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on ϕ2 inflation in a closed universe
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We revisit the cosmic microwave background (CMB) constraints on the spatial curvature of the
Universe, assessing how they change when the curvature parameter and the primordial inflationary scalar
spectrum are treated consistently within theoretically motivated frameworks. Instead of relying on the
phenomenological parametrization commonly used to capture curvature effects at the largest scales, we
present a case study based on closed quadratic inflation, where the primordial spectrum is derived in full
generality and in a gauge-invariant manner. Within this framework, we analyze both the PLIK public release
3 (PR3) and CAMSPEC PR4 Planck CMB likelihoods and find that the constraints onΩK shift toward spatial
flatness. In PLIK the preference for ΩK < 0 decreases from ≳3.5σ to ∼2.5σ, while in CAMSPEC it reduces
further to ∼2σ. At large angular scales (l < 10), our model explains the low-l power suppression anomaly,
notably improving the fit to the quadrupole. However, the reduced preference for highly negative values of
ΩK only partially accounts for the lensing anomaly at high multipoles, worsening the fit to the PLIK

spectrum at small scales. By contrast, in the CAMSPEC PR4 spectrum, where the lensing anomaly is less
pronounced, the model yields an overall improvement. Our analysis highlights a key conceptual point:
closed-inflation models tie the curvature parameter to the inflationary dynamics and the primordial
spectrum, enforcing consistency conditions that do not necessarily allow for the large deviations from
flatness seen in phenomenological parametrizations. In the case of quadratic inflation, these restrictions
reduce the apparent evidence for negative curvature reported by earlier analyses, while allowing for a
mildly closed geometry.

DOI: 10.1103/dy2d-z3cc

I. INTRODUCTION

The spatially flat ΛCDM model, built on the assumption
of the validity of general relativity at cosmological scales
and the existence of the two energy components contained
in its name, Λ (the cosmological constant) and cold dark
matter (CDM), is to date our best attempt at unifying all of
the cosmological observations currently available to us
under the flag of a single paradigm. Despite its successes,
this model suffers from some yet unresolved problems that
put its validity into question—see Ref. [1] and the

references therein for the most up-to-date summary of
these issues. A notable inconsistency is the “Hubble
tension” [2–15], which refers to a nontrivial mismatch in
the measurement of H0, the present-day value of the
Hubble parameter H, by different cosmological tracers.
This tension is best exemplified by the astounding 6.2σ
discrepancy between the measurement of H0 obtained by
the SH0ES team from Cepheid-calibrated type Ia super-
novae [16,17], a late-time probe, and that from the cosmic
microwave background (CMB) temperature and polariza-
tion anisotropy spectra, an early-time probe, which the
South Pole Telescope (SPT) ground-based observatory
reports to be H0 ¼ 66.66� 0.60 km s−1Mpc−1 in their
recent SPT-3G D1 release [18]. If measurement systematics
are to be ruled out as the root of the problems plaguing the
ΛCDM scenario, such as the Hubble tension mentioned
above [16,19–31], solutions need to be sought in alternative
models of cosmology, by challenging the standard model’s
foundations.
An integral part of these foundations is the theory of

“inflation” [32,33], commonly described by a minimally
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coupled scalar field ϕ that slowly rolls down the slope of
its potential VðϕÞ. While providing a mechanism that
explains the origin of the primordial density perturbations
that went on to form the structures in the Universe we now
observe, inflation can also offer a solution to the so-called
“flatness problem.” First pointed out by Robert Dicke in
1969, the flatness problem is, in essence, a fine-tuning
problem related to the amount of spatial curvature that
characterizes the universe: ΩK, where the subscript K

denotes the curvature parameter and can take the values
−1, 0, or 1, depending on whether the universe is open, flat,
or closed, respectively. The total energy budget of the
universe can be defined asΩ ¼ 8πGρ=3H2, with ρ including
the densities of matter, radiation, and Λ; for a flat universe,
Ω ¼ 1. Dicke observed that since (1) Ω strays away from
unity as the universe expands and (2) we currently observe
the universe to be very close to flatness, or equivalently
Ω0 ≈ 1, then at early times the value of Ω must have been
even closer to 1 than it is today—an almost perfectly flat
universe. To avoid such fine-tuning of the Universe’s initial
conditions, we resort to inflation, which postulates an early
period of exponential expansion able to guarantee a nearly
flat Universe today for a wide range of initial values of Ω.
State-of-the-art cosmological observations almost unani-

mously agree that the current Universe, as far as we can
tell, is spatially flat. The latest baryon acoustic oscillation
(BAO) distance measurements from the Dark Energy
Spectroscopic Instrument (DESI) yield ΩK ¼ 0.025�
0.041 [34], in good agreement with previous Sloan Digital
Sky Survey BAO results, ΩK ¼ 0.079þ0.083

−0.10 [35]. Both
measurements are consistent with spatial flatness within
1σ. The 3 × 2 pt measurements of the weak lensing of
galaxies, their clustering, and the cross-correlation of the two
can also be shown to agree with ΩK ¼ 0: the Dark Energy
Survey, when combined with CMB and type Ia supernovae
(SNIa) data, reports ΩK ¼ 0.001� 0.002 [36], while the
KiDS-Legacy analysis finds ΩK ¼ 0.011þ0.054

−0.057 [37]. CMB
data from the Atacama Cosmology Telescope also indicate
flatness to within ∼1.3σ (including Planck CMB and DESI
BAO data) [38]. Similarly, the CMB spectra of the SPTalone
constrainΩK to be less than 1σ away from a null value [18].
Perhaps the only discordant result, though entangled with

many caveats and technicalities, comes from the temperature
and polarization spectra released by the Planck satellite,
which still remains the most precise CMB probe. The public
release 3 (PR3), without including lensing reconstruction
data, suggests evidence for a closed universe, with ΩK ¼

−0.044þ0.018
−0.015 [39–41], deviating from flatness at more than

3σ. In the recent public release 4 (PR4) this evidence is
reduced, yet differences between likelihoods remain:
CAMSPEC [42] yieldsΩK ¼ −0.025þ0.013

−0.010 , still over 2σ away
from ΛCDM, while HILLIPOP [43] finds consistency with
flatness to within 1σ.
Inevitably, the presumed Planck preference for a curved

Universe sparked (and continues to attract) a series of

dedicated analyses, thereby [40,41,44–86]. This renewed
interest in spatial curvature remains timely and relevant not
primarily because of the aforementioned Planck preference
for a closed Universe (an indication reduced in the PR4
release and, if taken at face value, not supported by most
other early- and late-Universe probes), but because ΩK

remains a parameter of central importance in many models
extending beyond ΛCDM. These include, among others,
proposed solutions to the Hubble tension [6,87–89] and
models of dynamical dark energy invoked to explain the
present-day accelerated expansion of the Universe
[65,82,90,91].
In almost all studies characterizing spatial curvature,

including the Planck analyses themselves, the primordial
spectrum Pζ in a nonflat universe is modeled using the
following heuristic formula [44,46,92–95]:

