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1. Introduction 37 

1.1 Background 38 

Cracks in rocks are formed as a consequence of tectonic activity, including faulting and jointing, excess 39 

pore pressure and thermal stress. Therefore, the cracks observed in rocks from outcrops and borehole 40 

cores record their damage history. Even today, tectonically-induced brittle cracks and grain boundary 41 

cracks continue to form, contributing to the evolving geological history of rocks at depth. Cracks act as 42 

pathways, supplying fluid to faults and reducing effective stress due to excess pore pressure, and are a 43 

key factor in geophysics when considering fault mechanics (e.g., Chen and Nur, 1992; Evans and Wong, 44 

1992; Gratier et al., 2003; Healy, 2009; Rice, 1992; Zimmerman and Paluszny, 2023). In CCS (Carbon 45 

dioxide Capture and Storage) and geothermal development, it is also important to evaluate fluid migration 46 

in cracked rocks subjected to confining pressure and tectonic stress in the subsurface, and many studies 47 

have been conducted on the coupling between crack geometry, permeability and stress (Feitz et al., 2022; 48 

Ma et al., 2023; Rizzo et al., 2024; Sarout et al., 2017; Suzuki et al., 2024a; Suzuki et al., 2024b). 49 

The permeability of cracked rock can be mathematically described as a function of the crack aperture 50 

and orientation using the parallel plate model (Snow, 1969). Oda (1985) proposed a permeability tensor 51 

concept (Oda’s permeability tensor) that incorporates observable three-dimensional (3D) geometric 52 

information of cracks, i.e., the orientation, aperture and crack density, into an equivalent permeability 53 

model based on the parallel-plate model, and this model has been applied in many studies (e.g. Akamatsu 54 

et al., 2023; Brown, 1987; Pakdel and Pietruszczak, 2024) （see Section 2.1）．From the perspective of 55 

statistical methods and percolation theory, Guéguen and Dienes (1989) proposed simplified 56 

microstructural models using pipes or cracks to describe the microstructure of porosity and used these to 57 

calculate permeability and conductivity of a cracked rock in the isotropic case. These permeability models 58 

are applied to evaluate the permeability of cracked rocks under stress as an equivalent permeability (e.g., 59 

Brown and Bruhn, 1998; Delle Piane et al., 2015; Oda et al., 2002b; Shao et al., 2005; Simpson et al., 60 

2001). Here, representing the permeability of cracked rock by an equivalent permeability is essential for 61 

describing fluid flow behavior within the framework of continuum mechanics. The general form of a 62 

stress-dependent permeability tensor has been proposed by Oda et al. (2023) considering the closing or 63 

opening of crack apertures as a result of the change in the effective normal stress acting on crack surfaces64 

（see Section 2.2）. 65 

 Under polyaxial stress states, which must be the general condition within the crust, the intermediate 66 

principal stress significantly influences the hydro-mechanical behavior of rocks (e.g., Haimson and 67 

Rudnicki, 2010; Healy et al., 2015; Mogi, 2006; Panaghi et al., 2021; Sato et al., 2018). The relationship 68 

between cracks and permeability in such a general 3D stress state can be evaluated using a permeability 69 

model under anisotropic stress conditions. Consequently, the development and validation of a 3D stress-70 

dependent permeability tensor is of key importance in establishing the reliability of modeled permeability 71 

under polyaxial stresses condition. 72 
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 73 

1.2 Rationale 74 

In the permeability tensor concept in a 3D Cartesian coordinate system, fluid flow, for example, along 75 

the z- (=x3-) axis, is dominated by cracks oriented normal to the x- (=x1-) and y- (=x2-) axes, which are 76 

the dominant fluid pathways; i.e., cracks that have components normal to the flow direction do not 77 

contribute to permeability. Therefore, considering the stress distribution of a laboratory conventional 78 

triaxial test on a cylindrical rock sample, with axial 𝜎𝑧 > radial Pc (= 𝜎𝑥 = 𝜎𝑦), the permeability in the 79 𝜎𝑧 -direction should increase since cracks parallel to the 𝜎𝑧 -axis increase in number and dilate with 80 

increasing differential stress. Here, the stress distributions used in this study are summarized in Fig. 1. In 81 

addition, 𝜎𝑥 , 𝜎𝑦 , and 𝜎𝑧  denote the stresses acting along the 𝑥 -, 𝑦 - and 𝑧 -axes, respectively, 82 

while 𝜎max, 𝜎int  and 𝜎min  represent the maximum, intermediate, and minimum principal stress values. 83 

When stress is applied normal to a crack, the crack closes and significantly impacts the permeability 84 

coefficient. Fig. 2 shows the variation in permeability along the 𝜎𝑚𝑎𝑥-direction for conventional triaxial 85 

tests in cracked granitic rocks and massive basalt as reported in previous studies (Chen, 2018; Fortin et 86 

al., 2011; Jia et al., 2021; Kiyama et al., 1996; Mitchell and Faulkner, 2008; Shao et al., 2005; Wang et 87 

al., 2014; Zoback and Byerlee, 1975). At present, no studies reporting the results of permeability tests on 88 

cracked rocks under polyaxial stress conditions have been found. The permeability decreases up to the 89 

dimensionless failure level, FL, of approximately 0.4 in most samples, after which it transitions to a rapid 90 

or gentle increase. This is because crack growth begins at around FL ≈ 0.4 in brittle rocks such as granite, 91 

increasing crack surface density through interactions and eventually leading to brittle failure (e.g., Martin 92 

and Chandler, 1994; Paterson and Wong, 2005). For FL<0.4, pre-existing cracks normal to the 𝜎𝑚𝑎𝑥-93 

direction are closed, and pre-existing cracks parallel to this axis are opening and preparing for crack 94 

growth. This regime is referred to as the crack-closure stage in this study and corresponds to the range 95 

indicated by the solid line in Fig. 2. Therefore, the decrease in permeability along the 𝜎𝑚𝑎𝑥-direction, 96 

which is influenced by the cracks parallel to the 𝜎𝑚𝑎𝑥-direction, cannot be explained by the conventional 97 

permeability tensor concept introduced at the beginning of this section. This suggests that the cracks 98 

normal to the 𝜎𝑚𝑎𝑥-direction contribute to the decrease in permeability. Thus, the cracks parallel to the 99 𝜎𝑚𝑎𝑥 -direction act as the main fluid pathways, while the cracks normal to the 𝜎𝑚𝑎𝑥 -direction act as 100 

bottlenecks that prevent or restrict fluid flow within the overall crack network. In this study, the term 101 

bottleneck is used to describe a local aperture constriction, representing the narrowest segment along a 102 

flow path, and is quantitatively expressed in terms of constrictions. In addition, cracks normal to the 103 𝜎𝑚𝑎𝑥-direction are expected to act as a factor that alters the effective length of favorable flow paths when 104 

aperture variations are taken into account. This effect can be evaluated in terms of changes in aperture-105 

weighted tortuosity. The effect of cracks normal to the 𝜎𝑚𝑎𝑥-direction on permeability needs to be given 106 

significant attention, particularly in cracked rocks subjected to anisotropic stress and below the 107 

percolation or failure threshold. In this study, we attempt to develop a more comprehensive permeability 108 
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tensor concept by treating tortuosity and bottleneck effects as a new crack network parameter. (see Section 109 

2.3). 110 

In this study, 3D crack models were developed and numerical simulations were performed to investigate 111 

the effects of connectivity, tortuosity, and bottlenecks on the equivalent permeability of cracked rock in 112 

which fluid flow occurs through the crack network, based on the permeability tensor concept. Here, the 113 

equivalent permeability is required to link permeability behavior with stress and elastic wave velocities 114 

within the framework of continuum mechanics. On the other hand, the permeability of cracked rock can 115 

also be evaluated by explicitly representing the crack network in a discrete manner and calculating 116 

permeability using a discrete fracture network (DFN) approach. By applying the same crack model, we 117 

compare the equivalent permeability with the permeability obtained from the DFN method, in order to 118 

assess the effectiveness of the modified equivalent permeability proposed in this study (see Section 3). In 119 

these numerical simulations, the changes in crack aperture under anisotropic stress applied to various 120 

crack models were calculated using the method proposed by Oda et al. (2023). Subsequently, a crack 121 

network parameter accounting for tortuosity and bottleneck effects was calculated, and its directional 122 

dependence was evaluated and discussed to ensure its validity (see Section 4.1). Furthermore, the effects 123 

of variations in crack density and anisotropy in cracked rock on the crack network parameter, 124 

incorporating tortuosity and bottleneck effects, were discussed (see Section 4.2). Using the equivalent 125 

permeability calculated from a proposed modified correction factor that accounts for tortuosity, bottleneck 126 

effects, and crack density dependent connectivity, we discuss how anisotropic stress conditions and 127 

anisotropy in crack fabric influence permeability. In this study, the term connectivity refers to the fraction 128 

of geometrically connected cracks. We further propose an approach for evaluating permeability in the 129 

loading direction in triaxial compression experiments (Section 4.3). The proposed modified correction 130 

factor for permeability tensor cannot be directly measured from natural rock samples. How, then, can it 131 

be determined? If the permeabilities in multiple directions and the geometric information of cracks are 132 

provided, it can be back-calculated using the permeability tensor concept (see Section 4.4). The 133 

limitations and key considerations when applying the proposed method are summarised (see Section 4.5). 134 

The change in connectivity and the crack network parameter within rocks is important not only from 135 

the perspective of permeability evolution but also as an indicator for evaluating crack interactions during 136 

fault development. The aim of this study is to propose the crack network parameter incorporated into  137 

the modified correction factor, with a particular focus on understanding crack interactions under 138 

anisotropic stress conditions through their effect on permeability. The key findings are summarized in 139 

Section 5, and the symbols used in this study are summarized in Table S1. 140 

 141 

2. Permeability from viewpoint of crack geometry 142 

2.1 Permeability tensor proposed by Oda (1985) 143 

If a cracked rock is idealised as an anisotropic porous medium whose rock matrix is impermeable, the 144 
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following assumptions are adopted: 1) Laminar flow of fluid occurs through a crack bounded by 145 

impermeable rock matrices according to the cubic law. 2) The gradient of the total hydraulic head Ф, 146 

expressed as −𝜕Ф/𝜕𝑥𝑖, is homogeneously distributed within a REV.  3) The crack aperture t represents 147 

the hydraulically equivalent aperture and varies with the normal stress acting on each crack. Under these 148 

assumptions, a permeability tensor 𝑘𝑖𝑗 [m2] in Darcy’s law can be expressed as follows: 149 𝑣𝑖 = −𝑘𝑖𝑗 𝜕Φ𝜕𝑥𝑗                                            (1) 150 

