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ABSTRACT ARTICLE HISTORY

In this paper, we study the potential measures and the Laplace Received 29 April 2025
transforms of the occupation times of a refracted-reflected spec- ~ Accepted 29 June 2026
trally negative Lévy process when the process is observed at KEYWORDS

the arrival epochs of two independent Poisson processes. In this Refracted-reflected Lévy
case, the rates of observing the underlying process differ in time processes; potential

which deviates from the classical theory of Poissonian observa- measures; occupation times;
tions. Explicit expressions for the so-called Poissonian potential fluctuation theory; scale
measures and the Poissonian occupation times are derived in functions

terms of (known) scale functions. Other fluctuation identities are

also derived.

1. Introduction

The refracted-reflected Lévy process can be described as a combination of a Lévy
process reflected at a lower boundary and a refracted Lévy process. The former
can be expressed as the difference between the underlying Lévy process and its
running infimum (see [6,10,20]), and the latter as the underlying process below
a fixed level and a drift changed process above this level (see [12]). Refracted-
reflected Lévy processes have several applications in applied probability, queuing
theory, and insurance mathematics. For example, they are used for the bail-out
model in the presence of dividends, where the surplus is a Lévy process for which
dividends are paid at a fixed level and capital is injected to prevent the process
going below 0 (see, e.g. [8,18,19]).

Recently, motivated by insurance mathematics and reliability theory prob-
lems, developments in fluctuation theory have been made when the process is
monitored at Poissonian time epochs (that are independent from the process).
The applicability of these Poissonian observations can be found, for example,
in the insurance context where the ruin time or the time of dividend payments
do not occur at the exact times the surplus process crosses a certain level (for
instance 0), but rather at some time afterwards which more closely reflects the
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behavior of financial institutions, see [1,2,15]. In the Lévy context, Poissonian
observations were first introduced by [3], in which explicit expressions for the
exit problems were derived, while in [14] explicit expressions for the Poissonian
potential measures were established. Poissonian observations are also relevant
in queueing contexts, see for example [5].

Potential measures are known to play a fundamental role in fluctuation theory
of Lévy processes (both under continuous and Poissonian observation frame-
works), see for example [12,21] to mention a few. Surprisingly, analytic expres-
sions for the potential measures and the Laplace transforms of the occupation
times for the refracted-reflected Lévy process under Poissonian observations do
not exist in the literature.

In this paper, we derive explicit expressions in terms of the so-called scale
functions (see Section 2) for the Poissonian potential measures and the occu-
pation times for a refracted-reflected spectrally negative Lévy process when
the underlying process is observed at the arrival epochs of two independent
Poisson processes under the assumption that the rates of these observations
differ. It will be seen that these derived expressions generalize those from the
models in [1-3,14], and yield analogous forms to the Poissonian observation
fluctuation identities in the literature. With regards to the applicability of such
a model, the observation structure yields a more accurate representation of
reality in problems arising in insurance, queueing systems or finance: (i) In
insurance, the proposed process can be used as a risk model with dividends
and capital injections for an insurance firm, in which the different Poissonian
observations represent two (independent) observers that check the surplus
solvency—a typical example in practice being the compliance officers (within
the firm) and the regulators (outside the firm). This mechanism of multi-
ple independent observers extends the current literature, see [1,2,14]. (ii) In
queuing systems, the proposed model is used in systems where the work-
load is a Lévy driven fluid queue (see [7,17]) with state dependent services
and non-negative constraints. Indeed, the Poisson clocks represent two dif-
ferent observers looking for inspection or demand events and the restock-
ing or service activation. (iii) In finance, for a Lévy-driven asset, where one
clock may represent a liquidation agent who monitors the asset for distress
signals and the other a regulatory authority conducting periodic compliance
checks.

The paper is organized as follows. In Section 2, we review the theory of
scale functions and develop new simplifying formulae between known scale
functions as well as some results that will be used in the subsequent sections and
potential future works. In Section 3, we compute the two-sided killed Poissonian
potential measures, which we use in Section 4 to provide expressions for the one-
sided killed Poissonian potential measures. Finally, in Section 5, we compute the
Laplace transform of the Poissonian occupation times.
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2. Preliminaries on scale functions

Let X = {X;};>0 be a spectrally negative Lévy process (SNLP) defined on
(2, F, {Ft}i>0, P), where the filtration {F;},;>0 is assumed to satisfy the usual
assumptions of right-continuity and completion. We shall denote [P, to be the
probability measure given that the process under consideration starts at x, and by
E, the corresponding expectation. We denote by [P and E the case when x = 0.
A Lévy process with no positive jumps (the case of monotone paths is excluded)
has a Laplace exponent ¥ () : [0, 00) — R such that () := log E[e?X1],
Vo > 0, where ¥ () = utd + % + f(_oo’o)(e“ — 1 — Oxlp=—1pv(dx),
with 4 € R, 0 > 0 and v, the Lévy measure, is a o -finite measure concentrated
on (—00, 0) satisfying f(—oo,O)(l A lx[P)v(dx) < oo.

It is well-known that the fluctuation theory for X relies heavily on the so-
called W and Z scale functions (see Chapter 8 in [10]). For any ¢ > 0, define the
so-called scale functions W@ : R — [0, 00) and Z@) : R — [1, 00) as

9>, and ZW(x)=1

/Ooe—ﬂxW(Q)(x)dx: L
0 Yy (D)

+q / W@ (y)dy, (1)
0

where @, := sup{ > 0: ¥(¥) = g}, ¥, () == ¥ (®) —qand WD (x) =0
for x < 0. In the rest of the paper, we write W or 1y instead of W(® or 1 for
convenience. We define also the bivariate generalization Z @ . R x [0, 00) —
[1, oo) having the forms

ZWD(x,9) = e’ (1 — g () f ) e—”yw<q><y>dy)
0

_ wq(ﬁ)/ e WD (x + y)dy, x>0, )
0

where Z@ (x,0) = Z@ (x) and Z@D (x, ¥) = e’* for x < 0. With regards to
the limits of scale functions, it is well-known (see, for instance, Equations (2.12)
and (2.13) in [14]) that

WD@@+x) 4
—_—

. ZW@ ¢
1m =
a—o0o W@ (a)

im ———— = —.
a—o0 W@ (q) D,

qx
9

(3)

