To proceed, we develop a notation for a more general system

with several regions of interest, each of which can have

a distinct set of super•regions. For example, the set of regions

could be the set of “cities” within the United Kingdom, each of

which would have a set of super•regions defning their

hinterlands.

As the basis of a general notation, we defne R as a set of regions

of interest, with Rr as the rth region within the set. Let S be a set of

super•regions, SRr be the subset that represent the hinterland of

Rr, so that SRrSs is the sth such super•region.

Zonal variables, such as population would be, for example, PRr
i or

PRrSsj —the population in the ith zone of Rr in the frst case, and in

the jth zone of the SRrSs super•region associated with Rr in the

second.

In specifying interactions either within the region of interest, or

between the region of interest and its associated super•regions,

we divide the two superscripts by a comma. The possible types of

interactions are as follows:

within Rr, with Δ as the minimum size of a fow

TRr,Rr
ij , i ∈ Rr

, j ∈ Rr
,TRr,Rr

ij > Δ, (5)

and for Rr to SRrSs

TRr,RrSs
ij , i ∈ Rr

, j ∈ SRrSs,TRr,RrSs
ij > Δ, (6)

and for SRrSs to Rr

TRrSs,Rr
ij , i ∈ SRrSs, j ∈ Rr,TRrSs,Rr

ij > Δ. (7)

If necessary, we can also add fows within SRr and between SRrSs

and SRrSsʹ, though these will probably be neglected in most ap•

plications. For generality, we do show how these can be included

in Section 4.2 illustration.

The various fow possibilities are shown in Figure 1. The internal

zonal structures of either regions or super•regions can be

designed as appropriate for each case: A square grid for regions

and super•regions can have a fner•scale such grid for the internal

structure; if the regions are geographies, for example, Census

areas or local authorities, the internal structures could be LSOAs

in the Census case or local authority wards in the second case. In

Figures 2, 3, 4, and 5, we show Case 1 (lower•level zones and

super•regions with a predefned hierarchical relationship), and

Case 2 (where the region of interest is defned relative to the

selected i•zone), for a grid system (A) or a system of

geographies (B).

In this simple case (Figure 2), one of the super regions is the

single region of interest, Rr and with a square grid system of

zones. The left•hand side shows the selection of an i•zone within

Rr; all super•regions are shown with a zone structure. On the

right•hand side, the super•regions connected to Rr and shown

with the internal structure collapsed to a zone centroid.

Case 1B (Figure 3) is the same in principle as 1A but with the

zone system as real geographies rather than grid squares. LSOAs

are used in this illustration with Rr as an area in Manchester and

a selected i•zone within it [9].

Cases 2A and 2B are essentially identical to 1A and 1B but adapt

the boundaries of an existing set of super•regions post i•zone

selection. We can run through a number of regions, Rr, where

r = 1,  2,   … ,  N for each Rr, and the relevant super•regions are the

sets SRr defned earlier.
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Case 2A is shown in Figure 4. The left•hand side shows a def•

nition of Rr for a square zone grid system from an i•zone within it.

The right•hand side shows how this overspills into nearby super•

zones which then shrink in size. The SRr (modifed) super•zones

show with zone centroids (though they could also have a more

complex internal zone structure, if necessary).

Figure 5 shows Case 2B. As above, this is similar to Case 2A but

with real•geography zones—a version of the same LSOA within

Manchester but with Rr defned in a diferent way (in this case,

a distance bufer). The important point is that the method is

sufciently fexible to utilise a set of existing spatial hierarchies,

or defne/redefne these dynamically.

FIGURE 1 | The four potential types of fows in the system: (top•left) fows within Rr ; (top•right) fows from Rr to SRr ; (bottom•left) fows from SRr to

Rr ; (bottom•right) fows between SRr super•regions.

FIGURE 2 | An example of Case 1A for a square grid system: (left) the original system consisting of regions and super•regions, with the zone of

interest given in red; (right) the reduced system, with the zone of interest within Rr , and simplifed SRr regions.
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4 | The Equations for the Retail Model

4.1 | The Simple System

We frst take a simple case, elaborating the model presented in

Section 2. We re•present Equations (1)–(4), in terms of subsets to

restrict the number of modelled fows, to demonstrate how we

show only the principal fows. We also note that there is a further

reduction in dimensionality by only including fows that exceed

a certain minimum size, Δ (this is an assumption, as we noted

earlier, that will need further refnement). Recall that R is the set

of regions of interest and Rr is the rth such region. We are as•

suming that each Rr is connected to a limited number of super•

regions, the subset, SRr , and that each super•region subset has

a single i• or j•zone, the centroid. Each Rr is assumed to interact

with a subset of SRr ’s, but the SRrSs’s do not interact with each

FIGURE 4 | An example of Case 2A: (top•left) the selected i•zone; (top•right) the centroids of all lower•level zones; (bottom•left) the Rr super•region,

defned relative to the selected i•zone; (bottom•right) the adjusted set of SRr super•regions.

