
eprints@whiterose.ac.uk
https://eprints.whiterose.ac.uk

Universities of Leeds, Sheffield and York

Deposited via The University of Leeds.

White Rose Research Online URL for this paper:
https://eprints.whiterose.ac.uk/id/eprint/243383/

Version: Accepted Version

Article:

Broekaert, J.B., Hancock, T.O., Hafiz, F. et al. (2026) Deciding by quantum-like belief 
morphing or hopping?Its application to multi-agent response influence. Journal of 
Mathematical Psychology, 130. 102994. ISSN: 0022-2496 

https://doi.org/10.1016/j.jmp.2026.102994

This is an author produced version of an articlenpublished in Journal of Mathematical 
Psychology, made available via the University of Leeds Research Outputs Policy under the
terms of the Creative Commons Attribution License (CC-BY), which permits unrestricted 
use, distribution and reproduction in any medium, provided the original work is properly 
cited.

Reuse 

This article is distributed under the terms of the Creative Commons Attribution (CC BY) licence. This licence 
allows you to distribute, remix, tweak, and build upon the work, even commercially, as long as you credit the 
authors for the original work. More information and the full terms of the licence here: 
https://creativecommons.org/licenses/ 

Takedown 

If you consider content in White Rose Research Online to be in breach of UK law, please notify us by 
emailing eprints@whiterose.ac.uk including the URL of the record and the reason for the withdrawal request. 

mailto:eprints@whiterose.ac.uk
https://doi.org/10.1016/j.jmp.2026.102994
https://eprints.whiterose.ac.uk/id/eprint/243383/
https://eprints.whiterose.ac.uk/


Deciding by quantum-like belief morphing or1

hopping?2

Its application to multi-agent response inĆuence3

Jan B. Broekaerta,∗, Thomas O. Hancockb, Faizal HaĄza, Stephane Hessb,4

Davide La Torrea5

aSKEMA Business School, Université Côte dŠAzur, Sophia Antipolis, France6

bChoice Modelling Centre & Institute for Transport Studies, University of Leeds, United Kingdom7

Abstract8

Other peopleŠs beliefs may inĆuence our own. Such effects, sometimes

referred to as Ścrowd-wisdomŠ, can be revealed from group-informed re-

sponses in controlled experiments. Our study presents a formal choice

model to understand how multiple respondents iteratively interact when

communicating their responses, which we test on data from Granovskiy

et al. (2015)Šs social information experiment. In this multi-stage decision

process, information from the groupŠs response distribution inĆuences indi-

vidual judgments before respondents adjust their next response. Our model

describes each respondentŠs probabilistic belief state, and uses a quantum-

like morphing evolution based on the Brassard-Høyer-Grover ampliĄcation

formalism. This framework enables: (i) the description of multi-respondent

cognitive interactions through assimilation to or polarization away from

other beliefs, (ii) the implementation via Hamiltonian operators using pro-

jection operators of source (ŚinitialŠ) and target (ŚinformingŠ) belief states,

and (iii) the resolution of periodicity issues in previous Schrödinger-like
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models through bounded temporal parametrization. A performance com-

parison is done for the quantum-like models using morphing and standard

hopping, and a classical Markov hopping model. The quantum-like mor-

phing model with multi-component target belief demonstrated superior

BIC performance across the parameter space of evolution time (tfrac), belief

uncertainty (SD), and sampling temperature (T ). This belief morphing ap-

proach hence provides an effective and innovative method to model social

inĆuence in group decision-making.

Keywords: Quantum-like cognition, Brassard-Høyer-Grover ampliĄcation,9

crowd-wisdom10

1. Introduction: quantum-like cognition11

Processing perceived social information can be a challenge; innate and12

acquired information aggregation heuristics can either align oneŠs beliefs13

with effective crowd wisdom or, conversely, amplify oneŠs uncertainty on14

the issue at hand. This, in turn, makes it unsurprising that rational decision15

models that incorporate a perceived spread of contextual information and16

a respondentŠs own uncertainty have often produced predictions that differ17

from respondentsŠ observed decisions.18

Human decision-making frequently deviates from the prescriptions of19

classical rationality, even in the absence of external inĆuence. Extensive20

empirical research has revealed systematic patterns in which individuals21

violate the axioms of classical logic, probability theory, and expected utility22

theory. The seminal work of Herbert Simon included bounded rationality to23

outline operational administrative behavior that aims to be as goal-efficient24
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as possible, but is limited by systemic and practical unknowns (Simon and25

Barnard, 1947). As famously pointed out by Maurice Allais, a behavioral26

paradox countering classical utility theory shows that peopleŮthrough lot-27

tery experimentsŮwill incorporate the effect of an irrelevant "zero"-lottery28

to inconsistently switch preferences between contrasted lottery options (Al-29

lais, 1953). The work of Edwards brought subjective Bayesian probability30

into decisionmaking and noted the under-accommodation of evidence in ef-31

fective judgment. For example, blue/red mixed-chip experiments show that32

people conservatively update their beliefs about the mix ratio Štoo slowlyŠ33

in comparison to Bayesian updating (Edwards et al., 1963). Daniel Ellsberg34

complemented the observations of Allais with behavioral ambiguity aver-35

sion (Ellsberg, 1961). These logical violations are not merely occasional36

errors but robust, replicable phenomena that challenge the foundational37

assumptions of traditional economic and decision-theoretic models. More38

recent behavioral researchers-cognitive psychologists Daniel Kahneman,39

Amos Tversky, and Eldar ShaĄr, and behavioral economist Richard Thaler-40

have documented numerous cognitive biases and decision paradoxesŮsuch41

as the conjunction fallacy, framing effects, and violations of the sure-thing42

principleŮthat expose the limitations of classical probability frameworks43

in describing human cognition (Kahneman, 2011; Tversky and ShaĄr, 1992;44

ShaĄr and Tversky, 1992; Thaler and Johnson, 1992). The ubiquity of these45

phenomena demonstrates the necessity of developing alternative formal46

frameworks capable of accommodating these characteristic features of hu-47

man judgment and choice. It is within this context that quantum-like ap-48

proaches to cognition have emerged as promising candidates for modeling49
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decision processes that classical frameworks cannot adequately capture.50

The discrepancy between oneŠs own beliefs and the beliefs of others involves51

assessing oneŠs proper adeptness and rational grounds for a given answer52

and reĆecting on external information, and more intuitive and emotional53

effects induced by the groupŠs multiple answers. The effect of self vs other,54

the effect of conĄrmation vs refutation, and congruous vs dispersed signals,55

all contribute to the uncertainty in integrating crowd information. While56

such integration is often modeled as a rational, logic-based cognitive pro-57

cess, a quantum-like formalism can also capture the contextual uncertainty58

and bias effects that arise when processing crowd responses.59

Quantum-like approaches in behavioral science apply quantum formal60

principles and probability structure, without assuming that quantum phys-61

ical processes in the brain are the underlying mechanism. In cognitive62

science, their application focuses mainly on functional models over neuro-63

physiological brain processes.1 Thesemodels apply selected formalism from64

the mathematical framework of quantum mechanics to cognitive processes,65

suggesting similar processes in human cognition (Pothos et al., 2021; Buse-66

meyer and Bruza, 2012). These approaches may accommodate decision-67

making settings where the use of classical probability leads to inconsistent68

inferences or to paradoxical deduction. There are several well-known ex-69

amples of these, including the conjunction fallacy, when a decision-maker70

judges the probability of two events occurring together as higher than each71

1Attempts to effectively model cognitive processes in the brain through quantum me-
chanics can be found in the work of Hameroff and Penrose (2014), or e.g. Khrennikov et al.
(2025).
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one alone, as in the case with the ŞLinda feminist-bank-teller problemŤ72

(Tversky and Kahneman, 1983). A second example is the ordering effect,73

when responses are changed based on their position in a sequence, as in74

the electability of ŞClinton-then-Gore vs Gore-then-ClintonŤ (Wang et al.,75

2014b; Trueblood and Busemeyer, 2011). A third example is the disjunction76

fallacy, which implies violating the sure-thing principle by misjudging a de-77

cision on an encompassing event while its sub-cases are oppositely judged,78

as in only stopping a proposed gamble under the condition that a previous79

gamble outcome is unknown - i.e. Śwon or lostŠ (Tversky and ShaĄr, 1992).80

These decision-making settings all require judgments from a decisionmaker,81

which can be inĆuenced by the settings themselves. The implementation82

of belief states is the essential characteristic of quantum-like models that83

enables these phenomena to be captured. These states are represented by84

vectors that contain the complex probability amplitudes for each observable in85

their corresponding vector components. Their superposition, entanglement,86

and collapse bymeasurement, enable to capture the cognitive idiosyncrasies87

of these processes, but ubiquitously, also other non-classical probabilistic88

outcomes in various systems (Khrennikov, 2010, 2023; Aerts et al., 2016;89

Bagarello, 2019). In these models, responses are considered realized, not90

revealed, by measurement Űprior to which these decisions of a respondent91

remain potential (Lambert Mogiliansky et al., 2009). The process of se-92

quential sampling of evidence prior to decision making that is regularly93

accommodated in classical models (Smith and Ratcliff, 2015; Diederich and94

Busemeyer, 2003) can also be included in quantum models (Busemeyer95

et al., 2009; Epping and Busemeyer, 2023), particularly by a process of dif-96
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fusion over trust or action levels for responding. The respondentŠs newly97

sampled evidence translates into evolving probabilities Űor amplitudesŰ to98

support or reject their decision. The Kolmogorov-forward equation and99

the Schrödinger equation enable these respective paradigms to model the100

changing believes or trust and support for speciĄc decisions in a task. The101

operators of change in these models are respectively the Markov transition102

rate matrix, and the Hamiltonian operator (Busemeyer and Bruza, 2012).103

Our current study adapts the aim and the underlying belief dynamics:104

a responder is informed about the responses of other responders Űon the105

same taskŰ and subsequently aims to adjust her or his own response, or106

not. Our model will be implemented here speciĄcally for group-inĆuenced107

decision-making, as in the setting of Granovskiy et al. (2015)Šs study. In this108

conĄguration, the basic premise of the Hamiltonian dynamics is to make109

oneŠs original belief state evolve towards a new response in a controlled110

way by otherŠs belief states, or not. Technically, we will adapt GroverŠs111

ampliĄcation algorithm into amorphing dynamics for belief states (Brassard112

and Høyer, 1997; Grover, 1998). The belief state morphing approach has113

some merits. The structure of the morphing Hamiltonian Űformally de-114

Ąned in Section 4, Eq.(5)Ű is easily interpretable. No direct designing at the115

component-level of the Hamiltonian needs to be done. Essentially, the re-116

spondentŠs initial belief state and a designed target belief state make up the117

morphing Hamiltonian through their projectors. The design of the target118

state follows from factors present in the choice-making setting and imple-119

ments the interpretable parameters directly. This contrasts the component-120

wise construction in which the summation of weighted Hamiltonians may121
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not necessarily correspond effectively to combined cognitive effects (e.g. one122

component for utility and another for ambiguity, see Broekaert et al. (2020)).123

