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ABSTRACT

Feedback Linearisation (FBL) is a widely used technique that applies feedback laws to transform input-affine nonlinear control

systems into linear control systems, allowing for the use of linear controller design methods such as pole placement. However,

for problems with state constraints, controlling the linear system induced by FBL can be more challenging than controlling the

original system. This is because simple state constraints in the original nonlinear system become complex nonlinear constraints

in the FBL induced linearised system, thereby diminishing the advantages of linearisation. To avoid increasing the complexity of

state constraints under FBL, this paper introduces a method to first augment system dynamics to capture state constraints before

applying FBL.We show that our proposed augmentationmethod leads to ill-defined relative degrees at state constraint boundaries.

However, we show that ill-defined relative degrees can be overcome by using a switching FBL controller. Numerical experiments

illustrate the capabilities of this method for handling state constraints within the FBL framework.

1 | Introduction

Nonlinear systems pervade every facet of our world, from tur-
bulent flows [1] to the sophisticated operations of human-made
cybernetic infrastructure [2]. Unlike linear systems, nonlinear
systems do not obey the solution superposition property leading
to phenomena such as non-global stability, limit cycles and sensi-
tivity to small initial changes (chaos). These properties make the
control of nonlinear systems significantly more challenging than
that of linear systems.Nevertheless, there exist several techniques
that approximate or transform challenging nonlinear problems
into simpler linear problems, such as Jacobian/Taylor lineari-
sation, Koopman operators [3], Carleman linearisation [4] and
Feedback Linearisation. FBL is a fairly mature topic based on the
early works [5, 6] from the seventies and has been extensively
treated in textbooks [7].

FBL, also known as Nonlinear Dynamic Inversion in special
cases [8], is widely used in aerospace applications such as
flight control [9]. FBL works by designing a controller to can-
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cel the nonlinearities within the system dynamics, enabling the
application of well-established linear control techniques to the
remaining “virtual input.” For a system with a single affine
input 𝑢 and single state 𝑥, 𝑥̇(𝑡) = 𝑓 (𝑡, 𝑥(𝑡)) + 𝑔(𝑡, 𝑥(𝑡))𝑢, assuming
𝑔(𝑡, 𝑥) ≠ 0, FBL is as simple as applying the controller 𝑢 = 𝜈−𝑓 (𝑡,𝑥)

𝑔(𝑡,𝑥)
,

where 𝜈 is the virtual input designed to control the induced lin-
ear system 𝑥̇(𝑡) = 𝜈. For Multiple Input Multiple Output (MIMO)
systems, FBL involves the use of geometric techniques to find
the relationship between the output and the input by taking
the time derivatives of the output. Derivatives are taken until
the system input appears explicitly within the expression, this
order of derivative is known as the relative degree of the sys-
tem. Input-output linearisation (IOL) is one of the most common
formulations of FBL [10]. In IOL, the output function is fixed,
and the linearisation is carried out on this predetermined out-
put, and hence the system may only be partially linearised (that
is, there may not exist a diffeomorphism [11] mapping between
the state space of the linearised system and the original state
variables). In classical FBL, there is more freedom in the choice
of output function, and full linearisation of the system, via a
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diffeomorphism, can be achieved by selecting an appropriate out-

put. The method presented here is general enough to encom-

pass both settings. Although the problem formulation (Section 2)

includes an output function for concreteness, this function is not

predetermined and may be freely chosen. We therefore adopt the

term “FBL” throughout the paper.

For nonlinear control, FBL provides an optimisation-free analyt-

ical controller whose stability properties can be analysed [12].

In contrast, other nonlinear optimal control methods usually

require significant computational resources involving solving a

nonlinear programming problem [13] or a nonlinear PDE such

as the Euler-Lagrange equation [14] or HJB PDE [15]. However,

arguably the popularity of FBL when compared to alternative

nonlinear control techniques has waned in recent times due to

the following challenges: (1) FBL requires exact knowledge of

the model of the system and is sensitive to uncertainties [16]. (2)

The feedback linearisation transformation maps simple inputs

and state constraints to complex nonlinear constraints, limiting

the direct use of linear control methods to the FBL induced sys-

tem [17].

Significant effort has been made to overcome the first chal-

lenge of improving FBL robustness to model uncertainty, adap-

tive FBL controllers have been developed, and the stability impact

of model uncertainties has been studied through a robust con-

trol theory framework [18–20]. This work focuses on the second

challenge of using FBL under state constraints.

To overcome the second challenge, several methods have been

developed to handle input constraints, such as computing inner

polytope approximations [21], integral invariant controllers [22]

adding hedging to the reference signal, known as the pseudo

control hedging [23], and transforming nonlinear control allo-

cation problems into linear ones to handle actuator satura-

tion [24]. However, very few results have been published regard-

ing the use of FBL in the presence of state constraints. Existing

results [25–29] use optimisation based control, such as Model

Predictive Control (MPC) or Linear Matrix Inequalities (LMIs),

with inner approximations of the transformed state constraint

and/or time discretisation, leading to significant computational

burdens that limit feasibility for online applications. Alterna-

tively, under certain assumptions, a PID controller can be derived

such that the system is guaranteed to satisfy box state con-

straints [30]. In contrast to these methods, our proposed method

does not require the solution of an optimisation problem dur-

ing online implementation and is not limited to simple box con-

straints, it can be implemented for general time-varying state

constraints.

The primary contribution of this paper is to propose a general FBL

method capable of handling state constraintswithout the need for

any online optimisation.

The following three aspects summarise the specific contributions

of the paper:

• ScalableConstraintHandling:Weextend thework of [31]

to cases where the constraint dimension is greater than

the input dimension by introducing the novel method of

sequentially capturing the constraints into systemdynamics,

and then anunconstrained augmented system is derived. For

the first time, an analytic expression for the transformation

in [31] is derived and shown in Lemma 1.

• Fundamental Controller Design Principles: Our main

result, Theorem 1, establishes the fundamental principles

for designing implementable controllers that obey state con-

straints. This theorem reveals that the properties of integra-

bility and invertibility of virtual controllers are key when cer-

tifying constraint satisfaction under our state augmentation

approach.

Firstly, we develop an integral controller framework in

Section 3.1 to ensure a bounded controller. Next, we resolve

an inherent limitation of the transformation technique

in [31], more specifically, in Proposition 1, we theoretically

prove that the transformation may lead to ill-defined rela-

tive degrees at the boundary of the constraints. Therefore, in

Sections 5.1 and 5.2, a controller switching strategy [32] [33]

is introduced to overcome the invertibility challenge caused

by ill-defined relative degrees.

• Establishing a Practical Implementation Workflow:

Moving beyond existing results in the literature [32] [33],

we provide a definitive controller implementation method

in Section 5.3 that bridges the gap between theory and prac-

tice, in which back-substitution is employed to extinguish

the dependency on augmented states, thereby enabling a

switchable FBL controller to be implemented on the original

system.

Furthermore, our method is summarised in the flowchart given

in Figure 1, follows three steps: (1) Augment the dynamics to cap-

ture state constraints and modify with integral control structure,

(2) Apply FBL to the integral augmented system to derive an FBL

controller, (3) Implement the FBL controller where augmented

state dependencies are removed via algebraic substitution.

Extending the state-space by augmenting the system dynam-

ics has previously been used to solve discrete-time problems

with non-additively separable cost functions [34, 35]. Our work

focuses on tracking problems in continuous time rather than

minimising general cost functions, using state augmentation to

encapsulate state constraints.We follow and extend the approach

of [31] by introducing a slack variable to represent the square root

of the proximity to the state constraint boundary. Analogous to

the first step of FBL, we differentiate this equation to establish

a relationship between the slack variable and the system input.

Solving for the input, we obtain a new higher-dimensional sys-

temwhere the virtual input corresponds to the highest derivative

of the slack variable. We show that the augmented system will

not violate state constraints for any integrable input. We over-

come the limitation of [31], that the number of input dimensions

must match the number of constraints required, by proposing a

sequential approachwherewe iteratively augment the state space

to capture constraints. We also differ from [31] by imposing an

integral controller structure to ensure any input used is integrable

and hence cannot violate the state constraints. Moreover, unlike

in [31], which uses HJB equations to solve for the controller, we

synthesise a closed-loop controller using FBL and analyse the

associated challenges that arise from this approach.
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FIGURE 1 | Flowchart for closed-form controller synthesis and implementation: Augment the system to incorporate constraints while introducing

an integral controller structure (Section 3). Design an FBL controller to cancel system nonlinearities and stabilise the linearised tracking error dynamics

(Section 4). Finally, implement the FBL controller that depends only on the original states and the integral states, not the augmented state (Section 5).

FIGURE 2 | Figure associated with Example 1 showing the trajectory deduced by our proposed method against that of the classical FBL method.

Unfortunately, it is non-trivial to apply FBL out of the box to

the resulting augmented system, since we show that the aug-

mented system has an ill-defined relative degree, changing its

value along the state constraint boundary. Therefore, in order to

apply FBL,weuse the switching controller from [32] [33] thatwas

designed to handle cases of ill-defined relative degree. Finally,

we synthesise a state constraint feasible closed-loop controller for

the original system coupled with integral states by removing the

augmented states such that the controller only depends on the

states of the original system and the induced integral states. In

Figure 2, we implement the proposed method on a Single-Input

Single-Output (SISO) system studied in [31], and stabilise the

state trajectory to the origin while guaranteeing that the state

constraint is satisfied, in contrast to the classical FBL method,

where the constraints are violated. We show more implemen-

tation details in Example 1 and manually derive the controller

following our proposed method.

While our underlying methodology is applicable to MIMO sys-

tems, the implementation involving a switching controller is

restricted to SISO systems. Accordingly, Sections 2 to 4, which

extend the state augmentation approach of [31] and analyse
the complications that arise when combining this method with
FBL, are presented in the general MIMO setting. From Section 5
onwards, however, we focus exclusively on SISO systems, where
the practical implementation of the FBL controller, particularly
the switching logic, is more tractable.

Notation: For 𝑣 ∈ ℝ
𝑛 we denote each component of the vector as

𝑣𝑖 or [𝑣]𝑖. If 𝑣 ∈ ℝ
𝑛 we say 𝑣 ≤ 0 if 𝑣𝑖 ≤ 0 for each 𝑖 ∈ {1, . . . , 𝑛},

𝑣 ≠ 0 if 𝑣𝑖 ≠ 0 for each 𝑖 ∈ {1, . . . , 𝑛} and 𝑣 = 0 if 𝑣𝑖 = 0 for each
𝑖 ∈ {1, . . . , 𝑛}. Let || ⋅ ||2 denotes Euclidean norm or 𝐿2 norm
operator. We define 𝐼𝑚 as a 𝑚 by 𝑚 identity matrix and 0𝑝×𝑚 as
a 𝑝 by 𝑚 matrix with all elements being zero. For 𝑣 ∈ ℝ

𝑛 we
denote 𝐷 = diag(𝑣⊤) to be the diagonal such that 𝐷𝑖,𝑖 = 𝑣𝑖 and
𝐷𝑖,𝑗 = 0 for all 𝑖 ≠ 𝑗. Similarly, we overload the notation 𝐷 =

diag(𝐴1, . . . , 𝐴𝑛) to denote the block diagonal matrix such that
matrices 𝐴1, . . . , 𝐴𝑛 lying along the main diagonal and other ele-
ments of the matrix 𝐷 are equal to zero. For 𝑖 ∈ {1, . . . , 𝑝} the
vector zeros with only the i-th component of value 1 is defined by

𝑝,𝑖 ∶= [01×(𝑖−1), 1, 01×(𝑝−𝑖)] ∈ ℝ
1×𝑝. (1)
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We denote the set of 𝑘-differentiable functions, 𝑓 ∶ 𝑋 → 𝑌

by 𝐶𝑘(𝑋, 𝑌 ), with 𝐶∞(𝑋, 𝑌 ) denoting the set of infinitely
differentiable functions. Along the same lines, we denote
𝐿1(𝑋, 𝑌 ) as the set of Lebesgue integrable functions. Given 𝐹 ∈

𝐶1([0,∞) ×ℝ
𝑛,ℝ𝑟) and 𝑥 ∈ 𝐶1([0,∞),ℝ𝑛) we define 𝑑𝐹 (𝑡,𝑥(𝑡))

𝑑𝑡
=

𝜕𝐹 (𝑡,𝑥(𝑡))

𝜕𝑥

𝜕𝑥(𝑡)

𝜕𝑡
+

𝜕𝐹 (𝑡,𝑥(𝑡))

𝜕𝑡
, where 𝜕𝐹 (𝑡,𝑥)

𝜕𝑥
=

[
𝜕𝐹 (𝑡,𝑥)

𝜕𝑥1
, . . . ,

𝜕𝐹 (𝑡,𝑥)

𝜕𝑥𝑛

]
∈ ℝ

1×𝑛

is a rowvector.Wedefine the 0-th derivative as 𝑑
0

𝑑𝑡0
𝐹 (𝑡, 𝑥) = 𝐹 (𝑡, 𝑥)

and 𝜕0

𝜕𝑡0
𝐹 (𝑡, 𝑥) = 𝐹 (𝑡, 𝑥). Consider 𝜓 ∈ 𝐶 𝑖([0,∞) ×ℝ

𝑛,ℝ𝑚),

𝜓 (𝑖)(𝑡, 𝑥(𝑡)) denotes the ith order time derivative of 𝜓(𝑡, 𝑥(𝑡)).
Given 𝑓 ∈ 𝐶1([0,∞) ×ℝ

𝑛,ℝ𝑛), 𝑔 ∈ 𝐶1([0,∞) ×ℝ
𝑛,ℝ𝑛×𝑚) and

ℎ ∈ 𝐶1([0,∞) ×ℝ
𝑛,ℝ𝑟), for 𝑖 ∈ {1, . . . , 𝑟}, we denote the

Lie derivatives of the ith component in ℎ by 𝐿𝑘
𝑓
ℎ𝑖 ∈ ℝ and

𝐿𝑔𝑗𝐿
𝑘
𝑓
ℎ𝑖 ∈ ℝ that are given in Equations (2),

𝐿0
𝑓
ℎ𝑖(𝑡, 𝑥) = ℎ𝑖(𝑡, 𝑥),

𝐿𝑘
𝑓
ℎ𝑖(𝑡, 𝑥) =

𝜕𝐿𝑘−1
𝑓
ℎ𝑖(𝑡, 𝑥)

𝜕𝑥
𝑓 (𝑡, 𝑥) +

𝜕𝐿𝑘−1
𝑓
ℎ𝑖(𝑡, 𝑥)

𝜕𝑡
for 𝑘 ∈ ℕ,

𝐿𝑔𝑗𝐿
𝑗

𝑓
ℎ𝑖(𝑡, 𝑥) =

𝜕𝐿𝑘
𝑓
ℎ𝑖(𝑡, 𝑥)

𝜕𝑥
𝑔𝑗(𝑡, 𝑥) for 𝑘 ∈ ℕ ∪ {0}, (2)

where 𝑔𝑗 denotes the j-th column in 𝑔 for 𝑗 ∈ {1, . . . , 𝑚}.
Then, we define a collection vector 𝐿𝑔𝐿

𝑘
𝑓
ℎ𝑖(𝑡, 𝑥) ∶=

[𝐿𝑔1𝐿
𝑘
𝑓
ℎ𝑖(𝑡, 𝑥), . . . , 𝐿𝑔𝑚𝐿

𝑘
𝑓
ℎ𝑖(𝑡, 𝑥)] ∈ ℝ

1×𝑚. This definition of

Lie derivative is useful when dealing with time-varying systems,
see [36] for more details.

