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Trivializing Torsors for Difference Alge-
braic Groups®

Annette Bachmayr and Michael Wibmer

Abstract. We study torsors for groups defined by algebraic difference equations. Our main result pro-
vides necessary and sufficient conditions on the base difference field for all such torsors to be trivial.
We also present an application to the uniqueness of difference Picard-Vessiot extensions for linear
differential equations.

Dedicated to the memory of Zoé Chatzidakis

1 Introduction

For a linear algebraic group G over a field k, a G-torsor is a k-variety with a simply
transitive G-action. The cohomology set H!(k, G) classifies G-torsors. It is a classi-
cal question in algebraic geometry and field arithmetic to understand conditions on the
base field k that guarantee that H' (k, G) is trivial or small for large classes of linear alge-
braic groups G over k. (See e.g., [Ser02]). For example, perfect fields k of cohomological
dimension at most one (which include C;-fields) are characterized by the property that
H'(k,G) is trivial for all connected linear algebraic groups over k and this is equiv-
alent to H'(k, G) being trivial for all semisimple algebraic groups G over k. It is also
known that H'(k, G) is finite for every linear algebraic group G over k if k is perfect
and bounded, i.e., k has only finitely many algebraic extensions of any fixed degree.

There has been a sustained interest in obtaining analogs of these results for differ-
ential algebraic groups ([Pil17], [MO19], [CP19], [SP21], [LSMP24], [MP25]). One of the
most profound results in the area is the following theorem due to Anand Pillay.

Theorem 1.1 ([Pil17])  For an ordinary differential field k of characteristic zero the following
statements are equivalent:

(i) For every linear differential algebraic group G over k and every G-torsor X we have
X (k) # 0.
(ii) We have H lls (k, G) = 0 for every linear differential algebraic group G over k.
(iii) The field k is algebraically closed and for every m > 1 and every A € k™™ the linear
differential equation 6(Y) = AY has a solution in GL,, (k).

AMS subject classification: 14L15, 14L17, 12H10.

Keywords: Difference algebra, difference algebraic geometry, difference algebraic groups, torsors,
cohomology, differential Galois theory.
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2 A. Bachmayr and M. Wibmer

Here (ii) refers to Kolchin’s constrained cohomology and the equivalence of (i) and
(ii) is well known ([Kol85, Chapter VII]). So the striking part of Theorem 1.1 is that (iii)
implies (i) or (ii). As a finite Galois extension defines a torsor for a finite constant group
scheme, we see that a field k of characteristic zero is algebraically closed if and only if all
torsors for all linear algebraic groups over k are trivial. Moreover, for a differential field
k and A € k"™, the differential algebraic variety X = {Y € GL,,, | 6(Y) = AY} over
k is a torsor for the linear differential algebraic group GLS, = {g € GL,, | 5(g) = 0}.
Thus, Theorem 1.1 can be reformulated as follows: If for all m > 1 all torsors for GLgl
are trivial and all torsors for linear algebraic groups are trivial, then all torsors for all
linear differential algebraic groups are trivial.

Generalizations of Theorem 1.1 to partial differential fields are discussed in [CP19]
and [MO19]. Another generalization of Theorem 1.1, that can be seen as a relative ver-
sion, not requiring any assumptions on the ordinary base differential field, can be found
in [MP25].

The question of an appropriate difference analog of Theorem 1.1 was raised in [Pil17,
Section 3] and in [CP19] it is shown that the immediate analog of Theorem 1.1 fails for
difference algebraic groups. The counterexample provided is related to the difference
algebraic subgroup G = {g € G| x 20(x) = 1} of the multiplicative group G,
and the G-torsor X = {x € G,,| x 20 (x) = a}, where a € k*. More generally, for
g, ...,y € Zwith @, # 0and a € k*, we have a difference algebraic subgroup
G ={g € G| g%o(g)®...c™(g)% = 1} of G, and a G-torsor X = {x €
G| x®o(x) ...0™(x)% = a}.

The main result of this paper is an analog of Theorem 1.1 for difference alge-
braic groups. In essence, it states that the solvability of these multiplicative equations
y®o(y)® ...0™(y)¥ = a is the only obstruction to the validity of the immediate
difference analog of Theorem 1.1. However, as difference algebraic geometry is some-
what more intricate than differential algebraic geometry, this has to be taken with a
grain of salt. Specifically, while differential algebraic geometry is more or less synony-
mous with the model theory of differential fields, the connections are more subtle in the
difference case.

Before precisely stating our main result, we need to explain other obstructions to
the validity of the immediate difference analog of Theorem 1.1, that are not related to
difference algebraic subgroups of G,,, and can be resolved by passing to higher powers
of the endomorphism . We note that the philosophy that things can be smoothed out
by passing to higher powers of ¢ is also present in other work (e.g., [CHP02] or [Wib12]).

Some torsors for linear difference algebraic groups do not have a point in any differ-
ence field. For example, the difference variety X = {x € G,,,| x> = 1, o(x) = —x} is
a torsor for the linear difference algebraic group G = {g € G| g* = 1, o(g) = g}
(under left multiplication) but X (k) = 0 for every difference field k. In other words,
this torsor will never be trivial, no matter over which base difference field it is consid-
ered. From a model theoretic perspective, where one is confined to working inside a
monster model of the theory of difference fields, the torsor X does not exist, i.e., it col-
lapses to the empty set. However, this perspective is unsatisfactory from the point of
view of difference algebraic geometry, because the system of equations x> = 1, o (x) =
—x is consistent, in the sense that it has a solution in a difference ring. For example,
(1,-1,1,-1,1,...) is a solution in the ring of sequences (equipped with the shift).
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Trivializing Torsors for Difference Algebraic Groups 3

The problem that not every torsor has a point in a difference field can be resolved by
looking for solutions slightly beyond the base difference field k. In the above example,
we have (1,-1) € X(k[z]), where, for an integer n > 1, we let Kl = kx . xk
denote the product of n copies of k, considered as a difference algebra over k via k —
k" a— (0" (a),...,0(a),a) and

g k["] - k[n]’ (a17' -"al’l) = (O-n(al’l)’ala-"’anfl)'

A similar obstruction to the immediate difference analog of Theorem 1.1 occurs if
we look at linear difference algebraic groups of the form G = {g € G| 0 (g) = ¥ (g)},
where G < GL,, is an algebraic subgroup defined over Qand ¢ : G — G is a morphism
of algebraic groups. For example, we can take G = {g € GL,, | o(g) = (g7)7'}.
It is known that all G-torsors are of the form X = {x € GL,,| o(x) = (x7)"'A}
for some A € GL,, (k). The equation x” o-(x) = A is non-linear and there appears to
be no reason why we should be able to find a solution in the base difference field %,
just because k is algebraically closed and we can solve linear difference equations in k.
However, if we pass from o to o2, then every x € X satisfies 02 (x) = x(AT) "o (A)
(a linear difference equation over (k, 0%)) and we have a difference variety X, = {x €
GLy | 0%(x) = x(AT)"'o(A)} over the difference field (k, 0-?). Thus, if every linear
difference equation over (k, ) is solvable, then X, (k) # 0. Furthermore, X5 (k) # 0
turns out to be equivalent to X(k[z]) # 0 (Remark 3.6). In Section 3 below we will
explain systematically how a difference variety X over (k, o) gives rise to a difference
variety X,, over (k,o™") for every n > 1. We will also see that for a linear difference
algebraic group G, the cohomology sets H! ,, (k, G,,) naturally form a direct system.

0-".
The main result of this paper is the following difference analog of Theorem 1.1.

Theorem 1.2 For an ordinary difference field k of characteristic zero the following statements
are equivalent:

(P1) For every linear difference algebraic group G over k and for every G-torsor X, there exists

an integer n > 1 such that X (k") # 0.

(P2) We have nh_r)rgo H' ., (k,Gp) = 0 for every linear difference algebraic group G over k.

(P3) (@) The field k is algebraically closed.

(b) Forevery m > 1 and every A € GL,,(k) there exists an integer n > 1 such that
the equation o(Y) = AY has a solution in GL,, (k™).

(©) Forallay,...,a,, € Zwitha,, # 0and a € k*, there exists an n > 1 such
that the equation y®° o (y)®' ... (y)® = a has a solution in k",
We note that we do not make any assumptions on the constants k7 = {a €

k| o(a) = a} of k. The constants of an algebraically closed differential field are auto-
matically algebraically closed. However, this need not be the case in the difference world.
Condition (P3) (b) is similar to what is called “strongly PV-closed” or “linearly closed”
in [CP19], [CK23] and [KP07]. A difference field k is strongly PV-closed if for every
m > 1and every A € GL,,(k) the equation o (Y) = AY has a solution in GL,, (k).
Our condition (P3) (b) is weaker than being strongly PV-closed and is more in line with
the Picard-Vessiot theory of linear difference equations ([vdPS97]), where one allows
zero-divisors in the solution rings and usually assumes the constants to be algebraically
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4 A. Bachmayr and M. Wibmer

closed. The constants of a strongly PV-closed difference field have absolute Galois group
Z (because for every m > 1 the equation 0™ (y) = y has to have m solutions in k that
are linearly independent over the constants). On the other hand, our condition (P3) (b)
does not obviously imply any restrictions on the constants (although it follows from (P3)
(a) that the absolute Galois group of the constants is procyclic).

The multiplicative difference equations in (P3) (b) are intimately related to toric
difference varieties studied in [GHWY17], [GHY17] [Wan20], [Wan18].

Condition (P3) (b) is equivalent to the special case of (P1) where G = GLJ = {g €
GL,, | 0(g) = g}, while condition (P3) (c) is equivalent to the special case of (P1) for
one-relator subgroups of G,,, i.e., for difference algebraic subgroups of G,,, of the form
G={g€Gnlg™co(g)™...cM"(g)" =1}

For a linear difference algebraic group G over a difference field k, we say that k is
G-trivial if for all G-torsors X there exists an n > 1 such that X (k") £ 0. With
this nomenclature our main result can be reformulated as follows: If k is G-trivial for
all G where G is a linear algebraic group, a difference algebraic group of the form G =
GLY ={g € GL, | 0(g) = g} (forsomem > 1), or a one-relator subgroup of G, then
k is G-trivial for all linear difference algebraic groups G over k. In this sense, the one-
relator subgroups of G, are the only obstruction to the immediate difference analog of
Theorem 1.1.

Note that the integer n in the first condition of Theorem 1.2 depends on both the
difference algebraic group G and the G-torsors X. Similarly, in the third condition, the
integer n depends on A € GL,,(k) or a € k*. We can replace both conditions by a
stronger condition where an 7 has to exist uniformly for all G-torsors, and where 7 is
not allowed to depend on A and a. As an additional result we show that these stronger
conditions are still equivalent:

Theorem 1.3 For an ordinary difference field k of characteristic zero the following statements
are equivalent:

(P1") For every linear difference algebraic group G over k there exists an integer n > 1 such that

X (k™) £ 0 for every G-torsor X.

(P2") For every linear difference algebraic group G over k, there exists an integer n > 1 such that

the natural map H},(k, G) — H} . (k,G,) is trivial.

(P3%) (@) The field k is algebraically closed.

(b) For every m > 1, there exists an integer n > 1 such that for every A € GL,, (k)
the equation o-(Y) = AY has a solution in GL,, (k!"]).

(¢) Forall ay,...,an € Z with a, # O, there exists an n > 1 such that for all
a € k* the equation y® o (y)® ... (y)®" = a has a solution in k",

There appears to be no previous difference analogs of Theorem 1.1 in the litera-
ture. However, the connection between H' (k, GLZ) and solutions of linear difference
equations was already noted in [CK23, Section 7.3], where also the counterexample from
[CP19] is interpreted in cohomological terms.

In Section 6 we show that every o -closed difference field satisfies the equivalent
conditions of Theorem 1.3.
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Trivializing Torsors for Difference Algebraic Groups 5

Our main result has applications in the difference Galois theory of linear differential
equations ((DVHW14)), a special case of the parameterized Picard-Vessiot theory, where
one considers alinear differential equation and an auxiliary operator such as a derivation
or an endomorphism that is acting on the coefficients of the linear differential equation.
A typically example is a linear differential equation with coefficients that depend on a
parameter and the auxiliary operator is the derivation with respect to the parameter or
a shift operator on the parameter. Our application concerns the uniqueness of the solu-
tion rings in the context of this Galois theory, known as o-Picard-Vessiot rings. This
is similar to the application in [Pil17, Cor. 1.4] of Theorem 1.1 to the uniqueness of the
solution rings in the case when the auxiliary operator is a derivation. However, our situ-
ation is slightly different because o -Picard-Vessiot rings are generally not unique, even
when the constants are o-closed. In general, two o -Picard-Vessiot rings for the same
equation only become isomorphic when passing to higher powers of 0. More precisely,
in [DVHW14, Cor. 1.17] it is shown that if K is a o -field such that the §-constants
K?° are a o-closed o-field and R1, R; are two o--Picard-Vessiot rings for the equation
6(y) = Ay (for some A € K"™*™), then there exists an integer n > 1 such that R; and
R, are isomorphic as K-60"-algebras. We note that the integer 7 is allowed to depend
on R; and R;. In particular, the need to pass to higher powers of o~ also naturally arises
in the parameterized Picard-Vessiot theory and this phenomenon is well-aligned with
our philosophy underlying the statements of Theorems 1.3 and 1.2.

We improve the above uniqueness result in two ways. Firstly, we show that the same
uniqueness result also holds if we only assume that K¢ satisfies the equivalent condi-
tions of Theorem 1.2. Secondly, we show that if K satisfies the equivalent conditions
of Theorem 1.3 (e.g., K¢ is o"-closed), then the integer 7 can be chosen uniformly for all
pairs Ry, R; of o-Picard-Vessiot rings.

We conclude the introduction with an outline of the content. In Section 2 we set
the stage by recalling definitions and introducing our notation. In Section 3 we for-
mally introduce, for every difference variety X over (k, o), the difference varieties X,
over (k, o) and we establish the important induction principle. It states that if N is
a normal difference algebraic subgroup of a difference algebraic group G, such that
nli_rgoH}J_,,(k,N) =0and r}gmgoH:rn(k, (G/N),) =0, then '}EEOH;,,(k,Gn) = 0. This
principle allows us to use decomposition theorems for difference algebraic groups to
reduce the proof to certain types of mostly quite explicitly described classes of differ-
ence algebraic groups. In Section 3 we also show that (P1) and (P2) are equivalent, which
is fairly straightforward once the appropriate definitions are in place. The fact that (P1)
implies (P3) is also fairly immediate and established in Section 4 along with some refor-
mulations of property (P3). The most difficult part of the proof of Theorem 1.3 is the
implication (P3)=(P1). This relies on several structure and decomposition theorems for
difference algebraic groups. We first treat special classes of difference algebraic groups
(e.g., order zero, diagonalizable, difference dimension theory zero) and build up to the
general case. In Section 6 we show that a o--closed difference field satisfies the equiva-
lent conditions of Theorem 1.3. Finally, in Section 7 we present the application to the
parameterized Picard-Vessiot theory.

The authors are grateful to Zoé Chatzidakis and Anand Pillay for helpful discussions
during the preparation of the article.
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6 A. Bachmayr and M. Wibmer

2 Basic definitions and constructions

In this section we recall the basic definitions from difference algebra and some results
about difference algebraic groups. The reader with a solid grounding in difference
algebra may prefer to skip this section.

We start by recalling some definitions from difference algebra. Standard references
for difference algebra are [Coh65] and [Lev08]. Our main references for difference alge-
braic groups are [Wib22] and [Wib21]. All rings are assumed to be commutative and
unital. A difference ring (or o -ring for short) R is a ring together with a ring endomor-
phism o : R — R. A morphism of o -rings is a morphism of rings that commutes with
o.

Let k be a o-ring. A k-0 -algebra is a o--ring R together with a k-algebra structure
such that kK — R is a morphism of o--rings. A morphism of k-o -algebras R — Sisa
morphism of o--rings that also is a morphism of k-algebras. We will write Homg (R, S)
for the set of morphisms of k-o-algebras.

If R and S are k-0 -algebras, then R®y Sis a k-0 -algebraviao (r®s) = o (r)®c (s).
A k-o-algebra R is finitely o-generated if there exists a finite subset B C R such that
R = k[B,0(B),...]. We write R = k{B} for a k-o-algebra R if B C R is such that
R=k[B,o(B),...].

An ideal a of a o-ring R is a o-ideal if (@) C a.1f o~ (@) = q, then a is a reflexive
o-ideal. If fo(f) € a implies that f € a, then a is a perfect o-ideal. For a subset B of
R, the o-ideal [B] = (B, o(B), 02(B), ...) C R is the o -ideal o-generated by B.