In addition, the following useful identities for convolutions of the scale
functions will be used throughout the paper. For any p, g, x > 0and p # g, it
holds that (see [14] or [16])

(r—q) / W (x — WD )dy = WP (x) = WD (x), (4)
0

(p—q) / S (x = NZDP(y,)dy = 2P (x; 9) — 29 (x,9). (5
0
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Occupation time fluctuation identities rely on some more general scale func-
tions, see [15,16], namely, for p, p + g > 0 and u, x € R, we define

u
WD () = WPt (x) — qf WD (c — WP (y)dy = WP (x)
0

+q f WD (x — y)W P (y)dy, (6)

u

u
ZPD(x) = 2D (x) — q/ WPHD (x — ) 2P (y)dy = 2P (x)
0

+q f ) WPt (x — y)ZP) (y)dy. (7)

Based on the above scale functions, the two-sided exit problem and the
potential measure of an SNLP have the following forms. Let ‘L';:(Z_) =
inf{t > 0:Z; > (<) a}, for any process Z = {Z;};>¢ (by convention inf & =
00). Z may change in the rest of the paper, depending on the underlying process
used, without otherwise altering the notion of the stopping times. Then, for

x <a,a > 0and g > 0 (see Chapter 8 of [10]),

(@) 3
E, ef‘]nﬁx] 4 _ :W—(x)’ E, e 9%x1, )
{Ta,X<TO,X} W@ (a) {To,x<fa_x}
W@ (x)
— 7(q) _ (q)
=Z1(x) W@(a)z (a), (8)
o0
—qt
Ex (/(; (< q 1{X;€dy,t<T;XATQX}dt>
W@ (x)
| w@Dey vy - WD —
_<W(q)(a)W (a—y)—WPx—-y)|dy, x,yel0,al 9)

Reflected SNLP

The SNLP reflected at the lower boundary 0, is a strong Markov process
defined by
)?, =X;+ sup (—X5)VvO0, >0,
0<s<t

and has values on [0, 00) since the supremum pushes the process upwards
whenever it attempts to down-cross 0, see also in [6,10]. A typical application of
the reflected SNLP is for the so-called bail-out model, in which capital is injected
to prevent the surplus of a firm from going below 0.

For the fluctuation identities of X, we have (see Theorem 1 (i) and Proposition
2 (i) of [20]) for g, b > 0, any Borel set B and x, y € [0, b],

+

. B ZD(x) 5 S
]Ex (e b, X 1{1’2'5(4<OO} = Z(q—)@, ]Ex ; e I{XtGB}dt
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ZD) ) @)
:A(Z(q)(b)wq(b—y)—Wq(x—)’) dy.

(10)
For a complete introduction to reflected Lévy processes, the reader is pointed
to Chapter 6 in [6] and Chapter 8 in [10].

Refracted SNLP

The refracted SNLP is a variant of an SNLP reflected from above, and was first
introduced in [12]. Informally speaking, a linear drift at rate § > 0 is subtracted
from the increments of the underlying SNLP X whenever it exceeds a pre-
specified (fixed) positive level b > 0. Due to this characteristic, the refracted
SNLP is often used to model dividend problems, where dividends are paid on
a constant rate § > 0, see, e.g. [8, 11]. More formally, it is the unique strong
solution to the stochastic differential equation given by

t
V[ = X[ — 8/ 1{VX>b}dS, t = 0.
0

When deriving its fluctuation identities, it is important that the drift changed
process Yy = X, — &t,t > 0, is again an SNLP that is not the negative of a
subordinator. Hence, in [11] and [12], the standing assumption

H) O0<d<c, c=pu+ f(—1,0) |x|v(dx), if X has paths of bounded
variation,

is imposed to show that a unique strong solution of Equation (2) exists, for
which the unbounded variation solution is solved by using so-called strong
approximation (see Theorem 1 in [12] for details). We will denote the scale
functions of ¥ as W?) and Z(?) for each p > O(W(p’q) and Z"? for p+q > 0)
which are to be interpreted as the counterparts of the scale functions W) and
VAR (resp. W(p D) and 7(;7 ’q)) associated with X. Observe also that W) (0) =
(c — 8)~! for Y of bounded variation and W@ (0) = 0 for Y of unbounded
variation. Additionally, if § = 0, then ¥ = X which yields that W = w(®
(W(p’q) = W(‘n’q)) and similarly for ZP) (Z(p’q)). Furthermore, for ¢ > 0, the
Laplace exponent of ¥ will be denoted as w;‘(ﬁ) = Y(¥) — 89 — g, with a
corresponding right-inverse ¢, = sup {19 >0:y;(0) = q}. Then, from [12],
we have the following fluctuation identities for the refracted Lévy process. For
a,q > 0,any Borel set B, x,b € [0,a]and y > 0,

0
Ex (/0 ¢ 1{V,eB,z<rQV/\r;V}dt)

w9 @ .
:fB<w(T(a)w‘1(a,y)—wq(x,y) dy, (11)
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where
X
w@ (x; y) = (W@(x -y +3 / WD (x — )W (u — y)du) 1{yelo,b))
b
+ WD (x — )1 {yerp.o0))» (12)
and for which we have used the convention that w@(x) = w@(x;0).
Moreover,
(q)( ) _
+ w'? (x
E, (e 9%v1 _ ) =—~" E (e_qrwl _ )
* ( {T:,—V<TO,V} w(@ (a) * {TO,V<T;,—V}
(q)
@y — @y W)
2V (x) —z (a)w(q)(a),
where
X
2Dx) = ZDPx) + 5qu WD (x — w)yWD (u)du. (13)

The refracted SNLP produces a collection of useful identities with regards
to the convolutions of the scale functions w'? and z(P) and can be seen as
generalizations of the identities from Equations (4) and (5) but w.r.t. the refracted
process V. These, along with some fluctuation identities for the downward
crossings of the refracted process that will be used in the forthcoming, are
presented in the following lemma (its proof can be found in the Appendix).

Lemma 1. Leta > b > 0. Then, for p, p +¢ > 0 and x € [0, a], we have the
following:

(i) For u € [0, b),

X
q/ W(P-FQ)(X _ y)w(P)(y; w)ydy = W(P+Q)(x —u) — w® (x; u)
0

-3 f WD (x —u — y) WP (dy), (14)
[0,b—u)

where W (P)(dy) is the measure defined on [0, 00) associated with WP (a,b] =
W@ (b) — W(p)(a)forp > 0and —00 < a < b < 0o (see Chapter 8 of [10]
for more details).