2 | Problem Formulation: Asymptotic
Constrained Tracking

Consider a square input-affine system, that is, the number of
inputs equals the number of outputs, denoted by the tuple

Σ = (𝑓, 𝑔, ℎ, 𝑥0), (3)

where𝑓 ∈ 𝐶∞([𝑡0,∞) ×ℝ
𝑛,ℝ𝑛), 𝑔 ∈ 𝐶∞([𝑡0,∞) ×ℝ

𝑛,ℝ𝑛×𝑚),ℎ ∈

𝐶∞([𝑡0,∞) ×ℝ
𝑛,ℝ𝑚), 𝑡0 ≥ 0 and 𝑥0 ∈ ℝ

𝑛. The state, input, and
output at time 𝑡 ≥ 0 of Σ are denoted by 𝑥(𝑡) ∈ ℝ

𝑛, 𝑢(𝑡) ∈ ℝ
𝑚, and

𝑦(𝑡) ∈ ℝ
𝑚 respectively, and the dynamics are governed by the fol-

lowing Initial Value Problem (IVP):

𝑥̇(𝑡) = 𝑓 (𝑡, 𝑥(𝑡)) + 𝑔(𝑡, 𝑥(𝑡))𝑢(𝑡), 𝑥0 = 𝑥(𝑡0),

𝑦(𝑡) = ℎ(𝑡, 𝑥(𝑡)). (4)

ODE (4) is commonly expanded as 𝑥̇(𝑡) = 𝑓 (𝑡, 𝑥(𝑡)) +∑𝑚

𝑖=1𝑔𝑖(𝑡, 𝑥(𝑡))𝑢𝑖(𝑡) [37] to demonstrate the correspondence
between the input matrix and control vector fields, where
𝑔𝑖 ∈ ℝ

𝑛 denotes the i-th column in 𝑔.

For simplicity, throughout this paper we will assume that there
exists a unique continuous solution, 𝑥(𝑡), to the ODE (4) for all
𝑡 ≥ 0 and 𝑢 ∈ 𝐿1([𝑡0,∞),ℝ𝑚). This assumption is non-restrictive,
for instance, when the vector field of the ODE is Lipschitz contin-
uous, the solutionmap exists over a finite time interval.Moreover,
this interval can be extended arbitrarily if the solution remains
within a compact set, as elaborated in [7].

Problem (Asymptotic Tracking with state constraints):
Given a feasible initial condition (𝑡0, 𝑥0) ∈ [0,∞) ×ℝ

𝑛, satisfy-
ing 𝜙(𝑡0, 𝑥0) ≤ 0, where 𝜙 ∈ 𝐶∞([𝑡0,∞) ×ℝ

𝑛,ℝ𝑟), and a smooth
reference signal 𝑦𝑟 ∈ 𝐶

∞([𝑡0,∞),ℝ𝑚) find a feedback controller
that ensures the output of ODE (4) tracks the reference asymp-
totically, while the closed loop trajectory, 𝑥(𝑡), satisfies the state
constraints:

lim
𝑡→∞

||𝑦(𝑡) − 𝑦𝑟(𝑡)||2 = 0, (5)

𝜙(𝑡, 𝑥(𝑡)) ≤ 0 for all 𝑡 ∈ [0,∞]. (6)

This problem is formulated to accommodate controller synthesis
methods that introduce auxiliary integral states during design,
such as the method proposed in this paper. These states, which
are not present a priori, are constructed alongside the controller
to enforce properties such as input boundedness.

The above tracking control problem is also a generalisation of the
classical tracking problem [38], finding a controller that drives
the output of the system to asymptotically track a reference sig-
nal while keeping the internal states, 𝑥(𝑡), of the closed-loop
system bounded. Clearly, when 𝜙(𝑡, 𝑥) = ||𝑥||2

2
−𝑅2, for suffi-

ciently large 𝑅 > 0, the above problem becomes the classical
tracking problem. Classically, the bounded state constraint is not
directly addressed, rather, a tracking controller is derived, and
then, under various assumptions, such as stable zero dynam-
ics [39], it can be proven that the closed-loop system has bounded
internal states. In this paper, we propose a fundamentally differ-
ent approach where we design a controller based on the knowl-
edge of the system constraints, captured by 𝜙. In the next section,
we detail how to augment the state space to include information
about the state constraints.

3 | State Augmentation: From Constrained
to Unconstrained

In this section, we recall and extend the approach of [31] that
introduced a technique of transforming a constrained tracking
control problem into an unconstrained tracking control problem
by augmenting/expanding the state dynamics to capture the con-
straints. More specifically, a slack variable is introduced that cap-
tures how close the system’s constraint is to being violated. Then,
the relationship between the slack variable and system input is
derived by taking sufficientlymany time derivatives. The number
of time derivatives required to take is exactly equal to the num-
ber of time derivatives that can be taken of the constraint function
before the system’s input appears explicitly in the expression. This
is called the relative degree of the function and is defined next.

Definition 1 (Relative Degree). We say 𝜓 ∈ 𝐶∞([𝑡0,∞) ×

ℝ
𝑛,ℝ𝑟) has relative degree equal to 𝜌 = [𝜌1, . . . , 𝜌𝑟] ∈ ℕ

𝑟, with
respect to the system given by the tuple Σ = (𝑓, 𝑔, ℎ, 𝑥0) (3), if
each of the 𝑘 ∈ {1, . . . , 𝑟} components of 𝜌 satisfies the following
two conditions:

1. For all (𝑡, 𝑥) ∈ [𝑡0,∞) ×ℝ
𝑛 we have 𝐿𝑔𝐿

𝑖
𝑓
𝜓𝑘(𝑡, 𝑥) = 0 for 𝑖 ∈

{0, . . . , 𝜌𝑘 − 2},

2. For all (𝑡, 𝑥) ∈ [𝑡0,∞) ×ℝ
𝑛 we have 𝐿𝑔𝐿

𝜌𝑘−1

𝑓
𝜓𝑘(𝑡, 𝑥) ≠ 0.

Recalling that Lie derivatives were defined in Equation (2).
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Let us now consider a system Σ = (𝑓, 𝑔, ℎ, 𝑥0) (3) with state con-
straint given in Equation (6). For simplicity, we initially assume
that the dimension of the constraint function, 𝜙, is equal to the
dimension of the input, 𝑢, that is

𝑟 = 𝑚. (7)

See Section 3.2 for the generalisation to 𝑟 = 𝛼𝑚, where 𝛼 ∈ ℕ. To
augment the dynamics and capture the state constraint, we fol-
low [31] by introducing a time-varying slack variable given by the
following equation,

𝜙(𝑡, 𝑥(𝑡)) +𝑍(𝑡) = 0 (8)

where 𝑥(𝑡) is the solution to IVP (4) and𝑍 ∶=

[
1

2
𝑧21, . . . ,

1

2
𝑧2
𝑟

]⊤
∈

ℝ
𝑟. Note, if 𝑍(𝑡) = 0 for some 𝑡 > 0, then 𝜙(𝑡, 𝑥(𝑡)) = 0, imply-

ing the state trajectory, 𝑥(𝑡), is on the boundary of the state
constraint.

The slack variable, 𝑍, depends explicitly on the state of the
system through Equation (8) and thus implicitly depends on
the input of the system. By computing the explicit expression
that relates the system input to the slack variable, we may sub-
stitute the input variable for the slack variable, treating the
derivative of the slack variable as a pseudo-input variable of the
transformed system. Then, the transformed system will remain
state-feasible for any value taken by the pseudo-input, since
by the quadratic nature of the slack variable it follows from
Equation (8) that 𝜙(𝑡, 𝑥(𝑡)) ≥ 0 for any 𝑡 ∈ [𝑡0,∞). The slack
variables 𝑧𝑖 for all 𝑖 ∈ {1, . . . , 𝑟} are augmented to form new
state-space coordinates for the transformation system. In the
work of [31], the time derivatives of Equation (8) were not ana-
lytically derived. Next, we extend this work by deriving an ana-
lytical expression for the time derivatives of Equation (8) to
obtain an expression that relates the slack variable to the system
input.

Lemma 1. Consider the IVP (4) and a smooth function 𝜙 ∈

𝐶∞([𝑡0,∞) ×ℝ
𝑛,ℝ𝑟). Suppose the relative degree (Definition 1) of

𝜙 is 𝜌 ∈ ℕ
𝑟 and 𝑧𝑘 ∈ 𝐶

𝜌𝑘 ([𝑡0,∞),ℝ) for each 𝑘 ∈ {1, . . . , 𝑟}. Then,
for 𝑘 ∈ {1, . . . , 𝑟} we have that,

𝑑𝑖

𝑑𝑡𝑖

(
𝜙𝑘(𝑡, 𝑥(𝑡)) +

𝑧2
𝑘
(𝑡)

2

)

= 𝐿𝑖
𝑓
𝜙𝑘(𝑡, 𝑥(𝑡)) + 𝑧𝑘(𝑡)𝑧

(𝑖)

𝑘
(𝑡) +

1

2

𝑖∑
𝑗=1

(
𝑖

𝑗

)
𝑧
(𝑖−𝑗)

𝑘
(𝑡)𝑧

(𝑗)

𝑘
(𝑡)

for 𝑖 ∈ {1, . . . , 𝜌𝑘 − 1} (9)

𝑑𝜌𝑘

𝑑𝑡𝜌𝑘

(
𝜙𝑘(𝑡, 𝑥(𝑡)) +

𝑧2
𝑘
(𝑡)

2

)

= 𝐿𝑔𝐿
𝜌𝑘−1

𝑓
𝜙𝑘(𝑡, 𝑥(𝑡))𝑢(𝑡) + 𝐿

𝜌𝑘
𝑓
𝜙𝑘(𝑡, 𝑥(𝑡)) + 𝑧𝑘(𝑡)𝑧

(𝜌𝑘)

𝑘
(𝑡)

+
1

2

𝜌𝑘∑
𝑗=1

(
𝜌𝑘
𝑗

)
𝑧
(𝜌𝑘−𝑗)

𝑘
(𝑡)𝑧

(𝑗)

𝑘
(𝑡). (10)

Proof. From Definition 1, it follows that the derivatives of
𝜙𝑘(𝑡, 𝑥(𝑡)) satisfy

𝑑𝑖𝜙𝑘(𝑡, 𝑥(𝑡))

𝑑𝑡𝑖
=
𝜕𝐿𝑖−1

𝑓
𝜙𝑘(𝑡, 𝑥(𝑡))

𝜕𝑥(𝑡)
𝑥̇(𝑡) +

𝜕𝐿𝑖−1
𝑓
𝜙𝑘(𝑡, 𝑥(𝑡))

𝜕𝑡

= 𝐿𝑖
𝑓
𝜙𝑘(𝑡, 𝑥(𝑡)) , for 𝑖 ∈ {1, . . . , 𝜌𝑘 − 1},

𝑑𝜌𝑘𝜙𝑘(𝑡, 𝑥(𝑡))

𝑑𝑡𝜌𝑘
= 𝐿

𝜌𝑘
𝑓
𝜙𝑘(𝑡, 𝑥(𝑡)) + 𝐿𝑔𝐿

𝜌𝑘−1

𝑓
𝜙𝑘(𝑡, 𝑥(𝑡))𝑢(𝑡).

By General Leibniz rule [40, p. 318], 𝑑𝑛

𝑑𝑥𝑛
(𝑢(𝑥)𝑣(𝑥)) =

∑𝑛

𝑘=0

(
𝑛

𝑘

)
𝑑𝑘𝑢(𝑥)

𝑑𝑥𝑘

𝑑𝑛−𝑘𝑣(𝑥)

𝑑𝑥𝑛−𝑘
, it follows that the 𝑖 ≥ 0 derivatives of

1

2
𝑧𝑘(𝑡)

2 satisfy

𝑑𝑖

𝑑𝑡𝑖

(
1

2
𝑧𝑘(𝑡)

2
)
=
1

2

𝑖∑
𝑗=0

(
𝑖

𝑗

)
𝑧
(𝑖−𝑗)

𝑘
(𝑡)𝑧

(𝑗)

𝑘
(𝑡)

= 𝑧𝑘(𝑡)𝑧
(𝑖)

𝑘
(𝑡) +

1

2

𝑖−1∑
𝑗=1

(
𝑖

𝑗

)
𝑧
(𝑖−𝑗)

𝑘
(𝑡)𝑧

(𝑗)

𝑘
(𝑡).

◽

For any feasible trajectory, there must exist slack variables such
that Equation (8) is satisfied. Thus, the quantity 𝜙𝑘(𝑡, 𝑥(𝑡)) +
1

2
𝑧2
𝑘
(𝑡) must remain constant over time, that is, the Right Hand

Side (RHS) of Equation (10) is equal to zero. The RHS of
Equation (10) is affine in the system input variable for each 𝑟 ∈ ℕ,
thus if we make the following invertibility assumption, we can
find an expression for the system input in terms of the slack
variable.

Assumption 1. The constraint decoupling matrix defined as,

Ω𝑔(𝑡, 𝑥) ∶= [𝐿𝑔𝐿
𝜌1−1

𝑓
𝜙1(𝑡, 𝑥)

⊤, . . . , 𝐿𝑔𝐿
𝜌𝑟−1

𝑓
𝜙𝑟(𝑡, 𝑥)

⊤]⊤ ∈ ℝ
𝑟×𝑚

is invertible for all (𝑡, 𝑥) ∈ [𝑡0,∞) ×ℝ
𝑛. Note, 𝑟 = 𝑚 (see

Equation 7) implying Ω𝑔 is a square matrix.

Defining 𝑆𝑘,𝑖−1(𝑡) ∶=
1

2

∑𝑖−1
𝑗=1

(
𝑖

𝑗

)
𝑧
(𝑖−𝑗)

𝑘
(𝑡)𝑧

(𝑗)

𝑘
(𝑡), Ω𝑓 (𝑡, 𝑥) ∶=

[𝑆1,𝜌1−1 + 𝐿
𝜌1
𝑓
𝜙1(𝑡, 𝑥), . . . , 𝑆𝑟,𝜌𝑟−1 + 𝐿

𝜌𝑟
𝑓
𝜙𝑟(𝑡, 𝑥)]

⊤ ∈ ℝ
𝑟, 𝑤(𝑡) ∶=

[𝑧
(𝜌1)

1 (𝑡), . . . , 𝑧
(𝜌𝑟)
𝑟 (𝑡)]⊤ ∈ ℝ

𝑟, 𝐷(𝑧) ∶= diag(𝑧1, . . . , 𝑧𝑟) ∈ ℝ
𝑟×𝑟

allows us to write the system of equations arising from setting
the RHS of Equation (10) to be zero as:

Ω𝑔(𝑡, 𝑥(𝑡))𝑢(𝑡) + Ω𝑓 (𝑡, 𝑥(𝑡)) +𝐷(𝑧(𝑡))𝑤(𝑡) = 0. (11)

We now define the extended augmented state space:

𝑥𝐴 ∶=

[
𝑥

𝑧̃

]
∈ ℝ

𝑛𝐴 , (12)

where 𝑧̃ ∶= [𝑧1, . . . , 𝑧
(𝜌1−1)
1 , . . . , 𝑧𝑟, . . . , 𝑧

(𝜌𝑟−1)
𝑟 ]⊤ ∈ ℝ

∑𝑟

𝑘=1𝜌𝑘 and
𝑛𝐴 ∶= 𝑛 +

∑𝑟

𝑘=1𝜌𝑘.