Let k be a o-field. A o-polynomial over k in the o-variables yy, ..., y, is a polyno-
mial in the variables y1, ..., vn, c(31),...,0(¥n), 02(y1), ... over k. The k-o -alge-
bra of all o--polynomials is denoted by k{y} = k{y1,...,ya}-

Informally speaking, a o--variety X over k (or a k-o -variety) is the set of solutions
of aset F C k{y} of o-polynomials. To make this precise, we can define X to be the
functor from the category of k-o -algebras to the category of sets that assigns to every
k-0 -algebra R the R-valued solutions of F. A morphism of k-0 -varieties is then sim-
ply a natural transformation of functors. Alternatively, we can fix a sufficiently large'
k-0 -algebra U and define a k-0 -variety to be the set of U -valued solutions of F. Then
amorphism of k-o-varieties is simply a map that is given by o--polynomials in the coor-
dinates. A o-algebraic group? (over k) is a group object in the category of o--varieties (over
k). A morphism of o -algebraic groups (over k) is a morphism of o--varieties (over k) that
respects the group structure.

In practice it does not matter if we work with functors or inside Y. In fact, we will
suppress the R or the U from the notation most of the time. For example, we may
write ¢: G, — G, g — 0(g)g to specify a morphism ¢ of o-algebraic group
from the multiplicative group to the multiplicative group. This can either be read as the
transformation of functors such that ¢r: G,,(R) — G,,(R), g — 0 (g)g for every
k-o-algebra R or as the map G,,,(U) — G,,(U), g — o(g)g.

'The precise requirement here is that U contains an isomorphic copy of every finitely o--generated
k-0 -algebra.

21t may seems more accurate to add the word affine or linear here. However, since we will only consider
affine o -varieties we refrain from doing so.
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Trivializing Torsors for Difference Algebraic Groups 7

For a k-0 -variety X

I(X) = {f € k{y}| f(x) =0V x € X}

is a o-ideal of k{y}. The k-o-algebra k{X} = k{y}/I(X) is called the o--coordinate
ring of X. The functor X ~» k{X} induces an equivalence of categories between the
category of k-0 -varieties and the category of finitely o--generated k-o-algebras. More-
over X =~ Homy » (k{X}, —) as functors. (See [Wib22, Section 1.2].) Allowing ourselves
the freedom of calling any functor isomorphic to a k-o-variety (as defined above) a
k-0 -variety, it follows that a functor from the category of k-o-algebras to the cate-
gory of sets is a k-0 -variety if and only if it is representable by a finitely o--generated
k-0 -algebra. The category of o-algebraic groups over k is equivalent to the category
of finitely o--generated k-o-Hopf algebras, i.e., Hopf algebras over k, that are finitely
o -generated k-0 -algebras such that the Hopf algebra structure maps are morphisms of
k-0 -algebras.

A o-ring R is called o-reduced if c: R — R is injective. The quotient Ry_req =
R/(0)* of R by the reflexive closure (0)* = {f € R|3n > 1: o"(f) = 0} of the
zero ideal is o-reduced. A k-0 -variety X is o-reduced if k{X} is o-reduced. If the zero
ideal of k{X?} is perfect, then X is called perfectly o--reduced. If k{X} is o--reduced and
an integral domain, then X is called o -integral.

A subfunctor Y of a k-o-variety X is a o--closed o -subvariety if it is defined by a
o-ideal I(Y) C k{X},ie,

Y(R)S X(R)

Homy o (k{X}/I(Y), R)—— Homy »(k{X}, R)

commutes for every k-o-algebra R. A morphism ¢: X — Y of k-o-varieties is a
o -closed embedding if it induces an isomorphism between X and a o-closed o--subvariety
of Y; equivalently, the dual map ¢*: k{Y} — k{X} is surjective (Wib22, Lemma 1.6)).

If $: X — Y is a morphism of k-0 -varieties, we denote with ¢(X) the smallest
o -closed o -subvariety of Y such that ¢ factors through the inclusion ¢(X) < Y (cf.
[Wib22, Lemma 1.5]).

If K is a o-field extension of k and X a o -variety over k, we denote the base change
of X from k to K by Xk. So Xk (R) = X(R) for every K-o-algebra R. Then Xk is a
o -variety over K with o-coordinate ring K{Xg } = k{X} ®; K.

If G is a o-algebraic group and H a o--closed o -subvariety such that H(R) is a sub-
group of G(R) for every k-o-algebra R, then H is a called a o -closed subgroup of G
and we will write H < G. If moreover H(R) is a normal subgroup of G (R) for every
k-0 -algebra R, then H is normal in G and we indicate this by H < G.

The forgetful functor from k-o -algebras to k-algebras has a left adjoint S ~» [0 ]S
which we need to describe explicitly. For a k-algebra S andi > 1 weset 7'S = § ®; k
where the tensor product is formed by using o': k — k. More generally, if X is an
object over k, we denote by @'X the base change of X via o’: k — k. We set S[i] =
S®k 7Sy ... 8 7S and let [0] S denote the direct limit (i.e., the union) of the S[i]’s.
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8 A. Bachmayr and M. Wibmer
We define the structure of a k-o-algebra on [07] xS by setting
o (fo®(f1®11)®...®(f;i®1;) = 18(f/o®1)®(f1®0 (11))®. . .®(f;i®0(1;)) € S[i+1]

for fo,..., fi € Sand A4,...,4; € k.

Example 2.1 Consider the univariate polynomial ring S = k[y]. Then
Sli]=k[y,1®(y®1),...,10 -0 (y®1)]

and o: S[i] — S[i + 1] shifts each generator to the next one. Hence [o]xS = k{y},
the difference polynomial ring in one variable.

For the sake of brevity and to be consistent with our nomenclature for difference
algebraic geometry, we use the term variety over k to mean affine scheme of finite type
over k. If X is a variety over k, then the functor R ~» [0 X (R) = X (R) is a o--variety
over k. Indeed, k{[0]x X} = [0 ]xk[X] where k[X] is the coordinate ring of X. (Cf.
[Wib22, Section 1.3].)

By an algebraic group over k we mean an affine group scheme of finite type over k.
By a closed subgroup of an algebraic group we mean a closed subgroup scheme. Let G be
an algebraic group over k. Then [07]x G is a o--algebraic group over k. If confusion is
unlikely we will simply write G for [07];G. In particular, by a o-closed subgroup of G,
we mean a 0 -closed subgroup of [0]x G-

Let G be a 0-closed subgroup of an algebraic group G. Then G is defined by a o--ideal
I(G) € [o]xk[G]. Fori > 0 the intersection I(G) N k[G][i] € k[G][i] = k[G x
... X 7'G] defines a closed subgroup G [i] of G X ... x 7' G. We call G[i] the i-th order
Zariski closure of G in G. For i = 0 we simply speak of the Zariski closure. If G[0] = G,
we say that G is Zariski-dense in G.

In [Wib22, Theorem 3.7] it is shown that there exist integers d,e > 0 such that
dim(G[i]) = d(i + 1) + e for i > 0. Moreover every o -algebraic group G is iso-
morphic to a o-closed subgroup of an algebraic group G ((Wib22, Prop. 2.16]), e.g., G
can be chosen as GL,,, for some m, and the integer d does not depend on the choice of
G or the choice of such an embedding. We call d the o-dimension of G and denote it by
- dim(G). Furthermore, if 0- dim(G) = 0, then the integer ord(G) = ¢ > 0 only
depends on G and is called the order of G. If o- dim(G) > 0, we set ord(G) = oo.

Example 2.2 As an example, consider G = G, and G = {g € G | 02(g) —o(g) -1 =
0}. Then G[0] = G and G[1] = G X 9 G as they do not see the defining equation. But
G [2] is the closed subgroup of G X 7 G X ‘TZQ defined by 0 (x) — 0 (x) —1 = 0, so it has
dimension 2. The dimension of G[3] equals 2, since it is defined by the two equations
o?(x) —oc(x) =1 =0and o3 (x) —0?(x) = 1 = Oinside G X TG X ‘TZQ X ‘ng.
Similarly, it follows that d; = 2 for alli > 2. Hence 0-- dim(G) = 0 and ord(G) = 2.

Let G be a o-algebraic group and let N & G be a normal o -closed subgroup. The
quotient G /N can be defined by a universal property ((Wib21, Def. 3.1]). It exists (Ibid.,
Theorem 3.3) and is well-behaved with respect to the o--dimension and the order (Ibid.
Corollary 3.13): Namely, o- dim(G) = o-dim(N) + o- dim(G/N) and ord(G) =
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ord(N) + ord(G/N). Furthermore, the isomorphism theorems hold for o -algebraic
groups (Ibid., Section 5).

A morphism ¢: G — H of o-algebraic groups is called a quotient map if ¢(G) =
H. (For other equivalent characterizations of quotient maps see Proposition 4.10 in
[Wib21].) In particular, ¢ is a quotient map if and only if H ~ G /N for anormal o -closed
subgroup N of G. Any morphism of o -algebraic groups factors uniquely as a quotient
map followed by a o--closed embedding ((Wib21, Theorem 4.14]).

The kernel ker(¢) of a morphism ¢: G — H of o -algebraic groups is given by
ker(¢)(R) = ker(¢R) for every k-o-algebra R. It is a normal o -closed subgroup of G.
Indeed, I(ker(¢)) C k{G} is the ideal of k{G} generated by ¢*(mp ), where my is the

kernel of the counit k{H} — k. A sequence 1 —» N 4G ﬂ H — 1 of o-algebraic
groups is called exact if 8 is a quotient map and « is a o-closed embedding that identifies
N with the kernel of 5.

A o-algebraic group G is called o-étale if every element of k{G} satisfies a separable
polynomial over k. Recall that a finite dimensional k-algebra § is étale if every element
of § satisfies a separable polynomial over k. For a k-algebra R, let my(R) denote the
union of all étale k-subalgebras of R.

Let G be a o--algebraic group. Among all morphisms from G to a o--étale o--algebraic
group, there exists a universal one G — 7mo(G). See [Wib22, Prop. 6.13]. Indeed
k{no(G)} = mo(k{G}). The kernel G° of G — my(G) is called the identity compo-
nent of G. If G = G2, then G is called connected. See [Wib21, Lemma 6.7] for other
characterizations of connectedness.

Let G be a o-algebraic group over k. A G-torsor is a k-o-variety X together with a
morphism G X X — X of k-0 -varieties such that G(R) X X(R) — X(R) is a simply
transitive group action of the group G(R) on the set X(R) for every k-o-algebra R.
A morphism of G-torsors is a G-equivariant morphism of k-o -varieties. A G-torsor
isomorphic to G with left-translation is called trivial. A G-torsor X is trivial if and only
if X(k) # 0 (BW22, Remark 1.3)).

Throughout this article k denotes a o-field. All varieties, o -varieties, algebraic
groups and o -algebraic groups are assumed to be over k unless the contrary is indicated.

The induction principle

Let1 - N — G — H — 1 be an exact sequence of o -algebraic groups
over k. The principle alluded to in the title of this section is the statement that
limy oo H. . (k, G ) = 0iflimy 0 HY . (k,N,) = 0 and lim,,—eo H. . (k, H,) = 0.
The induction principle is crucial for the proof of (P3)=(P1) because, after decompos-
ing a general o -algebraic group into more manageable pieces, it allows us to restrict
our considerations to those more manageable pieces. In this section we also show that
(P1) and (P2) are equivalent and similarly, their uniform variants (P1%) and (P2%) are
equivalent.

Throughout Section 3 we denote with k a o-field (of arbitrary characteristic).
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3.1 Fromo too”

In this subsection we introduce the 0" -varieties X,, for every o -variety X. Throughout
this subsection we fix an integer n > 1. We use the prefix k-0 or " instead of k-0 or
o to indicate that we are working over the difference field (k, ™) instead of (k, o).

We need to be able to pass from k-o -varieties to k-0 -varieties and vice versa. The
most conceptual way to do this is to consider the left adjoint and the right adjoint of the
functor (R, o) ~» (R,0"™) from k-o-algebras to k-0 -algebras which we will now
construct. Let (S, 7) be a k-0 -algebra. We define

1S=S@ S ...a 7 'S
ando: 1§ — 1Sby

O'(Clo ® ((11 ®/l]) ®...0 (Cln_l ®/ln_1)) =
T(an-1)0(Ap-1) ® (a0 ® 1)®(a1 ® 0 (1)) ® ... ® (a2 ® 0 (Ap-2)),

where ag, ...,a,-1 € Sand Ay, ...,d,-1 € k. Then {S is a k-0 -algebra and the inclu-
sion into the first factor S — 1§ is a morphism of k-0 -algebras. If R is a k-0--algebra
and ;S — R is a morphism of k-0 -algebras, then S — | S — R is a morphism of
k-o"-algebras. Conversely, if y: S — R is a morphism of k-0 -algebras, then

1S > R, ao®(a1811)®. ..®(an-1®u-1) — ¥(ao)o (Y (a))dy...o" (Y (an-1))An-1

is a morphism of k-0 -algebras. It is straightforward to check that these two construc-
tions are inverse to each other. So

Homk,()'" (S9 R) = Homk,o'(lss R)

for every k-o-algebra R. Thus the functor S ~» 1S (with the obvious definition on
morphisms) is the left adjoint of (R, 0") ~» (R, ™). (This is why the 1 is on the left
side.)

Example 3.1 Consider the difference polynomial ring

S:k{y}(J’" :k[)’l»---,)’m,o'n()’l)w~-’0'n()’m),~--]

over the difference field (k, o) in the " -variables y1, ..., y;u. Then 1 (k{y}sn) can
be identified with k{y} o, the difference polynomial ring over (k, o) in the o--variables
Y1i,...,Ym. The identification is such that for 1 < i < m—1and1 < j < m, the

variable 0/ (y ;) € k{y} o corresponds to the image of y; ® 1 € 'S under the inclusion
7S — 48

More generally, if S = k{y}on/[F]on is a quotient of k{y},n by the o"-ideal
[F]on of k{y}on thatis 0" -generated by some F C k{y},n, then | S can be identified
with k{y}+/[F] o, the quotient of k{y} by the o-ideal generated by F C k{y},n C

k{y}o

Next we will construct the right adjoint of (R, o) ~» (R, 0™).If S is any k-algebra,
then we write i S for the k-algebra that equals § as a ring and where we multiply with
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elements in k via o' : k — k. In other words, oS is obtained from S by restriction of

scalars viao': k — k.
Let (S, 7) be a k-0 -algebra. We define

Slzo—nflSXO—VHZSX...Xa—SXS

as a k-algebra and we consider S as a k-0 -algebra via

o(a,az,...,a,) = (t(ay),ay,..

. ,Cln_l).

The projection §; — § onto the last factor is a morphism of k-0 -algebras. So if R —
S is a morphism of k-o--algebras, then R — S; — S is a morphism of k-0 -algebras.
Conversely, if y : R — § is a morphism of k-0 -algebras, then

R— S, a- W(c" (a),....v(c(a),¥(a))

is a morphism of k-0 -algebras. One can check that these two constructions are inverse

to each other. So

Homk,o'"(R, S) ~ Homk,O'(R’ S1)

for every k-o-algebra R. In other words, S ~» S is the right adjoint of (R, o) ~»
(R, o). (This is why the one is on the right.) Note that with k"] defined as on page 3, we
have k"l = (k, ™). More generally, for a k-o--algebra R we define the k-c -algebra

Rl by

R[”] = (R,O'n)l = o.n—IRX XR.

One can verify directly that for [ > 1 the map

R["] N R["l], (al,..-,an) =

(O-n(l_l)(al)’ e ’O—n(l_l)(an), e $0-n(a1), e ,Un(an),al, L aal’l)

is a morphism of k-o -algebras.

If X is a k-0 -variety, then we can define a functor X}, from k-0 -algebras to sets by

Xn(8) = X(51)

for any k-0 " -algebra S. Conversely, if Z is a k-0 -variety, then we can define a functor

Z, from k-0 -algebras to sets by
Zl (R) = Z(R’ O—n)

for any k-0 -algebra R.

Lemma 3.2

(@) If X is a k-o-variety, then X,, is a k-0 -variety. Indeed, the 0" -coordinate ring k{X, }

of X, is (k{X}, ™).

(i) If Z is a k-0 -variety, then Z; is a k-0 -variety. Indeed, k{Z,} = {(k{Z}).

Proof (i) For a k-o"-algebra S we have X, (S)

= Homg »(k{X},S1) =

Homy on(k{X},S). As (k{X},0) is finitely o-generated, (k{X},o™) is finitely

o -generated. So X, is indeed a k-0 -variety.
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12 A. Bachmayr and M. Wibmer

(i) For a k-o-algebra R we have Z;(R) = Homg on(k{Z},R) =
Homy o (1(k{Z}),R). As k{Z} is finitely o"-generated, {(k{Z}) is finitely
o -generated. So Z; is indeed a k-0 -variety. u

So X ~» X, is a functor from the category of k-o -varieties to the category of
k-o"-varieties and Z ~» Z; is a functor from the category of k-0 -varieties to the
category of k-0 -varieties. For a k-0 -variety X and a k-0 -variety Z we have

Hom(X, Z1) = Homyg, o (1 (k{Z}), k{X}) = Homy, on (k{Z}, k{X}) = Hom(X, Z).
So the functors X ~» X, and Z ~» Z are adjoint. Note that we can identify (X,);,

with X, a fact that we will use frequently.