In applications, the targets could either represent parameterless ŚidealsŠ,124

or be constructed as parametrized states with distinct interpretations (see125

Section 7).126

An additional advantage of the morphing approach is that it provides an127

unambiguous interpretation of the temporal evolution of the state vec-128

tors, in particular its inherent periodicity. In the component-wise Hamil-129

tonian construction method, the recurrence period can only be derived130

implicitly, whereas in the morphing method, the (half) recurrence pe-131

riod is explicitly determined by the inner product of the source and target132

states. The amplitude of the evolution parameter - previously designated as133

SchrödingerŠs temporal ordering parameter (Aerts et al., 1999; Broekaert et al.,134

2006; Broekaert and Busemeyer, 2017) - now acquires the characteristic of a135

utility function of the target belief state for the decision maker. The belief136

state morphing approach is hence an effective way to address the periodicity137

of the Schrödinger-like dynamics for cognitive modeling. The quantum-like138

description with Schrödinger-type evolution entails periodic behavior, a139

natural property in an energetically closed system, referred to as Poincaré140

recurrence (Bocchieri and Loinger, 1957), but not expected for a human be-141

lief state Űexcept for some rare circumstances involving self-reference (Aerts142

et al., 1999; Broekaert et al., 2006). The well-deĄned Ąnite state morphing143

period sets a limit to the window of the evolution parameter and thereby144

enables to avoid repeated approximate recurrences with variations due to145
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limited computational precision.2146

The presentation of the quantum-like belief morphing model in our147

paper is structured as follows. In Section 2, a focused literature review148

is given of dynamical or Hamilton-based quantum-like approaches. To149

introduce the basic quantum formalism for cognition, Section 3 Űon current150

quantum-like methodologies, reviews and explains the necessary formal151

concepts. The main contribution in this study is the novel belief state mor-152

phing approach, and is presented and developed in Section 4, ŚBelief state153

morphing dynamicsŠ. To test the performance of the morphing approach,154

another new quantum-like competitor based on a hopping formalism is155

presented in section 5, this approach also allows to infer a corresponding156

classical-logic-based Markov model. In the crowd-wisdom experiment fo-157

cused Section 6, the social-inĆuence experiment by Granovskiy et al. (2015)158

is discussed. It serves as the paradigm for repeated belief morphing. Then,159

potential target beliefs in group decisions are devised in Section 7 focused160

on the adaptation of the morphing formalism to social inĆuencing. Also a161

method to account for inter-subject differences in individual responses is162

developed, using Gumbel random sampling. In the results Section 8, the163

performance of the quantum-like and classical models are tested and com-164

pared on the Granovskiy dataset. The conclusions are presented in Section165

9. Supplementary material on the formal resemblance of the Schrödinger166

and Markov dynamics appears in Appendix A, aspects of the Granovskiy167

dataset are described inAppendix B,morphing in opposition orwith complex168

2Numerical simulations of q-like systems at Ąnite precision (e.g. Ćoat64) necessarily
lead to pseudo-periodicity.
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tree-structured targets is formulated in Appendix C, and Gumbel sampling169

is described in Appendix D.170

2. Context and literature review171

To measure is to disturb, perchance to create the response instead of172

discovering it Űa persistent conundrum for measurement-based statistics in173

psychological studies of decision processes, and a central tenet to quantum174

probability theory (Aerts and Aerts, 1995; White et al., 2014). Quantum-175

like models have consequently been used to address phenomena where176

classical probability theory is challenged to explaining paradoxical human177

decision-making, context-dependent judgments, cognitive biases, e.g. con-178

junction and disjunction effects, or response discrepancies from switched179

question order (Aerts and Gabora, 2005; Busemeyer et al., 2006a; Khren-180

nikov, 2010; Wang et al., 2014a). A variety of approaches have been de-181

veloped: complementarity-based Hilbert space representations with basis182

transformations for each change of cognitive perspective, Hilbert space183

projections for the belief state collapse for decisions taken, and state en-184

tanglement for the composition of concepts or actions, with polysemous185

meaning or contextual activation (Busemeyer and Bruza, 2012). The context186

of our present study are the dynamical approaches that aim to describe the187

change of belief states over ŚtimeŠ.3 The Schrödinger-like evolution enables188

to model changing believes or trust or support for speciĄc decisions in a189

task. In particular, the Hamiltonian, as the operator of change, holds pa-190

3In quantum theory of energetically closed systems, time is essentially reversible and
evolution is periodical, see Section 3.
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rameters to reinforce, diminish, and mix speciĄc components of belief. The191

parameters can be cooperate-defect utility based (Pothos and Busemeyer,192

2009; Eisert et al., 1999), ambiguous observation related (Atmanspacher193

et al., 2004) logic-inference based (Aerts et al., 1999; Broekaert et al., 2006),194

gist-verbatim based (Broekaert and Busemeyer, 2017, 2019), categorization-195

decision mixed (Wang and Busemeyer, 2016; Zheng et al., 2023), win-loss196

utility informed (Broekaert et al., 2020), relate to explanatory factors of a197

choice setting such as journey characteristics(Hancock et al., 2020b,a), or198

strategic interaction induced (Martínez-Martínez, 2014). Open system dy-199

namics with Lindblad evolution have also been used tomitigate the periodic200

behavior in Schrödinger approaches. SpeciĄcally, response-time paradigms201

require the open systemŠs Lindblad-type governing equation under which202

belief states evolve long-term to a damped oscillatory regime (Asano et al.,203

2011a; Epping et al., 2023; Khrennikov, 2023; Asano et al., 2011b; Khren-204

nikova et al., 2014; Martínez-Martínez and Sánchez-Burillo, 2016; Kvam205

et al., 2015; Rosner et al., 2022). Invoking second-quantization, Bagarello206

(2019) constructs cognitive models in a Fock-like occupation-number space207

in which discrete cognitive quanta Ćow between states, and non-Hermitian208

extensions of the Hamiltonian Űfor the gain or loss of quanta from an209

environmentŰ result in open-system dynamics. Belief morphing has in210

common with quantum-like Bayesian updating a posterior state following a211

contextual exposure of a prior state. Brody (2023) implements a dynamics212

of Bayesian information acquisition by iterated NeumannŰLüders updating,213

as it minimises uncertainty while remaining consistent with the measure-214

ment outcome state. Morphing does not incorporate per se a logic-based215

10



updating of a belief state, any idiosyncratic inĆuence by an exposure is216

possible. In experimental paradigms like Granovskiy et al. (2015)), where217

physical response times are not recorded and only ordered rounds are ob-218

served to perform tasks correspond, a bounded unitary evolution suffices to219

capture belief change. In contrast, in tasks with response-time distributions220

or repeated oscillatory responses over time, the open-system approach is221

the more appropriate setting.222

The morphing dynamics approach presented here shares with quantum223

reinforcement learning the basic principle of inferring a target belief state.224

In an exploration-exploitation balanced strategy, a stepwise alteration of225

the belief state is adopted depending on its improvement of a prediction226

or reward (Busemeyer and Bruza, 2012). Grover quantum reinforcement227

learning, developed by Dong et al. (2008), was proposed in a grid world228

task of navigating to a goal while avoiding penalties from obstacles. This ap-229

proach was adapted by adding a reward function from partial observations230

(Jiang et al., 2022). Similarly, the method was implemented for a networked231

quantum associative memory (?), and developed to explain the availability232

bias in which probability estimates are erroneously based on how easily233

cases can be recalled (Franco, 2009). The method was empirically tested in234

subjects performing the Iowa Gambling Task and correlated with medial235

frontal gyrus variables (Li et al., 2020). An amplitude ampliĄcation un-236

derlies the choice rule for assigning probabilities to actions in a simulated237

predator-prey grid world (Fakhari et al., 2013; Rajagopal et al., 2021).238

In belief state morphing, the evolution process is governed by a continuous-239

time equation based on the Brassard-Høyer-Grover ampliĄcation formalism240
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(Grover, 1996; Brassard and Høyer, 1997; Grover, 2001; Roland and Cerf,241

2003). While the ampliĄcation algorithms have been devised for fast search-242

ing the oracle-tagged output (by Ćipping its complex phase), integrating the243

underlying dynamics yields an Śanalog analogueŠ evolution of hybrid states244

between an original source and a target belief state (Farhi and Gutmann,245

1998).4 Our morphing approach essentially presents a generalization of246

this gradual source-target state transition.247

In a different dynamic approach, a source-target transition can be de-248

vised in which e.g. belief states with intermediate response values are held.249

In this perspective, and adapted to the experimental paradigm in our study,250

a quantum hopping model with step-ladder-like dynamics over the response-251

value range is devised (Hubbard, 1963; Feller and Livine, 2017). This ap-252

proach hence differs from the sequential evidence sampling approach by253

quantum diffusion dynamics that aim to evolve the conĄdence level of a254

response (Diederich and Busemeyer, 2003; Busemeyer et al., 2009; Kvam255

et al., 2015). Finally, other recent quantum-based models for group de-256

cision making have shown that reaching a consensus could be prone to257

interference effects from individual subjective beliefs (Jiang and Liu, 2022),258

or that collective motion emerges from mutual visual perception (Beuria259

et al., 2025). This type of interference is present in our model as well in, e.g.,260

target states that compound other participant responses by superposition261

(see Section 7). The next section will provide a brief presentation of the262

4A continuous time integration of the Grover search problem by Farhi and Gutmann
(1998) relates the continuous (or ŚanalogŠ) search time to the size, N , of an unsorted list,
and was hence coined an Śanalog analogueŠ result.
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quantum-like method to accustom the reader to just the required basic263

concepts and formalism.264

3. Quantum-like models for decision making265

To implement a quantum-like process in cognitive modeling, an adapta-266

tion and simpliĄcation of the quantum mechanical formalism are required267

(Busemeyer and Bruza, 2012; Khrennikov, 2010; Yearsley, 2017; Yearsley and268

Busemeyer, 2016). In practice, the dimensions and features of the model are269

set by the measured properties, the operational order of the experimental270

paradigm, and theoretical presuppositions. In a quantum-like model, the271

belief-action state is represented by a vector in a Hilbert space, which is272

a regular vector space with an inner product and a completeness prop-273

erty which assures limits will exist. In most cognitive models this space274

will be the Ąnite-dimensional complex-valued space C
n, and its vectors275

ψ = (ψ1 . . . ψj . . . ψn), with respect to the origin, represent a belief-action276

state for n properties. These states are often denoted in bra-ket notation as a277

column vector |ψ⟩, or complex-transposed as a row vector ⟨ψ|. For example,278

in the considered experimental paradigm (Section 6), a participant i, with279

revealed decision value in the Ąrst roundR1i,R1i ∈ [0, 100], will be allocated280

a belief state that is concentrated about this response value. SpeciĄcally, a281

(truncated) Gaussian will be allocated with mean R1i and spreading over282

the full range of possible response values, Eq.(16). The response of a partic-283

ipant is a measurement outcome for a given property, which occurs by a284

measurement enacted by a measurement operator. The probability pk of a285

given outcome value k is obtained by applying the projectorMk, spanned286
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by the eigen-vector for response k, on the belief state |ψ⟩ and taking the287

norm squared:288

pk = ||Mk|ψ⟩||
2 = ⟨ψ|Mk|ψ⟩ (1)