Under Assumption 1, we solve Equation (11) to derive a relation-
ship between the full state feedback controller, 𝑢, and the pseudo
feedback controller, 𝑤, induced by the state augmentation:

𝑢(𝑡, 𝑥𝐴) = −Ω
−1
𝑔
(𝑡, 𝑥)

(
Ω𝑓 (𝑡, 𝑥) +𝐷(𝑧)𝑤(𝑡, 𝑥𝐴)

)
. (13)

For simplicity, throughout the paper, we overload the notations 𝑢
and𝑤 to denote both input signals, depending only on time (i.e.,
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open-loop controllers), and closed-loop controllers, depending on
both time and space.

Upon substituting the controller 𝑢(𝑡, 𝑥𝐴(𝑡)), from Equation (13),
into ODE (4), treating 𝑤 as a time-varying “virtual input” and
noting 𝑑

𝑑𝑡
𝑧
(𝑗)

𝑖
(𝑡) = 𝑧

(𝑗+1)
𝑖

(𝑡), we derive the following unconstrained
input-affine augmented system Σ𝐴 = (𝑓𝐴, 𝑔𝐴, ℎ𝐴, 𝑥𝐴(𝑡0)) associ-
ated with the following IVP,

𝑥̇𝐴(𝑡) = 𝑓𝐴(𝑡, 𝑥𝐴(𝑡)) + 𝑔𝐴(𝑡, 𝑥𝐴(𝑡))𝑤(𝑡), 𝑥𝐴(𝑡0) =

[
𝑥0

𝑧̃(𝑡0)

]
,

𝑦(𝑡) = ℎ𝐴(𝑡, 𝑥𝐴(𝑡)) ∶= ℎ(𝑡, 𝑥(𝑡)), (14)

where recalling the definition of 𝑟,𝑘 ∈ ℝ
1×𝑟 in Equation (1)

we get,

𝑓𝐴(𝑡, 𝑥𝐴) ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝑓 (𝑡, 𝑥) − 𝑔(𝑡, 𝑥)Ω−1
𝑔
(𝑡, 𝑥)Ω𝑓 (𝑡, 𝑥)

[𝑧
(1)
1 , . . . , 𝑧

(𝜌1−1)
1 ]⊤

0

⋮

[𝑧(1)
𝑟
, . . . , 𝑧

(𝜌𝑟−1)
𝑟 ]⊤

0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

∈ ℝ
𝑛𝐴 ,

𝑔𝐴(𝑡, 𝑥𝐴) ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

− 𝑔(𝑡, 𝑥)Ω−1
𝑔
(𝑡, 𝑥)𝐷(𝑧)

0(𝜌1−1)×𝑟

𝑟,1
⋮

0(𝜌𝑟−1)×𝑟

𝑟,𝑟

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

∈ ℝ
𝑛𝐴×𝑟. (15)

Definition 2. Given a system Σ = (𝑓, 𝑔, ℎ, 𝑥0) (Equation (3))
and a constraint 𝜙 ∈ 𝐶∞([𝑡0,∞) ×ℝ

𝑛,ℝ𝑟) we define the follow-
ing system augmentation map

𝜙(Σ) = (𝑓𝐴, 𝑔𝐴, ℎ𝐴, 𝑥𝐴(𝑡0)),

where (𝑓𝐴, 𝑔𝐴, ℎ𝐴, 𝑥𝐴(𝑡0)) is associated with the IVP given in
Equation (15).

The feedback controller given in Equation (13) provides the rela-
tionship between the original system input and the pseudo input
resulting from augmentation. By a similar argument, we can find
the relationship between the augmented states, 𝑧𝑖, and the orig-
inal system states by equating the RHS of Equation (9) to zero.
Sequentially solving these equations, starting with Equation (8),
gives us:

𝑧𝑘(𝑡) =
√
−2𝜙𝑘(𝑡, 𝑥(𝑡))

𝑧
(𝑖)

𝑘
(𝑡) = −

𝐿𝑖
𝑓
𝜙𝑘(𝑡, 𝑥(𝑡)) + 𝑆𝑘,𝑖−1(𝑡)

𝑧𝑘(𝑡)
for 𝑖 ∈ {1, . . . , 𝜌𝑘 − 1}. (16)

The initial condition, 𝑥𝐴(𝑡0), of the augmented system can then

be computed by simply iterating Equation (16) to compute 𝑧(𝑗)
𝑘
(𝑡0)

for each 𝑗 and 𝑘.

We next show that for any integrable input, 𝑤, the controller
given in Equation (13) yields a state trajectory that obeys the state

constraint given inEquation (6). This is an intuitive result since as
we approach the boundary of the state constraint, the slack vari-
able becomes zero, 𝑧 = 0𝑟×1. Since the virtual input, 𝑤, is multi-
plied by𝐷(𝑧) ∶= diag(𝑧1, . . . , 𝑧𝑟) in Equation (13), it follows that
there is a loss of actuation as we approach the constraint bound-
ary making violation impossible.

Theorem 1. Consider the IVP given in Equation (14). Under
Assumption 1, for any integrable input𝑤 ∈ 𝐿1([𝑡0, 𝑇 ],ℝ

𝑟) it fol-

lows that the first component, 𝑥(𝑡), of the resulting state trajectory,
𝑥𝐴(𝑡), satisfies the state constraint,

𝜙(𝑡, 𝑥(𝑡)) ≤ 0 for all 𝑡 ∈ [𝑡0, 𝑇 ]. (17)

Proof. By Assumption 1 it follows 𝜙 has relative degree 𝜌
(Definition 1). Given an integrable input, 𝑤 ∈ 𝐿1([𝑡0, 𝑇 ],ℝ

𝑟),

let 𝑧
(𝜌𝑖)

𝑖
(𝑡) ∶= 𝑤𝑖(𝑡). Since the virtual input 𝑤 is integrable, it

follows by the fundamental theorem of calculus that each
of the anti-derivatives of 𝑤 is absolutely continuous (see
corollary 3.33 in [41, p. 105]). Hence, for each 1 ≤ 𝑖 ≤ 𝜌𝑗
there exists an absolutely continuous function 𝑧

(𝑗−1)
𝑖

(𝑡) ∶=

∫ 𝑡
𝑡0
𝑧
(𝑗)

𝑖
(𝑠)𝑑𝑠 + 𝑧

(𝑗−1)
𝑖

(𝑡0) almost everywhere. Define 𝑢 accord-

ing to Equation (13). By rearranging Equation (13), we get
Equation (11). From Lemma 1 it then follows

𝑑𝜌𝑘

𝑑𝑡𝜌𝑘

(
𝜙𝑘(𝑡, 𝑥(𝑡)) +

1

2
𝑧2
𝑘
(𝑡)

)
= 0 for each 𝑘 ∈ {1, . . . , 𝑟}.

By integrating the above equation 𝜌𝑘 times over [𝑡0, 𝑇 ] for
any 𝑡0 < 𝑡 < 𝑇 and applying the initial conditions derived from
setting 𝑡 = 𝑡0 in Equations (16), we deduce that the equation
given in Equation (8) holds almost everywhere. Since 𝑍 ∶=[
1

2
𝑧21, . . . ,

1

2
𝑧2
𝑟

]⊤
∈ ℝ

𝑟 and any real number squared is positive,

it follows that the state constraint (17) holds almost everywhere.

Now, since 𝑥(⋅) and 𝜙 are continuous it follows 𝜙(⋅, 𝑥(⋅)) is con-
tinuous. By contradiction suppose there exists 𝑡0 ∈ [𝑡0, 𝑇 ] such
that the state constraint (17) does not hold, that is 𝜙(𝑡0, 𝑥(𝑡0)) > 0.
By continuity there exists 𝜀 > 0 and a time interval 𝐼𝑡 ⊂ [𝑡0, 𝑇 ]

such that𝜙(𝑡, 𝑥(𝑡)) ≥ 𝜀 > 0 for all 𝑡 ∈ 𝐼𝑡. However, since any inter-
val has non-zero measure, this contradicts that the state con-
straint (17) holds almost everywhere. Therefore, it must follow
that the state constraint (17) holds for all 𝑡 ∈ [𝑡0, 𝑇 ]. ◽

Note, Theorem 1 applies to the original system (4) after the
augmented states are eliminated via back-substitution using
Equation (16).

3.1 | Ensuring an Integrable Input

Theorem 1 shows that the augmented system, Σ𝐴, defined in
Equation (14) satisfies the constraint 𝜙(𝑡, 𝑥(𝑡)) ≤ 0 for any inte-
grable input. To ensure any applied controller is integrable, we
further modify the augmented system by introducing an inte-
gral controller structure. Specifically, we expand the state space
by augmenting it with a new integrator state, defined as 𝜉̇(𝑡) =
𝑤̃(𝑡), and replace the input in the augmented system Σ𝐴 with a
bounded function of the integral state. That is

𝑤(𝑡) = 𝑠𝛽 (𝜉(𝑡)), (18)
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where 𝑠𝛽 ∶ ℝ → [−𝛽, 𝛽]𝑟 is some bounded function. In this work,
we consider the following choice:

𝑠𝛽,𝑖(𝑥) ∶= 2𝛽
(

1

𝑒−𝑥 + 1
− 0.5

)
for 1 ≤ 𝑖 ≤ 𝑟. (19)

The selection of 𝛽 > 0 is equivalent deciding on an upper bound
of the input and will have an impact on controller synthesis, this
is discussed later in Section 4.2.

We now further enlarge the augmented state space in
Equation (12) to include the integral state:

𝑥𝐼 ∶=

[
𝑥𝐴

𝜉

]
=

⎡⎢⎢⎢⎣

𝑥

𝑧̃

𝜉

⎤⎥⎥⎥⎦
∈ ℝ

𝑛𝐴+𝑚, (20)

The new virtual input is given by 𝑤̃, and we denote the result-
ing input-affine systemwith integral controller structure by Σ𝐼 =
(𝑓𝐼 , 𝑔𝐼 , ℎ𝐼 , 𝑥𝐼 (𝑡0)). The associated IVP with this system is:

𝑥̇𝐼 (𝑡) = 𝑓𝐼 (𝑡, 𝑥𝐼 (𝑡)) + 𝑔𝐼 (𝑡, 𝑥𝐼 (𝑡))𝑤̃(𝑡), 𝑥𝐼 (𝑡0) =

[
𝑥𝐴(𝑡0)

𝜉(𝑡0)

]
,

𝑦(𝑡) = ℎ𝐼 (𝑡, 𝑥𝐼 (𝑡)) ∶= ℎ(𝑡, 𝑥(𝑡)), (21)

where

𝑓𝐼 (𝑡, 𝑥𝐼 ) =

[
𝑓𝐴(𝑡, 𝑥𝐴) + 𝑔𝐴(𝑡, 𝑥𝐴)𝑠𝛽 (𝜉)

0𝑚×1

]
, 𝑔𝐼 (𝑡, 𝑥𝐼 ) =

[
0𝑛𝐴×𝑚

𝐼𝑚×𝑚

]
,

𝑓𝐴 and 𝑔𝐴 are given in Equation (15).

Definition 3. Given a system Σ𝐴 = (𝑓𝐴, 𝑔𝐴, ℎ𝐴, 𝑥𝐴(𝑡0))

(Equation (14)) and a integration bound 𝛽, we define the
following system integral controller map

𝛽 (Σ𝐴) = (𝑓𝐼 , 𝑔𝐼 , ℎ𝐼 , 𝑥𝐼 (𝑡0)),

where (𝑓𝐼 , 𝑔𝐼 , ℎ𝐼 , 𝑥𝐼 (𝑡0)) is associated with the IVP given in
Equation (21).

After synthesising the tracking controller, 𝑤̃, for the IVP given in
the integral augmented system Σ𝐼 (Equation (21)), we can then
apply the integral control (18) and the feedback controller (13)
to derive a closed-loop feedback controller corresponding to the
input of the original ODE (4):

𝑢(𝑡, 𝑥𝐼 ) = −Ω
−1
𝑔
(𝑡, 𝑥)

(
Ω𝑓 (𝑡, 𝑥) +𝐷(𝑧)𝑠𝛽 (𝜉)

)
(22)

where the 𝜉 evolves according to the FBL controller:

𝜉̇(𝑡) = 𝑤̃(𝑡, 𝑥𝐼 ). (23)

Note, later in Section 4.1, we will see that FBL controller syn-
thesis is formulated independently of the initial conditions. In
particular, altering the initial condition of the integrator state,
𝜉(𝑡0), results only in an initial offset in the controller input sig-
nal in Equation (22) and will not alter the asymptotic tracking
FBL induces under Assumption 2. Therefore, 𝜉(𝑡0) is a free vari-
able that the user can tune to bias the initial input signal, 𝑢(𝑡0),

and thus the initial direction of the state trajectory. For simplic-
ity, we will select a zero offset by setting 𝑢 = 0 in Equation (22) to
derive

𝜉0 ∶= 𝜉(𝑡0) = 𝑠
−1
𝛽

(
−𝐷(𝑧(𝑡0))

−1Ω𝑓 (𝑡0, 𝑥(𝑡0))
)
, (24)

where the inverse of 𝑠𝛽 is applied component wise, 𝑧(𝑡0) is found
through setting 𝑡 = 𝑡0 in Eqs. (16) and 𝑥(𝑡0) = 𝑥0 from ODE (4).

Now, from the feedback controller (22), the virtual input 𝑤(𝑡)
given in Equation (13) becomes 𝑤(𝑡) = 𝑠𝛽 (𝜉(𝑡)). Since 𝑠𝛽 is a
bounded function, it follows that this virtual input is an element
of 𝐿1([𝑡0, 𝑇 ],ℝ

𝑟). Hence, we can apply Theorem 1 to show that
the system trajectory, 𝑥(𝑡), resulting from the application of the
feedback controller given in Equation (22) does not violate the
state constraint, that is, Equation (17) is satisfied.

3.2 | Sequential Augmentation

In this subsection, we consider the case when the dimension of
the state constraints, 𝑟, exceeds the dimension of the input space,
𝑚. If 𝑟 > 𝑚, the system of equations in Equation (11), whichmust
be solved to derive the augmented system Σ𝐴 in Equation (14),
becomes overdetermined, meaning there are more constraints
than free variables. Consequently, this equation cannot be solved,
and Assumption 1 no longer holds.