X
qf W(P-H])(x _ y)z(p)(y)dy — Z(p+!])(x) _ Z(p)(X)
0
b
_ 3P/ W(P-I—Q)(x _ y)W(p)(y)dy.
0

(15)
(ii) Let u > 0 and define

X
Wy () = wP (g u) + q/ WD (x — y)wP (y;wydy,  (16)
b
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with the convention that El(?p ’Q)(x) = _;p ’q)(x; 0). Then, we have also that

b—u
w7 (s ) = WD (x — ) — ‘1/ WD (x —u — y) WP (y)dy
0

3 3/ WD (x — u — y)WP (dy). (17)
[0,b—u)
(iii) Define
2P () 1= 2P (x) + q/b W) (x — )P (y)dy.  (18)

Then, we have also that

b
27D () =2 (x) — ¢ / WPHD (x — y) 2P (y)dy
0

b
—op [ WG WP ()dy. (19)
0
(iv) For u € [0, b],
E, < —(p+q)T;, M, <ot }W(P)(Y o u))

W(p+q)(x _ b)_(p 2

_ =g, .
=Wy, (s u) — WP+ (a — b) Wp

(a; u), (20)

and
E ( —(P+a)7, v 7 p)(Y )) _z(p q)( )— WD (x — b)—(p q)( ).
X {rb <r v) b W(p+q)( b) Zp
(21)
where w(p 9 and z(p 4 are given in Equations (16) and (18), respectively.

Remark 2. Observe that putting § = 0 yields that w}j’ ’Q)(x) = Wép ’q)(x) and
(p q) (x) = (p q)( ).

The reader is referred to [11, 12, 13, 22] for further details on refracted SNLPs.

Refracted-reflected SNLP

In this section, we provide a brief exposition of the refracted-reflected Lévy
process. For the construction of the process, we refer to [19].

For fixed b > 0 and § > 0 such that the condition (H) holds, we define a
refracted-reflected Lévy process U = {U,};>¢, a process for which a linear drift
at rate § is subtracted from its increments when it is above the level b (refracted)
and which is reflected at 0. Hence, for R;, a non-decreasing and right continuous
process that represents the cumulative amounts up to ¢ that pushes the process
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upwards when it attempts to go below 0, U is the solution of

t
Ui =X + R — 5/ lLiy,>pyds, t>0, (22)
0
for which, in the particular case of bounded variation, we have
Ri= ) U-+AX] 1z0
t>0:U;—+AX; <0

If, in addition, P, (U; = y) = 0 for y € [0, 00) and Lebesgue a.e.t > 0
and the condition (H) is satisfied, then the unbounded variation solution for U
can be determined by strong approximation (see Proposition 2.1 of [19]). Hence,
for g > 0, any Borel set B and x, y, b € [0, a], we have (see Theorem 4.1 and
Corollary 4.2 in [19])

(q) 00

o+ 7P (x) -

E q7,, = D) a

* (e UI{T;U<°°}) z(q) (a) , ! (./O ¢ I{UIEB’ t<r‘j‘_U}dt)

@
_ fB (Z ") @ y) — @ y)> dy. (23)

Z(Q)(a)

where w@) and z(9) are defined in Equations (12) and (13), respectively.

3. Poissonian potential measures with two-sided killing

In this section, we derive the Poissonian potential measures for U and denote by
the constant b its corresponding refraction barrier unless specified otherwise.
To do this we denote by S7, Sl.y ,fori € N, the arrival times of two independent
Poisson processes Ni', N), with rates » > 0 and y > 0, respectively. We also
assume that N{- and NJ are independent from the underlying process U and
that the first observation occurs at either S; or S} . Moreover, for any process Z,
we define for a > 0 the first passage Poissonian observation times

where as before Z in the subscript indicates the underlying process (by con-
vention min @ = 00). We note that Z may change in the following sections
to X, Y and U depending on the process under consideration. Clearly, it holds
that T;’_gf_) < Taf)((_)’k, where k = A, y, and similar inequalities hold for
the stopping times with corresponding subscripts X, Y, and U, where for the
reader’s convenience, we also recall that {X,};>¢ denotes a SNLP, {Y;};>o with
Y, = X; — &t denotes the drift-changed process, {it}tzo denotes the SNLP
reflected from below at 0 and {U,},>¢ denotes the refracted-reflected SNLP.

Our goal is to derive the potential densities of

o0
E f e_qtl — Y dr s
* 0 {U,edu,z<Tb.U”/\Ta’i,}
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o0
—qt
Ex (/(; € 1{U,edu t<Tb VAT"' A}dl) ,
o0
—gt
E-x <'/.5 € 1{Utedu7t<T;byATa!i}}dt) s
o0
—qt
E, (/0 € 1{U,edu 1<T, 3/ AT, }dt)

and to take appropriate limits of y and A to derive further identities, see Section
4 for more details. The quantities above consider that each observer is interested
in the process behavior above and below one of the model barriers respectively,
i.e. the barrier b for the y -rate observer and barrier a for the A -rate observer. We
are interested in these particular quantities due to their potential applications in
insurance and other areas. For example, in the context of insurance, the y -rate
observer may be concerned with payments of dividends which occur based on
the level b and the A -observer with excess capital levels (above level a) which
could be invested or transferred to other business lines.

To derive them, we will require the next two lemmas, whose proofs can be
found in the Appendix.

Lemma3. Let0 < b <a,q > 0and 0 < A < oo. Then the following identities

hold:

(i) For x € [b,al and y € [b, 00),

)
Ey (/(; € l{Y,edy, t<T:i,}‘/\‘rb’Y}dt>

B W@ (x — b)
- \Z9D(a - b, pg42)

Z@m—ywﬁn—www—w)w, (24)

and, consequently, for y € (a, 00),

E, e_qT:’Y 1
{Y +.2€dy, T v <1'b by}

aY

. W(q) (X — b) e(pq““(a_y)dy.
Z(q)(a - b’ (ﬂq—l—k)
(25)

(ii) For x, y € [b, o0),

e}
Ex (fo € 1{Y,edy,t<Taj*YMr};Y}dt)

(29 a -y, )
2T (a — b, ;)

meu—m—wwmu—w>w, (26)

and consequently, for y € (b, a),

-
E, (e 9%ar1
{Y _Yxedy T, v <rb by )
Ll
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B (ZW% — 3,9

@+ (v — by — W@+ _
Z(q“‘)(a—b,goq)w (x—b)—W (x y))dy. (27)

Lastly, we define the auxiliary functions
b—u
oy (b u) = e (1 +(P -9 f e # WP (y)dy
0

_5/ e_wqu(p)(dy)), (28)
[0,b—u)

b b
aéq’p)(b) — q +(p—q) e_‘pqu(p)(y)dy _ 3]?/ e—wqu(p)(y)dy,
Pq 0 0

(29)

and have the following.

