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Matrix multiplication is a fundamental operation in both training of neural networks and inference. To accelerate matrix
multiplication, Graphical Processing Units (GPUs) provide it implemented in hardware. Due to the increased throughput over
the software-based matrix multiplication, the multipliers are increasingly used outside Al to accelerate various applications
in scientific computing. However, matrix multipliers targeted at Al are at present not compliant with IEEE 754 floating-point
arithmetic behaviour, with different vendors offering different numerical features. This leads to non-reproducible results
across different generations of GPU architectures, at the matrix multiply-accumulate instruction level. To study numerical
characteristics of matrix multipliers—such as rounding behaviour, accumulator width, normalization points, extra carry bits,
and others—test vectors are typically constructed. Yet, these vectors may or may not distinguish between different hardware
models, and due to limited hardware availability, their reliability across many different platforms remains largely untested.
We present software models for emulating the inner product behavior of low- and mixed-precision matrix multipliers in
the V100, A100, H100 and B200 data center GPUs in most supported input formats of interest to mixed-precision algorithm
developers: 8-, 16-, and 19-bit floating point. These matrix multiplier models are first approximated by determining the
numerical features via test vectors designed to trigger outputs sensitive to bit level differences in the implementation, followed
by semi-exhaustive comparison (randomised input vectors of 107 values) between the models and the actual GPU matrix
multipliers—this process is repeated until the model is bit-accurate. These models enable verification of test vectors before
applying them to real hardware and also support computational scientists and mixed-precision algorithm developers with
easy-to-use accurate models available in MATLAB—we demonstrate their use in multi-word emulation algorithms for matrix
multiplication.

Additional Key Words and Phrases: Tensor cores, mixed-precision computing, matrix multiply, inner product, IEEE 754
standard arithmetic

The software associated with this paper, the MATLAB. Tensor Core v@.5, which includes
various NVIDIA GPU tensor core models as well as a generalised model that can be used
to instantiate custom tensor core variants, is available on GitHub: https://github.com/north-
numerical-computing/MATLAB-tensor-core.

1 Introduction

Most recently released GPUs incorporate specialized matrix multiplier units, often referred to as tensor cores or
matrix cores, which are designed to accelerate the GEneral Matrix Multiply (GEMM) operation for Al workloads.
Beyond neural networks, these units are also extensively used to accelerate fundamental linear algebra kernels
used in high-performance computing (HPC) applications outside of Al [7, 13, 16]. Although some applications
may tolerate numerical inaccuracies, this is certainly not the case for all workloads. For example, tensor cores
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Fig. 1. Number of machines on the June 2026 TOP500 list that support low-precision floating-point formats, and low- and
mixed-precision matrix multiplication operations. NVIDIA, AMD, and Intel GPUs are included in the counts.

are increasingly utilized in applications such as Fourier transforms [8, 22], beamforming [31], MR image recon-
struction [24], finite element simulations [39], high-precision dense matrix multiply emulation [26], and various
others [11, 37]. At the same time, almost half of the machines on the June 2026 TOP500 list! contain low-precision
matrix multiplication operation in hardware (Fig. 1).

Support for very low-precision, 8-, 6-, and even 4-bit, floating-point formats (albeit with higher precision
accumulation in the inner products) is widely available in AMD [3] and NVIDIA [30] GPU architectures. In this
paper we will focus on NVIDIA matrix multipliers, informally known as tensor cores. Tensor cores generally do
not adhere to any numerical standards, likely due to the absence of mixed-precision arithmetic standards at the
time of their introduction in the NVIDIA V100 GPU in 2017. Until the establishment of relatively recent Open
Compute Project [27] and IEEE P3109 [1] standardisation activities, there was no standard for low-precision
number formats and arithmetic. Consequently, even today, Al hardware vendors implement mixed-precision
matrix multipliers in various ways, and the computed matrix products across architectures and vendors may
differ. While some of the latest hardware implements the OCP data formats [27, 34], the OCP does not standardise
arithmetic behaviour.

Mixed-precision tensor cores do not conform with the IEEE 754 [18] floating point standard, because that
would require relatively expensive normalisation and rounding logic to be evaluated on every fused multiply-
accumulate (FMA) operation within the matrix multiply-accumulate units, which may not be justified for Al
workloads that tend to tolerate rounding errors. The features of interest (that cause most impact to the matrix
products) include normalization points in multi-term floating-point addition, the rounding modes at various
points of computation, the block FMA size (number of additions in a dot-product-add operation), and the use
of extra bits in the intermediate alignments of significands of products, amongst other design decisions. The
lack of standardization across vendors makes reproducibility and explainability of numerical results particularly
challenging in scientific computing applications which may rely on cross-platform consistency. It can also cause
difficulties for performing accurate rounding error analysis of algorithms that utilise mixed-precision matrix
multipliers.

https://top500.org/lists/top500/1list/2026/06/
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To address these challenges, the identified numerical features can be abstracted into bit-accurate behavioral
models that capture the characteristics of matrix multipliers. These models provide a software-level representation
of hardware behaviour, enabling architecture research without requiring direct access to proprietary GPU
implementations or specialised hardware knowledge. Furthermore, such models allow reasoning about the
numerical accuracy of scientific computing applications that utilise matrix multipliers on data centre GPUs.

In addition, these models may help improve numerical reproducibility and stability in large-scale numerical
simulations [37]. Undocumented hardware-level numerical effects that contribute to variability in machine learn-
ing systems [12], once characterized, can help isolate true algorithmic behavior from hardware-induced artifacts,
thereby improving experimental consistency. Moreover, since matrix multiplication is a core computational
component of large language model inference, variations in GPU numerical behavior can also lead to differences in
inference outputs across hardware platforms [41]. The proposed models make it possible to reproduce and modify
such numerical behaviors in software, enabling controlled studies of their impact on accuracy and reproducibility.

1.1 Previous work

The numerical characteristics of mixed-precision matrix multipliers are seldom documented. Nonetheless, recent
studies have attempted to characterize some of these features using input vectors, compiled manually or through
theorem provers, that trigger special cases in the matrix multipliers of different designs to produce unique results,
allowing one to reason about the overall numerical behaviour without checking all the possible inputs. Such
studies have been done for AMD, and NVIDIA GPUs [2, 9, 14, 23, 40].

These works have developed conceptual models of matrix multipliers, but we argue, using randomised testing
of tensor cores and their models, that refinement is needed to improve their accuracy. The underlying limitation
of these prior approaches is that they rely on an assumed feature space and subsequently determine whether such
features are present in a given architecture. If a feature lies outside the assumed feature space, these methods are
inherently unable to uncover it since no test is created to target it. In contrast, randomized testing compares model
predictions against real hardware results over selected ensembles of inputs, enabling the discovery of hidden
behaviours that may not belong to the originally assumed feature space, allowing the creation of a feedback loop
in the testing methodology.

The goal of this project is to develop accurate MATLAB models of matrix multipliers, refined through a
combination of targeted feature testing and randomized testing against GPU-generated results, to enable the mixed-
precision research community to perform accurate numerical experiments when developing new algorithms
that target these mixed-precision units. We extend the past approaches and also embed them within an iterative
technique that allows to refine the models after the initial approximation is obtained.

This type of work goes back to the Paranoia® software, built in the 1980s, for testing the compliance with the
IEEE 754 standard [18]. Several projects followed Paranoia. Hillesland and Lastra [17] developed a GPU Paranoia
which allowed them to analyse R300 and NV30 devices and found that, for example, basic arithmetic operations
were not optimally accurate as prescribed by the correct rounding of IEEE 754. FPGA Paranoia of Tan, Boland,
and Constantinides [36] similarly tested the arithmetic of various FPGA devices, finding for example that Altera
devices rounded division differently from Xilinx devices, by not rounding to the nearest number in some cases.

1.2 Contributions

In this work, we reapply the generalized test vectors proposed in our earlier study [2] to determine the numerical
features of NVIDIA’s V100, A2, A30, A40, A100, H100, H200, L40S, Ada RTX 1000, RTX PRO 6000, and B200 tensor
cores across all supported input and output precisions—40 models in total. The GPU devices we target, along with
their corresponding architectures and streaming multiprocessor (SM) compute capabilities, are summarized in

2https://www.arithmazium.org/paranoia/aaapara_toc.html
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Table 1. NVIDIA GPUs whose models of matrix multipliers are determined in this work, together with their corresponding
microarchitecture and SM (streaming multiprocessor) compute capability.