This is the conventional BornŠs rule for outcome probabilities in quantum289

mechanics. The belief state |ψ⟩ of a participant changes over time by cogni-290

tive input through the cues in the experimental paradigm. As mentioned,291

the Schrödinger equation is used to capture the dynamic process for this cog-292

nition evolution, and needs ŚtemporalŠ constraining for its periodic behavior.293

In other Śtime-lessŠ quantum-like models that emphasize complementarity294

of features, this evolution is abstracted and ad hoc unitary matrices are used295

to propagate the belief-action state (Aerts, 2009). In the Schrödinger ap-296

proach, a temporal parameter, ŚtimeŠ t , orders the subsequent belief-action297

states, and evolves them according to the Hamiltonian operator:5298

i
d

dt
ψ(t) = Hψ(t). (2)

It is hence the precise make-up of this fundamental operator of inĄnitesimal299

change, H , that delivers the tried-and-tested evolution in the quantum300

sphere. In particular in a Ąnite-dimensional space (e.g. response values 0 to301

100), the corresponding Schrödinger equation is simply satisĄed through302

5For Ąnite-dimensional cases, the partial differential towards time becomes the total
derivative. Also, PlanckŠs constant, which is the unit of action, was set equal to 1. This
renders both the ŚenergyŠ and ŚtimeŠ into dimensionless variables.
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matrix multiplication of the initial state with the unitary transformation Ut303

ψ(t) = Utψ(0) , with Ut = e−iHt. (3)

Central to developing a quantum-like model is therefore the construction304

of the Hamiltonian operator, since its components must direct the transfer305

of probability amplitude in line with cognitive theoretical principles that306

are applicable in a given task context.307

Energy conserving or closed systems expose Poincaré recurrence or cyclic308

behavior. Here, time functions as a temporal ordering parameter. Only in309

energetically open systems does the time parameter correspond to macro-310

scopic ŰŚthermodynamically orientedŠŰ time. Theoretically a period τ exists311

for which, ψ(0)=eiφψ(0 + τ), or Śeach belief state is recurrent over timeŠ.312

This characteristic needs to be monitored when numerical Ątting to observa-313

tional data is done. Choice or judgment prediction byHamiltonianmethods314

need the evolution to be contained within the period τ of the system: each315

state reached beyond this period is merely an identical repetition from the316

previous cycle. To derive the systemŠs period, it is noted an n-dimensional317

Hamiltonian will have at most n real eigenvalues, less when degeneracy oc-318

curs. The spectral decomposition of the Hamiltonian {Ej}, in an orthogonal319

basis, {Ei}, and the unitary operator,
∑

j e
−iEjtPEj

, points out the systemŠs320

periodicity. For a pre-deĄned accuracy of energy Űunit eaccŰ the spectral321

energy levels Ej can be expressed as integer multiples Ej,acc of the energy322

unit. This implies that the unitary operator at time t Űe.g. at t=0, the unit323

matrixŰ is exactly reproduced up to irrelevant relative phase differences of324
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2π at time t+ τ . The period of the system is325

τ =
2π

GCD({Ej,acc})
, (4)

whereGCD({Ej,acc}) is the greatest common divisor over the approximated326

set {Ej,acc}, or their prime decompositions.6 In the next section a similar327

bound on evolution time will be derived for morphing dynamics.328

4. Belief state morphing dynamics329

Belief state morphing is a quantum-like approach that describes how to330

evolve one given belief into another. It aims to describe how the decision-331

making setting inĆuences a prior beliefŮor "source" stateŮinto a posterior332

beliefŮor "target" state. The core algorithm of belief state morphing is333

the unitary one-parameter group, Eq.(3), now devised to evolve two pre-334

deĄned state vectors Űparameterized to capture the properties and effects335

of the decision-making settingŰ into each other. In line with the continuous-336

time analog of the Brassard-Høyer-Grover ampliĄcation formalism of the337

oracle state (Brassard and Høyer, 1997; Grover, 1996, 2001; Roland and Cerf,338

2003), the (analog) Hamiltonian of Farhi and Gutmann (1998) is adapted339

here to implement this general scheme of morphing between any two non-340

orthogonal belief states.341

The morphing evolution between two belief states ψA and ψB , is realized by342

6E.g., if the eigen energies would be {51.234.., 10.756.., 4.201..}, and the accuracy set to
eacc=.1, then the set is expressed as {512, 108, 42}, or in prime decomposition {29, 2233, 2 ·
3 · 7}, with a GCD=29337 and period τ=π2−83−37−1.
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setting the Hamiltonian according to:343

H = I − PψA − PψB , Pψ•

2=Pψ•
, (5)

where PψA and PψB are the projectors on the respective states, and I is the344

identity operator. The connection to GroverŠs algorithm lies in the use of a345

Hamiltonian built from projectors on the initial and ŚoracleŠ (target) states,346

which generates amplitude ampliĄcation in a low-dimensional subspace347

spanned by source and target, as in continuous-time analogs of GroverŠs348

search (Farhi and Gutmann, 1998). In contrast, our morphing scheme349

does not perform search over an unknown marked item but reinterprets350

a similar mathematical mechanism as a controlled interpolation between351

prior and target belief states, with the ŚoracleŠ replaced by psychologically352

motivated target beliefs. The morphing dynamics can therefor be regarded353

as a cognitive reinterpretation of a Grover-type amplitude ampliĄcation354

rather than a literal implementation of GroverŠs algorithm.355

The analytical expression of the evolved state ψA(t), or ψB(t), is obtained356

from the Taylor expression of the unitary propagator e9iHt =
∑

k=0
(9it)k

k!
Hk,357

where t is the evolution parameter (Appendix C). DeĄning the shared belief358

amplitude between both states359

λ := ρABe
iθAB := ⟨ψA|ψB⟩, (6)

with modulus ρ∈ [0, 1] and complex phase θ∈ [0, 2π], the operation of H on360

17



the initial state ψA yields;361

HψA = −λ⋆ψB, and H2ψA = |λ|2ψA. (7)

The state ψM(t) = U(t)ψA, evolving from the source state ψA can then be362

expressed as363

ψM(t) = ψA
∑

k=0

(91)kt2k

(2k)!
|λ|2k + i

λ⋆

|λ|
ψB

∑

k=0

(91)kt2k+1

(2k + 1)!
|λ|2k+1, (8)

or trigonometrically364

ψM(t) = cos(ρABt)ψA + ie9iθAB sin(ρABt)ψB. (9)

The dynamics, resulting from H , Eq.(5), will hence render the initial belief365

stateψA into the Ąnal beliefψB at t= π
2ρAB

, andwill at all times keep aweighted366

superposition of both belief states. For intermediate t, both components367

are present with a relative phase, which will produce interference when368

probabilities are computed in other bases or for composite targets.369

Interpreting this as a morphing dynamics from a source into target state, the370

amplitude of the evolution parameter t is an indicator of the signiĄcance371

of the adopted belief change. DeĄning the full morphing period and the372

evolved fraction;373

τAB =
π

2ρAB
, tfrac =

t

τAB
. (10)

The morphing dynamics will produce a hybrid belief state between the374
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origin state ψA for tfrac=0, and the target ψB for tfrac=1, the latter more375

precisely with an inconsequential overall complex phase ie9iθAB , see Fig.1.7376

The amplitude of the evolution parameter tfrac reveals the extent to which377

the respondent values adjusting their response w.r.t. the target. E.g., if378

tfrac=0.3, the respondent has morphed 30% of the way toward the target379

belief state. The morph period τAB for the evolution parameter is required380

to fully adopt the target belief. Intuitively appealing Űand conform to the381

original Grover search algorithmŰ the full morph period τAB is larger when382

the initial belief state has less overlap with the target belief state. The383

amplitude of the evolution parameter Űin practice the fraction tfrac of the384

τAB periodŰ expresses the utility or valence of the targeted cognitive state,385

with respect to the current cognitive state. If the fraction tfrac is small, the386

respondent does not value much the change of mind, and barely morphs,387

when the fraction is closer to 1 it means the responder strongly adheres to388

the target belief, perceiving the utility of the target belief.389

The morphing approach uses the expressions of a source and a target390

state to construct the Hamiltonian, in contrast to devising a utility function391

for each entry Hij of the Hamiltonian. For complex belief-states, the mor-392

phing approach can provide a simpler construction even when multiple393

underlying intentions need to be included (see Appendix C). Besides the394

more transparent composition of the Hamiltonian, also the range of the395

(temporal) evolution parameter - or the intensity of change - is interpreta-396

7The overall complex phase ie9iθAB does not alter the properties derived from the belief
state, since strictly a quantum state is described by the ray of the vector, see e.g. Weinberg
(1995)
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tively clear given its ab initio Ąxed range of possible values.397

We remarked, from Eq.(6), that morphing between states is mathematically398

not possible when these are orthogonal to each other: when belief overlap399

ρ=0 their morphing period becomes inĄnite, Eq.(10). A direct transforma-400

tion between states hence requires ρ ̸=0, but also a auxiliary bridging vector401

with non-zero intersections at both ends could otherwise be introduced402

for a two-component target morphing scheme, Appendix C. Fitted belief403

vectors in cognitive models are almost never assigned zero amplitudes to404

any of their components. In cognitive terms, this means that there is always405

some residual probability associated with alternative choices, even when406

these alternatives are mutually exclusive. It has been observed that cog-407

nition tends to allocate a small but nonzero probability mass to opposing408

beliefs in orthogonal states (Basieva et al., 2017). Examples include the409

ŚattackŠ vs ŚwithdrawŠ decision in categorization-decision tasks (Busemeyer410

et al., 2006b; Zheng et al., 2023), the ŚgambleŠ vs ŚstopŠ choice in conditional411

decision tasks (Broekaert et al., 2020), the differentiation among Ślist 1Š,412

Ślist 2Š, and Ślist 3Š in episodic memory source recall (Broekaert and Buse-413

meyer, 2017, 2019), the Śfront viewŠ vs Śback viewŠ perception in theNeckerŠs414

cube (Atmanspacher et al., 2004), the ŚtrueŠ vs ŚfalseŠ evaluation in the Liar415

Paradox (Aerts et al., 1999; Broekaert et al., 2006), and the ŚdefectŠ vs Śco-416

operateŠ strategy in the prisonerŠs dilemma (Pothos and Busemeyer, 2009).417

These Hamiltonian-based models could hence be cast along the morphing418

approach as well. In particular, this approach will apply the morphing419
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propagatorŰderived in Appendix C420