𝑘𝑖𝑗 = 𝜆12 (𝑃𝑘𝑘𝛿𝑖𝑗 − 𝑃𝑖𝑗)                          (2) 151 

where, 𝑣𝑖  [m s-1] is the apparent seepage velocity, 𝛿𝑖𝑗  is the Kronecker’s delta, and Einstein’s 152 

summation convention is implied. Eq. (2) was proposed by Oda (1985) and is referred to as Oda’s 153 

permeability tensor. Here, 𝑃𝑖𝑗 [m2] is a symmetric second-rank tensor depending only on the geometrical 154 

aspects of the cracks and is given by 155 𝑃𝑖𝑗 = 𝜋𝜌 ∫ ∫ ∫ 𝑟2𝑡3𝑛𝑖𝑛𝑗2𝐸(𝒏, 𝑟, 𝑡)𝑑Ω𝑑𝑟𝑑𝑡                    (3)Ω 2⁄
∞

0
∞

0  156 

Here, this approach makes the assumption of flat, penny-shaped cracks with a uniform aperture. In Eq. 157 

(2), 𝜆 is a dimensionless parameter (0 < 𝜆 ≤ 1) that represents the connectivity, which is the fraction 158 

of geometrically connected cracks. Within this framework, a density function 𝐸(𝒏, 𝑟, 𝑡) is introduced, 159 

and Ω is the entire solid angle equal to 4π. Instead of 𝐸(𝒏, 𝑟, 𝑡), 2𝐸(𝒏, 𝑟, 𝑡) is sometimes used since 160 𝐸(𝒏, 𝑟, 𝑡) = 𝐸(−𝒏, 𝑟, 𝑡). Here, 𝒏 is a unit vector normal to the crack surface, 𝑟 is the diameter of a 161 

circular crack [m], 𝑡 is the crack aperture, and 𝜌 is the crack density [m-3], defined as the number of 162 

cracks per unit volume. If the three variables 𝒏, 𝑟, and 𝑡 are statistically independent, 𝐸(𝒏, 𝑟, 𝑡) can 163 

be written as 𝐸(𝒏) 𝑓(𝑟) 𝑔(𝑡) , where 𝐸(𝒏), 𝑓(𝑟)  and 𝑔(𝑡)  are density functions of 𝒏 , 𝑟 , and 𝑡 , 164 

respectively. Then, Eq. (3) can be rewritten as 165 𝑃𝑖𝑗 = 𝜋𝜌 ∫ 𝑟2𝑓(𝑟)𝑑𝑟 ∫ 𝑡3𝑔(𝑡)𝑑𝑡 ∫ 𝑛𝑖𝑛𝑗2𝐸(𝒏)𝑑ΩΩ 2⁄
∞

0
∞

0  166        = 𝜋𝜌 < 𝑟2 >< 𝑡3 > 𝑁𝑖𝑗                                                                     (4) 167 

with using the following notations: 168 < 𝑟𝑛 >≡ ∫ 𝑟𝑛𝑓(𝑟)𝑑𝑟∞

0                                                 (5) 169 

𝑁𝑖𝑗 ≡ ∫ 𝑛𝑖𝑛𝑗2𝐸(𝒏)𝑑ΩΩ 2⁄ = ∫ 𝑛𝑖𝑛𝑗𝐸(𝒏)𝑑Ω        (6)Ω  170 

In Eqs.(4) – (6),  𝜌 and 𝑟 are still retained as 3D geometric information. Oda (1985) replaced 𝜌 and 171 𝑟 with physically measurable quantities using stereology (Kanatani, 1984) and rewrote Eq. (4) as follows. 172 𝑃𝑖𝑗 = 𝑚(𝒒)< |𝒏 ∙ 𝒒| > < 𝑡3 > 𝑁𝑖𝑗                                         173 
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= 𝑆0 < 𝑡3 > 𝑁𝑖𝑗                                           (7) 174 

Here, 𝑚(𝒒) represents the number of cracks intersecting a scan line in direction 𝒒,  < |𝒏 ∙ 𝒒| > is the 175 

average of the inner product between 𝒏 and 𝒒, referred to as the correction term (also see Terzaghi 176 

(1965)), and 𝑆0 [m-1] is the crack surface area of all cracks per unit volume. Since 𝑁𝑖𝑗 can be determined 177 

in-situ from measurements, for example of strike and dip using a clinometer, it demonstrates that 𝑃𝑖𝑗 can 178 

be determined from the observable crack geometry. Here, 𝑁𝑖𝑗 can also be determined using stereological 179 

methods when three sectional trace maps can be prepared from a rectangular specimen (Oda, 1982). To 180 

use Eq. (7) in theory, two requirements must be satisfied: 1) Cracks must be distributed in a statistically 181 

homogeneous manner within a representative volume, and 2) variables 𝒏, 𝑟 and 𝑡 must be statistically 182 

independent.  183 

 184 

2.2 Stress-dependent permeability tensor 185 

The depth dependency of crack aperture was proposed by Bianchi and Snow (1968), and they formulated 186 

an equation for crack aperture, 𝑡, as a function of depth z based on empirical data. Oda et al. (2023) then 187 

rewrote this equation to the more general condition of the stress dependency of crack aperture on effective 188 

normal stress, as follows. 189 𝑡 = 𝑡0 (1 − 𝜎′𝑛𝛾′𝐻 + 𝜎′𝑛)                          (8) 190 

where 𝑡0 is the aperture at the ground surface; 𝐻 [m] denotes a mechanical parameter that depends on 191 

crack stiffness, roughness, and filling material; 𝛾′ [N m-3] is the submerged unit weight of the rock; and 192 𝜎′𝑛 [N m-2] is the effective normal stress acting on the crack surface. Using Eq. (8) in Eq. (7), the 𝑃𝑖𝑗 193 

was given by  194 𝑃𝑖𝑗 = 𝑆0 {𝑡0 (1 − 𝜎′𝑛𝛾′𝐻 + 𝜎′𝑛)}3 𝑁𝑖𝑗                   (9) 195 

Here, for simplicity, we assume an idealised model of three mutually-orthogonal sets of cracks, whose 196 

normal vectors are oriented along the principal axes. Here, 𝛾′𝐻 in Eq. (9) is the pseudo-elastic modulus 197 

related to crack closing (discussed further in Suzuki et al. (2024b)). Suzuki et al. (2024b) reported that 198 

stress-dependent mean hydraulic conductivity 𝐾𝑖𝑗(= (𝑔/𝜈)𝑘𝑖𝑗) , where 𝑔  [m s⁻²] is the gravitational 199 

acceleration and 𝜈  [m² s⁻¹] is the kinematic viscosity of the fluid, corresponds well with field 200 

measurements in two sites in Japan and Sweden using the same idealisation of a cracked rock mass with 201 

a three mutually orthogonal crack-set model. In addition, their study assumes 𝜆=1, indicating that the 202 

cracks are fully connected to each other. Furthermore, Oda (2025) reported validations of the stress 203 

dependence of permeability at multiple field sites. 204 

 205 

2.3 A new crack network parameter 𝛵𝑖𝑗 incorporating tortuosity and bottleneck in tensor form 206 

Cracks can be considered to form a network, and the connectivity between cracks significantly affects 207 
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the permeability. In the Oda’s permeability tensor concept, the degree of connectivity is represented by 208 𝜆 . When 𝜆 = 1 , all cracks contribute to fluid flow, whereas 𝜆 = 0  if none contribute, rendering the 209 

cracked medium impermeable. Specifically, when λ = 1, the relationship between the hydraulic gradient 210 

and local velocity follows the cubic law flow (Long et al., 1982; Oda, 1985; Snow, 1969). The 211 

parameter λ is a function of crack density, as considered in percolation theory. The functional form of 𝜆 212 

as a function of crack density, 𝜆(𝐹0), derived theoretically by Robinson (1984), is given as follows. 213 𝜆(𝐹0) = 1 − 𝑐1𝐹0                               (10) 214 

Here, 𝑐1 denotes the crack density at the percolation threshold, and a value of 𝑐1 = 1.39 was derived 215 

by Robinson (1984). In addition, its validity has been verified by Oda et al. (1987) and Suzuki et al. 216 

(1998) based on empirical data, however, they noted that 𝜆(𝐹0) cannot be expressed as a simple function 217 

of crack density. Here, 𝐹0 is the dimensionless crack density weighted by the radius of the cracks and is 218 

expressed as 𝐹0 = 2𝜋𝜌〈𝑟3〉 , called a crack tensor (Oda, 1983) (The definition of the crack tensor is 219 

described in detail in the following section). Similarly, many authors have discussed the percolation 220 

threshold using 𝜌〈𝑟3〉 in numerical studies (e.g. Guéguen and Palciauskas, 1994). Robinson (1984) 221 

reported a percolation threshold of 𝜌〈𝑟3〉 =0.154 (𝐹0 =0.967) for a system composed of square cracks 222 

with a side length, and Charlaix (1986) reported a threshold of 𝜌〈𝑟3〉 =0.180 (𝐹0 =1.130)  for a system 223 

of randomly oriented discs. 224 

 Guéguen and Dienes (1989) introduced the probability of intersection between pipes or cracks, which 225 

has nearly the same meaning as 𝜆. Assuming that the centers of pipes or cracks are distributed on a 226 

random network, the percolation threshold is described as depending on the mean coordination number. 227 

Furthermore, the connectivity can also be defined in terms of tortuosity 𝜏 for porous network, as 𝜆 =228 𝜏−1 (Caravella et al., 2023). In their study, both 𝜆 and tortuosity exhibit anisotropy and are expressed as 229 

tensors. Tortuosity characterises the complexity of network pathways, expressed as the ratio of path length 230 

to straight-line Euclidean distance. In other words, when 𝜆 is low, the network becomes more complex, 231 

and 𝜏 increases, and when 𝜆 = 1, the crack network should behave like parallel plate flow. Walsh and 232 

Brace (1984) and Zhu and Wong (1996) have suggested that the permeability of low-porosity rocks is 233 

related to a geometric factor and tortuosity. Walsh and Brace (1984) demonstrated that increasing external 234 

pressure leads to crack closure, resulting in a decrease in permeability, and discussed the relationship 235 

between permeability, crack aperture, and tortuosity in granitic rocks. Moreover, Zhu and Wong (1996) 236 

indicated that the increase in stress-induced microcracks leads to a rise in tortuosity due to the geometric 237 

complexity of the evolving crack network, and that the permeability could decrease in a dilating rock with 238 

tubular pores and microcracks. In addition, permeability and tortuosity are often related 239 

through 𝜏−2, which serves as a connectivity coefficient in porous or cracked rocks (e.g., Keller et al., 240 

