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Geometric quantum machine learning for barcode similarity classification
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We consider the problem of distinguishing two vectors (visualized as images or barcodes) and learning if

they are related to one another. For this, we develop a geometric quantum machine learning (GQML) approach

with embedded symmetries that allows for the classification of similar and dissimilar pairs based on global

correlations, and enables generalization from just a few samples. Unlike GQML algorithms developed to date,

we propose to focus on symmetry-aware measurement adaptation that outperforms unitary parametrizations. We

compare GQML for similarity testing against classical deep neural networks and convolutional neural networks

with Siamese architectures. We show that quantum networks demonstrate strong empirical performance gains

over their classical counterparts in generalization. We explain this difference in performance by analyzing

correlated distributions used for composing our dataset. We relate the similarity testing to problems that showcase

a proven maximal separation between the bounded-error quantum polynomial time complexity class and the

polynomial hierarchy. While the ability to achieve a formal advantage depends on how data are loaded, we

discuss how similar problems can benefit from quantum machine learning. Finally, we present a 40-qubit

hardware implementation of our quantum model, using a superconducting processor (IBM Kyiv), showing

remarkable scalability and resilience to noise.

DOI: 10.1103/sylc-gclc

I. INTRODUCTION

Machine learning (ML) became a crucial tool for informa-

tion processing [1], bringing us closer to advanced artificial

intelligence [2,3]. Its further progress largely depends on the

development of qualitatively new hardware for computing and

algorithmic breakthroughs [4]. From this perspective, quan-

tum machine learning (QML) [5]—an area of ML devoted to

developing quantum computing algorithms to solve learning-

based problems—has attracted much attention in recent years

[6–8]. Generally motivated by the capability of quantum

computers of getting a superpolynomial improvement in scal-

ing as compared to classical algorithms [9–11], QML has

evolved both in terms of applications to be considered, and

approaches to be used. Notably, the adoption of variational

quantum algorithms (VQAs) [12,13] led to the variety of

quantum circuit optimization-based protocols, applied to tasks

such as classification [7,14–18], phase recognition [19–21],

generative modeling [22–29], and physics-informed solving

of differential equations [30–35], showing potential in areas

where classical methods struggle. A distinct set of tools has

been developed for embedding data into quantum computers

[36–38], including various feature maps designed to exploit

the high-dimensional space of quantum states for enhanced

data representation and processing efficiency [39–45]. The

Published by the American Physical Society under the terms of

the Creative Commons Attribution 4.0 International license. Further

distribution of this work must maintain attribution to the author(s)

and the published article’s title, journal citation, and DOI.

use-cases of QML include image recognition [46–49], data

analysis in high-energy physics [50–54], financial risk assess-

ment [21,55,56], fraud detection [57–60], natural language

processing [61–63], graph-based learning [64–67], power

flow analysis [68], enhanced molecular simulations in chem-

istry [69], among many others.

Several open questions are yet to be answered before QML

delivers its full promise. First, we need to decide how to

parametrize quantum models in the most advantageous way.

Do we get an advantage from training variational circuits, or

is quantum embedding enough [70,71]? Or shall we use the

structure of quantum kernels [72–74]? Second, we still need

to understand where a proven advantage in quantum machine

learning can come from [75]. Does it mainly concern improv-

ing runtime and circuit depth [6,76,77]? Does it come from

sampling (generative modeling) [26,78–81], including proven

formal separations for learning quantum data distributions

[82], or do we gain from better generalization of quantum

models [19,83–86]?

One idea fueling efficient quantum models leans on us-

ing symmetries of considered datasets and problems [87–89].

This approach, inspired by geometric deep learning [90], was

dubbed as geometric quantum machine learning (GQML)

[91–94]. GQML excels in problems with apparent symmetries

and offers a guide for optimal ansatz parametrizations. But we

need to keep in mind that symmetries also help classical ML

making problems more tractable [95,96].