U(t) = e−it +
1

1− |λ|2
{PψA , PψB}

(

e−it − cos |λ|t+
i

|λ|
sin |λ|t

)

−
1

1− |λ|2
(PψA + PψB)

(
e−it − cos |λ|t+ i|λ| sin |λ|t

)
(11)

between key identiĄable cognitive states, ψA and ψB, of an experimental421

paradigm.8 The anti-commutator of the projectors is denoted by curly422

brackets, {PψA , PψB}=PψAPψB + PψBPψA , and the belief ŚsimilarityŠ of both423

states, λ, is deĄned in Eq.(6). The prior and posterior belief states, mediated424

through the Hamiltonian, govern the cognitive process associated with the425

experimental paradigm. A morphing model therefore requires an adjusted426

parametrization of both a personŠs initial belief state and any potential effects427

of decision-making settings on their Ąnal belief state (see Section 7).428

5. Belief state hopping dynamics429

The quantum-like morphing dynamics allows the cognitive rumina-430

tion process from social information to evolve Űin generalŰ over (Ąnite-431

dimensional) multi-attribute belief states. Here, the experimental paradigm432

of Granovskiy et al. (2015) requires shifting a response value over a nu-433

merical range (see Section 6). In similar experimental setting, the cognitive434

process for evidence sampling and valence development prior to respond-435

ing have been modeled using drift- diffusion models, both with a classical436

and quantum-like random walk formalism. In that framework not only437

8This non-matrix-exponential expression allows an analytical insight into the morphing
process and provides a faster algorithm for numerical computations.
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Figure 1: Morphing evolution of a belief probability distribution from source (red) to
target (blue). In ten time steps, each of size τ/10, the source distribution evolves into the
target distribution as shown by the curves with hue changing from red to blue. Three cases
are given for which the uncertainty of the response values is increased in each through
larger values of the standard deviations on the probability distributions; SD=2 (left), SD=5
(middle), and SD=15 (right). For these cases of uncertainty, the Ąnal states show a multi-
modal, bi-modal or uni-modal characteristic respectively, while the source state remains
unimodal and only widens accordingly. Note that this example presents SD-variations
of the tested multi-model target state for group session 17, student ID 30, question ID 23,
round 2; the studentŠs own response value is indicated by the red dotted vertical line, and
the eight other response values - the crowdŠs responses - appear as blue dotted vertical
lines.

choice proportion but also response-time can be modeled.438

Following FeynmanŠs description of SchrödingerŠs evolution on a linear439

crystal lattice, and Bhattacharya and Waymire (1992)Šs description of the 1-440

dimensionalMarkov drift-dispersionmodel, a 1-dimensional drift-diffusion441

model for transitioning over conĄdence levels was implemented in decision442

models by Diederich (1997); Diederich and Busemeyer (2003); Busemeyer443

et al. (2006b). For comparison with the morphing approach, we also imple-444

ment a hopping dynamics approach. The corresponding classical dynamics445
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will be developed by Markov hopping for response values accordingly.446

The quantum-like hopping evolution formally resembles a ladder step-447

movement on a discretized one-dimensional crystal lattice, instead of a448

drift-diffusion. Originally Hubbard (1963) solved the lattice systems in449

which an electronŠs dynamics is governed by hopping or tunneling to ad-450

jacent atoms, and local on-site repulsion. Its adapted one-dimensional451

discretized form has been applied in e.g., spinfoam dynamics (Feller and452

Livine, 2017). These models rely on Ąrst-neighbor interactions and local453

potential energies of the discrete components, through the HamiltonianŠs454

action on the state function455

Hψ =








. . . zk−1 0

z⋆k−1 dk zk

0 z⋆k
. . .















...

rke
iφk

...








(12)456

where the state components rk ∈ R and φ ∈ (0, π) and the zk=akeiϑk are the457

complex-valued Hamiltonian driver components.9 The dynamics becomes458

apparent by splitting the Schrödinger equation i∂tψ = Hψ into its real and459

complex components:460

ṙk = ak−1rk−1 sin(φk−1 9 φk 9 ϑk) + akrk+1 sin(φk+1 9 φk + ϑk),

rkφ̇k = 9dkrk − ak−1rk−1 cos(φk−1 9 φk 9 ϑk)− akrk+1 cos(φk+1 9 φk + ϑk).
461

9The signed modulus convention allows to identify the phase inversion of reĆection off
a potential wall through negative rk.
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The drift-diffusion model sets ϑk=0, and identiĄes ak=σk2/∆2 as the diffu-462

sion rate and dk=k · µ/∆ as a linear potential (Busemeyer et al., 2006b).10463

The hopping model sets ϑk=±π/2, and identiĄes ak as the hopping rate.464

For belief state value-shifting or response ŚĆexibilityŠ, no differentiation of465

the hopping parameter over the k-range is required, Ąxing ak=a, but its466

variation can be consideredwhenmodeling a distinct effect for a nearby (e.g.467

slow-down) or remote (e.g. speed-up) target (Diederich and Busemeyer,468

2003). With the hopping dynamics implemented through parameter a, no469

additional potential energy term is required to engender change, allowing470

to set dk=0,471

ṙk = a (rk+1 cos(φk+1 9 φk)− rk−1 cos(φk−1 9 φk))

rkφ̇k = a (rk+1 sin(φk+1 9 φk)− rk91 sin(φk91 9 φk))
472

The change of the belief amplitude rk is governed by the hopping rate pa-473

rameter a, and requires a non-zero net of inĆowing (k + 1) and outĆowing474

(k− 1) amplitudes from neighboring compounds weighted by their phasesŠ475

difference cosine.11476

For an initial real-valued state vector, the phase evolution equation becomes477

φ̇k=0, and state vectors remain real-valued over time. The hopping dynam-478

ics, ṙk=a(rk+1 9 rk−1), shows a wave packet moves k-downward for a>0479

and rk>0, since an amplitude rk waxes (ṙk>0) in a k-increasing wave front,480

10the parameter ∆ allows to attain the diffusion case over one continuous space dimen-
sion when its limit goes to zero.

11In comparison, a diffusion model will take the weighted average of neighbor compo-
nents instead.
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while it wanes (ṙk<0) in a k-decreasing wave front. The velocity of the481

belief state over the k-range is easily derived from the hopping equation,482

using rk+1 9 rk−1=(rk+1 9 rk) + (rk − rk−1) ≈ 2δrk and δk=1, allowing the483

approximate notation;484

(rk+1 − rk−1)−
ṙk
a

= 0 ⇒

(
∂

∂k
−

1

2a

∂

∂t

)

rk = 0.485

Identifying the quantum-like hopping velocity vk=2a, reveals the evolution486

period towards attaining the target value τhop =
|ktarget−ksource|

2a
.487

Besides the basic hopping dynamics, a core feature is the dynamics at488

zero-points of ak on the k-range: inserted target points k=kT , or the end489

points, k=0 and k=100. At the target point kT , the hopping stops, requiring490

the velocity coefficient be set to zero, akT=0. Then the two neighboring am-491

plitudes above the target follow ṙkT+1 = arkT+2 and ṙkT+2 = a(rkT+3 9 rkT+1),492

which combine to r̈kT+1+a
2rkT+1 = a2rkT+3. The bordering amplitude rkT+1493

to the target hence follows a second-order linear nonhomogeneous ODE494

with constant coefficients, showing rkT+3-driven oscillatory solutions.12495

With the real-valued amplitude convention, the occurring sign-inversion of496

rkT+1 corresponds to the phase inversion of the wave reĆection on the wall497

of a potential well, Fig.2.498

The hopping dynamics allows continuous change of oneŠs response499

value towards Űor awayŰ of a target value. In the current implementation,500

it describes the movement of the response value itself, not its conĄdence501

12Similarly, on the complementary interval below the target point ṙkT
=−arkT−1 and

ṙkT−1=a(rkT
9 rkT−2) with r̈kT

+ a2rkT
=a2rkT−2 showing oscillation.
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Figure 2: Example of quantum-like hopping dynamics of belief probabilitymasses (SD=15)
from two source values, at Ś10Š and Ś80Š, from both sides of a target value kT=60, at Ąve
consecutive time stages and velocity parameter a=.1 . Notice the wave-like oscillation
pattern when the probability mass nears the target (left and right). For comparison both
waves were given the same time range of evolution. Since the left wave originated from a
larger k-distance, its travel time to the target value is longer. In that same time range the
right wave reached the target, reversed direction and already bounces off the opposite
range edge, illustrating the requirement to constrain time to the hopping period.

level. A respondent, for example, who initially chooses an outlier value may502

afterwards partially concede by moving toward a value closer to the group503

mean, would intuitively be characterized as hopping along the response504

scale, rather than collapsing directly into a new belief distribution as in505

morphing. A hopping dynamics is therefore only appropriate in experi-506

mental paradigms where numeric or ordinal responses can shift gradually507

(Likert-scaled tests, estimation tasks).508

Also the quantum-like hopping approach provides an adequate dy-509

namics to move a prior belief into a posterior one. In this approach the510

hopping Hamiltonian will let the initially contrived response value travel511

towards a speciĄc target value - given the adjusted parametrization in the512

Hamiltonian.513
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Markov hopping. The corresponding Markov process is devised to514

evolve, through classical transition intensity, an individualŠs belief over515

their response values while inĆuenced by social information. A similar516

neighbor-dynamics over response values can be implemented in theMarkov517

intensity matrix (Diederich and Busemeyer, 2003). The hopping evolution518

in the Markov formalism is hence provided by the intensity K, left-acting519

on the probability vector Π according to520

KΠ =








. . . uk91 0

lk91 9uk91 9 lk uk

0 lk
. . .















...

pk
...








(13)521

with lk ≥ 0 and uk ≥ 0, and zero within-column sums for total probability522

conservation:523

ṗk = lk−1pk−1 − lkpk + ukpk+1 − uk−1pk. (14)524

Switching off the lower diagonal elements, lk=0, and denoting pk+19pk ≈ ∂pk525

and ∂k=1, shows a pulse with (approximate) velocity uk and k-decreasing526

over time;
(
∂
∂k

9

1
uk

∂
∂t

)

pk=0. While switching off the upper diagonal ele-527

ments, uk=0, shows a pulse with approximate velocity lk and k-increasing528

over time;
(
∂
∂k

+ 1
lk

∂
∂t

)

pk=0. In particular, the hopping intensity matrix529

towards a target kT requires the upper diagonal set to zero for k < kT and530

the lower diagonal set to zero for k ≥ kT.13 The boundary dynamics in531

13For probability conservation this requires setting diagonal elements
KkTkT

=KkT91kT91
=0, Eq.(13).
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the Markov case is known to differ from the oscillatory pattern in q-like532

dynamics (Busemeyer et al., 2009). Case in point, for a target set at kT,533

the target and near-target probabilities satisfy ṗkT=upkT+1, and ṗkT91=lpkT92.534

Both probabilities show monotonous increase, feeding on incoming prob-535

ability mass (respectively from up and down the target value), i.e. the536

expected pile-up behavior of a hopping Markov process at the boundary,537

Fig.3.