Example 3.3 Note that the o-polynomial ring k{y}, over k in the m o-variables
Yis--+>Ym 1S, as a k-0 -algebra, the 0" -polynomial ring over (k,c™) in the nm
o -variables

(Zts s zm) = s e Y 0o, s e 7 1)y 0 ().

We may therefore write k{y}, = k{z}on. Furthermore, if F C k{y} o-generates the
o-ideal I of k{y}, then F, o (F),...,0" ' (F) C k{y}s = k{z}on o"-generates
the 0" -ideal I of k{z} n. Thus, if X is the k-o--variety defined by F C k{y}, then X},
is the k-0 -variety defined by F, o (F), ..., "' (F) C k{z}on.

For a concrete example, let us consider, as on page 3, the k-o-variety X = {x €
GL, | o(x) = (xT)"1A}, where A € GL,,(k). As X is defined by o (x) — (xT) 1A = 0,
X, is defined by o (x) — (xT)"'A = 0and 02(x) — (0 (x)T) "o (A) = 0, where x and
y = o (x) are to be considered as o->-variables. Thus

X2 ={(x,y) € GLyxGLy |y = (x")7'A, o (x) = 0") "' (A)}

~ {x € GLy | o (x) = x(AT)'o ()}

as claimed on page 3.

Example 3.4 If X comes from an affine variety X over k, then the o -variety X,
n-1
corresponds to X X °X X ... X 7" X.In other words,

[0k &) = [ (X X ... x TX).

Proof This follows from Example 3.3 but can also be seen in a more functorial fashion
as follows: For every k-0 -algebra S we have

([o]xkX)n(S) = X(gn-1S X ... X 8) ~ Homg (k[X], gn-1S X ... X S)
~ Homy (k[X], gn-18) X ... X Homg (k[X], S)

~ Homg (7" (k[X]), S) X ... x Homy (k[X], S)
= Homg (7" (K[X]) ®k ... ®k k[X],5) = (X X...x 7" X)(S).
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Example 3.5 1f Zisthe k-0 -variety definedby F' C k{y}on.Then Z; is the k-o--vari-
ety defined by F C k{y}s» C k{y}o. Cf. Example 3.1. Thus, concretely, to compute
Z, from Z we simply have to interpret the defining 0" -equations of Z as o-equations.

Remark 3.6 Let X be a k-o-variety. We have X (k!"1) # 0 if and only if X, (k) # 0.
Proof Infact, X, (k) = X (k™). |

If G is a o-algebraic group and X a G-torsor, then G,, is a 0" -algebraic group and
X,, is a G,,-torsor. Remark 3.6 then shows that X(k["]) # 0 if and only if X, is trivial.

The following three lemmas relate properties of the o -algebraic group G to proper-
ties of the o -algebraic group G,,.

Lemma 3.7 Let G be a o-algebraic group over k. If G is connected, then G, is connected.

Proof Recall (e.g., from [Wib21, Lemma 6.7]) that G is connected if and only if
mo(k{G}) = k. As mo(k{G}) does not depend on o the claim follows. [ ]

Lemma 3.8 Let G be a o-algebraic group over k. Then o"- dim(Gp,) = o-dim(G) - n
and ord(G,,) = ord(G).

Proof We consider G as a Zariski-dense, o--closed subgroup of some algebraic group
G viaao-closed embedding G < G. Algebraically this means that we have an inclusion
of Hopf algebras k[G] C k{G} such that k[G] generates k{G} as a k-o-algebra. In
particular, if B is a finite subset of k[G] such that k[G] = k[B], then k{G} = k{B}.

The o-closed embedding G < [0]xG yields a 0"-closed embedding G,, —
([01kG)n = [0"]k(G X ... X e (Example 3.4). So we can consider G, as a
o -closed subgroup of the algebraic group G X °G X ... X ‘TVHQ. Algebraically, this
corresponds to the inclusion of Hopf algebras k[B, ...,0" ' (B)] € k{G}.Fori > 0
let d; = dim(k[B,...,c"(B)]). Then, fori > 0, we have d; = o-dim(G)(i + 1) + ¢
for some integer e > 0.

Similarly, for i > 0, we have d(;11),—1 = 0"'- dim(G,) (i + 1) + ¢’ for some integer
e’ > 0. Therefore

o-dim(G)((i + Dn) +e = o"-dim(G,,)(i + 1) + €’
and thus 0"-dim(G,) = o-dim(G) - n. Moreover, - dim(G) = 0 if and only if
o"-dim(G,) = 0 and in this case ¢ = €', i.e., ord(G) = ord(G,,). ]

Lemma 39 If1 - N — G — H — 1is an exact sequence of o -algebaic groups, then
1 = N, — G, — H, — 1isan exact sequence of 0" -algebraic groups for every n > 1.

Proof The exactnessof 1 - N — G — H — 1 can be reformulated in terms of the
corresponding morphisms k{H} — k{G} — k{N} of k-0 -Hopf algebras. Exactness
at N means that k{G} — k{N} issurjective, exactness at H means that k{H} — k{G}
is injective and exactness at G means that the kernel of k{G} — k{N} agrees with the
ideal of k{G} generated by the image of my in k{G}, where my is the kernel of the
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counit kK{H} — k. These properties do not depend on the power of o~ considered. Thus
1—> N, —» G, - H, - lisexact. ]

Exact sequences and H'

In this subsection we establish the induction principle. We also observe that (P1)&(P2)
and (P1*)=(P2Y).

Let G be a o-algebraic group over k. A cohomology set H'(k, G) that classifies
G-torsors was introduced in [BW22]. Far more general and elaborate approaches to
cohomology in difference algebraic geometry can be found in [Tom] and [CK23]. For
our purposes, the elementary approach from [BW22] is sufficient.

We begin by recalling the definition of the cohomology set H!(A/k, G), which,
for a k-o-algebra A, classifies G-torsors X with X(A) # . Consider the canonical
morphisms of k-o -algebras

AT——ZAQRA—=AQRL AR A

where the upper arrow on the left denotes the morphism a — 1®a, the lower arrow on
the left denotes the morphism a — a ® 1, and the upper arrow on the right denotes the
morphisma®b +— 1®a ® b and so on. These morphisms induce morphisms of groups

5 0y
G(A) ?; G(A®A) == G(A® Ay A).
2 X

An element y € G(A ®; A) is called a cocycle if 3,(x) = 91(x)d3(x). Two
cocycles y; and y, are called equivalent if there exists a g € G(A) such that
x1 = 01(g)x202(g)~". The set of all equivalence classes of cocycles is denoted by
H! (A/k,G).Itis a pointed set with the usual functorial properties. The distinguished
element is the equivalence class of 1 € G(A ®; A).

We set HL (k,G) = lig H! (A/k,G), where the limit is taken over the set of iso-

morphism classes of finitely o--generated k-o--algebras. (See [BW22, Section 5] for more
details.) Let £, (G) denote the pointed set of all isomorphism classes of G-torsors. The
distinguished element in X, (G) is the class of the trivial torsor. According to [BW22,
Theorem 4.2] we have an isomorphism of pointed sets

2o (G) = Hy (k, G).

Fix n > 1.1f X is a G-torsor, then X,, is a G ,-torsor. As X (k) € X (k!"1) = X,,(k), we
see that X, is trivial if X is trivial. Thus we have a map of pointed sets

Z5(G) = Zgn(Gp).
Example 3.10 Let G = {g € GL,, | 0(g) = (g7)"'}. For every A € GL,,(k) the
k-o-variety X = {x € GL,, | o(x) = (xT) "' A} is a G-torsor under left multiplication.

Its image X5 under X (G) — X,2(G,) is the G,-torsor X, = {x € GL,,,| 0%(x) =
x(AT)" 1o (A)}, where G, = {g € GL,,, | 02(g) = g} (see Example 3.3).
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We also have a canonical map
H. (k,G) — H..(k,G,),

which we will describe next. Let X be a k-o-variety and A a k-o-algebra. The
morphism A — A", a — (0" !(a),...,a) of k-o-algebras induces a map
X(A) — X(A") = X((A,0™)1) = X,(A). Under the identifications X(A) =
Homy o (k{X}, A) and X, (A) = Homy on (k{X}, A), this map is simply interpreting
amorphism k{X} — A of k-o-algebras as a morphism of k-o"-algebras.

If A — B is amorphism of k-0 -algebras, then

X(A) — Xy (A)
X(B) — Xu(B)
commutes. Similarly, if X — Y is a morphism of k-0 -varieties, then
X(A) — X, (A) (3.1
Y(A) ——=Yu(4)

commutes. Moreover, if G is a o--algebraic group over k, then G(A) — G,(A) is a
morphism of groups. The commutative diagram

G(A) —=G(A® A) —=G(A® Ay A)

) l

G(A) —=G(A®r A) —= G, (A®r AQ; A)

shows that G(A ® A) — G,(A ® A) maps cocycles to cocycles and equivalent
cocycles to equivalent cocycles. We therefore have a well-defined map H. (A/k, G) —
H!,(A/k,G,), which we may compose with the inclusion H!.(A/k,G,) —
H}T,, (k,Gp).1If A — Bis a morphism of k-0 -algebras, then

HL(A/k,G)

S

Hy.(k,Gp)
Hy (B/k,G)

commutes. Thus we have an induced map of pointed sets H. (k, G) — H(lrn (k,G,).
The construction of this map also applies with (k, o) replaced by (k, o) (for some
d > 1) and so we have maps Hird(k, Gg) — H! (k, (Ga)n) = Hzl'rd" (k,Gan)-

(o—d)n,
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If X is a k-0"-variety, (A, 7) a k-0"-algebra and d,d’ > 1, then the composi-
tion X(A,7) — Xa(A, 1) — (Xp)a (A, (DY) = Xga(A, 7" agrees with
X(A, 1) — Xga(A, 7% because all maps are just reinterpreting the same mor-
phism from X(A,7) = Homg on(k{X}, A). From this it follows that for integers
n,n’,n”" > 1 withn|n’ and n’|n”’, the composition H. ., (k,G,) — Hlu_n, (k,Gp) —
H(IT (k,G,») agreeswith H. ,(k,G,) — H(lr (k,Gpr). Themaps H. . (k,Gp,) —
Hé_n, (k,G,) for n|n’ thus form a directed system over the directed set of all integers
greater or equal to one, partially ordered by n < n’ if and only if n|n’. We can therefore
consider the direct limit nlgrgo H (lrn (k,G).

n’’ n’’

Example 3.11 Let G be an algebraic group over k and G = [0o]xG. By [BW22,
Prop. 3.5] we have H! (k, G) = H'(k, G). Furthermore G, = [0"]x (G X...X f’"‘lg)
(Example 3.4) and so H) . (k,G,) = H'(k,G X ... X ""'Ig) = H' (k,G) X ... x
H'(k, ‘TVHQ). To understand the maps Hir,, (k,Gp) — Hir"’ (k,G,) for n|n’, we
first need an explicit description of the map X,,(A,7) — (X,)a(A,7%) ford > 1,
X a k-0"-variety and (A, 1) a k-o"-algebra. Now X,,(A,7) — (X,)a(A,1¢) =
X, ((A, 7)l4l) is obtained by applying the functor X,, to the morphism (A,7) —
(A, 7)) of k-o"-algebras. As X,,(A,7) = X((A, 7)), this means that we need to
apply the functor X to the morphism (A, 7); — ((A, 7)141), of k-c-algebras. As

(A, 1) > (A,T)[d] = (onya1tAX . X gnAXA, am (Tdfl(a), .o, 7(a),a),
we see that
(A 1)1 = gn1 AX. . XA — (A, D) = g (g AX. L XA)X. L X a1 AX. . .
is given by
(ai,....an) — (4 Yay),...,a1,...,t Y ay) ... a,).
Thus, after reordering the factors as jna-1A X ... X oA X A, the map is given by
(ai,...,ay) — (Td_l(al), ... ,Td_l(an), R PR )
Applying X = [0]x G to this (as in Example 3.4), we find the map

G(A) X ... x7"'G(A) — G(A) x...x 7" G(A),

(glv vee »gn) — (glv <o 8ns- - de_l(gl)v s de_l(gn))’ (3~2)
where 77: “'G(A) — 7G(A) (for0 < i < n—1and 1 < j <d-1)is given
by applying 7 to the coordinates. Without coordinates, if g: “'(k[G]) — A, then
t/(g): T(7(k[G]) = A, f@ A T/ (g(f))A.

If k — k’isamorphism of fields, we haveamap H'! (k, G) — H'(k’, Gy+), which on
isomorphism classes of torsors corresponds to base change. Applying this witho”: k —
k, we obtain maps o : H'(k,”'G) — H'(k, ff”"g)._

Base change via 0": k — Kk takes g: (k[G]) — A and returns
g T(k[G]) — “"A.The map 1/(g): ¢ "(k[G]) — A is then obtained from

"¢ by composing with the morphism “"A — A, a ® A — 7(a)A of k-algebras. Since

2026/07/03  13:08

Downloaded from https://www.cambridge.org/core. 10 Jul 2026 at 08:26:03, subject to the Cambridge Core terms of use.


https://www.cambridge.org/core

Trivializing Torsors for Difference Algebraic Groups 17

amorphism of k-algebras does not matter when we pass to cohomology sets, we see that
7. 7'G(A) » 7"G(A) induces o": H'(k,7'G) — H'(k,”"G).

Based on (3.2), we thus find that for n|n’, the map
H' . (k,G,) =H'(k,G)x.. xH'(k,”"'G) — H' , (k,Gw) = H' (k, G)x. . xH' (k, o g)
is given by
(ai,....an) — (ai,...,an, 0™ (a1),...,0"(an),...,c" "(a1),...,o" "(ayn)).

Therefore the limit lim H(lr,,(k,Gn) can be identified with the set of
n—oo

all “periodic” elements of [, H'(k, ""g), ie., all elements of the form
(ai,...,an,0™(a1),...,0™(ay),c?(a1),...,0%"(ay),...) forsomen > 1.

We will need two more commutative diagrams.

Lemma 3.12  Let G be a o -algebraic group over k. Then

25(G) ———=Z5n(Gp)

| |

H}r(k7 G) éHé—”("? Gn)

commutes.

Proof Let X be a G-torsor and consider its isomorphism class [X] in X, (G). We
first describe explicitly to which element & in H. (k, G) our element [ X] maps via the
vertical arrow: Fix a finitely o--generated k-o-algebra A such that X(A) # 0. Choose
x € X(A) and consider fi, f>: X(A) — X(A ® A). Then fi(x) and f,(x) are both
contained in X (A ® A), so there exists a unique y € G(A Q¢ A) with fi(x) = y. £ (x).
In fact, y is a cocycle and its equivalence class inside H. (A/k, G) — HL (k, G) defines
h (see the proof of [BW22, Theorem 4.1]).

The upper horizontal arrow maps [ X] to the isomorphism class [ X,,] of the G, -tor-
sor X,,. LetX € X, (A) be the image of x under X(A) — X,,(A) andlet y € G,,(A®;A)
be the unique element that satisfies f1(X) = x.f>(x). Then the image h € H. ., (k, G,)
of [X,] under the vertical arrow on the right is defined by the equivalence class of ¥
inside H:rn (A/k,G,) — Hir,, (k,Gp).

The lower horizontal map is inducedby G(AQ A) — G,(A®A).Let y,, € G,(A®
A) be the image of y under G(AQA) — G, (A®A). Then y, satisfies f (X) = y».f2(X)
and we conclude y; = Y, so the diagram commutes. |

Example 3.13 The map H),(k,G) — H., (k,Gy) is in general neither injective nor
surjective, i.e., there may exist a G,-torsor that does not come from a G-torsor and
there may be two non-isomorphic G-torsors that become isomorphic as G,,-torsors.
For a non-surjective example, let G be an algebraic group over k and G = [0][xG.
Then H!.(k,G) = H'(k,G) and H. ,,(k,G,,) = H'(k,G) X ... x H'(k, a"G) by
Example 3.11,and H., (k,G) — H. . (k,G)isthemapa — (a, 0 (a),...,0" ! (a))
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18 A. Bachmayr and M. Wibmer

which is not surjective for suitable choices of (k, o) and G (e.g,, take G = SO, k = R
and o = id).

For a non-injective example consider the o-algebraic group G = {g € G,,| g*> =
1, 0(g) = g} and the G-torsor X = {x € G,,| x*> = 1, o(x) = —x} (under left
multiplication). Then X is non-trivial but X; is trivial because X, (k) = X (k!21) # 0.

Lemma 3.14 Let G — H be a morphism of o-algebraic groups over k. Then

H! (k,G) —— H. (k,H)

| |

Hlo-n (k’ Gn) I Hla-n (k’ Hn)
commutes.
Proof This follows from the commutativity of (3.1). ]

Definition 3.15 Let G be a o-algebraic group over k. To simplify our statements we
call k

* G-trivial if for every G-torsor X, there exists an integer n > 1 such that
X (k™) # 0.1f in addition the integer n can be chosen uniformly for all X, then we
call k uniformly G-trivial.

* (uniformly) strongly G-trivial if (k, o) is (uniformly) G, -trivial for alln > 1.

