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Abstract

Real-world networks often exhibit strong transitivity with nontrivial local clustering spectra
and degree correlations. Such features are not easily modeled in tractable network models,
creating an obstacle to the theoretical understanding of such complex network structures.
Here, we address this problem using a model for strongly clustered random graphs in
which each triad of a random network backbone is closed with a certain probability. Despite
the intricate loopy local structure of the graphs obtained, we provide exact expressions for
the local clustering spectrum and the degree correlations, filling the gap in the theoretical
description of this model for random graphs. In particular, we find positive degree assorta-
tivity accompanying high transitivity, and nontrivial structure in the clustering spectrum.
Exact asymptotic analytical results, obtained for uncorrelated locally tree-like backbones,
are complemented with extensive numerical characterization of finite-size effects.

Keywords: complex networks; clustering; network assortativity; degree correlations

1. Introduction

Local features like clustering and neighbor degree correlations are abundant in real-
world complex networks and can have a significant effect on network function [1]. How-
ever, these features are poorly accounted for in established theoretical models of ran-
dom graphs. More specifically, degree—degree correlations are positively associated with
transitivity [2-5]. Local clustering is not typically uniform in nodes of different degrees,
as one might expect in a purely random network, but instead the clustering spectrum is
usually nontrivial, often decaying with increasing degree [6-10].
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The recently introduced Static Triadic Closure (STC) random graph model [21] over-
comes these limitations, efficiently producing highly random graphs with strong clustering
which contain overlapping loops and motifs with statistics resembling those of real net-
works. The construction rule for STC random graphs is simple: take a backbone graph
Go, and close each open triad independently with probability f to create a new random
graph Gy, see Figure 1. If the starting backbone Jy is uncorrelated and sparse—implying
also local tree-likeness in the infinite-size limit—exact analytical results can be obtained.
For instance, site percolation has been exactly solved [22] for the case f = 1, clarifying the
role of clustering in determining the universal critical properties of systems defined on
complex networks. STC random graphs with Erd6s—Rényi backbones were also found to
have a surprisingly rich k-core structure [23]. The analysis of global topological properties,
such as the global clustering (transitivity) and small motif densities, of G obtained from
uncorrelated random backbones, was developed in [21].

Figure 1. A pictorial representation of the STC mechanism. Imagine some people going to a party.
Let us place a link between two individuals if they are friends. This social network before the party is
our backbone Gy on the left. In our simplifying assumptions, we consider that people initially do not
have many friends in common, i.e., Gy is tree-like. The party begins, and people start talking with
their friends. It may happen that two people having a common friend meet and become friends by
the end of the party. If that is the case, we put a green dashed link between them. The social network
after the party, G 1z is drawn on the right. Despite the simplicity of the process, the network G ¥ clearly
exhibits an intricate local structure with overlapping loops.

While the STC model is unbiased, it does produce degree correlations, which have not
yet been characterized. Furthermore, the understanding of local clustering properties for
this model is still lacking. Here, we complete the analysis of STC random graphs, providing
a detailed numerical and analytical study of degree correlations and clustering spectrum.

We show that, by separating edges into those present in the backbone network and
those added via triadic closure, and taking advantage of the uncorrelated random nature
of the backbone network, a number of exact results can be obtained. We give an exact
expression for the Pearson correlation coefficient in terms of the moments of the backbone
network degree distribution. We find exact formulae for the local clustering spectrum,
which in general need to be summed numerically, and we derive the asymptotic behavior.

We find that the STC process always creates assortative correlations, evidenced by
a positive Pearson coefficient, and that the effect tends to increase with transitivity. This
shows that such correlations are a natural consequence of the unbiased triadic closure
process, thus explaining at least some of the assortative correlations found in highly clus-
tered real networks. For scale-free backbones we observe sharp transitions in the Pearson
correlation coefficient in the infinite-size limit, mirroring the transition observed in the
transitivity [21]. We also characterize the local clustering spectrum, observing a qualita-
tive distinction between homogeneous and heterogeneous structures. We characterize
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the significant finite-size effects present when the backbone network has a power-law
degree distribution.

The remainder of this paper is organized as follows. In Section 2, we present some
definitions and briefly recall some results on the STC graphs. In Section 3 and Section 4,
we analyze the degree correlations and the local clustering spectrum, respectively, in STC
graphs with uncorrelated backbones of arbitrary degree distribution. Finally, in Section 5
we summarize our results and discuss their relevance and their implications.

2. The Degree Distribution of STC Graphs

In this section we briefly recall some results for the degree distribution of STC random
graphs G [21] with an arbitrary uncorrelated random backbone. We also present some
novel results for finite-size scale-free STC graphs. We denote by lower case letters quantities
related to the backbone network Gy, such as the degree k and the degree distribution
p(k), and with capital letters K and P(K) the corresponding quantities for the clustered
network G -

Let us consider a node with original degree k surrounded by neighbors with original
excess degrees 14, . .., 1. After the triadic closure, such a node has degree K = k + Z{-‘zl v,
where v; are random variables representing the number of new neighbors made along
the i-th original branch. The excess degrees in Gy are independent random variables with
distribution g(r) = (r + 1)p(r + 1)/ (k), while the v; are independent binomial random
variables with distribution, given r;, B(v;|r;, f) = (;ll) fYi(1— f)i~Vi. The conditional degree

distribution is then simply given by P(K|k, {r;}, {v;}) =9 (K, k+Yk, vi) . Averaging over
Pk, {r;}, {vi}) = p(k) TT_, q(ri) B(vi|r;, f), since Gy is uncorrelated, we then get

K k
P(K)= ), P(k)Hﬂl(ri)B(Vi|ri,f)5(K,k+ Zw)- )

kAri} Avi} i=1 i=1

Although the r.h.s. of Equation (1) cannot be computed explicitly, we can easily find
an expression for the generating function Go(z) = Y x P(K)zX of the degree distribution
P(K). Multiplying Equation (1) by zX and summing over K we get

Go(z) = go(zg1(1 — f + f2)), )

where go(z) = ¥ p(k)zF and g1 (z) = ¥, q(r)z". Equation (2) will be fundamental in many
calculations, as it allows us to express the moments (K") of the degrees in G in terms of
the moments (k™), with m < n + 1, of the degrees in the backbone Gy [21]. In other words,
we can characterize the properties of G from the knowledge of the backbone Gy.

The Case of Power-Law Backbones

For power-law (PL) backbones with degree distribution p(k) ~ k™7, the generating
functions have a singularity at z = 1 given, at leading orderine =1 —z, by go(1 —¢) ~
1—cie7 tand g1(1 —¢) ~ 1 — c¢7"~2, where ¢y, c; are constants depending on  and in
general on the low-degree part of the p(k). With these expansions from Equation (2) we get
at leading order Go(1 —¢) ~1—Ce?™2 =1— Ce’~!, where ¥ = y — 1, and C is a constant
that depends also on f. Hence we can conclude, using asymptotic theorems for generating
functions [24], that

P(K) ~ K7 ?3)

for asymptotically large K. In other words, the STC mechanism decreases the exponent of
the degree distribution by 1. In Figure 2, we report the results of numerical simulations
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for the degree distributions P(K) of STC networks obtained from power-law backbones
with p(k) ~ k™7, ¢ > 2 and kpin < k < kmax, Where kmax grows with the network size as
kmax = min{N/(r=1) N1/21. Since we need to reach large sizes to check the theoretical
asymptotic predictions, the simulations are performed by sampling nodes” neighborhoods
instead of creating the entire STC graph. Figure 2 clearly shows the scaling as K~7, but,
surprisingly, this scaling holds only up to K* ~ fkmax. For K* < K < Kpax the exponent v
is observed instead.

1072 | gy, N N v=2.25 (a) 10-2 R N v=2.5 (b) 10-2
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Figure 2. Numerical results for the degree distributions P(K) of STC networks with power-law
backbones with exponents (a) v = 2.25, (b) ¥ = 2.5, (¢) ¥ = 2.75,(d) v = 3, (e) ¥ = 3.5, (f) v = 4.5.
Empty green squares are for f = 0.1; filled purple circles are for f = 1. The dashed lines represent
the scaling with exponent 4y =  — 1 predicted by Equation (3); the dotted line is the scaling with
exponent 7. Apart from preasymptotic effects for y close to 2 and from finite-size effects for large
values of v, the scaling with exponent 4 holds only up to the crossover value K* ~ fkmax, while
for K > K* the degree distributions follow the power-law of the backbones. The insets show that
Kmax ~ f ki;lz for 2 < v < 3 (panels (a—c) and ignoring logarithmic corrections for panel (d)), and
that Kmax ~ 0kmax, for v > 3, where @ = 1+ f(r) (panels (e,f)). Numerical simulations are performed
by sampling N nodes with degrees k from p(k), with kpin = 3 and kmax = min{Nl/W*l), Nl/z},
each of their k neighbors excess degrees are sampled from 4(r), and the new connections created by
the STC process are sampled from binomial distributions. The histograms of P(K) are obtained for
N = 108; the insets are for various values of N. Results are averaged over 10 independent realizations.