Figure 3: Example of Markov hopping dynamics of belief probability masses from two
sources, response values Ś10Š and Ś80Š, from both sides of a target value kT=60, at Ąve
consecutive time stages and velocities u=0, l=.1 (left), and u=.1, l=0 (right). The proba-
bility masses from both sides accumulate at the target value and evolve into a stationary
distribution.

538

6. Social-inĆuenced decision making: the Granovskiy et al experiment539

The belief morphing approach is implemented to model social inĆuence540

in an experiment setup by Granovskiy et al. (2015) that tested the effect of541

crowd-wisdom, and for which we were provided the data. In the experiment,542

all the individuals in a group can change their answers to the same question543
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over different rounds. The questions concern some trivia to which the544

correct answer is a number in the percentage range [0, 100].545

In the Ąrst round, each participant responds to the question on their own.546

After the Ąrst round, when all responses are registered, each individual547

gets to see the other participantsŠ responses and now is tasked to respond548

again to the same question, allowing them to adjust their Ąrst response.549

The responses of the second round are registered and once more the new550

responses of the other participants are shown. The participant is then asked551

for a Ąnal time to respond to the question allowing for a Ąnal adjustment552

of their answer, after which all the last responses are recorded. Therefore,553

in the Ąrst round, responses are given without any contextual information,554

while in the second and third rounds, each response may be informed by555

the groupŠs earlier responses.556

As Granovskiy et al. (2015) report, undergraduate students from Indiana557

University were assigned to 38 groups of variable size from 2 to 10 partici-558

pants for this experiment in 2008. More precisely, after data cleaning, the559

provided dataset contains Űsize times number of groupsŰ 2x7 + 3x4 + 4x6560

+5x9 + 6x4 + 7x3 + 8x2 + 9x1 + 10x2 or 185 partitioned student sets of561

responses to all questions in all rounds. These questions were selected from562

trivia appearing in the 2008 CIAWorld Factbook to have true responses with563

values widely spread between 2% and 99% (Central Intelligence Agency,564

2008). Any ŚcrowdŠ effect in the dataset hence needs to be understood here565

as resulting from relatively small groups and concerning mostly nonsalient566

matters.567

Our focus here is not so much on the possibility of the progressive568

29



improvement of the responses with respect to the exact solution, but on569

how individual beliefs can changewhen exposed to information from othersŠ570

beliefs. The design of this experiment exactly allows for observing how the571

participantŠs beliefs in a group inĆuence one another.572

The heuristics to change oneŠs response based on otherŠs responses are573

various. While aiming for conformity to avoid discrepancy between an574

individual and their group seems inherent (Cialdini and Goldstein, 2004),575

the Śunemotionally laden natureŠ of the trivia questions suggests that the576

context is not a valid underlying driver to conform (Granovskiy et al., 2015).577

In the given task, the social distribution of responses imparts an informative578

inĆuence. From the response changes enacted by the participants over the579

subsequent rounds, the study of Granovskiy et al. (2015) observes that580

group average performance to close in on the real value improves with581

group size, supporting the wisdom of crowds hypothesis. Depending on582

the pointerŠs middle position on the response slider at start, individuals may583

show a systematic bias toward 50%; overestimating values below 50% and584

underestimating values above 50% . This bias follows a linear relationship:585

b(v(q)) = 0.45v(q) + 26, (15)

where v(q) is the correct answer to question q. The authors note that 68.9%586

of participants made no changes to their guesses between rounds. They587

conclude that social information provides a small but signiĄcant improve-588

ment to group performance. Individuals in groups improved over rounds,589

while solo individuals did not. The strongest effect was convergence to590

the group mean (25.2% reduction in distance from Round 1 to 2). Group591
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ŚpolarizationŠ also occurred - estimates became more extreme over rounds,592

counteracting the initial bias toward 50%. Outlier behavior was the main593

driver for improvement of group accuracy, by their moving toward the594

group mean.595

7. Cognitive inĆuences in group decision making596

In Granovskiy et al. (2015)Šs social-information experiment, each next597

decision of a participant is inĆuenced by the contextual information de-598

rived from other participant responses. A variety of cognitive processes599

can underlie the reasoning which goes into each individualŠs subsequent600

responses. Unlike a Bayesian updating process, each individual respondent601

does not need to accept the information from the group as case evidence.602

Depending on their proper knowledge and strategy, each respondent eval-603

uates the information of the groupŠs responses differently. For instance,604

when a respondent is certain about their response, they should stay with605

their choice in the next stages, but conformity bias or a degree of socially606

desirable responding conĄrmation bias can sway their choice. On the other607

hand, when a respondent is to some degree uncertain about their response,608

they may want to ŚimproveŠ their choice in the next stage by interpreting609

the incoming information from other participants. When the distribution610

of incoming choices seems to be directly informative - e.g., the choices con-611

centrated about some value - then in the next stage the respondent may612

shift their response towards this value. More complicated processes may613

occurwhen the response distribution seemsmulti-modal, shows disparately614

scattered responses, or with various apparent outliers.615
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In the previous section, belief state morphing was shown to model the dy-616

namics for a controlled transformation between any two given states. Some617

heuristic strategies to improve a respondentŠs response are now devised in618

target states.619

In the Ąrst round, respondent-iŠs belief state for a response to a particular620

question, with possible response values in [0, 100], is set to a re-normalized621

Gaussian about response R1i as its mode, the most probable value of re-622

sponse. A speciĄed standard deviation SD1i expresses the inherent uncer-623

tainty of the respondent concerning their own choice in the Ąrst round624

ψi(v) = Ei(v)/Ni, (16)

Ei(v) = e−
(v−R1i)

2

2σ2 , Ni =
(

E
†
i Ei

)1/2

, σ = SD1i,

with v ∈ [0, 100]. In essence, the belief state allocates probability mass625

over the range of choice according to their knowledge, intuition or bias626

of the respondent. The individual responses of the group on the same627

question provides ŚpriorŠ information, which can inĆuence the respondentŠs628

next response to this same question. This information can be interpreted629

in various ways; e.g. aggregated to a other-groupŠs median of answers,630

or perceiving a distribution composed of all other-groupŠs answers and631

assumed uncertainty.632

7.1. Belief target design633

A set of quantum-like models Űmorphing or hoppingŰ are tested which634

each have a different underlying cognitive heuristic, expressed through635

speciĄc target belief state. Subject to the experimentŠs observations, the636
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most effective cognitive heuristic model could then be distinguished. The637

participantŠs task in Granovskiy et al. (2015) experiment is to give their best638

possible response to the questions, and the target belief state of the heuristic639

will hence include information derived from the other responses. Various640

crowd-wisdom aggregationmethods can be derived from the work of Sherif641

et al. (1958); Lyon and Pacuit (2013); Moussaïd et al. (2013); Flache et al.642

(2017), which in our study are focused according to either of the following643

principles:644

• The target belief is the multi-modal composition of otherŠs response645

distributions. This heuristic does not process the information of the646

response distribution, other than compounding it unchanged into a647

multi-modal distribution. Cognitively, this target belief state adds the648

supplementary information from the imagined possible variability of649

the otherŠs answers Ű the SD variable, Eq.(16). Summing the otherŠs650

distributions can give rise both to dense concentrations and more651

sparse comb-like distributions. When the distribution of the groupŠs652

responses as such is acquired as information, the target morph state is653

built as the unbiased sum of all individual response peaks Ej , Eq.(16),654

ψmultii(v) =
∑

j ̸=i Ej(v)/N , (17)

N =
(
∑

j ̸=i E
†
j

∑

k ̸=i Ek

)1/2

,

where for model parsimony, the uncertainty σ on each respondent655

component is subsumed with the same value SD.656

• The target belief is themedian of other responses. This heuristic under-657
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stands that most responses are guesses about the correct answer and658

subsume a normal dispersion of responses about the correct value.659

This heuristic may fail when the apparent PDF is multi-modal, e.g.660

when the crowd is polarized around two or more values. In that case,661

nesting the target value in the middle of the peerŠs choices would miss662

sub-group information but appease polarization or dissonance. Tar-663

geting the mean value instead would be prone to absorbing the effect664

of far outliers. When the posterior information is aggregated to the665

median value of the groupŠs responses and the spread of the answers666

is understood as an informative measure of uncertainty, the target667

morph state is itself built along the single mode Gaussian approach,668

Eq.(16),669

ψmedi
(v) = Ei(v)/Ni, (18)

Ei(v) = e
−

(v−R1 ̸=i)
2

2σ2
i , σi = SDt,

where R1 ̸=i denotes, for participant i, the median of other previous670

responses (from the Ąrst round). While in principal, respondent i671

could formally derive a value for the standard deviation of the otherŠs672

responses, our approach sets the σi to an intuited Ąxed value SDt in673

the target state. This projected uncertainty is varied and its effect on674

model performance is monitored.675

• The target is themaximal concentration zone of other responses. A676

more dense concentration in the response distribution may appear as677

a focus region with less uncertainty about the possible response. It678
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could quantitatively reĆect the informed support for a response in a679

particular zone. This heuristic will be more straightforward to apply680

when the group size is larger. Moreover, the range of this perceived681

concentration zone may vary with group size, and guided by cluster682

details respondents may aim asymmetrically from the middle of this683

concentration zone. An algorithm, using a sliding window of size w,684

searched the maximum density zone on the density function of the685

multi-modal state, Eq.(17).686

ψmaxi(v) = Ei(v)/Ni, (19)

Ei(v) = e
− (v−xmax)2

2σ2
i , xmax =

w

2
+ argmax

x

x+w∫

x

|ψmultii(x
′)|2dx′

This size of the sliding window was taken Ąxed, and in correspon-687

dence to most of the change of response between rounds (see Fig.B.6),688

Ąguring as a measure of relevant response difference. The algorithm689

Ąnds the position of the window over the distribution range for which690

the composite trapezoidal rule of integration is maximal, and the691

median of that window resulted in the target value. Also here, the692

uncertainty σi is Ąxed to SDt in the target state.693

Other heuristics that may be less common could be put forward but will694

not be implemented for the conciseness of our presentation. For instance,695

in an acquainted group, the target belief of a participant could follow a696

preferred-otherŠs responses. This heuristic is only possible if the responses697

of all participants are recognizably id-tagged. In another more conservative698
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approach, a respondent will base their target belief on those responses699

that stand most similar, and may then resort to an n-nearest averaging for700

their next response. Especially in more scattered response distributions, the701

responses of those closer to their own response may receive more weight702

when deciding their next response. The three discussed target variations703

above are hence adopted in our model; the ŚmultiŠ version of the model aims704

for the composition of otherŠs belief state target, and the ŚmedianŠ version705

aims for the truncated gaussian about the median of otherŠs responses,706

the ŚmaxŠ version aims for a truncated gaussian about the middle of a per-707

ceived maximum density of the otherŠs responses. Since respondents may708

well switch choice strategies and related target beliefs over the experiment,709

an individual response-based analysis for model-switching will be done.710

The morphing dynamical approach with source-target formulation can711

be applied in various ways, in particular according to ŚidealizedŠ targets712

or parametrized targets. Targets can be expressed according to various713

ŚidealsŠ, or heuristics, and competing their performance with respect to the714

observations reveals what groups adhere to what ideal target states. On715

the other hand, when a target is parametrized rather than a Ąxed ideal, the716

model does not presuppose competing solutions. The Ątted target parame-717

ters then summarize which aspects of the social information best account718

for observations, and thereby serve as a diagnostic of a possible underly-719

ing ŚidealŠ or heuristic that guides belief change. In general, in morphing720

dynamics the parameters in the target state need to be identiĄed by the721

experimental paradigm of the problem at hand, and how its Hilbert space722

was organized (see Appendix C ). In our current implementation with the723
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Granovskiy et al. (2015) paradigm, the targets present a mix of heuristics724

and parametrisation, inferring their parameter values from observations.725

In the studied experimental setting (see Section 6), respondents move a726

slider from default value Ś50Š to a response value in the range of Ś0Š to Ś100Š.727