However, when 𝑟 = 𝛼𝑚 for some 𝛼 ∈ ℕ, the state space can still be
augmented by employing a sequential strategy. Instead of encap-
sulating all constraints simultaneously, we consider only a subset
of 𝑚 constraints at a time, momentarily ignoring the rest. Specif-
ically, we partition the state constraints as

𝜙 = [𝜙1, . . . , 𝜙𝛼]
⊤, where each 𝜙𝑖 ∶ [𝑡0,∞) ×ℝ

𝑛
→ ℝ

𝑚. (25)

The augmentation process begins by applying the transformation
𝜙1 , defined in Definition 2, to obtain the first augmented system
Σ𝐴 = 𝜙1 (Σ). Next, we introduce an integral controller structure
by applying 𝛽 , as defined in Definition 3, yielding Σ𝐼 = 𝛽 (Σ𝐴).
Treating Σ𝐼 as the new base system, we repeat this process for
each subsequent subset of constraints until all have been incor-
porated. The complete augmentation process is given by

Σ𝐼 = 𝛽 (𝜙𝛼 ( . . .𝛽 (𝜙1 (Σ)) . . . )). (26)

4 | Feedback Linearisation

Transformations 𝜙 and 𝛽 , defined in Definitions 2 and 3, pre-
serve the input-affine structure of system Σ given in Equation (4),
which allows us to perform the Feedback Linearisation (FBL)
method to achieve the tracking goal given in Equation (5). Thus,
we first review the classical FBL method for general uncon-
strained input-affine systems in Section 4.1, and then analyse
the challenges of applying FBL to the augmented systems Σ𝐴
(Equations (14)) and Σ𝐼 (Equations (21)) in Section 4.2.

Incorporating the augmented structure from the previous
section, given in Equation (14), to handle state constraints.
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4.1 | FBL with Pole Placement

Considering a system represented by Equation (4) and a refer-
ence signal, 𝑦𝑟 ∈ 𝐶

∞([𝑡0,∞),ℝ𝑚), we next recall the standard FBL
approach that derives an expression that relates the tracking error
𝐸(𝑡) ∶= 𝑦(𝑡) − 𝑦𝑟(𝑡) to the system input by taking successive time
derivatives of tracking error. Having obtained this expression, we
can design a feedback law to cancel out any nonlinearity as well
as terms not involving the tracking error. The remaining system
will be linear allowing us to utilise linear controllers for stabilisa-
tion to ensure that tracking errors asymptotically approach zero.
In this paper, we choose the pole-placement strategy as it is fre-
quently used for linear system stabilisation, however, it does not
mean that the pole-placement is the only standard strategy.

We introduce new notation, 𝜎 = [𝜎1, . . . , 𝜎𝑚]
⊤ ∈ ℕ

𝑚, for the rela-
tive degree of the output function,ℎ ∈ 𝐶∞([𝑡0,∞) ×ℝ

𝑛,ℝ𝑚). This
allows us to distinguish between 𝜌 ∈ ℝ

𝑟, the relative degree of the
constraint function, 𝜙 ∈ 𝐶∞([𝑡0,∞) ×ℝ

𝑛,ℝ𝑟), that is defined in
Section 3 with possibly differing dimensions to 𝜎.

For each 𝑖 ∈ {1, . . . , 𝑚} and 𝑗 ∈ {1, . . . , 𝜎𝑖 − 1}, it follows
by repeatedly taking time derivatives of the tracking error,
𝐸(𝑡) ∶= 𝑦(𝑡) − 𝑦𝑟(𝑡), and by the definition of the relative degree
(Definition 1) we have that:

𝐸
(𝑗)

𝑖
(𝑡) = 𝐿

𝑗

𝑓
ℎ𝑖(𝑡, 𝑥) − 𝑦

(𝑗)
𝑟𝑖
(𝑡)

𝐸
(𝜎𝑖)

𝑖
(𝑡) = 𝐿

𝜎𝑖
𝑓
ℎ𝑖(𝑡, 𝑥) + 𝐿𝑔𝐿

𝜎𝑖−1

𝑓
ℎ𝑖(𝑡, 𝑥(𝑡))𝑢(𝑡) − 𝑦

(𝜎𝑖)
𝑟𝑖

(𝑡). (27)

We next construct the expression relating the tracking error to the
system input. To do this, we introduce the following notation for
the stacked Lie derivatives,

Γ𝑓 (𝑡, 𝑥) ∶= [𝐿
𝜎1
𝑓
ℎ1(𝑡, 𝑥), . . . , 𝐿

𝜎𝑚
𝑓
ℎ𝑚(𝑡, 𝑥)]

⊤ ∈ ℝ
𝑚,

Γ𝑔(𝑡, 𝑥) ∶= [𝐿𝑔𝐿
𝜎1−1

𝑓
ℎ1(𝑡, 𝑥)

⊤, . . . , 𝐿𝑔𝐿
𝜎𝑚−1

𝑓
ℎ𝑚(𝑡, 𝑥)

⊤]⊤ ∈ ℝ
𝑚×𝑚,

Γ𝑟(𝑡) ∶= [𝑦(𝜎1)
𝑟1

(𝑡), . . . , 𝑦
(𝜎𝑚)
𝑟𝑝

(𝑡)]⊤ ∈ ℝ
𝑚. (28)

Our vector and matrix notation in Equations (28) now allows
us to collect the derivatives of the tracking error given in
Equations (27) into the following matrix equation,

⎡
⎢⎢⎢⎣

𝐸
(𝜎1)

1 (𝑡)

⋮

𝐸
(𝜎𝑚)
𝑚 (𝑡)

⎤⎥⎥⎥⎦
= Γ𝑓 (𝑡, 𝑥(𝑡)) + Γ𝑔(𝑡, 𝑥(𝑡))𝑢(𝑡) − Γ𝑟(𝑡). (29)

We can now eliminate the nonlinearities if wemake the following
assumption,

Assumption 2. The output decoupling matrix defined as,

Γ𝑔(𝑡, 𝑥) ∶= [𝐿𝑔𝐿
𝜎1−1

𝑓
ℎ1(𝑡, 𝑥)

⊤, . . . , 𝐿𝑔𝐿
𝜎𝑚−1

𝑓
ℎ𝑚(𝑡, 𝑥)

⊤]⊤ ∈ ℝ
𝑚×𝑚

is invertible for all (𝑡, 𝑥) ∈ [𝑡0,∞) ×ℝ
𝑛.

The tracking error dynamics can now be linearised by using the
controller 𝑢 = 𝑤(𝑡, 𝑥), where

𝑤(𝑡, 𝑥) = −Γ𝑔(𝑡, 𝑥)
−1
(
Γ𝑓 (𝑡, 𝑥) − Γ𝑟(𝑡) − 𝜈(𝑡)

)
, (30)

and 𝜈 ∈ ℝ
𝑚 is a “virtual input” that we will design using pole

placement later. Substituting Equation (30) into Equation (29),

we get that [𝐸
(𝜎1)

1 (𝑡), . . . , 𝐸
(𝜎𝑚)
𝑚 (𝑡)]⊤ = [𝜈1(𝑡), . . . , 𝜈𝑚(𝑡)]

⊤.

To construct the state space of our linearised tracking error
dynamics we define a column vector consisting of stacked track-
ing error derivatives, denoted by

E(𝑡) ∶= [E⊤1 (𝑡), . . . ,E
⊤
𝑚
(𝑡)]⊤ ∈ ℝ

∑𝑚

𝑖=1𝜎𝑖 , (31)

where the ith component is given by E𝑖(𝑡) ∶=

[𝐸𝑖(𝑡), . . . , 𝐸
(𝜎𝑖−1)
𝑖

(𝑡)]⊤ ∈ ℝ
𝜎𝑖 and 𝐸𝑖(𝑡) ∶= 𝑦𝑖(𝑡) − 𝑦𝑟,𝑖(𝑡). Applying

the controller given in Equation (30) and noting 𝐸̇(𝑗)

𝑖
= 𝐸

(𝑗+1)
𝑖

we
derive the full linearised tracking error dynamics:

Ė(𝑡) = 𝐴E(𝑡) + 𝐵𝜈(𝑡), (32)

where 𝐴 ∈ ℝ

∑𝑚

𝑖=1𝜎𝑖×
∑𝑚

𝑖=1𝜎𝑖 is a block diagonal matrix of the form

𝐴 = diag(𝐴1, . . . , 𝐴𝑚) with 𝐴𝑖 ∶=

[
0(𝜎𝑖−1)×1 𝐼𝜎𝑖−1

0 01×(𝜎𝑖−1)

]
∈ ℝ

𝜎𝑖×𝜎𝑖

and 𝐵 ∈ ℝ

∑𝑚

𝑖=1𝜎𝑖 is a block diagonal matrix of the form
𝐵 = diag(𝐵1, . . . , 𝐵𝑚) with 𝐵𝑖 ∶= [01×(𝜎𝑖−1), 1]

⊤ ∈ ℝ
𝜎𝑖 .

Determining Gains By Pole-Placement: We now recall the
classical pole-placement technique in the context of FBL. Awider
more in-depth overview of this technique can be found in [42].
To stabilise ODE (32) we use a feedback controller 𝜈(𝑡) = −𝐾E(𝑡)
where 𝐾 ∈ ℝ

𝑚×
∑𝑚

𝑖=1𝜎𝑖 is a gain matrix that has the block diago-
nal structure 𝐾 = diag(𝐾1, . . . , 𝐾𝑚) with 𝐾𝑖 ∈ ℝ

1×𝜎𝑖 . Because of
the block structure of ODE (32), the system can be decoupled
into 𝑚-subsystems with states E𝑖. Each of these subsystems is in
“canonical/companion” form. Substituting

𝜈(𝑡) = −𝐾E(𝑡), (33)

we get the following 𝑖 ∈ {1, . . . , 𝑚} subsystems Ė𝑖(𝑡) = (𝐴𝑖 −

𝐵𝑖𝐾𝑖)E𝑖(𝑡), where

𝐴𝑖 − 𝐵𝑖𝐾𝑖 =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0 . . . 0

0 0 1 . . . 0

⋮ ⋮ ⋮ ⋱ ⋮

0 0 0 . . . 1

−𝐾𝑖,1 −𝐾𝑖,2 −𝐾𝑖,3 . . . −𝐾𝑖,𝜎𝑖

⎤⎥⎥⎥⎥⎥⎥⎥⎦

. (34)

Because of the “canonical/companion” form, it then follows
that the characteristic equation is det(𝜆𝐼 − (𝐴𝑖 − 𝐵𝐾𝑖)) = 𝜆

𝜎𝑖 +

𝐾𝑖,𝜎𝑖𝜆
𝜎𝑖−1 + . . . +𝐾𝑖,2𝜆 +𝐾𝑖,1. Then, to select the poles of this sys-

tem to be at

𝜆𝑖 ∶= [𝜆𝑖,1, . . . , 𝜆𝑖,𝜎𝑖 ] < 0, (35)

we simply expand (𝜆 − 𝜆𝑖,1) . . . (𝜆 − 𝜆𝑖,𝜎𝑖 ) and equate with the
characteristic equation, det(𝜆𝐼 − (𝐴𝑖 − 𝐵𝐾𝑖)). By equating the
coefficients of the same powers of 𝜆, we solve for the𝐾𝑖,𝑗 ’s, select-
ing the appropriate gains for this pole placement. We will later
discuss the selection criteria for poles in Section 5.4.

Under Assumptions 1 and 2, the feedback controller
(Equation (22)) and FBL controller (Equation 30) are syn-
thesised offline from state augmentation and FBL, and then
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FIGURE 3 | Block diagram showing the closed loop online implementation of the feedback controller 𝑢(𝑡, 𝑥𝐼 ) ∈ ℝ
𝑚 (Equation 22). The augmented

state space 𝑥𝐴 and the integral augmented state space 𝑥𝐼 are constructed from 𝑥 via Equations (16). Taking derivatives of the tracking error and sub-

stituting them into Equation (33), the virtual input 𝜈(𝑡) ∈ ℝ
𝑚 is obtained, which together with 𝑥𝐼 , determines the FBL controller 𝑤̃(𝑡, 𝑥𝐼 ) ∈ ℝ

𝑚 via

Equation (30). This FBL controller is integrated throughODE (23) to yield the integral state 𝜉. The feedback controller 𝑢(𝑡, 𝑥𝐼 ) is obtained by substituting

𝑠𝛽 (𝜉) and 𝑥𝐴 into Equation (22), and is then implemented in the original system (4).

employed for online implementation. Figure 3 summarises the

online implementation of the feedback controller in our method.
More specifically, the FBL controller 𝑤̃(𝑡, 𝑥𝐼 (𝑡)) is integrated via
ODE (23) to compute the integral state 𝜉(𝑡), which is eventually
coupled into the feedback controller 𝑢(𝑡, 𝑥𝐼 (𝑡)). The feedback
controller 𝑢(𝑡, 𝑥𝐼 (𝑡)) depends on the augmented state 𝑥𝐴, con-
structed from the original state 𝑥 through Equation (16), which
is then implementable on the original system (4). Recall that the
initial condition 𝜉0 = 𝜉(𝑡0) is computed by using Equation (24)
after setting the feedback controller 𝑢 to zero manually.

4.2 | Challenges: Augmentation with FBL

As we have seen in Section 4.1, FBL can be used to construct an
asymptotically tracking controller, provided Assumption 2 holds,
that is, the matrix Γ𝑔 is invertible. In practice, FBL only requires
Γ𝑔 to be invertible along the closed-loop trajectory.

However, when applying FBL to the integral augmented system
Σ𝐼 defined in Equation (21), this assumption fails to hold due to
two key structural issues that we list next, but leave the full details
to the Appendix for brevity:

a. Boundary singularity. At the edge of the constraint set,
some slack variables 𝑧𝑘 become zero, leading to a loss of
rank in Γ𝑔𝐼 , that is, Γ𝑔𝐼 is not invertible along the state
constraint boundary. This results in an ill-defined rela-
tive degree and prevents direct application of FBL (see
Corollary 1).

b. 𝛽-dependent ill-conditioning. As the bound 𝛽 > 0 on

the integral controller is reduced, the matrix Γ𝑔𝐼 becomes

increasingly ill-conditioned (see Lemma 2).

Similarly to the invertibility issues discussed above, where

Assumption 2 may fail to hold, preventing the application of

FBL, it is also possible, depending on the system structure,

that Assumption 1 does not hold. In such cases, the matrix Ω𝑔

becomes non-invertible, thereby preventing state augmentation

and constraint capture.

Even when Ω𝑔 or Γ𝑔𝐼 remains theoretically invertible, they may

be difficult to invert under finite precision arithmetic computa-

tion if their values approach zero, leading to numerical instability.