To solve this conundrum between theoretical predictions in the infinite-size limit and
the double power-law scaling observed for finite-size networks, we identify two distinct
mechanisms in the formation of large-degree nodes in Gy. The first mechanism affects the
degree distribution up to K ~ fkmax, and it works as follows. Nodes of degree O(1) in Gy
get a degree K which is proportional to their neighbors excess degrees in Gy. Since, in a finite
system, these excess degrees are bounded by kmayx, @ node of finite degree in Gy will have at
most degree K ~ fkmax in G¢. This explains the exponent 7y = v — 1 up to K = K* ~ fkmax.
However, nodes in G £ can have a degree larger than K*. Let us now consider hubs in Gy,
i.e., nodes with degree k ~ kmax. Since kmax > 1, we have, by the law of large numbers,
K ~k+ Y5, fri ~ k(1+ f(r)), which is a random variable following the original degree
distribution p(k), just rescaled by 6 = 1+ f(r). Thus we have P(K) ~ p(K/6)/6 ~ K7,
for kmax < K < Kmax, where Kmax = 0kmax. Note that 6 = O(1) for ¢y > 3, implying that
Kinax ~ kmax, while 6 ~ k?n_az for v < 3, implying that Kmax ~ kfn_az. Such a scaling of Kmax
is confirmed in the insets of Figure 2 for various values of v and f.

In conclusion, the theoretical prediction of the degree exponent 7 holds in the infinite-
size limit, but the degree distributions of finite-size STC networks exhibit a double power-
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law due to the fact that the degrees and the excess degrees in Gy are bounded by kmax.
This double power-law scaling of finite systems is also the reason why STC networks with
backbone exponent v < 3—which are dense scale-free networks—do not violate graph-
icality constraints for scale-free degree distributions [25]. In fact, size-dependent cutoffs
and crossovers soften the conditions for the graphicality of power-law degree sequences,
see [26,27].

3. Degree Correlations and Network Assortativity in STC
Random Graphs

A salient feature of real-world networks is the presence of degree correlations.
Specifically, if Q(Ky, Ky) is the probability that a uniformly randomly chosen link con-
nects two nodes of degree K; and Kj, the presence of degree correlations means that
Q(Ky,Kz) # Q(K1)Q(K7). Here we discuss how degree correlations naturally arise in the
STC model, and we provide a theory to quantify such correlations if the backbone graph
itself is uncorrelated. Specifically we derive an exact expression for the Pearson correlation
coefficient in infinite STC networks and show that its value is positive for any f > 0, i.e., the
STC mechanism always produces assortativity, regardless of the initial degree distribution
p(k). In the rest of this section we will often refer to the moments of this distribution, so for
simplicity we denote these moments by p,, = (k™).

3.1. The Pearson Correlation Coefficient

A commonly used global measure of nearest-neighbor degree-degree correlations in
networks is the Pearson coefficient r (see Ref. [1]), which is the covariance of link end-node
degrees normalized so that it falls in the range r € [—1,1]:

. COV(Kl, Kz)

Var(— K) ’ @)

where the covariance is over all links in Gy, in both directions, and Var(— K) is the variance
of link end-node degrees in Gy, over all links in both directions. Here we derive r in general
and show that it is a function of only f and the first four moments of the degree distribution

p(k) of Go.
Computation of Var(— K)

The variance in the denominator is straightforward to calculate, given that we know
the generating function Gy(z) of the degree distribution of G r, see Equation (2). We can write

s _ (K)(K3) — (K2

Var(— K) = (= K?) — (= K) e , 6)

where (— K) and (— K?) are the first two moments of the distribution of link end-node
degrees in Gy, and (K), (K?) and (K3) are the first three moments of the degree distribution
of G¢. We can express these three moments using the first three derivatives of Go(z)
evaluated at z = 1, and we find that they can be written in the form

(K") =Y Awmf™, (6)
m=0

where the coefficient A, is an expression (a Laurent polynomial) of only w1, ..., ty41-
Thus Var(— K) is a function of f, ji1, 2, 43, #4 and can be easily evaluated once we know
the coefficients A, (see Appendix A.1 for details).
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Computation of Cov(Kj, K)

The covariance in the numerator of Equation (4) may be most transparently expressed as
Cov(Ky,Ka) = (KiK2) gk, iy) — (— K)?, 7)

where (.)g(k, k,) i an average over the joint degree-degree distribution Q(K1,Kz) of
Gr. Although this joint distribution cannot be written explicitly, its generating function
can be derived and the average in Equation (7) evaluated. This derivation is rather in-
volved, however; therefore, we do not present it here. Fortunately there is a considerably
simpler approach to express the covariance in Equation (4), by expanding it in terms of
conditional covariances.

The law of total covariance states that

Cov(X,Y) = (Covxy)z(X,Y))z + Covz({(X) x,v)|z, (¥) (x,v)|2)

where (.)z means averaging over the distribution of Z, (.) x y)|z means averaging over
the joint distribution of (X, Y), given Z and Cov x y)|z(X, Y) is the covariance of X and Y,
over the joint distribution of (X,Y), given Z. Let 7 denote the type of link: “old” or “new”.
The fraction of new links (see Ref. [21]) is given by

()
FUR =)+ ®)°

Then the covariance we are looking for is

Cov(Ky, Kz) = (Cov(k, k)7 (K1, K2)) 7 + Covr ({(— K1) (k)77 (= K2) (k,, )| T)
= ¢ CoV(k, Ky)lnew (K1, K2) + (1 = @) Cov (g, ky)jo1a (K1, K2) + Varr ((— K) k, k7). (8)

where (— K) g, k,)|7 is the mean end-node degree (over all links, both directions) of links
of type T, and Vary((— K)k, k,)7) is the variance of that number over the two link
types. All three terms in Equation (8) can be explicitly written without direct knowledge
of Q(Kj,Ky) or its generating function. Here we briefly sketch the ideas behind their
derivation, in particular the more complicated covariance terms, while the full exposition
is presented in Appendix A.

To compute the term COV(Kl,K2)|old(K1f K;) we write the new degree Kj as the sum
K1 = k1 + a1 + B1, where k; is the original degree of the first end node, «; is the number of
new links that the first end node acquires via the other end node (connections to neighbors
of the other end node) and 87 is the number of new links that the first end node acquires
via its neighbors that are not the other end node. We use analogous notation for the other
end node: Ky = ky + ap + B2. For a given backbone Gy the numbers k; and k; are constants
while &1, @y and B4, B2 are random variables. Importantly, due to the independence of the
closure of each open triad in the STC process, these four random variables are mutually
independent. To compute the term Cov g, k,) o1d (K1, K2) we expand it using the law of
total covariance again, now conditioning on the original degrees k; and k, of an old link.
The result is a sum of two terms. The first is the mean of the covariance of K; and Kj
(averaged over the distribution of k; and ky), which is zero due to the mutual independence
of the random variables a1, ap, B1, B2. The second is the covariance of the means of K; and
Kj for given ki and kp which reduces to a variance due to the independence of k1 and k»;
here we exploited the uncorrelated nature of the backbone Gy. The end result is a strictly
non-negative second-order polynomial in f, whose coefficients are expressions of i1, 2, 3.
See Appendix A.2 for details of the derivation.
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Computing the term Cov (g, k,)jnew(K1,K2) is a similar process. Now we write

new
Ky = k1 + 1+ B1 + 71, where B has‘the same meaning as before and the “1” term cor-
responds to the actual new link connecting the two end nodes. The random variable
is not present in this case, since the two end nodes of the new link were not neighbors
initially, and the random variable 7; is the number of new neighbors the first end node
acquires via the central node (the common neighbor of the two end nodes). Similarly to

the old-link case we expand the covariance Cov g, ,)inew (K1, K2), conditioning on the

new
original degrees k1, k; of the two end nodes and g, the o‘riginal degree of the central node.
Once again, the first of the resulting terms, the mean of the covariance of K; and K is
zero due to the independence assumptions in the STC process. As in the old-link case
the second term reduces to a variance for uncorrelated backbones. The end result is a
strictly non-negative second-order polynomial in f, whose coefficients are expressions of
U1, M2, U3, Ha. See Appendix A.3 for details of the derivation.

Finally, the “type-mixing” term Vary((— K) k, k,)|7) is an explicit variance, hence
strictly non-negative. Computing it involves finding the first two moments of the dis-
tribution of final degree of a node of original degree k. See Appendix A.4 for details of
the derivation.

Substituting everything into Equation (4), the Pearson coefficient can be written as a

rational function,
naft +nsf> +npf? +nif

= , 9
g dyft +d3f3 +dof? +dif +do )

where the 7; and d; are polynomials of the moments p1, pp, #3 and p4 (see Appendix A.5
for the final expressions).

3.1.1. Positivity of the Pearson Coefficient

The Pearson coefficient is defined when the denominator in Equation (4) is positive,
which is always true apart from the pathological cases where Gy is degree-regular and f = 0
or f = 1. The sign of the Pearson coefficient is determined by the sign of the covariance
in the numerator of Equation (4). In the expansion of this covariance, Equation (8), all
three terms reduce to variances (see Appendix A for details), and are therefore strictly
non-negative. The first two terms, the covariances for old and new links, are only zero
when Gy is degree-regular. However, in this case, the third, “type-mixing” variance term is
strictly positive, whenever 0 < f < 1.