Thus k is uniformly strongly G-trivial if for every n > 1 and every o--algebraic group
G over k, there exists a d > 1 such that for every G,,-torsor we have X ((k, oc™)[4]) =
X((k,(c™%))) = Xg(k,(c™)%) # 0. The notion of being (uniformly) strongly
G-trivial is important for making the induction principle work.

Property property (P1) means that & is G-trivial for every o--algebraic group G over
k, while (P1*) means that & is uniformly G-trivial for every o -algebraic group G over
k. The following lemma is needed for (P1)=(P2).

Lemma 3.16 If k is G-trivial for every o -algebraic group G over k, then k is strongly
G-trivial for every o-algebraic group G over k.

Proof Let G be a o-algebraic group over k and let X be a G,,-torsor for some n > 1.
Then X isa (G,);-torsor and by assumption there existsad > 1 such that X; (k[4]) #
0. As X, (k') = X (k9] o) there exists a morphism k{X} — kl4] of k-o"-alge-
bras. The projection kl4] — & to the last factor is a morphism of k-o-¢-algebras. Thus
the composition k{X} — k!9l — k is a morphism of k-o""¢-algebras. Therefore
Xa(k, (™) = X((k, (0™)%)) = X((k, 0™)[4]) £ 0 as desired. [

The following lemma will allow us to pass to higher powers of o in the proof of
(P3)=(P1).
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Lemma 3.17 Let G be a o-algebraic group over k. If (k, o) is (strongly) G, -trivial, then
k is (strongly) G-trivial.

Proof Assume that (k, 0") is G ,,-trivial and let X be a G-torsor. Then X, is a G ,,-tor-
sor, so there exists an integer d > 1 with (X,,)4(k) # 0 (Remark 3.6). Define m = nd.
As (Xn)a = X, we have X,,, (k) # 0 and thus X (k1) # 0 (Remark 3.6). We conclude
that k is G-trivial.

If (k, o) is strongly G ,-trivial, then (k, (6)%) is (G, )q4-trivial for every integer
d > 1.1In other words, (k, (0%)") is (G y),-trivial for every integer d > 1. By the
statement proven in the first paragraph, (k, %) is G4-trivial for every d > 1. Hence k
is strongly G-trivial. [ ]
Lemma 3.18 Let G be a o -algebraic group over k, X a G,-torsor and d > 1. Then
X((k, o™y # 0 if and only if the image of X in H! . (k,G,) maps to the distinguished
element under H. ,,(k,G) — H;nd (k,Gpra).

Proof We have X ((k,o™)!4!) # 0 if and only if X(k, (c")%) # 0 by Remark 3.6.
So the claim follows from Lemma 3.12. |

At this point the equivalence of (P1) and (P2) is self-evident:

Proposition 3.19  Properties (P1) and (P2) are equivalent. Similarly, properties (P1*) and
(P2*) are equivalent.

Proof The equivalence (P1*)&(P2%) follows from Lemma 3.18. According to that
lemma, property (P2) means that & is strongly G-trivial for every o -algebraic group G
over k. Thus (P1)<(P2) follows from Lemma 3.16. ]

We are now prepared to establish the induction principle. Essentially this is an appli-
cation of the exact cohomology sequence. Recall that a sequence M" — M — M"”
of pointed sets is exact at M if the kernel of M — M”’ (i.e, the inverse image of the
distinguished element of M"’) agrees with the image of M’ — M.

Proposition 3.20 (Induction principle) Let1 — N — G — H — 1 be an exact sequence
of o -algebraic groups over k.

(@) If k is (uniformly) H-trivial and (uniformly) strongly N-trivial, then k is (uniformly)
G-trivial.

(i) If k is (uniformly) strongly N-trivial and (uniformly) strongly H-trivial, then k is (uni-
formly) strongly G -trivial.
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Proof According to Lemma 3.14 we have a commutative diagram for all integers
n,m,l > 1:

H(l,—n(k’ Gn) - H(I,—n(k»Hn)

X |

H(Irnm (k? Nnm) - H(l;—nm (k’ Gnm) - H(I,—nm (k’ Hnm)

| lﬁ

Hé_,lml (k’ Nnml) . H(I)_nml (ks Gnml)

We prove (i) and (ii) simultaneously and set n = 1 in case (i) and n > 1 arbitrary in case
(ii). Because 1 — Ny — G — Hy — 1 s exact by Lemma 3.9, the exact coho-
mology sequence ((BW22, Prop. 5.6]) shows that the middle row in the above diagram is
exact.

Start with an elementiny € H 10_,, (k,Gp). As k is (strongly) H-trivial, there exists
anm > 1 such that its image in H_,.(k, H,) lies in the kernel of the vertical map
H(IT,, (k,Hp,) — H(lr,,m (k, Hpm). Moreover, m can be chosen uniformly for all elements
in H',,(k,Gy) if k is uniformly (strongly) H-trivial. By the exactness of the middle
row, a(y) is contained in the image of H_ ... (k, Nup) — HY . (k, Gpm). Since k
is strongly N-trivial, there exists an / > 1 such that its preimage in H_ ... (k, Npp,) is
mapped to the trivial element in H;nml (k, Npmi) and we conclude that B(a (7)) is triv-
ial. Moreover, if N is uniformly strongly N-trivial, then / does not depend on the choice

of y. All claims now follow with Lemma 3.18. |
By induction we obtain from Proposition 3.20 (ii):

Corollary 3.21 If a o-algebraic group G has a subnormal series
G=Gy2G12...2G,=1
such that k is (uniformly) strongly G; /G4 -trivial fori = 0, ..., n— 1, then k is (uniformly)

strongly G-trivial. u

4 First observations regarding property (P3)

In this section we discuss some equivalent reformulations of property (P3) (b) (and (P3%)
(b)). We also show that (P1)=(P3) and similarly (P1%)=(P3%).

Throughout Section 4 we denote with k a o -field (of arbitrary characteristic).

Lemma 4.1  For given integers m,d > 1 and an algebraic group G < GL,,, defined over Q
the following are equivalent for every A € G(k):

(i) There exists an integer n > 1 and an element Y € G (k™) such that o (Y) = AY.
(ii) There exists an integer | > 1 and an element Y € G(k) such that o9 (Y) =
oc=D4d(A) . o9 (A)AY.
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Moreover, n can be chosen uniformly for all A € G (k) if and only if [ can be chosen uniformly
forall A € G(k).

Proof Let us first show that (i) implies (ii). Finding a solution in k[ for some set of
difference equations is equivalent to finding a morphism of k-o--algebras R — k"
for some appropriate k-o--algebra R. If n|7, say i = nl, then we have a morphism of
k-o-algebras k"l — k7]

(als e ,an) = (o-n(lil)(al), e 7O—n(lil)(an)9 D) O-n(al)9 D) O-n(an)7al’ cee ,an)-

Thus if (i) holds with some integer n > 1, then it also holds for every integer 7 that is a
multiple of n and in particular for 77 = nd. We can therefore assume that d|n, say n = dl.
By assumption, there exists a Y € G(kI"!) with o?(Y) = AY, and thus o9/ (Y) =
o=V (A) .. 0% (A)AY. The projection k"] — k onto the last factor is a morphism
of k-o"-algebras. Therefore the equation o (Y) = o"D4(A) ... 0% (A)AY has a
solution in G (k).

Next we will show that (ii) implies (i). Let Z € G(k) be a solution to O'dl(Y) =
o=D4(A) ... c?(A)AY. Define n = dl and A; = '~ 1(A) - - - 0 (A) A for all integers
i > 1. Then

Z' = (TN AIL\2),.. . Al Z, ... ... Lo (ALZ), .. AZ, 0T (A 2),.. A Z, 0N (2),...,Z) € G(kI")

is a solution to o4 (Y) = AY.
Note that if n does not depend on A, then / does not depend on A and vice versa, so
the second statement also holds. [ ]

Lemma 4.2 Condition (P3) (b) is equivalent to each of the following statements:

(P3) (b)) For every m > 1 and for every A € GL,,(k) there exists an | > 1 such that the equation
ol (Y) = "D (A)--- o (A)AY has a solution in GL,, (k).
(P3) (bg) For everym > 1 and every d > 1 and for every A € GL,, (k) there exists an integer
n > 1 such that the equation o (Y) = AY has a solution in GL,,(k!"]).
(P3) (by") For everym > 1and d > 1 and for every A € GL,,, (k) there exists an | > 1 such that

the equation ¥ (Y) = o=V (A) ... 0% (A)AY has a solution in GL,, (k).
Similarly, Condition (P3") (b) is equivalent to each of the following statements:

(P3*) (b)) For every m > 1 there exists an/ > 1 such that for every A € GL,,,(k) the equation
al(Y) = "D (A)---o(A)AY has a solution in GL,, (k).
(P3*) (bg) For every m > 1 and every d > 1, there exists an n > 1 such that for every A €
GL,, (k) the equation 0¥ (Y) = AY has a solution in GL,, (k!"]).
(P3") (by’) Foreverym > 1and d > 1 there exists an/ > 1 such that for every A € GL,, (k)
the equation o (Y) = c=D9(A) ... o%(A)AY has a solution in GL,, (k).

Proof The equivalence of (b) and (b’) follows (in both cases (P3) and (P3%)) from Lemma
4.1 with G = GL,, and d = 1. Similarly, the equivalence of (by) and (bg’) follows from
Lemma 4.1 with G = GL,;, in both cases. So it remains to show that (b) implies (by) in
both cases. We start with the (P3%) case and assume that (P3*) (b’) holds and fix integers
m,d > 1. Then by (P3") (b)), there exists an integer [z such that for every B € GL,,4(k),
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there exists a Z € GL,q(k) with 0%(Z) = o~V (B) ..o (B)BZ. By possibly
replacing /4 with dl;, we may assume that d divides /5 and define / = %. We claim
that (P3") (by’) holds for this /. Fix a matrix A € GL,,,(k). It remains to show that there
exists a matrix ¥ € GL,,(k) with 0?/(Y) = AY where A = c"D4(A) ... o9 (A)A.
By assumption, there exists a Z € GL,,,q(k) with o' (Z) = BZ, where we define B as
block matrix

01, 0
B=|: " 0|eGLuuk
0 In
AO ... 0

and set B = = (B) ... o (B)B. Recall that d divides Iy, so the product B with [y
factors is the block diagonal matrix:
A
. o (A)
B =
od-1 (A)

Now the md columns of Z € GL,,4(k) are k-linearly independent, so we can choose
m columns z1, . . ., Z, of Z such that their projections yi, ..., ¥, € k™ to the first m
coordinates are still k-linearly independent. Define Y € GL,,(k) as the matrix with
columns y1, . . ., ym. By construction, 0% (z;) = 0% (z;) = Bz;, so 0¥ (y;) = Ayj for
all i and thus 0%/ (Y) = AY as claimed. The proof in the (P3) case is analogous, but here
we start with a fixed matrix A € GL,,(k), define B € GL,,4(k) as above and obtain
an integer /4 from (P3)(b’) (depending on B and thus on A) and a matrix Z € GL,,4(k)
with ola (2) = BZ (with B defined as above). Again, we may assume that d divides /4
and set [ = [; (which now depends on A) and the same computations as above yield a
matrix ¥ € GL,, (k) with ¥ (Y) = AY as claimed in (P3)(b,). ]

Lemma 4.3 A o -field satisfying (P3) (c) is inversive.

Proof For a € k, consider the multiplicative equation o (y) = a. By (P3)(c), there

exists an n > 1 and a solution (ay,...,a,) € k"™, ie, (6" (an),ai,...,an-1) =
(" Ya),...,0(a),a). Thusoc* (o (a,)—a) = 0andso o (a,) = a,henceo: k —
k is surjective. |

The following lemma shows that property (P3) is preserved when passing to higher
powers of 0.

Lemma 4.4 If the difference field (k, o) satisfies (P3), then also the difference field (k, %)
satisfies (P3) for every d > 1. Similarly, if (k, o) satisfies (P3¥), then (k, o) satisfies (P3*)
foreveryd > 1.

Proof No need to worry about (P3) (a) and (P3%) (a). For property (b), we use Lemma
4.2 to conclude that it suffices to show that (b’) holds for the difference field (&, a'd) in
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both cases. But that condition equals (b;’) for the difference field (k, o) which does hold
by Lemma 4.2 in both cases (P3) and (P3%).

For (c) let ay, ..., @, € Zwitha # 0and for a € k™ consider the multiplicative
O'd—equation

yOgd(y)@ . odm(y)m = g, 4.1)

If (P3)(c) holds, there exists an n > 1 such that (4.1), when considered as a o-equations
has a solution in k["!. So (4.1), when considered as a system of a'd-equations, has a
solution in the k-o-¢-algebra (kI"!, 0¢). As in the proof of Lemma 4.1, we can assume
that d|n, say n = dl. Then we have a morphism

(k["]’o.d) i (k30—d)[l]’ (al»' . -,an) [ (ad’azd" . «»an)

of k—O'd—algebras. Thus (4.1), when considered as a system of o'd—equations, has a
solution in (k, o'd)m. We conclude that (%, a'd) satisfies (P3) (c). Moreover, if (k, o)
satisfies the stronger condition (P3*) (c), then n does not depend on the choice of @ and
thus [ does not depend on it either and thus (k, c?) satisfies the stronger condition
(P3%) (c). [

As indicated in the introduction, to show that (P1) implies (P3) it suffices to consider
(P1) for a few particular o-algebraic groups, namely, algebraic groups, GLS, and one-
relator subgroups of G,,.

Proposition 4.5 If a o -field k satisfies (P1), then it satisfies (P3). Similarly, (P1") implies
(P3%).

Proof To prove (a) in both cases, we need to show that (P1) implies that k is alge-
braically closed. As every finite Galois extension of k defines a torsor for a finite
(constant) algebraic group over k, it is clear that a field with the property that every tor-
sor for every algebraic group over k is trivial, has to be separably closed. Moreover, if k
has positive characteristic p, then G = {g € G| gP = 1} is a (non-reduced) algebraic
group and for every a € k* we have a G-torsor X = {x € G,,,| x¥ = a}. Thus if all
these torsors are trivial, kK must be algebraically closed.

So let G be an algebraic group over k and let X be a G-torsor. We have to show that
X(k) #0.SetG = [0]xG and X = [07]1X. Then X is a G-torsor. So, by assumption,
there exists n > 1 such that X(k!") = X(k["l) # 0. In other words, there exists a
morphism of k-algebras k[X] — kl". Composing with the last projection k1"l — k
yields a morphism of k-algebras k[X] — k.So X (k) # 0 and k is algebraically closed.

To prove (b), consider the o-algebraic group G = GLS, = {g € GL,,| o(g) = g}.
For A € GL,,(k) consider the o-variety X givenby X = {x € GL,,,| o(x) = Ax}. It
is straightforward to check that X is a G-torsor under the action (g,x) — xg~!. We
conclude that (P1) implies (P3)(b) and (P1%) implies (P3%)(b).

To prove (c) consider the o-algebraic group

G={geGulg™c(g)...a"(g)™ =1}.

Then the o-variety X = {x € G| x®™0o(x)* ...0™(x)* = a} is a G-torsor. We
conclude that (P1) implies (P3)(c) and (P1%) implies (P3%)(c). [ ]
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The proof of (P3)=(P1)

By now we have seen that (P1) and (P2) are equivalent (Proposition 3.19) and that (P1)
implies (P3) (Propsition 4.5) and similarly for their uniform variants. Thus to complete
the proof of our main result, it suffices to prove (P3)=(P1) (and (P3*)=(P1")). This
however is the most difficult part.

From now on we assume that £ is a o-field of characteristic zero.

It is an interesting question to ask for a generalization of Theorem 1.3 to posi-
tive characteristic. It may seem plausible to expect that the theorem also holds for a
difference field k of positive characteristic p if (P3%) (b) is replaced by

(P3") (bp) For every m > 1 and every power q of p there exists an integer n > 1 such that
for every A € GL,,,(k) the equation o7 (Y) = AY has a solution in GL,, (k).

Here o is defined by 0, (y) = o (y)9. Note that the equation o (Y) = AY defines
a torsor for the o-algebraic group G = GL,,,” = {g € GL,,, | 04(8) = g}. Moreover,
any Frobenius difference field, i.e., an algebraically closed field of positive characteristic
equipped with a Frobenius endomorphism, satisfies (P3“) (b,,) with n = 1 (due to the
Lang-Steinberg Theorem).

Many of our intermediate results (and proofs) in this section also work in arbitrary
characteristic. However, there are also several steps where we make use of the character-
istic zero assumption. At those steps, in positive characteristic, one usually would have
to contend with non-reduced algebraic or o--algebraic groups and the Frobenius endo-
morphism. We hope to establish a variant of Theorem 1.3 in positive characteristic in a
future project dedicated to the study of torsors for o--algebraic groups over Frobenius
difference fields.

One of the advantages of working in characteristic zero is that every Hopf algebra
is reduced. Therefore, a o-algebraic group G is connected if and only if it is integral
([Wib21, Lemma 6.7]).