However, since both augmentation and FBL only require invert-

ibility of Ω𝑔 and Γ𝑔𝐼 along the closed-loop trajectory, it may still

be feasible to apply these methods provided that the trajectory

avoids regions where these matrices are non-invertible. If the

system approaches a non-invertibility region, increasing 𝛽 can

help mitigate ill-conditioning of Γ𝑔𝐼 , as Lemma 2 shows that Γ𝑔𝐼
depends linearly on 𝛽. In cases where the system trajectory passes

directly through singular regions, we introduce in Section 5 a

switching strategy that adapts to the system’s local relative degree.

Note that we will consider SISO systems only in Section 5. If

the singularity issue never occurs, our work prior to this section

remains valid for MIMO systems, and an asymptotic track-

ing controller can be synthesised and implemented following

Figure 3.
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5 | A Practical Approach for State Constrained
FBL

In this section, we will present a practical framework for the
implementation of state constrained FBL for SISO systems,
addressing the two challenges given in Section 4.2.

The key idea is to synthesise different closed-form controllers for
regions with varying “local” relative degrees and switch between
them as the trajectory transitions through these regions. Follow-
ing [32, 33], we restrict our focus to SISO systems (𝑚 = 1), where
Ω𝑔(𝑡, 𝑥) ∶= 𝐿𝑔𝐿

𝜌1−1

𝑓
𝜙1(𝑡, 𝑥) and Γ𝑔(𝑡, 𝑥) = 𝐿𝑔𝐿

𝜎−1
𝑓
ℎ(𝑡, 𝑥) are both

scalar. For brevity, we refer to [32, 33] for conditions ensuring
switching FBL controllers result in an asymptotic approximate
tracking with a bounded tracking error based on the magni-
tude of the switching threshold. This work focuses on imple-
menting the switching strategy in the context of our state con-
strained FBL framework, where we apply a localised relative
degree (Definition 4) to augment the system, capturing con-
straints, and perform FBL controller synthesis.

Definition 4 (The 𝜀-Numerical Relative Degree Func-
tion). Given a system Σ = (𝑓, 𝑔, ℎ, 𝑥0) (Equation 3), a point
(𝑡, 𝑥) ∈ [𝑡0,∞) ×ℝ

𝑛, a differentiable function 𝜓 ∶ [𝑡0,∞) ×ℝ
𝑛
→

ℝ and a positive sequence {𝜀𝑖}
∞
𝑖=1 ⊂ (0,∞). We say the

𝜀-Numerical Relative Degree (𝜀-NRD) at (𝑡, 𝑥) is 𝜌̂ ∈ ℕ if the
following two conditions are satisfied:

(1) |𝐿𝑔𝐿𝑖𝑓𝜓(𝑡, 𝑥)| ≤ 𝜀𝑖 for 𝑖 ∈ {0, . . . , 𝜌̂ − 2}.

(2) |𝐿𝑔𝐿𝜌̂−1𝑓
𝜓(𝑡, 𝑥)| > 𝜀𝜌̂−1.

Note, when 𝜀𝑖 = 0 holds for all 𝑖 ∈ ℕ and when the two con-
ditions in Definition 4 are enforced globally for all (𝑡, 𝑥) ∈

[𝑡0,∞) ×ℝ
𝑛, the 𝜀-NRDbecomes equivalent to the relative degree

(Definition 1).

In the following subsections, we synthesise a tracking controller
following the exact same steps detailed in the previous sections,
replacing relative degrees with 𝜀-NRDs as follows:

1. Augment system Σ = (𝑓, 𝑔, ℎ, 𝑥0) (Equation (3)) to capture
constraints based on 𝜀-NRD, 𝜌̂.

2. Apply FBL to system Σ𝐼 (Equation (21)) based on 𝜀-NRD, 𝜎̂,
to find the FBL controller (44).

3. Sequentially use Equations (16) to remove the augmented
states in the FBL controller (44), obtaining a closed-loop
controller. Couple the integral states to the original ODE (4)
and implement the derived closed-loop system.

5.1 | Constraint Capture Using 𝜺-Numerical
Relative Degree

To address potential numerical invertibility issues caused by an
ill-defined relative degree when capturing state constraints, we
follow the same differentiation procedure as in Equations (9) and
(10), but now discard terms where the input is multiplied by a
coefficient smaller than a user defined 𝜀-threshold. The number

of derivatives required to ensure the coefficient of the input is suf-
ficiently large, that is, satisfying |𝐿𝑔𝐿𝑗−1𝑓

𝜙𝑘(𝑡, 𝑥)| > 𝜖𝑗 , matches
the 𝜌̂ in the 𝜖-NRD Definition 4, and varies with (𝑡, 𝑥).

At a given temporal state-space point (𝑡0, 𝑥0), and after neglecting
input-related terms smaller than the threshold, we obtain:

𝑑 𝜌̂𝑘

𝑑𝑡𝜌̂𝑘

(
𝜙𝑘(𝑡, 𝑥(𝑡)) +

1

2
𝑧2
𝑘
(𝑡)

)
≈
1

2

𝜌̂𝑘∑
𝑗=1

(
𝜌̂𝑘
𝑗

)
𝑧
(𝜌̂𝑘−𝑗)

𝑘
(𝑡)𝑧

(𝑗)

𝑘
(𝑡)

+ 𝑧𝑘(𝑡)𝑧
(𝜌̂𝑘)

𝑘
(𝑡) + 𝐿𝑔𝐿

𝜌̂𝑘−1

𝑓
𝜙𝑘(𝑡, 𝑥)𝑢(𝑡) + 𝐿

𝜌̂𝑘
𝑓
𝜙𝑘(𝑡, 𝑥). (36)

We overload our notation, 𝜌̂, to define the 𝜀-NRD Function,
𝜌̂ ∶ [𝑡0,∞) ×ℝ

𝑛
→ ℕ

𝑟, for each point in time and state space.
The 𝜖-NRD, 𝜌̂ = [𝜌̂1(𝑡0, 𝑥0), . . . , 𝜌̂𝑟(𝑡0, 𝑥0)]

⊤ ∈ ℕ
𝑟, is denoted as the

𝜀-NRD evaluated at (𝑡0, 𝑥0), which represents the current system
state.

Given a constraint 𝜙 ∈ ℝ
𝑟, similarly to Equation (12), we start by

extending the state space to capture the first component 𝜙1,

𝑥̂𝐴 ∶=

[
𝑥

̂̃𝑧

]
∈ ℝ

𝑛̂𝐴 (37)

where ̂̃𝑧 ∶= [𝑧1, . . . , 𝑧
(𝜌̂1(𝑡0 ,𝑥0)−1)
1 ]⊤ and 𝑛̂𝐴 = 𝑛 + 𝜌̂1(𝑡0, 𝑥0). Note,

the state space dimension now depends on a fixed temporal space
coordinate (𝑡0, 𝑥0). For SISO systems, we are only able to capture a
single state constraint at a time, for other state components 𝑘 > 1,
we later sequentially capture according to Section 3.2.

In the same manner as Equation (11), we set the RHS of
Equation (36) to zero, startingwith 𝑘 = 1 (and then later for 𝑘 > 1
during sequential augmentation). We solve the resulting system
of equations to derive a controller as a function of the pseudo

input, 𝑤̂(𝑡) = 𝑧
(𝜌̂𝑘(𝑡0 ,𝑥0))

1 (𝑡):

û(𝑡0 ,𝑥0)(𝑡, 𝑥̂𝐴) = −Ω̂
−1

𝑔
(𝑡, 𝑥)

(
Ω̂𝑓 (𝑡, 𝑥) +𝐷(𝑧)𝑤̂(𝑡)

)
, (38)

where Ω̂𝑔(𝑡, 𝑥) = 𝐿𝑔𝐿
𝜌̂1(𝑡0 ,𝑥0)−1

𝑓
𝜙1(𝑡, 𝑥), Ω̂𝑓 (𝑡, 𝑥) = 𝐿

𝜌̂1(𝑡0 ,𝑥0)

𝑓
𝜙1(𝑡, 𝑥)

and 𝐷(𝑧) = 𝑧1. Note, Equation (38) is well defined within
a neighbourhood centred at (𝑡0, 𝑥0) since |Ω𝑔(𝑡0, 𝑥0)| =
|𝐿𝑔𝐿𝜌̂1(𝑡0 ,𝑥0)−1𝑓

𝜙1(𝑡0, 𝑥0)| > 𝜖𝜌̂1−1 follows from the definition of
the 𝜀-NRD. Hence, Ω𝑔(𝑡0, 𝑥0) is invertible.

Given a point (𝑡0, 𝑥0) and a threshold 𝜀, we construct an
augmented system by extending the state space according
to Equation (37) and substituting the input according to
Equation (38) to derive the system,

Σ̂𝐴 = (𝑓𝐴, 𝑔̂𝐴, ℎ̂𝐴, 𝑥̂𝐴(𝑡0)). (39)

Although the system Σ̂𝐴 given in Equation (39) has the same
structure as the augmented system Σ𝐴 in Equation (14), we use
hat notation here to emphasise that Σ̂𝐴 is constructed based on
the 𝜀-NRD (Definition 4, which depends on a local point (𝑡0, 𝑥0)
and threshold 𝜀), rather than the relative degree (Definition 1).

Analogous to Definition 2 we next define this augmentation
transformation based on the 𝜀-NRD:
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Definition 5. Given a system Σ = (𝑓, 𝑔, ℎ, 𝑥0) (Equation 3),
a constraint 𝜙 ∈ 𝐶∞([𝑡0,∞) ×ℝ

𝑛,ℝ) a local point (𝑡0, 𝑥0) and
threshold 𝜀 we define the following system augmentation map

̂ 𝜙,𝜀,(𝑡0 ,𝑥0)
(Σ) = Σ̂𝐴

where Σ̂𝐴 = (𝑓𝐴, 𝑔̂𝐴, ℎ̂𝐴, 𝑥̂𝐴(𝑡0)) is defined in Equation (39).

After constructing Σ̂𝐴 using state constraint capture, analogous
to Section 3.1, we perform the operator 𝛽 (⋅) from Definition 3

on system Σ̂𝐴 to obtain an integral augmented system Σ̂𝐼 =

(𝑓 𝐼 , 𝑔̂𝐼 , ℎ̂𝐼 , 𝑥̂𝐼 (𝑡0)), where state space is given by

𝑥̂𝐼 ∶=

[
𝑥̂𝐴

𝜉

]
∈ ℝ

𝑛̂𝐴+𝑟. (40)

Recall that if 𝑟 = 1, 𝜉 = 𝜉1 ∈ ℝ evolves according to the FBL con-
troller via ODE (23) but the state space is updated to 𝑥̂𝐼 . Sub-
stituting the integral control 𝑤̂ = 𝑠𝛽 (𝜉1) (Equation 18) into the
feedback controller (Equation 38), we derive the following feed-
back controller based on 𝜀-NRD about (𝑡0, 𝑥0):

û(𝑡0 ,𝑥0)(𝑡, 𝑥̂𝐼 ) = Ω̂
−1

𝑔
(𝑡, 𝑥)

(
Ω̂𝑓 (𝑡, 𝑥) +𝐷(𝑧)𝑠𝛽 (𝜉1)

)
. (41)

If the dimension of the constraint is greater than one, 𝑟 > 1, anal-
ogous to Section 3.1, we sequentially capture the remaining com-
ponents 𝜙2, . . . , 𝜙𝑟. The complete augmentation process is given
by Σ̂𝐼 = 𝛽 (̂ 𝜙𝑟

( . . .𝛽(̂ 𝜙1
(Σ)) . . . )). Then, the FBL controller is

coupled to 𝜉1 via an 𝑟 layers of ODEs analogous to (23).

If the 𝜀-NRD changes along the system trajectory, we will need to
update the controller used in Equation (41). We detect changes
in the 𝜀-NRD by collecting the previously computed Lie deriva-
tives and monitoring whether individual components pass the 𝜀
defined threshold. To this end, we define:

𝜔𝑘,(𝑡0 ,𝑥0)(𝑡, 𝑥) ∶=

[
|𝐿𝑔𝐿0𝑓𝜙𝑘(𝑡, 𝑥)|, . . . , |𝐿𝑔𝐿𝜌̂𝑘(𝑡0 ,𝑥0)−1𝑓

𝜙𝑘(𝑡, 𝑥)|
]

(42)

For brevity in Equation (42) we have abused notation and
ignored integral states, 𝜉1, . . . , 𝜉𝑘−1, dependencies when 𝑘 > 2.
This dependency occurs due to sequential augmentation, where
we treat the integral augmented system as the base system for the
next augmentation, and introduce a new integral state in each
augmentation.

Our method for capturing state constraints by numerically
sequentially augmenting a system about (𝑡0, 𝑥0) is summarised in
Algorithm 1.

5.2 | FBL with 𝜺-Numerical Relative Degree

Following the same approach used in Section 5.1 for constraint
capture, we now adapt classical FBL (Section 4.1) by replacing
the relative degree (Definition 1) with the 𝜖-NRD (Definition 4).
Lie derivatives are stored to detect changes in the local 𝜖-NRD
and to update the controller accordingly.

ALGORITHM 1 | Sequential constraint capture.

Input: System Σ (3), Constraints 𝜙 (25), Threshold 𝜀, Integration Bound 𝛽

Current system state (𝑡0, 𝑥0).

Output: System Σ̂𝐼 (21),

Lie derivatives {𝜔𝑘,(𝑡0 ,𝑥0)}
𝑟
𝑘=1

(42).

1: Σ̂𝐴 = ̂ 𝜙1 ,𝜀,(𝑡0 ,𝑥0)
(Σ) obtaining 𝜔1,(𝑡0 ,𝑥0)

⊳ ̂ from Definition 5

2: Σ̂𝐼 = 𝛽 (Σ̂𝐴) ⊳ 𝛽 from Definition 3.

3: for 𝑘 ∈ {2,… , 𝑟} do

4: Σ̂𝐴 = ̂ 𝜙𝑘 ,𝜀,(𝑡0 ,𝑥0)
(Σ̂𝐼 )obtaining 𝜔𝑘,(𝑡0 ,𝑥0)

5: Σ̂𝐼 = 𝛽 (Σ̂𝐴)

6: end for

Taking time derivatives of the tracking error, as described in
Equations (27), and ignoring terms with magnitude less than
𝜀𝑖 > 0multiplied by the input around a given point (𝑡0, 𝑥0), we get:

𝐸(𝜎̂)(𝑡) ≈𝐿𝜎̂
𝑓
ℎ(𝑡, 𝑥) + 𝐿𝑔𝐿

𝜎̂−1
𝑓
ℎ(𝑡, 𝑥)𝑢(𝑡) − 𝑦(𝜎̂)

𝑟
(𝑡), (43)

where 𝜎̂ = 𝜎̂(𝑡0, 𝑥0) denotes the 𝜀-NRD of the output map at eval-
uated (𝑡0, 𝑥0).