To answer the second question several approaches were

suggested. One can relate QML with probably approximately

correct (PAC) learning [97], proving a superpolynomial ad-

vantage for density and Boolean function learning [98,99],
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and for specific concept classes [73,100]. Another approach

to proving quantum-classical separation relies on connecting

QML models to some of the known quantum algorithms

that have exponential separation. This includes develop-

ing quantum kernels with a provable advantage based on

bounded-error quantum polynomial time (BQP) problems

[101,102] and kernel-based quantum models with Grover’s

advantage [103]. Recently, we have shown that geometric

quantum machine learning can be used to learn Simon’s algo-

rithm in BQPA [104], suggesting that both QML architectures

and optimal circuits can be learnt to represent known solutions

with proven advantages.

In this paper, we apply GQML to the similarity testing

problem. We show that for data sampled from specific dis-

tributions, certain classes of GQML models exhibit strong

empirical generalization benefits over classical learners, dis-

covering an optimal decision boundary with just a few

samples. We set up the problem as distinguishing pairs of

pixelated images—barcodes—each represented by a binary

string. The task is to determine which pairs are related to

each other (i.e., coming from a correlated distribution), or are

dissimilar. We develop several architectures for an equivariant

quantum neural network (QNN) to address the task. We show

that, while the unitarily parametrized QNN does not train

well on the supplied dataset, the adaptive measurement-based

QNN trains and provides strong empirical generalization ben-

efits. Embracing its remarkable scalability and resilience to

noise, we are able to run a 40-qubit realization of the model on

IBM Kyiv. Finally, we explain the results based on established

problems for superpolynomial separation between BQPA

and polynomial hierarchy (PH).

II. THE PROBLEM

We consider a dataset D consisting of samples labeled

as correlated (ym = 0, class A) and uncorrelated (ym = 1,

class B). The dataset D = {xm = (x1,m, x2,m), ym}M
m=1 of M

samples includes information about xm being pairs of bi-

nary strings x1,m ∈ X and x2,m ∈ X, where X = {0, 1}N . The

first part of the pair (e.g., x1,1 = 010001 . . .) and the second

part (x2,1 = 101100 . . .) need to be loaded and processed in

parallel. Classically, these samples can be represented as two-

dimensional barcodes with solid and open squares. The task

is to establish a machine learning workflow for the similarity

testing between the pairs (Fig. 1). We are given the informa-

tion that samples come from latent distributions as x|y=0 ∼
PA(x) and x|y=1 ∼ PB(x), where x ∈ X× X =: X2. Therefore,

the underlying goal is to distinguish the probability distribu-

tions PA(x) and PB(x) in terms of their properties related to

global correlations between samples coming in pairs.

We suggest that the data can be efficiently encoded

into quantum states using the phase states |φx〉 :=
(
∑N

j=1(−1)x
[ j]
1 | j〉) ⊗ (

∑N
j=1(−1)x

[ j]
2 | j〉)/N =: |φx1

〉 ⊗ |φx2
〉,

where x
[ j]
α (α = 1, 2) denote the jth digit of the binary

converted into a 0/π phase in front of the corresponding

computational basis state [10]. In this case, N-digit strings

are compressed into n = ⌈log2 N⌉ qubit registers, and we

need 2n qubits for loading a sample xm. We are also given

an associated symmetry S� that corresponds to a remapping

of bitstrings according to rules given by particular Boolean

FIG. 1. Sketch of the machine learning workflows for distin-

guishing images (barcodes) based on their correlations. Pairs of

barcodes are processed by a classical learner via Siamese deep neural

networks. A quantum learner processes data embedded into quantum

states via parametrized equivariant measurements, classifying bar-

codes as correlated or uncorrelated.

circuits, such that xk and σ (xk ) for σ ∈ S� share the same

label yk . This has the representation of σ : xk �→ σ (xk ) ∼= x̄k ,

where x̄k = (x̄1,k, x̄2,k ) is the complement of xk , crucially

containing the same global correlations. At this point, we

are ready to propose machine learning approaches that can

address the problem.