To conclude, the STC mechanism produces strictly assortative degree—degree correla-
tions for uncorrelated backbones, whenever the Pearson coefficient is defined. Qualitatively
this may be understood as follows. Degree-degree correlations in the STC mechanism arise
from the fact that both final end-node degrees of either an old or new link depend on the
same old degrees (of end nodes of an old link or participant nodes of an old triad) in a
positively correlated manner. Thus the mechanism that tends to produce a high degree for
one end node of a link will also tend to produce a high degree for the other end node. Even
in the case of a degree-regular original network, when end-node degrees are uncorrelated
for old and new links separately, we still get assortative correlations overall, because the
typical degree of nodes connected by old links will be different from that of new links [the
third term in Equation (8)].
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3.1.2. Behavior for Small f

When all four moments, y1, pi2, 43, 1, are finite, we expand the Pearson coefficient in
powers of f and find that for small f its behavior is given by

)
2+P‘1V2 P‘%

+O(f?), 10
v f+O(f7) (10)

n
r= g fTouh =

where we assumed dj # 0, which is fulfilled for all but perfectly degree-regular networks.
Since py > py and pyps > p3 for any degree distribution, the slope of r at f = 0 must be
in the range (2, c0). Specifically, the slope diverges as the original network approaches a
degree-regular network. The other extreme, a slope of 2, is approached for heavy-tailed
degree distributions. Below we deal with these two extreme cases in more detail separately.

3.1.3. Random Regular Network Backbones

Let us consider the special case of random regular networks, with all nodes in Gy
having degree c. As noted earlier, Equation (10) does not apply in this case. However, we
now have p1,; = c™, so the full expression for the Pearson coefficient simplifies considerably,

1-f
r c) = 11
RR(f€) (3=22+1)f2+2(c2—c—1)f+(c+1)’ (1)
which is confirmed in numerical simulations, see Figure 3a.
) I == 1 @ =02
a =92 - C =0.2 &=
s 038 c=2 = | 08 1=04
0.3 c=3 —— c—i —a— F=1.0 —
c=5 == 0.6 g 0.6
£0.2 =10 5 =10~ |g
=~ ~ 04 p &~ 04
" \\M«; " %ﬁ 02
0.0 0.0 vy 0.0
00 02 04 06 08 10 0 02 04 06 08 1 0 2 4 6 8 10
f f c

Figure 3. (a) Pearson correlation coefficient in STC networks generated from random regular networks,
as a function of the STC parameter f, for different values of the degree parameter c. Panels (b,c):
Pearson correlation coefficient in STC networks generated from Erd6s—-Rényi networks, (b) as a
function of f, for different values of ¢, and (c) as a function of the mean degree c, for different values
of the STC parameter f. Solid lines in all panels correspond to the exact results [Equation (11) and
Equation (12) for panels (a) and (b,c), respectively], and squares correspond to simulation results
using networks of size N = 10°.

As previously noted, r is not defined for f = 0 in the case of random regular networks;
however, the limit f — 0 exists,

1
c+1

chlg(l) RR(f, €) = ,
which is verified by simulations using small f values, see Figure 3a. Interestingly, the
Pearson coefficient for random regular networks decreases with f near f = 0, contrary to
what happens for any other non-degenerate degree distribution p(k) [see Equation (10),
and the example where p(k) is a Poisson distribution, Figure 3b].

The case of f = 1 is more subtle. The limiting behavior is

}LH} rRR(f/C> = 0/
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which is verified by simulations in Figure 3a. Exactly at f = 1 the Pearson coefficient is
undefined if we assume that every node in Gy has a perfect regular tree neighborhood up
to second-nearest neighbors. This is not the case in random regular networks, however:
in the infinite-size limit the expected number of short loops converges to a finite number.
This means that a small disruption to the perfect regularity is expected in infinite random
regular networks, meaning that the Pearson coefficient at f = 1 is actually defined but has
strong fluctuations. In this case rrr(f, ¢) is a random variable whose distribution converges
to a limit distribution in the infinite-size limit, depending only on ¢, with a well-defined
nonzero variance.

3.1.4. Erd6s-Rényi Network Backbones

When the original network Gy is Erd6s—Rényji, i.e., has a Poisson degree distribution
with mean degree c, the expression for the Pearson coefficient of G reduces to a relatively
simple rational function,

A+ (22 +0)f3 +4cf? +3f
Afr 4+ (53 +c2)f3+ (82 +2¢)f2+ (5c+2)f+1

rer(f,¢) = (12)
Figure 3b,c confirms that this prediction coincides with simulation results. From
Equation (12) we see that the Pearson coefficient has well-defined limits as ¢ — 0 and
c— 00,
3f

ll_r{(l)rER(f,C) BETER lim rgr(f, ¢) = 0,

and that rgr(f, ¢) is monotonically decreasing in c for any f. Interestingly, we find that the
behavior for small f, according to Equation (10), is universal when the original network is
Erd6s-Rényi, i.e.,

rer(f,¢) = 3f + O(f?),

independent of the mean degree.

3.1.5. Power-Law Backbone Networks

When the network Gy has a power-law degree distribution, p(k) = Ak™" for
kmin < k < kmax, we observe two sharp transitions in the Pearson coefficient, in the infinite-
size limit (when kmax — ©0), as a function of . Specifically, r undergoes a discontinuous
transition, jumping from r = 0 to r = 1 at v = 8/3—with a nontrivial value r € (0,1)
exactly at the threshold—and a continuous transition changing fromr = 1tor < 1 at
v = 5. The source of these transitions is that different moments of the degree distribution
diverge, with kmay, in different ranges of y. Specifically, the general formula for the Pearson
coefficient involves the first four moments. For v > 5 all these moments converge, and r
takes on a value in the open interval (0,1). For 7 < 5 some moments diverge, therefore one
must carefully determine the dominant terms in the numerator and denominator of the
expression in Equation (9). For 3 < ¢ < 5 the dominant terms in the numerator match the
dominant terms in the denominator exactly, resulting in r = 1 in the limit kyax — 0. The
range (2,3) is more subtle: here all four moments diverge as powers of kmax and the domi-
nant terms change at an intermediate value, y = 8/3, resulting in different asymptotics for
r when ¢y < 8/3 and v > 8/3. A more detailed discussion of these results is presented in
Appendix A.6. The behavior of # in the limit kpax — o0 can be summarized as follows,
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2<y<8/3: L (f, ¥, kmin) = 0 (13)
84 -1
=8/3: ,Yokmin) = |14+ 55— 14
Y / rPL(f Y mm) < + €(5/3/kmin)> ( )
8/3<y<5: oL (f, 7 kmin) =1 (15)
5<y: 0 <rpL(f, 7 kmin) <1 (16)
Y00 reL(f < 1,9 kmin) = "Rr(f < 1, kmin) (17)
3kmi
rPL(f: 1/’)//k i ): $/ (18)
- k ?nin + k%nin +1

where {(7,x) = Y32, (k + x)~7 is the Hurwitz zeta function. This behavior, presented in
Figure 4a—c, is conceptually similar to that of the transitivity as a function of -, in power-law
STC networks [21].

1.0 — s 1.0
PR a
08| [ F=01 0.8
L06 ) [ L 06
& i ' &
04} |n " 0.4
02} | % 0.2
0.0 LL 0.0
2 3 4 5 6 7 8 29 3 4 5 6 7 8
v v
1.0 S 5 1.0 o
' W C =01 —
ol | \ . F=0.99
o U I v = .6 f =1 N
2 ! 2
04} | 0.4 U
0.2 ) 0.2 ‘\"‘C
0.0 L 0.0 L2227
2 3 4 5 6 7 8 2 10 20 30 40
v v

Figure 4. (a—c) Pearson correlation coefficient in STC networks generated from random power-
law backbones, as a function of the degree distribution exponent -, for various values of the
STC parameter f. Dashed lines correspond to values of the Pearson coefficient evaluated nu-
merically, using Equation (9) and the kmax-dependent expressions for the moments, for kmax =
102,103,10%,10°, 10°, darker colors for larger kmax. The solid line corresponds to kmax — o0 in which
case Equations (13) and (15) apply for 2 < ¢ < 5, and for v > 5, where the first four moments of
the degree distribution are finite; these moments can be written and evaluated exactly, using the
Hurwitz zeta function: (k") = (v — 1, kmin) /Z(77, kmin)- (d) Pearson coefficients in the infinite-size
limit, shown for large y; dashed lines indicate the limits predicted by Equations (17) and (18). In all

panels kpyin = 3.