Lemma 4. Let A > 0, p,g > 0,x € [b,a] and u € [0, b). Further, define
AR ) = WO ), 15 () 1= 20 ), S5 () = w7 (x: ) and
2,’; q)(x) = yq p)(x).Then, forj = 1, 2, it holds that

i) E < Ty "1 v <Th A}f1(p)( ) fz(p q)(x)
W(q)(x —b) %
— A
Z9(a —b,441) Jo
(”) ]Ex ( _qu 1{ }f(P)( ) f(P Q)(x)

e [PD(y £ aydy,  (30)

2 / WG y)fz(j-”‘”(wdy
b

W@+ (x — b) (q P) _@qs(a—b)
e q
7@+ (q — b, ?q)

+,\/ 29 (g —y, wq)fz”)(y)dy), 31)
b

where we have denotedcgq’p) = e‘/’qbagq’p) (b; u) andcéq’p) = e‘/’qbaéq’p)(b).

Remark 5.

(i) By using the initial value theorem for Laplace transforms (see, for instance,
Theorem 2.34 p. 88 in [23]), we get

lim (pq;x 7D — b, Qg1) = WD —b), and

A— 00

lim (qu/ e (pq+k)’f(l’ q)(y +a)dy = fz(p q)(a),
A—00 0
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for j € {1, 2}. Thus, by using the above equations along with Equation (30)
and dominated convergence,

E)C (e_qfh,y1{17Y<T+Y}f(1?)(Yrgy)>
— lim E, (e oy <T+A}f1(l’( T”))

A—00

— f(P 61)( ) _ W(q)(x — b) (p, Q)

2, W@ (q — b)’ %

which coincides with Equations (20) and (21), as expected.

(i) The requirements of the initial value theorem (see Theorem 2.7 p. 54
in [23]) are that the underlying functions are sufficiently smooth and of
exponential order which are satisfied in all our applications of it. Indeed,
we need only consider the underlying scale functions W and W since all
other scale functions considered are compositions thereof. It is well known
(see Lemma 2.3 of [9] as well as Section 3.5 therein for further discussions
on smoothness) that the scale functions W and W are almost everywhere
differentiable, and furthermore from Chapter 8 of [10] that W@ (x) =
ePe* We ,(x) and W@ (x) = e¥a* W, (x) which are indeed of exponential
order.

We now state and prove our main theorems.

Theorem 6. Letg > 0. Then, for A,y > 0,x,b € [0,a] and u € [0, c0),

o
E, (/(; e_qtl{U;edu 1<T, )7 A T+*}dt> /du

)"f()oo e_‘qukaw}()‘l'f'% V)(y +a; M)dy
Liucpo.aly + € %D 1 c 4000

b Jo2 e g T (y 4 a)dy

—(q+y V)(x) —(q+y V)(x u,

(32)

=,

where w), ) and 7 b ) are defined in Equations (16) and (18), respectively.

Remark 7. The identity E, ( [ e dt) /du can be

Uredut <7, a7,
proven by using similar arguments as in the proof below with the necessary
adjustments. The form of this identity can be obtained by replacing all instances
of g and y in the r.h.s. of Equation (32) with ¢ + y and —y, respectively. To be

(q+y -y) and quw,—y)

more precise, we have that instances of ¢, 1, w are to be



12 @ N.BEELDERSETAL.

replaced by ¢4y 41, Eéq’y) and z}()q,y) , respectively, in the r.h.s. of Equation (32)

to obtain the desired Poissonian potential measure.

Proof of Theorem 6. We consider first the bounded variation case. Let e, ~
Exp(y) be independent of all other random variables and define R iq))/ (x,du) :=
oo _ + d &

Ex (fo e qt1{Utedu,z<bei,VATafi}}dt>- Recall that {U;,r < Tt = (Xt <

+ ' -y +A L+
‘L’b’)~(} w.r.t. P, for x € [0, b) and, moreover, observe that T,y AT, iy ATy =d

ey A r; v - Hence, by conditioning on tlj’r y and using the strong Markov property,
it follows that

o0
(q) — —aqt
Ry, (x, du) = Ex (fo e "y cau, t<Tb’l',VAr,;fU}dt>

+
—4qT, (@)
FE (T ) R (b dw)

00
—qt
=K (fo e d l{U,edu, t<e},/\7:2:U}dt>

B (50 ) R (b, du)

<ey}

9]
— —(@+y)ty ~
= ]Ex (‘/0 e q )/) l{Xzedu, t<.[b-|:§}dt)

LE, (e—<q+ym;fi 1{T;§<oo}> R (b. du)

ZW@*y)(x)

ZG+v)(b)

— WYY (x — u)Liueo,p)ydu, (33)
where the last equality follows by using the identities in Equation (10).

(W(q+y) (b — u)l{ue[ovb)}du + R)(Lq})/ (b, du))

Now, considering x € [b, a] and noticing that {U;,t < 7, /} 4 {Yi,t <
7, y} w.r.t. Py for these x -values, we condition on 7, ,, and use the strong Markov
property to get

o0

(@) _ —qt
Ry, (x, du) = E, (/(; ¢ "Ly cau, t<1’b,Y/\T:;)‘}dt>

+ E, (e—CInZYl - T:,’,A}R/(\?y)/(yr,;y’ du))

{Tb’Y<

B W(q)(x —b)
~ \ZD(a - b, 9g42)

Liuelb,o0)ydu

79 (a —u, 9g13) — WD (x — u))

+ 7@ (b) (W(qw)(b — u)Ljyefo,p)pdu + R)(f’]))/ (b, du))
E, <e_qu7,Y1 +‘)‘}Z(Q-H/)(YT;Y)>

{Ib_,Y<Ta,Y
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where, for the last equality, the first term follows by using Equation (24) and the
remaining terms follow by a substitution of Equation (33).