2011a; Scholes et al., 2007; Walsh and Brace, 1984; Zhu and Wong, 1996), therefore, we also accept this 241 

relationship. Moreover, tortuosity exhibits anisotropy, Keller et al. (2011a) and Keller et al. (2011b) 242 
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demonstrated that tortuosity has anisotropy in the Opalinus clay, and it is lower in the direction parallel 243 

to bedding planes and higher in the normal direction. Furthermore, Keller et al. (2011a) define a tortuosity 244 

tensor as 𝐿𝑖𝑗/‖𝑎𝑖𝑗‖, where 𝑎𝑖𝑗 is the corresponding straight-line distance tensor [m] in each direction, 245 

and 𝐿𝑖𝑗  is the transport path length tensor [m], representing the effective path length. However, the 246 

physical definition of the concept remains unclear, and thus the following relationship is introduced in the 247 

present study to define the anisotropy of tortuosity more explicitly. 248 𝜏(𝑘) = (𝐿(𝑘)𝑎(𝑘))       (11) 249 

where k are the directional cosines of a unit vector k, and 𝜏(𝑘) [m/m, dimensionless] is the tortuosity in 250 

the k-direction, and 𝑎(𝑘) is the straight-line distance between two planes normal to the k-direction, and 251 𝐿(𝑘) is the flow path length in the k-direction, representing the effective path length. Tortuosity on its own 252 

cannot adequately describe flow behavior under conditions in which the apertures of cracks normal to the 253 

loading axis are significantly reduced, such as under anisotropic stress conditions. This limitation is due 254 

to the fact that conventional tortuosity is evaluated solely based on topological connectivity and does not 255 

account for changes in hydraulic efficiency or flow capacity associated with aperture variations. In such 256 

cases, although these cracks may not be completely closed, a reduction in aperture can substantially 257 

decrease their hydraulic contribution. This suggests that aperture-controlled effects need to be considered 258 

in the evaluation of tortuosity. Accordingly, in order to evaluate the ease of fluid flow, it is necessary to 259 

consider flow paths weighted by the inverse cube of the aperture, i.e. flow paths are selected based on 260 

aperture-weighted tortuosity. Figs 3(a)–(c) illustrate the flow paths under hydrostatic and anisotropic 261 

stress conditions, while Fig. 3(d) summarises the parameters related to tortuosity and bottleneck. In this 262 

figure, the lengths of three flow paths under each of the two stress conditions are compared. 𝐿(𝑘) denotes 263 

the unweighted path length, whereas aperture-weighted path length, 𝐿(𝑘)/ 𝑡 , represents the weighted 264 

length, incorporating aperture via the reciprocal weighting. In Model A, all cracks have the same aperture, 265 

resulting in identical rankings for 𝜏(𝑘) and 𝐿(𝑘) with A-3 being the most favourable flow path, where 266 𝜏(𝑘)|𝑘=0,0,1 =1.54. However, in Model B, the influence of crack closure normal to the loading axis is 267 

reflected in the weighted path lengths, resulting in B-1 being the most favourable flow path, in which 268 𝜏(𝑘)|𝑘=0,0,1=1.56 should be adopted. This result suggests that anisotropic crack closure impedes fluid flow 269 

and forces it along more tortuous routes, thereby reflecting the presence of bottlenecks. Notably, the 270 

aperture does not affect tortuosity itself, but it does influence the selection of flow paths. The bottleneck, 271 

which is a distinct consequence of aperture constriction, should be considered separately from tortuosity. 272 

Here, the bottleneck refers to the restriction of transport properties caused by narrow pore or crack throats 273 

or reduced cross-sectional areas within the network (e.g., Holzer et al., 2023; Meredith et al., 2012). To 274 

account for the resistive effects of bottlenecks in fluid flow, Petersen (1958) introduced constrictivity, 𝛽, 275 

as a correction parameter in transport equations (Holzer et al., 2023). Moreover, 𝛽 can be defined for 276 

each flow path in the k-direction and is expressed as 𝛽(𝑘) [m/m, dimensionless] for each direction, as 277 
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follows. 278 

𝛽(𝑘) = 𝐴𝑚𝑖𝑛(𝑘)< 𝐴 >(𝑘) = 𝑡𝑚𝑖𝑛(𝑘)< 𝑡 >(𝑘)                          (12) 279 

where, < 𝐴 >(𝑘) [m] and 𝐴𝑚𝑖𝑛 [m] represent the average and minimum cross-sectional areas of the 280 

flow path in the 𝑘-direction, respectively. In this study, assuming a constant width of the flow paths in 281 

the cracks network, then 𝐴𝑚𝑖𝑛(𝑘)   corresponds to the minimum aperture 𝑡𝑚𝑖𝑛(𝑘)  , while < 𝐴 >(𝑘) 282 

corresponds to the average aperture < 𝑡 >(𝑘), and < 𝑡 >(𝑘) represents the weighted average along the 283 

flow path within the cracks, therefore, 𝛽(𝑘) is a geometrical index that represents the influence of the 284 

constricted portion 𝑡𝑚𝑖𝑛(𝑘)   relative to a reference aperture in the k-direction. In this formulation, the 285 

reference value may be taken as 𝑡max, or it has also been proposed to be defined as an average weighted 286 

by the aperture cubed (e.g., Holzer et al., 2023; Petersen, 1958; Talon et al., 2010). Moreover, because the 287 

lengths of intersecting cracks are largely controlled by random factors, the width is assumed to be constant 288 

here. In a more rigorous treatment, however, the bottleneck effect should be expressed in terms of cross-289 

sectional area, and thus the resulting value of 𝛽(𝑘) is likely to be somewhat smaller than that obtained 290 

under the present assumption.  291 

In the case of cracked rock subjected to anisotropic stress, when permeability is evaluated within the 292 

framework of the permeability tensor concept (Eq. (2)), only those cracks that are oriented normal to both 293 

the x- and y-axes (i.e., aligned parallel to the z-axis, the loading direction) contribute to fluid flow. 294 

However, cracks oriented normal to the loading axis (z-axis), whose apertures decrease under compression 295 

stress, do not contribute to permeability. Accordingly, the parameter 𝛽(𝑘) reflects the influence of cracks 296 

that are oriented normal to the loading direction on the overall permeability. Here, 𝛽(𝑘) is measurable 297 

using mercury injection porosimetry as the minimum value of 𝛽(𝑘) without directional information, that 298 

is, as a scalar value, however, it is recommended to combine this method with three-dimensional imaging 299 

or numerical simulations for more detailed analysis (e.g., Holzer et al., 2023).  300 

The parameters 𝜏(𝑘) and 𝛽(𝑘) are used as coefficients in diffusion coefficients, electrical conductivity, 301 

and permeability to relate experimental results to ideal models. For cracked rocks, Walsh and Brace (1984) 302 

and Zhu and Wong (1996) introduced a geometric factor to relate the model to the experimental values, 303 

and Oda et al. (2002b) pointed out that some kind of coefficient, such as a scaling factor, is also needed 304 

in addition to connectivity. In this study, these geometric or scaling factors are considered to be influenced 305 

by tortuosity and bottlenecks, and the following dimensionless second-rank tensor 𝛵𝑖𝑗 as a coefficient is 306 

introduced. 307 𝛽(𝑘)(𝜏(𝑘))2 = 𝛵𝑖𝑗𝑘𝑖𝑘𝑗    (13). 308 

Here, 𝛵𝑖𝑗 is a new crack network parameter, representing a directional modification of permeability under 309 

anisotropic stress conditions. As the geometric or scaling factor, we adopted the form 𝛽/𝜏2 proposed by 310 

van Brakel and Heertjes (1974). It characterizes the reduction in transport efficiency due to both tortuosity 311 
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and bottlenecks within the crack network. 312 

Fig. 3 is here examined from the perspective of bottlenecks, with the values of 𝛽(𝑘) summarised in Fig. 313 

3(d). In Model A under hydrostatic conditions, all cracks close uniformly in every direction, and therefore 314 

there is no bottleneck. As a result, 𝛽(𝑘) is constant at 1. In contrast, in Model B under triaxial stress 315 

conditions, cracks normal to the loading axis are closed, which act as bottlenecks and lead to a reduction 316 

in the value of 𝛽(𝑘). Thus, in this study, 𝛽(𝑘) is used as a correction factor reflecting the influence of 317 

cracks normal to the loading axis, which the conventional permeability tensor concept does not account 318 

for. 319 

Furthermore, by introducing 𝛵𝑖𝑗 as a coefficient of 𝜆 or 𝜆(𝐹0), a modified correction factor for Oda’s 320 

permeability tensor Λ𝑖𝑗, is defined as follows, incorporating the connectivity as well as tortuosity and 321 

bottleneck effects. 322 Λ𝑖𝑗 ≡ 𝜆(𝐹0)𝛵𝑖𝑗            (14) 323 

In this study, since 𝜆(𝐹0) is defined using an expression that depends on crack density (Eq. 10), the 324 

above equation is rewritten as follows. 325 Λ𝑖𝑗 ≡ (1 − 1.39𝐹0 ) 𝛵𝑖𝑗            (14′) 326 

Here, if the crack aperture is constant, then 𝛽(𝑘) = 1 ,and if the crack density is sufficiently high, the 327 

flow paths become nearly straight, so that 𝜏(𝑘) ≅ 1. Consequently, 𝛵𝑖𝑗 ≅ 1, indicating that Λ𝑖𝑗 becomes 328 

nearly equivalent to 𝜆 = 1.   329 

In this study, we consider an idealised model consisting of three mutually orthogonal crack sets(e.g., 330 

Oda et al., 2023; Suzuki et al., 2024a) as a model for calculating the permeability tensor 𝑘𝑖𝑗, and assume 331 

that the principal stress axes are coaxial with the principal axes of the crack fabric. As a result, the off-332 

diagonal elements of 𝑘𝑖𝑗  are zero, i.e., 𝑘12 = 𝑘13 = 𝑘23 = 0 . In addition, because the aperture 𝑡 333 

depends on direction, it is necessary to define 𝑃𝑖𝑗   separately for each direction. Finally, the stress-334 

dependent modified permeability tensor incorporating tortuosity and bottleneck is expressed as follows. 335 

 336 𝑘11 = 112 Λ11𝑆0 [{𝑡0 (1 − 𝜎22′𝛾′𝐻 + 𝜎22′)}3 𝑁22 + {𝑡0 (1 − 𝜎33′𝛾′𝐻 + 𝜎33′)}3 𝑁33]         337 

     𝑘22 = 112 Λ22𝑆0 [{𝑡0 (1 − 𝜎11′𝛾′𝐻 + 𝜎11′)}3 𝑁11 + {𝑡0 (1 − 𝜎33′𝛾′𝐻 + 𝜎33′)}3 𝑁33]  (15) 338 

𝑘33 = 112 Λ33𝑆0 [{𝑡0 (1 − 𝜎11′𝛾′𝐻 + 𝜎11′)}3 𝑁11 + {𝑡0 (1 − 𝜎22′𝛾′𝐻 + 𝜎22′)}3 𝑁22]       339 