III. MODELS AND ARCHITECTURES

Next, we detail distinct machine learning approaches and

neural network architecture that can be used to solve the

problem of similarity testing. Specifically, we describe several

QNNs and loss functions originating from geometric quantum

machine learning. Then, we describe the classical workflows

to set a baseline for benchmarking.

For the GQML, we consider two different options. The

first is the standard formalism for GQML that has been

detailed in various studies [87–89,91,105]. We wish to deter-

mine whether or not each pair of barcodes xm drawn from

the dataset D is correlated. In other words, we have a tar-

get function g : X× X→ Y mapping samples to the binary

domain such that g(xm) = ym, and we wish to train a model

to approximate g across all inputs xm. The quantum model is

defined as

hθ (xm) = 〈ψ0|Û†
φ (xm)Ŵ †(θ )ÔŴ (θ )Ûφ (xm)|ψ0〉, (1)

with |ψ0〉 = H⊗2n|0〉2n being a uniform state and Ûφ (x) be-

ing the feature map that creates a phase state as |φx〉 =:

Ûφ (x)|ψ0〉. Next, the state is processed with an adjustable

ansatz Ŵ (θ ) followed by the measurement of a Hermitian

observable Ô.

To move from QML to GQML, we choose the compo-

nents of our model in a way that incorporates symmetries

and ensures label invariance. Given a symmetry group S with

a corresponding representation Vσ : S→ Aut(X2) [88,91],

we say that the function g is invariant under the action of

S if g(Vσ [xm]) = g(xm) ∀xm ∈ X2, σ ∈ S. In our case, we

have the symmetry group S = Z2 × S�. The first symme-

try corresponds to the exchange of two barcodes within the

052425-2
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pair, g(VZ2
[x1,m, x2,m]) = g(x2,m, x1,m ) = g(x1,m, x2,m ), while

the second corresponds to the bitstring remapping symmetry

applied on each barcode, as described in the previous section:

g(VS�
[x1,m, x2,m]) = g(x̄1,m, x̄2,m ) = g(x1,m, x2,m).

To encode these symmetries on the Hilbert space, we

use the unitary representations of our symmetries: ÛZ2
=∏n

i=1 SWAPi,i+n for the exchange symmetry, and Û� = Y ⊗n ⊗
Y ⊗n for the bitstring remapping symmetry. Guided by these,

we can build an invariant quantum model using the following

ingredients [88]: (1) invariant initial state, Ûσ |ψ0〉 = |ψ0〉;
(2) equivariant embedding, Û (Vσ [xm]) = ÛσÛ (xm)Û †

σ ; (3)

equivariant ansatz, [Ŵ (θ ), Ûσ ] = 0; and (4) invariant mea-

sured observable satisfying Ûσ ÔÛ †
σ = Ô.

The equivariant embedding of the pairs of barcodes is

done by preparing the aforementioned phase states |φxm
〉.

These are also known as real equally weighted (REW) states

[106] or hypergraph states [107], and the corresponding

unitary encoding circuit Ûφ (xm) = Û (x1,m) ⊗ Û (x2,m)

consists of a series of (multi)controlled-Z operations.

Combined with the initial state |ψ0〉 = |+〉⊗2n, it is clear

to see that our encoding is equivariant with respect to

both symmetries. As for the equivariant ansatz, we select

generators that commute with ÛZ2
and Û�. These include local

operators {
∑

i Ŷi,
∑

i X̂iX̂i+1,
∑

i ŶiŶi+1,
∑

i ẐiẐi+1} as well as

global operators {X̂ ⊗2n, Ẑ⊗2n,
∏n

i=1 SWAPi,i+n, Ĥ⊗2n, . . .}.
We can extend this pool by noting that if operators

Â and B̂ both commute with Ĉ, then so does the

product ÂB̂. This allows us to insert operators such as

{
∏n

i=1 SWAPi,i+n · X̂ ⊗2n, Ĥ⊗2n · Ẑ⊗2n,
∏n

i=1 SWAPi,i+n · Ĥ⊗2n,

. . .} into the pool. We select from this same pool of operators

when choosing the invariant measurement observable.