Pζ ∝
ðn2 − 4KÞ2

nðn2 −KÞ2
As

�

k

k�

�

ns−1

; ð1Þ

where

n2 ¼ k2 þK ð2Þ

takes discrete values such that n ≥ 3 when K ¼ 1. The
pivot scale is usually fixed at k� ¼ 0.05 Mpc−1, which
corresponds to the scale at which the amplitude As and the
tilt ns of the primordial spectrum are evaluated.
Equation (1) is an adaptation of the power-law expression

generally used to test flat models, which can be recovered by
fixing K ¼ 0. The n-dependent prefactor is introduced to
heuristically capture the modifications induced by curvature
on the largest scales, where a closed geometry leads to
discrete eigenmodes and nontrivial deviations from the flat
case. While this construction is convenient, it lacks a direct
derivation from a concrete inflationary model and should be
interpreted with caution, as depending on the underlying
model it may not adequately reproduce the imprints of
the inflationary dynamics on the primordial spectrum at
those scales. This limitation has been discussed in several
works that attempted to move beyond such a heuristic
treatment [96–100].1

Yet another source of concern, in addition to the heuristic
nature of Eq. (1), is that, as emphasized in Ref. [125] (see
also [101,102,126]), predictions for a closed universe can
vary significantly across different gauges, especially on
large scales corresponding to wavelengths comparable to
the curvature radius. Broadly speaking, this is due to
the fact that, in a closed Friedmann-Robertson-Walker
geometry (K> 0), scalar perturbations are expanded in
hyperspherical harmonics on S3 with discrete wave num-
bers n. The physically propagating modes start at n ≥ 3,

1For discussions surrounding inflation in a closed universe, see
also Refs. [96,101–120,120–124].
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while the n ¼ 1, 2 sectors are nondynamical or pure gauge.
At the largest scales, corresponding to small n, the usual
time slicings (e.g., Newtonian, synchronous, comoving)
differ markedly, and the constraint equations introduce
OðK=n2Þ terms that mix scalar-field and metric perturba-
tions. As a consequence, spectra computed for gauge-fixed
variables (such as δϕ in comoving gauge or the Bardeen
potentials in Newtonian gauge) can exhibit gauge-depen-
dent amplitudes and tilts precisely where curvature effects
are strongest.2 Therefore, alternative formulations and
analyses performed within a fixed gauge—even when
aiming to go beyond this parametrization and provide
more precise calculations—may still carry residual ambi-
guities rooted in the gauge choice.
Although these issues may seem like technical subtleties

ofmainly academic interest, they can become highly relevant
when deriving observational constraints on the spatial cur-
vature parameter from Planck data. The apparent Planck
preference for a closed universe arises not only from thewell-
known lensing anomaly3—i.e., the preference for enhanced
smoothing of the acoustic peaks at small scales [128,132–
136]—but also from small yet important differences in the fit
to the CMB power spectra at the largest scales [94,122].
Planckmeasurements of temperature and polarization anisot-
ropies indeed reveal a series of long-standing anomalies in
this regime: the TT spectrum at the lowest multipoles l≲ 10

(notably the quadrupole and octopole) lies systematically
below the best-fit ΛCDM prediction [39,137]. It is precisely
on these scales that the heuristic n-dependent corrections in
Eq. (1)—and, more broadly, gauge-dependent treatments in
alternative formulations—can mimic a preference for neg-
ative curvature, thereby potentially contributing to the
apparent Planck signal for ΩK < 0 and raising doubts about
the robustness of curvature constraints derived from gauge-
dependent approaches.
In this work, we reassess the implications of the above

limitations by adopting the primordial power spectrum
for a closed universe originally derived in Ref. [138].
Specifically, we employ a gauge-invariant variable, con-
structed in analogy with the Mukhanov-Sasaki variable,
which combines scalar-field and metric perturbations to
yield a fully gauge-invariant expression for the primordial
spectrum in a closed geometry. We use this theoretically
motivated spectrum as a case study to evaluate the impact

on current constraints on ΩK from Planck data and to
reassess the presumed preference for a closed universe
within physically motivated models of closed inflation. The
details of the derivation are summarized in Sec. II, the data
used in our analysis are described in Sec. III, the results are
presented in Sec. IV, and our conclusions on the flatness of
the present Universe are drawn in Sec. V.

II. THE GAUGE-INVARIANT PRIMORDIAL

POWER SPECTRUM IN A CLOSED UNIVERSE

In a closed Friedmann-Lemaître-Robertson-Walker
(FLRW) universe, we consider an inflationary phase driven
by a scalar fieldϕwith a quadratic potential VðϕÞ ¼ 1

2
m2ϕ2.

As one of the simplest and most widely used slow-roll
potentials, it provides a standard benchmark for studying
inflationary dynamics and for isolating the effects induced
purely by the spatial curvature in a closed FLRW
background.
The line element of the FLRW metric in conformal time

η is given by

ds2 ¼ a2ðηÞ½−dη2 þ dχ2 þ s2
K
ðχÞdΩ2�; ð3Þ

where aðηÞ is the scale factor, χ is the comoving radial
distance, and dΩ2 ¼ dθ2 þ sin2 θdϕ2 is the infinitesimal
solid angle. For the closed model, the function sKðχÞ takes
the form

sKðχÞ ¼
sin ð

ffiffiffiffiffiffiffi

jKj
p

χÞ
ffiffiffiffiffiffiffi

jKj
p ; ð4Þ

with curvature parameter K ¼ þ1.
In the slow-roll regime, the scalar field satisfies the

following conditions:

ϕ̇2
≪ VðϕÞ; jϕ̈j ≪ 3Hjϕ̇j: ð5Þ

The slow-roll parameters are defined as

ε ¼ 1 −
H0

H2
; δ ¼ ε −

ε0

2Hε
; ð6Þ

where H denotes the comoving Hubble parameter, related
to the Hubble parameter byH ¼ aH. The prime indicates a
derivative with respect to conformal time η.
The power spectrum in the slow-roll approximation using

a gauge-invariant variable, originally derived inRef. [138], is
summarized here together with the assumptions underlying
its derivation. The calculationproceedswithin the framework
of canonical quantumgravity. Implementing canonical quan-
tization for the perturbed inflationary universemodel leads to
the corresponding Wheeler-DeWitt equation. Applying a
semiclassical Born-Oppenheimer type of approximation to
this equation allows one to recover Schrödinger equations for
the perturbation modes [see Eq. (57) in Ref. [138] ], together
with the quantum-gravitationally corrected Schrödinger
equation at the next order of approximation. From the

2This issue is further compounded by the choice of initial
vacuum in a closed geometry, where there is no exact Minkowski
subhorizon limit and naive Bunch-Davies prescriptions can pick
up gauge-specific normalizations on large scales.