 340 

3. Numerical calculation 341 

3.1 Crack Models and Numerical Framework 342 

Numerical calculations were performed to evaluate Λ𝑖𝑗 under anisotropic stress, taking into account 343 
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tortuosity and bottlenecks. A cubic domain with dimensions of 100 mm × 100 mm × 100 mm was 344 

generated numerically, and within this domain, a crack model was created by randomly 345 

placing 𝑚(𝑉) cracks, each with a radius of 10 mm. Here, the numerical calculations for the model were 346 

implemented in Python, with random positions generated using a seed argument, resulting in the creation 347 

of 100 different instances. In this study, we employ a model consisting of three mutually orthogonal crack 348 

sets, in which crack orientations are aligned with the principal axes. That is, when represented on a 349 

stereonet, the crack normals are distributed with three dominant poles. Suzuki et al. (2024b) showed that 350 

crack distributions observed in granite and sedimentary rock outcrops can be reasonably approximated 351 

by three mutually orthogonal crack sets. Similarly, Takemura et al. (2003a), Nadan and Engelder (2009) 352 

and Freire-Lista and Fort (2017) reported that the major crack systems in granite can be represented by 353 

three mutually orthogonal crack sets. The normal vectors of the cracks were aligned with either the x (=x1), 354 

y (=x2), or z (=x3) axes (three mutually orthogonal crack-set model), and in the crack models, their 355 

preferred orientations were configured as one isotropic case (Iso) and two anisotropic cases (Ani-1 and 356 

Ani-2). Under the Iso condition, the crack normals have an orientation ratio of 1:1:1, meaning that equal 357 

numbers of cracks are oriented along the x-, y-, and z-axes; consequently, the crack distribution is isotropic 358 

with 𝐴𝐼 = 0 . Under the Ani-1 condition, the orientation ratio becomes 2:2:1, resulting in moderate 359 

anisotropy with 𝐴𝐼 = 0.28. Under the Ani-2 condition, the orientation ratio is 4:1:1, and the anisotropy 360 

is more pronounced, with 𝐴𝐼 = 0.71. Additionally, the stress distribution was modeled in three cases: 361 

one case each for hydrostatic (Hydro), conventional triaxial stress (Triaxial), and polyaxial stress 362 

(Polyaxial). For the Hydro case, the applied stresses were 𝜎𝑥  = 𝜎𝑦 = 𝜎𝑧 = 10 MPa. For the Triaxial 363 

case, 𝜎𝑥  = 𝜎𝑦= 10 MPa and 𝜎𝑧 = 50 MPa. For the Polyaxial case, 𝜎𝑥  = 10 MPa, 𝜎𝑦= 20 MPa, and 364 𝜎𝑧 = 50 MPa. A total of 9 crack models combining different orientations and stress distributions were 365 

generated, and the number of cracks 𝑚(𝑉) was varied stepwise across 8 different levels.  366 

In this study, to quantify crack density and the degree of crack orientation anisotropy, the dimensionless 367 

crack density 𝐹0 and the anisotropy index 𝐴𝐼 were defined using the crack tensor 𝐹𝑖𝑗. Since all of the 368 

data concerning the crack geometry are known a priori, 𝐹𝑖𝑗 for these models can easily be calculated as 369 

follows (Oda, 1986): 370 

𝐹𝑖𝑗 = 1𝑉 ∑ 2𝑠(𝑘)𝑟(𝑘)𝑛𝑖(𝑘)𝑛𝑗(𝑘)𝑚(𝑉)
𝑘=1           (16) 371 

𝐹0 = 𝐹𝑖𝑖 = 𝐹1 + 𝐹2 + 𝐹3 = 2𝜋𝑉 ∑ (𝑟(𝑘))3𝑚(𝑉)
𝑘=1 = 2𝜋𝜌〈𝑟3〉        (16′) 372 
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𝐴𝐼 = √6𝐽2(𝐹̂)𝐹0 = √3𝐹̂𝑖𝑗𝐹̂𝑖𝑗𝐹0 = 1𝐹0 √3(𝐹𝑖𝑗 − 13 𝐹𝑘𝑘𝛿𝑖𝑗)(𝐹𝑖𝑗 − 13 𝐹𝑙𝑙𝛿𝑖𝑗)373 

= √[(𝐹1 − 𝐹2)2 + (𝐹2 − 𝐹3)2 + (𝐹3 − 𝐹1)2]𝐹1 + 𝐹2 + 𝐹3         (17) 374 

where the superscript (k) stands for a kth crack among 𝑚(𝑉)  in 𝑉 . 𝑛𝑖(𝑘)
 and 𝑛𝑗(𝑘)

 are the direction 375 

cosines of 𝒏(𝑘)
 with respect to orthogonal reference axes 𝑥𝑖 (i=1, 2, 3), and can be rewritten using their 376 

strikes and dips. Here, we use the relationship 𝑛𝑖(𝑘)𝑛𝑖(𝑘) = 𝑛1(𝑘)𝑛1(𝑘) + 𝑛2(𝑘)𝑛2(𝑘) + 𝑛3(𝑘)𝑛3(𝑘) = 1, and 𝐹0 377 

is the dimensionless crack density weighted by the radius of the cracks. In addition, 𝐽2(𝐹̂) in Eq. (17) is 378 

the second invariant of the deviatoric tensor of 𝐹𝑖𝑗, denoted by 𝐹̂𝑖𝑗. Note that AI ranges from 0 to 1.41. 379 

If AI equals 0, for instance, the crack orientation is isotropic (i.e., 𝐹1 = 𝐹2 = 𝐹3). On the other hand, if 380 

AI equals 1.41 (=√2), all cracks are oriented in the same direction, representing the highest degree of 381 

anisotropy (i.e., parallel, with 𝐹1 = 1,  𝐹2 = 𝐹3 = 0 ). Incidentally, the numerator term in Eq. 17 382 

represents the equivalent shear stress when employed with the stress tensor and the equivalent shear strain 383 

when employed with the strain tensor. 384 

 The conditions of these crack models are summarized in Table 1. Fig. 4 shows the crack traces observed 385 

on each cross-section (x=0, y=0, z=0 planes) for crack models generated under the conditions of Iso, Ani-386 

1, and Ani-2 with varying degrees of anisotropy and different crack densities. Here, the black, red, and 387 

green crack traces represent cracks with normal vectors in the x-, y- and z-directions, respectively. 388 

Hereafter, the colors for the x, y and z directions will follow this scheme. Under the Iso condition, the 389 

crack distribution appears nearly uniform across all cross-sections (Fig. 4(a)). Under the Ani-1 condition, 390 

the number of cracks with normals oriented in the z-direction is half that of those oriented in the x- and 391 

y-directions. As a result, fewer crack traces with z-oriented normals (green crack traces in Fig. 4(b)) are 392 

observed on the x- and y-cross-sections. In contrast, under the Ani-2 condition, the number of cracks with 393 

normals oriented in the x-direction is four times that of those oriented in the y- and z-directions. 394 

Consequently, crack traces with x-oriented normals (black crack traces in Fig. 4(c)) are frequently 395 

observed on the y- and z-cross-sections. 396 

 397 

3.2 Influence of Connectivity, Tortuosity and Bottleneck on the stress-dependent modified 398 

Permeability Tensor under Anisotropic Stress 399 

In this study, numerical simulations were performed using the crack models generated in Section 3.1 to 400 

derive equivalent permeability that incorporates the effects of tortuosity and bottlenecks under hydrostatic, 401 

conventional triaxial, and polyaxial stress conditions. In the generated crack models, the cracks 402 

intersecting the boundary planes of the domain (e.g., z=0 and z=100) are represented as line segments 403 

(crack traces). The midpoint of each crack trace is defined as a node on the boundary surface. Here, an 404 

aperture is assigned to each crack (Fig. 5). The fluid pathway traverses the intersection lines between 405 
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cracks within the domain. The midpoint of each intersection line is defined as a node on the crack 406 

intersection. A line segment connecting two nodes is defined as an edge, and fluid flows along these edges. 407 

In the numerical calculations for each model, 𝜏(𝑘) is determined by considering the coefficients 𝑎(𝑘)408 

 exclusively in the x，y and z-direction. Furthermore, for the sake of simplification, the distance is defined 409 

not based on the directional vector between the nodes on the opposing boundary surfaces, as originally 410 

formulated by Eq.11, but instead as the distance between boundary surfaces (Fig.5).  411 

This 𝜏(𝑘) was determined by performing a shortest-path search (using Dijkstra's algorithm (Dijkstra, 412 

1959) implemented in Python's NetworkX) from nodes appearing at x=y=z=0 as the starting point to nodes 413 

appearing at x=y=z=100 as the endpoint. For example, if there are n nodes at x=0 and m nodes at x=100, 414 

shortest-path searches were performed for all m×n combinations, calculating paths up to the 10th shortest 415 

in order (a total of m×n×10). A percolating flow path is formed by multiple edges connecting nodes, with 416 

each edge containing information about its aperture. The initial aperture of the cracks is arbitrarily set to 417 

100 μm and is changed according to the normal stress applied to the crack surfaces, based on Eq. 8. In 418 

this study, stress values in each direction were substituted into 𝜎′𝑛 in Eq. 8, based on the stress conditions, 419 

hydrostatic (Hydro), triaxial (Tri), and polyaxial (Poly), for the models listed in Table 1. Here, the crack 420 

stiffness H was set to 20 m, a value used for hard rock. (Oda et al., 2025; Suzuki et al., 2024b). Specifically, 421 

the aperture is 4.79 μm at 10 MPa, 2.43 μm at 20 MPa, and 0.98 μm at 50 MPa. In the flow path search, 422 

the apertures are uniform in the hydrostatic model (Hydro), whereas they vary with direction in the 423 

anisotropic stress models (Triaxial, Polyaxial). Therefore, in the path search calculation, the reciprocal of 424 

the aperture was given as the weight for each edge, and the algorithm was designed to determine the path 425 

with the smallest total weight as the shortest path. The constrictivity 𝛽(𝑘) was calculated for each path 426 

in the x, y, and z directions as the ratio of the weighted mean of the aperture to the minimum aperture, 427 

using Eq. 12. Here, in the hydrostatic (Hydro) model, there is no bottleneck effect, resulting in 𝛽(𝑘)=1 in 428 

all directions. The flowchart of the numerical procedure is shown in Fig. 6. Finally, Λ𝑖𝑗 and the crack 429 

geometry information, 𝑆0, 𝑁𝑖𝑗 and stress dependent 𝑡, obtained from the crack model were substituted 430 

into Eq. 15 to calculate the permeability in the x, y and z-direction for each model. 431 