Now, following the same process used to derive the FBL con-
troller given in Equation (30) but using the approximated deriva-
tive of the tracking error given in Equation (43), we derive the
following FBL controller associated with the point (𝑡0, 𝑥0),

𝑤̂(𝑡0 ,𝑥0)
(𝑡, 𝑥) = −Γ̂𝑔(𝑡, 𝑥)

−1
(
Γ̂𝑓 (𝑡, 𝑥) − Γ̂𝑟(𝑡) + 𝜈̂(𝑡)

)
, (44)

where Γ̂𝑔(𝑡, 𝑥) = 𝐿𝑔𝐿
𝜎̂(𝑡0 ,𝑥0)−1

𝑓
ℎ(𝑡, 𝑥), Γ̂𝑓 (𝑡, 𝑥) = 𝐿

𝜎̂(𝑡0 ,𝑥0)

𝑓
ℎ(𝑡, 𝑥),

Γ̂𝑦𝑟 (𝑡) = 𝑦
(𝜎̂(𝑡0 ,𝑥0))
𝑟 (𝑡0, 𝑥0) and 𝜈̂(𝑡) is the “virtual” input.

To detect changes in the 𝜀-NRD during implementation, we col-
lect the Lie derivatives in the following row vector:

𝛾(𝑡0 ,𝑥0)(𝑡, 𝑥) ∶=

[
|𝐿𝑔𝐿0𝑓ℎ(𝑡, 𝑥)|, . . . , |𝐿𝑔𝐿𝜎̂(𝑡0 ,𝑥0)−1𝑓

ℎ(𝑡, 𝑥)|
]
. (45)

We use 𝜔𝑘,(𝑡0 ,𝑥0)(𝑡, 𝑥) (Equation 42) and 𝛾(𝑡0 ,𝑥0) (Equation 45) to
form switching sets to detect the change of 𝜀-NRDs, with details
presented in Section 5.3 with Equations (46) and (47). If the
𝜀-NRD changes, then we must update Equation (43) and synthe-
sise a new FBL controller based on the current temporal and state
space coordinates. We have summarised how to numerically syn-
thesise such an FBL for a given state (𝑡0, 𝑥0) and threshold 𝜀 for a
general SISO system Σ in Algorithm 2.

5.3 | Controller Implementation

Eliminating Augmented States in Controller Design: For
practical implementation, it is preferable for controllers to act
directly on the original system rather than an augmented system.
Although the augmented states introduced during our proposed
controller synthesis method are algebraically dependent on the
original states and hence require no additional measurements to
evaluate, we eliminate these auxiliary variables to simplify imple-
mentation. Our controller is thus reformulated purely in terms of
the original system and integral states.
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ALGORITHM 2 | The FBL controller synthesis.

Input: System Σ (3), System Poles 𝜆̄, Threshold 𝜀,

Current system state (𝑡0, 𝑥0).

Output: Controller 𝑤̂(𝑡0 ,𝑥0)
(44),

Lie derivatives 𝛾(𝑡0 ,𝑥0) (45).

1: For ODE (4), take 𝜀-NRD, 𝜎̂(𝑡0, 𝑥0) (Definition 4),

derivatives of the tracking error, 𝐸, as in

Eq. (43) and obtain 𝛾(𝑡0 ,𝑥0) from Eq. (45).

2: Construct the linearised tracking error

dynamics (32).

3: Compute the virtual input 𝜈̂ using pole placement

by equating coefficients of the characteristic

equation of the linearised error dynamics

in Eq. (32).

4: Compute the FBL controller, 𝑤̂(𝑡0 ,𝑥0)
, using Eq. (44).

Given a system Σ (3) with state constraints 𝜙 (25), a feasible ini-
tial point (𝑡0, 𝑥0), and a threshold 𝜀 > 0, our controller synthesis
proceeds in three stages. First, we apply Algorithm 1 to sequen-
tially encode the constraints, yielding an integral-augmented sys-
tem Σ̂𝐼 and an associated feedback controller û(𝑡0 ,𝑥0)(41), which
depends on a virtual input to be determined next via FBL. Sec-
ond, we invoke Algorithm 2 to perform FBL on Σ̂𝐼 , obtain-
ing a controller 𝑤̂(𝑡0 ,𝑥0)

(44). Finally, using Equations (16), we
sequentially eliminate all augmented states, 𝑧̃, in 𝑤̂(𝑡0 ,𝑥0)

(𝑡, 𝑥̂𝐼 )

(Equation (44)) and û(𝑡0 ,𝑥0)(𝑡, 𝑥̂𝐼 ) (Equation (41)) producing
the controllers 𝜋(𝑡0 ,𝑥0) ∶ [0,∞) ×ℝ

𝑛+𝑟
→ ℝ

𝑚 and û(𝑡0 ,𝑥0)(𝑡, [𝑥, 𝜉]),
which depend only on the original and integral states.

Unlike the algebraic relations in Equation (16), which allow
direct substitution of the augmented states 𝑧̃, the integral state
𝜉 evolves according to its own nonlinear ODE (23) and therefore
remains part of the closed-loop system. This ODE depends only
on 𝜉 and the original system state 𝑥, but in general it cannot be
solved analytically, preventing the elimination of 𝜉 from the con-
troller. Consequently, the controller possesses internal dynamics
in 𝜉, a standard feature of integral control, where the state accu-
mulates information over time. The dynamics of 𝜉, with its initial
value 𝜉0 determined explicitly from 𝑥0 via Equation (24), are thus
coupled with the original ODE (4) in which the synthesised con-
trollers 𝜋(𝑡0 ,𝑥0) and û(𝑡0 ,𝑥0) are implemented. We will next see the
implementation details of the controllers in Example 1.

Controller Switching Based on 𝜖-NRD Changes: During
closed-loop simulation, as the state evolves, the 𝜖-NRDs may
change, necessitating an update of the controller. To detect
these changes, we use the outputted Lie derivatives {𝜔𝑘,(𝑡0 ,𝑥0)}

𝑟
𝑘=1

(Equation 42) from Algorithm 1 and 𝛾(𝑡0 ,𝑥0) (Equation 45) from
Algorithm 2, to define the sets

𝐶1 ∶=

𝑟⋂
𝑘=1

{
(𝑡, 𝑥, 𝜉) ∶ [𝜔𝑘,(𝑡0 ,𝑥0)(𝑡, [𝑥, 𝜉])]𝑖 < 𝜖𝑖 for

1 ≤ 𝑖 ≤ 𝜌̂𝑘(𝑡0, 𝑥0) − 1, and

[𝜔𝑘,(𝑡0 ,𝑥0)(𝑡, [𝑥, 𝜉])]𝜌̂𝑘(𝑡0 ,𝑥0) ≥ 𝜖𝜌̂𝑘(𝑡0 ,𝑥0)
}
,

𝐶2 ∶=
{
(𝑡, 𝑥, 𝜉) ∶ [𝛾(𝑡0 ,𝑥0)(𝑡, [𝑥, 𝜉])]𝑖 < 𝜖𝑖 for 1 ≤ 𝑖 ≤ 𝜎̂(𝑡0, 𝑥0)

−1, and [𝛾(𝑡0 ,𝑥0))(𝑡, [𝑥, 𝜉])]𝜎̂(𝑡0 ,𝑥0) ≥ 𝜖𝜎̂(𝑡0 ,𝑥0)
}
. (46)

The controller remains valid while 𝜖-NRDs remains constant:

(𝑡, [𝑥(𝑡), 𝜉(𝑡)]) ∈ 𝐶1 ∩ 𝐶2,

and a switch is triggered when a change in the 𝜖-NRD is detected,
that is:

(𝑡, [𝑥(𝑡), 𝜉(𝑡)]) ∉ 𝐶1 ∩ 𝐶2. (47)

When a switch is activated, Algorithms 1 and 2 are executed to
synthesise a new controller based on the current temporal state
coordinate (𝑡, 𝑥(𝑡)). Since controller synthesis entails some com-
putation, in practice, it is best to leverage memory storage to
retain previously computed controllers indexed by their 𝜀-NRD.
When the system enters a region of the state space where the
𝜖-NRD matches a previously encountered value, we retrieve the
corresponding precomputed controller frommemory rather than
synthesising a new one.

5.4 | Selection of Controller Synthesis
Parameters

Parameters threshold 𝜀, the integration bound 𝛽, and the system

poles 𝜆, are required for Algorithms 1 and 2. In practice, a grid
search may be used to select the controller parameters that yield
the desired performance. We next provide some guidelines on
why you should not select these parameters to be too large or too
small.

1. The switching region (the compliment of 𝐶1 ∩ 𝐶2 from
Equation (46)) is a function of the threshold 𝜀. Increasing
𝜀 shrinks 𝐶1 ∩ 𝐶2, which increases the size of the switch-
ing region. By the same logic, decreasing 𝜀 reduces the
size of the switching region. Selecting a small 𝜀 threshold
gives a small switching region, requiring a small numeri-
cal ODE step size to avoid inadvertently jumping too far in
the direction of the vector field, causing constraint violation.
Small numerical step size implies that the implementation
of the controller on a physical system requires a high sen-
sor refresh rate. On the other hand, selecting a 𝜀-threshold
that is too large results in significant approximation errors
when evaluating 𝜀-NRDs (Definition 4), and may eventu-
ally degrade the performance of the controller (see [32] that
provides a bound on asymptotic tracking error depending
on the magnitude of 𝜀 threshold).

2. Lemma 2 demonstrates that the integration bound 𝛽 depend
on Γ𝑔𝐼 linearly, where Γ𝑔𝐼 is defined in Corollary 1. Thus, 𝛽
is selected not to be too small to improve the invertibility
of Γ𝑔𝐼 . At the same time, 𝛽 should not be chosen too large,
considering the controller effort, which increases with 𝛽 as
seen in Equation (22).

3. If the real parts of the poles of a linear system are selected
as negative, then it is well known that the system is expo-
nentially stable. In the context of ODE (32), this means that
the tracking error, as well as the tracking error time deriva-
tives, exponentially tend to zero. Poles can be adjusted so
that criteria such as settling time, percentage overshoot, etc.,
are within a specified range. In general, poles placed further
to the left on the real axis result in faster convergence but
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greater overshoot. We present a numerical experiment with
different pole placement schemes in Example 1.

6 | Numerical Experiments

Wenext provide two numerical examples to demonstrate our pro-
posed FBL algorithm with state constraints. In the first example,
we will manually derive the analytical controller to illustrate
the algorithm. In the second numerical example, the algorith-
mic steps are carried out usingMatlab’s symbolic toolbox. In both
examples, after the controller is synthesised, the closed-loop sys-
tem is simulated using Matlab’s ODE solver.

Example 1 (Illustrative Example). Let us consider the fol-
lowing problem adapted from [31],

Find 𝑢 such that lim
𝑡→∞

||𝑦(𝑡) − 𝑦𝑟(𝑡)||2 = 0 where,

[
𝑥̇1(𝑡)

𝑥̇2(𝑡)

]
=

[
𝑥2(𝑡)

− 𝑥2(𝑡)

]
+

[
0

1

]
𝑢(𝑡), 𝑥(0) =

[
0

− 2

]

𝑦(𝑡) = 𝑥1(𝑡) with 𝑦𝑟(𝑡) = 0

𝜙(𝑡, 𝑥(𝑡)) ∶= 𝑥1(𝑡) − 8(𝑡 − 0.5)2 + 0.5 ≤ 0. (48)

We first executeAlgorithm1 to augment the state space capturing
𝜙(𝑡, 𝑥) ≤ 0. This necessitates the introduction of a slack variable,
𝑧(𝑡), and for us to compute the 𝜀-NRD of the constraint function
as in Equation (36):

𝑑0

𝑑𝑡0

(
𝜙(𝑡, 𝑥(𝑡)) +

1

2
𝑧(𝑡)2

)
= 𝑥1(𝑡) − 8(𝑡 − 0.5)2 + 0.5 +

1

2
𝑧(𝑡)2

𝑑

𝑑𝑡

(
𝜙(𝑡, 𝑥(𝑡)) +

1

2
𝑧(𝑡)2

)
= 𝑥2(𝑡) − 16(𝑡 − 0.5) + 𝑧(𝑡)𝑧(1)(𝑡)

𝑑2

𝑑𝑡2

(
𝜙(𝑡, 𝑥(𝑡)) +

1

2
𝑧(𝑡)2

)
= 𝑢(𝑡) − 𝑥2(𝑡) − 16 + 𝑧(1)(𝑡)2 + 𝑧(𝑡)𝑧(2)(𝑡).

(49)

It is clear from Equation (49) that the relative degree
(Definition 1) and the 𝜀-NRD (Definition 4) of the constraint
function both correspond to 𝜌 = 2 when 0 < 𝜀1 < 1. Define our
augmented states as 𝑧̃(𝑡) ∶= [𝑧(𝑡), 𝑧(1)(𝑡)]⊤ and pseudo input
as 𝑤(𝑡) = 𝑧(2)(𝑡), we can set the RHS of Equation (49) to zero
to derive the algebraic relationship between the original and
augmented states that is also given for the general case in
Equations (16) as well as the relationship between the original
system input and augmented input given in Equation (13):

𝑧̃1 =
√
16(𝑡 − 0.5)2 − 2𝑥1 − 1,

𝑧̃2 =
16𝑡 − 𝑥2 − 8

𝑧̃1
=

16𝑡 − 𝑥2 − 8√
16(𝑡 − 0.5)2 − 2𝑥1 − 1

, (50)

𝑢 = 𝑥2 + 16 − 𝑧̃22 − 𝑧̃1𝑤. (51)

We next augment the state space to include 𝑧̃, find the initial con-
ditions of the slack variables using Equations (50) and introduce
integral controller structure (𝑤 = 𝑠𝛽 (𝜉)with 𝜉̇(𝑡) = 𝑤̃(𝑡)) to derive

a system of the same form as Σ𝐼 in Equation (21) with state space
𝑥𝐼 ∶= [𝑥1, 𝑥2, 𝑧̃1, 𝑧̃2, 𝜉]

⊤:

𝑥̇𝐼 (𝑡) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

𝑥2(𝑡)

16 − 𝑧̃2(𝑡)
2 − 𝑧̃1(𝑡)𝑠𝛽 (𝜉(𝑡))

𝑧̃2(𝑡)

𝑠𝛽 (𝜉(𝑡))

0

⎤⎥⎥⎥⎥⎥⎥⎥⎦

+

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0

0

0

0

1

⎤⎥⎥⎥⎥⎥⎥⎥⎦

𝑤̃(𝑡), (52)

𝑥𝐼 (0) =
[
0, −1,

√
3, − 7

3

√
3, log

(
3𝛽+2

√
3

3𝛽−2
√
3

)]⊤

𝑦(𝑡) = 𝑥1(𝑡) with 𝑦𝑟(𝑡) = 0. (53)

We now execute Algorithm 2 to compute an FBL controller for
the integral augmented system given in Equation (52). To do this,
we first take time derivatives of the system output until the input
first appears as in Equation (43):

𝑑3

𝑑𝑡3
𝑦(𝑡) = −3𝑧̃2(𝑡)𝑠𝛽 (𝜉(𝑡)) − 𝑧̃1(𝑡)𝑠

′
𝛽
(𝜉(𝑡))𝑤̃(𝑡), (54)

where 𝑠′
𝛽
(𝜉(𝑡)) ∶=

𝜕

𝜕𝜉
𝑠𝛽,𝑖(𝜉(𝑡)) =

2𝛽𝑒−𝜉(𝑡)

(𝑒−𝜉(𝑡)+1)2
.