GPU Model Architecture  SM Compute Capability

V100 Volta 70
A100 Ampere 80
A30 Ampere 80
A40 Ampere 86
A2 Ampere 86
L40S Ada Lovelace 89
RTX 1000 Ada Lovelace 89
H100 Hopper 90
H200 Hopper 90
B200 Blackwell 100
RTX PRO 6000 Blackwell 120

Table 1. Unlike prior analyses [2, 9, 14, 23, 40], we extend the investigation to include the two 8-bit floating-point
formats available on the L40S, Ada RTX 1000, H100, H200, RTX PRO 6000, and B200 GPUs. Based on the identified
features, we develop MATLAB-based software models of tensor cores for the aforementioned GPUs, for increasing
the productivity and accessibility to tensor cores by mixed-precision algorithm developers and numerical analysts.
Features that we cannot find initially are identified by comparing the outputs of the emulated models against
results from eleven GPUs, and subsequently verified using targeted test vectors. This iterative approach refines
the MATLAB models to a higher level of accuracy than before.

In addition, our MATLAB toolbox provides a customizable tensor core model that allows users to diverge
from one of the GPU tensor core models by customizing the precision and rounding behaviour. The models are
developed by combining fixed-point arithmetic with the custom floating-point format simulator CPFloat [10]. We
also demonstrate the use of the models for the emulation of high-precision matrix multiplication of arbitrary-sized
dense matrices via tensor cores [25, 26, 32, 33].

The main contributions of this paper are summarized as follows:

e Determination of various numerical features for NVIDIA V100, A100, A2, A30, A40, H100, H200, B200,
L40S, RTX PRO 6000 and RTX 1000 Ada tensor core models, including 8-bit floating-point formats. We
have presented these features more precisely than any other previous work, using architectural diagrams.

e Development of MATLAB-based simulation models for GPU tensor cores, validated against GPU results
through randomised matrix multiplication input space coverage.

e A customised model of tensor cores in MATLAB, which can be used to easily experiment with custom
variants by specifying various features such as rounding modes and internal precision used within tensor
cores.

o Experimental results on the differences that tensor cores can cause in a low-level kernel, multi-word matrix
multiplication, which serves as an example of how these models can be used by the community.

2 Notations and definitions

Table 2 shows some of the characteristics of various floating-point formats available on the latest NVIDIA
Blackwell architecture. Hereafter we refer to floating-point formats with the following short-hand names: fp8

ACM Trans. Arch. Code Optim.
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Table 2. Floating-point formats that are available on the latest NVIDIA Blackwell GPUs [30]. Precision of the significand,
which includes an implicit bit [18], minimum representable positive normalised value, and an approximate maximum
representable positive value, are shown for each format.

Format precision min norm. pos. max pos.
binary64 (double) 53 271022 ~ 1.798 x 10308
binary32 (single) 24 27126 ~ 3.403 x 10%
tf19 (19-bit) 11 2712 ~ 3.401 x 10%
bfloat16 g 2712 ~3.389 x 10
binary16 (half) 11 271 65504
fp8-E4M3 4 276 448
fp8-E5M2 3 271 57344
fp6-E2M3 4 20 7.5
fp6-E3M2 3 272 28
fp4-E2M1 2 20 6

(either of fp8-E4M3 or fp8-E5M2), fp16 (binary16 of IEEE 754 [18]), bf16 (bfloat16), tf19 (TensorFloat32), fp32
(binary32 of IEEE 754), and fp64 (binary64 of IEEE 754).
Take two matrices A € R™*¥ and B € R**". The matrix multiply-accumulate (MMA) operation produces

D =AB+C e R™",

Denote with d;; the element at ith row and jth column of D. We can express it as the inner product between the
ith row of A and jth column of B as

k
dl’j = Z ai[b(j + Cij-
=1
To focus on the inner product as an underlying operation, rather than on particular elements of D, we omit the
subscripts for simplicity, and we have

k k
d:;a[b['FC:;p['l'C. (1)

The operations of the type (1) are often approximated in hardware by employing a multi-term floating-point
adder [28]. In such adders, the significands of addends are aligned relative to the largest exponent either in a single
global alignment or combination of local and global alignment steps [15, 21], and then subsequently added via a
compressor or a tree of adders with a single rounding and normalisation step. For such many-term dot products,
we define the number of product terms p, added in one go as the size of the block fused multiply-accumulate,
following the naming convention used in the rounding error analysis of tensor cores by Blanchard et al [4],
denoted with Nppa. For instance, the tensor core in the A100 data center GPU has Npya = 8 for fp16 inputs
which means p; + - - - + pg + ¢ is computed with a single normalisation and rounding. When such units perform
multi-term significand alignment, the bits of each significand that are shifted to the right are truncated or rounded
with multiple sticky bits [38]. In the alignment of significands, we denote the number of extra alignment or guard
bits beyond the output precision by ne,p, similar to our previous work [2]. For instance, it has been shown by
several studies that V100 GPU tensor core performs accumulation in 23 fractional bits (the precision of the fp32
format), hence with ney, = 0 [9, 14, 23].

ACM Trans. Arch. Code Optim.
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Note that below, we use some abbreviations which are specific to CUDA and PTX ISA. Some of them are HMMA,
QMMA, DMMA, QGMMA, UTCHMMA, UTCQMMA with meanings: matrix multiply and accumulate, fp8 matrix multiply accu-
mulate, matrix multiply accumulate, fp8 matrix multiply and accumulate across a warp group (a group of parallel
threads), uniform matrix multiply and accumulate, uniform matrix multiply and accumulate, respectively [5].

3 Methods
3.1 Generalised Numerical Feature Testing (GNFT)

This method for determining numerical features operates on the principle of using carefully designed expressions
for forming test vectors that can trigger bit-level differences in the outputs [2]. For example, consider a test
vector designed to determine whether subnormal inputs are supported in the fp16 format [18]. A test vector
can be constructed by using constants: |a;| < 271* (smallest normalised value in fp16; see Table 2), b; = 1, and
ap = b, = 0for ¢ = 2,...,k. This can be generalised for any format, by using an expression for the smallest
normalised value.

When applying this test vector to a tensor core, if the resulting output d is non-zero, it indicates that subnormal
inputs are supported—an outcome that has to be formulated by understanding the IEEE 754 floating-point
arithmetic. Similarly, a; = 27'* and b; = 27! would demonstrate if subnormals can be produced by arithmetic
operations from normalised values. Several such numerical feature—specific test vectors using constant values
have been proposed in the literature [9, 14, 23]. A generalized formulation, which addresses the limitations of
earlier approaches by avoiding manually deriving constants or rerunning a theorem prover that has no upper
bound on the run time [40], for each format/device, has been explored by us [2]—we rely on that approach here
to determine the initial approximation of numerical features of tensor cores in eleven NVIDIA GPU variants and
develop accurate models of them.

3.2 Input Space Search Method (ISSM)

Once the GNFT method has identified the numerical features, a conceptual or software-based model of the
hardware matrix multiplier can be constructed to simulate its behavior. To achieve higher confidence in this
model, in comparison to the GPU implementation, the ISSM method is invoked to look for input vectors to
(1) for which the GPU results deviate from those produced by the software model approximated by GNFT.
Such discrepancies can then be analyzed to refine the model until the tests pass. When mismatches occur, a
generalised test vector can be constructed to specifically detect and characterize such numerical features when
analysing a new hardware. This expands the feature space and therefore, simplifies the process of determining
new architectures.

It is worth noting that the input space of (1) is generally large and only a small proportion of it can be checked.
For example, for k = 16 and 8-bit floating-point as an input format, the input space pair {a, b} has approximately
25632 ~10"7 possible inputs. For this work we have chosen to sample a, b, and ¢ from a standard normal and
uniform distributions along with carefully designed cases which are detailed in Section 4.2.

For each of the GPUs we have tested, some of them have up to five input formats: fp8 (both E4M3 and E5M2),
fp16 (both fp16 and fp32 output mode), bf16, and tf19, requiring a separate verification for each. In total, we
have verified 11 models of tensor cores, each with several input/output format combinations, giving 43 model
verification runs in total with randomized input vectors (see Table 3).

