
eprints@whiterose.ac.uk
https://eprints.whiterose.ac.uk

Universities of Leeds, Sheffield and York

Deposited via The University of Leeds.

White Rose Research Online URL for this paper:
https://eprints.whiterose.ac.uk/id/eprint/243547/

Version: Accepted Version

Article:

Kinash, N. and Lesnic, D. (2026) Uniqueness and stability of inverse space-dependent 
source problems in hyperbolic bio-heat transfer. Communications on Analysis and 
Computation, 10. pp. 15-35. ISSN: 2837-0562 

https://doi.org/10.3934/cac.2026017

This is an author produced version of an article published in Communications on Analysis 
and Computation, made available via the University of Leeds Research Outputs Policy 
under the terms of the Creative Commons Attribution License (CC-BY), which permits 
unrestricted use, distribution and reproduction in any medium, provided the original work is
properly cited.

Reuse 

This article is distributed under the terms of the Creative Commons Attribution (CC BY) licence. This licence 
allows you to distribute, remix, tweak, and build upon the work, even commercially, as long as you credit the 
authors for the original work. More information and the full terms of the licence here: 
https://creativecommons.org/licenses/ 

Takedown 

If you consider content in White Rose Research Online to be in breach of UK law, please notify us by 
emailing eprints@whiterose.ac.uk including the URL of the record and the reason for the withdrawal request. 

mailto:eprints@whiterose.ac.uk
https://doi.org/10.3934/cac.2026017
https://eprints.whiterose.ac.uk/id/eprint/243547/
https://eprints.whiterose.ac.uk/


Uniqueness and stability of inverse space-dependent
source problems in hyperbolic bio-heat transfer
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Department of Applied Mathematics, University of Leeds, Leeds LS2 9JT, UK
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Abstract. This paper considers the linear but ill-posed inverse problems concerned with
the determination of both the temperature and the source in the thermal-wave hyperbolic
model of heat transfer in biological tissues. The heterogeneous source includes an unknown
space-dependent component that has to be retrieved from extra temperature measurements
at the final time or from time-average temperature integral observations. In contrast to the
previous research on the parabolic bio-heat transfer equation, the present study takes into
account for the realistic final speed of heat propagation in biological tissues. The approach
to prove the uniqueness and stability is based on integral identities.
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1 Introduction

Heat transfer in biological tissues constitutes a fundamental area of research with significant
implications for medical applications, including hyperthermia treatment, thermal ablation,
cryosurgery and laser therapy [3, 4]. Accurate mathematical modeling of bio-heat transfer
is essential for understanding temperature distributions in living tissues and for planning
effective thermal treatments while minimizing damage to healthy tissue.

The classical approach to modeling heat transfer in perfused biological tissues is the
Pennes bio-heat transfer equation [29]. However, being based on the classical Fourier law
relating the heat flux to the temperature gradient, this parabolic equation assumes infi-
nite speed of thermal signal propagation. This physical inconsistency becomes particularly
problematic when modeling heat transfer in biological tissues in which this speed is finite.
To address this limitation, generalized Fourier heat models accounting for a finite speed of
heat propagation have been proposed. The Maxwell-Cattaneo-Vernotte (MCV) law, which
introduces a thermal relaxation time τ into the constitutive relation between the heat flux
and the temperature gradient, provides a physically realistic alternative. This modification
transforms the parabolic heat-type equation into a hyperbolic wave-type equation, allowing
thermal disturbances to propagate as waves with finite speed. Experimental studies have
demonstrated that biological tissues exhibit significant relaxation times, ranging from 15
to 30 seconds for some tissues, and up to 100 seconds in certain cases [8, 35]. In this sce-
nario, the MCV model provides a more accurate description than the classical Fourier model
[26, 28, 39].

The incorporation of the MCV law into the Pennes equation yields the hyperbolic or
thermal-wave model of bio-heat transfer, which demonstrates substantial differences in tem-
perature predictions compared to parabolic models, especially during initial transients [19,
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25, 28, 34]. This model is particularly relevant for applications involving high-intensity heat-
ing over short duration, such as laser therapy, radio-frequency ablation and high-intensity
focused ultrasound.

Inverse bio-heat transfer problems commonly involve estimating thermophysical prop-
erties (thermal conductivity, heat capacity, blood perfusion rate), boundary conditions or
internal heat sources from temperature measurements [4, 27, 32, 33]. The determination of
heat sources is particularly important for optimizing thermal therapies. Several researchers
have investigated inverse source problems in parabolic bio-heat transfer [4, 18, 38], while
considerably less attention has been devoted to inverse problems in hyperbolic bio-heat
transfer. References [23, 24] developed inverse hyperbolic analysis methods for estimating
time-dependent surface heat fluxes, while [1, 2] investigated inverse problems in thermal-wave
models using iterative methods.

An important class of inverse problems involves determining space-dependent source
terms, which represent spatially varying heat generation in tissue arising from metabolic
activity, electromagnetic heating or other therapeutic modalities. The mathematical analy-
sis of these inverse problems requires establishing both uniqueness and stability results [13].
For general evolution equations, uniqueness theorems have been developed using Carleman
estimates, unique continuation properties and convolution theorems [16, 20, 22, 37]. Stabil-
ity estimates, typically of logarithmic or Hölder type, are essential for understanding how
errors in measured data propagate to reconstructed source terms [6, 17, 21]. For inverse
source problems governed by parabolic equations, Hasanov and coauthors [11, 12] developed
variational methods and derived explicit formulas for Fréchet gradients using adjoint prob-
lems. Moreover, the use of integral identities has proven particularly effective for establishing
both uniqueness and conditional stability estimates for inverse source problems in various
evolution equations [31]. Finally, we mention that recently, Boulakia et al. [5] investigated
inverse source problems for the wave equation (see also [10, 14, 36]), establishing connections
between Carleman estimates and observer design.

This paper advances the theory of inverse problems in hyperbolic bio-heat transfer by
considering the determination of space-dependent source components in the thermal-wave
model from either final-time temperature measurements or time-average temperature obser-
vations. Unlike previous work on parabolic bio-heat transfer models or studies restricted to
time-dependent sources, this research addresses the more challenging case of spatially vary-
ing sources in hyperbolic equations. The source term is assumed to have a separated form
F (x)G(x, t), where F (x) represents the unknown spatial distribution to be recovered, and
G(x, t) is a known function. Using the framework of [31], the theoretical results communi-
cated in this paper provide a foundation for developing numerical reconstruction algorithms
and are essential for understanding the feasibility and reliability of recovering unknown heat
sources in biomedical applications.