The limit v — oo requires special attention. In this limit a random network of degree
distribution p(k) = Ak™7 converges to a random regular network of degree parameter

Kmin; therefore
,YIEI;}OVPL(]C/ Y, kmin) = rRR(f, kmin),
for any f < 1. This is true even in the limit f — 1,1i.e,,

}1_>H} Wli_IgoVPL(f,%kmm) = chl_)rq "RR(f, kmin) = 0.
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However, setting f = 1 first and then taking the limit y — oo results in a positive
value, see Figure 4d. A simple approach to finding this limit is to substitute the degree
distribution p(k) = Ak™" with a bimodal degree distribution on two possible degrees, kmin
and kmin + 1. Specifically,

Kmin  with probability p = k7 / [k T+ (kmin +1) 7]

pem(k) =
kmin +1 with probability 1 — p.

The distribution ppy (k) converges to p(k) for v — oo, because the relative weight that
p(k) places on degrees k > kmin + 1 vanishes as y — oo. We can evaluate the first four
moments of ppy (k) and substitute into Equation (9) with f = 1. Then taking the limitp — 1,
which corresponds to the limit v — oo, we get Equation (18). This discontinuous behavior
of rpr, with two different limits, is shown in Figure 4d where the Pearson coefficient is
plotted for large values of . The curves for f = 0.1, f = 0.4 and f = 0.99 approach the
limits predicted by Equation (17). The curve for f = 1 appears to almost coincide with the
curve for f = 0.99 up to v ~ 7, but then converges to the value predicted by Equation (18).

3.2. Average Nearest-Neighbor Degree

To further characterize the mixing patterns in the STC networks, we analyze the
average nearest-neighbor degree K, (K), defined as the mean degree of neighbors of nodes
with degree K [28]. This quantity can be computed from the conditional probability P(K’|K)
that a node of degree K is connected to a node of degree K’

Kun(K) = YK P(K'|K). (19)
K/

Note that, by definition, we have

(Knn(K))q(x) = (K)o = (K*)/(K), (20)

where (-) denotes the averages with respect to the degree distribution P(K), and (-) o)
denotes the averages with respect to Q(K) = KP(K)/(K). For uncorrelated networks,
P(K’|K) = Q(K) is independent of K, yielding a constant K, (K) = (K?)/(K). Deviations
from this behavior signal the presence of degree-degree correlations: an increasing Ky, (K)
with K indicates assortative mixing, where high-degree nodes preferentially connect to
other high-degree nodes, while a decreasing trend indicates disassortative behavior [2].
We can derive an elegant relation between the Pearson coefficient and K, (K). From
Equation (4), writing Q(K’, K) = Q(K)P(K'|K) and using Equation (19), we have

B (K'K) okt k) — (K%(K) Xk KQ(K) Cx K'P(K'IK) — <K>E(K) B (Knn (K)K) o) — <K>é<1<)

o _ @1
(K)o = (K (K que) = Kk (K)o ~ (Ko 2

Thus, the Pearson coefficient r is related to a weighted average of K, (K). This in turn
implies that K, (K) contains more information on the mixing patterns in a network than
the Pearson coefficient: the price to pay for a larger amount of information is that we have
no analytical expressions for K, (K). However, we can compute K;,,(K) numerically from
simulations of synthetic STC networks. Results for PL backbones with various values of
the exponent y and f are presented in Figure 5. Note the presence of a rapid change in the
behavior of K, (K) for K > K*, mirroring the double power-law scaling observed in the
degree distribution, see Figure 2.
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Figure 5. Average nearest-neighbor degree K, (K) of STC random graphs with PL backbones with
exponents (a) ¥ = 2.25, (b) v = 2.75, (c) v = 3.5, (d) v+ = 4.5. The symbols represent numerical
simulations on synthetic networks of size N = 10* (squares), N = 10° (circles) N = 10° (triangles),
with kpin = 3 and kpax = min{ N1/ (r=1), N1/ 21. Empty symbols are for f = 0.1; filled symbols
are for f = 1. The numerical simulations are performed using PL backbones created using the
Uncorrelated Configuration Model [29], creating the STC graphs by random closure of the triads.
Results are averaged over 100 realizations for all data except N = 10° in panel (a), where the average
is over 10 realizations.

For ¢ = 2.25 in Figure 5a, we see that K,;,(K) depends weakly on K, in agreement
with the vanishing Pearson coefficient in the infinite-size limit, Equation (13). However, we
also see that K,;;, (K ), at fixed K, grows with the system size, since the curves are shifted
upward as N increases. This effect can be explained using the normalization condition
Equation (20), together with an ansatz for K, (K) of the form K;,,(K) ~ aK" for large K.
Using this ansatz, we get

(K%
<Kl+v> 4

which grows with the system size whenever v < 4 (we recall here that <y is the degree

Kin (K) ~ (22)

exponent of the backbone, which implies that 7 = ¢ — 1 is the degree exponent of P(K),
hence (K") diverges whenever v < 2+ mn) and v < 1. Assuming v =~ 0, consistent
with r = 0, we thus explain the presence of a multiplicative factor that grows with the
system size.

For v = 2.75 in Figure 5b, we see again that K,,(K) grows with the system size.
However, we now have r — 1 in the infinite-size limit since 2.75 > 8/3, Equation (15).
If we used Equation (22) with v = 1, we would expect a constant factor. One possible
explanation for this behavior is the presence of enormous finite-size effects, which make
it impossible to observe the true asymptotic behavior of K, (K). Finite-size networks are
weakly correlated, hence K, (K) scales with an effective exponent v < 1, even though
in the infinite-size limit r — 1 and v = 1. This is in agreement with the behavior of the
Pearson coefficient for finite kmax, as shown in Figure 4, where a slow convergence to the
infinite-kmax limit is observed.

For v = 3.5 in Figure 5c the size does not seem to play a strong role at fixed K, even
though (K?) diverges. Indeed, using again Equation (22) with v ~ 1 we would expect a
constant factor. The difference with the case v = 2.75 is that for v = 3.5 finite-size effects
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are much weaker: even finite-size networks are strongly correlated. In fact, as shown in
Figure 4, r approaches 1 faster as kmax increases.

4. The Clustering Spectrum in STC Random Graphs

The clustering is a measure of how likely nodes are to form triangles, hence it contains
information on the loop structure of networks. Clustering in a network can be quantified in
many ways. Two standard choices are the following. A global measure for the clustering is
the ratio between the average number of triangles and the average number of triads, called
transitivity, or global clustering coefficient. This is defined as [30]

3(Na)

T="my

(23)

The factor 3 serves to normalize T, since each triangle contains three distinct triads. A
local measure of the clustering of a given node i can be defined as the number of triangles
to which i belongs divided by the number of triads centered on i, C; = na ;/n, ; [30]. From
this quantity, the average local clustering coefficient is obtained

C= Ci. (24)

z|=
=

Il
—_

1

Note that in general T # C, as we can interpret T as a weighted average of the
local clustering coefficient C; with weights given by 7, ; [30]. Since a node of degree
K; contributes K;(K; — 1)/2 triads, we can condition on the degrees K and define the
clustering spectrum

2E [I’Z A |K]

C(K) = KK-1)" (25)

where E[n|K] is the average number of triangles to which a node of degree K belongs.
From the clustering spectrum we can compute C = Y g P(K)C(K), in the large network
limit. Much more information about the local network structure is encoded in the clustering
spectrum [8,31]. For this reason, it is in general much harder to find an expression for C(K)
in terms of the network properties.

In [21] we provided an exact expression for T in STC random graphs with an arbitrary
uncorrelated locally tree-like random backbone, and we compared T with C measured in
numerical simulations on synthetic STC networks. However, an analytical treatment of the
full clustering spectrum C(K) was missing. Here we fill this conceptual gap. By exploiting
the local tree-likeness of the backbones Gy, we provide exact formulae for the clustering
spectra C(K) in STC random graphs.

Our task is to compute the conditional expectation E [ |K] in Equation (25). To do
so, we can condition also on the value of the initial degree k

s K] = X P(KK)B s K] = P(llqu(k)P(KM)E[an,K] (26)

Let us now work out explicitly the conditional expectation on the r.h.s. Given k and K,
let us consider all the possible realizations of the excess degrees {ri};;l and of the triadic
closures {vi};‘zl, where Zi-‘zl v; = K — k is the number of new neighbors created by the STC
process. Note that the v; are binomial variables distributed according to B(v;|f, r;), but we
are constraining their sum to K — k. A node of original degree k and final degree K can be
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part of three types of triangles, depicted in Figure 6. There are fk(k — 1) /2 triangles of type
A1, Y; v; triangles of type A, and f Y v;(v; — 1)/2 triangles of type Aj3. Thus we have

_ k Ky (y: —
E[nlk K] - % }P({rl-},{vmk,zo f@+ ;w +@¥
fk(z Lik- k+fZP {vi} [k, K) Zvl i— 1), (27)

{Vz

where d(x, ) is the Kronecker delta, and using the definition of conditional probability we
can write

; ifs\Viss k
PUSIIEK) = L P} )1 K) = R 2T, @9

where, since the backbone is uncorrelated and locally tree-like,

k

k
({r} {Vl} Klk) :Hq B(vilri, f) <K1k+ ;V]’>/ (29)
]:

i=1

In general, the last term on the r.h.s. of Equation (27) can be evaluated via Monte
Carlo sampling of the variables k, {r;}, {v;}, as well as for P(K) and P(K|k). Using
Equations (26) and (25) we then get the local clustering spectrum C(K). Remarkably, as
shown below, for some specific choices of the backbone degree distributions p(k) it is

possible to obtain some simpler expressions, and to extract the asymptotic scaling of C(K)
for large K.