Each individual responds according to their current belief state, and during728

measurement will collapse the probabilistic state for an answer to a stated729

actual response value. With the complex information input from possibly730

multi-modal target states, an alternative method of threshold variation to731

obtain the optimal response is not applicable here (see e.g. Khodadadi732

et al. (2014)). Based on a principle of comparative evidence, the potential733

response value with the highest probability, at the optimal evolution time,734

becomes the response value: i.e. the argmax of the belief probability distri-735

bution of the Ąnal morphed state. Lacking individual personal features of736

responders in the experimental paradigm of Granovskiy et al. (2015), all737

model predictions could then deterministically realize the argmax of the738

designed target outcome. To capture possible inter-respondent variability, we739

introduce random sampling of the surrounding of the argmax of a respon-740

dentŠs belief probability density. Ultimately, this temperature-dependent741

Gumbel sampling will set the Ąnal response of an individual (Maddison742

et al., 2014). The Gumbel sampling produces responder-diversity by simu-743

lating latent variables that generate observable individual differences (see744

Appendix D). A temperature parameter allows themodel to control the sam-745

pling neighbourhood about the argmax, with high temperatures causing746

low variation. This approach satisĄes the probabilistic nature of the cogni-747

tive state but still favors random responses near the maximum probability748
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response.749

8. Models, assessment and performance comparison750

The performance of the quantum and classical models with three differ-751

ent targets, ŚmultiŠ, ŚmedianŠ, and ŚmaxŠ are tested on the trivia data set.752

All models make predictions for each of the 38 groups, for each of the753

36 questions, for each student in the group (variable, 2 to 10), for each754

informed round (2 informed rounds, the Ąrst round is not informed), and755

produce a residual error which needs to be minimized.14756

Sessionh

Subjecti

Modelg Questionj

Belief state
ψij1

Target

ϕT 2

Belief state
ψij2

Target

ϕT 3

Belief state
ψij3

Rij1
Responsei

{R(¬i)j1
}

Responses¬i
Rij2

Responsei

{R(¬i)j2
}

Responses¬i
Rij3

Responsei
757

A priori, the parameter space for error-optimization has two parame-758

ters at the model level, T ∈ {.2, 2, 20, 200, 2000} and SD ∈ {5, 10, 15, 20, 25}759

(range based on observed bias-variation, Eq.(15).) and, one parameter760

tfrac ∈ {0, .., 100} at the observation level.761

The effect of temperature on the outcome generation by Gumbel sampling762

is signiĄcant, see Appendix D : the trial-and-error exploration vs model-763

14The data cleaning was needed in two groups: in Group 21, student with ID 31 stops
playing from question rank 22 in round 1, then stops fully, and in Group 27, student with
ID 33 stops playing from question rank 24 in round 3, then stops fully. In order not to lose
valid data samples from the other students, it was decided to impute the missing values
with averages of the otherŠs responses.
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predictivity needs to be balanced. The next subsection explains its mitiga-764

tion by limiting the sample temperature range.765

8.1. Individual response variation and Gumbel sampling temperature766

The interaction between the distributionŠs uncertainty and temperature767

may appear counter-intuitive. With broader belief distributions (higher768

standard deviations), the large multiplication factor from low temperatures769

can cause many sampled values Űout of the modelŠs intended scopeŰ to770

compete with the true predicted maximum. This could create an abundant771

trial-and-error effect, unsupported by the underlying model. A recom-772

mended temperature range needs to be explored which is not too low to773

avoid unwarranted sample variation, and not too high to maintain typical774

human response variability w.r.t uncertainty. With lower temperatures775

consistently producing better average MAE scores (Mean Absolute Error),776

Fig.D.9, the increased exploration could be helping the model escape local777

optima or better capture the underlying data structure.15 The anti-intuitive778

effect of the temperature in the Gumbel sampling is due to the larger stan-779

dard deviations that are chosen on the belief states. If the belief distribution780

is chosenmore spiked (e.g., SD=2), then choosing a low temperature would781

make the perturbed distribution more spiked. Also the subsumed width of782

the belief distributions needs to be kept in range: lower bounds of SD=5783

tend to generate computational log 0 errors, while SD>25 is too indeĄnite784

w.r.t. decision precision cases.785

Taking into consideration the effect of the Gumbel temperature on the786

15An individualized temperature could be considered to further deĄne each respondent,
but the parameters space would increase and require compute accordingly.
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response sampling, its value has been Ąxed to 20 for a balanced exploration-787

exploitation ratio.788

8.2. Statistical evaluation789

In effect, each of the 9x5 model-SD variants contain one free parameter790

type, the evolution time tfrac. This parameter is estimated independently791

for each question, resulting in 72 Ątted parameter values per student (one792

per question).793

Model level. To analyze the model complexity and performance of794

each model, the Bayesian Information Criterion (BIC) for each of the 45795

models was calculated. The standard formulation of BIC is used; BIC =796

n log(RSS/n)+k log(n). Where RSS is the residual sumof squares, n = 13320797

is the number of observations in the Granovskiy et al. (2015) dataset, and798

the complexity penalty term with k=2 · 36 uses the same number of free799

parameters in each of the 45 compared models.800

Model SD=5 SD=10 SD=15 SD=20 SD=25

Q-multi-morph 198421 (3.600) 194261 (3.079) 190634 (2.687) 187141 (2.357) 184265 (2.116)

Q-median-morph 199209 (3.708) 195313 (3.203) 191474 (2.773) 187767 (2.413) 184683 (2.149)

Q-max-morph 199247 (3.713) 195294 (3.201) 191334 (2.759) 187634 (2.401) 184393 (2.126)

Q-multi-hop 204772 (4.568) 203171 (4.302) 201816 (4.089) 200379 (3.874) 199405 (3.735)

Q-median-hop 204810 (4.575) 203272 (4.318) 201611 (4.057) 200358 (3.871) 199693 (3.776)

Q-max-hop 204815 (4.576) 203220 (4.310) 201680 (4.068) 200355 (3.871) 199422 (3.737)

M-multi-hop 192174 (2.847) 192077 (2.837) 192793 (2.914) 194055 (3.055) 195446 (3.219)

M-median-hop 192208 (2.851) 192079 (2.837) 192682 (2.902) 193807 (3.027) 195683 (3.248)

M-max-hop 192216 (2.852) 192043 (2.833) 192760 (2.910) 193953 (3.044) 195713 (3.252)

Table 1: BIC (RMSE) values for optimized models over Ąxed SD values for the morph
parameter tfrac. For all 45 models, the number of free parameters per student is 72, the
total number of parameters is 13320, and the total number of observations is 13320. The
Gumbel temperature T=20.
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The best-BIC performing model is the Q-multi-morph SD=25 model801

with the lowest BIC value of 184265 and an average RMSE of 2.116.802

To assess the signiĄcance of the morphing parameter across the full co-803

hort, a one-sample t-test is performed on the distribution of Ątted parameter804

values across all 13,320 observations (185 students × 72 questions). For each805

model, the one-tailed t-test analysis reports p-values testing the hypothesis806

that the morph parameter is greater than zero ( H1 : tfrac > 0), given its807

range [0,1]. The analysis, Table 2, demonstrates that dynamical evolution808

parameter tfrac is statistically signiĄcant in all of the models (α=0.05). In the809

best BIC-performing model (Q-multi-morph, SD=25, T=20), the morphing810

parameter showed a mean value of 0.133 (Std err=.001, N=13320, 95% CI:811

0.130-0.135, t(13319)=90.826, p<0.001), indicating a reliably non-zero value812

across observations, Table 2.813
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Table 2: Estimated morph parameter statistics (T=20).