We observe for the equation above that the first and second expectation terms
can be evaluated by using Lemma 4 (i) which yields

W@ (x — b)
ZD(a — b, pg42)
N 1

Z@+y) (b)
x (7971 () — W@ (x —b)

b ZD(a — b, 9q43) Jo
_ W@ (x —b
_ w}}‘”"’ ) (x:u) — & —b)
Z9D(a — b, pg12)

oo
/0 equﬂyw;qwfy)(y +a u)dy) L{ueqo.p))du

1
- Z@+y) (b)

~ _ WD (x — b)
« Zéqﬂ/, y)(x)_ o
2@ (a—b,pg41) Jo

R (x, du) = ( 2D —u, 9g13) — WD (x — u>> 1{uelh, o0} du

(W(q+y)(b — )1y epo,pyydu + Riq}), (, d”))

o0
e_(pq-%—}»yzgq"'yq_V) (y + a)dy)

(WO b =)L yepo,py)du + R, (b, dw)
[o9)
et Z T (4 “)dy)

- ([w},‘”y"”(x; W 1yefo.py) + W (x — M)l{ue[b,oo)}i|

W@ (x — b) oo _ gty
 ZD(a — b, gg4) [A/o I a0 o by dy

+ZD (@ —u, ¢q+l)1{u€[b,w)]]) du. (34)

Considering the terms of the above equation separately so that we may
simplify them, we notice from Equations (16) and (17) that

wl(,qﬂ”_”)(x; u)du :wg’”’_y)(x; u)l{ue[o,b)}du +W(q)(x — M)l{ue[b,oo)}d”,
(35)
and from Equation (2) that

729 — u, ©q+3.)Vuelb,00)) du

00
— <)\/ e—¢q+/\yw(Q)(y +a— l/l)dyl{ue[b,a]} + e-(ﬂqﬂ(u—a)l{ue(a’oo)}) du.
0

Hence, the last term of Equation (34) becomes

W@ (x — b) 0 o
Z@D(a—b, ¢y11) (A/o ¢ wqﬂywz(;q ” J/)(y + a; u)lyepo,p)dy
» Pq

W(q)(x—b) o o
- Z9D(a —b Pg+3) (X./o € wqﬂywl(yq ” y)()’ + a; u)l{ue[o,a]}dy
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e*§0q+k('4*él) 1{ue(a,oo)}> du.

Therefore, using the above three equations, Equation (34) becomes

R (x, du) = W (b — )L epo pndu + R (b, du))

Za+r)(b) (

o0

@ (x —
« [z ) - Whx-b) e ey 74 Y)
Z9(a —b,pg11) Jo

@ (x —
(y +a)dy> — (—(q+y ) (x: u) — W (x —b)

Z(q) (a - bv §0q+)»)

o
|:Af e_(pq“ywl(,ﬁy’_y)(y+a;u)dy1{,,e[0,a]}
0

+e_¢q+)‘(u_a)l{ue(a,oo)}:|> du» (36)

and hence what remains is to determine R(q) (b, du). To do this, we note from
Equation (12) and (16) that

Wy T by wydu = w9 (b 1) ueqopy du + WD (b — 1)1 e o0 du
= WY (b — u)1ep0.0)dut,

where we have used that W@ (b — u) = 0 for u € (b, 00) and that {u € {b}}
has Lebesgue measure 0. In addition, by using Equation (18) and then Equation

(13), we have that ngﬁy’ ) (b) = ZY4tY)(b). Since W@ (0) # 0in the bounded
variation case, letting x = b in Equation (36), using the above two expressions

for w(q+y J/)(b u),z _(qJFV y)(b) and solving w.r.t. R)(\q})/ (b, du) yields

R(‘” (b, du)
35St w4 asupdy
l{ue[() all + 57%1*)\(“*‘1) l{ue(a,oo)}

— > Z<q+y)(b)*W(q+y)(b7u)l{“e[0 b)) du.
P P e_‘pq*'”f,(gq*—y’_y) (y + a)dy

The results for x € [0, b) and x € [b, a] then follow by substituting the above
equation into Equations (33) and (36), respectively. To prove the unbounded
variation case, we use strong approximation. First recall that Proposition 2.1 in
[19] proves that there exists a sequence of processes {(Us(n)) s>=0 : n > 1} that
strongly approximates U i.e. that lim,, 4 o0 sup, <s<t | U,—U. Y(n) ‘ = Oforanys > 0
a.s. (see p. 210 of [6] and Definition 11 of [12] for more details). Fori > 1, we
denote Tbjl’]y (n) := min{Tiy : Ug'y) < b} and Taf[’}(n) = min{Tl.A : U;’;) > a}
the stopping times correspondingl to each process U, Then, it also hlolds for
any time s > 0 P, -a.s. (see proof of Lemma 4 (i) in [4]) that Tz;ijy n) As —>



STOCHASTIC MODELs @8 15

Tbji/y A s and TaJ,ri/)\ n)As — Tairi])‘ A s since the processes N7, N* and U ™) are
mutually independent for every n > 1.

Next we shall show that the potential measure of Theorem 6 (i.e. the left-hand
side of Equation (32)) of the bounded variation case converges to the one of
unbounded variation. By using the triangle inequality, we observe for s > 0 that

o0
‘ / e I'P, (U,(") edu, 1 < Ty (W) A Tafi}(n)) dr
0
o0
= / P (Ur e du, 1 < Ty ) AT, ) ]
A , ,
o0
< f eI'P, (U}") edu, t <T, ;7 (n) A Tj;}(n)) dr
* o0
+/ e I'P, (Ui e du, 1 < T, AT ) dr
S

o0
+ / e 1!
0

—P (Ui e du, 1 < Ty AT As)ar, (37)

P, (Ut(n) edu, t < Tb_l’Jy n) A T;&A(n) A s)

where the last inequality follows by noticing that
P (U € du, 1< T, ) AT )
—P, (U,(”) edu, 1 < T,/ () AT ) A s)
=P (U e du, 1 < T,/ 1) AT, ) 1z,

and similarly for the second integral term of the last inequality. Now, since strong
approximation yields that the last integral term in Equation (37) converges to
zero as n — 00, we can use Fatou’s lemma and Equation (37) to get