FIGURE 3 | An example of Case 1B with real geographies: (left) the original system consisting of regions and super•regions, with the zone of interest

given in red; (right) the reduced system, with the zone of interest within Rr , and simplifed SRr regions. Boundary data from ONS [9].
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other. The model can then be articulated as follows, beginning

with fows internal to Rr:

TRr,Rr
ij = ARr

i eRr
i PRr

i WRrα
j e−βRr,RrcRr,Rr

ij
, i ∈ Rr

, j ∈ Rr
, r ∈ R,

TRr,Rr
ij > Δ.

(8)

Second, the fows from the i•zones in Rr to the j•zones in SRrSs

TRr,RrSs
ij = ARr

i eRr
i PRr

i WRrSsα
j e−βRr,RrSscRr,RrSs

ij
, i ∈ Rr

, j ∈ SRr
, r ∈ Rr

,

TRr,RrSs
ij > Δ,

(9)

where ARr
i has to be calculated to ensure that all the eRr

i PRr
i is

spent, that is

∑
j∈Rr

Tij
Rr,Rr + ∑

j∈RrSs
TRr,RrSs

ij = eRr
i PRr

i , i ∈ Rr
, s ∈ SRrSs. (10)

So that

ARr
i =

1

∑j∈RrW
Rrα
j e−βRr,RrcRr,Rr

ij +∑j∈RrSsW
RrSsα
j e−βRr,RrSscRr,RrSs

ij

, i ∈ Rr
, r ∈ Rr

.

(11)

We then specify the fows from i•zones in SRrSs into j•zone in Rr s

TRrSs,Rr
ij = ARrSsi eRrSsi PRrSsi WRrα

j e−βRrSs,RrcRrSs,Rr
ij

, i ∈ SRrSs, j ∈ Rr
, s ∈ SRrSs,  r ∈ R,

TRrSs,Rr
ij > Δ.

(12)

The ARrSsi s are a special case here as we are not estimating other

fows from i ∈ SRrSs. Let eRrSsi and PRrSsi be the expenditure and

population in SRrSs purchasing in Rr. Then, we have

eRrSsi PRrSsi = ∑
j∈Rr

TRrSs,Rr
ij = ARrSsi PRrSsi ∑

j∈Rr

WRrα
j e−βRrSs,RrcRrSs,Rr

ij
, (13)

so that

ARrSsi =
1

∑j∈RrW
Rrα
j e−βRrSs,RrcRrSs,Rr

ij

. (14)

The total fows into a j•zone in Rr are

DRr
j = ∑

i∈Rr

TRr,Rr
ij + ∑

i∈Rr

TRr,RrSs
ij + ∑

i∈RrSs
TRrSs,Rr

ij . (15)

If [cij], [ei], [Pi], and [Wj] in their various forms are specifed

exogenously, then themodel can be run for a set of Rr regions one

FIGURE 5 | An example of Case 2B: (top•left) the selected i•zone; (top•right) the centroids of all lower•level zones; (bottom•left) the Rr super•region,

defned by a distance bufer relative to the selected i•zone; (bottom•right) the adjusted set of SRr super•regions. Boundary data from ONS [9].
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region at a time. If, however, [Wj] is determined by the relation

representing the equilibrium of a dynamic model

WRr
j = KDRr

j , (16)

for appropriate Wj s, and for some constant, K, then the model

would be run iteratively over Rr ∈ R. At the end of a cycle, all the

Wj s, in each of Rr and SRrSs would be adjusted through

Equation (13).

4.2 | The General System

We can now in principle progress to a more general case. Wj,

j ∈ SRrSs may be dependent on other j•zones within SRrSs and

j•zones in SRrSs’s other that those specifed in SRr . We now allow

the full generalisation by allowing for all the interactions in each

SRr, and between SRrSs’s (so that SRrSs has a full set of j•zones, not

just the centroid).

We can extend the notation by including T
RrSs,RrSsʹ
ij to be the set of

i•j pairs within SRrSs which are signifcant for i•j fows in SRrSs.

The full specifcation of this extension, which will not usually be

needed, is left as an exercise, building on Equations (8)–(16) in

Section 4.1.

5 | The Numbers: Dimensionality Reduction

The goal is ultimately reduce the number of calculations nec•

essary to model the system. Suppose we have 10 super•regions,

SRrSs, and 40 regions, Rr. Regions and super•regions each have

100 zones. There would be (40 × 100) + (10 × 100) =

4000 + 1000 = 5000 zones in all. To model, all interactions

would be 5000 × 5000 = 25, 000, 000, or 25 million. If the

system is run for 10 iterations, this becomes 250 million (and

often it would be necessary to run for more iterations than

this). In this section, we will show how it is possible to reduce

system complexity through our subset defnitions—we ad•

dress the preservation of information despite this simplif•

cation in the next section.