3.3 Matrix multiplier model approximation and refinement

Our proposed algorithm for determining an accurate model of a tensor core is shown in Algorithm 1.
The step that modifies the model (line 8) causes the biggest challenge in automating the whole process, because it
requires an expert to look into the mismatching outputs between the GPU and the model, and develop hypotheses

ACM Trans. Arch. Code Optim.
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Algorithm 1 Pseudocode for approximation and refinement of models of matrix multipliers.

1: Machine step: Apply GNFT using generalised test vectors [2].

2: Engineer step: Create an initial approximation of the model.

3: while true do

4 Machine step: Generate an ISSM ensemble as described in Section 4.2 using Algorithm 2.

5 Machine step: Evaluate both the GPU and the approximate model over the entire ensemble.
6 if mismatches are detected between GPU and model outputs then

7: Engineer step: Inspect failure cases.

8 Engineer step: Refine the model.

9 Engineer step: Modify ISSM to include similar cases to the failure cases.

10: Engineer step: Add test expressions to GNFT for detecting any new features.
1t: else

12: Engineer interpretation: The model is considered sufficiently accurate.

13: break

14: end if

15: end while

about the features of the model that need to be changed to match the GPU output. Through Algorithm 1 a lot of
the manual work is removed by using the generalised testing vector to get the first approximation of the model
and refinement, which means that Algorithm 1 can significantly accelerate the determination of features of future
tensor cores. However, the full automation of Algorithm 1is an open problem.

4  Results
4.1  Accurate GPU matrix multiplier models

Numerical features of matrix multiplier units on AMD and NVIDIA have been determined up to a certain degree
of accuracy [9, 14, 23, 40]. Focusing on NVIDIA GPUs, we argue that previous work essentially corresponds only
to the first step of Algorithm 1, albeit not using generalised tests but constant-based format-specific expressions,
and that the resulting models remain inaccurate without further refinement. Previous approaches require manual
porting of tests in line 1 of Algorithm 1 for each new GPU/format combination, but with our GNFT [2] this
limitation is removed.

The numerical features of all eleven GPU tensor cores are summarized in Table 3, including the product
alignment bits, accumulator output precision, Nepa, final rounding mode to output precision, and other relevant
details.

4.1.1 V100 data center GPU. Mixed-precision matrix multiplication units, or tensor cores, were introduced in
the NVIDIA Volta architecture, namely, the V100 device. The V100 tensor cores support only fp16 as the input
format with fp16 or fp32 as the output format [29]. Xi et al. [23] claim that the FMA size cannot be determined
when there are no extra alignment bits compared with the precision of the output format. Following [2] we
denote this situation with n.,, = 0. However, using the FMA size, Npva (detection algorithm proposed in [2]), we
were able to identify Npva = 4, which we could determine irrespective of the value of n.,p. In addition, when
the significands are aligned, bits that fall outside the internal accumulator’s precision are truncated rather than
accumulated into multiple sticky bits as is done in the algorithm by Tenca [38]. Further tests on the V100 GPU
using this approach led us to the estimated tensor core model shown in Fig. 2, which differs from the model
presented in [19, Fig. 2] in that the significand alignment is performed in 25 bits rather than 24, and c; is added
together with the products rather than separately.

ACM Trans. Arch. Code Optim.
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Fig. 2. A model of the inner product within the V100 GPU tensor core. Here, RNE denotes round-to-nearest ties-to-even [18]
rounding mode.

In our experiments, the existent conceptual model, when simulated in MATLAB, produced different results
from the GPU for certain input combinations in the inner loop of Algorithm 1. Upon analysis, we determined
that in some cases, partial products are not normalized before accumulation, which can result in variations even
for apparently identical products. For instance, consider the case with ¢ = 0, p; = 2.25, and p, = p3 = 272°. Now
consider two alternative ways to obtain the product p; = 2.25: either by taking a; = b; = 1.5, 0or a; = 1, by = 2.25.
For the first case, the tensor core computed d = 2.25 + 2722, whereas for the second case, d = 2.25. In the first
case, p1, which has the largest magnitude, is added in a denormalised form (10.01; X 2°), and hence p, and p;
are not truncated. In contrast, in the second case, since p; = 01.001, X 2, the remaining two products p, and p3
fall outside the representable range (beyond the 23rd fractional bit), resulting in d = 2.25. On the other hand, if
¢ =2.25 with p; =0, p, = p3 = 272%, we have d = c. This feature is depicted in Fig. 2 as (2, 23, 0) bits at alignment
stage where 2 represents integer bits, 23 fractional bits, and 0 the ne,, bits. It is worth noting that this test can be
generalized, similar to our previous work [2] as it does not rely on the specific value such as 2.25; rather, any
product greater than 2 and less than 4 can be used where the corresponding a and b have values 2 > a,b > V2.
One possible explanation for this behaviour is that it improves numerical accuracy because the products that
need normalising do not lose one bit. This feature also means that the products may be allowed to exceed 2128
(not representable in fp32; see Table 2) and be used in the subsequent summation. This is not possible to be tested
with the fp16 input format where the maximum product exponent remains capped at 30 for denormalised and 31
for normalised products.

4.1.2  A100 data center GPU. Now we turn to several tensor core variants in the A100.

In the fp32 output mode with fp16/bf16 as the input format, Npya = 8, and nea, = 1 is used for the alignment
and accumulation of significands of products p,. The rounding mode at both the alignment and post-normalization
stages is truncation, whereas in fp16 output mode the rounding mode after normalization is Round-to-Nearest
Ties-to-Even (RNE). The alignment of the significands is 26 bits wide, with 2 integer bits and 24 fractional bits,
while the adder output must be

26 + [log,(9)] = 30 bits

due to extra bits required for accumulation carries. We note that only three extra carry bits can be detected
through testing [2], and although a fourth carry bit is assumed to exist by logic, to the best of our knowledge it
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Fig. 3. A model of the inner product within the A100 GPU tensor core for the three input formats. A100 also has an fp64
tensor core, but that tensor core is compliant with the IEEE 754 FMA operation and is not shown here.

cannot be verified through numerical tests unless we assume that there is no intermediate normalisation [40]
when computing (1).> The model that we have determined is shown in Fig. 3 (a).

For the tf19 input mode, the Nppa = 4, with truncation as the default rounding mode. The model is shown in
Fig. 3 (b). The bit-width of the denormalised sum must be 29-bit wide.

The products remain denormalised for fp16/bf16/tf19 input modes, as previously discussed in the context of
V100 and fp16. This behaviour can be verified by setting ¢ = 0, p; = 2.25 where a; = b; = 1.5, and p, = 272,
p3 = pg = 2724, When d = 2.25 + 2722, the products are added in denormalised form. The difference in this test
compared to the V100 lies in the presence of an extra alignment bit (nep = 1) in the A100, which slightly alters
the accumulation behaviour, making this test dependent on knowing the n.,p, value.

There is a nontrivial numerical behaviour in bf16 and tf19 input formats, which we discovered by exploring
the mismatch between our model and the GPUs, reported on GitHub by a user. This occurs within the alignment
of product significands, when all product exponents fall within the subnormal range of the fp32 format. Although
product exponents are allowed to go as low as —266 for bf16 and —272 for tf19 inputs, the maximum exponent used

for aligning significands during accumulation is capped from below; we denote this cap by emlin We observed
the following cases:
(1) when ¢ = 0, and the product exponents are less than or equal to —132, the maximum exponent used for
ma
o setting c = 0, py = ;50 25, p2 = p3 = resultsin d =
o forc=0,p; = 1717150 2i po =271 p3=py =271 we getd = 0.
This shows that —132 + 156 = 24 fractional bits are available on the A100 tensor core accumulator. In the
second case, 25 fractional bits are required to produce 2714 as the output—truncation occurs and the result
becomes zero.

(2) when c is a nonzero subnormal value (i.e., 0 < |c| < 27!26) and all product exponents are in the fp32
subnormal range, the maximum exponent for alignment is set to —126 instead of —132. This is verified by
setting ¢ = 27127, p; = 27150 p, = p3 = 2715 which produced d = 27?7 instead of d = 27127 + 2714,

(3) when ¢ = 0 and some or all product exponents are between —132 and —126, the maximum product exponent
itself is used for alignment rather than the fixed value —132.

alignment is fixed at e = —132, even if the largest exponent among the products is smaller. For example:

2—156 2—149

3A test vector is needed, that can distinguish normalisation followed by the addition of the final addend, versus addition of the final addend
to an accumulator that is in a denormalised form with the fourth carry bit set, followed by the final normalisation and truncation instead of
rounding,.
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In fp64 input/output mode, we have Npya = 1. This configuration of a tensor core is compliant with IEEE 754
with RNE as the default rounding mode, but supports RD, RU and RZ. The observed accumulation order appears
to follow

((c+p1)+p2)+...,

as indicated by permuting the values 1, 2753, and 275° among c, p;, and p,. Only for the case ¢ = p; = 27 and
po2 = 1 does the GPU’s tensor core produce d = 1 + 27°2; for all other permutations, it returns d = 1 under the
default RNE rounding mode. This behavior further suggests that the FP64 tensor core performs sequential FMA
operations, where each intermediate result is fed back as the new input c.