3The lensing anomaly is usually quantified via the phenom-
enological parameter AL, which rescales the spectrum of the
lensing potential affecting the primary CMB anisotropies [127].
In the Planck PR3 spectra, AL is measured to be 1.180� 0.065
[39], roughly 3σ away from its ΛCDM value of AL ¼ 1. This
systematic effect appears to drive the preference of Planck data
not only for a closed universe [40,41,47,49], but also for modified
gravity scenarios [128–131].
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resulting Schrödinger equation, the power spectrum for the
gauge-invariant generalized Mukhanov-Sasaki variable is
obtained (see Eq. (74) in Ref. [138]). The initial state of
the perturbation modes is taken to be the adiabatic vacuum,
the standard choice for quantum fluctuations in this frame-
work. The quantum-gravitationally corrected Schrödinger
equation and the corresponding corrected spectrum are
derived in Ref. [139].
In addition to the power spectrum of the generalized

Mukhanov-Sasaki variable, the power spectrum of the
gauge-invariant variable ζBST (named after Bardeen,
Steinhardt, and Turner [140]) is also obtained in Ref. [138]
[see Eq. (79) therein], where it is expressed in terms of the
former. The variable ζBST remains conserved during the
evolution of super-Hubble modes in nonflat FLRW models
[125]; hence, it is the natural quantity for relating the
primordial scalar perturbations at the end of inflation to the
temperature anisotropies of the CMB and the quantity that
directly enters as input in our Boltzmann code computations.
In obtaining the power spectrum, the derivation was

performed to first order in the slow-roll parameters ε and δ,
with higher-order terms neglected. In addition, curvature
corrections involving higher powers of K=H2 were omit-
ted, a justified approximation since during inflation the
comoving Hubble horizon H−1 decreases rapidly.
The primordial power spectrum for ζBST takes the

following explicit form4,5:

PζBST
¼

1

π

H2

M2
Pðεþ

K

H2Þ

1 −K=n2

f3εðnÞ

�

1þ
KðεþK=H2Þ

n2 − 4K

�

× C̃ε;δ

�

n

aH
fεðnÞ

�

−2ðγ−3λε;δðnÞ=2Þ

; ð7Þ

with

C̃ε;δ ¼ 1 − 2εþ

�

γ −
3

2
λε;δðnÞ

�

ð4 − 2γE − 2 lnð2ÞÞ; ð8Þ

where γ ¼ 2ε − δ, and γE ≃ 0.5772 is the Euler-
Mascheroni constant. The functions fεðnÞ and λε;δðnÞ
are given by

fεðnÞ ¼

�

1 −
K

n2
−

K

n2 − 4K

�

2þ 3εþ
ð3ε − 1ÞK

n2

�

þ
3ð3 − 2εÞK2

ðn2 − 4KÞ2

�

1 −
K

n2

��

1

2

; ð9Þ

and

λε;δðnÞ ¼ 1 −

�

1 −
8K

n2 − 4K

1

4γ þ 3

×

�

3γ þ 12δþ
3ε

2

n2 −K

n2 − 4K

��

1

2

: ð10Þ

These functions arise when solving the Schrödinger
equation for the perturbation modes in a closed FLRW
background: fεðnÞ appears in the argument of the Bessel
functions, and λε;δ determines their order, encoding the
corrections induced by spatial curvature in a closed FLRW
geometry [see Eq. (63) in Ref. [138] ].
Furthermore, let us recall the power spectrum in the flat

case [141], which can be recovered from the power
spectrum in Eq. (7) by taking the large-wave-number limit,

Pf
ζðkÞ ¼

1

π

H2

M2
Pε

Cε;δ

�

k

aH

�

−2γ

; ð11Þ

where

Cε;δ ¼ 1 − 2εþ γð4 − 2γE − 2 lnð2ÞÞ: ð12Þ

Here, the power spectrum is expressed in terms of the
conserved gauge-invariant variable ζ for the flat FLRW
model. Its relation to ζBST is discussed in [125].
We stress that this derivation of the primordial spectrum

based on Ref. [138] is carried out for a quadratic inflationary
background. The background equations are first solved
explicitly for thepotentialVðϕÞ ¼ m2ϕ2=2, and the resulting
functions HðtÞ, aðtÞ, and ϕðtÞ are then inserted into the
perturbation equations. Therefore, although the final expres-
sions are written in terms of slow-roll parameters, the
resulting spectrum is not universal in a closed universe: it
is valid only for the quadratic potential used in the derivation.
This model dependence is not merely a by-product of
methodology, but reflects an intrinsic obstruction specific
to the closed case that has no analog in flat inflation. When
K> 0, the Friedmann equation contains the additional
contribution K=a2, whose evolution cannot be rewritten in
terms of ϵ, δ, and their time derivatives. Unlike the slow-roll
terms, the curvature contribution does not scale with the
slow-roll hierarchy and depends explicitly on the full back-
ground solution through aðtÞ. The suppression ofK=a2, the
duration of the curvature-dominated regime, and the onset of
the slow-roll phase all depend sensitively on the detailed
form of VðϕÞ. As a result, two different potentials with
identical values of ðϵ; δÞ can lead to different background
evolutions in the closed case. This already prevents the
Mukhanov-Sasaki frequency from being written solely in
terms of slow-roll parameters, in contrast with the flat
scenario. In addition, the curvature-modified Mukhanov-
Sasaki equation contains contributions proportional toK and
to the discrete Laplacian eigenvalues on S3, nðnþ 2Þ. These
terms involve a, a0, and a00 inways that cannot be encoded by

4Here, the Planck mass is defined as MP ≔
ffiffiffiffiffiffiffiffiffi

1=G
p

, and
calculations are performed in natural units, ℏ ¼ c ¼ 1.

5For convenience and consistency with our numerical imple-
mentation, we write the spectrum in the compact, power-law-like
form commonly used in standard slow-roll treatments [e.g.,
Eq. (8.226) of [125] ]. This expression is algebraically equivalent
to the logarithmic form given in Eqs. (74) and (77) of Ref. [138]
to first order in the slow-roll parameters which is the order to
which the original derivation applies.
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the slow-roll hierarchy alone. This is a purely geometric
effect of the closed spatial topology: the discrete spectrum of
scalar harmonics and the curvature-dependent contributions
couple directly to the background evolution, introducing an
explicit dependence on VðϕÞ.
We note that [138] demonstrated that the power spectrum

in a closed FLRW model is suppressed at large scales and
exhibits a cutoff at the largest scales, compared to the flat
case, due to the finiteness of the spatial geometry. It should
also be pointed out that thepower spectrum inEq. (7) exhibits
an explicit and prominent scale dependence at large scales
due to the curvature of the universe. Consequently, the usual
power-law approximation, which assumes only weak scale
dependence quantified by the spectral index, is not applicable
in this case.

III. METHODOLOGY AND DATASETS

In this section, we describe the numerical implementa-
tion of the inflationary model (Sec. III A) and discuss how
we test its viability against CMB data (Sec. III B).