 432 

3.3 Comparing a Discrete Fracture Network (DFN) Model with an Equivalent permeability Model 433 

 To clarify the extent to which equivalent permeability derived from a permeability tensor differs from 434 

that obtained by averaging a discrete crack model, seepage flow analyses were performed using a discrete 435 

fracture network (DFN) model based on the crack models employed in Section 3.2. The DFN-based flow 436 

analyses were conducted using DFN.lab (Le Goc et al., 2019; Le Goc and R., 2023). Because DFN.lab is 437 

a Python-based framework that enables both DFN model construction and seepage flow analysis, the 438 

coordinate data of the crack models used in Section 3.2 were exported as CSV files and imported into 439 

DFN.lab to generate the DFN models. Here, the analysis was conducted for the range 𝐹0 ≥ 2.83, because 440 

numerical solutions could not be obtained in regions where the fraction of instances with a percolating 441 
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flow path is low. In addition, crack apertures were assigned to each crack according to direction based on 442 

each stress condition (Hydro, Triaxial, and Polyaxial). For each model, the flow rates in the x-, y-, and z-443 

directions were evaluated by imposing a hydraulic gradient corresponding to a pressure difference of 1 444 

MPa in each direction, with inflow, outflow, and impermeable boundary conditions specified accordingly. 445 

For example, in the x-direction, inflow and outflow boundary conditions were applied to the two faces 446 

perpendicular to the x-axis, while the remaining faces were treated as impermeable boundaries. 447 

 448 

4. Results and discussion 449 

4.1 3D Crack Connectivity and percolating flow path 450 

Fig. 7 shows the fraction of geometrically connected cracks as a function of crack density for models 451 

with different degrees of crack orientation anisotropy, AI. When 𝐹0 = 5.65, all cracks are connected even 452 

with anisotropy of approximately AI=0.28 (Fig. 7(a,b)). However, when the anisotropy increases to 453 

AI=0.71, not all cracks are connected, even at high crack density (Fig. 7(c)). Thus, the fraction of isolated 454 

cracks tends to increase under conditions of low crack density or strong anisotropy. In addition, from the 455 

perspective of the permeability tensor, focusing solely on connectivity, it can be considered that nearly all 456 

cracks (more than 90%) are connected when 𝐹0 ≥ 5.65.  457 

Fig. 8 shows the fraction of instances in which a percolating flow path connecting the boundary surfaces 458 

appeared in the x, y, and z directions, plotted as a function of crack density, for each crack model. Here, 459 

the stress conditions are set to hydrostatic, since the formation of percolating flow paths is independent 460 

of crack aperture changes caused by the applied stress. The vertical axis represents the ratio of instances 461 

in which percolating flow paths were formed to the total of 100 random crack generation instances for 462 

each model. percolating flow paths are presented for the x, y, and z directions. For example, the percolating 463 

flow path in the x-direction refers to a path formed by edges connecting the planes at x=0 and x=100. The 464 

percolating flow paths are formed in all directions at 𝐹0 ≥ 3.77, regardless of the degree of anisotropy. 465 

At 𝐹0 < 3.77 , variability is observed across directions, and the fraction of percolating flow paths 466 

decreases as the degree of anisotropy increases. Here, focusing on 𝐹0 < 3.77 in the Ani-2 series, the 467 

fraction of percolating flow paths in the x-direction, which is normal to the most abundantly oriented 468 

cracks, is observed to be low. This is likely due to stronger anisotropy reducing the number of cracks 469 

functioning as bridges between other cracks. 470 

The percolation threshold, defined as the crack density at which the percolating flow path starts to form, 471 

corresponds to 𝐹0 = 0.94 in the present study. Guéguen et al. (1997) reported a percolation threshold 472 

corresponding to a crack density of 0.1. In their study, the crack density is expressed as 𝜌𝑟3, and when 473 

recalculated in terms of the crack density 𝐹0 (= 2𝜋𝜌〈𝑟3〉) used in this study, it corresponds to 𝐹0 =474 0.63. Preliminary calculations for 𝐹0 lower than 0.94 indicated that percolating flow paths formed with 475 

a very low probability. Considering that percolating flow paths were observed in 3 out of 100 models with 476 

a crack density of an isotropically distributed crack model, it can be inferred that the percolation threshold 477 
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lies slightly lower. Therefore, the threshold is considered to be close to the value reported by Guéguen et 478 

al. (1997). When the percolation threshold is exceeded, the probability of percolating flow path formation 479 

increases sharply. However, when the crack orientation exhibits anisotropy, differences in the convergence 480 

curves emerge depending on the direction. Focusing on this transition region, which corresponds to the 481 

convergence curve, (Lang et al., 2014) conducted numerical simulations of discrete fracture networks 482 

(DFNs) to calculate permeability. They reported that percolation significantly increases permeability 483 

within the range of 2.2<𝜌3−𝐷,𝑐<4.2. Here, they employed a dimensionless crack density based on excluded 484 

volume 𝜌3−𝐷,𝑐 . When recalculated in terms of the 𝐹0  defined by Eq.(16’), the range of 𝜌3−𝐷,𝑐 485 

corresponds to 1.36 < 𝐹0 < 2.59. Although both the lower and upper bounds differ when compared to 486 

the range of 0.94 < 𝐹0 < 3.77  in this study, considering only isotropic models, the range is 487 0.94 < 𝐹0 < 2.83, which is relatively close to the range reported by Lang et al. (2014). 488 

 489 

4.2 Effect of anisotropic stress on tortuosity and bottleneck 490 

The connectivity of cracks and the formation of percolating flow paths is primarily governed by the 491 

orientation, size, and arrangement of cracks, irrespective of their aperture. Therefore, considering the 492 

aperture of cracks, the shortest percolating flow path tends to follow the route of least resistance. Fig. 9 493 

illustrates percolating flow paths in the x-, y-, and z-directions for four crack models with low (𝐹0 < 2.83) 494 

and high ( 𝐹0 > 4.17 ) crack density under hydrostatic and triaxial stress conditions applied to an 495 

isotropically distributed crack model (Iso). In each quadrant of Fig. 9, the left-hand side presents the top 496 

10 shortest paths in each direction, depicted with solid lines, while dashed lines represent their projections 497 

onto specific planes: x-direction paths are projected onto the 𝑧=0 plane, 𝑦-direction paths onto the 𝑥=0 498 

plane, and 𝑧-direction paths onto the 𝑦=100 plane. On the right-hand side, the figures depict the shortest 499 

path in the 𝑧-direction along with the cracks traversed by this path. Comparing the cases of low crack 500 

density (Fig. 9(a)) and high crack density (Fig. 9(b)) under hydrostatic conditions, the length of the 501 

percolating flow path becomes shorter and more linear as the crack density increases. This point will be 502 

discussed in the following paragraph. Here, we focus on the changes in the percolating flow path induced 503 

by variations in the stress state. In the numerical calculations conducted here, the triaxial stress conditions 504 

result in the closure of cracks oriented in the z-direction. Since cracks with normals in the z-direction are 505 

closed, the percolating flow path preferentially selects wide-aperture cracks whose normals are in the x- 506 

or y-direction as flow paths. Therefore, in a low crack density model, the limited availability of nearby 507 

cracks causes the path to detour in search of cracks that offer easier fluid flow (Fig. 9(c)). Conversely, at 508 

a high crack density model, cracks with normals in the x- and y-directions are more abundant nearby, 509 

resulting in minimal changes to the trajectory of the path (Fig. 9(d)). 510 

Fig. 10 shows the variations in τ(𝑘), 𝛽(𝑘), and 𝑇𝑖𝑗 with crack density under hydrostatic and triaxial 511 

stress conditions for the isotropic crack distribution. This corresponds to the elastic behaviour observed 512 

in triaxial and polyaxial compression tests and indicates changes in the crack network at the crack closure 513 
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stage, where a decrease in permeability is observed in Fig. 2. Here, we focus on the decrease in 514 

permeability in the loading direction at the crack closure stage, i.e., below the failure level of 515 

approximately 0.4 observed in the triaxial test (Fig. 2) and examine the characteristics of the crack 516 

network at this stage. This range should be within the elastic regime, where crack development is limited; 517 

therefore, the crack density could remain nearly unchanged from the initial state (e.g. Zoback and Byerlee, 518 

1975). A comparison between Figs. 10(a) and (b) shows that, under triaxial stress conditions, the value of 519 Λ𝑖𝑗  in the loading direction (z-direction) decreases sharply compared with the hydrostatic condition 520 

(initial state) when the initial crack density is 𝐹0 < 3.77. This behavior is interpreted to be more strongly 521 

influenced by bottleneck effects than by an increase in tortuosity. In other words, this indicates that many 522 

of the selected permeability pathways preferentially include cracks oriented perpendicular to the z-axis. 523 

This result suggests that, during the crack closure stage of triaxial loading, cracked rocks with lower initial 524 

crack densities exhibit a larger reduction in permeability. In contrast, although changes in permeability in 525 

the lateral directions have not been reported in previous studies, the numerical results indicate that lateral 526 

permeability decreases markedly regardless of the initial crack density, due to the combined effects of 527 

increased tortuosity and bottleneck. 528 

The samples shown in Fig. 2 are initially intact, with a low crack density—for example, 𝐹0 < 2.83. 529 

Within the elastic regime, where the crack density does not change, it becomes inevitable to select closed 530 

cracks as flow paths. As a result, the flow paths become longer, and the permeability is likely to decrease 531 

due to the combined effects of increased tortuosity and bottlenecks. 532 

Fig. S1 summarises the changes in τ(𝑘), 𝛽(𝑘) and 𝑇𝑖𝑗 for each crack density in each model. Here, Λ𝑖𝑗 533 

is a parameter directly used in determining the permeability, as outlined in Eq. 14, based on the 534 

permeability tensor. When considering 𝑇𝑖𝑗 for 𝑖 = 𝑗, the permeability direction is assigned to the 𝑥-, 535 𝑦 - and 𝑧 -axes corresponding to 𝑖 = 1,2 and 3, respectively. The characteristics of crack connectivity 536 

under each stress condition are summarised as follows. 537 

· Hydrostatic stress condition (Fig. S1 (a-1)-(a-3)): In the isotropic case, the graphs for the three directions 538 

exhibit the same trend, with 𝑇𝑖𝑗 converging towards 1 as the crack density increases. This is because the 539 τ(𝑘) converges towards 1, resulting in a more linear percolating flow path. On the other hand, in cases 540 

where the crack orientation exhibits anisotropy (Ani-1, Ani-2), the value of τ(𝑘) becomes higher in the 541 

direction corresponding to the higher crack density, indicating a more complex percolating flow path in 542 

that direction. As a result, the 𝑇𝑖𝑗 value is higher in the direction with lower crack density, allowing easier 543 

fluid flow. 544 

· Triaxial stress condition (Fig. S1 (b-1)-(b-3)): The z-direction corresponds to the maximum principal 545 

compressive stress, and in models with any crack orientation, the tortuosity in the z-direction is low. 546 