0
lim sup ‘/ e 1P, (U,(n) edu, t < Tb_[’]y (n) A T;Lbk(n)) dr
0 , .

n—oo
0
= f eIy (Uy € du, 1 < T, AT ) i)
0 , ,
o0
< / e~ 9" lim sup P, (Ut(”) edu, t < Tbjl’]y (n) A T;rl’])‘(n)) dr
N

n—oo
> A
+/ e 1P, (Ut edu, t <T, L’}’ A Tji/)dt,
N
and thus, choosing s large enough, we see

o0
/ e I'P, <U,(") edu, 1 < T,/ (0 A Taf;f(n)) dr

0
o0 5
— | e (Ure du, 1 < Ty AT d
A , ,
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It remains to show that the scale functions of the r.h.s. of Equation (32) in the
bounded variation case converges to its unbounded variation equivalent, which
is shown in Section 3.2 of [22]. O

Theorem 8. Letg > 0. Then, for A,y > 0,x,b € [0,a] and u € [0, c0),

0
E e 11 _ndr ) /du
X (A {UtEdu,t<TbJ’rl’]y/\Ta,i?‘} /

Zéqv%y—k) (x) + )"fbx W@HY+2) (x — y)zl()qﬂ,y—k) (y)dy

= PES) —(g+Ar,y—Ar
e%w“oeéqﬂ/ T (b) + A Jy Z4tr+i(a —y, §0q+V)Zl(yq+ ! )(y)dy

a
X <|:e‘/"f+yaoc£q+y’q+)”)(b; u) + Af ZY M (@ =y, 9g1y)
b

gty —
w;(,q+ "M (y; M)dY] Liucio.p) + 297 ™ (@ — u, ¢q+y)1{ue[b,oo)})

X
W (e — yywy! 7y u)dy> :
b

(38)

where wg"), Zg"), af") and ozg") are defined in Equations (16), (18), (28) and

(29), respectively.

. . oo
Remark 9. The identity E, (fo e "1 U edu 1< }dt) /du can be

TbTbVATaTi}
proven by using similar arguments as in the proof below with the necessary
adjustments. The form of this identity can be obtained by replacing all instances
of ¢ and y in the rh.s. of Equation (38) with g + y and —y, respectively (see

Remark 7 for further details).

Proof. We consider first the bounded variation case. Let e, ~ Exp(n), for n =
A, v, be independent of all other random variables and define qu; (x,du) =
oo _ + d &

Ex (fo e qtI{U;edu,t<bel’}’/\Tafl’}}dt>' Recall that {U;,t < tb,U} = {X;,t <
‘L']j: }?} w.r.t. P, for x € [0, b) and, moreover, observe that TbTbV A Taji,k A erT y =d

en tb+ y - Hence, by conditioning on t; y and using the strong Markov property,
it follows that

o
(@) -
Gk,y(X, du) =E, (/0 € qtl{Uzedu, t<ex/\tsz}dt)

+E (70 ) GYD (b, du)

<e;}

o0
— —(@+Mry -
= Ex (A € l{X,Gdu, l‘<T;:§}dt)
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+E, ( (q+)~)fbxl{r <oo}> G(‘I) (b, du)

Z(‘Hk)(x)
= 7@ ()
— WY (x — w)1yep0.p)du, (39)

(W(q—"_k) (b — u)l{ue[oyb)}du + G(q) (b, du))

where the last equality follows by using the identities in Equation (10).
Considering x € [b, a], we notice that T+ e AT, U /\rb U 4 ey AT, U /\‘L’b U

— d
and also that {U;, t < Tt =Yt <7, ylwrt. Py for these x -values. Hence,
conditioning on 7, ", and using the strong Markov property,

)
(q) -
G (x du) (A el {Ufed“ 1<T, U/\Ib u/\ey}dt>

+E, (e—‘ﬂbfzfl G\ U, du))

{rb_’U<T U/\e }

o0
— —(g+y)t
=E;, (fo ¢ Ly edu, <15 M”}dt)

+E, ( —(g+y)Ty, vl G(Q) (Y dl/t))

{t,y<T,y )
< W@t+y+2 (x — b)

G+tr+2) (g —
ZGT G — b ggry) (@ bgsr)

_W(Q‘i‘l"")‘)(x — u)) l{ue[b,oo)}du

W@t (b — u)l{ue[o,b)}du + G(q) (b, du))

}Z(q+)‘)(Y _ ))

T Z@+2) (b) (
E, (e—(q+y)rbfyl

{‘[b y<T,

. ]Ex ( (Q‘H/)Tb vl W(q_’_)\)(Y — I/l)) l{ue[O,b)}du’

{Tb Y< a, Y }
where, for the last equality, the first term follows by using Equation (26) and the
remaining terms follow by a substitution of Equation (39).

We observe for the equation above that the first and second expectation terms
can be evaluated by using Lemma 4 (ii) which yields

Waty+2r) (x — b)

7.a+y+A)
LG (@ = b, gq1y)

Ggf{; (x,du) = (

(@ =, @giy) — WITTTH (x u)) {ucpp. o0y du

1

+ Z(@+1) (p)

(W(q_'—)‘)(b — u)l{ue[o,b)}du + qu’; (b, du))
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X
% [EZQ'F)"V_)\)()C) + )\‘/ W(C]+)/+)»)(x _ y)EZQ‘f‘)hV_)\)(y)dy
b

W(q+)/+)»)(x —b)
2t (a — b, gyy)

a
_ Ay—A
/b Z(q+y+k)(a —y, ‘pq+y)11(9q+ Y )(y)dy)]

X
_ [wgﬁw—” (X3 u) + A f W@ (x — w7 (y; ) dy
b

(e‘pq+yaa§q+y,q+)\)(b) + A

W@ty+2) (x — b)
 Zatr I (a — b, ggqy)

a
— Ay —A
/b 29T @ =y, gg iy yw Y )(y;u)dy>]1{ue[o,b)} du.  (40)

(e‘ﬂq+raa§q+y’q+'\)(b; u) + A

Now, we simplify the above equation by noticing for u > b that

X
W () + )»/ W@ (x — yyw ™ (y: wdy
b

X
= WY (x —u) + x/ Wy (x — y)WUH) (y —u)dy
b

— W(quVH»)(x —u),

which follows by using Equations (4) and (17), and hence coincides with the
WY+ (x — u)1{,e[p.00)) term in the above. Thus, using this and grouping
the remaining quantities, we finally arrive at the equation