Consider the following:

A single region with 100 i•zones, and 100 j•zones

Each i•zone interacts with all 10 super•regions through their

centroid (or some other representative point)

The number of principal fows in the system is therefore:

• Tij within Rr = 100 × 100 = 10000

• Tij between Rr and SRr = 100 × 10 = 1000

• Tij between SRr and Rr = 10 × 100 = 1000

So, 12,000 interactions for a computational run of a single region;

or for the whole system with 40 regions, this becomes 480,000

interactions. If the system is run iteratively, for 10 iterations,

there would be 4.8 million computations—which is signifcantly

less than the original 250 million. This number might be in•

creased if interactions between super•regions are considered, but

these are relatively small due to their coarse nature.

6 | A Worked Example

To illustrate the viability of this approach, we provide a worked

example. For our simplifed test case, we create a set of random

fows in a 9 by 9 grid, with square cells of equal size (see Figure 6).

Each cell belongs to a super•region (SRrSs), which in this case are

larger square blocks of 9 cells. Each cell is randomly allocated

a value for P between 1 and 10,000, andW between 1 and 100. For

the sake of simplicity, we set e equal to 1—although this can be

relatively easily incorporated, so long as the values are scaled to

avoid violating Equation (3).

For the “full” model, any lower•level cell may interact with all

other cells, giving us 81 by 80 combinations (excluding in•

stances where i = j), or 6480 fows in total (Figure 7). In

practice, this is small enough that calculating all fows is

computationally trivial but is sufcient to demonstrate how

our method works.

We then apply our method of reducing the model complexity, by

grouping all cells outside of Rr into their respective SRrSs. As is

evident from Figure 8, this creates a much simpler fow pattern.

8
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2
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2000

80

60
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2
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86420 86420

FIGURE 6 | The spatial distribution of values for P (left) andW (right). Each small square represents a lower•level unit (i), and each 3 by 3 square

denotes a super•region (SRrSs).
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To compare the full model to our reduced version, we utilise

standardised root mean squared error (SRMSE), mean absolute

percentage error (MAPE) and R•squared (coefcient of de•

termination) as metrics. Each provides a diferent perspective on

error in the reduced model, relative to the full set of fow•

s—whichwe consider at the super•region level, for consistency in

spatial scale. We opt for scale invariant metrics in order to fa•

cilitate comparability between iterations with diferent P and W

values (discussed below).

These metrics can be defned as

SRMSE =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(1/n)∑n

i=1 yi − ŷi( )2
√

y
.

(17)

Values of SRMSE closer to 0 indicate that a model is a good ft.

There is no theoretical upper bound, but higher SRMSE values

indicate the average error between predictions and the un•

derlying fows is larger.

MAPE =
100

n
∑
n

i=1

yi − ŷi

yi

⃒⃒
⃒⃒

⃒⃒
⃒⃒
. (18)
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FIGURE 8 | The reduced model, with a single fow to/from each super•region. Note: line width is scaled proportionally to the maximum fow

observed in each diagram, and therefore is not directly comparable between subplots. (left) Flows in the reduced model, overlayed over values forW .

Line width is proportional to fow size. All fows are shown. Line width is proportional to fow size; (right) fows in/out of the zone of interest in the

reduced model, overlayed over values for W . All fows are shown. Line width is proportional to fow size. Flows within Rr are ofset for readability.
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FIGURE 7 | The full model. Super•regions are indicated in grey for reference but have no efect on fows in the full model. Note: line width is scaled

proportionally to the maximumfow observed in each diagram, and therefore is not directly comparable between subplots. (left) Flows in the full model,

overlayed over values forW . For readability, only the top 10% of fows are shown. Line width is proportional to fow size; (right) fows in and out of the

zone of interest in the full model, overlayed over values for W . All fows are shown. Line width is proportional to fow size.
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MAPE gives the average absolute error (MAE) as a percentage of

the observed fow. MAPE is typically presented as a percentage

(0–100%). Lower values indicate a better model ft.

R2 = 1 −
∑n
i=1 yi − ŷi( )2

∑n
i=1 yi − y( )2

. (19)

The R•squared indicates the proportion of variance in the ob•

served fows explained by the reduced model. R•squared is often

considered as being bounded between 0 and 1, although it can

take a negative value if model ft is particularly bad. Values closer

to 1 demonstrate a good ft.