A. Reexpressing Pc

ζ

We first expand on how Eq. (7) was implemented into
the Boltzmann solver CAMB [142,143] for the calculation of
the observables used in this analysis, namely, the temper-
ature, polarization, and CMB lensing potential spectra.
In the flat ΛCDM model, the mild scale dependence of

the primordial power spectrum can be rewritten in the form
of a power law,

P
f
ζ ðkÞ ¼ As

�

k

k�

�

ns−1

; ð13Þ

which can be used as a parametric approximation of Eq. (11).
Because Eq. (13) is the mathematical form employed by

CAMB to evaluate Pf
ζ , it would be natural to also reexpress

Eq. (7) in terms of a power law, by calculatingwhatAs and ns
would look like in our model. However, as explained in
Sec. II, this is not trivial due to the strong k dependence of the
primordial spectrum in this model. We therefore adopt the
following strategy to implement Eq. (7).
First, due to the complexity of the full expression in

Eq. (7), we introduce the following approximations to
simplify its implementation in CAMB [142,143]: we set the
slow-roll parameters to zero within the functions fεðnÞ and
λε;δðnÞ, where their contributions are verified to be negli-
gible. Thus, for convenience, in the present analysis, we
consider the power spectrum in Eq. (7) with

fðnÞ ≔ lim
ε→0

fεðnÞ and lim
ε;δ→0

λε;δðnÞ ¼ 0: ð14Þ

The function in Eq. (8) also simplifies to C̃ε;δðnÞ ≈ Cε;δ. We
denote the resulting expression for the power spectrum in
the closed FLRW universe by Pc

ζðnÞ,

Pc
ζðnÞ ¼

1

π

H2ð1 −K=n2Þ

M2
Pðεþ

K

H2Þf3ðnÞ

�

1þ
K

n2 − 4K

�

εþ
K

H2

��

× Cε;δ

�

n

aH
fðnÞ

�

−2γ

: ð15Þ

The approximation introduced by Eq. (14) is not based
on a strict order-by-order expansion of the parameters ϵ and
K=n2 [the combination of which is neglected in fϵðnÞ and
λϵ;δðnÞ but still appears in Eq. (15)], but rather on numerical
relevance for the CMB observables. This simplification
was designed so that the modifiedPc

ζðnÞ can be rewritten as
a multiplicative correction to the standard power-law
spectrum as explained in the following lines, avoiding
numerical instabilities in CAMB. This choice aims to
increase the speed of convergence of the Markov chain
Monte Carlo (MCMC) scans while ensuring a negligible
impact on the resulting cosmological constraints.
Second, we generalize the primordial spectrum to

include our nonflat scenario by introducing a factor
Φðn; ϵ; δ;ΩkÞ that reduces to unity when Ωk ¼ 0,

Pc
ζðnÞ ¼ Pf

ζðnÞΦðn; ϵ; δ;ΩkÞ; ð16Þ

where P
f
ζ ðnÞ simply results from redefining the wave

number in Eq. (13) according to Eq. (2). Here,
Φðn; ϵ; δ;ΩkÞ is not just an arbitrary function that needs
to be constrained or reconstructed by the data. As a matter
of fact, it is precisely defined as the ratio between Eq. (15)
and its equivalent expression in the ΛCDM limit, Eq. (11),

Φðn; ϵ; δ;ΩkÞ ¼
Pc

ζðnÞ

Pf
ζðnÞ

¼
ε

	

εþ K

H2




�

1 −
K

n2

�

×

�

1þ
K

n2 − 4K

�

εþ
K

H2

��

fðnÞ−2γ−3;

ð17Þ

where the dependence on Ωk enters through the dimen-
sionless curvature combination K=H2. By construction,
Φðn; ϵ; δ;ΩkÞ reduces to unity in the flat limit K=H2

→ 0,
recovering the flat-universe case. Conversely, in a closed
universe (K ¼ 1), the flat contribution cancels out and the
expression isolates the purely curvature-dependent correc-
tions. In this way, the result can be interpreted as a “correction
factor” to the familiar power law of Eq. (13), which makes its
implementation into CAMB straightforward.
In order to check whether the approximations introduced

by Eq. (14) are robust and can be safely used to constrain
Pζ with data, in Appendix B we carry out a comparison
between the approximated [i.e., Eq. (15)] and the full [i.e.,
Eq. (7)] versions of Pζ by implementing both in CAMB. The
difference between the approximated and nonapproximated
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spectra of the CMB temperature anisotropies is shown to be
well within the uncertainties of Planck’s 2018 measure-
ments of the temperature spectrum [39], meaning that
choosing Eq. (15) over Eq. (7) does not introduce any
relevant systematic shift in the constraints for our model
outlined in Sec. IV.
Finally, the effect of varying the slow-roll parameters ϵ

and δ in this setup is illustrated in Fig. 1. Increasing ϵ leads
to an overall enhancement of the CMB temperature power
spectrum, particularly at low multipoles, while increasing δ
produces the opposite effect, suppressing power across all
scales. In Fig. 2, instead, we compare the TT spectrum
obtained from our model using Eq. (16) to the standard

CAMB implementation of curvature. While both approaches
yield similar results at high multipoles (the damping tail),
the suppression of low-l power, especially the quadrupole,
is significantly stronger in our model. The standard
implementation shows only a mild suppression at low-l
for the same values of ΩK.

B. Planck likelihoods and data

The ΛCDM parameter space—hereafter referred to as
λ—is expanded by the additional parameters introduced by
our model: λ ⟶ λc ¼ λ ∪ fϵ; δ;Ωkg.

6

To efficiently sample λc within the prior volume given by
the flat priors listed in Tab. I,7 we use the COBAYA MCMC
package [144]. The sample chains obtained in this fashion
are then analyzed using the GETDIST plotting code [145], so
as to derive the constraints on λc and their graphical 1D and
2D representations, presented in Sec. IV.
The viability of the inflationary model outlined in Sec. II

is tested using exclusively CMB data: both the curvature
and the slow-roll parameters ϵ and δ directly affect the

FIG. 1. Left: variations of CTT
l

when the slow-roll parameter ϵ is varied in the range ϵ ¼ ½0.01; 0.05� with fixed δ ¼ 0.02 and
ΩK ¼ −0.01. Right: variations of CTT

l
when the slow-roll parameter δ is varied in the range δ ¼ ½−0.03; 0.03� with fixed ϵ ¼ 0.02

and ΩK ¼ −0.01.

FIG. 2. The CMB TT spectrum according to Eq. (16) (upper)
and the one calculated with the standard CAMB implementation
(lower). The lower ΩK, the stronger the suppression of the low-l
spectrum.

6
λ includes the energy densities of baryonic (Ωbh

2) and dark
(Ωch

2) matter, the optical depth integrated to the reionization
epoch (τ), and the sound horizon-angular diameter distance ratio
calculated at last scattering (θMC), as well as the amplitude (As)
and tilt (ns) of the flat primordial scalar spectrum (13) employed
in Eq. (16). ns is, in this case, a derived parameter, as it depends
on ϵ and δ: ns ¼ 2δ − 4ϵ.