Figure 6. The three types of triangles formed by the Static Triadic Closure mechanism. The backbone
Gp is represented with solid black lines; the connections created by the STC process are the green
dashed lines. A node of original degree k = 3 (red circle) forms new connections {vy, v, v3} with its
second neighbors such that its final degree is K = k + 11 4+ vz + v3 = 9. Such a node in G belongs to
triangles of type 1 (orange), triangles of type 2 (pink), and triangles of type 3 (light blue). Given k and
K, the number of triangles of type 1 and 2 is fixed, while the number of triangles of type 3 depends
only on the variables {v; }. The expected value of n conditioned on both k and K is then given by an
average over the variables {v;} constrained to Zé‘:l v; = K — k, see Equation (27).

4.1. Random Regular Backbones

For RR backbones with connectivity ¢, whose degree distribution is p(k) = é(k,¢),
explicit expressions can be obtained for the clustering spectrum C(K). Let us consider the
conditional distribution P({n;}|k, K) as in Equation (28). The sum over the excess degrees
{r;} is straightforward since q(r) = é(r,c — 1). The numerator gives
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P({v;},Klk) :ﬁB (vile =1, ) (K,k+ iw)

i=1 =1

[k ] FRK(1 — fke=D)=(K=k) (K k+ Zv]> (30)

j=1

while the denominator is simply given by

P(KJK) = (kg(c k)>fK k1 f)k(cfl)f(ka)/ 31)

because the variable K — k is the sum of k independent binomial random variables v;, thus
S =K—k~ B(S|k(c —1), f). Putting these two pieces together we have

T, EH]s(Kk+ 2k, v
P({vi}lk, K) = [ — gk(c(—l)) = ]>’ (32)
K—k

which is a multivariate hypergeometric distribution [32]. Over this distribution, we have

w1 = Sy

(33)

from which we can finally compute the clustering spectrum, using P(k|K) = p(k) = é(k,c),

1«%—1) fe(e=1)+2(K—c)+ fK= Cz((f__lj__ll)(c —2)

C(K) = (34)

We recall that, for RR backbones with finite ¢, the final degree K is bounded by
¢ < K < ¢(c—1). Furthermore, for f — 1 we have P(K) — §(K,c(c — 1)); thus C(K) —
C(c(c —1))d(K,c(c —1)). Results of numerical simulations on synthetic RR networks
reported in Figure 7a show a perfect agreement with Equation (34). Interestingly, C(K) can
be monotone or non-monotone, depending on the value of f.

0.6 10°
c=3,f=0.5
0.5
04 101
< 0.3
© 0o 102} e=3,f=01 =
c=3,f=1 .
0.1 - c=10,f=0.1 o
o lez3s=01 ' g8 Le=100 =1 -
3 10 30 100 10! 102
K K

Figure 7. Clustering spectra C(K) of STC random graphs with RR backbones and ER backbones.
(a) RR backbones with ¢ = 3 (squares) and ¢ = 10 (circles). Empty symbols are for f = 0.1, filled
symbols are for f = 0.5. The lines are the theoretical prediction in Equation (34). (b) Results for ER
backbones with ¢ = 3 (squares) and ¢ = 10 (circles). Empty symbols are for f = 0.1, filled symbols are
for f = 1. The continuous lines are the numerical evaluation of Equation (39). For both panels, STC
networks of size N = 10° have been generated by random STC process on the backbone, averaged
over 100 realizations.

4.2. Erdds—Rényi Backbones

The case of ER backbones, with a Poisson degree distribution p(k) = e~°ck/k!, is more
complicated than the RR, yet analytical expressions for the clustering spectrum can be
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obtained. Let us focus on the conditional distribution P({v;}|k, K) as in Equation (28). Let
us start from the numerator

k k
{Z} P({ri}, {vi}, Klk) = {Z}l—{q(ri)B(vilri,fﬁ (Krk + Z%V])f (35)
Ti rig 1= =

for the case of Poisson distribution g(r) = e~ “c"/r!. The sum over the random variables
{ri} gives, for each of the i-th terms,

v _ py e = (ef) (A= fe™ _ (ef)”,
r;vq ()f =" fr; Lovi(r—v)t ! r; (r—v)t !

In other words, the convolution Y, g(r) B(v|r, f) when g(r) is Poisson with average c,
is a Poisson with average fc. Thus the variables v; are independent Poisson variables with
average fc. The numerator then reads

Y P({r}, {vi}, KJk) = HW&(K,k+Zw>. (36)
{ri} 1 r i

Coming back to the denominator in Equation (28), P(K|k), the variable K — k, given k,
is the sum of Poisson variables K — k = Zf:l v;, thus it is Poisson with mean kfc. We can
conclude that P(K|k) follows a shifted Poisson distribution with mean kfc. Putting these
two pieces together, we get

f (fe)vi
[T S 0(Kk+Xivi) (K —k)!
P({v;}|k,K) = A _l"i’-‘ U'&w(s Kk+) vi], 37
KR = ’

where we recognize a multinomial distribution [32] with all the probabilities being 1/k and
the sum constrained to K — k. We can thus compute the expectation

k - —k— — —k—
E| Y mn—1)| = kEfn(n - 1)] = KZOEZRZY KEHEZRZD) g
i=1
Putting all these pieces together, we have
)= -y PRI T gy gy g pKERE SRS

K(K=1) (5 £ p(s)p(Kls) k
where p(k) = e°c*/k! and p(K|k) = e~*/¢(kfc)(K—k) /(K — k)!. This average can be easily
evaluated numerically. The results are shown in Figure 7b, in perfect agreement with
numerical simulations on synthetic STC networks. Remarkably, an asymptotic expression
for C(K) for large K can be obtained using a saddle-point evaluation of Equation (39). This
procedure is described in Appendix B, and it gives

cK~— T (40)
[A—2logA]
where A = 1+ fc+1log f +1logK, for K >> 1. Thus, the clustering spectrum decays to
zero, albeit very slowly, and this decay would not be observable in simulations of networks
of any feasible size. Interestingly, for moderate degree values C(K) appears to decay
approximately as a power-law, with exponent close to —0.8.
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4.3. Power-Law Backbones

For STC graphs obtained from a PL backbone, we cannot derive an analytical ex-
pression for C(K). However, we can numerically compute the sum in Equation (27) by
means of a Monte Carlo sampling, and compare it with numerical simulations on synthetic
STC networks. The results are presented in Figure 8 for various values of v and f. The
numerical simulations agree with the theoretical prediction up to degrees of approximately
K* ~ fkmax, above which significant finite-size effects can be observed. Remarkably, in
contrast to the case of homogeneous backbones—i.e., with exponentially bounded degree
distributions—such as RR and ER, C(K) does not decay to zero for K > 1. In fact, in infinite
networks, it approaches a constant value C(K) ~ f for K — oo. This implies that the hubs
inGg s i.e.,, nodes with K ~ K* > 1, are essentially surrounded by a clique—more precisely,
a partial clique depending on the value of f. While we do not have a rigorous theoretical
approach for deriving this scaling for C(K) exactly, we can provide a heuristic argument to
explain the behavior.

10° 10°
(a) f=1
101
N=10! = N=10! =
N=10° o N=10° o
N=10°% & N=10% &
10 10?2 10% 10* 10° 10° 10 10?2 10% 10* 10° 10°
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(c)
¥
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Figure 8. Clustering spectra C(K) of STC random graphs with PL backbones with degree distribution
exponents (a) v = 2.25, (b) v = 2.75, (¢) v = 3.5, (d) v = 4.5. The symbols represent numerical
simulations on synthetic networks of size N = 10* (squares), N = 10° (circles) N = 100 (triangles),
with kpin = 3 and kmax = min{N v (V*D, NV 2}. Empty symbols are for f = 0.1; filled symbols are
for f = 1. The black lines (dashed for f = 0.1, continuous for f = 1) are C(K) as in Equation (25)
computed via Monte Carlo integration of Equation (27). Remarkably, these predict C(K) — f for
K > 1 in infinite networks. The gray lines (dashed for f = 0.1, continuous for f = 1) in panels
(c,d) represent the value f/(1+ f(r) + f?(r)?). The numerical simulations are performed using PL
backbones created using the Uncorrelated Configuration Model [29], creating the STC graphs by
random closure of the triads. Results are averaged over 100 realizations for all data except N = 10°
in panel (a), where the average is over 10 realizations. The Monte Carlo integration is performed by
random sampling of a node and its neighborhood, averaging over 108 samples. The sharp decay of
C(K) observed in simulations for K ~ K* ~ fkmayx is due to finite-size effects, mirroring the behavior
of the degree distributions, see Figure 2.