Additionally, the bottleneck becomes more significant as the value of 𝛽(𝑘) decreases, and under triaxial 547 

stress conditions, the bottleneck is more pronounced in the two directions of the two minimum principal 548 

stresses. Consequently, the 𝑇𝑖𝑗 in the two directions of the minimum principal stresses is lower compared 549 
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to the direction of the maximum principal stress, with all 𝑇𝑖𝑗 values beginning to converge towards a 550 

constant from approximately 𝐹0 = 5. Notably, the shapes of the 𝑇𝑖𝑗 graphs are similar across all crack 551 

orientation models, suggesting that 𝑇𝑖𝑗 is more strongly influenced by the stress conditions than by the 552 

initial crack orientations. 553 

· Polyaxial stress condition (Fig. S1 (c-1)-(c-3)): τ(𝑘) exhibits a trend similar to that observed under 554 

triaxial stress conditions. However, 𝛽(𝑘)  demonstrates more complex behaviour as the crack density 555 

increases, while remaining smaller than the values observed under triaxial conditions. Consequently, 𝑇𝑖𝑗 556 

does not increase significantly even as crack density increases. This indicates that polyaxial stress 557 

conditions are more complex than triaxial conditions and lead to a reduction in 𝑇𝑖𝑗 . In other words, 558 

assuming that crack density remains unchanged, it suggests that a slight increase in the intermediate 559 

principal stress under triaxial stress conditions would result in a significant decrease in 𝑇𝑖𝑗. 560 

 561 

4.3 Equivalent Permeability Calculated Using 𝚲𝒊𝒋 Based on the Permeability Tensor 562 

Permeability was calculated in four different ways: using the modified correction factor Λ𝑖𝑗 , which 563 

considers connectivity, tortuosity, and bottlenecks; using connectivity 𝜆(𝐹0), where 𝜆 depends on crack 564 

density; assuming λ=1, corresponding to a fully connected crack network; and directly from DFN-based 565 

seepage flow analyses. In this study, we examine the relationships between the equivalent permeability 566 

tensors 𝑘𝑖𝑗(Λ𝑖𝑗)
, 𝑘𝑖𝑗(𝜆(𝐹0))

, and 𝑘𝑖𝑗(𝜆=1)
, which are calculated using the correction factors Λ𝑖𝑗, 𝜆(𝐹0), and 567 𝜆 = 1, respectively, and the permeability tensor 𝑘𝑖𝑗DFN obtained from DFN-based seepage flow analysis. 568 

Figure 11 shows the values of 𝑘33(Λ33)
, 𝑘33(𝜆(𝐹0))

, and 𝑘33(𝜆=1)
, normalized by 𝑘𝑖𝑗DFN, as a function of the 569 

dimensionless crack density 𝐹0. As a representative example, the normalized permeabilities in the z-570 

direction under hydrostatic and triaxial stress conditions are presented. In the range 𝐹0 ≥ 3.77, both 571 𝑘33(Λ33)
and 𝑘33(𝜆(𝐹0)) differ from 𝑘33DFN by approximately a factor of 10–20. Even at 𝐹0 = 2.83, 𝑘33(Λ33)

 572 

remains within roughly a factor of 20 of 𝑘33DFN, a level of discrepancy that can be regarded as small from 573 

the perspective of permeability estimation. At the lowest crack density considered (𝐹0 = 2.83), the 574 

differences increase to approximately a factor of 50 for 𝑘33(𝜆(𝐹0)) and a factor of 60 for 𝑘33(𝜆=1)
. These 575 

results indicate that, when restricted to the range 𝐹0 > 3.77 , either 𝜆(𝐹0)  or Λ𝑖𝑗  can be used to 576 

suppress discrepancies relative to the DFN results, implying that the medium behaves effectively as a 577 

porous continuum. However, when the range 𝐹0 ≤ 3.77 is also considered, the correction factor Λ𝑖𝑗, 578 

which explicitly accounts for tortuosity and bottleneck effects, should be adopted. In particular, 579 𝑘33(Λ33)
rapidly converges toward the DFN-derived value, which is interpreted as a consequence of 580 

incorporating tortuosity and bottleneck effects into the correction factor. It should also be noted that 𝜆 =581 1 exhibits large discrepancies over the entire range of crack densities. Moreover, even at high crack 582 

densities such as 𝐹0 = 7.54, 𝑘33(Λ33)
 differs from 𝑘33DFN by approximately one order of magnitude. This 583 

discrepancy is most likely attributable to differences in flow representation. In the permeability tensor 584 
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formulation used to compute equivalent permeability, the entire crack disc is assumed to act as a fluid 585 

pathway, whereas in the DFN model fluid transport is localized, as shown in Fig. S2, with only a portion 586 

of the disc actually contributing to flow. As a result, the effective flow area is limited to approximately 587 

one-tenth of the total disc area, which is considered the primary cause of the observed discrepancy. In 588 

addition, Thomas et al. (2020) pointed out that equivalent permeability formulations do not explicitly 589 

represent the discrete, dominant flow channels that emerge in DFN simulations. Nevertheless, when 590 

pronounced bottleneck structures and high tortuosity are present, the influence of this restricted effective 591 

flow area is expected to be mitigated through the correction factor, thereby reducing its impact on the 592 

estimated permeability. 593 

Fig. 12 shows the variation of 𝑘𝑖𝑗Λ𝑖𝑗 with dimensionless crack density as solid lines, while 𝑘𝑖𝑗𝜆(𝐹0) and 594 

the 𝑘𝑖𝑗𝐷𝐹𝑁  are indicated by broken and dotted lines, respectively. We compare the equivalent 595 

permeabilities obtained under each stress condition—namely, those derived from the formulations 596 𝑘𝑖𝑗𝜆(𝐹0)
and 𝑘𝑖𝑗Λ𝑖𝑗 —with the permeabilities obtained directly from DFN simulations, 𝑘𝑖𝑗DFN .  Under 597 

hydrostatic stress conditions, introducing the coefficient Λ𝑖𝑗 significantly reduces the discrepancy with 598 

the DFN results, and the difference is limited to approximately one order of magnitude (about 10–20 599 

times). Even in the presence of anisotropy, the directional trends of permeability are well preserved. Under 600 

triaxial compression stress conditions, the permeability in the z-direction tends to be slightly 601 

overestimated; however, the discrepancy remains on the order of 20 times, and the directional trends are 602 

still maintained even under anisotropic conditions. Furthermore, as observed in 𝐾33DFN , the rate of 603 

permeability reduction becomes pronounced for 𝐹0 ≲ 4.71. This tendency is also observed in both 604 𝑘33𝜆(𝐹0)
and 𝑘33Λ33, suggesting that not only a reduction in connectivity but also the effects of tortuosity and 605 

bottlenecks contribute to the permeability decrease. Under polyaxial stress conditions, the trends in the z- 606 

and y-directions are consistent with those obtained from the DFN results, with differences of roughly one 607 

order of magnitude. In contrast, the equivalent permeability in the x-direction is underestimated by about 608 

an order of magnitude relative to the DFN results, regardless of crack anisotropy. The x-direction 609 

corresponds to the 𝜎𝑚𝑖𝑛 direction, and the cracks that constitute the primary flow paths in this direction 610 

are closed by the combined effects of the maximum and intermediate principal stresses. In the DFN results, 611 

the permeabilities in the 𝑥- and 𝑦-directions are nearly identical for the Iso and Ani-1 cases, whereas for 612 

the Ani-2 case, the permeabilities in the 𝑥- and 𝑧-directions are nearly the same. In other words, the DFN 613 

results indicate that permeability in the 𝜎𝑖𝑛𝑡 -direction is consistently low, while that in the 𝜎𝑚𝑎𝑥 -614 

direction is high, and that permeability in the 𝜎𝑚𝑖𝑛-direction varies depending on the degree of anisotropy. 615 

In contrast, the equivalent permeability consistently follows the order of 𝜎𝑚𝑎𝑥-direction, 𝜎𝑖𝑛𝑡-direction, 616 

and 𝜎𝑚𝑖𝑛 -direction, from highest to lowest. This discrepancy suggests that, under polyaxial stress 617 

conditions, the 𝜎𝑚𝑖𝑛 -direction exhibits particularly complex behavior because cracks with different 618 
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degrees of closure act as flow paths. Therefore, a more detailed investigation of tortuosity and bottleneck 619 

effects in the 𝜎𝑚𝑖𝑛-direction under polyaxial stress conditions will be required in future studies.  620 

These results indicate that the equivalent permeability incorporating correction factors for tortuosity and 621 

bottlenecks can reproduce the same directional trends as the DFN-derived permeability, although 622 

quantitative differences of up to approximately one order of magnitude remain. This agreement holds at 623 

least for all three directions under hydrostatic and triaxial compression stress conditions, as well as for 624 

the 𝜎𝑚𝑎𝑥- and 𝜎𝑖𝑛𝑡-directions under polyaxial stress conditions. This finding further suggests that, when 625 

considering the decrease in permeability in the axial loading direction during the crack-closure stage under 626 

triaxial stress—such as that observed in Fig. 2—it is necessary to evaluate equivalent permeability 627 

formulations that explicitly account for the effects of tortuosity and bottlenecks. 628 

Table 2 summarizes the ratios of permeability in the loading-axis direction under hydrostatic and triaxial 629 

stress conditions. These results indicate that variations in permeability along the loading axis cannot be 630 

adequately evaluated using 𝐾𝑖𝑗𝜆(𝐹0)  calculated solely from the pre-existing 𝜆  or 𝜆(𝐹0) . In contrast, 631 

incorporation of Λ𝑖𝑗  enables a quantitative assessment of permeability reduction. Directional 632 

permeability ratios based on Λ𝑖𝑗  further show that, under triaxial compressive stress, permeability 633 

decreases not only in the loading axis direction but more strongly in directions perpendicular to the 634 

loading axis. To our knowledge, permeability test results obtained during the crack-closure stage under 635 

triaxial compression have not been reported, and future experimental verification of these behaviors is 636 

therefore anticipated. 637 

 638 

4.4 Method to determine 𝚲𝒊𝒋 by means of experimental data  639 

As demonstrated above, evaluating permeability under hydraulic, triaxial or polyaxial stress conditions 640 

from the viewpoint of the crack network requires careful consideration of closed cracks. In this study, the 641 

crack network parameter𝑇𝑖𝑗  was proposed to be incorporated into 𝜆(𝐹0) . While 𝑇𝑖𝑗  can be easily 642 

calculated through numerical modelling, its experimental estimation remains problematic. Fig. 13 shows 643 

a diagram that summarises the method for determining permeability from the perspective of crack 644 

geometry in rocks. The methods for obtaining the parameters necessary to determine the permeability 645 

tensor from crack information are summarised as follows. 646 

 647 

① Trace map (Direct), Clinometer and universal stage: This is the most conventional method, 648 

involving direct two-dimensional (2D) crack mapping through field observation. In addition, it is 649 

possible to obtain 3D information on 𝑁𝑖𝑗 by measuring the strike and dip of individual cracks using 650 

a clinometer (Oda, 1985). Even under a microscope with thin sections, 3D 𝑁𝑖𝑗 data can be acquired 651 

using a universal stage (Takemura et al., 2003a). However, since observations are conducted on 2D 652 

sections, obtaining 3D 𝑁𝑖𝑗  requires the use of sections in different orientations or supplementary 653 

borehole data. Aperture width can also be measured in the field at outcrops (Snow, 1968), or in the 654 
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laboratory using electron microscopy (Brace, 1977), even for hand-sized specimens. In such cases, 655 

care must be taken as the crack width observed on a 2D section represents the apparent aperture in 3D 656 