7Note that throughout this work we assume a prior ϵ> 0. In
canonical single-field inflation this follows from the null-energy
condition, which fixes Ḣ to be negative in flat space. In closed
geometries, the curvature term can slightly modify its magnitude,
but it cannot flip its sign without breaking the slow-roll dynamics:
if curvature dominated Ḣ, the evolution would no longer be
controlled by the inflaton field and the system would not describe
a genuine slow-roll phase. Such configurations therefore lie
outside the class of models considered here.
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primordial spectrum Pζ, which in turn determines the
temperature anisotropies of the CMB, as illustrated in
Figs. 1 and 2. This makes the Planck CMB measurements
a natural probe to constrain the model. The Planck CMB
likelihoods employed in our analysis, along with their
corresponding keys, are listed below.

(i) PL18: this is a likelihood combination including
PLIK [137] for the temperature (TT), polarization
(EE), and temperature-polarization cross-correlation
(TE) Planck 2018 spectra at l> 30, while in the
l < 30 rangewe use the simall likelihood [39] for E-
mode polarization measurements, and the Com-
mander likelihood [146] for the TT anisotropies.

(ii) Lensing: this is the lensing spectrum C
ϕϕ
l

from the
2018 data release of Planck’s maps [147]; ϕ is the
lensing potential that can be reconstructed through
quadratic estimators of TT and EE.

(iii) CAMSPEC: this combination includes the CAMSPEC

[42] likelihood for the TT, TE, and EE spectra at
l> 30, based on the Planck-PR4 NPIPE CMB maps
[148]. As in the PL18 case, we combine it with the
simall likelihood [39] for E-mode polarization and

the Commander likelihood [146] for temperature
anisotropies at l < 30.

In closing this section, we stress that, although ΩK can
also be constrained by complementary distance measure-
ments such as BAO or SNIa, our main goal here is not to
provide the tightest bounds from a combination of different
probes. Rather, we aim to quantify to what extent phe-
nomenological or gauge-dependent parametrizations of the
primordial spectrum affect the curvature constraints
extracted from the CMB. For this reason, in the main text
we restrict our analysis to CMB temperature and polari-
zation anisotropy measurements alone, which makes it
easier to isolate the role of both the lensing anomaly and the
large-scale anomalies in shaping the inferred value of ΩK.
For completeness, results including low-redshift probes are
presented in Appendix A.

IV. RESULTS

In this section, we present the cosmological constraints
obtained with the methodology and datasets described in
Sec. III. Unless otherwise stated, all quoted uncertainties
correspond to 68% CL. We work within the extended
parameter space of our gauge-invariant closed-universe
model, in which the curvature parameter ΩK is sampled
together with the slow-roll parameters ϵ and δ, in addition
to the usual ΛCDM parameters.
We consider different combinations of Planck likelihoods,

namely, PL18, PL18þ lensing, CAMSPEC, and CAMSPECþ
lensing, in order to assess the impact of the lensing anomaly
and of alternative high-l likelihood choices. The CMB-only
constraints on our parametrization are reported in Table II.
For comparison, we show in Table III the corresponding
results obtained with the standard CAMB implementation of
curvature. The two-dimensional marginalized posteriors for

TABLE I. Flat priors adopted to constrain the parameters of the
inflationary model presented here, including ϵ; δ;Ωk.

Parameter Prior

Ωbh
2 [0.017, 0.027]

Ωch
2 [0.09, 0.15]

τ [0.01, 0.2]
logð1010AsÞ [2.6, 3.5]
100θMC [1.03, 1.05]
ΩK ½−0.05; 0�
ϵ [0, 0.05]
δ ½−0.03; 0.03�

TABLE II. Constraints at 68% confidence level (CL) from different Planck likelihood combinations (PL18, PL18þ lensing,
CAMSPEC, and CAMSPECþ lensing) on the extended parameter space including ΩK; ϵ; δ, together with the usual ΛCDM parameters and
derived quantities (Ωm; H0; S8). The last row reports the difference in the best-fit χ2, defined as Δχ2 ¼ χ2ðΩKÞ − χ2ðϵ; δ;ΩKÞ.

PL18 PL18þ lensing CAMSPEC CAMSPEC þ lensing

Ωbh
2 0.02251� 0.00016 0.02248� 0.00015 0.02230� 0.00015 0.02227� 0.00014

Ωch
2 0.1191� 0.0014 0.1187� 0.0014 0.1189� 0.0012 0.1188� 0.0012

100θMC 1.04105� 0.00032 1.04105� 0.00031 1.04087� 0.00026 1.04084� 0.00026
τ 0.0539� 0.0081 0.0515� 0.0082 0.0511� 0.0083 0.0496� 0.0081
lnð1010AsÞ 3.041� 0.016 3.035þ0.016

−0.015
3.032� 0.017 3.029� 0.016

ϵ 0.0170þ0.0057
−0.0028 0.0141þ0.0074

−0.0045 0.0159þ0.0069
−0.0035 0.0144þ0.0076

−0.0046

δ >0.0142 >0.00650 >0.0101 >0.00562
ΩK −0.026þ0.012

−0.011 −0.0084þ0.0062
−0.0036 −0.0160þ0.011

−0.0063 −0.0078þ0.0060
−0.0032

ns 0.9671� 0.0044 0.9680� 0.0044 0.9656� 0.0042 0.9656� 0.0042
Ωm 0.418� 0.043 0.344þ0.015

−0.022 0.379þ0.026
−0.043 0.344þ0.014

−0.021

H0 (km/s/Mpc) 58.5þ2.7
−3.5 64.3þ2.0

−1.5 61.4þ3.2
−2.6 64.3þ2.0

−1.4

S8 0.934þ0.044
−0.038 0.855þ0.017

−0.020 0.891þ0.031
−0.039 0.853þ0.017

−0.019

Δχ2 −1.73 −1.18 0.49 0.20
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fΩK; ϵ; δg are displayed in Fig. 3, while Fig. 4 compares the
one-dimensional marginalized constraints on ΩK between
our implementation and the CAMB curvature treatment.
Finally, Fig. 5 compares the three best-fit temperature spectra
at low multipoles (l≲ 20), corresponding to ΛCDM, the
standard ΩK implementation, and our gauge-invariant para-
metrization, against the Planck 2018 data. Note that, for
completeness, we also perform an extended analysis includ-
ing geometricmeasurements fromDESI andPantheon+. The
corresponding triangle plot is shown in Fig. 7 and discussed
in Appendix A, together with Table IV and the complete
CMB-only 2D contours in Fig. 6.

We begin by discussing the constraints from the PL18
likelihood. In the standard CAMB implementation, the data
prefer a more negative value of the curvature parameter,
with the posterior reaching the prior boundary and yielding
only an upper limit, ΩK < −0.0304 at 68% CL. This
corresponds to a ∼3.4σ indication for a closed universe
[40,41]. In contrast, in our gauge-invariant parametrization
we obtain a bounded constraint, ΩK ¼ −0.026þ0.012

−0.011 at
68% CL. As shown in Fig. 4, this result is slightly more
consistent with spatial flatness, corresponding to a
∼2.5σ preference for positive curvature. In our parametri-
zation, the slow-roll parameters are constrained to ϵ ¼

0.0170þ0.0057
−0.0028 and δ> 0.0142 at 68% CL, while for the

other ΛCDM parameters, the differences between the
two approaches are modest. τ shifts upward by about
0.5σ, in correlation with a higher amplitude As, while ns

TABLE III. Constraints at 68% CL on ΩK from different Planck likelihood combinations (PL18, PL18þ lensing, CAMSPEC, and
CAMSPEC þ lensing), using the standard CAMB implementation of positive curvature. We also report the corresponding derived
parameters (Ωm; H0; S8).