The plan for the paper is as follows. The mathematical formulation of the initial boundary
value problem of hyperbolic bio-heat transfer in both dimensional and non-dimensional forms
is presented in Section 2. An analysis of the direct problem is included in Section 3, whilst
Sections 4 and 5 provide uniqueness and stability theorems with proofs and examples for
the inverse source problem under final time or time-average integral observations. Final
conclusions and directions for possible future work are highlighted in Section 6.
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2 Mathematical formulation

Taking into account the fact that for biological tissues there is a non-negligible time lag
τ (between 15-30 sec) necessary for the heat to propagate, this implies that the classical
Fourier law of heat conduction needs to be generalized into the Maxwell-Cattaneo-Vernotte
(MVC) law:

q + τ
∂q

∂t
= −κ∇θ, (1)

where t is the time [s], θ is the temperature [◦C], κ is the thermal conductivity [W/(m◦C)]
and q is the thermal heat flux vector [W/(m2)]. At the same time, when analysing the heat
transfer in biological tissues, one needs to consider taking into account physical phenomena
such as conduction, convection, and metabolism. Therefore, the appropriate partial differ-
ential equation (PDE) governing such a model of bio-heat transfer in a biological medium
with constant tissue and blood thermal properties in dimensioned form is given by [1, 4]

Ctissueτ
∂2θ

∂t
2 + (Ctissue + τCbloodwblood)

∂θ

∂t
= κ∇2θ + Cbloodwblood(θblood − θ)

+ Q + τ
∂Q

∂t
in Ω × (0, tf ], (2)

where Ctissue and Cblood are the heat capacities [J/m3 ◦C] of the tissue and blood, respectively;
wblood is the blood perfusion rate [s−1], Tblood is the arterial blood temperature [◦C] and
Q = Qe + Qm, where Qe and Qm are the heat generations [W/m3] due to external heating
and metabolism, respectively. Equation (2) holds in Ω × (0, tf ], where tf > 0 is a final time
of interest [s] and Ω is a bounded domain occupied by the tissue.

Assuming, for simplicity, that the initial temperature is uniform and equal to a constant
θ0 ̸= 0, and that the walls ∂Ω of the tissue Ω are kept at the same temperature θ0 over
duration [0, tf ] of the experiment, the initial and boundary conditions are given by

θ|t=0 = θ0,
∂θ

∂t

∣

∣

∣

t=0
= 0 in Ω = Ω ∪ ∂Ω, (3)

θ|∂Ω×[0,tf ] = θ0 on ∂Ω × [0, tf ]. (4)

Zero-flux Neumann adiabatic or Robin convective boundary conditions may also be consid-
ered in place of the Dirichlet boundary condition (4). In equation (2), we assume that

Q(x, t) = F (x)g(x, t), (5)

where g is a known source [W/m3] such that

Q(x, t) + τ
∂Q

∂t
= F (x)

(

g(x, t) + τ
∂g

∂t
(x, t)

)

. (6)

To determine the space component F (x) of the source in (5), we consider a space-
dependent measurement of the temperature at the final time t = tf , namely,

θ(x, tf ) = θtf (x), x ∈ Ω, (7)
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or the time-average temperature observation
∫ tf

0

θ(x, t)dt = Θ(x), x ∈ Ω, (8)

In a recent paper [1], we have considered numerically the same inverse source problem, but
for the particular case when g(x, t) = 1 W/m2.

Employing the non-dimensionalisation

x =
x

L
, t =

t

tf
, u =

θ − θ0
θ0

, Q =
Qt2f

τθ0Ctissue

, (9)

where L > 0 is a characteristic length dimension of the tissue Ω, the non-dimensional version
of equations (2)-(4) is

∂2u

∂t2
+ a1

∂u

∂t
= a2∇2u− a3u + Q(x, t) +

τ

tf

∂Q

∂t
(x, t), (x, t) ∈ Ω × (0, 1], (10)

u(x, 0) =
∂u

∂t
(x, 0), x ∈ Ω, (11)

u(x, t) = 0, (x, t) ∈ ∂Ω × (0, 1], (12)

where we have also assumed, for simplicity, that θblood = θ0, and

a1 = tf

(

1

τ
+

wbloodCblood

Ctissue

)

, a2 =
κt2f

τL2Ctissue

, a3 =
wbloodCbloodt

2
f

τCtissue

. (13)

We have also kept, for simplicity, the notation for the non-dimensional tissue domain un-
changed as Ω. Also, denoting

U1 =
θtf − θ0

θ0
, E1 =

Θ

tfθ0
− 1,

equations (7) and (8) in non-dimensional form, respectively, become

u(x, 1) = U1(x), x ∈ Ω (14)

and
∫ 1

0

u(x, t)dt = E1(x), x ∈ Ω, (15)

respectively. Finally, using (6) and (9), remark that

Q(x, t) +
τ

tf

∂Q(x, t)

∂t
=

t2f
τθ0Ctissue

(

Q(x, t) + τ
∂Q

∂t
(x, t)

)

=
t2fF (x)

τθ0Ctissue

(

g(x, t) + τ
∂g

∂t
(x, t)

)

.

Then, equation (10) can be rewritten as

utt + a1ut = a2∇2u− a3u + F (x)G(x, t), (x, t) ∈ Ω × (0, 1], (16)

where

F (x) = F (x), G(x, t) =
t2f

τθ0Ctissue

(

g(x, t) + τ
∂g

∂t
(x, t)

)

. (17)
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3 Analysis

For the mathematical analysis we consider a more general setup given by the hyperbolic
PDE

ρ(x)utt + µ(x)ut −∇ · (r(x)∇u) + s(x)u = F (x)G(x, t) =: P (x, t),

(x, t) ∈ ΩT := Ω × (0, T ], (18)

subject to the initial conditions

u(x, 0) = ut(x, 0) = 0, x ∈ Ω, (19)

and the homogeneous Dirichlet boundary condition

u(x, t) = 0, (x, t) ∈ ∂Ω × (0, T ], (20)

where Ω ⊂ R
n is a bounded domain with sufficiently smooth boundary, and, for simplicity,

we have replaced x by x. Obviously, equation (10) is a particular case of the more general
equation (18) for T = 1, ρ = 1, µ = a1, r = a2 and s = a3.

Let us assume that










r ∈ Hk(Ω) with k > n/2 + 1,

ρ, µ, s ∈ H2(Ω),

0 < ρ0 ≤ ρ(x) ≤ ρ1, 0 ≤ µ(x) ≤ µ1, 0 < r0 ≤ r(x) ≤ r1, 0 ≤ s(x) ≤ s1 for x ∈ Ω.

(21)

Then, under the assumptions (21) and that ∂lP/∂tl ∈ L2(0, T ;H2−l(Ω)) for l = 0, 1, 2,
along with the compatibility condition P (·, 0) ∈ H1

0 (Ω), there exists a unique weak solution
u ∈ L∞(0, T ;H3(Ω)) of the direct problem (18)-(20) with improved regularity

ut ∈ L∞(0, T ;H2(Ω)), utt ∈ L∞(0, T ;H1(Ω)), uttt ∈ L∞(0, T ;L2(Ω)), (22)

by [9, Theorem 6 with m = 2, Section 7.2.3]. Conditions (21) may be relaxed to assume
only that ρ, µ and s are smooth functions in Ω and also the conductivity r may also be
generalized to be a symmetric and positive-definite tensor modelling the anisotropy of the
medium Ω, see [9, pages 378 and 388].

Consider now the measured quantities (14) and (15) in their more general form given by

u(x, T ) = UT (x), x ∈ Ω (23)

or
∫ T

0

u(x, t)dt = ET (x), x ∈ Ω. (24)

4 The inverse source problem (18)-(20) and (23)

Consider first the inverse source problem which requires finding the pair (u(x, t), F (x)) sat-
isfying the equations (18)-(20) and (23). Then, we have the following theorem, which gen-
eralizes Theorem 4.1 of [31], in the sense that equation (18) includes the extra term s(x)u
and we also do not assume that G(x, 0) ≡ 1.
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Theorem 4.1. Assume that in addition to the basic conditions (21), the source function

G(x, t) in (18) satisfies the following regularity and positivity conditions:

{

G ∈ H2(ΩT ), G(x, t) > 0, Gt(x, t) > 0, (x, t) ∈ ΩT ,

ρ(x)G2
t (x, t) − r(x)|∇G(x, t)|2 > 0, (x, t) ∈ ΩT .