Hence, the 𝜀-NRDof the systemoutput is 3 in the region {(𝑡, 𝑥𝐼 ) ∈
[𝑡0,∞) ×ℝ

5 ∶ |𝑧̃1𝑠′𝛽 (𝜉)| > 𝜀2}. The stacked Lie derivatives from

Equation (45) can also be stored as follows, 𝛾 = [0, 0, |𝑧̃1𝑠′𝛽 (𝜉)|]⊤.
While |𝑧̃1𝑠′𝛽 (𝜉)| > 𝜀2 the FBL controller is given by

𝑤̃(𝑡, 𝑥𝐼 ) = −
1

𝑧̃1𝑠
′
𝛽
(𝜉)

(3𝑧̃1𝑠
′
𝛽
(𝜉) + 𝜈(𝑡, 𝑥𝐼 )), (55)

where 𝜈 is the virtual input designed to stabilise the linearised sys-
tem. Selecting poles 𝜆 ∈ (−∞, 0)3, the gains of the linearised sys-
tem are determined by ensuring thematrix given in Equation (34)
has eigenvalues equal to the selected poles. For this example
this is equivalent to finding 𝜆3 +𝐾3𝜆

2 +𝐾2𝜆 +𝐾1 = (𝜆 − 𝜆1)(𝜆 −

𝜆2)(𝜆 − 𝜆3) leading to gains of

𝐾1 = −𝜆1𝜆2𝜆3

𝐾2 = 𝜆1𝜆2 + 𝜆1𝜆3 + 𝜆2𝜆3

𝐾3 = −𝜆1 − 𝜆2 − 𝜆3. (56)

The virtual input is then given by 𝜈(𝑡, 𝑥𝐼 ) = −𝐾[𝑦, 𝑦̇, 𝑦̈]⊤ =

−[𝐾1, 𝐾2, 𝐾3][𝑥1, 𝑥2, 16 − 𝑧̃
2
2
− 𝑧̃1𝑠𝛽 (𝜉)]

⊤.

We now synthesise the controller 𝜋 by substituting 𝜈 into the FBL
controller 𝑤̃ (55) and eliminating the augmented slack variables
using Equations (50), we derive a closed-loop controller 𝜋 that
only depends on 𝑡, 𝑥 and 𝜉:

𝜋(𝑡, [𝑥, 𝜉]) =
−1

𝑠′
𝛽
(𝜉(𝑡))

√
16(𝑡 − 0.5)2 − 2𝑥1(𝑡) − 1

×

(
3
√
16(𝑡 − 0.5)2 − 2𝑥1(𝑡) − 1𝑠′

𝛽
(𝜉(𝑡))

−𝐾

[
𝑥1(𝑡), 𝑥2(𝑡), 16 −

(16𝑡 − 𝑥2(𝑡) − 8)2

16(𝑡 − 0.5)2 − 2𝑥1(𝑡) − 1

−𝑠𝛽 (𝜉(𝑡))
√
16(𝑡 − 0.5)2 − 2𝑥1(𝑡) − 1

]⊤)
, (57)
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FIGURE 4 | Figures associated with Examples 1 and 2 showing the 3D visualisation of switching regions and produced output trajectories.

(a) Output trajectories for Example 1. (b) 3D visualisation of switching regions for Example 1. (c) Output trajectories for Example 2.

where 𝐾 ∈ ℝ
3 is given in Equation (56).

We also substitute the Equations (50) into the original system
input (51) to remove the augmented slack variables,

𝑢(𝑡, [𝑥, 𝜉]) = 𝑥2 + 16 −
(16𝑡 − 𝑥2 − 8)2

16(𝑡 − 0.5)2 − 2𝑥1 − 1

− 𝑠𝛽 (𝜉)
√
16(𝑡 − 0.5)2 − 2𝑥1 − 1, (58)

recalling the integral control 𝑤 = 𝑠𝛽 (𝜉).

Coupling the integral state 𝜉 to the original ODE and substituting
the closed-loop controller 𝜋(𝑡, [𝑥, 𝜉]) (57) and the original system
input 𝑢(𝑡, [𝑡, 𝜉]) (58),

We eventually derive the following closed-loop implementation
ODE, which is sent to Matlab’s ODE solver later for solving.

⎡⎢⎢⎢⎣

𝑥̇1(𝑡)

𝑥̇2(𝑡)

𝜉̇(𝑡)

⎤⎥⎥⎥⎦
=

⎡⎢⎢⎢⎣

𝑥2(𝑡)

− 𝑥2(𝑡)

𝜋(𝑡, [𝑥(𝑡), 𝜉(𝑡)])

⎤⎥⎥⎥⎦
+

⎡⎢⎢⎢⎣

0

1

0

⎤⎥⎥⎥⎦
𝑢(𝑡, [𝑥, 𝜉]).

Note that the controller 𝜋 given in Equation (58) is only valid
when the switching condition given in Equation (47) is not
triggered. For this system the calculated Lie derivatives were
𝛾 = [0, 0, |𝑧̃1𝑠′𝛽 (𝜉)|]. Therefore, using the algebraic relationship
between the augmented states and the original states given in
Equations (50), the switching is activated for this particular
problem whenever the trajectory satisfies

|||𝑧̃1𝑠
′
𝛽
(𝜉)

||| =
|||𝑠

′
𝛽
(𝜉)

√
16(𝑡 − 0.5)2 − 2𝑥1 − 1

||| ≤ 𝜀2. (59)

When the trajectory enters the switching region (states satisfying
Equation 59), the 𝜀-NRD increases beyond three. This necessi-
tates synthesising a new FBL controller based on the updated
𝜀-NRD at the current state. In this region, input coefficients less
than 𝜀𝑖 are assumed to be negligible. Thus the output deriva-

tive simplifies to 𝑑3

𝑑𝑡3
𝑦(𝑡) ≈ −3𝑧̃2(𝑡)𝑠𝛽 (𝜉(𝑡)), which now involves

no input terms. Thus, higher-order derivatives of the output are
required for the input to appear and for an FBL controller to be
derived. For brevity, we omit the full derivation, as it mirrors that
of Equation (58).

To illustrate the influence of pole placement on controller perfor-
mance, we performed numerical experiments usingAlgorithms 1

and 2 to synthesise closed-loop controllers for different pole
locations. The resulting simulations of system trajectories are
shown in Figure 4a. Each simulation applied the derived con-
troller to the system while monitoring the switching sets from
Equation (46), which simplifies to Equation (59) in this example.
Whenever a change in the 𝜀-NRD was detected, the controller
was re-synthesised about the current state trajectory using the
same procedure. The parameters were fixed as 𝛽 = 100 and 𝜀 =
[0.01, . . . , 0.01]⊤, with poles assigned either to −2.9 or −8.

Since all poles are negative, both controllers are expected to
achieve asymptotic tracking. However, placing poles further left
on the real axis typically results in faster convergence at the
expense of potentially worse transient behaviour. Figure 4a con-
firms this: both trajectories respect the constraint and achieve
successful asymptotic tracking. The controller with poles at −2.9
(blue curve) applied the controller given in Equation (58) exactly
throughout, without requiring any switching. In contrast, the
controller with poles at −12 (red curve) achieved faster con-
vergence but approached the constraint boundary, triggering a
change in the 𝜀-NRD and a subsequent re-synthesis of the con-
troller around the affected state.

In a second numerical experiment of this example, we visualise
the regions where the 𝜀-NRD changes, the switching regions of
our FBL controllers. For this example, the switching region is
derived analytically in Equation (59). Tomake these regionsmore
visible, we select parameters 𝛽 = 1 and 𝜀 = [0.2, . . . , 0.2]⊤. The
resulting plot in Figure 4b shows that the 𝜀-NRD remains mostly
constant at three, except near the boundary of the state con-
straint set. This behaviour is consistent with Corollary 1 (found
in the appendix), which shows that the relative degree becomes
ill-defined on the constraint boundary.

Example 2. Let us consider the following constrained non-
linear tracking problem with a time-varying reference,

Find 𝑢 such that lim
𝑡→∞

||𝑦(𝑡) − 𝑦𝑟(𝑡)||2 = 0 where,

⎡
⎢⎢⎢⎣

𝑥̇1(𝑡)

𝑥̇2(𝑡)

𝑥̇3(𝑡)

⎤
⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎣

10(𝑥1(𝑡) − 𝑥2(𝑡))

28𝑥1(𝑡) − 𝑥2(𝑡) − 𝑥1(𝑡)𝑥3(𝑡)

𝑥1(𝑡)𝑥2(𝑡) −
8

3
𝑥3(𝑡)

⎤
⎥⎥⎥⎦
+

⎡
⎢⎢⎢⎣

0

1

0

⎤
⎥⎥⎥⎦
𝑢(𝑡), 𝑥(0) =

⎡
⎢⎢⎢⎣

0.1

1

16

⎤
⎥⎥⎥⎦

𝑦(𝑡) = 𝑥2(𝑡) with 𝑦𝑟(𝑡) = 0.6(sin(2𝑡) − cos(2𝑡))

𝜙(𝑡, 𝑥) = [𝜙1(𝑡, 𝑥), 𝜙2(𝑡, 𝑥)]
⊤ = [−𝑥2 − 1, 𝑥2 − 1.5]⊤ ≤ 0. (60)
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The tracking problem given in Equations (60) is a SISO system,

however, it has multiple constraints requiring sequential aug-

mentation (see Section 3.2).

Numerical experiments were conducted using an integral

parameter of 𝛽 = 100, 𝜀-NRD threshold parameter of 𝜀 =

[0.01, . . . , 0.01] and positioning the poles at −0.3. By initialis-

ing the feedback controller to have zero initial value according

to Equation (24), the initial condition of the integral states was

found to be 𝜉(0) = [𝜉1(0), 𝜉2(0)]
⊤ = [0.002,−0.001]⊤. We execute

Algorithms 1 and 2 to synthesise controllers and simulate the

closed-loop system.During simulation, wemonitor the switching

condition in Equation (47). When triggered, we re-execute two

algorithms to synthesise a new controller, switch to the updated

system, and continue the simulation, again tracking the switch-

ing condition.

For comparison, we also applied the classical FBL controller from

Section 4.1, using the same poles and parameters but ignoring the

state constraint (without augmenting the system at all). Figure 4c

shows the trajectories generated by the two controllers. The con-

strained switching controller (red) respects the feasible region

𝜙(𝑡, 𝑥) ≤ 0, remaining entirely outside the shaded area, while still

achieving asymptotic tracking of the reference signal 𝑦𝑟(𝑡). In con-

trast, the classical FBL controller (green) exhibits a significant

overshoot early on, violating the constraint.

7 | Conclusion

In this paper, we introduced a state augmentation procedure

and an integral controller structure modification to incorporate

state constraints within the FBL framework. We demonstrated

that the augmented system exhibits an ill-defined relative degree

at the boundary of the original system’s state constraints. To

address this challenge and enable the application of FBL, we

proposed a switching condition based on a locally valid relative

degree, facilitating controller synthesis as we approach the region

along the boundary of the state constraint. The proposed method

enhances the practical applicability of FBL for systems with state

constraints, as illustrated by our numerical experiments. Future

workwill explore ways to extend our switching framework to sys-

tems with multiple inputs and multiple outputs.
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Appendix A

This appendix provides the technical analysis supporting the discussion
in Section 4.2.

Ill-Defined Relative Degree in Augmented Systems Along Con-
straint Boundaries: For the augmented dynamics, Σ𝐴, defined by

Equation (14), with state space 𝑥𝐴 ∶=

[
𝑥

𝑧̃

]
∈ ℝ

𝑛𝐴 from Equation (12), we

show in the following proposition that the matrix Γ𝑔𝐴 (𝑡, 𝑥𝐴) is not invert-
ible whenever 𝑧𝑖 = 0 for some 𝑖 ∈ {1, . . . 𝑟}, recalling 𝑧𝑖 is a constraint
slack variable defined in Equation (8). This result can be interpreted
as Γ𝑔𝐴 (𝑡, 𝑥𝐴) is not invertible whenever the original (non-augmented)
system’s trajectory enters the boundary of the state constraint, that is
𝑍(𝑡) ∶= −𝜙(𝑡, 𝑥(𝑡)) = 0. This, in turn, shows that the definition of Relative
Degree (Definition 1) is ill-defined for the augmented dynamics Σ𝐴, that

is 𝐿𝑔𝐴𝐿
𝜎𝑘−1

𝑓𝐴
ℎ𝑘(𝑡, 𝑥𝐴) may be non-zero in some regions of the state space

but zero in others.

Proposition 1 (FBL is Incompatible with Augmentation). Consider the
augmented system Σ𝐴 defined in Equation (14) with state space 𝑥𝐴 ∶=[
𝑥

𝑧̃

]
∈ ℝ

𝑛𝐴 from Equation (12). Suppose there exists 𝜎 ∈ ℕ
𝑚 such that

𝐿𝑔𝐴𝐿
𝑖−1
𝑓𝐴
ℎ𝑘(𝑡0, 𝑥𝐴(𝑡0)) ≡ 0 for all 1 ≤ 𝑘 ≤ 𝑚 and 1 ≤ 𝑖 ≤ 𝜎𝑘 − 1.

𝐿𝑔𝐴𝐿
𝜎𝑘−1

𝑓𝐴
ℎ𝑘(𝑡0, 𝑥𝐴(𝑡0)) ≠ 0 for all 1 ≤ 𝑘 ≤ 𝑚. (A1)

Then the matrix Γ𝑔𝐴 (𝑡, 𝑥𝐴) ∈ ℝ
𝑚×𝑚 defined as

Γ𝑔𝐴 (𝑡, 𝑥𝐴) ∶= [𝐿𝑔𝐴𝐿
𝜎1−1

𝑓𝐴
ℎ1(𝑡, 𝑥𝐴)

⊤, . . . , 𝐿𝑔𝐴𝐿
𝜎𝑚−1

𝑓𝐴
ℎ𝑚(𝑡, 𝑥𝐴)

⊤]⊤

does not have full column rank when 𝑧𝑖 = 0 for any 𝑖 ∈ {1, . . . 𝑟}.

Proof. For any 𝑙 ∈ {1, . . . , 𝑚} we first prove by induction that
𝐿𝑖
𝑓𝐴
ℎ𝑙(𝑡, 𝑥𝐴) is independent of the augmentation/slack variables

𝑧̃ ∶= [𝑧1, . . . , 𝑧
(𝜌1−1)
1 , . . . , 𝑧𝑟, . . . , 𝑧

(𝜌𝑟−1)
𝑟 ]⊤ for 𝑖 ∈ {0, . . . 𝜎𝑙 − 1}.