4.1.3 A2 & A30 data center GPUs. Executing the GNFT on these GPUs and using the ISSM testing, we were able
to determine that the tensor cores in these GPUs behave identically to the tensor cores of the A100 GPU, except
that they do not have a fp64 variant.

4.1.4  L40S data center GPU. Running the GNFT for fp16, bf16, and tf19 input formats, we determined that the
L40S tensor cores exhibit behaviour identical to that of the A100, with Npya of 8, 8, and 4, respectively, and with
a single extra alignment bit i.e., ne,, = 1.

The warp matrix multiply accumulate (WMMA) API does not provide support for fp8 format tensor cores
available on this GPU. Therefore, the MMA instruction, specifically mma. sync.aligned.m16n8k16/32.f32/f16.
£8.f8.f32/f16% is utilized which then maps to QMMA instruction, for computing fp8 MMA across a warp [5,
Sec. 6.4]. However, although the L40S GPU belongs to the Ada architecture family, the QMMA instruction is not
explicitly documented in the Ada instruction set [5, Sec. 6.2]. For both fp8 formats, fp8-E5M2 and fp8-E4M3, the
accumulation takes place with 13 fractional bits. We determined this by setting p; = 1, p; = p3 = 2723 b and
decrementing ne,p, from 10 until d becomes equal to 1 + p; + p2, using the methodology of Hickmann and Brad-
ford [14]. For ne,, = —10, we obtain d = 1 + 27'2, which indicates that there are 23 — 10 = 13 fractional bits.
Moreover, we test that the accumulation term c is summed together with the products. We verified it by setting
c=1and p; = p, =27, which producedd = 1 in the fp32 output mode. As L40S fp16, bf16 and tf19 input format
tensor cores are identical to A100 tensor core, only fp8 input format tensor core structure is shown in Figure 4.
The A100 feature of limiting the maximum exponent at —132 when small subnormals are accumulated, is also
available in this GPU.

4.1.5 Ada Lovelace RTX 1000 consumer-grade GPU. Tensor cores on this GPU exhibited identical numerical
characteristics to those of the L40S model, and produced identical outputs for 10°> and 107 random input vectors.

The efrgrgln parameter is —132.

4.1.6  H100/H200 data center GPU. For fp16/bf16 input formats, the H100 tensor core is reported by Li et al. [23]
to utilize two or more extra alignment bits, with fp32 as an output format, when the significands of the products
are aligned for multi-term addition and summed. Using our generalised test vectors [2], we confirm that the
H100 actually employs exactly ne,, = 2 extra alignment bits; no third alignment bit is present, and the bits of
aligned significands that are out of range are truncated for fp16/bf16/tf19 input formats. As a result, the alignment
stage is 26-bits wide. However, since the products are added in denormalised form, same as in the V100 and
A100 devices, the width of the significand alignment is (2, 23, 2) = 27-bit wide, i.e., 2 integer, 23 fractional bits,
and extra 2 bits of the fraction. This feature can be verified by setting ¢ = 0, p; = 2.25, where a; = b; = 1.5,
P =28 +2724 4272 and p3 = 27, If d = 2.25 + 2722, the largest product is kept denormalised, otherwise the
output should be d = 2.25.

4The input matrices A and B may have a shared dimension of either 16 or 32. The output type can be either fp32 (denoted as f32) or fp16
(denoted as f16) in this PTX format.
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Fig. 4. A model of the inner product within the tensor cores of the L40S and Ada Lovelace RTX 1000 GPU for the fp8 input
format. For fp16, bf16 and tf19, the model is identical to A100 and is not shown.

Furthermore, for the fp16 and bf16 input modes Npma = 16, which equals the maximum supported shared
dimension of the matrix sizes available in the WMMA API. Since Npya =16, the denormalized adder result has
a width of 27 + |—log2(l7)-| = 32 bits. Upon normalization, results are truncated rather than rounded. The fp16
format for both the input and output is supported, and the default rounding mode from the internal precision to
the fp16 output is RNE.

Using the WMMA API with the only available shape for the input matrix, i.e., m16n16k8, for tf19 input format,
the instructions are mapped to HMMA but with fragment size of m16n8k4 which results in Npya = 4 via GNFT.
However, if mma.sync.aligned instruction is used with the matrix shape of m16n8k8, it is internally mapped
to HMMA. 1688 which then yields Npya = 8 through GNFT. We report the maximum, Npya = 8, in the model of
H100 and H200 (see Figure 5). The efi;gln = —133, unlike —132 in the case of Ampere and Ada architectures, when
¢ = 0 is also present. However, the test case derived for the A100 is not directly applicable to H100/H200, as the
tensor cores in the Hopper architecture have ne,, = 2. We now have the following.

(1) when ¢ = 0, the maximum exponent used for alignment stage is limited at —133, as shown by

e setting ¢ = 0, p; = 27228, 2, po = 2717, py = py = 27158 results in d = 271%.

o forc=0,p; = 2758 25 py =277 + 27158 py = p, = 2715 we getd = 0.

Since ne,p = 2, there are 25 fractional bits i.e., —133 + 158 = 25, which prevents truncation of the = p; =
P4 = 27158 term whereas the products less than 2718 get truncated, producing d = 0.

(2) when c is a nonzero subnormal value, and all product exponents are in the fp32 subnormal range, the
maximum exponent for alignment is set to —126. This is verified by setting ¢ = 27?7, p; = 2711, p, =
p3 = 2712 which produces d = 27?7 instead of d = 27127 + 27%°, while p, = p3 > 27152 does not result in
truncation.

With the WMMA API limited to fp16, bf16, tf19 and binary64 formats, mma.sync.aligned instruction can be
used to multiply fp8 input format matrices, as in Ada RTX 1000 and L40S. However, unlike Ada RTX 1000 or
L40S where this is mapped to QMMA, in the case of H100/H200, we observed that fp8 inputs are first converted
to fp16, after which the HMMA instruction is invoked at the SASS level® with a matrix shape of m16n8k16. This
indicates that a direct QMMA instruction is not available in the Hopper architecture, and fp8 inputs issued via
mma.sync.aligned are effectively processed using fp16 tensor cores. The internal usage of fp16 tensor core

SASS is a low-level assembly language that compiles to binary microcode, which executes natively on NVIDIA GPU hardware, as per
https://archive.docs.nvidia.com/gameworks/content/developertools/desktop/ptx_sass_assembly_debugging. htm
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for fp8 input matrices results in interesting features for fp8. We observed that the inner product is computed
in interleaved fashion where 32-element input vectors are distributed across two tensor core invocations by
alternating pairs of elements. Once the products are added together, c is then added to the normalised sum of
products, with RNE as the rounding mode (see Figure. 5c). This late addition of c is only present in this case,
while in all other cases, ¢ is summed with the products.

The interleaved input pattern is detected in both cases for m16n8k16 and m16n8k32 matrix shapes. It can be
verified by fixing p; = 1 and p, = 2%, and then assigning the value 272* sequentially to ps through ps3, while
keeping all other entries at zero. If d = 1 + 272, the tested product falls into the same accumulation group as
p1 and p,. Conversely, if d = 1, the tested product belongs to the second group. If the two groups were not
interleaved, we would observe d = 1 + 272 only when assigning 272 to positions p3—p1s, and d = 1 when
assigning it to positions pi7—ps;.

The Hopper architecture supports a specific warp-group level mma instruction wgmma.mma_async. sync, which
is internally mapped to QGMMA, responsible for {p8 MMA across a warpgroup (a set of four contiguous warps) [5,
Sec. 6.3]—the low-level instruction which supports native fp8 format tensor core access on Hopper architecture.
With this, the GNFT shows ne,, = —10, i.e., 13 fractional bits and Npya = 32. The behaviour of the fp8 format
tensor core for H100/H200 is identical to that of the Ada Lovelace architecture, but with twice the Ngpa. The
model diagram for H100 and H200 is shown in Figure 5d.