We then run the process for 100 iterations—with random values

for P and W (provided in the supporting data fle). For each

iteration, we ft fve parameters (α and β coefcients allowed to

vary by level of the model: Rr to Rr α, Rr to SRrSs α, SRrSs to SRrSsʹ α,

Rr to Rr β and Rr and SRrSs to Rr β) using diferential evolution to

fnd the optimal values (defned as minimising the SRMSE), with

each parameter bounded between 0.01 and 3.00. This allows us to

approximate the error across diferent starting states for the

model. The results are given in Table 1: MAPE and R•squared

both indicate a good model ft, whilst the SRMSE values are

(relatively) higher, they are still within an acceptable distance of

the full model to be considered useful in high•dimensional

settings.

7 | Next Steps and Further Work

As noted in Section 1, it would be possible to test the aggregation

efects of the model system proposed here using alternative

measures. It is also possible to extend the range of application—for

example, beyond the retail model to the more general model

rooted in input–output accounts [11]. In this case, the core model

array is four•dimensional—xmn
ij —for economic sectors (m,  n) and

a spatial system (i, j), and this makes dimensionality reduction

even more important. This will be presented in a subsequent

paper. It should also be remarked that the two•tier system de•

veloped here, and the related defnition of sets of “signifcant”

fows, could be extended to a n•tier, multilevel system4.
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Endnotes

1For this simple introductory illustration, we assume the same

number of origin zones (i) and destination zones (j) and hence

the summation are from 1 to N in each case. Generally, the

numbers of i•zones and j•zones will difer and, with obvious

defnitions, the i•summations will be from 1 to N1 say, and the

j•summations, from 1 to N2.
2To avoid confusion, since j is now not a free index on the

right•hand side of Equation (4), we sum over a free index k in the

internal summation on the right.
3For a model of retail fows in London, there may be around 600

(residential) i•zones and 200 j•zones (retail centres).
4The superscripts in this presentation are set labels that defne

the {i}, {j} sets in the subscripts. In the later paper, we will move

these to the subscript line and use the superscript line for them, n

economic categories.
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TABLE 1 | SRMSE, MAPE and R2 comparing the ft of the reduced
model to the full model over 100 iterations.

SRMSE MAPE (%) R•squared

Mean 0.151554 8.9947 0.987739

Minimum 0.106504 6.4173 0.973270

25% 0.132989 8.0642 0.985240

50% 0.150544 8.9088 0.988389

75% 0.167509 9.8242 0.990427

Maximum 0.217819 12.1282 0.994889

Note: Metrics as implemented by scikit•learn [10].
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Annex: Defnitions of Symbols Used

In the illustrative retail model in Section 2.

N, number of zones in a spatial system

Tij, the fow between the ith residential zone to the jth

retail zone

ei, expenditure per capital of residents in zone i

Pi, the population of zone i

Wj, a measure of the attractiveness of retail in zone j

cij, a measure of the travel impedance from zone i to zone j

α, a parameter which measures the strength of the attrac•

tiveness of a retail zone

β, a parameter which measures the strength of the travel

impedance

Ai, a balancing factor to ensure that the total expenditure is

allocated between retail zones

Sets: regions, super•regions and subsets.

R, a set of regions of interest

Rr, the rth such region within R

S, a set of super•regions

SRr, the subset of super•regions interacting with the rth region

of interest in Rr

SRrSs, the sth subregion within SRr

Variable defnitions for the disaggregated retail model (note: the relevant
zone totals in the summations are determined by set inclusion signs, ∈,
with the subset defnitions above).

eRr
i , per capita expenditure in the ith zone of Rr

eRrSsi , per capita expenditure in the ith zone of the SRrSs super•

region associated with Rr

PRr
i , the population of the ith zone of the Rr region of interest

PRr,RrSs
i , the population of the ith zone of the SRrSs super•region

associated with Rr

WRr
j , the attractiveness of the retail in the jth zone of Rr

WRrSs
j , the attractiveness of the jth zone of the SRrSs super•

region associated with Rr

TRr,Rr
ij , the fow between the ith residential zone of Rr to the jth

retail zone of Rr

TRr,RrSs
ij , the fow between the ith residential zone of Rr to the jth

retail zone of the SRrSs super•region associated with Rr

Δ, the minimum size of a fow to be used in the model

cRr,Rr
ij , a measure of the travel impedance from zone i in Rr to

zone j in Rr

cRr,RrSs
ij , a measure of the travel impedance from zone i in Rr to

zone j in the SRrSs super•region associated with Rr

ARr
i , a balancing factor for fows from zone i in Rr

ARrSsi , a balancing factor for fows from zone i in the SRrSs

super•region associated with Rr

βRr,Rr , the travel impedance parameter for fows within Rr

βRr,RrSs, the travel impedance parameter for fows between Rr

and the SRrSs super•region associated with Rr
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