Model SD Par N_Obs Mean Std_Err t_stat p_val CI L_95 CI U_95

M-max-hop 5 t-frac 13320 0.067 0.145 0.001 0.000 0.065 0.070

M-max-hop 10 t-frac 13320 0.057 0.109 0.001 0.000 0.056 0.059

M-max-hop 15 t-frac 13320 0.044 0.080 0.001 0.000 0.043 0.046

M-max-hop 20 t-frac 13320 0.035 0.062 0.001 0.000 0.034 0.036

M-max-hop 25 t-frac 13320 0.028 0.047 0.000 0.000 0.027 0.028

M-median-hop 5 t-frac 13320 0.068 0.146 0.001 0.000 0.065 0.070

M-median-hop 10 t-frac 13320 0.057 0.108 0.001 0.000 0.055 0.059

M-median-hop 15 t-frac 13320 0.044 0.081 0.001 0.000 0.043 0.045

M-median-hop 20 t-frac 13320 0.034 0.060 0.001 0.000 0.033 0.035

M-median-hop 25 t-frac 13320 0.027 0.046 0.000 0.000 0.026 0.028

M-multi-hop 5 t-frac 13320 0.068 0.146 0.001 0.000 0.065 0.070

M-multi-hop 10 t-frac 13320 0.057 0.108 0.001 0.000 0.055 0.059

M-multi-hop 15 t-frac 13320 0.044 0.081 0.001 0.000 0.043 0.046

M-multi-hop 20 t-frac 13320 0.034 0.060 0.001 0.000 0.033 0.035

M-multi-hop 25 t-frac 13320 0.027 0.047 0.000 0.000 0.027 0.028

Q-max-hop 5 t-frac 13320 0.063 0.163 0.001 0.000 0.060 0.066

Q-max-hop 10 t-frac 13320 0.070 0.149 0.001 0.000 0.067 0.072

Q-max-hop 15 t-frac 13320 0.076 0.146 0.001 0.000 0.074 0.079

Q-max-hop 20 t-frac 13320 0.085 0.153 0.001 0.000 0.082 0.087

Q-max-hop 25 t-frac 13320 0.094 0.164 0.001 0.000 0.091 0.097

Q-max-morph 5 t-frac 13320 0.084 0.186 0.002 0.000 0.081 0.087

Q-max-morph 10 t-frac 13320 0.099 0.179 0.002 0.000 0.096 0.102

Q-max-morph 15 t-frac 13320 0.110 0.171 0.001 0.000 0.107 0.113

Q-max-morph 20 t-frac 13320 0.121 0.166 0.001 0.000 0.118 0.124

Q-max-morph 25 t-frac 13320 0.131 0.166 0.001 0.000 0.128 0.134

Q-median-hop 5 t-frac 13320 0.062 0.162 0.001 0.000 0.060 0.065

Q-median-hop 10 t-frac 13320 0.070 0.149 0.001 0.000 0.068 0.073

Q-median-hop 15 t-frac 13320 0.076 0.146 0.001 0.000 0.073 0.078

Q-median-hop 20 t-frac 13320 0.085 0.154 0.001 0.000 0.082 0.087

Q-median-hop 25 t-frac 13320 0.094 0.166 0.001 0.000 0.091 0.097

Q-median-morph 5 t-frac 13320 0.084 0.188 0.002 0.000 0.081 0.088

Q-median-morph 10 t-frac 13320 0.100 0.178 0.002 0.000 0.097 0.103

Q-median-morph 15 t-frac 13320 0.110 0.169 0.001 0.000 0.107 0.113

Q-median-morph 20 t-frac 13320 0.120 0.167 0.001 0.000 0.117 0.123

Q-median-morph 25 t-frac 13320 0.133 0.165 0.001 0.000 0.130 0.136

Q-multi-hop 5 t-frac 13320 0.062 0.161 0.001 0.000 0.059 0.064

Q-multi-hop 10 t-frac 13320 0.070 0.151 0.001 0.000 0.068 0.073

Q-multi-hop 15 t-frac 13320 0.076 0.146 0.001 0.000 0.074 0.079

Q-multi-hop 20 t-frac 13320 0.084 0.153 0.001 0.000 0.081 0.087

Q-multi-hop 25 t-frac 13320 0.094 0.165 0.001 0.000 0.091 0.097

Q-multi-morph 5 t-frac 13320 0.104 0.221 0.002 0.000 0.100 0.107

Q-multi-morph 10 t-frac 13320 0.113 0.205 0.002 0.000 0.109 0.116

Q-multi-morph 15 t-frac 13320 0.119 0.188 0.002 0.000 0.116 0.122

Q-multi-morph 20 t-frac 13320 0.126 0.177 0.002 0.000 0.123 0.129

Q-multi-morph 25 t-frac 13320 0.133 0.168 0.001 0.000 0.130 0.135
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Individual level. It is plausible that individual respondents may change814

their strategies during the task depending on the question or the appearance815

of the revealed response distribution. To capture this type of individual816

strategy variability, a statistical analysis of the best RMSE across all models817

is conducted.818

Figure 4: The individual RMSE win rate heatmap over all model-SD combinations (T=20).
The frequency-based best model is Q-multi-morph with SD=5. In hopping dynamics
the Markov-based M-multi-hop with SD=5 outperforms the quantum-based Q-multi-hop
model

Each model variant contains one parameter type, the fractional morph-819

ing time tfrac.. This parameter is estimated independently for each question820

by minimizing the RMSE between observed and predicted responses for821

each model. For each student answering twice the 36 questions in informed822

context, this results in 72 best Ątted parameter values per student from 45823

models. Effectively, this approach yields a saturated model with zero de-824
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grees of freedom at the individual level.16 The analysis of the counts of the825

best model at the individual observation level, Fig.4, shows Q-multi-morph826

with SD=5 to perform best in most of the observed cases: it wins 95.89% of827

individual observations. This outcome differs from the best model based828

on the average RMSE metric, a phenomenon related to SimpsonŠs Paradox.829

The individual level analysis reveals the Q-multi-morph with SD=5 wins830

the most individual observations, the aggregate level analysis showed the831

Q-multi-morph with SD=25 has the lowest BIC, or overall average RMSE.832

This discrepancy happens because Q-multi-morph with SD=5 performs833

best on typical cases but catastrophically fails on outlier cases, which inĆate834

the overall average RMSE. The Q-multi-morph with SD=25 loses most in-835

dividual comparisons but better handles outlier cases keeping the overall836

average RMSE low.837

The quantum multi-morph model with SD=25 achieves the lowest av-838

erage RMSE, making it the preferred model under maximum likelihood839

estimation for minimizing overall prediction error. However, SD=5 pro-840

duces the best predictions in 95.89% of individual cases, demonstrating841

superior typical-case performance despite occasional catastrophic failures.842

This reveals a trade-off between global optimality (best average) and local843

optimality (best in most cases), where the quadratic penalty in MLE heavily844

weights the rare but severe failures of the SD=5 model version.845

Finally, the optimal parameter by an individual student for a speciĄc846

question characterizes their dispositionwith respect to social information on847

16Note that all 36 questions in the Granovskiy et al. (2015) experiment are unrelated,
therefore a modelŠs performance on a training subset cannot generalize to a holdout subset.
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that occasion in the experiment. For each individual student their optimal848

parameters (one per question) can be plotted as a density distribution,849

e.g. in Fig.5. From the comparison of these parameter violin distributions850

of each group member in a given session of the experiment the tendency851

of an individualŠs Ćexibility can be observed.17 Since, in the Granovskiy852

et al. (2015) experiment the participants readjusted relatively few times853

their response, the distributions are concentrated towards zero, and more854

so in the third round (right-half of the violin distribution) in comparison855

the second round (left-half of the violin distribution). Comparison of the856

distributions among models, shows which model engaged more with the857

Ćexibility property from the elongation of the distributions.858

9. Discussion and conclusion859

Our study introduces a novel quantum-like belief morphing framework,860

based on the Brassard-Høyer-Grover ampliĄcation formalism, to model861

social inĆuence in multi-agent decision-making contexts. This innovative862

use of the algorithm lets a subjectŠs prior belief evolve into a posterior belief863

in proportion to a subjectŠs valence or utility for a target-belief.864

Here, for Granovskiy et al. (2015)Šs experiment, the target belief was set865

to aggregate Űto variable extentŰ the information embedded in a groupŠs866

responses. The belief morphing dynamic can effectively cover decision-867

making settings in whichmultiple respondents interact by iteratively stating868

their judgments and contextual information, processing the information,869

17The Ćexibility of a participant is their proneness to change their choices over different
rounds (Granovskiy et al., 2015).
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Figure 5: Individual studentŠs optimal tfrac parameter distribution over question, in group
9, gathering 4 members, for all nine models Q-morphing (top), Q-hopping (middle),
Markov-hopping (bottom), and in columns the target type ŚmultiŠ (left), ŚmedianŠ (center),
and ŚmaxŠ (right). The left half violin (blue) shows the second round optimal parameter
distributions for all question, while the right half violin (orange) shows the third round
parameter distribution. (T=20, SD=25).

46



and adapting their judgments in subsequent decisions. In our application870

to the change of an individualŠs belief in the crowd-wisdom experiment,871

the quantum-like morphing model (Q-multi-morph, SD=25) achieved872

BIC=184265 compared to the best Markov hopping model (M-multi-hop,873

SD=10) with BIC=192077, Table 1. This represents a substantial improve-874

ment in capturing belief dynamics in the social inĆuence paradigm. The bet-875

ter performance of the quantum-like morphing evolution occurred both at876

the model level (BIC) and at the individual observation level (win rate), but877

with different intrinsic belief uncertainty (SD=25 vs 5). This effective Simp-878

sonŠs Paradox Űthe discrepancy between aggregate-level and individual-879

level model performanceŰ should be taken into account when selecting a880

model for practical applications. All models showed the evolution parame-881

ter tfrac was signiĄcantly greater than zero (p<0.001), conĄrming that belief882

change occurred, with the quantum-like morphing (SD=25) providing the883

best mode of change ( effect size: tfrac=0.133). The violin distribution plots884

of the change parameter, Fig.5, revealed substantial heterogeneity in re-885

sponse Ćexibility, with most participants showing conservative adjustment886

(concentrated near zero).887

In this experimentŠs crowd-wisdom paradigm, the better performance888

of the quantum-like morphing model stems from its possibility to formulate889

detailed target belief states. In the application, multi-modal, median, and890

maximum-density belief states were developed as possible targets. The891

morphing formalism also allows interference effects to shape outcome belief892

states, but these are expected to become more apparent in other experimen-893

tal paradigms, for example those involving the disjunction effect.894
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The ability to devise potential target states is a core feature of the belief895

morphing approach: competing belief targets can be implemented depend-896

ing on whether a subject yields to or goes against contextual or group897

information. Fitting the parameters of competing belief states and compar-898

ing their respective model performance enables to reveal tendencies in the899

underlying cognitive processes. For complex targets, this can be technically900

done by implementing a tree-structured target state. Dedicated target states,901

on the nodes of the tree-graph, can each be evolved to by setting to 1 the902

evolution parameters for the focus branch and quenching the other branches903

(Appendix C).904

The morphing formalism further provides a clear argument for the905

understanding of the temporal evolution parameter in quantum-like Hamil-906

tonian dynamics. In the morphing approach, the temporal evolution is907

intrinsically limited. The morphing formalism provides an expression for908

the period τ in which a source belief has fully morphed into the target belief.909

Because of this unambiguous limit to temporal evolution, the morphing910

approach can avoid the characteristic, but cognitively spurious, periodic911

evolution in quantum-like Hamiltonian dynamics. We noted that this issue912

in the general Hamiltonian approach can be resolved by considering its913

periodicity, based on the energy spectral decomposition, Eq.(4). In the mor-914

phing approach, on the contrary, that period is simply interpreted as the915

ŚtimeŠ to reach the target belief, Eq.(10), and allows the best-Ątting temporal916

fraction toward a target belief to be interpreted as a measure of that targetŠs917

utility and as an index of adaptation or Ćexibility for each respondent.918

The quantum-like morphing approach comes with its limitations. At919
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present, it is not developed to cover time-dependent outcomes. The hop-920

ping dynamical models Űquantum-like and MarkovianŮ by contrast in-921

clude a speed-of-belief-change parameter and could address response-time922

outcomes. Also, the Ąxed Gumbel temperature parameter (T=20), the923

overall adopted perceived uncertainty SD in source and target states, and924

the uniformly adopted model to Ąt the full cohort, implicitly assume that925

respondents share, and do not switch, heuristics within the experimental926

session. While these assumptions served to compare models, these factors927

should be varied to assess individual respondents. The individual-level928

statistical analysis of each modelŠs win rate, shows that respondents will929

change response models, Fig.4. The Gumbel temperature, Ąxing the balance930

of exploration and exploitation, may also reĆect a characteristic interper-931

sonal difference. These issues should be addressed when furthering the932

morphing approach in different applications.933

Finally, the clear interpretational aspect and the formally simple Hamil-934

tonian construction position the quantum-like morphing approach well for935

future work: revisiting previous experimental paradigms (e.g., the disjunc-936

tion and conjunction effects, order effects, contextuality, episodic memory937

recall), expanding it to new paradigmssuch as the evolution of beliefs in938

social networks, and developing the formalism further to cover time-related939

experimental paradigms, for example response-time experiments.940
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Appendix A. Markov vs Schrödinger dynamics1131

Markov Schrödinger

State vector Π =





p1
...