4.1.7 B200 data center GPU model. B200, based on the Blackwell architecture, is the latest iteration of the
GPU architecture that is commercially available at the time of writing. In our testing, the B200 tensor cores
demonstrated identical numerical behaviour to the H100/H200 models (Fig. 5) for 16- and 19-bit input formats.
For fp32 outputs, with fp16, bf16 or tf19 inputs, the accumulator provides 2 extra bits, and the FMA tile sizes
are 16, 16 and 8, respectively. The product exponent limitation during significand alignment, when the product
lies in the subnormal region, is identical to that observed on H100 and H200 GPUs. When we tested the fp8
tensor core through the mma.sync.aligned PTX instruction, we observed an identical behaviour as that in the
case of H100/H200, where {fp8 input vectors are converted to fp16 and HMMA instruction is called at SASS level
which means that fp16 tensor cores are utilized instead of fp8 cores. Identical interleaving pattern is detected (see
Figure 5(c)). Even though QMMA is specifically mentioned in the instruction set of Blackwell GPU [5, Sec. 6.4], our
experiments show that mma.sync.aligned instructions are mapped to HMMA not QMMA and wgmma . mma_async is
not supported. This confirms that QUMA requires PTX instructions other than mma.sync.aligned. Our experience
is consistent with the findings of Jarmusch et al. [20].

To access the 5th generation tensor cores available on the B200, PTX instruction of tcgen@5.mma.cta_group_1/2::
kind is invoked where kind defines the input type and takes on values f16 (supporting both fp16 and bf16), tf32
(tf19), and 8f6f4 (all combinations of fp8, fp6, and fp4, of which the latter two we did not address in our work).
For kind set to f16/tf32, it maps to UTCHMMA, having the same numerical behaviour as that of the HMMA. While for
kind set to f8f6f4 with input in fp8 format we detect Nppa = 32 with 25 fractional bits (i.e., neap = 2), the fp8
tensor cores in the previously discussed H100/H200 and Ada architectures provide only 13 fractional bits (i.e.,
Neab = —10). The fp8 tensor core PTX instructions map to UTCQMMA in SASS.

4.1.8 RTX PRO 6000 workstation GPU (Blackwell). This GPU is based on the Blackwell architecture and is designed
for desktop/workstation platforms. Similar to the B200, it features fifth-generation tensor cores. The tensor core
numerical features are identical to those of the B200; however, fp8 input format tensor core is accessed through
the mma.sync.aligned PTX instruction, as in the Ada architecture, rather than the tcgen@5.mma instruction
used on the B200. Furthermore, it then internally maps these operations to QMMA instructions instead of UTCQMMA
at SASS level.

Table 4 summarizes the CUDA/PTX instructions used in this work for feature extraction and randomized
testing, together with their corresponding mappings to SASS instructions.

ACM Trans. Arch. Code Optim.



Accurate Models of NVIDIA Tensor Cores « 13

Inputs are in fp16/bf16 1 Iputs are in t32
| O] [alas] [eaelins) -+ Folag [ ]
| ) () (- g )| O ) -
o o S @ [ e [ [
N ! !
P Mute | [Mute | oo [Mult |
]

|

|

|

|

™utt | [ Mutt | [ Mult =+« [ Muls | ‘
|

Align with truncation ((2,23,2)b) l ‘
|

|

|

|

|

|

|

Align with truncation ((2,23,2)b)

I
Il
I
I
l Il
(a) output H (b)

[ RNE }—/—{Norm/Tmncl

fpl6 fp32

T€I/913,

Inputs are in fp8: mma.sync.aligned.m16n8k32/16.row.col.£32/f16.18.£8.£32/16
a3[b3 | [a2 [bg | [a7 [b7 | [28 [bs | [a1a]b11] [*12[b12]. - [a31]b31] [@32b32
[F2[1] [272] [ (%] [w]%] i) - {22dzs) [l
R T R T R

Mult ‘ ’ Mult ‘ ’ Mult ‘ ’ Mult ‘ ’ Mult ‘ ’ Mult ‘ ’ Mult ‘ ’ Mult ‘
Align with truncation ((2,23, 2)b) —I

()

fpl16/fp32 output

Inputs are in fp8: via wgmma.mma_async.aligned.m64nNk32 (Hopper arch specific)

[ex]P1] |“2|”2 | I“*Ib* | [#4]?4] |“")|”" | I%‘ I”a |-+ [231]baa] [232]b3o]

" by T
Mult, ‘ ’ Mult ‘ ’ Mult l Mult, l Mult H Mult ‘ . ’ Mult ‘ ’ Mult, ‘

Align with truncation ((2,13 O)b)

J{zlb
| RNE ’+{Norm/Trunc|

>
=
=}
fpl6 fp32 =
w
)

Inputs are in fp8: via tcgen05.mma shape: 64nNk32 (Blackwell arch specific) v
(=[P ] [e2]P2 ] [*a]®3 ] [@a]ba | [25]P5 ] [26 [bg |- - [a81[bau] [282[b3o

!

[

I

[

[

| Mult. Mult Mult Mult. Mult Mult |** | Mult Mult.
| Align with truncation ((2,23 2)b) |
[

[

[

[

[

[

[

[

oo veeaseoas RN

Sum

J(%%b

[ RNE }—/—{Nmm/Tmncl

p16 532

z€3/913

output

Fig. 5. A model of the inner product within the tensor cores of the H100/H200/B200 GP Us for (a) fp16/bf16, (b) tf19, (c) fp8
input format provided via mma. sync (which internally uses fp16 tensor core with interleaved input pattern), (d) fp8 tensor
core accessed via wgmma . mma_async (specific to Hopper architecture), and (e) fp8 input format 5th generation tensor core in
Blackwell architecture. The fp64 tensor core is compliant with IEEE 754 FMA operation and is not shown.
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Table 3. Summary of the numerical features of several generations of NVIDIA tensor cores (mixed-precision matrix multipliers)
in eleven different GPUs spanning years of release from 2017 to 2024.

In Out GPUs Prd. Align. Acc. Npma eg‘; Final Round.
fp8 fp32 B200, RTX PRO (2,25) 33 32 - Trunc.
H100, H200 (2,13) 21 32 - Trunc
L40S, Ada RTX 1000 (2,13) 20 16 - Trunc
fps fp16 B200, RTX PRO (2,25) 33 32 - RNE
H100, H200 (2,13) 21 32 - RNE
L40S, Ada RTX 1000 (2,13) 20 16 - RNE
fp1e6/bfie  fp32 H100/H200/B200/RTX PRO (2,25) 32 16 —133 Trunc
L40S, Ada RTX 1000 (2,24) 30 8 -132 Trunc
A100, A2, A30 (2,24) 30 8 —-132 Trunc
V100 (2,23) 28 4 - Trunc
tf19 fp32 H100/H200/B200/RTX PRO (2,25) 31 8 —133 Trunc
L40S, Ada RTX 1000 (2,24) 29 4 —132 Trunc
A100, A2, A30 (2,24) 29 4 —-132 Trunc
fp64 fp64 H100/H200/B200/RTX PRO - - 1 - all 4
A100 - - 1 - all 4

Note: subnormal in/out supported; output in fp16 format is also supported for fp16 input format with RNE as the final rounding. The
products remain denormalised in alignment and accumulation, reflected via 2 integer bits. Extra alignment bits n.,y, are included in the
fractional bits of the product alignment precision. Accumulation output precision is a sum of extra carry bits and the product alignment bits.
RTX PRO refers to RTX PRO 6000.

4.2 Comparison of software models against GPU results: sufficiency of ensemble testing and
minimum amount of testing vectors

For increased assurance that tensor core models are bit-equivalent to GPU tensor core and no additional feature
remains undetected, we have compared the tensor core models against the GPU results over ensembles containing
vectors of following cases.

(1) Sampling a, b, and ¢ from independent and identically distributed (i.i.d) uniform distribution with upper
and lower bounds denoted as @min, dmax> Umins Pmax> Cmin» Cmax» respectively, for each term with ensemble
size denoted as Ngys. While ¢ is a scalar, a and b are vectors of length k, where k is the inner dimension
supported by a single MMA instruction. Note that k is not necessarily equal to Npya, because some of
the PTX instructions support larger inner dimension than that supported by hardware tensor cores. For
instance k = 16 for Ampere and Ada in fp16/bf16 input format but Npya = 8.

e In input formats bf16 and tf19, we generate ensemble via Algorithm 2, where k = 16 for bf16, and 8 for
tf19, with following settings.