Consider a node A with a small degree k in Gy which is a nearest neighbor of a hub
(node B, of degree ~ kmay) in Gy, see Figure 9a. Node A has a degree K4 ~ k + fkmax ~ K*
ingG Iz To estimate C (K ) for such a node, we need to consider the numbers of all the different
types of triads, in G fr centered on node A, and the fraction of them that are closed. Without
giving an exhaustive list of all the possible types of triads centered on node A, we observe
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that the dominant (most numerous) type is a triad whose end nodes are two of node
A’s original second neighbors via node B [dashed blue lines in Figure 9b]. These triads
dominate in number over all other types of triads centered on A when kmax — ©0, and they
are closed with probability f. This implies that C(K) — f for K ~ K*.

()

Figure 9. (a) A hub in Gy (node B-orange circle) with degree ~ kmax and its low-degree neighbor
(node A-blue circle). (b,c) The green dashed lines are the possible new edges that may be added by
the STC process. (b) Out of all the possible types of triads centered on node A in the network Gy, the
dominant type is a triad where the two end nodes are two of A’s original second neighbors via B
(highlighted by dashed blue lines). (c) Out of all the possible types of triads centered on node B in
the network G '+, the three dominant types are the ones whose end nodes are (i) two original nearest
neighbors of B (highlighted by solid blue lines); (ii) one of B’s original nearest neighbors and one of
B’s original second neighbors from a different branch (highlighted by solid /dashed red lines); and
(iii) two original second neighbors of B from different branches (highlighted by dashed purple lines).

As seen in Figure 8, the observed clustering spectra show considerable finite-size
effects: C(K) drops off at K ~ K* and decays to very low values for v < 3 [Figure 8a,b].
For v > 3, after the drop-off, C(K) appears to approach a nonzero value. We do not
have a rigorous theoretical approach for deriving these effects, but we can repeat the
above heuristic arguments to obtain a qualitative explanation. Let us consider a node
B which is already a hub in Gy, with degree ~ kmay, see Figure 9a. Its final degree will
be K ~ kmax(1+ f(r)) > K*. Once again, to estimate C(K), we need to consider the
numbers of all the different types of triads, in G r centered on node B, and the fraction
of them that are closed. Without listing all triad types, we observe three dominant types
when kmax — 0. The end nodes of these triads are (i) two original nearest neighbors
of B [blue lines in Figure 9c¢]; (ii) one of B’s original nearest neighbors and one of B’s
original second neighbors from a different branch [red solid/dashed lines in Figure 9c];
and (iii) two original second neighbors of B from different branches [purple dashed lines in
Figure 9c]. The respective numbers of these triads are (i) ~ k2., (ii) ~ k2. () f, and (iii)
~ k2 ()2 f2. Type (i) triads are closed with probability f, while triads of type (ii) and (iii)
are never closed. This implies that when ¢ > 3—so that (r) remains finite as kmax — 00—
we have approximately C(K) — f/(1+ f{(r) + f2(r)?). Figure 8c,d qualitatively supports
the conclusion that C(K) approaches a value between 0 and f. When v < 3, and (r)
diverges with kmax, we have C(K) — 0, which is again supported by simulation results,
see Figure 8a,b.

5. Discussion

In this work we have examined the assortativity and local clustering properties of the
Static Triadic Closure (STC) random network model [21], in which a clustered network
is created via a triadic closure process on a backbone network. We consider the case of
uncorrelated, locally tree-like backbones, in which triads are then closed independently
with probability f to give the final network. This allows us to obtain analytic expressions
for the Pearson correlation coefficient and local clustering spectrum, exact in the infinite-
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size limit. These results were validated with extensive numerical simulations, which also
allowed us to characterize the finite-size effects.

The Pearson coefficient can be written as a function of the first four moments of
the backbone degree distribution. Based on this general analysis, we give compact,
exact expressions for random regular, Erd6s—Rényi, and power-law degree distributed
backbone networks.

We found that the triadic closure process introduces assortative degree correlations;
starting from an uncorrelated random network backbone, the final network (after triadic
closure) always has positive correlations. Furthermore, this effect tends to increase with
the fraction of triads closed, resulting in a direct positive correlation between degree
assortativity and global clustering or transitivity.

In the case of power-law degree distributions, the divergence of different moments
of the backbone degree distribution leads to sharp transitions in the value of the Pearson
coefficient. In particular, in the infinite-size limit, for any nonzero value of f, the Pearson
coefficient (i) vanishes for degree distribution exponent 2 < ¢ < 8/3, (ii) tends to 1 for
8/3 < v < 5and (iii) assumes a value r € [0,1] for v > 5. This behavior mirrors similar
patterns seen in the transitivity in STC networks with power-law backbones [21]. The
mixing patterns in the network can also be characterized by the average nearest-neighbor
degree (as a function of degree). We show that the Pearson coefficient can be written
in terms of a weighted average of the average nearest-neighbor degree. Again, we find,
through asymptotically exact expressions, nontrivial behavior, particularly with power-law
degree-distributed backbones.

We also find asymptotically exact formulae for the clustering spectrum, which contain
summations over degree distributions. For the three cases of degree distributions stud-
ied these can easily be evaluated numerically. We show that the spectrum has nontrivial
properties even for narrow backbone degree distributions. In the case of Erd6s—Rényi
backbone networks, the resulting clustering spectrum is strikingly power-law-like, de-
caying with an exponent close to —0.8, and is followed by a slower asymptotic decay for
extremely large degrees. When starting from a power-law degree-distributed backbone,
the clustering spectrum is non-monotonic and exhibits strong finite-size effects. In the
regime K ~ K* ~ fkmax, corresponding to low-degree backbone nodes adjacent to hubs,
the dominant triads are closed with probability f, leading to C(K) — f as kmax — 0. For
degrees beyond K*, associated with nodes that are already hubs in the backbone, C(K)
drops sharply; heuristic arguments suggest that it approaches a value between 0 and f for
7 > 3, while it tends to zero for v < 3.

The analytical results we have obtained assume that the backbone network is a random,
uncorrelated and locally tree-like network, defined by its degree distribution. However,
most of the calculations may be adapted to weighted or degree—degree-correlated backbone
networks, so long as the tree-like property is maintained. This would require adapting the
equations to include weight probabilities for each edge, as well as, for the case of degree
correlations, substituting sums over degrees weighted by the degree distribution with sums
over edge degree—degree probabilities. Similarly, we believe that an analogous treatment
should be possible for directed networks.

Our results broadly agree with features frequently observed in real-world networks.
Social networks, technological networks and certain biological networks such as protein—
protein interaction networks are marked by significant transitivity (global clustering) and
higher transitivity is associated with assortative degree—degree correlations [2-5]. Our
results show that simple triadic closure is sufficient to produce this assortativity relation
starting from uncorrelated backbone networks. Of course there are many other factors
at play, leading to variability in assortativity, and in some cases negative correlations.
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Nevertheless, the positive correlations introduced naturally by triadic closure should be
considered as a “baseline”. Furthermore, real-world networks often have nontrivial cluster-
ing spectra. For instance, in networks with heavy-tailed degree distributions, clustering
spectra exhibit slow decay with increasing degree [9,10]. Again, the STC model naturally
reproduces this effect. The analytical approach we have developed can be applied to STC
networks resulting from any locally tree-like backbone network, and the rich variety of
results we have observed from the cases we have studied suggests that an appropriately
chosen backbone structure may be able to reproduce more specific features of clustering
spectra and assortativity observed in real-world networks of different types. We leave
such a detailed study comparing real-world network features to corresponding STC model
synthetic networks to future work.

The STC model efficiently produces highly random synthetic networks containing
complex patterns of overlapping short cycles, local clustering and degree assortativity.
Remarkably, we are able to analytically calculate many local structural properties of STC
networks. These networks exhibit varying patterns of such local properties, depending on
the backbone network used. This suggests that more carefully tuned choices of backbone
networks may be able to produce realistic patterns of a variety of global and local network
structural properties, while retaining the tractability of STC networks. This underlines
the value of the STC random network model in creating reference network ensembles,
allowing analytical treatment of complex structures well beyond classical tree-like random
network models.
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Appendix A. Computation of the Pearson Coefficient

Here we present the final expressions, and their derivation, for the denominator in
Equation (4) and the three terms in the expansion of the covariance, in Equation (8). We also
present the final expression, in the form of a rational function, for the Pearson coefficient.
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Appendix A.1. Computation of Var(— K)

According to Equation (5) we must compute the first three moments of the degree
distribution of G¢. The first three factorial moments are given by the first three derivatives
of Gy(z) evaluated at z = 1, and thus we have

(K%) = Gg'(1) +3Gg (1) + Go (1),

where Go(z) = g0(zg1(1 — f + fz)). The expression for (K"), in general, can be written as
n
<Kn> = Z An,mfmr (A1)
m=0

where the coefficients for the first three orders are

A1 =
A1 =2 —
App =2
oy = HE 1t — 1
M1

A M piEs = 3mps £ 43

2,2 - 2

M

Azo = W3
Ay — ZHE = 2z = Bpuapis + 393 + Bpaps

, "

3 2 2, 2 _ 2

As, = P 3H2 + 04ty = 1210 = Sppizis + 3pa1i3

’ m
Ayy — 2 2 — 43 e+ WK — 3jAipials + 2y — 3i3 F paps

7

3

where p,; = (k™) is the m™ moment of the degree distribution of Gy. Using these coeffi-
cients, and Equation (A1), one can write Var(— K) by substituting the moments (K") into
Equation (5).