(25)

Suppose also that the measured output (23) satisfies the regularity condition UT ∈ H2(Ω) ∩
H1

0 (Ω). Then, the inverse source problem (18)-(20) and (23) has at most one solution

u ∈ L∞(0, T ;H3(Ω)) and F ∈ H2(Ω)∩H1
0 (Ω). Furthermore, under the additional conditions































G ∈ H3(ΩT ), Gtt(x, t) ≥ 0, (x, t) ∈ ΩT ,

ρ(x)G2
tt(x, t) − r(x)|∇Gt(x, t)|2 ≥ 0, (x, t) ∈ ΩT ,

0 < GT = infx∈Ω G(x, T ), 0 < G∗
T = supx∈Ω G(x, T ),

0 < G01 = infx∈Ω Gt(x, 0), 0 < G∗
0 = supx∈Ω G(x, 0),

0 < G∗
T1 = supx∈Ω Gt(x, T ),

(26)

and the condition

σ :=
4(G∗

0)
2[3ρ21G01G

∗
T1 + µ2

1(G
∗
0)

2]

ρ20G
2
TG

2
01

< 1, (27)

the following stability estimate holds:

∥F∥2L2(Ω) ≤
4
[

G2
01(G

∗
T )2

(

ρ21G01G∗

T1

(G∗

0
)6

+
µ2
1

(G∗

0
)4

)

+ s21

]

G2
T (1 − σ)

∥UT∥2L2(Ω)

+
4(r21 + ∥∇r∥2(L∞(Ω))n)

G2
T (1 − σ)

∥UT∥2H2(Ω). (28)

Proof. The proof follows a similar path to that of [31, Theorem 4.1].
Let (ui, Fi) ∈ L∞(0, T ;H3(Ω))×(H2(Ω)∩H1

0 (Ω)) for i = 1, 2 be two solutions of the linear
inverse problem (18)–(20) and (23). Then, the pair of functions w(x, t) := u1(x, t)− u2(x, t)
and F̃ (x) := F1(x) − F2(x) solves the problem

ρ(x)wtt + µ(x)wt −∇ · (r(x)∇w) + s(x)w = F̃ (x)G(x, t), (x, t) ∈ ΩT , (29)

w(x, 0) = wt(x, 0) = 0, x ∈ Ω, (30)

w(x, t) = 0, (x, t) ∈ ∂Ω × (0, T ], (31)

w(x, T ) = 0, x ∈ Ω. (32)

We multiply both sides of equation (29) by 2wt/G and integrate over ΩT to obtain the
integral identity

∫

ΩT

2

G(x, t)

[

ρ(x)wttwt + µ(x)w2
t − wt∇ · (r(x)∇w) + s(x)wwt

]

dx dt

= 2

∫

Ω

(
∫ T

0

wt(x, t) dt

)

F̃ (x) dx = 0, (33)
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which is well-defined for the regular weak solution w ∈ L∞(0, T ;H3(Ω)) with improved
regularity (22). We have the identities

−
∫

ΩT

2wt

G(x, t)
∇ · (r(x)∇w) dx dt = −

∫

ΩT

∇ ·
(

2

G(x, t)
r(x)wt∇w

)

dx dt

+

∫

ΩT

[

Gt(x, t)

G2(x, t)
r(x)|∇w|2 +

(

1

G(x, t)
r(x)|∇w|2

)

t

− 2

G2(x, t)
r(x)wt(∇G(x, t) · ∇w)

]

dx dt,

(34)

∫

ΩT

2

G(x, t)
ρ(x)wttwt dx dt =

∫

ΩT

[(

1

G(x, t)
ρ(x)w2

t

)

t

+
Gt(x, t)

G2(x, t)
ρ(x)w2

t

]

dx dt, (35)

and, using that w(x, T ) = w(x, 0) = 0,

∫

ΩT

2s(x)wwt

G(x, t)
dx dt =

∫

ΩT

s(x)(w2)t
G(x, t)

dx dt =

∫

Ω

s(x)w2(x, t)

G(x, t)

∣

∣

∣

∣

t=T

t=0

dx

+

∫

ΩT

w2s(x)Gt(x, t)

G2(x, t)
dx dt =

∫

ΩT

w2s(x)Gt(x, t)

G2(x, t)
dx dt. (36)

Introducing these identities into (33) we obtain
∫

ΩT

{[

1

G(x, t)
(ρ(x)w2

t + r(x)|∇w|2)
]

t

−∇ ·
(

2

G(x, t)
r(x)wt∇w

)}

dx dt

+

∫

ΩT

{

Gt(x, t)

G2(x, t)
[ρ(x)w2

t + r(x)|∇w|2 + s(x)w2] +
2

G(x, t)
µ(x)w2

t

− 2

G2(x, t)
r(x)wt(∇G(x, t) · ∇w)

}

dx dt = 0. (37)

In view of the homogeneous conditions (30)–(32) and the divergence theorem, equation (37)
yields

∫

Ω

1

G(x, T )
ρ(x)w2

t (x, T ) dx +

∫

ΩT

{

Gt(x, t)

G2(x, t)
[ρ(x)w2

t + r(x)|∇w|2 + s(x)w2]

+
2

G(x, t)
µ(x)w2

t −
2

G2(x, t)
r(x)wt(∇G(x, t) · ∇w)

}

dx dt = 0. (38)

Using (21) and that Gt > 0, we have

Gt(x, t)[ρ(x)w2
t + r(x)|∇w|2] − 2r(x)wt(∇G(x, t) · ∇w)

≥ ρ(x)Gt(x, t)w
2
t + r(x)Gt(x, t)|∇w|2 − 2r(x)|∇G(x, t)||∇w||wt|. (39)

The right-hand side of (39) can be written in the quadratic form W
TB1W with respect to

W = (|wt|, |∇w|) and

B1 =

(

ρ(x)Gt(x, t) −r(x)|∇G(x, t)|
−r(x)|∇G(x, t)| r(x)Gt(x, t)

)

. (40)

The leading principal minors of the real and symmetric matrix B1 are positive due to con-
ditions (21) and (25). Then, by Sylvester’s criterion, B1 is positive, which means that the
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second left-hand-side integral in (38) is also positive. As a consequence, |∇w(x, t)| = 0 and
wt(x, t) = 0. Hence, w(x, t) = 0 for all (x, t) ∈ ΩT , by the homogeneous initial and bound-
ary conditions (30) and (31). This, in turn, from (29) implies that F1(x) = F2(x) for all
(x, t) ∈ ΩT . This concludes the proof of uniqueness of the solution.