For the case 𝑖 = 0 we have 𝐿0
𝑓𝐴
ℎ𝑙(𝑡, 𝑥𝐴) = ℎ𝑙(𝑡, 𝑥) and therefore is trivially

independent of the augmentation variables. Assuming that this holds
for 𝑖 − 1 we next prove that it holds for 𝑖. For any 𝑗 ∈ {1, . . . , 𝑟} and
𝑘 ∈ {0, 1, . . . , 𝜌𝑙 − 1} it follows:

𝜕𝐿𝑖
𝑓𝐴
ℎ𝑙(𝑡, 𝑥𝐴)

𝜕𝑧
(𝑘)

𝑗

=
𝜕

𝜕𝑧
(𝑘)

𝑗

(
𝜕𝐿𝑖−1

𝑓𝐴
ℎ𝑙(𝑡, 𝑥𝐴)

𝜕𝑥𝐴
𝑓𝐴(𝑡, 𝑥𝐴) +

𝜕𝐿𝑖−1
𝑓𝐴
ℎ𝑙(𝑡, 𝑥𝐴)

𝜕𝑡

)

=
𝜕

𝜕𝑧
(𝑘)

𝑗

([
𝜕𝐿𝑖−1

𝑓𝐴
ℎ𝑙(𝑡, 𝑥𝐴)

𝜕𝑥
, 01×∑𝑟

𝑘=1𝜌𝑘

]
𝑓𝐴(𝑡, 𝑥𝐴)

)

=
𝜕

𝜕𝑧
(𝑘)

𝑗

(
𝜕𝐿𝑖−1

𝑓𝐴
ℎ𝑙(𝑡, 𝑥𝐴)

𝜕𝑥
(𝑓 (𝑡, 𝑥) − 𝑔(𝑡, 𝑥) ⋅Ω−1

𝑔
(𝑡, 𝑥)Ω𝑓 (𝑡, 𝑥))

)
= 0,

where the second equality holds in the above equation since 𝐿𝑖−1
𝑓𝐴
ℎ𝑙(𝑡, 𝑥𝐴)

is independent of the augmented variables, 𝑧̃, by the induction
hypothesis. The third equality follows by the definition of 𝑓𝐴 given in
Equation (15) and the fourth and final equality follows since all terms
inside of the partial derivative are independent of 𝑧(𝑘)

𝑗
for 𝑗 ∈ {1, . . . , 𝑟}

and 𝑘 ∈ {0, 1, . . . , 𝜌𝑙 − 1}.

Now, using the definition of the Lie derivative given in Equation (2) and
the fact that 𝐿𝑖

𝑓𝐴
ℎ𝑙(𝑡, 𝑥𝐴) is independent of the augmentation variables,

we get that,
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𝐿𝑔𝐴𝐿
𝜎𝑙−1

𝑓𝐴
ℎ𝑙(𝑡, 𝑥) =

𝜕𝐿
𝜎𝑙−1

𝑓𝐴
ℎ𝑙(𝑡, 𝑥𝐴)

𝜕𝑥𝐴
𝑔𝐴(𝑡, 𝑥𝐴)

=

⎡⎢⎢⎣
𝜕𝐿

𝜎𝑙−1

𝑓𝐴
ℎ𝑙(𝑡, 𝑥)

𝜕𝑥
, 01×∑𝑟

𝑘=1𝜌𝑘

⎤⎥⎥⎦
𝑔𝐴(𝑡, 𝑥𝐴)

= −
𝜕𝐿

𝜎𝑙−1

𝑓𝐴
ℎ𝑙(𝑡, 𝑥)

𝜕𝑥𝐴
𝑔(𝑡, 𝑥)Ω−1

𝑔
(𝑡, 𝑥)𝐷(𝑧) ∈ ℝ

1×𝑟, (A2)

recalling𝐷(𝑧) ∶= diag(𝑧1, . . . , 𝑧𝑟) ∈ ℝ
𝑟×𝑟.

If 𝑧𝑘 = 0 for some 𝑘 ∈ {1, . . . 𝑟} then 𝐷(𝑧) contains a column and row of
zeros. From basic linear algebra, if 𝐴 and 𝐵 are any matrices and 𝐴 has
a column of zeros, then 𝐵𝐴 also has a column of zeros. Hence, it follows
𝐿𝑔𝐴𝐿

𝜎𝑙−1

𝑓𝐴
ℎ𝑙(𝑡, 𝑥𝐴) is a row vector with a zero element at component 𝑘 ∈ ℕ.

Hence, Γ𝑔𝐴 (𝑡, 𝑥𝐴) ∶= [𝐿𝑔𝐴𝐿
𝜎1−1

𝑓𝐴
ℎ1(𝑡, 𝑥𝐴)

⊤, . . . , 𝐿𝑔𝐴𝐿
𝜎𝑚−1

𝑓𝐴
ℎ𝑚(𝑡, 𝑥𝐴)

⊤]⊤ has

a column of zeros and therefore cannot have full column rank. ◽

In the next corollary, we extend Proposition 1 by proving that the relative
degree of the integral augmented systemΣ𝐼 in Equation (21) is one greater
than that of the augmented system Σ𝐴 in Equation (14), whenever the
relative degree exists. Furthermore, we demonstrate that Assumption 2
fails along the boundary of the state constraint for the integral augmented
system, mirroring the result established for the augmented system in
Proposition 1.

Corollary 1. Suppose there exists 𝜎 ∈ ℕ
𝑚 such that Equation (A1) holds.

Then,

𝐿𝑔𝐼𝐿
𝑖−1
𝑓𝐼
ℎ𝑘(𝑡0, 𝑥𝐼 (𝑡0)) ≡ 0 for all 1 ≤ 𝑘 ≤ 𝑚 and 1 ≤ 𝑖 ≤ 𝜎𝑘.

𝐿𝑔𝐼𝐿
𝜎𝑘
𝑓𝐼
ℎ𝑘(𝑡0, 𝑥𝐼 (𝑡0)) ≠ 0 for all 1 ≤ 𝑘 ≤ 𝑚, (A3)

where 𝑓𝐼 and 𝑔𝐼 are defined in the integral augmented sys-
tem given in Equation (21). Moreover, the matrixΓ𝑔𝐼 (𝑡, 𝑥𝐼 ) ∶=

[𝐿𝑔𝐼𝐿
𝜎1
𝑓𝐼
ℎ1(𝑡, 𝑥𝐼 )

⊤, . . . , 𝐿𝑔𝐼𝐿
𝜎𝑚
𝑓𝐼
ℎ𝑚(𝑡, 𝑥𝐼 )

⊤]⊤ ∈ ℝ
𝑚×𝑚 does not have full

column rank when 𝑧𝑖 = 0 for any 𝑖 ∈ {1, . . . 𝑟}.

Proof. We first show by induction that for all 𝑖 ∈ {0, . . . , 𝜎𝑙 − 1} and 𝑙 ∈
{1, . . . 𝑚}:

𝐿𝑖
𝑓𝐼
ℎ𝑙(𝑡, 𝑥𝐼 ) ≡ 𝐿

𝑖
𝑓𝐴
ℎ𝑙(𝑡, 𝑥𝐴) (A4)

For the case 𝑖 = 0 we have that 𝐿0
𝑓𝐼
ℎ𝑙(𝑡, 𝑥𝐼 ) = ℎ𝑙(𝑡, 𝑥) = 𝐿

0
𝑓𝐴
ℎ𝑙(𝑡, 𝑥𝐴)

and hence Equation (A4) is clearly true for 𝑖 = 0. Now, assuming
Equation (A4) to be true for 𝑖 − 1 we show it to be true for 1 ≤ 𝑖 ≤ 𝜎𝑙 − 1
in the following:

𝐿𝑖
𝑓𝐼
ℎ𝑙(𝑡, 𝑥𝐼 ) =

𝜕𝐿𝑖−1
𝑓𝐼
ℎ𝑙(𝑡, 𝑥𝐼 )

𝜕𝑥𝐼
𝑓𝐼 (𝑡, 𝑥𝐼 ) +

𝜕𝐿𝑖−1
𝑓𝐼
ℎ𝑙(𝑡, 𝑥𝐼 )

𝜕𝑡

=

[
𝜕𝐿𝑖−1

𝑓𝐼
ℎ𝑙(𝑡, 𝑥𝐼 )

𝜕𝑥𝐴
,
𝜕𝐿𝑖−1

𝑓𝐼
ℎ𝑙(𝑡, 𝑥𝐼 )

𝜕𝜉

]

[
𝑓𝐴(𝑡, 𝑥𝐴) + 𝑔𝐴(𝑡, 𝑥𝐴)𝑠𝛽 (𝜉)

0𝑟×1

]
+
𝜕𝐿𝑖−1

𝑓𝐼
ℎ𝑙(𝑡, 𝑥𝐼 )

𝜕𝑡

=
𝜕𝐿𝑖−1

𝑓𝐴
ℎ𝑙(𝑡, 𝑥𝐴)

𝜕𝑥𝐴
𝑓𝐴(𝑡, 𝑥𝐴) +

𝜕𝐿𝑖−1
𝑓𝐴
ℎ𝑙(𝑡, 𝑥𝐴)

𝜕𝑥𝐴

𝑔𝐴(𝑡, 𝑥𝐴)𝑠𝛽 (𝜉) +
𝜕𝐿𝑖−1

𝑓𝐴
ℎ𝑙(𝑡, 𝑥𝐴)

𝜕𝑡

= 𝐿𝑖
𝑓𝐴
ℎ𝑙(𝑡, 𝑥𝐴) + 𝐿𝑔𝐴𝐿

𝑖−1
𝑓𝐴
ℎ𝑙(𝑡, 𝑥𝐴)𝑠𝛽 (𝜉) = 𝐿

𝑖
𝑓𝐴
ℎ𝑙(𝑡, 𝑥𝐴). (A5)

where the first equality of Equation (A5) follows from the definition of
the Lie derivative given in Equation (2). The second equality follows
from the definition of 𝑥𝐼 in Equation (20) and 𝑓𝐼 in Equation (21). The
third equality follows from the induction hypothesis that 𝐿𝑖−1

𝑓𝐼
ℎ𝑙(𝑡, 𝑥𝐼 ) ≡

𝐿𝑖−1
𝑓𝐴
ℎ𝑙(𝑡, 𝑥𝐴). The fourth equality follows from the definition of the Lie

derivative given in Equation (2). Finally, the fifth equality follows from
Equation (A1), that is𝐿𝑔𝐴𝐿

𝑖−1
𝑓𝐴
ℎ𝑙(𝑡, 𝑥𝐴) = 0. Hence, Equation (A4) follows

by induction.

Moreover, by a similar argument to Equation (A5), it follows that

𝐿
𝜎𝑙
𝑓𝐼
ℎ𝑙(𝑡, 𝑥𝐼 ) = 𝐿

𝜎𝑙−1

𝑓𝐴
ℎ𝑙(𝑡, 𝑥𝐴) + 𝐿𝑔𝐴𝐿

𝜎𝑙−1

𝑓𝐴
ℎ𝑙(𝑡, 𝑥𝐴)𝑠𝛽 (𝜉). (A6)

Now,

𝐿𝑔𝐼𝐿
𝜎𝑙
𝑓𝐼
ℎ𝑙(𝑡, 𝑥𝐼 ) =

𝜕𝐿
𝜎𝑙
𝑓𝐼
ℎ𝑙(𝑡, 𝑥𝐼 )

𝜕𝑥𝐼
𝑔𝐼 (𝑡, 𝑥𝐼 )

=
𝜕

𝜕𝑥𝐼

(
𝐿
𝜎𝑙
𝑓𝐴
ℎ𝑙(𝑡, 𝑥𝐴) + 𝐿𝑔𝐴𝐿

𝜎𝑙−1

𝑓𝐴
ℎ𝑙(𝑡, 𝑥𝐴)𝑠𝛽 (𝜉)

)

[
0𝑛𝐴×𝑚

1𝑚×𝑚

]
= 𝐿𝑔𝐴𝐿

𝜎𝑙−1

𝑓𝐴
ℎ𝑙(𝑡, 𝑥𝐴)diag

(
𝜕

𝜕𝜉
𝑠𝛽 (𝜉)

)

= −
𝜕𝐿

𝜎𝑙−1

𝑓𝐴
ℎ𝑙(𝑡, 𝑥)

𝜕𝑥𝐴
𝑔(𝑡, 𝑥)Ω−1

𝑔
(𝑡, 𝑥)

𝐷(𝑧)diag

(
𝜕

𝜕𝜉
𝑠𝛽 (𝜉)

)
. (A7)

where the first equality of Equation (A7) follows from the definition of
the Lie derivative given in Equation (2). The second equality follows by
applying Equation (A6) and the definition of 𝑔𝐼 given in Equation (21).
The third equality follows from the definition of𝑥𝐼 given inEquation (20).
The fourth equality follows from Equation (A2) of Proposition 1.

Clearly, by Equation (A7) we have that 𝐿𝑔𝐼𝐿
𝜎𝑙
𝑓𝐼
ℎ𝑙(𝑡, 𝑥𝐼 ) =

𝐿𝑔𝐴𝐿
𝜎𝑙−1

𝑓𝐴
ℎ𝑙(𝑡, 𝑥𝐴)diag

(
𝜕

𝜕𝜉
𝑠𝛽 (𝜉)

)
≠ 0 through application of Equation (A1)

and the fact that the derivative of the sigmoid function, 𝑠𝛽 , is strictly
positive everywhere. This shows Equation (A3).

Finally, it is clear that Γ𝑔𝐼 does not have full column rankwhenever 𝑧𝑖 = 0
by the same argument used in Proposition 1 due to the 𝐷(𝑧) term given
in Equation (A7) ◽

Ill-Defined Relative Degree in Integral Control Structure Dynam-
ics: As established in Corollary 1, Γ𝑔𝐼 (𝑡, 𝑥𝐼 ) is non-invertible along the
state constraint boundary. The following lemma further shows that its
invertibility also depends on the integral parameter 𝛽, becoming singular
as 𝛽 → 0.

Lemma 2. Consider the integral augmented system Σ𝐼 defined in
Equation (21). Suppose there exists 𝜎 ∈ ℕ

𝑚 such that Equation (A1) holds.
Then, Γ𝑔𝐼 (𝑡, 𝑥𝐼 ) becomes singular as 𝛽 → 0.

Proof. For system Σ𝐼 (21), Equation (A7) shows that each row
of Γ𝑔𝐼 , specifically 𝐿𝑔𝐼𝐿

𝜎𝑙
𝑓𝐼
ℎ𝑙(𝑡, 𝑥𝐼 ) for 1 ≤ 𝑙 ≤ 𝑚, contains the term

diag
(
𝜕

𝜕𝜉
𝑠𝛽 (𝜉)

)
, where 𝑠𝛽 is defined in Equation (19). Since

𝜕

𝜕𝜉
𝑠𝛽,𝑖(𝜉) =

2𝛽𝑒−𝜉

(𝑒−𝜉 + 1)2
,

each derivative carries a factor of 𝛽 > 0, implying

Γ𝑔𝐼 (𝑡, 𝑥𝐼 ) = 𝛽Γ̃𝑔𝐼 (𝑡, 𝑥𝐼 ),

where Γ̃𝑔𝐼 is independent of 𝛽. Thus, as 𝛽 → 0, Γ𝑔𝐼 (𝑡, 𝑥𝐼 ) becomes
singular. ◽
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