Appendix A.2. Computation of Cov k, k,)|old (K1, K2)

We expand the covariance for old links, conditioning on the original end-node degrees
kl P kz:

COV(KLKZ)lOld(Kl’Kz) = <COV(K1,K2)\(k1,k2)(Kl’KZ»(kl,kz)
+ Cov(kl,kz)«H K1>(K1,Kz)\(k1,k2)’ (= K2>(K1,K2)|(k1,k2))' (A2)

We first show that Cov g, ,)|(k, k,) (K1, K2) = O for any (k1, k2), and thus its average
over (kq, kp)—the first term in Equation (A2)—is zero. To do this, let us write, for the final
degree (in Gy) of the two end nodes (v; and vy) of an old link:

Ki=ki+a1+p1
K2=k2+062+,32,
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where k; is a constant (original degree of node v1), &1, a random variable, is the number of
new links that node v acquires via node v, (connections to neighbors of node ;) and 1, also
a random variable, is the number of new links that node v; acquires via neighbors other than
node v;. The notation is analogous for K. (See Figure A1 for a schematic representation).

Figure A1. Schematic representation of the two classes of new links acquired by an end node of an old
link. In this particular case we have ky = 5,K; = 8,01 = 1,81 =2and ky; =4, Ky =9,ap = 3,62 = 2.

The old degrees, k1 and k», are constants, and, by the construction of the STC model,
the four random variables, a1, a2, 81, B2, are mutually independent, so we have

COV(Kl,Kz)\(kl,kz) (Kl, Kz) = COV(Kl,Kz)\(kl,kz) (k1 + o + ,31, kz + an + 52) = 0. (A3)

Since this covariance is zero for any ki, k, its average over the distribution of (ky,k7)
is also zero. Now we pay attention to the second term in Equation (A2). Let us write the
average final degree of the first end node of an old link, given the initial degrees kj, ky:

2\
(= K (ks ko) i) = K1+ fk2 = 1) + f Ry — 1><k><k><k>
) — (k) _
= (1475 o+ e s
Similarly,
k2 k k2
<_> K2>(K1,K2)‘(k1,k2) = <1 +f<><><>>k2 +fk1 a f<<k>>’

i.e., both quantities are affine functions of ky and k;. Using the bilinearity of covariance we
can write the covariance of the above two quantities,

Cov(kl kz)(<_> K1> KHKz [(k1, <_> K2>(K1/Kz)|(k1rk2))

= f(l +f { OV (i, ky) (K1, K1) + Cov 1) (K2, kz)}
(1 +f k>> + f2| Covig, iy (K1, k2) (A4)
= f(l Jrf { T(k, k) (K1) + Var(, kz)(kz)}

= Zf(l +f< >< > <k>)Var (k1, kz)(kl)

where we exploited the symmetry and the factorization property (uncorrelated original

network) of the joint distribution of k; and k, which is p(kq, k) = kip(ki)kap(kz)/ (k).
The variance of ki, over the distribution of (ky,k3), is
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Var e, k) (k1) = (9) (k) — K1) 1)

_§ 5 Arent) (i < kzP(kii’;P(kZ))Z A
ki=1ky=1 ki=1ky=1

) )2

= D

Using Equations (A5), (A4) and (A3) in Equation (A2) we finally we have the co-
variance we were seeking, written as a strictly non-negative second-order polynomial

in f,

p1paps — H3HT — M3 + HaH

+ 2|2 L
Hi

2

1

COV(KLKz)\old(Kl/KZ) =112

Appendix A.3. Computation of Cov g, ) [new (K1, K2)

We will use the law of total covariance again here, conditioning on the original degrees
k1, ko of the end node of the given new link and the original degree g of the central node of
the triad that was closed:

Cov (i, ky) new (K1, K2) = (CoV (k) k1 0.60) (K1 K2)) (11,0.0)
+ CoV (1, q.k) (= K1) (13, K) (kg k0)7 ( K2) (K, K (ky ) ) (A7)

We first show that Cov (g, «,)|(k;,q.k) (K1, K2) = 0 for any (ky,¢,k2), and thus its av-
erage over (kj,q,ky)—the first term in Equation (A7)—is zero. To do this, similarly to
Appendix A.2, let us write, for the final degree (in G f) of the two end nodes (v1 and v) of a
new link:

Ki=ki+1+B1+m
Ky =ky+1+ B2+ 72,

where 1, a random variable, is the number of new links that node v; acquires via neighbors
other than the central node, and ; is a random variable indicating the number of new
links via the central node (not counting the new link connecting to node v;). The notation
is analogous for Kj. (See Figure A2 for a schematic representation).

Figure A2. Schematic representation of the two classes of new links acquired by an end node of a new
link. In this particular case we have k; =3,K; =8,81 =2,71 =2andky =4, K, =7, =1, =1

The old degrees, k1 and k;, are constants, and, by the construction of the STC model,
the four random variables, 81, B2, 71, 72, are mutually independent, so we have

C0V<K11K2>I(k1/q/k2) (Kl,Kz) = COV(KLKZ)Kkl/’]/kZ) (kl + 1 + ﬁl + ’Yl,kz + 1 + ﬁ2 + ')/2) =0. (A8)
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Since this covariance is zero for any ky, g, k, its average over the distribution of
(k1,9,k2) is also zero. Now we deal with the second term in Equation (A7). We write the
average final degree of the first end node of a new link, given the initial degrees k1, g, ky:

2\
(= Ki) (K, k) (kg k) = K1+ 14 f(q = 2) + flki — 1)<k><k><k>

(k) — (k) AR + (k)
(1+f 7 )k1+fq+1 f o
Similarly,

2\ 2
(— K2>(K1,K2)|(k1,’1,k2) = (1 +f<k><k><k>)k2 Trarl- f<k><;;<k>’

i.e., both quantities are affine functions of k1, ky and g. Using the bilinearity of covariance
we can write the covariance of the above two quantities,

COV (ky,0.6) (= K1) (k6 k) (Ky g ) (= K2) (K ) (1,0.00)) =
K2 — (k)\ 2
= <1 +f<><k><>> COV(kqu,kz)(kl, kz)
K2y — (k
Jrf(l + f<>(k)<>) [COV(kl,q,kz) (k1,q) + CoV (x,4.4) (erq)} (A9)

+ f2CoV (1, 1) (4,9)
= f2var(k],q,k2) <q)

where we used the fact that the joint distribution of k1, g, ko factorizes:

_ 4(q =Dp(@kip(k)kap(k2)
Pl k) =S e

The variance of g, over the distribution of (k1, 4, k), is

Var, o1, (q) = (¢? >(k] k) — <q>(k1qk2)

_ Pla-Dp@kipk)kpk) (& & & ¢°(q—Dp(g)kip(k)kap(ka) ’
I e e (ZZE = ) (A10)

:www%cm—MOZ
@@=k @ -m)

Using Equations (A10), (A9) and (A8) in Equation (A7) we finally have the covariance

we were seeking, written as a strictly non-negative second-order polynomial in f,

Iz Hapa + H3H2 Mapr + #3}41 43— #z

(A11)
— 2pop1 + 13

COV(Kl,Kz) [new (Klz Kz)

Appendix A.4. Computation of Varr ((— K) x, k,)|7)

Let us now deal with the variance term in Equation (8), Vary ({(— K) k, k,)|7)- We
must calculate the mean final degree of a node arrived at by following a random old link,
and by following a random new link, respectively. To help with calculations, we introduce
P(k,K), the probability that a uniformly randomly chosen node has old degree k and final
degree K. Then we have
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P(k,K) = p(k)P(K|K).

Mean final degree of node arrived at by following a random old link

The probability that a node arrived at by following a random old link has old degree k
and final degree K is

kP (k, K)
Yitq XR=1 kP (K, K)’

so the probability that a node arrived at by following a random old link has final degree
Kis
Y i1 kP(k,K)
Yz Lk—1 kP(k, K)

Therefore the mean final degree of a node arrived at by following a random old link is

Y Ye KkP(k,K)
(= K) (ky Kp)old = Zkff’:ll ZK?(O; kP(k,K)
_ Lje1 Xk Kkp(k) P(K]k)
Y1 k=1 kp(k)P(K]k)
_ Xt kp(k) YRy KP(K[k)
Yo kp(k) Cx—y P(K[k)
_ Lz kp(k) (K
(k) ’

where (K)y is the mean final degree of nodes of old degree k and (k) is the mean degree of
the original network Gy. Fortunately, for the STC mechanism this can be easily written as

(A12)

(K)y = k(bf +1), (A13)

where b = ((k*) — (k))/ (k) is the mean branching in Gy. Using Equation (A13) in Equation (A12)
we obtain

2 _
2, H2 =t

(A14)
M1 F%

(= K) (ky,Kp)Jold =

Mean final degree of node arrived at by following a random new link
The probability that a node arrived at by following a random new link has old degree
k and final degree K is
(K—k)P(k,K)
Yit1 L1 (K = k) P(k, K)’

so the probability that a node arrived at by following a random new link has final degree
Kis
Y1 (K —K)P(k K)
Yt X1 (K = k) P(k, K)
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Therefore the mean final degree of a node arrived at by following a random new link is