We train the quantum model by minimizing the

mean squared error (MSE) between the model predic-

tions and the data labels over the training dataset, LMSE =
1
M

∑M
m=1[ahθ (xm) + b − ym]2, where M is the number of

training samples and a and b are trainable scaling and bias

parameters. In this variational GQML approach [denoted as

QNNU as in Fig. 2(a)], we optimize the parameters within the

variational ansatz and measure a single observable.

Next, we present a second option for GQML, involv-

ing the measurement of multiple observables with adjustable

weights QNNM, Fig. 2(b)]. We take inspiration from the

ideas presented by Molteni et al. [108]. There, the au-

thors prove quantum advantages for the task of learning

quantum observables of the form Ô(α) =
∑K

k=1 αkP̂k , where

αk are real, unknown coefficients and P̂k are Pauli strings.

Specifically, the task is to learn a model h(x) which approxi-

mates some unknown concept f α(x) = tr[ρH (x)Ô(α)]. Here,

ρH (x) = Û (x)|0〉〈0|Û †(x), with Û (x) = eiĤ (x). This problem

is provably hard for classical algorithms under certain con-

ditions, but the proposed quantum protocol can learn the

concept with a training set of polynomial size [108].

Let us detail the method, adapting it specifically to our

task of determining whether or not pairs of barcodes are

correlated. We first encode the barcodes into quantum states

in the same way as the standard GQML approach, |φxm
〉 =

Ûφ (xm)|ψ0〉. We then build a feature vector ϕ(xm) for each

data point xm by measuring the expectation values of a set

of observables Ô, directly on the quantum states, ϕ(xm) =

..
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FIG. 2. Architectures for geometric quantum machine learning

used in the study. (a) Quantum neural network approach based on

equivariant unitary circuit (QNNU) parametrized by a vector θ that

processes a pair of barcodes encoded into quantum states. (b) QNNM
based on equivariant measurements that are weighted adaptively to

form a model for correlated sample processing.

[〈Ô1〉m, 〈Ô2〉m, . . . , 〈ÔK 〉m], where 〈Ôi〉m = 〈φxm
|Ôi|φxm

〉. We

select this set of observables from the aforementioned pool of

equivariant operators, such that our model maintains symme-

try invariance. We then define the model as h(xm) = α · ϕ(xm),

where α is a vector of real-valued weights. We make use of

the least absolute shrinkage and selection operator (LASSO)

method, a machine learning model that finds the optimal

weights to minimize the loss function as [109]

LASSO : min
α

1

2M

M∑

m=1

[α · ϕ(xm) − ym]2 + λ||α||l1 , (2)

where λ is a regularization constant which constrains the size

of the weights. In this case, our labels ym = f α (xm) represent

samples from our concept class. By optimizing the loss func-

tion, we can determine the combination of observables that

lead to a clear separation between correlated and noncorre-

lated samples xm = (x1,m, x2,m ).

We proceed to compare the performance of the two

different quantum architectures, QNNU and QNNM.