G\ (x. du) = (W(q+A)(b — ) Luego.pdu + G2, (b, du))

Z@+1) (p)
X

x [z}jf“’y‘“(x) + / W+ (x — y)Zd 77 (y)dy
b

W(q+y+k)(x —b)
2t (a = b, ggy)

a
. Ay—A
be(q+V“’(a—y,<pq+y)z,(f+ v )(y)dy)]

X
_ (@qﬂv—“(x; u) + /\/ WaHr+0) (x — yywd TPy, u)dy)
b

(e‘p‘ﬁyaaéﬁy’qﬂ)(b) + A

A
N WwWatr+ )(x —b) e(pﬁyaa(q-i‘yvq‘“‘)(b- u) + A
Z49+Y+H(a — b, @g4y) : ’

a
—(q+r,y—2
fb 29D (@ — y, g WY )(y;u)dy] Luero.n))

+ZY4T M (g — u, <Pq+y)1{ue[b,oo)}) du, (41)
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and hence what remains is to determine qu; (b, du). To do this, we notice as in
the proof of Theorem 6 that w](jqﬂ/’fy)(b; w)du = wWa+r)(p — u)1jyepo,p))du
and Zl(jqﬂ/’_y)(b) = Z@*Y)(b). Since W@ (0) # 0 in the bounded variation
case, we let x = b in Equation (36), use the two previously mentioned
expressions for E};Hy’_y)(b; u) and El()qﬂ/’_y)(b), and solve w.r.t. G;qj/ (b, du)
to obtain
)
ebarrag I (py 4 A [, Zlaty )
—(g+r,y =
(@ =y, 9gep)Z P (0 dy

a
y ([ewqwaa}ﬁmﬂ)(b; ) +,\f 2@ +y+)
b

G\ (b, duy/ du =

—(q+hy—r
(a—y,¢q+y)w§?+ v )(y;u)dy] Liuelo,b))

+29 ) (@ — u, <0q+y)1{ue[b,oo>}) — W (1) Luego by)-

The results for x € [0, b) and x € [b, a] then follow by substituting the above
equation into Equations (39) and (41), respectively.

To prove the unbounded variation case, we use strong approximation in a
similar way as in the proof of Theorem 6. O

4. Poissonian potential measures with one-sided killing

In this section, we use Theorem 6 and 8 along with further limiting identities
of the scale functions to derive one-sided Poissonian potential measures for the
refracted-reflected process U. To derive these identities, we shall need to prove

P P . -1: ..
that T;’r)’()‘ — rIX, where — means convergence in probability (and similarly

Tb_)’(A B T, y) as the observation rate A — oo. This is the purpose of the next
lemma.

Lemma 10. Leta, b € R and let T;})‘ and Tb_}’? be defined as previously. Then,
TaJ’r)’()‘ 2 r;fX and be)’? LY T, x a8 A — 0.

Proof. We shall condition on the event {t,", < oo} throughout the proof since
we have that r; x < Tj)’?. Now, foralle > 0, we have that there exists at least one
pairs,§ > 0s.t. X; > aforallr € [s,s+6) C (t;X, t;X + ¢), Py -a.s. Indeed,
this follows directly from the definition of T;x and the right-continuity of X.

Clearly s and § are random, determined by the behavior of X and independent
of the Poisson process N.
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Now, define &, :={t > 0: X; > a}. Then|[s,s+8) C &, andso &, isanon-
empty countable union of disjoint intervals (this follows by the right-continuity
of X and the density of the rational numbers in the real line). Hence, we have for
all ¢ > 0 that

A
IPX(T;X - r:X > ¢)
= P, ({There are no Poisson arrivals in &, N (r:X, ‘L';_X +e)})

< P, ({There are no Poisson arrivals in [s, s + §)})
=P, (Ns+3)—NG)=0=E, P, (Ns+8) —N(s)=0]s,8))
=E, Px(N@)=0]6)) = / e M P8 € dp),

0

and thus taking A — oo on both sides of the inequality and using dominated

convergence yields the assertion. The proof for be)’(’\ 2 T;, x a8 A — oo follows
similarly. [l

We may now derive the limit identities of the previously derived Poissonian
potential measures.

Proposition 11. The following results hold.
(i) Let ¢ > 0. Then, for A > 0,x,b € [0, a] and u € [0, 00),

o0
E, (/O e_qtl{y,edu,t<rj,'}}dt> /du

Ao et w@(y + a; w)dyleo.an + e e @00
- A fooo e Ya+iY 7@ (y + a)dy

— wD(x; u). (42)
(ii) Let ¢ > 0. Then, for .. > 0, x, b € [0, a] and u € [0, 00),

o0
—qt
Ex (/(; e 1{U;€du,t<Tu_’i]}L}dt> /st
_ ,— — A,—A
Z[()Q-i-)\« )L)(X) + )\’f; W(C]+)»)(x _ y)Zl(;[+ )(y)dy

g by 45 [E2@ @ -y, o)z P ()dy

a
x ([e“"q“aiq’“”(b; u)+ / 29 @ =y, gy u)dy]
b

Z(Q)(x)

Liuefo,p)) + 29N (q — u, (Pq)l{ue[b,oo)}) —

<E,(f+k’_)h)(x; u) + )»/b W@ (x — y)ﬁ,(jqﬂ’_)”) (y; u)dy) . (43)

(iii) For g,y > 0and x, b, u € [0, a],

o0
B (/0 ¢ 1{U{€d”,l<TbTi]y/\T;:U}dt) /d”
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=(g+vy,—v)

:Zb (x)w(qﬂ/ )’)(a I/t) (Q+V V)(x I/t) (44)

—(g+y.—y) b
2y (a)

(iv) Forq,y > 0and x,b,u € [0, al,

o0
E, (/.5 e_qll{u,edu t<Tb 7 ach U}dl‘) /du

—(q )
(x)—(q ) (q %)
(a;u) — (x5 u). (45)
_(q y)(a) a; u X u

(v)Forg,y > O,x,b €[0,a],andu > 0,

o0
E, (/O e_qtl{Utedu,t<T,;i]y}dt> /du

q.9+Y) /1.
—(q+1/ J/)( )aqu (b; u)

_ =g+r.=v), .
(q Q+)/)(b) wb (x’ M),

where af") and océ"') are defined in Equations (28) and (29), respectively.