To prove the stability estimate (28), we multiply (18) by 2ut/G and integrate over ΩT to
obtain the integral identity
∫ T

0

∫

Ω

[

2

G(x, t)
ρ(x)uttut +

2

G(x, t)
µ(x)u2

t −
2ut

G(x, t)
∇ · (r(x)∇u) +

2

G(x, t)
s(x)uut

]

dx dt

= 2

∫

Ω

(
∫ T

0

ut dt

)

F (x) dx, (41)

As in the previous derivations, we use identities (34) and (35) with w replaced by u and

∫

ΩT

2s(x)uut

G(x, t)
dx dt =

∫

ΩT

s(x)(u2)t
G(x, t)

dx dt =

∫

Ω

s(x)u2(x, t)

G(x, t)

∣

∣

∣

∣

∣

t=T

t=0

dx

+

∫

ΩT

u2s(x)Gt(x, t)

G2(x, t)
dx dt =

∫

ΩT

u2s(x)Gt(x, t)

G2(x, t)
dx dt +

∫

Ω

s(x)U2
T (x)

G(x, T )
dx. (42)

Then (41) yields
∫

ΩT

{[

1

G(x, t)

(

ρ(x)u2
t + r(x)|∇u|2 + s(x)u2

)

]

t

−∇ ·
(

2

G(x, t)
r(x)ut∇u

)}

dx dt

+

∫

ΩT

{

Gt(x, t)

G2(x, t)

[

ρ(x)u2
t + r(x)|∇u|2 + s(x)u2

]

+
2

G(x, t)
µ(x)u2

t

− 2

G2(x, t)
r(x)ut(∇G(x, t) · ∇u)

}

dx dt = 2

∫

Ω

F (x)UT (x) dx. (43)

Using (19), (20) and (42), equation (43) recasts as
∫

Ω

1

G(x, T )

(

ρ(x)u2
t (x, T ) + r(x)|∇UT (x)|2 + s(x)U2

T (x)
)

dx

+

∫

ΩT

1

G2(x, t)

{

Gt(x, t)
[

ρ(x)u2
t + r(x)|∇u|2 + s(x)u2

]

+ 2G(x, t)µ(x)u2
t

−2r(x)ut(∇G(x, t) · ∇u)} dx dt = 2

∫

Ω

F (x)UT (x) dx. (44)

By the conditions (25) of the theorem and employing the same arguments as in (39), using
the ε-inequality 2ab ≤ εa2 + b2

ε
, we conclude that

ρ0
G∗

T

∫

Ω

u2
t (x, T ) dx ≤ ε∥F∥2L2(Ω) +

1

ε
∥UT∥2L2(Ω), ε > 0. (45)

Now, differentiate equation (18) with respect to t, multiply both sides by 2utt/Gt and inte-
grate over ΩT to obtain

∫ T

0

∫

Ω

2

Gt(x, t)

[

ρ(x)utttutt + µ(x)u2
tt − utt∇ · (r(x)∇ut) + s(x)ututt

]

dx dt

= 2

∫

Ω

F (x)ut(x, T ) dx, (46)
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corresponding to the weak solution with improved regularity of the direct problem (18)-(20).
In the same way as in the derivation of the integral identity (43), we obtain

∫

ΩT

{[

1

Gt(x, t)

(

ρ(x)u2
tt + r(x)|∇ut|2

)

+ s(x)u2
t

]

t

−∇ ·
(

2r(x)

Gt(x, t)
utt∇ut

)}

dx dt

+

∫

ΩT

1

G2
t (x, t)

{

Gtt(x, t)
[

ρ(x)u2
tt + r(x)|∇ut|2 + s(x)u2

t

]

+ 2Gt(x, t)µ(x)u2
tt

− 2r(x)utt(∇Gt(x, t) · ∇ut)
}

dx dt = 2

∫

Ω

F (x)ut(x, T ) dx. (47)

Evaluating the first left-hand-side integral in (47), using (20) and taking into account the
limit equation obtained by letting t ↘ 0 in (18), namely,

ρ(x)utt(x, 0
+) = F (x)G(x, 0), (48)

we arrive at the following identity:
∫

Ω

1

Gt(x, T )

[

ρ(x)u2
tt(x, T ) + r(x)|∇ut(x, T )|2 + s(x)u2

t (x, T )
]

dx

+

∫

ΩT

1

G2
t (x, t)

{

Gtt(x, t)
[

ρ(x)u2
tt + r(x)|∇ut|2 + s(x)u2

t

]

+ 2Gt(x, t)µ(x)u2
tt

− 2r(x)utt(∇Gt(x, t) · ∇ut)
}

dx dt =

∫

Ω

G2(x, 0)

ρ(x)Gt(x, 0)
F 2(x) dx + 2

∫

Ω

F (x)ut(x, T ) dx.

(49)

By the conditions (25) and (26) and employing the same arguments as in (39) we obtain

ρ0
G∗

T1

∫

Ω

u2
tt(x, T ) dx ≤ (G∗

0)
2

ρ0G01

∫

Ω

F 2(x) dx + 2

∫

Ω

F (x)ut(x, T ) dx. (50)

Now, the ε-inequality applied with ε =
(G∗

0)
2

ρ0G01
to the right-hand-side of (50) yields the follow-

ing estimate for the norm ∥utt(·, T )∥2L2(Ω):

∫

Ω

u2
tt(x, T ) dx ≤ 2(G∗

0)
2G∗

T1

ρ20G01

∥F∥2L2(Ω) +
G01G

∗
T1

(G∗
0)

2

∫

Ω

u2
t (x, T ) dx. (51)

Choose now ε > 0 in (45), as follows:

ε =
(G∗

0)
4

ρ0G∗
TG

2
01

. (52)

Then
∫

Ω

u2
t (x, T ) dx ≤ (G∗

0)
4

ρ20G
2
01

∥F∥2L2(Ω) +
(G∗

T )2G2
01

(G∗
0)

4
∥UT∥2L2(Ω). (53)

Substituting this into (51), we conclude that

∫

Ω

u2
tt(x, T ) dx ≤ 3(G∗

0)
2G∗

T1

ρ20G01

∥F∥2L2(Ω) +
(G∗

T )2G3
01G

∗
T1

(G∗
0)

6
∥UT∥2L2(Ω). (54)

9



Finally, let t = T in (18) to obtain

ρ(x)utt(x, T ) + µ(x)ut(x, T ) −∇ · (r(x)∇u(x, T )) + s(x)u(x, T ) = F (x)G(x, T ). (55)

This implies

∥F∥2L2(Ω) ≤
4

G2
T

∫

Ω

{

ρ21u
2
tt(x, T ) + µ2

1u
2
t (x, T ) + [∇ · (r(x)∇UT (x))]2 + s2(x)U2

T (x)
}

dx.

(56)
Using the inequalities (53) and (54) into (56) yield

∥F∥2L2(Ω) ≤
4(G∗

0)
2[3ρ21G01G

∗
T1 + µ2

1(G
∗
0)

2]

ρ20G
2
TG

2
01

∥F∥2L2(Ω)

+
4

G2
T

{

s21 +
G2

01(G
∗
T )2

(G∗
0)

4

[

µ2
1 +

ρ21G01G
∗
T1

(G∗
0)

2

]}

∥UT∥2L2(Ω) +
4(r21 + ∥∇r∥2(L∞(Ω))n)

G2
T

∥UT∥2H2(Ω).

(57)

The required stability estimate (28) is a consequence of this inequality and condition (27).

Remark 4.2. In case G∗
0 = 1 and s1 = 0, equations (27) and (28) may be simplified to take

the form of equations (4.4) and (4.5) of [31]. We also note that the last term in the equation
(4.5) of [31] (and in (57)) holds only if n = 1 under the assumption r ∈ H2(Ω). Higher
regularity is required for n > 1, such as r ∈ Hk(Ω) with k > n/2 + 1, as stated in equation
(21) for r, to ensure, by Sobolev embedding, that ∇r ∈ (L∞(Ω))n.