For the variational GQML, we selected the generators

{
∑

i Ŷi,
∑

i X̂iX̂i+1,
∑

i ŶiŶi+1,
∏n

i=1 SWAPi,i+n} to build our

model [Fig. 2(a)], balancing layers of trainable local

operations with the measurement of a nonlocal SWAP

operator in an attempt to capture global correlations between

the input pair. The variational parameters were optimized

using the Adam optimizer with a learning rate of 0.1,

and training was performed over 200 epochs. As for the

adaptive measurement protocol, we selected a set of K = 10
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FIG. 3. Comparison of the training performance (a) and gen-

eralization (b) between the two GQML architectures, QNNU and

QNNM. Both models were trained and tested on pairs of barcodes

with 16 pixels each, corresponding to an 8-qubit quantum state

for each input datum. Solid/dashed lines indicate the mean values

across the ten trials, while the shaded region indicates the standard

deviation.

measurement observables from our equivariant pool of

operators, including most of the operators already listed,

and the weights of the LASSO model were optimized

via coordinate descent. For both architectures, we used a

training dataset of ten samples from each class (M = 20),

and tested on 40 samples from each class, thus studying the

models’ ability to generalize to unseen data from relatively

few samples. We trialed the two quantum models on pairs

of 4 × 4 barcodes, averaging results for each model over

ten trials (for each trial, variational parameters/weights

were randomly initialized and a different training set was

selected). The results are shown in Fig. 3. We can see that

both models successfully train; the training loss of QNNU
steadily decreases over the training period, while the QNNM
model converges extremely quickly. However, we observe

a stark difference in generalization; while the adaptive

measurement model achieves virtually perfect test accuracy

across all runs, the variational circuit model struggles to

reach test accuracies over 60%. QNNU may be overfitting

the training data, indicating that the features encoding the

correlations are difficult to extract using the parametrized

quantum circuit framework. However, measuring a linear

combination of specific observables proves to be much more

successful in distinguishing correlated and uncorrelated

samples. The struggles of QNNU are even more pertinent as

we increase the system size, with an increasing number of

ansatz layers required just to train the model, with similarly

poor generalization. Based on these trials, we proceed with

the adaptive measurement approach as the GQML protocol to

test on larger images.

IV. RESULTS

A. In silico: classical versus quantum model

We analyze the described GQML workflows and compare

them to classical similarity testing with Siamese neural net-

works [110,111]. To emphasize the resilience of the separation

between quantum and classical learners, we present general-

ization over the number of training samples and system size.

In Fig. 4, we show the training loss and test accuracy of the

QNNM against those for classical networks, classifying pairs

of 32 × 32 barcodes. We consider two types of networks with

No. of No. of

FIG. 4. Generalization of quantum and classical learners for the

barcode similarity problem shown as a function of the number of

samples from each class used in training. We show final training

loss (a) and test accuracy (b) of quantum and classical networks,

trained and tested on pairs of 1024-pixel barcodes (20-qubit system).

Classical benchmarks correspond to deep (DNN) and convolutional

(CNN) Siamese neural networks, which learn the similarity via a

metric distance evaluated in feature space (see details in the main

text).

Siamese structures, namely a deep neural network (DNN)

and a convolutional neural network (CNN). Siamese neural

networks consist of two identical subnetworks that share the

same weights and architecture. Let fθ (x) represent the func-

tion learned by the subnetwork parametrized by weights θ .

Given a dataset pair xm = (x1,m, x2,m), the network computes

the outputs h1,m = fθ (x1,m) and h2,m = fθ (x2,m). The idea is

to map similar inputs close to each other in feature space

while mapping dissimilar inputs far apart. To achieve this, we

compute the commonly used Euclidean distance metric be-

tween the two outputs, d (h1,m, h2,m) = ||h1,m − h2,m||2. The

learning objective is to minimize the loss function LMSE =
(1/M )

∑M
m=1(ỹm − ym)2 where ỹm is the predicted label for

the pair (x1,m, x2,m). Note that the mean square error is chosen

for better comparison with the quantum models. We used the

following training and test parameters for the simulations with

quantum and classical networks. We average over 50 random-

izations of the training dataset for each training data set size,

training over (up to) 300 epochs for both models (noting again

that far fewer epochs were required for the convergence of

QNNM). For each run, we randomize the M samples xm se-

lected for the training dataset, with M
2

= 1, 2, . . . , 10 selected

from each category (correlated and uncorrelated samples).