(Suzuki et al., 1998). 657 

② Trace map (Mixed): This method involves the indirect generation of t2D trace maps by means of 658 

computer-based image processing. For example, FracPaQ, developed by Healy et al. (2017), allows 659 

trace maps to be created from crack images, enabling easy extraction of 2D information such as 660 

orientation, connectivity, and tortuosity. It also facilitates the calculation of 2D permeability tensors. 661 

In recent years, crack extraction techniques incorporating machine learning have advanced, and it is 662 

expected that obtaining 2D crack trace maps will become increasingly accessible (e.g., Arena et al., 663 

2014; Chen et al., 2017). 664 

③ Stereology: If 2D trace maps from multiple sections are available, it is possible to determine the 3D 665 

fabric tensor 𝑁𝑖𝑗 and surface area density 𝑆0 using stereological theory (e.g., Kanatani, 1985; Oda, 666 

1984; Takemura and Oda, 2004). In the field, obtaining multiple sections is often difficult; in such 667 

cases, the number density of cracks intersecting a scanline on borehole cores should be used in 668 

combination. For rock specimens used in laboratory experiments, it is relatively easy to obtain three 669 

orthogonal sections, making it possible to estimate 3D crack geometry (Oda et al., 2002a). 670 

④ Wave velocity: Elastic wave velocity is often used to obtain crack geometric information, as it is 671 

strongly related to crack density. For example, the 3D 𝑁𝑖𝑗  can be determined using the elastic 672 

stiffness tensor if wave velocities are measured in at least nine different directions. Crack density can 673 

also be theoretically derived using elastic constitutive equations, for instance in the form of 〈𝑟3〉 in 674 

the effective medium theory (EMT)(e.g., O'Connell and Budiansky, 1974; Sayers and Kachanov, 675 

1995) or 𝐹0 in the crack tensor theory (Oda et al., 1986; Takemura and Oda, 2005). However, if water 676 

is present, Biot’s theory of poroelasticity must be applied, and caution is required when using elastic 677 

wave measurements to estimate crack density (e.g., Sarout, 2012; Schubnel and Guéguen, 2003) . 678 

⑤ X-ray CT: For hand-sized rock specimens, X-ray CT can be used to directly obtain 3D information 679 

on crack orientation and density (e.g., Takemura et al., 2007). For example, Takemura et al. (2003b) 680 

has observed crack closure under confining pressure using a carbon fibre pressure vessel, and McBeck 681 

et al. (2023) has conducted crack observations during triaxial testing using a high-intensity X-ray 682 

source. However, the image resolution of X-ray CT is typically on the order of several micrometres, 683 

making it insufficient for capturing closed cracks under load. Moreover, increasing the resolution 684 

reduces the observable volume, making it currently difficult to observe a sufficiently large region for 685 

evaluating permeability. 686 

⑥ Laboratory test: Parameters obtainable through laboratory experiments include porosity and aperture 687 

width, which can be measured using porosimetry techniques such as mercury intrusion porosimeter. 688 

If porosity 𝜙  and aperture t are known, the surface area density 𝑆0  can be calculated using the 689 

relationship 𝜙 = 𝑡𝑆0/𝑉 (Oda et al., 2002b). Furthermore, by separating the volumetric strain of a 690 
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rock under stress into elastic and inelastic components, the change in porosity 𝜙 can be estimated 691 

(Oda et al., 2002b). When crack density remains unchanged, this change in porosity can be interpreted 692 

as a change in aperture. 693 

To determine the 3D permeability tensor, crack information including the 3D orientation distribution, 694 

aperture, surface area, connectivity, and crack network parameter is required. Here, we summarise the 695 

procedure for estimating connectivity and crack network parameter in cases where the permeability has 696 

been obtained experimentally. In Fig. 13, the methods for determining orientation distribution, aperture, 697 

surface area and permeability are indicated by colour-coded arrows. The measurement techniques for each 698 

parameter are summarised below. 699 

- Orientation distribution (blue arrows in Fig. 13): The orientation of cracks can be obtained in the 700 

field using a clinometer on multiple outcrop surfaces with different strike and dip, or from trace maps 701 

(methods (1) and (2)). If cracks are observable via X-ray CT, the orientation distribution can also be 702 

derived from image data (method (5)). In addition, applying stereological techniques to trace maps 703 

from multiple section planes allows estimation of the 3D orientation distribution (Kanatani, 1984, 704 

1985; Oda, 1984)(method (3)). It is also possible to derive this information from elastic wave 705 

velocities measured in multiple directions (Takemura and Oda, 2005) (method (4)). However, if the 706 

elastic wave measurements are taken only along three mutually orthogonal directions, only the 707 

diagonal components of the 𝑁𝑖𝑗  can be determined. Therefore, the principal axes of the crack 708 

network or permeability tensor should be made co-axial with the measurement directions of the elastic 709 

waves. 710 

- Aperture (yellow arrow in Fig. 13): The initial aperture of cracks within the rock can be directly 711 

obtained from in-situ observations or under a scanning electron microscope (①), and, if feasible, via 712 

X-ray CT imaging (⑤). In addition, aperture values can also be obtained using experimental methods 713 

such as mercury intrusion porosimetry (e.g., Holzer et al., 2023) (⑥). Furthermore, an inverse 714 

estimation method has been proposed, whereby the aspect ratio is inferred by comparing theoretical 715 

equations with changes in rock stiffness estimated from reductions in P- and S-wave velocities 716 

(Sayers and Kachanov, 1995). Since the permeability tensor can also be expressed in terms of the 717 

aspect ratio, the permeability can be estimated if the aspect ratio is inferred from elastic wave 718 

measurements. However, when considering permeability, the cracks are assumed to be fluid-filled, 719 

consequently, an additional fourth-rank tensor must be introduced in the compliance formulation 720 

(Schubnel and Guéguen, 2003). 721 

Surface area (green arrow in Fig. 13): The surface area of cracks within a volume can be estimated from 722 

multiple trace maps using stereological methods (Oda, 1984; Oda, 1985). Moreover, since this can be 723 

derived from the number of cracks intersecting scan lines, it can be estimated not only from trace maps 724 

but also from borehole cores and borehole TV images. In such analyses, it is necessary to use scan lines 725 

in multiple directions, and the total length of the scan lines must be selected with consideration of the 726 
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representative elementary volume (REV) (Takemura and Oda, 2004). Although the surface area cannot 727 

be directly obtained from the dimensionless crack density, such as 〈𝑟3〉 or 𝐹0, determined from elastic 728 

wave velocities, it can be estimated by assuming the crack orientation distribution function and the crack 729 

diameter distribution function. 730 

Permeability (purple arrow in Fig. 13): Permeability can be measured by laboratory experiments. In 731 

recent years, measurements in two or three directions have been conducted using prismatic samples, 732 

while cylindrical samples allow measurements only in a single direction (e.g. Nasseri et al., 2014; Sato 733 

et al., 2018). If the measurement directions correspond to the principal axes of permeability, the 734 

diagonal components of the permeability tensor can be determined from permeability measurements 735 

in three orthogonal directions. In this case, 𝑘𝑖𝑗 reduces to 𝑘11, 𝑘22, and 𝑘33, and the values of 𝑃11, 736 𝑃22, and 𝑃33 can be back-calculated from Eq. 2, however, the Λ𝑖𝑗 remains an unknown parameter. 737 

Therefore, if 𝑆0, 𝑡, and 𝑁𝑖𝑗 in Eq. 7 are known from the aforementioned methods, the Λ𝑖𝑗can be 738 

determined. No study has been found that has measured crack geometry and permeability in three 739 

orthogonal directions under triaxial or polyaxial stress conditions using cracked rock such as granite. 740 

Suzuki et al. (1998) reported one-directional permeability under a confining pressure of 0.2 MPa, 741 

along with detailed 3D crack geometry in thermally damaged granitic rock with varying crack densities. 742 

According to their results, the permeability of the intact sample obtained from the experiment was 743 

3.05×10−18 m2, while the permeability calculated using the permeability tensor with measured rack 744 

geometry was 1.76×10−17 m2. A comparison of the measured and calculated permeabilities suggests 745 

that a connectivity value of 𝜆 =0.173 is required. When the modified correction factor proposed in 746 

this study is applied to the results of Suzuki et al. (1998), the bottleneck factor is 𝛽(𝑘)=1.0 due to the 747 

hydrostatic condition, and the tortuosity is found to be 𝜏(𝑘) =2.40. The value is higher than the 748 

tortuosity obtained from the numerical calculations in this study, which is likely due to differences 749 

between the assumed and actual crack diameter distributions and the roughness of the crack surfaces.  750 

In the future, it is expected that 3D crack geometry will be obtained in conjunction with experimental 751 

measurements of three-directional permeability. As shown in Fig. 13, if 3D crack geometry can be derived 752 

from either trace maps or P- and S-wave velocity measurements in three directions, the model proposed 753 

in this study can be applied to obtain the parameter Λ𝑖𝑗. This, in turn, will advance the understanding of 754 

fluid transport mechanisms along cracks under anisotropic stress conditions. 755 

 756 

4.5 Limitation 757 

The following points should be carefully considered when estimating permeability from crack geometry 758 

based on the permeability tensor concept. 759 

- If the matrix is permeable, a dual-porosity model should be considered to separate the permeability 760 

contributions of the matrix and the crack domains. Specifically, the permeability measured under a 761 

confining pressure at which cracks are fully closed can be regarded as the matrix permeability. The 762 