Remark 4.3. In case µ(x) = 0 in (18), the analysis for the resulting wave equation remains
the same, but for the simplified versions of (27) and (28) obtained when taking µ1 = 0 in
their expressions.

Example 1. We provide an explicit example of a source function G(x, t) that satisfies the
assumptions (25)-(27) of Theorem 4.1. Let Ω = (0, 1), ρ(x) = 1+x, µ(x) = 1+x, r(x) = 1+x
and

G(x, t) = et(x2 + 1), (58)

(or in higher dimensions G(x, t) = et(|x|2 + 1)). Then, GT = eT , G∗
T = 2eT , G01 = 1,

G∗
T1 = 2eT , G∗

0 = 2 and one can check that the conditions (25) and (26) are satisfied. Fur-
thermore, with ρ0 = 1 and ρ1 = µ1 = 2, if eT > 96 + 16

√
37, e.g. if T ≥ 5.3, then condition

(27) is also satisfied.

Example 2. In case G(x, t) ≡ 1, the strict monotonicity in t in equation (25) is violated
and so the uniqueness of solution cannot be established using Theorem 4.1. However, we
can establish the uniqueness of solution by utilizing the method of separation of variables,
as follows. Let us consider equation (16) in one dimension with Ω = (0, 1) and G ≡ 1, given
by

utt + a1ut = a2uxx − a3u + F (x), (x, t) ∈ (0, 1) × (0, 1], (59)

where the non-dimensional coefficients a1, a2 and a3 are given by (13), subject to the initial
and boundary conditions

u(x, 0) = ut(x, 0) = 0, x ∈ [0, 1], (60)

u(0, t) = u(1, t) = 0, t ∈ (0, 1], (61)
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and the over-determination condition (23) given by

u(x, 1) = U1(x), x ∈ (0, 1). (62)

Then the solution of the above problem is unique.
A similar inverse source problem for the wave equation utt = uxx + F (x) was considered

in [7, 15].

Proof. Let (ui(x, t), Fi(x)) for i = 1, 2 be two solutions of the inverse source problem (59)–
(62). Denote w := u1 − u2 and F̃ (x) := F1(x) − F2(x) satisfying

wtt + a1wt = a2wxx − a3w + F̃ (x), (x, t) ∈ (0, 1) × (0, 1], (63)

w(x, 0) = wt(x, 0) = 0, x ∈ [0, 1], (64)

w(0, t) = w(1, t) = 0, t ∈ (0, 1], (65)

w(x, 1) = 0, x ∈ (0, 1). (66)

Differentiate equation (63) with respect to t to eliminate the unknown source F̃ (x) and
obtain

wttt + a1wtt = a2wxxt − a3wt, (x, t) ∈ (0, 1) × (0, 1]. (67)

On solving this third-order linear PDE using the method of separating variables we obtain

w(x, t) = X(x)Z(t), (68)

where
Z ′′′ + a1Z

′′ + a3Z
′

Z ′ =
a2X

′′

X
= −λ2, (69)

for some constant λ. The homogeneous Dirichlet boundary conditions (65) yield the eigen-
values and eigenfunctions

λn = (nπ)2a2 and Xn(x) = sin(nπx) for n ∈ N
∗. (70)

On denoting R = Z ′, we have

R′′ + a1R
′ + (a3 + n2π2a2)R = 0, t ∈ (0, 1]. (71)

Using (13), the discriminant of the characteristic equation (71) can be expressed as

∆n = a21 − 4(a3 + n2π2a2) =
t2f

τCtissue

{

(Ctissue −WbloodCblood)2

τCtissue

− 4κn2π2

L2

}

. (72)

Let

N =

⌈ |Ctissue −WbloodCblood|
2π

√
τCtissueκ

⌉

∈ N, (73)

where ⌈α⌉ denotes the integer part of α. If |Ctissue−WbloodCblood|
2π

√
τCtissueκ

= Ñ ∈ N, then the general
solution is:

wt(x, t) =
Ñ−1
∑

n=1

(

C1,ne
λ+,nt + C2,ne

λ−,nt
)

sin(nπx) +
(

D1,Ñ t + D2,Ñ

)

e−a1t/2 sin(Ñπx)

+
∞
∑

n=Ñ+1

(An cos(ωnt) + Bn sin(ωnt)) e
−a1t/2 sin(nπx), (74)
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otherwise

wt(x, t) =
N
∑

n=1

(

C1,ne
λ+,nt + C2,ne

λ−,nt
)

sin(nπx)

+
∞
∑

n=N+1

(An cos(ωnt) + Bn sin(ωnt)) e
−a1t/2 sin(nπx), (75)

where

λ±,n =
−a1 ±

√
∆n

2
for n = 1, Ñ − 1 or n = 1, N (76)

and

ωn =

√
−∆n

2
for n ≥ Ñ + 1 or n ≥ N + 1. (77)

For simplicity, let us consider only the latter situation from (75). From the initial condition
wt(x, 0) = 0 we obtain An = 0, ∀n ≥ N + 1, and C2,n = −C1,n, ∀n = 1, N . Then, (75)
simplifies as

wt(x, t) =
N
∑

n=1

C1,n

(

eλ+,nt − eλ−,nt
)

sin(nπx) +
∞
∑

n=N+1

Bn sin(ωnt)e
−a1t/2 sin(nπx), (78)

Integrating this expression with respect to t and using that w(x, 0) = 0 we get

w(x, t) = −2
∞
∑

n=N+1

Bn

a21 + 4ω2
n

[

(2ωn cos(ωnt) + a1 sin(ωnt))e
−a1t/2 − 2ωn

]

sin(nπx)

+
N
∑

n=1

C1,n

(

eλ+,nt

λ+,n

− eλ−,nt

λ−,n

)

sin(nπx). (79)

Observing that (since a1 > 0)

ea1/2 > 1 +
a1
2

≥ cos(ωn) +
a1
2

sin(ωn)

ωn

for n ≥ N + 1, (80)

that λ−,n < λ+,n < 0 for n = 1, N , and that the function ez/z is strictly decreasing for
z < 0, imposing w(x, 1) = 0 immediately implies that Bn = 0 for n ≥ N + 1 and C1,n = 0
for n = 1, N . Therefore, w ≡ 0 and, finally from (63), we also get that F̃ = 0.

4.1 Parabolic particularisation

If we take ρ(x) = 0, then the hyperbolic PDE (18) degenerates into the parabolic PDE

µ(x)ut −∇ · (r(x)∇u) + s(x)u = F (x)G(x, t) = P (x, t), (x, t) ∈ ΩT , (81)

and only the initial condition

u(x, 0) = 0, x ∈ Ω (82)
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needs to be imposed. Also, in place of (21) we assume










r ∈ Hk(Ω) with k > n/2 + 1,

µ, s ∈ H2(Ω),

0 < µ0 ≤ µ(x) ≤ µ1, 0 < r0 ≤ r(x) ≤ r1, 0 ≤ s(x) ≤ s1 for x ∈ Ω.

(83)

Then, under the assumptions (83) and that ∂lP/∂tl ∈ L2(0, T ;H2−l(Ω)) for l = 0, 1, along
with the compatibility condition P (·, 0) ∈ H1

0 (Ω), there exists a unique weak solution u ∈
L2(0, T ;H4(Ω)) of the direct problem (81), (82) and (20) with improved regularity ut ∈
L2(0, T ;H2(Ω)) and utt ∈ L2(0, T ;L2(Ω)), by [9, Theorem 6 with m = 1, Section 7.1.3].