Testing is done on 40 unseen samples from each class. The

error bar represents the standard deviation over the training

randomizations. Note that the “tearing” effect of the lower

error bars in Fig. 4(a) is due to the semilogarithmic scale.

Both quantum and classical ML protocols showcase good

training performances across all datasets; all three models

reach 100% training accuracy at all dataset sizes M, with

MSE for CNN converging to particularly low values. The

real differences between the architectures are seen in their

generalization, where both classical models struggle to per-

form on unseen data, achieving test accuracies only slightly

better than random guessing. This suggests that the classical

models are prone to overfitting the training data, failing to

discover the true features underlying the correlations between

the barcodes. Several adjustments were attempted to improve

the classical performance; we tested different loss functions

(e.g., MSE and binary cross-entropy), added dropouts, used
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No. of No. of

FIG. 5. Generalization of learners for the barcode similarity

problem shown as a function of system size (number of qubits n

for each image, 2n in total). Both training loss (a) and test accuracy

(b) remain steady across all system sizes, indicating that the

quantum-classical separation is ubiquitous for smaller and larger

pairs of barcodes. The plots show simulations run with the same

parameters as described in Fig. 4, with five training samples taken

from each class (M = 10).

cosine similarity as a metric, and varied batch sizes. None

of these attempts significantly improved results. Meanwhile,

the quantum model again generalizes excellently at this larger

system size; training on just three samples from each class

(M = 6) is enough to classify all the pairs of 1024-pixel

barcodes loaded into a 2n = 20-qubit register.

Next, we compare the ability of different models to detect

image correlation at different system sizes fixing the num-

ber of training samples. The results are shown in Fig. 5.

We plot the average training loss and test accuracy as a

function of the number of qubits n used to encode each

barcode within the quantum model; an N-pixel barcode re-

quires n = log2 N qubits. Both quantum and classical models

show no significant performance variation across the range of

image dimensions, showcasing that quantum-classical separa-

tion persists at different system sizes. While we fix the number

of training samples to 5 from each class (M = 10), all other

parameters and the running procedure are the same as the ones

of Fig. 4.

B. Hardware: 40-qubit quantum model

To evaluate the scalability and noise resilience of the

proposed QNN model, we implemented a 40-qubit protocol

(2n = 40) on IBM Kyiv using the Eagle r3 architecture [112].

Following the structure in Fig. 2(b), we started by gen-

erating the instruction sets Û (x1,m) and Û (x2,m) to prepare

50 random 1 048 576-pixel barcode pairs and 50 correlated

pairs. These instructions defined the unitary encoding cir-

cuits Ûφ (xm) = Û (x1,m) ⊗ Û (x2,m), which we used to create

the states |φxm
〉 = Ûφ (xm)|ψ0〉. We calculated the expec-

tation values on these states of seven observables:
∑

i Ŷi,∑
i X̂iX̂i+1,

∑
i ŶiŶi+1,

∑
i ẐiẐi+1,

∏n
i=1 SWAPi,i+n, Ĥ⊗2n, and∏n

i=1 SWAPi,i+n · Ĥ⊗2n. We evaluated these expectation values

by sampling return probabilities from the state |0〉2n, then

constructed the feature vectors ϕ(xm) for the LASSO model

as described in Eq. (2).

Figure 6 shows the results. In Fig. 6(a), we plot the

expectation values for 50 random and 50 correlated pairs.