In this section we show that if k satisfies (P3) (or (P3")), then k is (uniformly) strongly
G-trivial for any o-algebraic group G over k. The proof heavily relies on the induc-
tion principle from Section 3 and the structure theory of o-algebraic groups. Any
o -algebraic group can be decomposed into o-algebraic groups belonging to certain
more manageable classes of o--algebraic groups and we first show that if k satisfies (P3),
then k is uniformly strongly G-trivial for any G belonging to one of those more man-
ageable classes. We start from classes of small (e.g,, finite, order zero, o--dimension zero)
o -algebraic groups and then build up to the general case.

The proof for o-algebraic groups of order zero

In this subsection we show that an inversive, algebraically closed o -field is uniformly
strongly G-trivial for every o -algebraic group G of order zero. The key ingredient
for the proof is a decomposition theorem for o -étale o-algebraic groups ((Wib24,
Theorem 6.38]). We first show that an algebraically closed o -field is uniformly strongly
G-trivial for every o -algebraic group G coming from an algebraic group and for finite
o -algebraic groups.
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Lemma 5.1 Let k be an algebraically closed o-field. If G = [0 |« G for some algebraic group
G over k, then k is uniformly strongly G-trivial.

Proof Because G, comes from an algebraic group (Example 3.4), it suffices to show
that k is uniformly G -trivial. By [BW22, Cor. 3.3] every G-torsor X is of the form X =
[0]kX for some G-torsor X. Thus X (k) = X (k) # 0 because k is algebraically closed.

|

A o-algebraic group G is called finite if k{G} is a finite dimensional k-vector space.

Lemma 5.2 Let G be a finite o-algebraic group over an algebraically closed o-field k. Then
k is uniformly strongly G-trivial.

Proof Because G, is a finite 0" -algebraic group for every n > 1, it suffices to show
that k is uniformly G-trivial.

Let m = dimy (k{G}) denote the dimension of k{G} as a k-vector space. We claim
that X,,(k) # O for every G-torsor X, where n = lem(1,...,m). As X is a G-torsor,
the morphism G X X — X X X given by (g,x) + (g.x,x) is an isomorphism and thus
k{X}®rk{X} ~ k{G}®rk{X}, and we see that dimy (k{X}) = m. So there are at most
m prime ideals in k{X}. Considering the map p — o ~'(p) on Spec(k{X}) shows that
there exists a prime ideal p in k{X} such that o~*(p) = p for some [ with 1 < [ < m.
As [ divides n = lem(1,...,m), we also have ™" (p) = p. Since k is algebraically
closed, the residue field k(p) of p equals k. The canonical map k{X} — k(p) = kisa
morphism of k-o"-algebras. So X, (k) # 0. ]

Proposition 5.3 Let G be a o -algebraic group of order zero over an algebraically closed
o-field k. Then k is uniformly strongly G-trivial.

Proof Since we work in characteristic zero, a o--algebraic group of order zero is o -
étale ([Wib24, Cor. 4.9]). According to [Wib24, Theorem 6.38] any o -étale o -algebraic
group has a Babbitt decomposition, i.e., there exists a subnormal series

G2G;2...2G,21
such that

(i) G; = G7° is the o-identity component of G as defined in [Wib24, Def. 3.16]. The

exact definition of G7? is not relevant for our purpose. All we need to know is that
the quotient G/G7° = n{ (G) is finite (cf. [Wib24, Prop. 3.13]).

(i) G;/G4 isisomorphic to a o--algebraic group of the form [0 ] G where G is an étale
algebraic group fori = 1,...,n — 1 and

(iii) G, is o-infinitesimal. Again, for our purpose, the exact meaning of o--infinitesimal
is not relevant. It suffices to know that G, is finite and this is the case because a
o -closed subgroup of o-étale o-algebraic group is o-étale ((Wib24, Lemma 4.6])
and a o -infinitesimal o -étale o -algebraic group is finite (Wib24, Cor. 6.6]).

It follows from Lemma5.2 that k is uniformly strongly G/G-trivial and uniformly
strongly G, -trivial. Furthermore, k is uniformly strongly G;/G4;-trivial for i =
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1,...,n—1byLemma 5.1. Thus, according to the induction principle (Corollary 3.21),
k is uniformly strongly G-trivial. |

The following corollary will allow us to reduce to the case of connected o -algebraic
groups in the sequel.

Corollary 5.4  Assume that k is algebraically closed and let G be a o -algebraic group. If k is
(uniformly) strongly G°-trivial, then k is (uniformly) strongly G-trivial.

Proof As G/G? is o-étale it has order zero ((Wib24, Prop. 4.8]). So the assertion
follows from Proposition 5.3 and Proposition 3.20(ii) applied to the exact sequence
1-G°—>G—->G/G° > 1. |

A Jordan-Hoélder type theorem

With the order zero case out of the way, the next step is to look at o--algebraic groups
of finite positive order, i.e., o--algebraic groups of o--dimension zero. This is the most
elaborate part of the proof.

We first treat some special cases (diagonalizable o -algebraic groups, abelian o--alge-
braic groups and Zariski dense o-closed subgroups of simple algebraic groups) and then
combine these via a Jordan-Hélder type decomposition. Since the Jordan-Hoélder type
decomposition is also helpful for the diagonalizable case we establish it first.

Definition 5.5 Let G be a o--algebraic group of finite positive order. Then G is almost-
simple if ord(N) = 0 for every proper normal o--closed subgroup N of G.

As G? is a normal o -closed subgroup of G with ord(G°) = ord(G) ([Wib21, Cor.
6.13]), we see that an almost-simple o--algebraic group is connected.

Lemma 5.6 Let G be a connected o -algebraic of finite positive order. If H is a proper o-closed
subgroup of G, then ord(H) < ord(G).

Proof Fix an embedding of G into some algebraic group and let H[i] < G[i] denote
the corresponding Zariski closures. Because G is connected, all the G [i]’s are connected
((Wib21, Lemma 6.12]). We have ord(G) = dim(G[i]) and ord(H) = dim(H][{]) for
all sufficiently large i. Suppose ord(H) = ord(G) so that dim(H[i]) = dim(G[i]).
Because we are in characteristic zero and G [{] is connected, this implies H[i] = G[i]
for all i. Thus H = G; a contradiction. ]

The classical Jordan-Hélder Theorem decomposes a finite group into simple groups.

Our variant decomposes a connected o -algebraic group of finite positive order into
almost-simple o -algebraic groups.
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Theorem 5.7 Let G be a connected o -algebraic group of finite positive order. Then there
exists a subnormal series

G=Gy2G12...2G, =
such that G; is connected and G /G 41 is almost-simple fori =0,...,n — 1.

Proof We proceed by induction on ord(G). If ord(G) = 1, then any proper o--closed
subgroup of G has order 0 by Lemma 5.6. Thus the theorem holds with n = 1.

Assume ord(G) > 1. If every proper normal o--closed subgroup of G has order 0
the theorem also holds with n = 1. So we may assume that there exists a proper normal
o -closed subgroup of G of positive order. Among all such subgroups let N be of maxi-
mal order. Because N? is a characteristic subgroup of N ([Wib21, Prop. 6.17]) and N is
normal in G, it follows that N is normal in G.

We claim that G/ N° is almost-simple. A proper normal o--closed subgroup of G /N°
is of the form N’/N¢ for some proper normal o -closed subgroup N’ of G contain-
ing N° ((Wib21, Theorem 5.9]). By the choice of N we have ord(N’) < ord(N) =
ord(N?), where the last equality uses [Wib21, Cor. 6.13]. Thus ord(N’) = ord(N?) and
ord(N’/N?) = ord(N’) — ord(N?) = 0. This shows that G /N? is almost-simple.

Set G; = N°. Then G| is connected, normal in G and G(/G is almost-simple. As
ord(G1) < ord(G) (Lemma 5.6) it follows from the induction hypothesis there exists a
subnormal series G; 2 G, 2 ... 2 G, = 1 with G; connected and G;/G;; almost-
simple fori = 1,...,n— 1. So the subnormal seriesG = Go 2 G; 2 ... 2 G,, = 1 has
the desired properties. u

The proof for diagonalizable o-algebraic groups of o-dimension zero

In this section, we define diagonalizable o -algebraic groups. It will turn out that these
are exactly those groups isomorphic to a o-closed subgroup of G, for some n > 1
(Proposition 5.13). Such groups and their torsors are well understood: Abbreviating
= §"°0‘(g)"l Lo (g)m fora = ap + o + ...+ ™0™ € Z[o] and
=g gn" for,B = (B1,...,Bn) € Z[o]", every o-closed subgroup of G, is
of the form

G={g€G"m|gﬁ‘=1,...,gﬁ”‘=1},

for some 1, ..., Bm € Z[o]". Every G-torsor is of the form
X={xe€ an|x'81 =ay,...,xP" =a,}
for someay, ..., a; € k*.So X is described by a system of m multiplicative difference

equations in 7 difference variables. We need to show that this system has a solution in
some k4] using (P3%) (b), which only states that one multiplicative difference equation
in one difference variable has a solution in some k[41. In other words, we need to reduce
the general case to the case of one-relator subgroups of G,. Before going into the details
of the reduction proof, we need to provide the foundational properties of diagonalizable
o -algebraic groups.
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5.3.1 Diagonalizable o-algebraic groups
In this section we discuss the basic properties of diagonalizable o--algebraic groups,
as relevant for the proof of our main results. Diagonalizable algebraic groups are
equivalent to finitely generated abelian groups. Diagonalizable o -algebraic groups
are equivalent to abelian groups M equipped with an endomorphism oo: M — M
such that M is finitely o--generated, i.e., there exists a finite subset B of M such that
B,o(B),02(B), ... generates M as an abelian group. Let Z[o] denote the univariate
polynomial ring in the variable o aver the integers. To specify an endomorphism of an
abelian group M is equivalent to defining a Z[ o-]-module structure on M. Moreover, M
is finitely o--generated if and only M is a finitely generated as Z[o-]-module. As a mat-
ter of convenience, we mostly use the language of Z[o-]-modules, rather than classical
difference algebra jargon.

Fora = ap+ajo+...+a™0™ € Z[o] and g € R*, where R is a k-0 -algebra, we
set

g =g%o(g)"...0a"(g)™.

Then (gh)® = g®h® for g,h € R* and (g%)? = g% for a,f € Z[o]. Thus
R* is a Z[o]-module under (@, g) +— g¢. For a Z[o"]-module M we denote with
Homgz[ 1 (M, R*) the abelian group of morphisms of Z[c"]-modules from M to R*.

Lemma 5.8 Let M be a finitely generated Z[ o] -module. The functor D (M) from the cat-
egory of k-o-algebras to the category of groups, given by D (M) (R) = Homgz[ (M, R®),
is a o--algebraic group over k. It is represented by k{D (M)} = k[M], the group algebra of
M over k, equipped with the natural extension of 0.

Proof Let k[M] denote the group algebra of the abelian group M over k. As M
is abelian, k[M] is a commutative k-algebra. We define o: k[M] — k[M] by
o(X; Aimy) = Y;0(;)o(m;) for ; € k and m; € M. This makes k[M] a k-o-
algebra. If B C M generates M as a Z[o |-module, then B € M C k[M] generated
k[M)] as a k-o-algebra. Thus k[ M] is finitely o--generated over k. Moreover,

Homy, o (k[M], R) ~ Homgz[(M, R™)

functorially in R. L]

Definition 5.9 A o-algebraic group is diagonalizable if it is isomorphic to D , (M) for
some finitely generated Z[o]-module M.

Example 510 Specifying a morphism Z[o]" — R* of Z[o|-modules, is equiva-
lent to choosing n elements from R* (the images of the n basis vectors). It follows that
Do (Z[o]") = [0 ]Gy,

Example 511 Leta € Z[o] and let G be the o -closed subgroup of G, givenby G =
{g € G,;| g® = 1}. To specify an element of G,,,(R) = R* is equivalent to specifying a
morphism Z[o] — R* of Z[o-]-modules. The element of R* lies in G (R) if and only
if @ lies in the kernel of the corresponding morphism. Thus G ~ D ,(Z[o]/(@)).
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Let M be a finitely generated Z[o"]-module. We define rankz| (M) as the dimen-
sion of M ®z[,] Q(0) as a Q(o)-vector space. This agrees with the maximal number
of Z[ o ]-linearly independent elements in M. We define rankz (M) as the dimension of
M ®z Q as a Q-vector space. This is understood to be simply oo in case it is not finite.
We say that M has no Z-torsion if nm = 0 impliesn = 0orm = Oforn € Zandm € M.
We will need the following basic lemma connecting the two different ranks of M.

Lemma 5.12  Let M be a finitely generated Z[o |-module. If rankg|,1(M) = O, then
rankz (M) < oo.

Proof Because rankz|,(M) = 0 and M is finitely generated, we see that there exists
anon-zero @ € Z[o] such that am = O forallm € M. So M is a finitely gener-
ated Z[o]/(a)-module. It follows that M ®z Q is a finitely generated module over
(Z[o]/(@)) ®z Q = Q[o]/(@). As Q[o] /() is a finite dimensional Q-vector space,
it follows that also M ®z Q is a finite dimensional Q-vector space. Thus rankz (M) <
00, ]

The following proposition collects all the properties of diagonalizable o--algebraic
groups that we will need.

Proposition 5.13

() The (contravariant) functor M~ D (M) from the category of finitely generated
Z[o]-modules to the category of diagonalizable o-algebraic groups is an equivalence of
categories.

(i) A sequence0 — M’ — M — M’ — 0 of finitely generated Z[ o-]-modules is exact if
and only if the sequence 1 — Do (M") — Ds(M) — D s(M’) — 1 of o-algebraic
groups is exact.

(iii) A o-algebraic group is diagonalizable if and only if it is isomorphic to a o -closed subgroup
of Gy, for some n > 1.

(iv) Quotients and o -closed subgroups of diagonalizable o-algebraic groups are diagonalizable.

(v) For a finitely generated Z[ o |-module M we have o - dim(D »(M)) = rankg[ (M)
and ord(D »(M)) = rankz(M).

(vi) The o-algebraic group D (M) is connected if and only if M has no Z-torsion.

Proof For a o -algebraic group G let X (G) denote the abelian group of all morphisms
G — Gy, of o-algebraic groups. Then X(G) is a Z[o]-module with action of o
obtained by composition with o: G, — Gy, g — 0 (g). We will show that X defines
a quasi-inverse to D .

Recall that an element a in a k-Hopf algebra is group-like if A(a) = a ® a. For
example, the variable y € k{y,y™'} = k{G,,} is group-like. A morphism G — G, of
o -algebraic groups is determined by the image of y under the dual map k{y,y~!} =
k{G,,} — k{G} and this is a group-like element of k{G}. Conversely, a group-
like element @ € k{G} defines a morphism y: G — G, of o-algebraic groups via
x(g) = g(a) for g € G(R) = Homy, »(k{G}, R) for any k-o -algebra R. The group-
like elements of k{G} are stable under o~ and this action of o~ corresponds to the action
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of 0 on X(G). We can therefore identify X(G) (as a Z[o"]-module) with the set of all
group-like elements of k{G }.

If M is a finitely generated Z[ -] -module, the elements of M are group-like elements
of k[M]. Moreover, since group-like elements are k-linearly independent ([Wat79,
Lemma 2.2]), it follows that M agrees with the set of group-like elements of k[ M ]. Thus
X(Ds(M)) ~ M and it follows that X is a quasi-inverse to D .. This implies (i).

Let0 > M’ — M — M” — 0 be a sequence of finitely generated Z[o]-modules.
First assume it is exact. The dual map k[M"'] — k[M] to Dy(M"”) — D, (M)
is just the k-linear extension of M — M. So, since M — M" is surjective, also
k[M] — k[M"] is surjective. Therefore, D - (M"") — D (M) is a o--closed embed-
ding. Similarly, since M’ — M is injective, also k[M’] — k[M] is injective. So
Ds(M) — Ds(M’) is a quotient map. For a k-0 -algebra R we have

ker(D»(M) — D (M"))(R) = ker (Homgz[ (M, R*) — Homgz[,1(M’, R*))
= {g € Homz[ ) (M, R™)| glpr = 1}
=~ Homgz|[ ) (M”,R*) =D, (M").

Thus the sequence of o-algebraic groups is exact.

Conversely, if 1 —» Ds(M") = Dys(M) — Dy(M’) — 1 is exact, then, as
k[M’] — k[M] isinjectiveand k[M]| — k[M"'] is surjective, it follows that M’ — M
is injective and M — M’ is surjective. Thus D ,(M"") — D (M) is a o-closed
embedding and D,(M) — D, (M’) is a quotient map. The exactness at D , (M)
means that for every k-o-algebra R, the map

Homz[g](M",RX) — {g € Homz[a](M,RX)| gl =1} (5.1)

is bijective. Let mg be in the kernel of M — M"’. Then, using (5.1), we see that mg
gets mapped to 1 € R* under every g € Homg[,](M, R*) with gy = 1 for any
k-0 -algebra R. Choosing R = k[M/M’] and g: M — R* the map that sends m to
the equivalence class of m in M /M’ it follows that mg lies in M’. This shows that 0 —
M — M — M"” — 0is exact and completes the proof of (ii).