For the inverse source problem given by equations (81), (82), (20) and (23), we cannot
directly particularise Theorem 4.1 by taking ρ(x) = 0, for instance, we cannot divide with
ρ0 = 0 in (27), but we can follow a similar analysis, see also [31, Theorem 3.4], to establish
the following uniqueness and stability theorem.

Theorem 4.4. Assume that in addition to the basic conditions (83), the source function

G(x, t) in (81) satisfies the following regularity and positivity conditions:
{

G ∈ H2(ΩT ), G(x, t) > 0, Gt(x, t) > 0, (x, t) ∈ ΩT ,

µ(x)G(x, t)Gt(x, t) − r(x)|∇G(x, t)|2 > 0, (x, t) ∈ ΩT .
(84)

Suppose also that the measured output (23) satisfies the regularity condition UT ∈ H2(Ω) ∩
H1

0 (Ω). Then, the inverse source problem (81), (82), (20) and (23) has at most one solution

u ∈ L2(0, T ;H4(Ω)) and F ∈ H2(Ω)∩H1
0 (Ω). Furthermore, under the additional conditions

{

G ∈ H3(ΩT ), Gtt(x, t) ≥ 0, (x, t) ∈ ΩT ,

µ(x)Gt(x, t)Gtt(x, t) − r(x)|∇Gt(x, t)|2 ≥ 0, (x, t) ∈ ΩT ,
(85)

and the condition

σ1 :=
6µ2

1G
∗
T1G

∗
0

µ2
0G

2
TG01

< 1,

the following stability estimate holds:

∥F∥2L2(Ω) ≤
3

G2
T (1 − σ1)

[(

µ2
1G

∗
T1G01

G∗
0

+ s21

)

∥UT∥2L2(Ω) + (r21 + ∥∇r∥2(L∞(Ω))n)∥UT∥2H2(Ω)

]

.

5 The inverse source problem (18)-(20) and (24)

First, as with the previous analysis of Section 3, we have that under the assumptions
(21) and that ∂lP/∂tl ∈ L2(0, T ;H1−l(Ω)) for l = 0, 1, there exists a unique weak solu-
tion u ∈ L∞(0, T ;H2(Ω)) of the direct problem (18)-(20) with improved regularity ut ∈
L∞(0, T ;H1(Ω)) and utt ∈ L∞(0, T ;L2(Ω)), by [9, Theorem 6 with m = 1, Section 7.2.3].

Now, consider the inverse problem (18)-(20) with the integral condition (24) instead of
the final time condition (23). Let us denote

G̃(x, t) :=

∫ t

0

G(x, τ)dτ, (x, t) ∈ ΩT , (86)

are remark that G̃(x, 0) = 0 for x ∈ Ω and G̃t = G.

13



Theorem 5.1. Assume that in addition to the basic conditions (21), we have satisfied the

following regularity and positivity conditions:

{

G ∈ H1(ΩT ), G(x, t) > 0, (x, t) ∈ ΩT ,

ρ(x)G2(x, t) − r(x)|∇G̃(x, t)|2 > 0, (x, t) ∈ ΩT .
(87)

Suppose also that the measured output (24) satisfies the regularity condition ET ∈ H2(Ω) ∩
H1

0 (Ω). Then the inverse source problem (18)-(20) and (24) has at most one solution u ∈
L∞(0, T ;H2(Ω)) and F ∈ H2(Ω). Moreover, under the additional conditions

{

G ∈ H2(ΩT ), Gt(x, t) > 0, (x, t) ∈ ΩT ,

ρ(x)G2
t (x, t) − r(x)|∇G(x, t)|2 ≥ 0, (x, t) ∈ ΩT ,

(88)

we have the stability estimate

(1 − σ̃)∥F∥2L2(Ω) ≤
4

G2T 2

{

s21 + ρ21
8(G∗)3T 2

ρ20α
3
+

+ µ2
1

4(G∗)2T 2

ρ0α2
+

}

∥ET∥2L2(Ω)

+
4(r21 + ∥∇r∥2(L∞(Ω))n)

G2T 2
∥ET∥2H2(Ω), (89)

where G = inf
(x,t)∈ΩT

G(x, t), G∗ = sup
(x,t)∈ΩT

G(x, t),

σ̃ :=
4

T 2G2

[

ρ21G
∗

2ρ0

(

α+ +
α+

ρ0

)

+ µ2
1

α2
+

4ρ0

]

< 1 (90)

and

α± :=















ρ0
2µ2

1

(

−ρ21G
∗

ρ2
0

(ρ0 + 1) ±
√

ρ4
1
(G∗)2

ρ4
0

(ρ0 + 1)2 +
µ2
1
G2T 2

ρ0

)

if µ1 > 0,

G2T 2ρ20
4ρ2

1
G∗(ρ0+1)

if µ1 = 0.

(91)

Proof. Let us consider the problem (18) together with the initial and boundary conditions
(19) and (20), and the integral over-determination condition (24). We denote

E(x, t) :=

∫ t

0

u(x, τ)dτ, (x, t) ∈ ΩT . (92)

Next, we integrate (18)-(20) with respect to t to obtain:

ρ(x)Ett + µ(x)Et −∇ · (r(x)∇E) + s(x)E = F (x)G̃(x, t) =: P̃ (x, t), (x, t) ∈ ΩT , (93)

E(x, 0) = 0, Et(x, 0) = 0, x ∈ Ω, (94)

E(x, t) = 0, (x, t) ∈ ∂Ω × (0, T ], (95)

E(x, T ) = ET (x), x ∈ Ω. (96)

Using the equivalence between (25) and (87) via (86), by Theorem 4.1, the inverse source
problem (93)-(96) has at most one solution E(x, t) ∈ L∞(0, T ;H3(Ω)) and F ∈ H2(Ω) (note
that the compatibility condition P̃ (·, 0) ∈ H1

0 (Ω) is satisfied because of the definition (86)).
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Finally, from (92) we have that u ∈ L∞(0, T ;H2(Ω)) along with F ∈ H2(Ω) is the unique
solution of the original inverse problem (18)-(20) and (24).

We now establish the stability of the solution to (18)-(20) and (24) by proving the stability
of solution to the problem (93)–(96). Namely, following the steps from the proof of the
Theorem 4.1, we will derive the estimate for the norm of F .