(a) Nens = 107, Amin = bmin = Cmin = _215, Gmax = Dmax = Cmax = 2

(b) Nens = 107, Amin = bmin = _25()’ Gmax = bmax = 250> Cmin = _2100’ Cmax = 2100

(¢) Nens = 107, Amin = bmin = —2770, Amax = Dmax = 277, Cmin = —271%, Cmax = 27126

(d) Nens = 107, Amin = bmin = -277, Amax = bmax = 270 ¢c=0
First ensemble tests the basic working accuracy within narrow range i.e. +2!° of the mentioned format,
and thereafter, models are tested within extended range, but avoiding overflows both in input and output.
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Table 4. CUDA/PTX instruction mapping to SASS instructions

Input CUDA/PTX Instr. GPUs SASS Instr.
fp8 mma.sync.aligned.m16n8k32 H100/H200/B200 HMMA . 16816
RTX 6000 QMMA . 16832

L40S/Ada RTX 1000 QMMA. 16816

wgmma.mma_async. sync.m64nNk32 H100/H200 QGMMA. 16832
tcgen@5.mma. cta_group B200 UTCQMMA

fp16/bfle  WMMA API H100/H200/B200/RTX PRO HMMA. 16816
L40S/Ada RTX 1000 HMMA. 1688

A100/A2/A30/A40 HMMA . 1688

V100 HMMA . 844

tcgend5.mma.cta_group.kind=f16  B200 UTCHMMA

tf19 WMMA API H100/H200/B200 HMMA . 1684
L40S/Ada RTX 1000 HMMA. 1684

A100/A2/A30/A40 HMMA. 1684

mma.sync.aligned.m16n8k4/8 H100/H200/B200/RTX PRO HMMA.1684/8

L40S/Ada RTX 1000 HMMA. 1684

A100/A2/A30 HMMA . 1684

tcgend5.mma.cta_group.kind=tf32 B200 UTCHMMA

fp64 WMMA API H100/H200/B200/RTX PRO DMMA . 884
A100 DMMA . 884

WMMA API for tf19 maps to HMMA.1684 for GPUs that support tf19 as input, but H100/H200/B200 and RTX PRO (refers to RTX PRO 6000)
also support HMMA.1688 via mma. sync.aligned.m16n8k8. The wgmma.mma PTX instruction is specific to the Hopper architecture, whereas
the tcgen@5.mma PTX instruction is specific to Blackwell data-center GPUs.

In the last two cases, subnormal region is explored where the product exponents are intentionally made
smaller than eﬁfﬁl with ¢ either in subnormal region or set to 0.

e In input formats fp16 and fp8-e5m2, ensembles are generated with k = 16 for fp16 and k = 32 for
fp8-e5m2, for all GPUs that support these formats.

(@) Nens = 107a Amin = bmin = Cmin = _27> Amax = Dmax = Cmax = 2’

(b) Nens = 107, Amin = bmin = _215, Amax = bmax = 215> Cmin = _2100> Cmax = 2100

(C) Nens = 107, Amin = bmin = _2_15> Amax = bmax = 2_15, Cmin = _2_126: Cmax = 27126
Similar to the bf16 and tf19 case, these three cases test fp16 and fp8-e5m2 in normal and subnormal
regions.

e In fp8-e4m3 input format, for which L = 32, we have

(@) Nens = 107, Amin = bmin = -2, Amax = bmax = 27, Cmin = —21%, Cmax = 2100

(b) Nens = 107, Amin = bmin = _2_65 Amax = bmax = 2—6’ Cmin = _2—126’ Cmax = 27126

o In bf16 format, we generate an extended ensemble with k = 16 for Ampere, Hopper, and Blackwell GPUs
with Neps = 108, @min = bmin = —2%, @max = bmax = 2%, Cmin = —2'22, cmax = 2122 This setup enables
testing of the model across all possible output categories, including Inf, NaN, normal, and subnormal
values.

(2) Nens = 10° samples drawn via Algorithm 2 from a normal distribution in all input formats.
(3) Edge Cases
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e Test vectors to evaluate behaviour for +Inf and NaN inputs.

e Scenarios where ¢ = 0, or where some or all partial products are zero.

e Extreme dynamic range cases, e.g., ¢ = +2'? with products —27126 < p; < 27126 and vice versa.

e Subnormal cases, with ¢ = 0 or a subnormal value in fp32 format and p; € [—27126, 2~ 1207,

e Cases where partial products exceed 2!%8, but the final sum is less than 2128,

e Mixed input configurations involving zero, normal, subnormal, and special values.

e Choose a, b, and c such that the dot product generates the maximum number of carries during accumu-
lation (see [2]).

126

Algorithm 2 Ensemble generation pseudo-code for randomized testing of tensor core models

Choose k as per input format and GPU model
mt19937 rng(0) % Mersenne Twister with seed 0
choose Nens, min, @max> Dmin, Pmax> Cmin> Cmax
fori=1: N do

ay i.’i"d‘ Uu (amina amax)a t=1,...k

6 be " U (byin bna), £ = 1.k
i.id.

7 c K u (cmin; Cmax)

8: end for

[}

For the hardware execution, WMA API, mma. sync, wgmma.mma_async, and tcgen@5.mma instructions were
invoked in CUDA. To further verify that tensor cores were active, the cuobjdump tool was used to inspect the
compiled binary and confirm the presence of HMMA, QMMA, QGMMA, UTCHMMA, UTCQMMA, DMMA instructions. Finally,
we note that DMMA operations are not modelled or tested via randomized testing, nor are they included in the
model package, since, as reported by Fasi et al. [9], they behave as sequential FMAs and are fully IEEE compliant.
Therefore, one can directly rely on MATLAB’s built-in fma command to emulate the behaviour of DMMA.

For Ada GPUs, CUDA toolkit 12.9 was used, while for all other GPUs, we used CUDA toolkit 12.8, while the
GCC version for Ada GPUs and B200 was 14.2.0, and 13.1.0, respectively, while for remaining GPUs, it was 11.5.0.

4.2.1 Evolution of software models across iterations of model refinement. Here we describe how the models
presented in this paper evolved over the iterations of Algorithm 1.

In the first iteration, using GNFT, we determined the FMA sizes, extra alignment and carry bits, alignment
rounding mode, and final rounding modes (truncation in fp32, and RNE for fp16 output format). However, the
GNFT-only model failed for certain test cases in the ensemble, which subsequently led to the identification of
the denormalised product feature. Consequently, the GNFT was extended with dedicated test vectors capable of
detecting this behaviour. This feature also revealed that products are computed as the product of significands
multiplied by two raised to the sum of exponents, thereby allowing intermediate products to exceed 2% without
overflow, provided that the final accumulated result remains representable in the output format.

After incorporating the necessary updates into the software models, the second iteration showed that the V100
model satisfied the entire test ensemble, as it only supports fp16 input formats. However, all other models failed
within regions of the ensemble involving subnormal a, b, and ¢ values in bf16 and tf19 formats (prompted by a
GitHub issue report from a community member, username dfyz). Detailed analysis revealed that the minimum
exponent permitted during product alignment is —132 for Ampere and Ada, and —133 for Hopper and Blackwell
in both formats, with ¢ = 0 treated as a special case, i.e., ignored rather than interpreted as a subnormal value.
This observation prompted the construction of dedicated tests to identify exponent limitations, which were
subsequently incorporated into the GNFT. In the third iteration, the GPU and MATLAB model outputs matched
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across the entire test ensemble, at the bit level, across all supported input and output precision formats across 11
GPUs for 8-bit and higher precision formats (Table 3).

Moreover, the emulated models were also updated to match the GPU outputs in exceptional cases (NaN, Inf, or
-Inf) via expressions such as co + oo, £(Inf X Inf), and NaN =+ Inf, both as direct inputs and as overflow scenarios
where finite accumulations lead to +Inf in the supported output formats. Consistent with GPU behavior, NaN
takes precedence whenever it appears.

4.2.2 Sufficiency of the constructed ensemble. The sufficiency of the randomized testing strategy is supported
by the structural simplicity of the proposed models. In particular, the truncation of aligned significands beyond
(23 + neap)—fractional bits eliminates many complex corner cases, such as partially or completely out-of-range
shifted significands, thereby significantly reducing the effective search space. Consequently, broad randomized
sampling, combined with targeted stress testing, provides high coverage of relevant numerical behaviours.