If H is a o--closed subgroup of a diagonalizable o -algebraic group D (M), then we
have a surjective morphism k[M] — k{H} of k-o--Hopf algebras. As k[M] is gener-
ated by group-like elements as a k-vector space, it follows that also k{H} is generated
by group-like elements as a k-vector space. From the discussion in the proof of (i), we
see that k{H} = k[M""], where M"" is the Z[o-]-module of all group-like elements of
k{H}. Thus H is diagonalizable.

If G = Ds(M) is a diagonalizable o--algebraic group, we can find ann > 1 and a
surjective morphism Z[o]" — M of Z[o"]-modules. According to (ii) this corresponds
to a o-closed embedding G = D,(M) — D (Z[o]") = G},. Conversely, if G is
a o -closed subgroup of G}, then G is diagonalizable because, as seen above, o-closed
subgroups of diagonalizable o -algebraic groups are diagonalizable. This proves (iii).

A quotient of a diagonalizable o-algebraic group, is a quotient by a diagonalizable
o -closed subgroup, so the quotient is diagonalizable by (ii). This completes the proof of
(iv).

Let M be a finitely generated Z[ o ]-module and fix a surjective morphism Z[o]" —
M with kernel N. As discussed above, this corresponds to a o-closed embedding of G =
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D »(M) into G7,. Explicitly, we have
Do(M)={(g1,....82) €Gpl g ...gx" =1V (a1,...,a,) € N}.

Fori > 0, the i-th order Zariski closure G [i] of G in G, is then the closed subgroup
of (GI)*! = Gr,il(iﬂ) defined by all equations corresponding to tuples in N whose
components are polynomials of degree at most i. So if Z[ 0] <; denotes the Z-submodule
of Z[ o] of all polynomials of degree at most i, then G [{] is the diagonalizable algebraic
group corresponding to the Z-module Z[o"]?;/Z[c]Z; N N. Note that if B C M is
the image of the standard basis of Z[c"]" in M, then Z[o"]%,/Z[c]2, N N identifies
with (B, 0 (B), . ..,0"(B)), the Z-submodule of M generated by B, oc(B), ..., c"(B).
In particular, dim(G[i]) = rankz({B, ..., (B))).

First assume that rankz[,1(M) = 0. Then rankz (M) is finite by Lemma 5.12 and
bounds dim(G [{]) = rankz({B, ..., 0" (B))) for alli. Thus o- dim(G) = 0 and

ord(G) = max dim(G[i]) = maxrankz({B, ...,c"(B))) = rankz(M).

If d = rankz|s)(M) > 0, then we can find an exact sequence 0 — Z[o]? —
M — N — 0 with rankz[,](N) = 0. By (ii) this corresponds to an exact sequence
1 - Dy(N) - Dy(M) — G% — 1. Therefore D,(M)/D,(N) = G&.
As rankz[,1(N) = 0, we have o-dim(D(N)) = 0 (as argued above). There-
fore o- dim(D,(M)) = o-dim(G%) = d = rankz[»1(M). Moreover, we have
rankz (M) = oo so that ord(D , (M)) = rankz (M) also in this case. This proves (v).

We know that G is connected if and only if G [i] is connected for all i > 0 ((Wib21,
Lemma 6.12]). But a diagonalizable algebraic group corresponding to a finitely gener-
ated Z-module is connected if and only if the Z-module has no (Z-)torsion (using our
characteristic zero assumption). Thus G is connected if and only (B, . .., 0 (B)) has no
torsion for alli > 0 and this is equivalent to M having no Z-torsion. [ ]

Example 514 For G = {g € G| g% = 1} with @ € Z[o] non-zero, we have
ord(G) = deg(a) because (Z[o]/(@)) ®z Q = Q[o]/(a) is a Q-vector space of

dimension deg(a).

Lemma 5.15 If G is a diagonalizable o -algebraic group, then G is a diagonalizable
o "-algebraic group for every n > 1.

Proof If G is a o -closed subgroup of GJ}, then G, is a 0" -closed subgroup of (GI})".
Now use Proposition 5.13 (iii). ]

5.3.2 Reduction to one-relator subgroups of G,,
We will need the following result about ideals in Z[o].

Lemma5.16 Let I be anideal of Z| o] such that INZ = {0}. Then there existsana € Z[ o]
of positive degree such that I C ().

Proof We may assume that / is not the zero ideal. The prime ideals of Z[o] are

* the zero ideal,
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* ideals of the form (p) with p a prime number,

* ideals of the form (@), where @ € Z[o] is irreducible and of positive degree,

* ideals of the form (p, @), where p is a prime number and a € Z[o7] is a monic
polynomial, irreducible mod p ((Mum99, Chapter II, §1, Example H)).

Suppose that all prime ideals minimal above [ are of the form (p) or (p, @). Then their
intersection, which agrees with the radical of /, contains a non-zero integer (the product
of all the relevant p’s). Thus also / contains a non-zero integer; a contradiction.
Therefore, at least one of the prime ideals minimal above I is of the form (). In
particular, I C (a). [ |

Lemma 5.17 Let @ € Z[o]| have positive degree. Then G = {g € G| g% = 1}is
almost-simple if and only if @ € Z[o] is irreducible.

Proof Assume that G is almost-simple and that « factors as @ = SBy. Without loss of
generality, we assume that 3 has positive degree. As {g € G,,| g® = 1} isa o-closed sub-
group of G of order deg(B) > 0, it follows that the morphism Z[o"] /(@) — Z[o]/(B)
is an isomorphism, i.e., (@) = (). This is only possible if @ = £. Thus « is irreducible.

Assume that @ is irreducible and let N be a proper o -closed subgroup of G. By Propo-
sition 5.13 the inclusion N < G corresponds to a surjection Z[o'] /(@) — Z[o] /1 for
some ideal I of Z[o] with (@) & I. Suppose I N Z = {0}. Then, by Lemma 5.16, there
exists a polynomial 8 € Z[o ] with I C (). So (@) & (B). This contradicts the irre-
ducibility of @. Thus I NZ # {0} and therefore rankz(Z[o]/I) = 0. Hence ord(N) = 0
as desired. ]

We now work towards showing that in fact every almost-simple o -closed subgroup
of Gy, is of the form described in Lemma 5.17. We call a o-closed subgroup G of G, a
one-relator subgroup if there exists a non-zero @ € Z[o| such that G = {g € G,,,| g% =

1}.

Lemma 5.18 Let G be a o -closed subgroup of Gy, of finite positive order. Then there exists
a o -closed subgroup H of G such that H is a one-relator subgroup of G, and ord(H) > 0.

Proof By Proposition 5.13 we have G = D (Z[o]/I) for some ideal I of Z[o].
Moreover, I N Z = {0} because otherwise we would have ord(G) = rankz(Z[co]|/I) =
0. We know from Lemma 5.16 that there exists an @ € Z[o"] of positive degree such
that I C (a). The surjection Z[o']/I — Z[o]/(@) corresponds to the inclusion of
H={heG,|h*=1}into G. [ ]

Corollary 5.19  Let G be an almost-simple o -closed subgroup of Gy, of finite positive order.
Then G is a one-relator subgroup of Gy,.

Proof This is clear from Lemma 5.18. [ ]
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Our next goal is to show that a o-field satisfying (P3%) is uniformly strongly G-trivial
for every almost-simple diagonalizable o -algebraic group of order one. To this end, we
have to take a closer look at the almost-simple o-closed subgroups of G,,, of order one.

Lemma 5.20 Let G be an almost-simple o-closed subgroup of Gy, of order one. Then G =
{g € G| g% (g)B = 1} for some integers v,  with B # 0 and ged(a, B) = 1.

Proof We know from Corollary 5.19 that G is a one-relator subgroup and from
Lemma 5.17 we know that G is defined by an irreducible polynomial So- + a of degree
one. Thus 8 # 0 and ged(e, B) = 1. [ ]

We now work towards showing that if k satisfies (P3*), then k is uniformly strongly
G-trivial for G a o-algebraic group of the form described in Lemma 5.20.

Lemma 5.21 Let a, B be integers with 8 # 0 and gcd(a, 8) = 1 and let G be the o--closed
subgroup of G, defined by the equations

VI =L = Ly =1 e ()P = 1
If k satisfies (P3) (or (P3")), then k is (uniformly) G-trivial.

Proof By [BW22, Example 4.2], every G-torsor is isomorphic to a o--closed o -subva-
riety X of G}}, defined by equations

y?y/;:al’ )’gyg:az’u-»y;:_ﬂ/rf:an—l, y;zlo—(yl)ﬁ:an (52)
for some ay,...,a, € k*.If @ = 0, then B = £1 and (5.2) has a (unique) solution in k"
by Lemma 4.3. We can thus assume that @ # 0. By assumption, the equation
_1\n+l ,n n n-1 _ n-2 2pn-3 _1\n—2 ,n-2 _1\n-1_,n-1
yi D o (3 )P = dP anflﬁ aff_’? ...ag D™ e Bai D™ e (5.3)

has a solution b; € k!9 for some d > 1. Moreover, if k satisfies (P3“), then d can be
chosen uniformly for all ay, ..., a,. Note that b; is automatically invertible. For i =
2,...,nchoose b; € k4] such that
n-i+l n-i _gn-i-l n-i-2p2 _1)n-ign-i _1\n—i+l gn-i+l
b =af al,: Ba;frz B ...af, n"e O’(bl)( DB . (5.4)
This is possible because k is algebraically closed. The choice of b; is not unique but any
other possible choice is of the form {b;, where £ = ({1, ...,q) € k4l with ¢; € k an

a"~"*1_th root of unity, i.e., {i""_m = 1. Note that formula (5.4) also holds for i = 1 by
(5.3). Then
B n—i _ n—i
(bquiﬂ)u - a;l
fori=1,...,n—1.Thus bi“bﬁ1 and a; agree up to multiplication with an @’ ~#-th root

of unity in every component. Note that the choice of b;. is only unique up to multiplica-
tion with an @™~ -th root of unity in every component. Moreover, as gcd (@™, §) = 1,
the map ¢ + B is a bijection on the set of ”*~#-th roots of unity in k. This shows that
we can adjust all the roots of unity in the choice of b,, ..., b, such that b;’bf;l = a;
fori = 1,...,n — 1. More precisely, b; is already fixed and we adjust b, such that

2026/07/03  13:08

Downloaded from https://www.cambridge.org/core. 10 Jul 2026 at 08:26:03, subject to the Cambridge Core terms of use.


https://www.cambridge.org/core

34 A. Bachmayr and M. Wibmer

bfbg = ay. Then we adjust b3 such that b;’bf = a,. We continue like this until

we adjust b, such that b;’_lbf = a,. Thus b = (by,...,b,) satisfies the first n — 1
equations in (5.2). Evaluating (5.4) for i = n shows that b also satisfies the last equation.
Therefore b € X (k!91) # 0 as desired. [

Lemma 522 Let @, 3 be integers with B # 0 and gcd(a,B) = landset G = {g €
Gl g% (g)? = 1}. If k satisfies (P3) (or (P34)), then k is (uniformly) strongly G-trivial.

Proof Letn > 1. We have to show that (k, c") is (uniformly) G,,-trivial for every
n > 1. Note that G, is the 0" -closed subgroup of G}, defined by the equations

Y =Ly =1y = Ly ()P = 1.
Because (k, 0™) satisfies (P3) (or (P3*)) by Lemma 4.4, the claim follows from Lemma
5.21. | |

Lemma 5.23 Let G be a non-trivial diagonalizable o-algebraic group. Then there exists a
proper o~closed subgroup N of G such that G | N is isomorphic to a o -closed subgroup of G,.

Proof As G is diagonalizable, we can assume that G is a o-closed subgroup of some
G- As G is non-trivial, at least one of the projections G — G, will have non-trivial
image. The kernel N has the required properties. [ ]

Lemma 5.24  Let G be an almost-simple diagonalizable o -algebraic group of order one. If k
satisfies (P3) (or (P3")), then k is (uniformly) strongly G-trivial.

Proof By Lemma 5.23, there exists an exact sequence ] - N — G — H — 1
with N a proper o -closed subgroup of G and H a o-closed subgroup of G,,. Because
N has order zero, we know that k is uniformly strongly N-trivial by Proposition 5.3.
Moreover, H is an almost-simple diagonalizable o -algebraic group of order one. Thus,
by the induction principle (Proposition 3.20 (ii)), we can assume that G is a o--closed
subgroup of G,,. S0 G = {g € G,,| g% (g)# = 1} with 8 # 0 gcd(a,8) = 1by
Lemma 5.20 and therefore k is (uniformly) strongly G-trivial by Lemma 5.22. [ ]

With the order one case completed, we need two more lemmas to get to the gen-
eral case of a diagonalizable o-algebraic group of o-dimension zero. We need the
strong G -triviality but first we record the G-triviality for almost-simple diagonalizable
o -algebraic groups.

Lemma 5.25 Let G be an almost-simple diagonalizable o -algebraic group of finite positive
order. If k satisfies (P3) (or (P3%)), then k is (uniformly) G-trivial.

Proof By Lemma 5.23, there exists an exact sequence ] - N — G — H — 1
with H a non-trivial o-closed subgroup of G,,. As N has order zero, k is (uniformly)
strongly N-trivial (Proposition 5.3). By the induction principle (Proposition 3.20 (i) in
this case), we can thus assume that G is a o--closed subgroup of G,,. By Lemma 5.19
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every almost-simple o -closed subgroup of Gy, is a one-relator subgroup. So G is of the
form G = {g € G| g* = 1} for some @ € Z[o]. By [BW22, Example 4.2] every
G-torsor is of the form X = {x € G,,| x® = a} for some a € k*. So k is (uniformly)
G -trivial by (P3) (c) (or (P3*) (¢)). ]

Lemma 526 Let G be an almost-simple diagonalizable o -algebraic group of finite positive
order. If k satisfies (P3) (or (P3")), then k is (uniformly) strongly G-trivial.

Proof We will prove this by induction on the order of G. To be precise, our induc-
tion hypothesis is that every difference field satisfying (P3) (or (P3%)) is (uniformly)
strongly H-trivial for every almost-simple diagonalizable o -algebraic group H with
1 < ord(H) < ord(G). The base case ord(G) = 1 is Lemma 5.24.

For the induction step we have to show that (k, o) is (uniformly) G,-trivial for
every n > 1. Note that G, is a diagonalizable o -algebraic group (Lemma 5.15) with
ord(G,,) = ord(G) (Lemma 3.8). Moreover, (k, o) satisfies (P3) (or (P3")) by Lemma
4.4.Soif G, is almost-simple, then the claim follows from Lemma 5.25. We can therefore
assume that G, is not almost-simple. Note that G, is connected, because G is connected
(Lemma 3.7). By Theorem 5.7 there exists a subnormal series G, = Hy 2 H; 2 ... 2
H,, = 1 with H; connected and H;/H;;; almost-simple fori = 0, ...,m — 1. Because
the quotients H;/H;,| are diagonalizable (Proposition 5.13 (iv)) and ord(H;/H;1+1) <
ord(G,,) = ord(G), it follows from the induction hypothesis that (k, 0") is (uniformly)
strongly H;/H;y;-trivial fori = 0,...,m — 1. Therefore Corollary 3.21 shows that
(k, o) is (uniformly) strongly G, -trivial. [ ]

Proposition 5.27 Let G be a diagonalizable o-algebraic group of o -dimension zero. If k
satisfies (P3) (or (P3%)), then k is (uniformly) strongly G -trivial.

Proof If ord(G) = O, the claim follows from Proposition 5.3. So we may assume
ord(G) > 0. Furthermore, we can assume that G is connected (Corollary 5.4). Now the
claim follows by combining Theorem 5.7, Lemma 5.26 and Corollary 3.21. |

The proof for o-algebraic vector groups of o-dimension zero

In this subsection we show that a o-field satisfying (P3) (or (P3")) is (uniformly) strongly
G-trivial for every o -closed subgroup G of some G} of o-dimension zero.

Definition 5.28 A o -algebraic group is a o--algebraic vector group if is is isomorphic to
a o-closed subgroup of G, for some n > 1.

In the sequel it will often be helpful to be able to assume that G is o-reduced. If X
is a o -variety, there exists a unique largest o--closed o -subvariety X.req of X that is
o-reduced. It satisfies k{Xs_red} = k{X}o-red- If G is a o-algebraic group and k is
inversive, then G . ¢4 is @ o-closed subgroup of G ((Wib21, Cor. 2.9]).

Lemma 5.29  Let k be an inversive o -field and let G be a o -algebraic group over k. If k is
(uniformly) G o req-trivial, then k is (uniformly) G -trivial.
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Proof By [Wib21, Cor. 2.8 (ii)] the functor X — X4 commutes with products.
Thus Xy -red i8S @ G o rea-torsor. A morphism k{Xs_req} — Kl yields a morphism
k{X} — k"l by composing with k{X} — k{Xo-red}- [ |

Lemma 5.30 Let k be an inversive o-field and let G be a o--algebraic group over k. If k is
(uniformly) strongly G - req-trivial, then k is (uniformly) strongly G-trivial.

Proof Letn > 1. By assumption, for every (G 4. red)n-torsor Y, there exists a d >
1 such that Y;(k, O'"d) # (. Moreover, d does not depend on the choice of ¥ in the
uniform case.