Firstly, we multiply the equation (93) by 2Et/G̃ = 2u/G̃ and integrate over ΩT to obtain
the integral identity

∫ T

0

∫

Ω

[

2

G̃(x, t)
ρ(x)EttEt +

2

G̃(x, t)
µ(x)E2

t −
2Et

G̃(x, t)
∇ · (r(x)∇E)

+
2

G̃(x, t)
s(x)EEt

]

dx dt = 2

∫

Ω

(
∫ T

0

Et dt

)

F (x) dx (97)

or

∫

ΩT

{

[

1

G̃(x, t)

(

ρ(x)E2
t + r(x)|∇E|2 + s(x)E2

)

]

t

−∇ ·
(

2

G̃(x, t)
r(x)Et∇E

)

}

dx dt

+

∫

ΩT

{

G̃t(x, t)

G̃2(x, t)

[

ρ(x)E2
t + r(x)|∇E|2 + s(x)E2

]

+
2

G̃(x, t)
µ(x)E2

t

− 2

G̃2(x, t)
r(x)Et(∇G̃(x, t) · ∇E)

}

dx dt = 2

∫

Ω

F (x)ET (x) dx. (98)

In view of the homogeneous initial and boundary conditions (94) and (95), we get

∫

Ω

1

G̃(x, T )

(

ρ(x)E2
t (x, T ) + r(x)|∇ET (x)|2 + s(x)E2

T (x)
)

dx

+

∫

ΩT

1

G̃2(x, t)

{

G̃t(x, t)
[

ρ(x)E2
t + r(x)|∇E|2 + s(x)E2

]

+ 2G̃(x, t)µ(x)E2
t

− 2r(x)Et(∇G̃(x, t) · ∇E)
}

dx dt = 2

∫

Ω

F (x)ET (x) dx. (99)

By the conditions (87) of the theorem and employing the same arguments as in (39), and
using the ε-inequality 2ab ≤ εa2 + b2

ε
, we conclude that (similar to (50))

ρ0

supx∈Ω G̃(x, T )

∫

Ω

E2
t (x, T ) dx ≤ ε∥F∥2L2(Ω) +

1

ε
∥ET∥2L2(Ω), ε > 0. (100)

Now, differentiate equation (93) with respect to t, multiply both sides by 2Ett/G̃t = 2ut/G
and integrate over ΩT to obtain

∫ T

0

∫

Ω

2

G̃t(x, t)

[

ρ(x)EtttEtt + µ(x)E2
tt − Ett∇ · (r(x)∇Et) + s(x)EtEtt

]

dx dt

= 2

∫

Ω

F (x)Et(x, T ) dx. (101)
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In the same way as in the derivation of the integral identity (98) (and similar to (47)), we
obtain

∫

ΩT

{

[

1

G̃t(x, t)

(

ρ(x)E2
tt + r(x)|∇Et|2

)

+ s(x)E2
t

]

t

−∇ ·
(

2r(x)

G̃t(x, t)
Ett∇Et

)

}

dx dt

+

∫

ΩT

1

G̃2
t (x, t)

{

G̃tt(x, t)
[

ρ(x)E2
tt + r(x)|∇Et|2 + s(x)E2

t

]

+ 2G̃t(x, t)µ(x)E2
tt

− 2r(x)Ett(∇G̃t(x, t) · ∇Et)
}

dx dt = 2

∫

Ω

F (x)Et(x, T ) dx. (102)

Evaluating the first left-hand-side integral in (102), using (20) and taking into account the
limit equation obtained by letting t ↘ 0 in (93), namely,

ρ(x)Ett(x, 0
+) = F (x)G̃(x, 0) = 0, (103)

we arrive at the identity:

∫

Ω

1

G̃t(x, T )

[

ρ(x)E2
tt(x, T ) + r(x)|∇Et(x, T )|2 + s(x)E2

t (x, T )
]

dx

+

∫

ΩT

1

G̃2
t (x, t)

{

G̃tt(x, t)
[

ρ(x)E2
tt + r(x)|∇Et|2 + s(x)E2

t

]

+ 2G̃t(x, t)µ(x)E2
tt

− 2r(x)Ett(∇G̃t(x, t) · ∇Et)
}

dx dt = 2

∫

Ω

F (x)Et(x, T ) dx. (104)

By the conditions (87) and (88), and employing the same arguments as in (39), identity
(104) implies

ρ0

supx∈Ω G̃t(x, T )

∫

Ω

E2
tt(x, T ) dx ≤ 2

∫

Ω

F (x)Et(x, T ) dx. (105)

With the ε-inequality applied to (105) in view of (100) we get

∫

Ω

E2
tt(x, T ) dx ≤ supx∈Ω G̃t(x, T )

ρ0

[

ε1∥F∥2L2(Ω) +
1

ε1

supx∈Ω G̃(x, T )

ρ0

×
(

ε∥F∥2L2(Ω) +
1

ε
∥ET∥2L2(Ω)

)]

. (106)

Now, we let t = T in (93) to obtain

ρ(x)Ett(x, T ) + µ(x)Et(x, T ) −∇ · (r(x)∇E(x, T )) + s(x)E(x, T ) = F (x)G̃(x, T ), (107)

which implies

∥F∥2L2(Ω) ≤
4

(infx∈Ω G̃(x, T ))2

∫

Ω

{

ρ21E
2
tt(x, T ) + µ2

1E
2
t (x, T ) + [∇ · (r(x)∇ET (x))]2

+s2(x)E2
T (x)

}

dx. (108)
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Let us point out that supx∈Ω G̃t(x, T ) ≤ G∗, supx∈Ω G̃(x, T ) ≤ G∗T and infx∈Ω G̃(x, T ) ≥ GT .
Then from the inequalities (100) and (106) applied into (108) we obtain

∥F∥2L2(Ω) ≤
4

G2T 2

[

ρ21G
∗

ρ0

(

ε1 +
G∗Tε

ρ0ε1

)

+ µ2
1

G∗Tε

ρ0

]

∥F∥2L2(Ω)

+
4

G2T 2

{

s21 + ρ21
(G∗)2T

ρ20εε1
+ µ2

1

G∗T

ρ0ε

}

∥ET∥2L2(Ω) +
4(r21 + ∥∇r∥2(L∞(Ω))n)

G2T 2
∥ET∥2H2(Ω). (109)

In order to get the stability estimate from (109) we must ensure that

σ̃ :=
4

T 2G2

[

ρ21G
∗

ρ0

(

ε1 +
G∗Tε

ρ0ε1

]

+ µ2
1

G∗Tε

ρ0

)

< 1. (110)

This is equivalent to

ρ21G
∗ε1

ρ0
+

ρ21(G
∗)2Tε

ρ20ε1
+ µ2

1

G∗Tε

ρ0
<

G2T 2

4
. (111)

Let us take ε =
ε21

G∗T
in (111). Then, we get

µ2
1

ρ0
ε21 +

ρ21G
∗

ρ20
(ρ0 + 1)ε1 −

G2T 2

4
< 0. (112)

If µ1 > 0, this quadratic equation with respect to ε1 has 2 distinct real roots; one positive and
one negative given by (91). Given that ε1 must be positive, we conclude that the inequality
(112) holds on the interval (0, α+). If µ1 = 0, we take

α+ =
G2T 2ρ20

4ρ21G
∗(ρ0 + 1)

,

yielding σ̃ = 1
2
< 1 in (90). The stability estimate (89) with σ̃ given by (90) is finally

obtained by plugging in the values ε1 = α+/2 and ε =
α2
+

4G∗T
in (109) and (110).

Remark 5.2. On comparing (48) with (103), we observe that in Theorem 5.1, σ̃ given by
(90) is always less than 1, whilst in Theorem 4.1, σ given by (27) was conditioned to be less
than 1.

Example 3. We investigate the analog of the problem in Example 2 with G(x, t) ≡ 1.
Namely, let us consider equation (59) subject to the initial and boundary conditions (60)
and (61); however, this time with the integral over-determination condition

∫ 1

0

u(x, t) dt = E1(x), x ∈ (0, 1). (113)

Then, the solution of the resulting inverse source problem is unique.