Figure 6(b) displays the training loss and test accuracy of

the LASSO model across 50 random data splits. Figure 6(c)

No. of

FIG. 6. Implementation of a 2n = 40 model on IBM Kyiv with

Eagle r3 architecture. We run 50 randomizations of random and cor-

related barcode pairs. In (a), we show the sampled expectation values

and relative standard deviations of the randomizations of the follow-

ing observables, Ô1 =
∑

i Ŷi, Ô2 =
∑

i X̂iX̂i+1, Ô3 =
∑

i ŶiŶi+1, Ô4 =∑
i ẐiẐi+1, Ô5 =

∏n

i=1 SWAPi,i+n, Ô6 = Ĥ⊗2n, Ô7 =
∏n

i=1 SWAPi,i+n ·
Ĥ⊗2n. Both observables including the SWAP operations, Ô5 and Ô7,

show a clear separation (highlighted in gray) between random and

correlated pairs. In (b), these values are then used in the LASSO

model at different sample sizes. We show training loss and test

accuracy of the model averaged over 50 sample randomizations.

The model remains solid against hardware noise and showed perfect

accuracy already training over two samples. In (c), we show an

example of 40-qubit configuration used during the sampling runs

on IBM Kyiv. The disconnected qubits are likely chosen during the

optimization passes (level 3) to compensate for qubit and connection

errors.

highlights a 40-qubit configuration used during the sampling

routine on IBM Kyiv. Expectation values for random and

correlated pairs are comparable (within their standard devi-

ations) for the local and global operators
∑

i Ŷi,
∑

i X̂iX̂i+1,∑
i ŶiŶi+1,

∑
i ẐiẐi+1, and Ĥ⊗2n. However,

∏n
i=1 SWAPi,i+n

and
∏n

i=1 SWAPi,i+n · Ĥ⊗2n show significant differences, high-

lighted in gray in Fig. 6(a). This separation is crucial for

training the model, as shown in Fig. 6(b). For datasets com-

prising a single correlated pair and a single random pair, the

model does not achieve 100% average test accuracy. Instead,

accuracy strongly depends on the specific training instance se-

lected; smaller observable separations result in reduced model

accuracy. However, already with two training samples the test

accuracy of a quantum model reaches 100%, largely over-

coming the random guess limit characteristic to the classical

analysis.

To perform the sampling, we sampled circuits coded in

Qiskit and shipped to the quantum processing unit (QPU) IBM

Kyiv via IBM Cloud. We evaluated the expectation values

running 2048 shots per pair. We optimized the circuits for

the Eagle r3 QPU architecture using the preset pass man-

ager at optimization level 3 and grouped them into batches.

Figure 6(c) shows an example of the 40-qubit configuration
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used. After running the batches through the sampler, we col-

lected the 02n string counts and processed the expectation

values through the LASSO model.

V. THE EXPLANATION

Previously we have shown that the problem of barcode

similarity testing can be solved with excellent generalization.

This is ensured by the considered dataset, symmetries, and

trained quantum models. Let us unravel why GQML did so

well when learning the similarity (global correlations), and

show that the task can be related to problems leading to

a proven superpolynomial speedup. To form the dataset we

employed the strategy presented by Raz and Tal [113], moti-

vated by Aaronson [114], and developed to show a separation

between BQP and PH. Specifically, we take a normal mul-

tivariate probability distribution P̃A(x) := N (0, ε · �) over

x̃ ∈ R
N × R

N with zero mean, variance of ε, and covariances

defined as a 2 × 2-block matrix � = [1⊗n, Ĥ⊗n; Ĥ⊗n,1⊗n],

for n = ⌈log2 N⌉. Drawing samples from this distribution X̃ ∼
P̃A(x̃) we get a list of correlated vectors. This can be seen

as drawing the N-dimensional first part of the sample x̃1 and

the second part being related via the Hadamard transform as

x̃2 ≈ Ĥ⊗nx̃1. Following Ref. [113] we perform truncation of

vector entries and get the samples x|y=0. Next, sampling the

distribution P̃B(x) := N (0, ε · [1⊗n, 0; 0,1⊗n], then perform-

ing the same truncation gives us uncorrelated samples from

effectively independent distributions, x|y=1. Raz and Tal then

showed that following the quantum algorithm for the forrela-

tion problem by Aaronson and Ambainis [115] one can solve

this Promise-BQP problem of distinguishing forrelated and

uniform distributions, calling a single query to load the data as

a quantum state [similar to our feature map Ûφ (x)]. This O(1)