Y1 Li—1 K(K—k)P(k, K)
Y1 Xx—1 (K= k)P(k, K)

_ LR YR K2p(k)P(K|k) — Y324 TR Kkp(k)P(K]k)
Y1 Lx—1 Kp(k)P(K[k) — X321 Xx—1 kp(k)P(K]k)

_ L2 p(k) YR K2P(KK) — Y52 kp(k) Y% KP(K[k)
Y p(k) X1 KP(K[k) — Y321 kp(k) X1 P(K|k)

_ L P(R)(R? ) — Y kp (k) (K)x

iy (k) (K) — (k) ’

where (K); is the mean final degree of nodes of old degree k [see Equation (A13)] and (K?);
is the second moment of the final degree distribution of nodes of old degree k. To find
(K?)} let us write the final degree of a node of original degree k as K = k + Zﬁ«‘:l v;, where
the v; are i.i.d. random variables whose distribution is generated by ¢1(1 — f + fz). We
can then write

(= K) (kyKy) Inew =

(A15)

k
K= <k+2v1> —k2+2k2v1+2v +22 2 vivj,
i=1

i=1 j=i+1

and so
(K*) = K+ 2K3(v) + k(v?) + (K — k) (v)2.

We can use the generating function of the variables v; to find the first two moments,

PN (S R ()
(W*f&(”*fT

3\ _
(W) = Pgi(1) + fel(1) = )

so we obtain

2 _ 2 (K2) = (k) o (3 = (K
<K >k—k 1+2f <k> +f ( <k> ) ‘|
3y /12 2\ 2y 2
[ PRI 20| ) o () ) ] A6
and thus
Zp (K = () 1+2f<k2> ® e <<2>—<k>>2
e = (k) (k)
2 2 2 2
o[ IEL3E 20 | 8 W) (1)WY
Using Equations (A17) and (A13) in Equation (A15) we obtain

(= K) (k) new = patp fusulﬂtz 3#2H1+#1 (A18)

1 V2V1 P’1
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Constructing the full variance term

Finally we can write the full variance term that appears in Equation (8),
Varr ((= K) (k, k) 7) = ¢4 Kk, k) new T (1= )= K) e, k) ol
2
- [<P<—> K) (k1K) lnew + (1 = @) {— K>(K],K2)\old} (A19)
2
=¢(1—-9¢) (<—> K) (k; k) jnew — (= K>(K1,K2)|old) :

Appendix A.5. Final Expression for the Pearson Coefficient

Collecting everything together, the Pearson coefficient, according to Equation (4), can

be written as a rational function

nyf*+n3f3 +nof? +nyf
_ A20
’ dyf* +dsf3 +daf? +dif +do, ( )

with the coefficients
ny = uSps — pSua — pSp5 + 2uipapa — U5 + KIS — HIHGHS — HiHGH + Hip2p3,

— 11+ 2uSpn — pSps + Sy — SuIpams — 3 popa + Autps + 8uisus,
— 73 — 23 paps + 2uip3,

n3

ny = 2u] — ApSpn — 2ulps + 4psps + S paps — 6t — Autpsps + 4uiis,
ny = —u] +2uSpy + 28 ps — 3pSp3 — 203 pops + 2p 3,
for the numerator, and
dy = ] — 2182 + 2uSps — pSpa — 3uip3 — 3pS popis + 243 papis — M3,

+9utud + Aptpdus — pipdpa + utnand — s — 6uSudus,
+ 7u3uS + A ps — Auapd — mapSus + 13,

ds = —3p] + 4puSpa — 8ups + pSpa + 13343 + 1633 paps — p3papia,
4. 3 4. 2 3.4 3.3 2.5 2.4 6
— 28y — 18pqpsps + 25y py + Ldpyppps — 15ppy — 4pipops +4papy,
dy = 3p] — 3uSpp + Sz — 14433 — 2003 papis + 27pt 3 + 173153,
— 19p3 45 — 6p3paps + 6uins3,
dy = —p] + uSua — 48z + 5p3p3 + 8pSpaps — Optps — 4ptpips + 4,
do = pSps — pSp5 — uinaps + pips,
for the denominator.

Appendix A.6. Pearson Coefficient for Power-Law Backbone Networks in the Infinite-Size Limit

We consider each region of vy separately and determine the dominant terms in the
expression for the Pearson coefficient, when kpyax — 0.

5<y

In this range neither of the first four moments of the degree distribution diverge with
kmax and the Pearson coefficient assumes a value 0 < r < 1.

4<y<5
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In this range only y4 diverges with kmax and the dominant terms in the numerator
match the dominant terms in the denominator exactly; therefore, we have r = 1.

3<y<L4

In this range both p3 and y4 diverge with knax, but again the dominant terms in the
numerator match the dominant terms in the denominator exactly; therefore, we still have
r=1.

7=3

In this case y7 also diverges with kmax (in addition to p3 and 4) but only logarithmi-
cally; therefore, it is sub-dominant and we still have » = 1.

2<y<3

In this range yy, us and p4 all diverge as powers of kmax. It will be informative to write
the Pearson coefficient explicitly in this case. To do this, we can use the continuous-degree
approximation for the diverging moments,

km+1—'y

o~ max , A21
: (m +1- ’7) g(')’r kmin) ( )

and the exact formula for the convergent first moment,

g(r)/ - 1/ kmin)

= k) (822)

where (v,x) = Y32 ,(k+ x)77 is the Hurwitz zeta function. The approximation in
Equation (A21) is asymptotically equivalent to the true value of p; for kymax — o0. Using
Equation (A20), keeping only dominant terms,

15 (papia — p3)

7~ . (A23)
13 (Hapia — H3) + paps
Using Equations (A21) and (A22), this simplifies to
7o~ ! (A24)

5-7)4—7) 837"
Lt 00Tk Kmax

As kmax — oo, rtendsto O for2 < 7 < 8/3,and r ~ 1 for 8/3 < ¢ < 3. At the
threshold value, v = 8/3, we obtain a nontrivial solution,

1

84 .
L+ 2673 kP

¢~ (A25)

Appendix B. Asymptotic Scaling of the Clustering Spectrum for ER Networks

We want to find the large-K behavior of the function C(K) given in Equation (39). Let
us write

1 K TIg(k) (K—k)(K—k—1)

C(K) = k(k—1)+2(K—k , (A26
where, after some simplifications,
7kfckK
(k) = gk (A27)
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For large K the distribution Qg (k) = ITx(k)/ Y_s Ik (s) is sharply peaked around its
average value, since it is a product of very quickly varying functions of k. Let us take the
logarithm of Equation (A27). We have, using Stirling’s formula for large K,

log Ik (k) = —kfc+ Klog(k) — klog(kf) —log(k!) —log[(K — k)!]
~ —kfc+ Klog(k) — klog(kf) — klog(k) — (K —k)log(K —k) + K  (A28)
= —KPk(k/K),
where we introduced

Pg(x) = -1+ x(fc+logK +1og f) —log(x) +2xlogx + (1 — x)log(1 — x).  (A29)

Finding the maximum k*(K) of Qg (k) is equivalent to finding the maximum x*(K) of
Py (x), via the relationship k*(K) = Kx*(K). Taking the derivative of ®k(x) we get

dd(x)
dx

=0 = fc+logK+logf — % +2logx*+1—1log(l—x")=0. (A30)

Xk

Setting y = 1/x* we get the transcendental equation
y+log(y) +log(y—1) =1+ fc+logf +1logK = A, (A31)

which can be solved numerically. The solution of this equation gives us the saddle point
k*(K) = K/y, from which we can compute C(K) as

CK) ~ —— (ke — 1) 4+ 2(K — k) + £

K—Kk)(K—k*—1)
K(K—1) '

k*

(A32)

Figure A3 shows C(K), for parameter values ¢ = 5 and f = 1, evaluated exactly ac-
cording to Equation (A26), compared with the saddle-point approximation, Equation (A32),
using the numerical solution of Equation (A31). The exact evaluation is computationally
demanding for large K; therefore, it was only done up to K = 2 x 10°. The perfect overlap
of the curves, even for moderate values of K, confirms the validity of the saddle-point

approximation.
1 :
Eq. (A32)
------ Eq. (A26)
10"
<
O -
1072
-3 L L L L
10
1 102 10* 10° 10® 10"
K

Figure A3. Comparison of C(K), evaluated exactly according to Equation (A26), with the saddle-point
approximation, Equation (A32). The parameters used were c = 5and f = 1.

Since we are looking at K > 1, and A ~ log K >> 1, the asymptotic behavior of y is given
by y ~ A — 2logy, from which it follows, neglecting terms of order loglog K/ log K, that

y~ A—2logA. (A33)
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Using Equations (A32) and (A33) we can write the leading term in C(K) for large K as

C(K) ~ m ~ f # (A34)

~

K(K—1) 2 [A—2log A2’

where we recall that A =1+ fc +log f +log K.
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