Let X be a G, -torsor. By [Wib21, Cor. 2.9 (ii)] the functor X — Xgn_req com-
mutes with products. Thus Xgn_req is a (Gj) gn-red-torsor. Clearly, I((G,) gn-red) =
I((Go-red)n)- S0 (Gp)on-red = (G or-red)n and by assumption (Xgn_red)a (k, a_nd) Ea
0. So there exists a morphism of k-O'”d—algebras k{Xon_rea} — k which we can com-
pose with k{X} — k{X,n_req} to obtain a morphism k{X} — k of k-o"?-algebras.
So Xy (k, o) # 0. n

Before tackling general o -algebraic vectors groups of o--dimension zero, we treat
the o--closed subgroups of G,.

Lemma 531 Let G be a o-closed subgroup of Gg. If k satisfies (P3) (or (P3%)), then k is
(uniformly) G-trivial.

Proof Since k is uniformly G,-trivial (Lemma 5.1) we may assume that G is a
proper o-closed subgroup of G,. Moreover, by Lemma 5.29 we may assume that G
is o--reduced. The proper o -closed subgroups of G, are all defined by a linear differ-
ence equation (DVHW17, Cor. A.3].) Le,, there exists a linear o-equation £ = o (y) +
Am-10™1(y) + ... + Aoy over k such that G = {g € G,| £L(g) = 0}. Because G is
o-reduced (and using that & is inversive (Lemma 4.3)) we see that g # 0.

By [BW22, Example 5.4 ] every G-torsor is isomorphic to a G-torsor of the form
X = {x € A'| L(x) = a} for some a € k. Consider the linear o-equation o(¥) = AY

where
0 1 0 0
0 0 1 0
A= : “ | € GL g1 (K).
0 o --- 1 0
Ao =Ay -+ =1 a
0o 0 -~ 0 1]

By assumption (P3) (b) there exists n > 1 and ¥ € GL;4 (k["]) with o (Y) = AY.
Since Y € GLy41 (k1) there exists at least one column

Yo
y= : c (k[n])m+1
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of Y with y,, # 0.As () = Ym, and the solutions are a (kL") 7 -vector space, we
can assume y,,, = 1. For such a y we have £L(yo) = a,ie, yo € X(kl”J). Moreover, if
the stronger condition (P3*) (b) holds, then n does not depend on A and thus it does not
depend on the choice of X. ]

Proposition 5.32 Let G be a o-algebraic vector group of o-dimension zero. If k satisfies
(P3) (or (P3%)), then k is (uniformly) strongly G -trivial.

Proof We proceed by induction on the order of G. The case ord(G) = 0 is handled
by Proposition 5.3. So let us assume that ord(G) > 0. By Corollary 5.4 we may assume
that G is connected. Let n > 1. Then G, is a 0" -algebraic vector group (cf. Example
3.4). Say G, < G (as o""-algebraic groups). As ord(G,) = ord(G) > 0 (Lemma 3.8),
at least one of the projections G, — G, has to be non-trivial. So we have an exact
sequence 1 - N — G, — H — 1 of g"-algebraic groups with H a non-trivial
o -closed subgroup of G,. Thus N is a proper 0" -closed subgroup of G,. As G is con-
nected, also G, is connected (Lemma 3.7) and therefore ord(N) < ord(G,,) = ord(G)
(Lemma 5.6). So, by the induction hypothesis and Lemma 4.4 it follows that (k, ")
is (uniformly) strongly N-trivial. Moreover, (k, c") is (uniformly) H-trivial by Lemma
5.31 (and Lemma 4.4). So it follows from Proposition 3.20(i) that (k, o) is (uniformly)
G, -trivial as desired. [ |

The proof for Zariski-dense o-closed subgroups of simple algebraic
groups

Note that (P3) (b) (or (P3“) (b)) means that k is (uniformly) GLg, -trivial for all m > 1.
The key to showing that this implies that & is (uniformly) G-trivial for any Zariski-dense
o -closed subgroup G of a simple algebraic group, is to first show that it implies that k
is (uniformly) G -trivial for any closed subgroup G < GL,,, defined over k“.

Recall that a o--ring R is called o-simple if {0} and R are the only o--ideals of R.

Lemma 5.33  Assume that k is algebraically closed and let R be a o -simple k-0 -algebra such
that R is finitely generated as a k-algebra and integral over k. Then there exists anr > 1 such
that R is isomorphic as a k-o-algebra to k" equipped with o: k™ — k", (ay,...,a,) —
(o(ay),o(ay),...,o(ar—1))and k — k", 1+ (4,...,4).

Proof Because R is finitely generated as a k-algebra and integral over k, we see that
R is a finite dimensional k-vector space. Furthermore, because the nilradical of R is a
o -ideal, it must be trivial. So R is reduced. Since k is algebraically closed, it follows that
R is isomorphic as a k-algebra to k" for some r > 1. So we identify R with k". Because
the kernelof o: k" — k" isa o-ideal, it must be trivial. So o7: k" — k” is injective and
therefore permutes the primitive idempotent elements ey, . .., e, of k". Any subset of
€1, ...,e, stable under o generates a o -ideal. Therefore o must permute ey, . .., e, as
cycle of length r. Without loss of generality we can assume that o (e;) = €3, 0(e;) =
e3,...,0(e,) = e1. This shows that o: k" — k” has the required form. [ ]
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As we will use some Galois cohomology in the upcoming proofs, we briefly recall
the definitions. (See [Mil17, Section 3, k] or [Ser02] for a fuller treatment). Let k’ /k be
a Galois field extension with Galois group I'y//x and let G be an algebraic group over
k. A continuous map y: I'i-jx — G(k’), where G(k’) has the discrete topology, is a
cocycle if y (y1y2) = x(v1)y1(x(y2)) for all y1,y> € T’k k. Two cocycles x1, x» are
equivalent if there exists a g € G(k’) such that xy;(y) = g x2(y)y(g) forally € I
The Galois cohomology set H' (k’/k, G) is the set of equivalence classes of cocycles. It
has a distinguished element, the equivalence class consisting of the principal cocycles, i.e.,
the cocycles of the form y(y) = g7'y(g) for some g € G(k’). Let Zp//x(G) denote
the set of isomorphism classes of right G-torsors X with X (k") # 0. For x € X(k’)
and y € I'y/i there exists a unique y(y) € G(k’) such that y(x) = xy(y). Then
X: Ty — G(k') isacocycle and its equivalence class does not depend on the choice of
x € X(k’). This yields a well-defined map X/, (G) — H'(k’/k,G) which turns out
to be a bijection under which the isomorphism class of the trivial G-torsor corresponds
to the distinguished element of H' (k' /k, G).

Lemma 5.34  Assume that k is algebraically closed and let G be an algebraic group over k7.

Then there exists an integer s > 1 such that for every cocycle I'tw ke ™ G (k) the induced

cocycle I s = Tz o = G (k) is principal.
Proof It is well known (Theorem [Lev08, Theorem 2.1.12]) that the algebraic closure
k7 of k in k coincides with the subfield of all periodic elements of k. It follows that
the absolute Galois group I'7= Ik of k7 is topologically generated by o7: k% — k7.
Therefore kK is a field of type (F) in the sense of [Ser02, Chapter III, Section 4.2] and it
follows from [Ser02, Chapter III, Section 4.3, Theorem 4] that H! (k_‘f/k‘f, G) is finite.
Thus the set of isomorphism classes of G-torsors is finite and so there exists an extension
k% [k suchthat X (k") # 0 for every G-torsor X. The diagram

ZkT/ko' (9) EkT/k<rS (gkffs)

| l

H' (k7 /k7,G) —= H' (k7 |k, G\os)

where the top horizontal arrow is given by base change from k to k" and the bot-
tom horizontal arrow is induced by composing a cocycle with 7z, s — I'tz)0 is
commutative. By choice of s, the top horizontal map is trivial. Therefore also the bottom
horizontal map is trivial. This implies the claim of the lemma. |

With these two lemmata at hand, we can strengthen conditions (P3)(b) and (P3*)(b)
from solutions in GL,, to solutions in closed subgroups G < GL,, defined over k7 :

Proposition 5.35 If k satisfies (P3) then the following stronger version of (P3)(b) also holds:

For every pair of integers m,d > 1, every closed subgroup G < GL,, defined over k and
every A € G(k), there exists an integer n > 1 such that the equation c?(Y) = AY has
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a solution in G (k™). Moreover, if k satisfies (P3%), then n can be chosen uniformly for all

A € G(k).

Proof Letm,d > 1beintegersand G < GL,, a closed subgroup defined over k<. If
(P3%)(b) holds, then we use (P3“)(b;’) from Lemma 4.2 and obtain an / € N such that for
all A € G(k) there exists a Y € GL,,(k) with c?(Y) = c"D4(A) ... 0?9 (A)AY.
If instead (P3) holds, then such an [ also exists but it may depend on A. We fix an
A € G(k) and abbreviate B = cc=D4(A) ... 0% (A)A. Note that B € G (k) because
G < GL,, is defined over k7. Let s > 1 be as in the statement of Lemma 5.34 but
applied to the difference field (k, o). We claim that there exists a ¥ € G (k) with
o4 (Y) = ¢~D4(B) ... o (B)BY. Note that this implies the claim of the proposi-
tion by Lemma 4.1 because ¢~V (B) ... 0¥ (B)B = ¢ 5"V (A) ...0%(A)A and
[s is uniform in A if (P3%) holds.

Define & = o andlet T = (T; ;) be the matrix of coordinate functions on
GL,,,. Consider the coordinate ring k[GL,,] = k[T, 1/det(T)] of GL,, over k as a
k-0-algebra via 37(T) = BT.Let I(G) C k[GL,,] be the defining ideal of G and let
f = f(T) € I(@) have constant coefficients. Then (f(T))(g) = f(5(T))(g) =
f(BT)(g) = f(Bg) = Oforallg € G(k) because Bg € G(k).So o(f) € I(G).
Because G is defined over k“ this shows that [(G) C k[GL,,] is a 6 -ideal.

Thus we can find a maximal g -ideal m C k[GL,,] that contains I(G). The quo-
tient R = k[GL,,]/m is then a & -simple k-0-algebra. By construction, the image ¥
in GL,,(R) of T is contained in G(R) and satisfies &(¥) = BY. Recall, from the first
paragraph, that we have aY € GL,,(k) with 6 (Y) = BY. Since two solutions matri-
ces only differ by a constant matrix, there exists a C € GL,,(R?) with ¥ = YC and
we conclude that R = k[Y, 1/det(Y)] = k[C, 1/det(C)] is generated as a k-algebra
by the elements in R7. As R is o-simple, R is a field. Moreover, it is an algebraic
extension of k7. (This is well-known in case k7 is algebraically closed [vdPS97, Lemma
1.8] and follows similarly in the general case. It also follows from [Wib12, Prop. 2.11]).
Note, however, that R need not be contained in k because R need not be an inte-
gral domain. In any case, R is generated as a k-algebra by elements that are integral
over k and therefore R itself is integral over k. By Lemma 5.33 we have R = k" with
o k" - k", (ay,...,a,) — (0(a,),d(ay),...,0(ay—1)) for some r > 1. Then
R = {(a,d(a),...,5" "(a)) | a € k%" }. So there exists a matrix D € GL,,, (k")
with C = (D, (D),...,57 " (D)). Thus Y € G(R) can be rewrittenas ¥ = YC =
(YD,Y5(D),...,Y&" " 1(D)).Because Y € G(R), we conclude that Y& (D) € G(k)
fori =0,...,r — 1. This implies D~ '5*(D) = (YD)~'Y& (D) € G(k").

The Galois group I'yor /1o of k%" over k7 is generated by o: k% — k. (How-
ever, the order of & € [}or Kk could be less than 7). In any case, we can define
amap x: I'ior o — Gk by x(&') = D '¢'(D) fori = 0,...,r—1.
It is straightforward to check that y is a cocycle. Note that y may not be principal
because we don’t know if D lies in G(k“"). By the choice of s, the induced cocycle
X FkT;v/k(r
to I''= ros S 'z ke In particular, there exists a matrix £ € Q(k_‘r) such that
E~'¢%(E) = D™'¢*(D). But then 6*(DE~') = DE~" and so DE™' € GL,, (k7).
SetY = YDE™' € GL,,(k). Because YD € G(k) and E € G(k) we have Y €

= Do jpor X Gk — Q(k_d) becomes principal, when restricted
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G (k). Since (Y) = BY, we have 0*(Y) = 5~V (B)...5(B)BY and because
DE™' € GL,,(k%"), Y must satisfy the same linear 5-*-equation. So ¥ € G (k) and
a5(Y) =5 ~D(B) ... (B)BY as desired. [

Lemma 5.36 Let G < GL,y, be a closed subgroup defined over k7 and consider the o -alge-
braic group G = {g € G| 0(g) = g}. If k satisfies (P3) (or (P3%)) then k is (uniformly)
strongly G-trivial.

Proof Forn > 1 the o"-algebraic group G,, = {g € G| 0"(g) = g} is of the same
form as G. So, using Lemma 4.4, it suffices to show that & is G-trivial.

According to [BW22, Cor. 6.3] (with d = 1 and ¢ the identity map) every G-torsor
is isomorphic to a G-torsor of the form X’ = {x’ € G| o(x") = x’A’} for some A’ €
G(k), where G isactingby (g,x) — gx.Let X = {x € G| o (x) = Ax} where A = A’~!
and G is acting on X by (g, x) — xg~!. Then X’ — X, x’ — x’~! is an isomorphism
of G-torsors. The stronger versions of assumption (P3) (b) and (P3%) (b) in Proposition
5.35 (with d = 1) imply X(k["]) # O for some n > 1. If k satisfies (P3%), then n can be
chosen uniformly for all G-torsors. [ ]

Recall that a non-commutative algebraic group of positive dimension (over an alge-
braically closed field of characteristic zero) is called (almost-)simple if every proper
normal closed subgroup is trivial (respectively finite). The simple algebraic groups are
sometimes also referred to as the almost-simple algebraic groups of adjoint type.

Proposition 5.37  Let G be a proper Zariski-dense o -reduced o -closed subgroup of a simple
algebraic group G. If k satisfies (P3) (or (P3%)) then k is (uniformly) strongly G-trivial.

Proof The idea of the proof is to show that for some d > 1 the difference algebraic
group G4 is isomorphic to one of the difference algebraic groups treated in Lemma 5.36.
By [DVHW 17, Prop. A.19] (Cf. the proof of [CHP02, Prop. 7.10)].) we know that

G={geGlo"(g) =¢(g)}

for some n > 1 and some isomorphism ¢: G — "G of algebraic groups over k. Let
us fix an embedding of G into GL,, such that G is defined over Q inside GL,,. (This
is possible because the simple algebraic groups are defined over Q.) As in the proof of
[DVHW17, Theorem A.20] it follows that there exists a matrix 4 € G(k) and an integer
e > 1suchthat 0™¢(g) = hgh™ ! forallg € G.

Consider the equation 0"*¢(Y) = hY. The stronger versions of (P3)(b) and (P3%)(b)
obtained in Proposition 5.35 (applied with d = ne) together with Lemma 4.1
both imply that there exists an integer [ > 1 such that the equation o¢/(Y) =
o=Dme(p) o€ (h)hY has a solution u € G(k). Using 0"¢(g) = hgh™', we
compute

o (g) = (") (g) = (") (hgh™")
— (O_ne)lfl(h) . (o-”e)lfz(hghfl) . (O_ne)lfl(hfl) = .
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and it follows that
al(g) = [ (h) .. h]-g-[c "D (h) ... h]7".

Therefore 0" (u™'gu) = u~'gu holds for all g € G.Now g +— u"'gu is an
automorphism of G that maps G isomorphically to a o--closed subgroup G’ of G.
Indeed,

G'={geGlo"(g) =ve(gv'},
where v = o (™ o(u) € G(k).
Let T = (T;;) denote the m X m-matrix of coordinate functions on G. Then the
o -coordinate ring k{G’} of G’ equals

k{G'} = k[G"] = k[T, 1/det(T), o (T), 1/det(c(T)), ..., 0" 1(T), 1/det(c"(T))]

with o determined by o (0"~ (T)) = vo(T)v~!. As 0"¢!(g) = g forallg € G’ we
have 0"¢!(T) = T. Thus 0¢(¢'(T)) = o*(T) fori = 0,...,n — 1. This shows that
for d = nel the o4 -algebraic group G/, is isomorphic to the o ?-algebraic group H =
{h € G"| 0%(h) = h}. Therefore, also G 4 is isomorphic to H. As (k, c?) satisfies (P3)
or (P3%), respectively, by Lemma 4.4, we know from Lemma 5.36 that H is (uniformly)
strongly (k, O'd)—trivial. So G4 is (uniformly) strongly (k, O'd)—trivial, and therefore G
is (uniformly) strongly k-trivial (Lemma 3.17). [ ]

5.6 The proof for o-algebraic groups of o-dimension zero

In this subsection we show that if & satisfies (P3) (or (P3%)) then k is (uniformly) strongly
G -trivial for every o -algebraic group G with o-- dim(G) = 0. The idea for the proof is to
reduce to the three special cases treated in the three previous subsections (diagonalizable
o -algebraic groups, o -algebraic vector groups and Zariski-dense o -reduced o -closed
subgroups of simple algebraic groups).