query complexity for distinguishing distributions showcases

advantage over 
̃(
√

N ) for the classical query complexity

[115,116]. The essence of the quantum algorithm is the es-

timation of the overlap between quantum representations of

x1 and x2 as

F = |〈φx1
|Ĥ⊗n|φx2

〉|2 = |〈0|Ĥ⊗nÛ
†
φ (x1)Ĥ⊗nÛφ (x2)Ĥ⊗n|0〉|2,

(3)

which takes high values for pairs from PA(x) as we are effec-

tively undoing the Hadamard transform on x2. Conversely, for

uncorrelated samples Ĥ⊗n simply reshuffles the amplitudes,

and F remains exponentially small in N . This represents a

feature that can be used by the GQML classifier. To pick up

this feature of forrelated distributions during similarity testing

QNNs require learning a specific observable for construct-

ing a decision boundary, corresponding to Ô(α∗) = Ĥ⊗2n ·
(
∏n

i=1 SWAPi,i+n) applied on |φx1
〉 ⊗ |φx2

〉. Such a Hermitian

operator is readily available in the QNNM model, and can be

learnt by LASSO optimization. At the same time, we note that

there is no equivariant unitary transformation and observable

such that Ŵ †(θ )ÔŴ (θ ) represents the required product of

SWAPs and Hadamards. This explains why the QNNU model

does not generalize well for the task.

We stress that forrelation also underpins the first example

of provably efficient quantum machine learning solvers of

BQP problems in the kernel-based operation mode [102].

Jäger and Krems have shown that by using a feature map

specific to k-forrelation one can produce a classifier that out-

performs any classical analog. In our work, we show that

GQML achieves a generalization advantage without tailored

feature maps, and aided by simple symmetries can distinguish

distributions and patterns of global correlations.

VI. CONCLUSION

To summarize, we described a geometric quantum ma-

chine learning (GQML) approach that enables learning an

optimal algorithm for similarity testing between two vectors

(visualized as images or barcodes). Our approach embedded

symmetries to enable generalization from just a few samples.

Unlike existing GQML algorithms, we focused on symmetry-

aware measurement adaptation, which we demonstrated to

outperform unitary adaptation of observables. We compared

the performance of our GQML approach to that of classi-

cal deep neural networks employing a Siamese architecture.

Our findings show that the quantum model achieves strong

empirical performance gains over classical deep learning, par-

ticularly in scenarios involving correlated distributions and

limited training data. We explained these empirical gener-

alization benefits through the connection to the established

maximal separations between the BQP complexity class and

the PH for classifying samples from forrelated and uniform

distributions. Our work identifies a setting where quantum

machine learning can offer empirical benefits over classical

approaches. In this direction, we demonstrated the suitability

of the quantum model based on equivariant measurements for

hardware implementation by successfully running a 40-qubit

protocol on IBM Eagle architecture, which represents the

largest hardware run of a forrelation test to date.

Importantly, the demonstrated advantage for using GQML

depends on the considered data access. For the setting with

quantum data access, the GQML approach consistently out-

performed classical Siamese architectures. At the same time,

for classical data access and no black-box assumptions, we

note that the process becomes more prone to dequantization

[117]. For pixels that are stored in memory, one can apply the

same steps as in the quantum algorithm and obtain an efficient

quantum-inspired solution, since the Hadamard transform is

easy to apply on a classical machine. An interesting scenario

corresponds to data loading schemes, where certain families

of REW stated are prepared by construction [118], but the cir-

cuit structure is unknown and families of circuit distributions

need to be classified. Discovering problems that benefit from

quantum similarity detection in the quantum data setting is a

motivation for future works.
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