 ψ =





ψ1

...





Vector components probabilities, ∈ R probability amplitudes, ∈ C

EntityŠs state (0 · · · 1j · · · 0) (r1eiθ1 · · · rjeiθj · · · rNeiθN )

Şalways at some single j" Şat j only after pos. meas. for jŤ

Normalization
∑

j pj = 1
∑

j |ψj |2 = 1

Propagator T (t) = eKt U(t) = e−iHt

∑

i Tij = 1 U†U = I

Change operator Transition rate matrixK HamiltonianH

∑

iKij = 0,Kij ≥ 0 , i ̸= j H† = H

Dynamics Π(t) = T (t)Π(0) ψ(t) = U(t)ψ(0)

Measurement for j component selectorMj for j subspace projectorMj for j

Probability for j ||MjΠ(t)||1 ||Mjψ||2

Table A.3: Comparison of the main model features in Markov and Quantum-like approach
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Appendix B. Response data variation for trivia experiment1132

Figure B.6: Choice variation over rounds and questions, RMS of response change in 2nd
round (left panel), and 3rd round (right panel). On average over questions, larger decision
changes occur in the 2nd round in comparison to the third round.

Appendix C. Complex target design for belief state morphing1133

The basic morphing dynamics evolves the source to the target, Eq.(9), the1134

former representing the subjectŠs prior beliefs and the latter a potentially1135

multi-component target belief state. From a cognitive modeling perspective1136

on multi-respondent decision making, a variety of component-targets can1137

be put forward and can be aggregated into a single target expression. In the1138

supposition that some n distinct component-targets could be of interest, an1139
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Figure B.7: Participant responses over question, rounds, and sessions.
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aggregated single target state can be constructed which itself is the result1140

of one source-state and a single target-state which is now the aggregate of1141

the remaining (n 9 1) component-targets. This procedure can be repeated1142

till the last target-state is the morphed state of one source-state and one1143

single-component target-state:1144

ψX0( · · ·︸︷︷︸
n times

) = cos(ρX0(X1(···))t0)ψX0 + ie9iθX0(X1(···)) sin(ρX0(X1(···))t0)ψX1( · · ·
︸︷︷︸

n91 times

)

· · ·

ψXn91(Xn) = cos(ρXn91(Xn)tn91)ψXn91 + ie9iθXn91(Xn) sin(ρXn91(Xn)tn91)ψXn
,(C.1)

where ρX(··· ) and θX(··· ) are the moduli and complex phases of the respective1145

source-target inner products. The description of an n-component target-1146

state in general requires n morphing strength parameters {t0, · · · , tn91}.1147

From the aggregation process, Eq.(C.1), following a linear binary tree - i.e.1148

a 3-regular tree graph - it can be seen that each subsequent target ψXi
is1149

reached for tj=τj(j+1) when 0 ≤ j < i and ti=0.1150

In an unbiased approach the target state can be left unspeciĄed except for the1151

inclusion of the elementary target belief states spanning its morphing space.1152

By changing the n evolution parameters either of the n pure elementary1153

targets can be reached from the initial belief. This morphing structure is1154

a tree graph, with the initial belief being the root, vertices v = n + 1. The1155

internal nodes are morphs that have degree 3 stemming from the parent1156

morph and two child nodes. The leaves are the pure target belief states.1157

Also, mixtures of these elementary belief states may compose the target1158
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Figure C.8: Multi-target belief state morphing with 1, 2 and 3 components, ψAB , ψA(BC)

and ψA(B(CD))(left), and n components obtained from any 3-regular tree graph of targets
ψX0(1···i···n) (right). Individual components can be reached by tuning the morph parame-
ters, e.g. in the 3-components target; αB(CD)=0 for ψB , αB(CD)=2π/ρB(CD) and αCD=0 for
ψC , and, αB(CD)=2π/ρB(CD) and αCD=2π/ρCD for ψD.

belief state.181159

Appendix C.1. Analytical morph propagator1160

With the Hamiltonian H = I − PψA − PψB , expressed on the projectors,1161

and the Taylor expansion of the unitary propagator U(t)=
∑

k=0
(9it)k

k!
Hk, its1162

closed-formanalytical expression can be obtained. Observing,H {PψA , PψB}=−|λ|2 (PψA + PψB)1163

and H (PψA + PψB)=−{PψA , PψB}, all powers of the Hamiltonian, Hk, for1164

k ∈ N can be written as1165

Hk = H + ak {PψA , PψB}+ sk (PψA + PψB) (C.2)

subject to the recurrence relation ak+2=1 + |λ|2ak, and its initial conditions1166

a0=a1=0 and recurrence relation sk+2=−|λ|2(1−sk), and its initial conditions1167

s0=1, s1=0.19 Taking into account even (n) vs uneven (m) powers of the1168

18Notice that in these cases the full morphing periods τj(j+1) are derived from the inner
product of the known component target states ψXj

and ψXj+1
. Parameters for states deeper

down the binary aggregation tree are redundant when an earlier parameter is zero.
19The choice s0=1 allows the consistent expression for Hk of Eq.(C.2) when k=0.
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Hamiltonian, the coefficients in the Taylor series can be rendered explicit1169

with sn=−|λ|2 1−|λ|n−2

1−|λ|2 (even), sm=−|λ|2 1−|λ|m−1

1−|λ|2 (uneven), an=
1−|λ|n
1−|λ|2 (even),1170

and am=
1−|λ|m−1

1−|λ|2 (uneven). The closed form expression of the propagator1171

then becomes1172

U(t) = e−itH +
1

1− |λ|2
{PψA , PψB}

(

e−it − cos |λ|t+
i

|λ|
sin |λ|t

)

−
|λ|2

1− |λ|2
(PψA + PψB)

(

e−it −
1

|λ|2
cos |λ|t+

i

|λ|
sin |λ|t

)

,(C.3)

showing the simple addition of a phase e−it outside the span of ψA and ψB ,1173

and a puremorphing within their span, and generalizes Farhi and Gutmann1174

(1998)Šs expression for the Grover-evolution of states in a 2D sub-space. The1175

further simpliĄed form, withH=1−PψA −PψB absorbed, appears in Eq.(11).1176

For completeness, the endmost cases are mentioned; i) when the source1177

and target belief state are orthogonal, ψA ⊥ ψB hence λ=0, the propagator1178

reduces to U(t)=e−itH + PψA + PψB Űapplying a phase only outside their1179

span, and ii) when the source and target belief state coincide, ψA=ψB hence1180

λ=1, the propagator becomes U(t)=e−it(1−Pψ)+eitPψ Űapplying one phase1181

on the vector and the opposite phase outside its span.1182

Appendix C.2. Belief compromise1183

The morphing dynamics, Eq.(9), has been applied to conform a step-1184

wise iterative updating process in which respondents refer to previous1185

beliefs of the other respondents, e.g. as in the Trivia experiment (Gra-1186

novskiy et al., 2015). Instead of inserting time-dependency of the morphing1187

Hamiltonian by updating the projection states at each increment of time, the1188

target morph state itself can be deĄned as an (un)balanced superposition1189
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of the respective belief states, γ ∈ [0, 1],1190

Γ = γψA + i
√

1− γ2e−iθψB, (C.4)

with the inner product of source and target yielding;1191

⟨ψA|Γ⟩ = N ei tan
91 ρ

√
1−γ2

γ , N =
√

γ + ρ2(1− γ2) (C.5)

The compromising morph state is derived by substituting the scalar product1192

values, Eq.(C.5), and target state, Eq.(C.4), in the generic morphing relation,1193

Eq.(9),1194

ψA(t) =

(

cos(N t) + iγe9i tan
91 ρ

√
1−γ2

γ sin(N t)

)

ψA

−ie
9i

(

θ+tan91 ρ
√

1−γ2

γ

)

√

1− γ2 sin(N t)ψB, (C.6)

where phase θ and modulus ρ are again obtained from the inner product of1195

the respective belief states, Eq.(6).1196

Appendix C.3. Belief polarization1197

The cognitive morphing dynamics can be adapted to evolve a belief state1198

ψA to maximally differ with another given belief state ψB . The ŚpolarizationŠ1199

state χ of belief state ψA with respect to ψB satisĄes: χ ⊥ ψB andmaxχ⟨χ|ψA⟩.1200

Any belief state can be decomposed into a parallel and orthogonal state1201

w.r.t a second state, e.g. ψA=PBψA + (1− PB)ψA. We deĄne the ŚpolarizationŠ1202
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target as the ψA-component orthogonal to ψB;1203

χ =
(1− PB)ψA

N
=

ψA − λ⋆ψB
N

, (C.7)

where |χ|2=1, requires N =
√

1− ρ2. In this conĄguration the source-target1204

scalar product satisĄes ⟨ψA|χ⟩=N , and is real-valued. The polarization1205

morph state is then obtained from the generic morphing relation, Eq.9,1206

ψA(t) =

(

cos(N t) +
i

N
sin(N t)

)

ψA − i
λ⋆

N
sin(N t)ψB, (C.8)

which yields the orthogonal state iχ at t=τψAχ=π/(2N ).1207
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Appendix D. Gumbel sampling1208

For the expression of individual responses when no additional personal1209

features of respondents are available, a small random variation about the1210

response value with maximal probability in the updated belief state is1211

implemented through Gumbel sampling. For a given belief state probability1212

distribution pdf , the sampling response is given by1213

logits = np.log(pdf) (D.1)

noise = np.random.gumbel(size = len(logits)) (D.2)

response = np.argmax(logits+ noise/temperature) (D.3)

in Python code. Sampling at a higher temperature mostly reduces the out-1214

come to the unperturbed argmax of the belief state probability distribution,1215

low-temperature sampling can veer the outcome to off-max response values1216

by SD-size difference, Fig.D.9. To retain an acceptable level of model-Ądelity,1217

the lower limit of the Gumbel sampling temperature is set to T=20. The1218

MAE-performance of the tested models depends on the applied Gumbel1219

temperature, Fig.D.10. The performance mostly improves and converges1220

with lower Gumbel temperature over the tested range {.2, 2, 20, 200, 2000}.1221

The over-exploration at lower temperatures shows all models collapse to1222

virtually the same performance level, conĄrming the requirement of the1223

lower bound on the sampling temperature.The lower temperature sampling1224

increases the performance through repeated trial-and-error sampling for1225

each tested tfrac.1226
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Figure D.9: Temperature vs response exploration; e.g. temperatureŠs effect on Gumbel
sampling for a belief probability distribution about response Ś30Š, with uncertainty SD=10.

Figure D.10: Model MAE performance vs Gumbel temperature. All quantum and Markov
models with multi, median, and max targets are tested with uncertainty SD=5 to 25, and
sampling temperature T=.2 to 2000.
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