The constructed ensemble consists of complementary randomized and targeted tests designed to exercise
the models across normal, subnormal, and special-value operating regions. The ensemble includes evaluations
over broad dynamic ranges, targeted subnormal-region analysis for different tensor core formats, and extended
stress testing capable of triggering all output categories, including normal, subnormal, Inf, and NaN outputs. In
addition, edge cases were incorporated to evaluate behaviours involving zero-valued accumulators or products,
exponent alignment limitations, extreme dynamic ranges, denormalised products, and mixed combinations of
normal, subnormal, and special values.

Together, the combination of randomized sampling, targeted edge-case evaluation, and iterative refinement
through Algorithm 1 provides strong empirical evidence that the proposed models accurately capture the
numerical behaviour of the hardware. While exhaustive validation over the complete input space is infeasible, the
constructed ensemble provides a high degree of confidence in bit-level agreement between the software models
and GPU implementations. The extended ensemble testing over 100 million input samples was performed and
the absence of further mismatches throughout these tests therefore provides strong evidence that the resulting
software models are already highly accurate.

Randomized testing can also be replaced by a minimum set of test vectors for any tensor core architecture,
provided that the assumed feature space is a superset of all features present in a given architecture. However,
this is not the case in the current scenario, as the initially assumed feature space (in the GNFT and other prior
techniques) did not include denormalized products, minimum exponent limitations, and the special case of ¢ = 0
instead of being considered as a subnormal case.

In the future, we will explore different strategies for ISSM; we plan to port Schryer’s [35] strategy from testing
scalar operations to dot products and explore covering signs, exponents and significands via separate sampling.
We also plan to deploy the verification in parallel across hundreds of cores to cover a larger portion of the input
space.

4.3 Example MATLAB code for using the models

This section introduces the MATLAB Tensor Core v@.5. The toolbox was developed using MATLAB R2026a and

depends on CPFloat [10] for rounding the inputs, that are by default in binary64, to low-precision formats that

MATLAB does not natively support. Here we discuss the user interface and the overall structure of the code.
The toolbox is comprised of three layers:

e Generic_BFMA_TC.m: provides a generalised tensor core model which can be set up with various features [2].

e GEMM.m: accepts a, A, B, B, and C, floating-point input and output formats, and the settings for the
Generic_BFMA_TC.m, and approximates the GEMM a X A X B + 8 X C using the tensor core model.

o A set of GPU tensor core models, such as B200TC.m, which instantiate the model parameters and call
GEMM. m.
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The v0.5 of the toolbox implements a recursive algorithm in GEMM.m, which is equivalent to recursively using a
single tensor core to compute each inner product in the GEMM. It does not attempt to match the results of any
CUDA GEMM algorithm, of which there are possibly many and they are chosen dynamically based on the input
matrix shapes and numerical formats. The following shows an example that calls the B200 tensor core model
with an {p8 format as an input and fp32 as the output for multiplying two 4 X 4 matrices.

inopts.format = 'fp8-e4m3', outopts.format = 'binary32';
A = cpfloat(randn(4), inopts), B = cpfloat(randn(4), inopts);
C = cpfloat(randn(4), outopts), alpha = 1, beta = 1;
B200TC(alpha, A, B, beta, C, inopts.format, outopts.format)
>> ans =

0.1484 -0.6631 -0.1836 -1.3271

0.8232 1.6418 0.4805 3.0227

3.6592 -0.1250 1.4902 2.2637

3.7432 -3.4275 0.2031 0.1663

Apart from calling the mentioned GPU tensor core functions, the user can call a custom model tensor core
function with a set of parameters; an example is provided below.

params.neab = 3; % Extra alignment bits.
params.fma = 32; % Block FMA size.
params.frmode = 'rne'; % Final rounding mode.

CustomTC(alpha, A, B, beta, C, in_format, out_format, params)

The GEMM. m file executes the parallelized version of matrix multiplication if the Parallel Computing Toolbox,
introduced in MATLAB R2013b, is installed and the machine supports multicore processing. This ensures that
computations are efficiently distributed across available CPU cores, accelerating large-scale matrix operations. If
either is not supported, a serialized version is executed. Lastly, the proposed toolbox is compatible with Octave
and can also be accessed from Python using either the Oct2Py library or the MATLAB engine. In the future, we
will port the back-end of the models to C and interface to MATLAB via the mex interface, to improve performance
of computing with the tensor core models.

4.4 Comparison of our models with prior models

4.4.1  Numerical features. A comparison of the numerical features identified by different studies is presented in
Table 5, including prior works such as [2, 9, 14, 23, 40]. Hickmann et al. [14] investigated only the V100 GPU
and correctly identified most numerical features. However, they concluded that the ¢ term is added late to the
product sum using RNE, whereas our results indicate otherwise. Furthermore, the preservation of denormalized
products was not reported.

Similarly, Fasi et al. [9] examined the tensor cores of both V100 and A100 GPUs. While their reported features
are largely consistent with our findings, they did not identify the preservation of denormalized products, nor
the exponent limitation present in the bf16 format on A100. Li et al. [23] extended the analysis to H100 GPUs in
addition to V100 and A100, but did not investigate the fp8 input format. Moreover, they did not report either the
denormalized product behavior or the exponent limitation feature. Their characterization of Npypa and ne,p for
H100 with bf16 and fp16 inputs was also inconclusive, reporting only bounds, i.e., nesp, > 2 and Neya > 16.
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The GNFT-only studies likewise did not identify the denormalized-product and exponent-limitation features
and did not consider fp8 input formats. In contrast, the proposed framework combines targeted feature testing
with randomized numerical testing, enabling the discovery of previously unreported behaviors and hidden
numerical characteristics across multiple GPU architectures and input precisions. As shown in Table 5, the
proposed approach provides the most comprehensive coverage of tensor-core numerical features among the
compared works.

4.4.2 Ensemble based failure rate. Here we compare the refined model, the GNFT-only model, and prior models
against GPU outputs in terms of ensemble failure rate. While no publicly available software implementations
exist for any of the earlier studies, we use the proposed MATLAB model to emulate the models in [9, 14, 23],
since these papers provide comprehensive descriptions of the numerical features required for accurate emulation.
To simulate the model of [23], the following assumptions are made:

o Nppa = 1 for V100, since [23] reports that the FMA size is not detectable.

e Since the authors report ne,, > 2 and Npya > 16 for H100, the minimum reported values are assumed, i.e.,
Neah = 2 and NFMA = 16.

e Products are assumed to be normalised, and the minimum exponent limitation for alignment is set to —oo,
as these features were not detected.

The V100 model estimated in [14] is simulated as reported, where ¢ is added afterwards via an RNE operation
with the product normalised. For the GNFT-only model [2], the FMA size is correctly detected; however, product
denormalisation and exponent-limitation behaviour are not incorporated.

The ensemble failure rate for an ensemble size of 10° is largest for the V100 model of [14], while the second-
highest failure rate is observed for the model of [23], as reported in Table 6. Although the simulated model of [23]
yields a failure rate similar to that of the GNFT-only model, the failure rate for H100 may in practice be even
larger than that reported in Table 6 if simulated with ne,p > 2/and Npva > 16. Such settings would further
deviate from the true H100 hardware behaviour. This is the reason for > symbol with H100 failure rate in [23]
column in Table 6. The proposed refined model achieves zero failure rate across all illustrated test cases, while
the GNFT-only model remains the closest approximation among the compared methods.

It should also be noted that, depending on how the ensemble is generated, the GNFT-only and [23] models may
fail to trigger certain hardware features, such as exponent limitation. Consequently, these models may exhibit
zero failure rate regardless of ensemble size. An example of this behaviour is shown in the final bf16 input-format
case in Table 6.

5 Multi-word algorithms for emulating high-precision GEMM on tensor core models

Multi-word arithmetic is a technique of emulating high-precision matrix multiplication with low precision tensor
cores. It consists of splitting high-precision input matrices into several low-precision matrices, multiplying them
with tensor cores, and adding up the products either in tensor cores or the CUDA cores. In order to demonstrate
how one may use the MATLAB tensor core models, we have reproduced the experiments of Mary and Mikaitis [26,
Sec. 5] via several different models. We refer the readers to [26] for a full description of the algorithms.