 23 

crack-domain permeability can then be experimentally estimated by subtracting the matrix 763 

contribution, weighted by crack density, from the permeability measured under low confining 764 

pressure. It should be noted that the permeability estimated using the permeability tensor corresponds 765 

to the crack domain.  766 

- When considering permeability obtained from triaxial or polyaxial compression tests, it is necessary 767 

to account for stress shadow effects due to the shape of the specimen. Oda et al. (2002b) pointed out 768 

that, in a cylindrical specimen with a diameter of 50 mm and a height of 120 mm, damage and crack 769 

generation are concentrated within a central 50 mm zone along the height. This implies that, when 770 

interpreting axial permeability based on a crack model in the failure zone, one must consider the 771 

presence of relatively intact rock at both ends of the specimen, effectively acting as caps. 772 

- In laboratory experiments, it is realistic to measure permeability and elastic wave velocities in three 773 

directions. Accordingly, this study adopts a crack model consisting of three mutually orthogonal crack 774 

sets and considers only the diagonal components of 𝑁𝑖𝑗. However, in reality, many cracks are likely 775 

to be obliquely oriented. In this study, such oblique cracks are implicitly accounted for within the 776 

tortuosity. To account for the influence of oblique cracks, it would be necessary to represent 𝑁𝑖𝑗 as 777 

a full tensor form and introduce directional dependence into the aperture expression in Eq. 15. While 778 

expressing the aperture as a tensor would require higher-order tensors and become increasingly 779 

complex, the use of the full 𝑁𝑖𝑗  tensor could provide a more detailed understanding of crack 780 

connectivity and network under anisotropic stress conditions. 781 

- The permeability obtained from laboratory experiments reflects not only the effects of aperture, 782 

connectivity, tortuosity and bottlenecks, but also the reduction in permeability due to surface 783 

roughness on the crack surfaces. In the permeability tensor-based model, this effect is incorporated 784 

into the tortuosity, whereas it is not explicitly included in the open-form expression. Therefore, in 785 

addition to the tortuosity and bottlenecks associated with the crack network, tortuosity and 786 

bottlenecks arising from surface roughness within individual crack planes (e.g., Tsang, 1984) should 787 

also be considered. Additionally, crack intersections may lead to a change in permeability, and as 788 

demonstrated by Stanton-Yonge et al. (2023), incorporating the hydro-mechanical effects of crack 789 

intersections into permeability models is essential for improving predictions of fluid flow in cracked 790 

media (e.g., Takemura and Healy, 2026). 791 

 792 

5. Concluding remarks  793 

This study aimed to clarify, from the perspective of a crack model, the role of cracks oriented normal to 794 

the loading axis—which are not accounted for in conventional stress-dependent permeability tensor 795 

models—and the reduction in permeability observed within the elastic regime during triaxial compression 796 

tests. In addition, the equivalent permeability calculated based on Oda’s permeability tensor, using the 797 

correction factor that incorporates both tortuosity and bottleneck effects, reproduces the same overall 798 
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trends as the DFN-derived permeability, despite differences of approximately one order of magnitude in 799 

absolute values. This holds, at a minimum, for hydrostatic conditions, for all three principal directions 800 

under triaxial compression, and for the maximum and intermediate principal stress directions under 801 

polyaxial stress conditions. Based on the numerical modelling results, we draw the following conclusions: 802 

1) Under anisotropic stress conditions, such as triaxial loading, the closure of cracks normal to the 803 

loading axis forces flow paths to become more tortuous, resulting in increased tortuosity. Furthermore, 804 

if no open cracks are available nearby to serve as alternative flow paths, the flow must traverse closed 805 

cracks, creating bottlenecks. This effect is particularly pronounced when the crack density is low (e.g., 806 𝐹0 < 2.83). In contrast, even if cracks normal to the loading axis are closed at higher crack densities, 807 

other open cracks aligned parallel to the loading axis are likely to be present nearby, resulting in lower 808 

tortuosity and more linear flow paths. 809 

2) Under anisotropic stress conditions, the permeability in the direction of the loading axis is influenced 810 

by cracks oriented normal to the axis, especially in regions of low crack density. This effect is 811 

independent of the degree of crack orientation anisotropy. In polyaxial stress conditions, permeability 812 

in the direction of the maximum principal compressive stress decreases in low crack density regions 813 

and remains lower than in triaxial stress conditions even at higher densities. This is because 814 

bottlenecks appear along the flow paths in the direction of the maximum principal stress.  815 

3) We proposed the modified correction factor Λ𝑖𝑗 by expressing the combined effects of tortuosity and 816 

bottlenecks as a tensor𝑇𝑖𝑗, which serves as a correction factor for the 𝜆(𝐹0). Incorporating Λ𝑖𝑗 into 817 

a stress-dependent permeability tensor allows for more accurate modelling of permeability under 818 

anisotropic stress conditions. Notably, the reduction in permeability observed in the loading direction 819 

within the elastic regime of triaxial compression tests, where no new cracks are developed, can be 820 

explained in terms of crack geometry using the proposed Λ𝑖𝑗. 821 

To represent permeability along the loading axis using an equivalent permeability framework and to 822 

couple it with elastic wave velocities or stress–strain behavior, it is necessary to introduce direction-823 

dependent correction factors. A tensorial form, such as that proposed in this study, is therefore desirable. 824 

With the accumulation of experimental results together with detailed geometric information on crack 825 

networks, it is expected that more accurate and quantitatively constrained correction factors can be 826 

obtained in the future. 827 
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 1123 

Captions 1124 

 1125 

Table 1 Simulation conditions 1126 

Table 2 Relative change in permeability along the loading axis associated with a change in stress state 1127 

from hydrostatic to triaxial compression. 1128 

 1129 

Fig. 1. Schematic illustration of the three types of stress conditions applied to the rock in this study. 1130 

Fig. 2. Change in permeability with increasing differential stress up to the failure stress under conventional 1131 

triaxial testing of basalt (Fortin et al., 2011; Jia et al., 2021) and granitic rocks (Chen, 2018; Kiyama et 1132 

al., 1996; Mitchell and Faulkner, 2008; Shao et al., 2005; Wang et al., 2014; Zoback and Byerlee, 1975). 1133 

The abscissa represents the dimensionless failure level calculated from the axial strain, 𝜀𝑎 , or 1134 

differential stress, σ1 − σ3 as reported in the respective studies. Here, the subscript ‘max’ denotes the 1135 

value at failure, and the solid and broken lines correspond to the crack closure and dilatancy stages, 1136 

respectively. In the legend, 𝑃′𝐶 denotes the effective confining pressure. 1137 

Fig. 3 Schematic view of the conceptual model illustrating tortuosity and bottleneck in a crack model. 1138 

The crack model comprises five cracks in total: two normal to the z-axis, two normal to the y-axis, and 1139 

one normal to the x-axis. The crack model comprises five cracks in total: two normal to the z-axis, two 1140 

normal to the y-axis, and one normal to the x-axis. (A) the model under hydrostatic conditions and (B) 1141 

the model under anisotropic stress with σz (red cracks oriented normal to the z-axis are closed by σz, 1142 

and their aperture decreases from 100 µm to 20 µm). The fluid is assumed to flow in through the cracks 1143 

at the upper end and be discharged from the cracks at the lower end, with each model having three 1144 

possible flow paths. (C) Diagram of individual flow paths with aperture, and (D) shows the calculated 1145 

parameters for each flow path. 1146 

Fig. 4 Crack traces observed on the x-, y-, and z-cross-sections for each model. The crack generation 1147 

conditions are (a) isotropic (Iso), (b) weakly anisotropic (Ani-1), and (c) strongly anisotropic (Ani-2), and 1148 

stress condition set as hydrostatic stress. For comparison, three different crack densities (𝐹0=1.88, 5.65, 1149 

7.54) are presented for each model. In the figure, the black, red, and green crack traces represent cracks 1150 

with normal vectors in the x-, y-, and z-directions, respectively. Here, the crack generation configuration 1151 

uses the instance with seed=0. 1152 

Fig. 5 Conceptual schematic of the algorithm for determining tortuosity and bottlenecks numerically. The 1153 

aperture of cracks not subjected to normal stress are denoted by 𝑡𝑥  and 𝑡𝑦 , and the red crack is 1154 

subjected to normal stress with its aperture denoted by 𝑡𝑧. (a) Crack arrangement and percolating flow 1155 

pathways in three dimensions, (b) Diagram showing only the percolating flow pathways. 1156 

Fig. 6 Flowchart illustrating the generation of the crack model and the output of parameters in this study. 1157 

Fig. 7 A box-and-whisker plot of the fraction of intersecting cracks for each crack density. Here, 100 1158 
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instances are generated for each dimensionless crack density. Cracks that do not intersect become 1159 

isolated cracks. Since the stress state does not influence crack intersections, results under hydrostatic 1160 

conditions are shown. 1161 

Fig. 8 The fraction of instances in which a percolating flow path connecting the boundary surfaces in the 1162 

x, y, and z directions appeared, for each crack model (Iso, Ani-1, Ani-2). Each model includes 100 1163 

randomly generated instances. 1164 

Fig. 9 3D visualisations of percolating flow paths corresponding to illustrative crack densities under 1165 

hydrostatic and triaxial stress conditions in an isotropically distributed crack model (Iso). Specifically: 1166 

(a) crack density 𝐹0 = 2.83 under hydrostatic condition (σ𝑥 = σ𝑦 = σ𝑧 =10MPa), (b) crack density 1167 𝐹0 = 5.65 under hydrostatic condition (σ𝑥 = σ𝑦 = σ𝑧 =10MPa), (c) crack density 𝐹0 = 2.83 under 1168 

triaxial condition (σ𝑥 = σ𝑦 =10MPa, σz =50MPa ) and (d) crack density 𝐹0 = 5.65 under triaxial 1169 

condition (σ𝑥 = σ𝑦 =10MPa, σz =50MPa ). Here, the crack generation condition was set using seed = 1170 

12. The points in the graph represent nodes, and the dashed lines represent their projections onto specific 1171 

planes: x-direction paths are projected onto the z=0 plane, y-direction paths onto the x=0 plane, and z-1172 

direction paths onto the y=100 plane. 1173 

Fig. 10 Examples of the variations in τ(k), β(k), and 𝑇ij with crack density under hydrostatic and triaxial 1174 

conditions in the isotropic case. 1175 

Fig. 11 Variation of 𝑘33(Λ33), 𝑘33(𝜆(𝐹0)), and 𝑘33(𝜆=1), normalized by 𝑘33DFN, as a function of dimensionless 1176 

crack density. 1177 

Fig. 12 Changes in 𝑘𝑖𝑗(Λ𝑖𝑗)(solid lines), 𝑘𝑖𝑗(𝜆(𝐹0))(broken lines), and 𝑘𝑖𝑗DFN(dotted lines) as a function of 1178 

dimensionless crack density for different stress and crack fabric conditions. 1179 

Fig.13 Diagram illustrating the procedures for determining parameters associated with the permeability 1180 

tensor. 1181 

 1182 

 1183 

 1184 