PL18 PL18þ lensing CAMSPEC CAMSPEC þ lensing

Ωbh
2 0.02256� 0.00016 0.02250� 0.00016 0.02234� 0.00015 0.02229� 0.00014

Ωch
2 0.1184� 0.0014 0.1184� 0.0014 0.1184� 0.0012 0.1185� 0.0012

100θMC 1.04113� 0.00032 1.04109� 0.00031 1.04092� 0.00026 1.04088� 0.00027
τ 0.0499� 0.0078 0.0493� 0.0080 0.0477þ0.0083

−0.0074 0.0475þ0.0084
−0.0070

lnð1010AsÞ 3.032� 0.016 3.029� 0.016 3.024þ0.017
−0.015 3.024þ0.017

−0.015
ns 0.9695� 0.0045 0.9692� 0.0045 0.9676� 0.0043 0.9667� 0.0044
ΩK < −0.0304 −0.0107þ0.0070

−0.0047 −0.024þ0.013
−0.010 −0.0099þ0.0071

−0.0043

Ωm 0.450þ0.049
−0.028 0.352þ0.018

−0.024 0.408þ0.040
−0.047 0.351þ0.018

−0.024
H0 (km/s/Mpc) 56.3þ1.3

−3.3
63.5� 2.0 59.1þ2.9

−3.5 63.6þ2.2
−1.8

S8 0.956þ0.040
−0.026

0.860� 0.020 0.914� 0.038 0.858þ0.018
−0.021

FIG. 3. Two-dimensional marginalized constraints at 68% and
95% CL on ΩK; ϵ; δ in the gauge-invariant closed-universe
model, from different Planck likelihood combinations (PL18,
PL18þ lensing, CAMSPEC, and CAMSPEC þ lensing).

FIG. 4. One-dimensional marginalized constraints at 68% CL
on ΩK from PL18 and CAMSPEC likelihoods, comparing the
standard CAMB implementation of curvature with our gauge-
invariant closed-universe model.
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shifts downward by 0.5σ. The remaining free parameters
remain stable. As in the standard analysis, the derived
parameters remain in tension with late-time measurements,
with H0 < 60 km s−1 Mpc−1, Ωm > 0.4, and S8 > 0.93.
This behavior can be understood from the strong positive
correlation between ΩK and H0 visible in Fig. 3: more
negative curvature values imply a smaller Hubble constant.
In contrast, ϵ and δ are positively correlated with each other
but show no significant correlation with either ΩK or H0.
We quantify the relative goodness of fit by reporting
Δχ2 ≡ χ2ðΩKÞ − χ2ðϵ; δ;ΩKÞ, which highlights whether
the inclusion of the slow-roll parameters ϵ and δ impro-
ves the description of the data. The comparison of the
best-fit values shows that the standard CAMB implementa-
tion provides a slightly better fit, with Δχ2 ¼ −1.73.
Nevertheless, as illustrated in Fig. 5, while the standard
curvature case already produces a suppression of power at
large scales, our parametrization provides a better match to
the observed low multipoles, particularly in reproducing
the suppressed quadrupole. The fact that our parametriza-
tion improves the fit to the lowest Planck multipoles (better
capturing the large-scale power suppression anomaly)
while still producing an overall worsening of the global
fit implies that it slightly degrades the fit at high-l relative
to the standard phenomenological parametrization. The
reason is that, in closed quadratic inflation, the exact
(gauge-invariant) spectrum ties curvature corrections to
the background dynamics, and the posterior favors less
negative values of ΩK (i.e., a geometry closer to flatness)
than in the heuristic case. The very negative ΩK values
that help explain the lensing anomaly at high-l are there-
fore not allowed within our inflationary model, leading to a
poorer fit to the high-l PLIK PR3 spectra. Therefore, this

exercise teaches us an important lesson: when computing
the primordial spectrum within physically motivated
closed-inflation models, large- and small-scale anomalies
in the Planck CMB data do not necessarily pull in the
same direction. In our case, power-law inflation repro-
duces the low-l suppression more faithfully, consistent
with the theoretical spectrum derived in Ref. [138], but at
the cost of a reduced ability to accommodate highly
negative values of ΩK and hence a weaker fit to the
lensing anomaly.
When adding the lensing likelihood to PL18, the

posterior of the curvature parameter shifts toward zero in
both the standard and our gauge-invariant parametrizations,
as expected. The resulting constraints are very similar, with
ΩK ¼ −0.0107þ0.0070

−0.0047 in the standard CAMB implementa-
tion and ΩK ¼ −0.0084þ0.0062

−0.0036 in our model. The derived
parameters also shift slightly in the same direction as the
curvature, but the effect is not sufficient to alleviate the
tensions with late-time probes, since H0 remains below
the ΛCDM value while S8 remains higher. In our para-
metrization, the slow-roll parameter ϵ is constrained to
ϵ ¼ 0.0141þ0.0074

−0.0045 , with a broader posterior than in the
PL18-only case. As visible in the two-dimensional poste-
riors of Fig. 3, this is mainly a projection effect due to
correlations. The parameter δ remains bounded from below,
with δ> 0.0065 at 68% CL. The ΛCDM parameters
remain essentially unchanged with respect to the PL18-
only case. The comparison of best fits shows that the
original CAMB curvature treatment still provides a slightly
better fit, with Δχ2 ¼ −1.18.
We next consider the CAMSPEC likelihood, which is

known to provide a reduced indication for curvature
compared to PL18. This behavior is confirmed in both

FIG. 5. Comparison of the best-fit CMB temperature spectra at low multipoles: ΛCDM (orange, solid line), the standard curvature
implementation (blue, solid line), and our gauge-invariant positive-curvature model (green, dash-dotted line). The data points are the
Planck 2018 TT spectrum measurements.
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the standard CAMB analysis and in our parametrization.
As shown in the one-dimensional posteriors of Fig. 4, our
model shifts the curvature parameter further toward con-
sistency with flatness, with a preference of about 2σ for
positive curvature. The slow-roll parameters are con-
strained to ϵ ¼ 0.0159þ0.0069