Lemma 5.38 Assume that k is algebraically closed. Let G be a connected o -algebraic group
of positive order. Then there exists a proper normal o -closed subgroup N of G such that G /N
is isomorphic to a Zariski-dense o-closed subgroup of G, Gy, or a simple algebraic group.

Proof First of all, note that if G is a connected algebraic group of positive dimension,
then there exists a proper normal closed subgroup N of G such that G/N is isomor-
phic to G,, Gy, or a simple algebraic group. To see this, simply choose a proper normal
closed subgroup N’ of maximal dimension. If G/N’ is abelian, then it follows from the
structure theory of abelian algebraic groups [Mil17, Cor. 16.15] that G/N” is isomor-
phic to G, or Gy,,. If G/ N’ is non-commutative, then G’ = G/N’ is almost-simple and
therefore G’/ Z(G") is simple.

Now let G be an algebraic group such that G embeds into G as a Zariski-dense
o -closed subgroup. Then G is connected and has positive dimension. As argued above,
there exists a proper normal closed subgroup N of G such that G /N is isomorphic to a
simple algebraic group, G, or Gy,.

Now N = N N G is a normal o-closed subgroup of G. Suppose N N G = G, then
G C N.So N = G, because G is Zariski-dense in G. Therefore N is properly contained
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in G and we have an embedding G/N — G/N.As G is Zariski-dense in G, we see that
G /N is Zariski-dense in G/N. [

Proposition 5.39  Let G be a o -algebraic group of o-dimension zero. If k satisfies (P3) (or
(P3%)) then k is (uniformly) strongly G-trivial.

Proof We will prove this by induction on ord(G). The case when G has order zero
is treated in Proposition 5.3. So we can assume ord(G) > 0. By Corollary 5.4 we may
assume that G is connected. According to Lemma 5.38 there exists a proper normal
o -closed subgroup N of G such that G/N is isomorphic to a Zariski-dense o-closed
subgroup of G,, Gy, or a simple algebraic group. As ord(N) < ord(G), we can use
the induction hypothesis together with Proposition 3.20 (ii) to reduce to the case that
G is a Zariski-dense o -closed subgroup of G,, G, or a simple algebraic group. The
case when G is a o-closed subgroup of G, follows from Proposition 5.32 and the case
when G is a 0--closed subgroup of Gy, follows from Proposition 5.27. So it only remains
to treat the case when G is a Zariski-dense o-closed subgroup of a simple algebraic
group. If G 5. eq is a proper o -closed subgroup of G, then we can use the induction
hypothesis and Lemma 5.30 to conclude. Thus we can assume that G = G 5 14, 1.€., G is
aproper o -reduced o-closed subgroup of a simple algebraic group. This case is treated
in Proposition 5.37. ]

Conclusion

In this subsection we complete the proof of (P3)=(P1) by showing that a o -field
satisfying (P3) is strongly G-trivial for every o-algebraic group G.

Recall that we defined the meaning of almost-simple for o-algebraic groups of
o -dimension zero and positive order in Definition 5.5. Following [Wib21, Def. 7.10]
we extend the definition to o -algebraic groups of positive o--dimension as follows.
Assume that k is algebraically closed and inversive. A o-algebraic group over k of pos-
itive o--dimension is almost-simple if it is perfectly o--reduced and every proper normal
o -closed subgroup has o--dimension zero.

Lemma 5.40 Let G be an almost-simple o--algebraic group with o-dim(G) > 0. If k
satisfies (P3) (or (P3")), then k is (uniformly) strongly G-trivial.

Proof By [Wib21, Cor. 8.12], there exists a normal o -closed subgroup N of G with
o-dim(N) = 0 and an algebraic group G such that G/N = [0 ] G. As k is (uniformly)
strongly N-trivial by Proposition 5.39 and also uniformly strongly [o"]xG-trivial by
Lemma 5.1, it follows that k is (uniformly) strongly G-trivial by Proposition 3.20(ii). =

Lemma 5.41 If G is a connected o--algebraic group, then also G - red is connected.

Proof As G is connected, the zero ideal of k{G} is prime. Therefore I(G 5.reqd) =
Uns107"({0}) is a prime ideal. Thus G - 4 is connected. [ ]
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Every o-algebraic group G with - dim(G) > 0 contains a unique smallest o--closed
subgroup G*° with - dim(G*?) = o - dim(G) ((Wib21, Lemma 6.18]), the strong iden-
tity component of G. The o -algebraic group G is strongly connected if G = G*°, i.e., for
every proper o -closed subgroup H of G we have - dim(H) < o - dim(G). Note that
G*° is strongly connected.

Theorem5.42  Let G be a o-algebraic group. If k satisfies (P3) (or (P3%)) then k is (uniformly)
strongly G-trivial.

Proof By Lemma 5.4 we can assume that G is connected. By Lemmas 5.30 and 5.41
we can also assume that G is o-reduced. So G is o-integral and in particular perfectly
o -reduced. Furthermore, by Proposition 5.39 we may assume that o-- dim(G) > 0. As
G is perfectly o-reduced, it follows from [Wib21, Cor. 6.26] that G*° is normal in G
and we can consider the exact sequence 1 — G*° — G — G/G*° — 1. Because
o-dim(G/G*?) = 0, we know from Proposition 5.39 that k is (uniformly) strongly
G/ G*°-trivial. By Proposition 3.20 (ii) we can thus assume that G is strongly connected.
Then by [Wib21, Theorem 7.13], there exists a subnormal series

G=Go2G12--2G, =1

of strongly connected o -closed subgroups such that the quotients G; /G4 are almost-
simple fori =0, ...,n — 1. So it follows from Lemma 5.40 and Corollary 3.21 that k is
(uniformly) strongly G-trivial. [ ]

We are finally in a position to complete the proof of our main results (Theorems 1.3)
and 1.2) from the introduction.

Proof Let k be a o-field (of characteristic zero). The equivalences (P1)&(P2) and
(P1*)=(P2*) are in Proposition 3.19. The implications (P1)=(P3) and (P1%)=(P3%)
are in Proposition 4.5. The implications (P3)=(P3) and (P3*)=(P1*) follow from
Theorem 5.42. [ ]

Torsors over o-closed o-fields

In this short section, we show that o -closed o -fields satisfy condition (P1%).

Recall that a o-field k is o-closed if every system of algebraic difference equations
over k that has a solution in a o-field extension of k, already has a solution in k. Note
that, due to the basis theorem ([Lev08, Theorem 2.5.11]), the system of algebraic dif-
ference equations in this definition can be assumed to be finite. The model theory of
o -closed o-field has been studied extensively (see e.g., [CH99]). In the model theoretic
context, o-closed o-fields are usually referred to as models of ACFA. The follow-
ing simple lemma translates the definition of o-closed o -fields into the language of
k-0 -algebras.
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Lemma 6.1 A o-field k is o-closed if and only if for every finitely o-generated k-o -algebra
R such that there exists a o-ideal of R that is prime, there exists a morphism R — k of
k-0 -algebras.

Proof First assume that k is o--closed. Let R be a finitely o--generated k-0 -algebra R
such that there exists a prime o-ideal pof R. Then p* = {r e R|3In > 1: c"(r) € p}
is a prime ideal of R with o~'(p) = p. Therefore R/p* is a -ring with o: R/p* —
R/p* injective. Thus the residue field k (p*) of p* is naturally a o--field and the canonical
map R — k(p) isa morphism of k-0 -algebras. Writing R = k{y1, ..., yn}/I for some
o-ideal I of k{y1,...,yn}, we see that the morphism R — k(p*) corresponds to a
solution of 7 in k(p*). As k is o--closed, this shows that there exists a solution of [ in k.
This solution defines a morphism R = k{yy, ..., yn}/I — k of k-0 -algebras.
Conversely, let ' € k{y1,...,yn} define a system of algebraic difference
equations over k that has a solution in some o -field extension k’ of k. Then R =
k{y1,..-,yn}/[F] is a finitely o-generated k-o-algebra and the solution of F = 0
in k” defines a morphism R = k{yi,...,yn}/[F] — k’ of k-0 -algebras. The ker-
nel of this morphism is a prime o -ideal. Thus, by assumption, there exists a morphism
R =k{y1,...,yn}/[F] — k of k-o-algebras. The image of the o--generators defines
a solution of F' = 0 in k. Therefore, k is o--closed. ]

As not every finitely o -generated k-0 -algebra contains a prime o -ideal, it is crucial
that the assumption about the existence of a prime o--ideal is included in Lemma 6.1.

Lemma 6.2 If (k,0) is a o-closed o-field, then (k, ") is a 0" -closed 0" -field for every
n>1

Proof This is well-known (Corollary to Lemma 1.12 in [CH99]) and can also quickly
be seen using the constructions from Section 3.1: Let R be a finitely o"'-generated
k-o"-algebra such that there exists a prime 0" -ideal of R. As in the proof of Lemma
6.1, the prime 0" -ideal defines a morphism R — k’ of k-0 -algebras into a 0" -field
extension k’ of k. Then R — {(k’) is a morphism of k-0 -algebras and because | (k")
is an integral domain (as o -closed o -fields are algebraically closed), we see that the ker-
nel is a prime o-ideal of | R. Thus, by Lemma 6.1, there exists a morphism R — k of
k-o-algebras. The composition R — ;R — k then is a morphism of k-0 -algebras.
So (k,0™) is 0" -closed by Lemma 6.1. [

Proposition 6.3  Let k be a o-closed o -field and G a o -algebraic group over k. Then there
exists an n > 1 such that X(kU) £ 0 for every G-torsor X. In other words, a o-closed
o -field satisfies the equivalent conditions of Theorem 1.3,

Proof Wefirstshow that k is uniformly strongly G-trivial for every connected o--alge-
braic group G. So let n > 1 and let X be a G, -torsor. We then have, in particular, an
isomorphism k{X} ® k{X} ~ k{G} ® k{X} of k{X}-algebras. Fixing a morphism
k{X} — k' of k-algebras into some field extension k” of k, we can base change this iso-
morphism to obtain an isomorphism k{X } ®x kK’ ~ k{G }®y k’. Because G is connected
(and we are in characteristic zero), k{G} is an integral domain ((Wib21, Lemma 6.7]).
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Moreover, k{G} ® k’ is an integral domain (e.g., using that k is algebraically closed)
and therefore k{X} is an integral domain. So the zero ideal of k{X} is a prime 0" -ideal
of k{X}. Because k is 0" -closed (Lemma 6.2), there exists a morphism k{X} — k of
k-0 -algebras. Thus X is trivial and & is uniformly strongly G-trivial as claimed.
Because k is algebraically closed and inversive, it follows from Corollary 5.4 that k
is uniformly strongly G-trivial for every o-algebraic group G over k. In particular, k is
uniformly G-trivial for every o -algebraic group G over k as claimed. |

While Proposition 6.3 is a statement about o-closed o -fields, we can nevertheless
deduce from it a statement about arbitrary o-fields (of characteristic zero). Note that if
K is a o-field extension of k and n > 1, then k[l = (k,0"); is a k-0 -subalgebra of
K; = (K, 0"); and K is an n-fold product of field extension of k.

Corollary 6.4 Let G be a o-algebraic group. Then there exists a o -field extension K of k
and an integer n > 1 such that X (K;) # 0 for every G-torsor X.

Proof Every o-field can be embedded into a o-closed o-field ((CH99, Theorem 1.1]).
Solet K be ao-closed o -field containing k. By Proposition 6.3 there existsann > 1such
that Y(K["]) # 0 for every G g-torsor Y. As Xk is a G g -torsor, we have in particular,
X(K1) = Xg (K" # 0. n

One can also show directly that a o-closed o-field satisfies (P3"), which, by
Theorem 1.3, is equivalent to (P1%). In fact, a o--closed o -field satisfies (P3") (b) and (P3%)
(c) with n = 1. To see this, it suffices to show that the relevant difference equations have
a solution in a o -field extension of k. For (b), if A € GL, (k) and k(T;;) = k(GLj) is
the function field of GL,,, we can simply define o-: k(GL,) — k(GL,) by o (T) = AT.
Then clearly T is a solution of o(¥Y) = AY in some o -field extension of k. For (c) we
can invoke the classical existence theorem from difference algebra ([Lev08, Theorem
7.2.1]) which implies that any non-constant difference polynomial over & has a solution
in some o -field extension of k.

An application to Picard-Vessiot theory

Difference algebraic groups arise naturally as Galois groups of linear differential
equations depending on a discrete parameter. The solution rings in this context are
called o -Picard-Vessiot rings. They play a role similar to the splitting field in classical
Galois theory. Torsors for difference algebraic groups arise when studying isomor-
phisms between two o -Picard-Vessiot rings for the same linear differential equation.
In this section we apply our main results (Theorems 1.3 and 1.2) to improve the known
uniqueness results for o--Picard-Vessiot rings.

We briefly recall the setup from [DVHW14]. A §o-ring is a commutative ring R
together with a derivation §: R — R and a ring endomorphism o-: R — R such that
8(o(r)) = ho(8(r)) forall 7 € R for some fixed unit7 € RO.If moreover R is a field, it
is called a 6o -field. If K is a o -field, then a K -algebra R with the structure of a do-ring
such that K — R is compatible with ¢ and o is called a K-d0 -algebra. A §-ideal is an
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ideal @ C R such that §(a) C a.If {0} and R are the only §-ideals of R, the R is called
o-simple.

The §-constants of a o -ring R are defined as R® = {r € R | §(r) = 0}. Note that
RSisa o -ring, and in particular, if K is a 6o -field, then K % is a o-field.

In what follows we work over a do-field K of characteristic zero and let k = K°
be the o-field of §-constants. We consider a linear differential equation §(y) = Ay for
some matrix A € K<™,

Definition 7.1 A o -Picard-Vessiot ring for §(y) = Ay is a K-§o -algebra R such that

* there exists a matrix Y € GL,,,(R) with6(Y) = AY and R = K{Y, 1/det(Y)},
* Ris d-simple,
* R® =k

The o-Galois group G of R/K is defined as the functor from the category of
k-0 -algebras to the category of groups given by

G(S) = Aut®? (R & S/K ® )

for any k-o-algebra S, i.e., we consider automorphisms of R ®; S that are the identity
on K ® S and commute with both o~ and 9§, where R ®j S is considered as a 0 -ring
with § being the trivial derivation on S, i.e, §(s) = O for s € S. It is a o--algebraic group
over k (DVHW 14, Prop. 2.5]).

In general, a o-Picard-Vessiot ring for a given differential equation §(y) = Ay is not
unique (up to isomorphism). Under the assumption that the o-field k = K is o-closed,
itis known that a o--Picard Vessiot ring is unique up to powers of o, i.e,, if R; and R, are
o -Picard Vessiot rings for the same differential equation d(y) = Ay, then there exists an
integer n > 1 (possibly depending on Ry and R;) such that (Ry, §, 0") and (R, 5, 0")
are isomorphic as k-6 -algebras (DVHW 14, Cor. 1.17]). We improve this as follows:

Theorem 7.2 Let K be a §0-field of characteristic zero and let A € K"™*™,

() If k = K satifies the equivalent conditions of Theorem 1.2, then for any two o -Picard-
Vessiot rings R and R’ for 6(y) = Ay, there exists an n > 1 such that R and R’ are
isomorphic as K-00 " -algebras.

(ii) If k = K9 satifies the equivalent conditions of Theorem 1.3 (e.g., k is o-closed), then there
exists an n > 1 such that any two o -Picard-Vessiot rings for 6(y) = Ay are isomorphic

as K-60"-algebras.

Proof LetRand R’ be o-Picard-Vessiot rings for §(y) = Ay andlet G be the o--Galois
group of R/K. Consider the functor X from the category of k-o-algebras to the category
of sets given by X(S) = Isom,‘igks(R ®k S, R’ ®y S) for every k-o-algebra S. So X (.5)
is the set of K ®; S-d0 -isomorphisms from R ® S to R’ ®; S, where S is considered as
a constant 0-ring. In the first step of the proof of [BW22, Theorem 6.4] is is shown that
X is a G-torsor. Thus, if (P1) holds, then there exists an n > 1 such that X(k["]) + 0,

i.e., there exists an isomorphism

R®; k" — R @ k"] (7.1)
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of K ® kl"™l-§o-algebras. The projection k! — k onto the last factor is a morphism
of k-o"-algebras. Thus if we base change (7.1) via k") — k we obtain an isomorphism
R — R’ of K-60"-algebras. This proves (i).

If k satisfies (P1%), then we can find an n that is uniform in X, i.e., independent of
R’. The dependence of n on R can then easily be eliminated: Let Ry and R, be two
o -Picard-Vessiot rings for §(y) = Ay. Then R; is isomorphic to R as a K-60" -algebra
and R, is isomorphic to R as a K-§o"-algebra. Thus R; and R, are isomorphic as
K-60"-algebras. |
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