Proof. Let (ui(x, t), Fi(x)) for i = 1, 2 be two solutions of the inverse source problem (59)–
(61) and (113). Denote w := u1 − u2 and F̃ (x) := F1(x) − F2(x) satisfying (63)–(65) and

∫ 1

0

w(x, t) dt = 0. (114)
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Again the method of separation of variables is sufficient to establish the uniqueness. We
proceed exactly the same way as in Example 2 up to the point when we utilize the over-
determination condition (114) instead of the time-time condition (66). Let us define the
functions h1, h2 : [0, 1] → R by

h1(t) := (2ωn cos(ωnt) + a1 sin(ωnt))e
−a1t/2 − 2ωn for n ≥ N + 1

and

h2(t) :=
eλ+,nt

λ+,n

− eλ−,nt

λ−,n

for n = 1, N,

which appear in the expression (79) for w. For t = 0, we have that h1(0) = h2(0) = 0, but
for t ∈ (0, 1], using that

ea1t/2 > 1 +
a1t

2
≥ cos(ωnt) +

a1t

2

sin(ωnt)

ωnt
for n ≥ N + 1,

that λ−,nt < λ+,nt < 0 for n = 1, N , and that the function ez/z is strictly decreasing for
z < 0, we obtain that h1(t) < 0 and h2(t) < 0 for t ∈ (0, 1]. Then, on integrating (79),
for the over-determination condition (113) to hold both Bn and C1,n must be zero, implying
w = 0. Finally, equation (63) implies that F̃ = 0.

5.1 Parabolic particularisation

For the inverse source problem given by the parabolic PDE (81) subjected to (82), (20)
and (24), we cannot directly particularise Theorem 5.1 by taking ρ(x) = 0, for instance, we
cannot divide with ρ0 = 0 in (89) or (90), but we can follow a similar analysis to establish
the following uniqueness and stability theorem.

Theorem 5.3. Assume that in addition to the basic conditions (83), we have satisfied the

following regularity and positivity conditions:

{

G ∈ H1(ΩT ), G(x, t) > 0, (x, t) ∈ ΩT ,

µ(x)G(x, t)G̃(x, t) − r(x)|∇G̃(x, t)|2 > 0, (x, t) ∈ ΩT .
(115)

Suppose also that the measured output (24) satisfies the regularity condition ET ∈ H2(Ω) ∩
H1

0 (Ω). Then, the inverse source problem (81), (82), (20) and (24) has at most one solution

u ∈ L2(0, T ;H2(Ω)) and F ∈ H2(Ω). Moreover, under the additional conditions

{

G ∈ H2(ΩT ), Gt(x, t) ≥ 0, (x, t) ∈ ΩT ,

µ(x)Gt(x, t)G(x, t) − r(x)|∇G(x, t)|2 ≥ 0, (x, t) ∈ ΩT ,
(116)

we have the stability estimate

∥F∥2L2(Ω) ≤
6

G2T 2

{(

s21 +
6G2

T1µ
4
1

µ2
0G

2T 2

)

∥ET∥2L2(Ω) + (r21 + ∥∇r∥2(L∞(Ω))n)∥ET∥2H2(Ω)

}

. (117)

18



Proof. Similarly to obtaining (93)–(96), integrating the equation (81) with respect to t gives:

µ(x)Et −∇ · (r(x)∇E) + s(x)E = F (x)G̃(x, t) =: P̃ (x, t), (x, t) ∈ ΩT , (118)

E(x, 0) = 0, x ∈ Ω, (119)

E(x, t) = 0, (x, t) ∈ ∂Ω × (0, T ], (120)

E(x, T ) = ET (x), x ∈ Ω. (121)

Using the equivalence between (84) and (115) via (86), by Theorem 4.4, the inverse source
problem (118)-(121) has at most one solution E(x, t) ∈ L2(0, T ;H4(Ω)) and F ∈ H2(Ω)
(note that the compatibility condition P̃ (·, 0) ∈ H1

0 (Ω) is satisfied because of the definition
(86)). Finally, from (92) and the statement underneath equation (83) we have that u ∈
L2(0, T ;H2(Ω)) along with F ∈ H2(Ω) is the unique solution of the original inverse problem
given by equations (81), (82), (20) and (24).

We now establish the stability estimate (117). Differentiating (118) with respect to t and
multiplying by 2Et/G yields

1

G(x, t)

(

2µ(x)EtEtt − 2Et∇ · (r(x)∇Et) + 2s(x)E2
t

)

= 2F (x)Et. (122)

Using the identities

2EtEtt

G(x, t)
=

(

E2
t

G(x, t)

)

t

+
E2

tGt

G2(x, t)
,

∇ ·
(

Etr(x)∇Et

G(x, t)

)

=
Et∇ · (r(x)∇Et)

G(x, t)
+

r(x)|∇Et|2
G(x, t)

− r(x)Et(∇G · ∇Et)

G2(x, t)

into (122), integrating over ΩT and using the homogeneous initial and boundary conditions
(119) and (120) result in

ϵ∥F∥2L2(Ω) +
1

ϵ
∥ET∥2L2(Ω) ≥ 2

∫

Ω

F (x)ET (x)dx ≥
∫

Ω

µ(x)E2
t (x, T )

G(x, T )
dx

+

∫

ΩT

µ(x)E2
tGt

G2
dxdt +

∫

ΩT

(

2r(x)|∇Et|2
G

− 2r(x)Et(∇G · ∇Et)

G2

)

dxdt, (123)

for any ϵ > 0. Similar arguments to those used to derive (100), but now based on the
conditions (116) implies

ϵ∥F∥2L2(Ω) +
1

ϵ
∥ET∥2L2(Ω) ≥

µ0

supx∈Ω G(x, T )

∫

Ω

E2
t (x, T )dx. (124)

Now, let t = T in (118) and use (121) to obtain

µ(x)Et(x, T ) −∇ · (r(x)∇ET (x)) + s(x)ET (x) = F (x)G̃(x, T ). (125)

This implies

∥F∥2L2(Ω) ≤
3

G2T 2

∫

Ω

[

µ2
1E

2
t (x, T ) + s21E

2
T (x) + |∇ · (r(x)∇ET (x))|2

]

dx

≤ 3

G2T 2

[(

GT1µ
2
1

ϵµ0

+ s21

)

∥ET∥2L2(Ω) +
µ2
1GT1ϵ

µ0

∥F∥2L2(Ω) + (r21 + ∥∇r∥2(L∞(Ω))n)∥ET∥2H2(Ω)

]

,

which, on choosing ϵ = µ0G2T 2

6GT1µ
2
1

, yields the desired stability estimate (117).
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6 Conclusions

The theoretical results established in this paper provide a rigorous mathematical foundation
for developing numerical reconstruction algorithms in thermal therapy planning. The estab-
lished uniqueness and stability estimates are valuable assets to modern medical treatments
including hyperthermia, radio-frequency ablation, laser therapy and high-intensity focused
ultrasound, where the finite speed of thermal wave propagation and significant thermal re-
laxation times make the hyperbolic model essential for accurate temperature prediction. The
derived stability bounds enable the development of stable regularization methods for source
identification that can handle measurement noise inherent in clinical applications.

As further work, it would be interesting to investigate whether the Fredholm property
of the inverse source problem (with final or integral over-determination) for parabolic PDEs
[30] can be extended to hyperbolic PDEs, such that we can also establish the existence of
solution. Also, potential directions for the future research could be:
• numerical implementation of reconstruction algorithms and their validation with experi-
mental and clinical data;
• simultaneous identification of multiple unknown parameters alongside source term;
• analysis of nonlinear models with temperature-dependent coefficients;
• application to coupled systems that incorporate tissue damage evolution and phase change
phenomena relevant to ablation procedures for medical treatment.
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