−0.0035 and δ> 0.0101 at 68% CL
while the derived parameters lie between the values
obtained with PL18 alone and PL18þ lensing, reflecting
the intermediate behavior of the curvature constraint in this
likelihood. The shifts (or stability) of the other ΛCDM
parameters follow the same trends observed with PL18,
with no major deviations. A noticeable difference, however,
is that, in this case, the comparison of best fits slightly
favors our parametrization, with Δχ2 ¼ þ0.49. While this
difference is not statistically significant (especially given
that our model includes two additional parameters), it can
be understood in light of the behavior of the CAMSPEC PR4
spectra, where the lensing anomaly is still present but
strongly reduced compared to Plik. This residual prefer-
ence for enhanced smoothing of the acoustic peaks at high-
l still translates into a mild preference for a closed
universe, but with less negative values of ΩK than in
Planck PR3. In this regime, the values ofΩK allowed by our
model not only improve the fit to the lowest multipoles
capturing the power suppression anomaly (note that the
Commander likelihood encompassing temperature anisot-
ropies at l < 30 remains common to both combinations)
but also provide a satisfactory fit to the higher multipoles.
As a result, the improvement at low l is no longer offset by
a significant deterioration at high l, yielding a small net
improvement and reinforcing the interpretation out-
lined above.
When the lensing likelihood is added to CAMSPEC, the

differences between the two high-l likelihoods are effec-
tively washed out. The constraints from CAMSPECþ

lensing and PL18þ lensing are nearly identical, withΩK ¼

−0.0078þ0.0060
−0.0032 in our parametrization, ϵ ¼ 0.0144þ0.0076

−0.0046 ,
and δ> 0.00562 at 68% CL. The comparison of best-fit
values yields a slight preference for our model, with
Δχ2 ¼ þ0.20, though this difference is not statistically
significant given the two additional parameters. In fact,
this can also be regarded as an additional consistency test:
once lensing is included, the residual preference for
negative curvature in CAMSPEC is further reduced relative
to PL18þ lensing, and the constraints inevitably move
toward the ΩK → 0 limit where all parametrizations
become effectively indistinguishable, consistently recover-
ing the flat primordial power spectrum.
Finally, we note once again that the results outlined

above are valid for the approximate form of the primordial
power spectrum Pζ in Eq. (16). However, as explained in
Sec. III A and in Appendix B, this approximation holds
quite well at the CMB scales considered, and we expect that
any impact on the error bars found above should be a
negligible second-order effect.

V. DISCUSSION AND CONCLUSION

In this work, we have revisited the Planck cosmic
microwave background constraints on spatial curvature
within a quadratic model of closed inflation, where the
primordial power spectrum of scalar modes is calculated in
a theoretically well-motivated, gauge-invariant framework.
Our work aims to clarify two issues that might appear as

technical subtleties but, in fact, can hold important conse-
quences when inferring constraints on the curvature density
parameter. The first is the phenomenological nature of the
primordial spectrum for a closed universe usually adopted
in standard analyses. The widely used parametrization (1)
can heuristically capture the modifications induced by
curvature on the largest scales, where a closed geometry
leads to discrete eigenmodes and nontrivial deviations from
the flat case. However, while convenient, it does not
guarantee that, within concrete inflationary models, the
relation between the primordial spectrum and background
quantities such as the present-day spatial curvature cor-
rectly reproduces the imprints of the inflationary dynamics
at those scales. The second is the possible gauge depend-
ence present in many alternative formulations of the
primordial spectrum in closed geometries, which can lead
to different predictions at large scales.
By focusing on quadratic inflation in a closed universe, the

primordial spectrum can be calculated in a fully gauge-
invariant manner [138]. We implemented this formulation in
CAMB, extended the ΛCDM parameter space to include the
curvature parameter ΩK and the two slow-roll parameters ϵ
and δ, and constrained them using Planck CMB data.
We considered different combinations of Planck

likelihoods (PL18, PL18þ lensing, CAMSPEC, and
CAMSPECþ lensing) to test the robustness of the apparent
preference for positive curvature. Our main numerical
findings can be summarized as follows:

(i) Analyzing the dataset combination referred to as
PL18 (based on the PLIK PR3 high-l spectra) within
our quadratic model of closed inflation, we find a
weaker ∼2.5σ preference for a closed universe
compared to that obtained using the standard para-
metrization (1) of the primordial power spectrum.
This is clearly reflected in the shift toward spatial
flatness (i.e. ΩK → 0) observed in the one-dimen-
sional posterior distributions forΩK shown in Fig. 4.
We also note that, for this dataset, our model yields a
slightly worse fit compared to the standard para-
metrization. This result highlights the importance of
calculating and implementing primordial predictions
consistently within predictive models of closed
inflation, as this can modify both the statistical
preference for a closed universe and the final
constraints on ΩK.

(ii) Analyzing the dataset combination referred to as
CAMSPEC (based on the CAMSPEC PR4 high-l
spectra) within our quadratic model of closed
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inflation, the preference for positive curvature is
further reduced, to about 2σ, while the slow-roll
parameters remain constrained at meaningful levels.
This outcome is somewhat expected, since the
indication for curvature is weaker in CAMSPEC than
in PLIK. For this combination, our model also yields
a slight improvement in the fitting of the Planck data
compared to the standard parametrization (although
the difference is not statistically significant given the
larger number of parameters).

(iii) Adding Planck lensing data (to both PL18 and
CAMSPEC), we observe a further shift of the poste-
riors in both models toward ΩK ¼ 0, as expected. In
this regime, the two parametrizations become
broadly consistent, since both primordial spectra
converge to the standard flat case.

Beyond the numerical constraints, for both PL18 and
CAMSPEC our parametrization modifies the shape of the
CMB temperature spectrum at large angular scales, yield-
ing an improved description of the low-l power suppres-
sion anomaly observed at multipoles l < 10, see Fig. 5. In
particular, the low quadrupole is better reproduced com-
pared to the standard CAMB curvature implementation,
highlighting the physical impact of our gauge-invariant
treatment of the primordial spectrum. However, as already
noted, this improvement at large scales does not necessarily
translate into an overall better fit compared to the standard
closed parametrization. While in CAMSPEC we observe a
small improvement in the global fit, in PL18 we find a
slight worsening. This behavior can be traced back to the
different constraints on spatial curvature. In closed quad-
ratic inflation, the exact (gauge-invariant) spectrum ties
curvature corrections to the background dynamics, and the
posterior favors less negative values of ΩK (i.e., a geometry
closer to flatness) than in the heuristic case. The very
negative values ofΩK that help explain the lensing anomaly
at high-l are therefore not allowed within our inflationary
model, leading to a poorer fit to the high-l PLIK PR3
spectra. On the other hand, in the CAMSPEC high-lPR4
spectra the preference for a smoothing excess of the
acoustic peaks is reduced, and the less negative values
of ΩK favored by our closed-inflation model are sufficient
to yield an overall improvement.
As for the other parameters, we observe minimal to

nonexistent shift in their best-fit values, and all the derived
parameters (H0, Ωm, S8) remain in tension with late-time
probes.
Overall, our case study demonstrates that deriving the

primordial spectrum consistently within closed-inflation
models—where the calculation is fully gauge-invariant
and quantities such as the primordial spectrum, inflationary
parameters, and geometric degrees of freedom are treated on
equal footing—can lead to meaningful differences in
the inferred constraints onΩK, with implications that extend
well beyond the interpretation of the (apparent or spurious)