Figures 6—8 show the norm-wise errors, where ||| is the infinity norm of a matrix, on five different tensor
core models (V100, A100, the H100 which also covers H200 and the B200, L40S, and a custom variant of the B200
which uses round to nearest instead of bit truncation) with the input format set to fp8, fp16 and bf16, and the
output format set to fp32. The number of words, which defines how accurate the emulation is, is shown at the
top of each of the sub-figures.

The modified B200 model has rounding to nearest instead of bit truncation—this is applied when an internal
accumulator is rounded to the output format, not on the alignments of significands, which are still truncated as
in the standard B200 tensor core model.
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Table 5. Comparison of numerical features of tensor cores on NVIDIA GPUs reported by prior works and the present work.

exp. limit. (eiﬁin)
¢ = 0 special/subnormal case - - NR - -
B200/RTX PRO 6000  Npma + Meab (fpl6/bf16/tf19) 4 - - - -
Nema + Neab (£p8) - - - - }
denom. prod. - - - - -

exp. limit. (eiﬁrg]n)

¢ = 0 special/subnormal case - - - - -

GPU Feature [14] [9] [23] [40] [2] Proposed
V100 Nema v v X v v v
Neab /7 7 oo/ v
denom. prod. NR NR NR NR NR 4
c is added late/early X v v v o/ v
A100/A30/A40/A2 Nema - o/ o/ v
Neab - o/ oo/ v/
denom. prod. - NR NR NR NR v
exp. limit. (¢2£") - NR NR NR NR & /
¢ = 0 special/subnormalcase =~ - NR NR NR NR 4
Ada (RTX-1000/L40S) Npma + Neab (fp16/bf16/t£19) - - - - v v
Nrma + Neap (fp8) Tt g a ¥ 4 v
denom. prod. - - - - NR v
exp. limit. (efﬁiiﬂ) - - - - .NR v
¢ = 0 special/subnormal case - y - - NR 4
H100/H200 Nema + Neab (fp16/bf16/tf19) - - X" - - v
Nrma + Neab (fp8) > W - - v
denom. prod. \ - NR - - v
v
v
v
v
v
v
v

Cells marked - mean that GPU or the input format is not considered, X: feature tested but reported conclusion is inaccurate, NR: stands for

not reported, X*: feature detected partially correct or reported with ambiguity.

Table 6. Ensemble-based mismatch rates of proposed and prior tensor core models compared against GPU outputs.

Ensemble setting [14] [23] GNFT [2] Proposed
(fp16):a, b, c € [-27,27] V100: 55.4% 45% 22.5% 0%
A100: NA 15.5% 15.5% 0%
H100: NA 13% 13% 0%
(bf16): a, b, c € [-21, 21°] A100:NA  9.6% 9.6% 0%
H100:NA >9.2%  9.2% 0%
c=0,a,be[-277° 2779 A100: NA  0.006% 0.006% 0%
H100: NA > 0.002% 0.002% 0%
c=[-271262712] g b e [-27%,27%]  A100: NA 0% 0% 0%
H100: NA > 0% 0% 0%

The ensemble for comparison is created with a seed of 0 via mt19937 by sampling 10° samples from a uniform distribution.
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Fig. 6. Multi-word arithmetic experiment presented by Mary and Mikaitis [26, Sec. 5] on the simulation of various tensor
cores. We have reproduced the experiment on four different tensor core generations modelled in MATLAB. Relative norm-wise
errors of matrix multiplication, compared with a default MATLAB binary64 multiplication, are shown. The input matrices to
the GEMM are A € R1%*™ and B € R™*1°, These matrices are multiplied with a multi-word algorithm [26, Sec. 4] by splitting
them into several fp8-e5m2 words.

Single word (binary16) Double word (binary16) Triple word (binary16)
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Fig. 7. Multi-word arithmetic experiment presented by Mary and Mikaitis [26, Sec. 5] on the simulation of various tensor
cores. Relative norm-wise errors of matrix multiplication, compared with a default MATLAB binary64 multiplication, are
shown. The input matrices tothe GEMM are A € R1®*" and B € R**!°, These matrices are multiplied with a multi-word
algorithm [26, Sec. 4] by splitting them into several fp16 words.

Figure 6 shows the differences in accuracy between L40S/H100, which have n,, = —10 and B200 which has
Neab = 2 in the accumulator. There is also a significant improvement to the B200 result by enabling RN. The L40S
and H100/H200 GPUs are, as expected, the least accurate in fp8 input format because of the 13 fractional bits in
the accumulator as discussed in Section 4.1.4. The DeepSeek-V3 Technical Report addresses this limitation in the
Hopper GPU variant H800 [6, Sec. 3.3.2].

For fp16 (Figure 7), interestingly, for single-word arithmetic, all models closely match in accuracy. For double-
and triple-word arithmetic, the results of Figure 7 show that the V100 tensor core provides two orders of magnitude
lower error at n = 10°. This may be caused by B200 tensor core model having more accurate accumulator with
Neab = 2, Which is rounded to zero, making the error larger than the V100 tensor core’s result. This can occur if
the V100 result is above the reference result, whilst the B200 result is closer to the reference, but below it, so that
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Single word (bfloat16) Double word (bfloat16) Triple word (bfloat16)
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Fig. 8. Multi-word arithmetic experiment presented by Mary and Mikaitis [26, Sec. 5] on the simulation of various tensor
cores. Relative norm-wise errors of matrix multiplication, compared with a default MATLAB binary64 multiplication, are
shown. The input matrices to the GEMM are A € R'**" and B € R"%!°, These matrices are multiplied with a multi-word
algorithm [26, Sec. 4] by splitting them into several bfloat16 words.

RZ pushes it further below. We have tested this hypothesis by enabling RN in the B200, which demonstrates an
improvement. Further analysis of this behavior is out of the scope of this paper and we leave it for future work.

We expect similar differences in mixed-precision iterative refinement where GEMM operations are executed
using different tensor core models [13]. Having the tensor core models at hand, callable in MATLAB, allows
researching how factors such as extra alignment bits, FMA size, and rounding modes influence the behavior and
accuracy of such mixed-precision computations.

These experiments demonstrate that the proposed software models can be used by researchers to simulate and
study the effects of NVIDIA GPU tensor cores with customized numerical features in diverse applications, such
as in artificial intelligence and scientific computing, and also for authentication of new test vectors for line 1 of
Algorithm 1. The data and the code for producing Figures 6-8 is available.®

6 Conclusion

We have presented the research behind the development of the MATLAB Tensor Core v@.5 toolbox. The toolbox
contains various NVIDIA GPU tensor core models, as well as a parameterised model that can be used to instantiate
custom variants of tensor cores for research purposes. The models were verified against the hardware by large-
scale randomised testing and model refinement. The proposed toolbox includes tensor core models for NVIDIA
A2, A30, A100, Ada RTX 1000, L40S, H100, H200, RTX PRO 6000 (Blackwell) and B200, supporting all 8-, 16-, and
19-bit precision formats. For binary64, NVIDIA GPU tensor cores behave as sequential chains of IEEE-compliant
FMAs; therefore, MATLAB’s built-in fma function can be used to emulate such tensor core behaviour. In addition
to the fixed models, we provide a custom tensor core model that enables users to simulate arbitrary configurations
by adjusting the FMA size, the number of extra bits used for aligning significands, and the rounding mode
(supporting RNE, RZ, RD, and RU).

In the future, this toolbox will be actively maintained through regular versioned releases on GitHub. We plan to
improve both the functionality and performance, by porting the back-end to C, by porting the front-end to other
languages such as Julia, and by adding new NVIDIA tensor core and AMD matrix engine models. We also plan to
add different GEMM algorithms and improve the validation in Algorithm 1 by exploring different distributions of
randomised test vectors and techniques such as the ones used by Schryer [35].

Shttps://github.com/north-numerical-computing/MATLAB-tensor-core/tree/main/experiments

ACM Trans. Arch. Code Optim.


https://github.com/north-numerical-computing/MATLAB-tensor-core/tree/main/experiments

Accurate Models of NVIDIA Tensor Cores « 23

IEEE 754 [18] and OCP [34] do not standardise reduction operations, and P3109 [1] does not require them
for conformance. We hope that a simulator of GPU matrix multiplier models will allow users to understand
the differences and effects on applications of current and future matrix multiply units, and impact future
standardisation efforts.
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