Planck preference for a closed universe. Our broader
message is that implementing physically motivated
closed-universe models can substantially modify the results
that would otherwise be inferred from purely phenomeno-
logical parametrizations of the primordial power spectrum.
There also remains considerable scope for theoretical

progress. In this work we focused on quadratic inflation, a
model that in the flat case is essentially excluded because of
its predictions for the tensor-to-scalar ratio, which conflict
with current BICEP/Keck limits [149–151]. That said,
precise calculations for the tensor spectrum in a closed
universe have not been derived for this model, preventing
us from assessing the impact of spatial curvature on
primordial gravitational waves. Building on existing dis-
cussions [121,123,152] extending the gauge-invariant treat-
ment to tensor perturbations therefore represents a natural
next step. More broadly, applying this framework to other
benchmark inflationary scenarios that are successful in the
flat case, such as Starobinsky inflation, will be essential for
building a more comprehensive picture. These theoretical
advances, together with the improved precision of forth-
coming stage-IV CMB experiments, will be crucial to
establish with confidence the role of curvature in the
cosmological model.
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APPENDIX A: COMPLETE MODEL

CONSTRAINTS, INCLUDING

LOW-REDSHIFT DATA

We investigate our parametrization when combining
Planck CMB data with low-redshift geometric measure-
ments from DESI and Pantheon+. The inclusion of late-
time distance indicators removes the preference for a closed
universe, and in this regime our model becomes not optimal
to explain observations since it forces ΩK < 0.
Nevertheless, it is instructive to verify the consistency of
the results. Using PL18þ lensing together with DESI and
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Pantheon+, we find results fully consistent with flat
ΛCDM, both for the primary and derived parameters. In
particular, as one can see from Table IV, we obtain
ΩK > −0.000583, ϵ < 0.0145, and δ> −0.00172 at

68% CL. Replacing PL18 with CAMSPEC leads to very
similar constraints,ΩK>−0.000511, ϵ¼ 0.0111� 0.0034,
and δ ¼ 0.007þ0.015

−0.019 . The corresponding triangular plots are
displayed in Fig. 7, showing that, in these cases, fully

TABLE IV. Constraints at 68% CL from different Planck likelihood combinations with the inclusion of geometric measurements
(DESI and Pantheon+) on the extended parameter space including ΩK; ϵ; δ, together with the usual ΛCDM parameters and derived
quantities (Ωm; H0; S8).

PL18þ lensing PL18þ lensingþ DESI þ Pþ CAMSPEC þ lensing CAMSPECþ lensingþ DESIþ Pþ

Ωbh
2 0.02248� 0.00015 0.02257� 0.00013 0.02227� 0.00014 0.02234� 0.00012

Ωch
2 0.1187� 0.0014 0.11744þ0.00075

−0.00068
0.1188� 0.0012 0.11743þ0.00072

−0.00064

100θMC 1.04105� 0.00031 1.04126� 0.00028 1.04084� 0.00026 1.04104� 0.00023
τ 0.0515� 0.0082 0.0612þ0.0066

−0.0078
0.0496� 0.0081 0.0595þ0.0064

−0.0078

lnð1010AsÞ 3.035þ0.016
−0.015 3.053þ0.013

−0.015
3.029� 0.016 3.048þ0.013

−0.015

ϵ 0.0141þ0.0074
−0.0045

< 0.0145 0.0144þ0.0076
−0.0046 0.0111þ0.0070

−0.011

δ >0.00650 > − 0.00172 >0.00562 0.007þ0.015
−0.019

ΩK −0.0084þ0.0062
−0.0036

> − 0.000583 −0.0078þ0.0060
−0.0032

> − 0.000511

ns 0.9680� 0.0044 0.9713� 0.0034 0.9656� 0.0042 0.9691� 0.0034
Ωm 0.344þ0.015

−0.022
0.3017� 0.0036 0.344þ0.014

−0.021
0.3032� 0.0035

H0 (km/s/Mpc) 64.3þ2.0
−1.5

68.28� 0.28 64.3þ2.0
−1.4

68.06� 0.27

S8 0.855þ0.017
−0.020

0.8096� 0.0083 0.853þ0.017
−0.019

0.8094� 0.0081

FIG. 6. One- and two-dimensional marginalized constraints at 68% and 95% CL on H0, ΩK , ϵ, and δ in the gauge-invariant closed-
universe model.
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consistent with a flat universe, the slow-roll parameters ϵ
and δ are largely unconstrained.

APPENDIX B: ON THE VALIDITY OF THE

APPROXIMATION IN EQ. (14)

To validate the robustness of the approximation intro-
duced by Eq. (14), we have implemented both the
approximated [i.e., Eq. (15)] and the full [i.e., Eq. (7)]

expressions of Pζ in CAMB and explicitly compared their
impact on the computation of the CMB temperature
angular power spectra Dl. The results are shown in
Fig. 8. For values of ϵ of order ϵ ∼ 0.01 and δ ∼ 0.02
(i.e., of the order of the best-fit values quoted in the
manuscript), the relative difference between the approxi-
mate and full implementations is less than 0.5% on
the largest scales, and becomes negligible at smaller
scales. Altering the value of δ has only a minimal
impact, see the right panel. Similarly, when increasing ϵ

to values up to 3 times larger than those preferred by the
MCMC analysis, the aforementioned difference between
the two implementations remains below 0.5% at small
scales and approaches 1.5% at large scales. However,
given the tight uncertainties on ϵ reported in the
manuscript, such values already lie well outside the
region favored by the analysis. Only for values of ϵ as
large as 5 times the best-fit region does the discrepancy
reach the percent level, still remaining ∼1% at small
scales. In this extreme regime, the largest deviations,
reaching at most ∼2%, occur at very low multipoles.
However, on the one hand, these correspond to scales
where Planck temperature data are dominated by cosmic
variance and therefore have comparatively large error
bars, as illustrated in Fig. 9. On the other hand, these
values of ϵ are strongly excluded by the data and are
therefore never probed in our MCMC runs. As a result,
across the entire parameter range explored by the
present analysis, the uncertainty induced by our approxi-
mation is always negligible compared to the observa-
tional uncertainties and cannot lead to any appreciable
effect on the final constraints. Additionally, the region
where our approximations more faithfully reproduce the
nonapproximated spectrum is found to be exactly

FIG. 7. One- and two-dimensional marginalized constraints at
68% and 95% CL on ΩK; ϵ; δ in the gauge-invariant closed-
universe model, including geometric measurements from DESI
and Pantheon+, combined with Planck likelihoods.

FIG. 8. Fractional difference between the approximated and nonapproximated theoretical predictions of the CMB TT power spectrum
for our model. The difference becomes most pronounced as ϵ increases, but its magnitude does not exceed ∼2% for multipoles below
l ≈ 10 (in the cosmic-variance-limited regime) and remains below ∼1% for multipoles above l ≈ 10.
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coincident with the region of parameter space favored
by the data. This is seen in Fig. 9: when considering the
best-fit parameter values (i.e., in the region of maximum
likelihood), the difference between the approximate and

full implementations is completely indistinguishable. We
therefore conclude that, since the implementation dif-
ferences are well within experimental errors, it is safe to
neglect λϵ;δðnÞ and the terms proportional to ϵ in fϵðnÞ.
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