(vi) Forq,y > 0,x,b € [0,a],andu > 0,

o0
E, (/0 e_qtl{U,edu,t<Tb+Uy}dt) /du

=(q.,y)
=7 X
b ( ) y f()oo e_‘/’q+1/yz(q)(y + b)dy

—Eéq’y)(x; u).

Proof. In all parts of the proof below dominated convergence theorem is used
implicitly.

(i) Observe that y | 0 implies Tbji]y 1 00, and also that (from Equations (16)
and (18))

hi%wl(?qw,—y)(x; u) = w(‘“(x; u) and hinz(qﬂ/ y)(x) — z(q)(x).
Y

Then, taking y | 0 in Equation (32), the result follows.

(ii) Using a similar reasoning as for the proof of (i), we take y | 0in Equation
(38) and the result follows.

(iii) First observe that gque*‘/’q“(”*“)l{ue(a’oo)} — 0as A — oo. Then,
dividing the existing A terms, multiplying and dividing by ¢, in both the
numerator and denominator in the fraction terms of Equations (32) and then
using the initial value theorem of Laplace transforms (see Remark 5) yields
the result.

(iv) By using the identity that is obtained by changing the parameters ¢ and
y appropriately (see Remark 7 for further details), a similar method as in (iii)
can be used to derive the result.
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(v) Taking a — oo in part (iii) and using Equation (61) we obtain the result.
(vi) By a slight adaptation of the result and proof of Lemma 9 of [5], it can
easily be shown, since ¢, 1, > ¢, > @, that

W(é])(a —u) . W(q)(a —u) B

alggo W@+ (@) 400 W@+ (@) 0 “z0,
and thus, from Equations (12) and (13), that
@ (q: (@)
lim @0 2@ s, (46)

a—00 W@+v)(q) P W@+ (a)
Then, by using Equations (16) and (18) along with Equations (3) and (46), we
get that

=) . )
im Db G0 g ~Pg+y Y@ :
algréo W@ e X Y A e w(y + b; u)dy,
and
Zl()qﬂy) (Cl) b 00 @
i b T _— o7 Pq+y —¥q+yY -\q
alglgo W@+y) (a) ¢ X )//0 ¢ 2Py +b)dy,
respectively. We complete the proof by substituting the above limits in part (iv)
asa — o0. O

Remark 12. For x, u € [0, a], observe that

o
@qﬂ/ e Y@ (y + x;u)dy - w9 (x;u), and
0

o0
¢q+kf e_wq“yz(q)(y + x)dy — Z(Q)(x)’
0

as . — 00, a consequence of the initial value Theorem of Laplace transforms
(see Remark 5), and also that (que_‘p‘/“(”_“) Liuc(a,00)) = 0as A — oo. Then,
by multiplying and dividing by ¢, and taking A — oo in Proposition 11 (i),
we obtain Theorem 4.1 in [19] which can also be obtained by letting y — 0 and
using dominated convergence in Equations (44) and (45).

5. Occupation times

In this section, we are interested in computing the occupation times of the
process U above and below the level of refraction » but w.r.t. the minimum of
the Poissonian exit times T;’ri,)‘ A T;;ijy and Ta_,i/)\ A TbJ’rL’/y. Namely, fora > b > 0,
we compute the joint Laplace transforms of

+.A —Y
a —y T, o,y
T, o "N, Ly, <pyds and
0
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—A +,y
s +y T, o ATy
Tou NTyu s ; L, <nyds |,

conditionally on the event T;’FL’} A Tb?i/y < 00. We begin by first considering the

cases for which either le’])‘ <T, ) orT, ) < le’} and use them to derive
the required joint Laplace transforms, as given above. It is also worthwhile noting
that the joint Laplace transforms corresponding to the minimums of T;Ll’]A A Tb+l’jy

and Ta_[’} AT,/ canbe derived by using similar methods as in the upcoming,
and we thus exclude these results.

For the proceeding results, we shall denote, for p > 0,1, = A + p and
Yp = Y + p. Furthermore, in both Propositions 13 and 16 below, we shall use
strong approximation in the same way as in Theorem 6 (see also the proof of
Theorem 1 in [16]). It is hence sufficient to prove Propositions 13 and 16 for the
cases of bounded variation only.

Proposition 13. Let p,¢g > 0and A,y > 0. Then, for x, b € [0, a], we have
that

A T+i1A
T —p o @U 11y, pyds
E, [e 7 av™PJo HUs<h)E -,
x {T:l‘}<TbYUy}

—(q+vp,—vp)
qu Vp Vp (x)

= o —(@+Yp—7p) ’ (47)
Qg [ e LY (y + a)dy

where E,(j"') is defined in Equation (18).

Remark 14. A straightforward argument can now be used to get

—qT— ITIEJAI ds :
E, |e 4Tt =PJo (U5 >b} 1{T+,;L<T7,y} from Equation (47). Indeed, from
a,U b,U

T+,A
Lemma 4.1 of [19], we have that [, «v l{y,=pyds = 0 a.s. and therefore that

s T
—qT P —p [y 11y, - pyds
]E e 4q a, P Jo {Us >b} 1 _,
* T <Ty i)

s oAt

- T 4p [,V 1 ds

—F e (g+p) a,U TP Jo {Ug <b} 1 _

* <0 )

showing that the above Lh.s. expectation is obtained from Equation (47) by

replacing all instances of ¢ and p therein by g + p and — p, respectively. To be

. . —(g+yp,—
more precise, we have that instances of ¢, 1, and zl(jq 777 are to be replaced

by ¢4+, and Zl(f’ﬂ/’p =), respectively, in the r.h.s. of Equation (47) to obtain

the desired occupation time identity. This reasoning hence implies that the
occupation times above the level b (corresponding to indicators of the form
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1;y,~p}) can essentially be obtained from the identities which shall be derived
by a parameter change. We hence omit these quantities for brevity.

+,A
+a_ lav
Proof. Let h(q P (x) = (e_qTa-U Pl s <pids I{Tafifx<TbT£/y}>’ and recall

both that Tb U AT 4 ey N 1: for ey ~ Exp(y) that is independent of all

b X
other random variables, and that {U,, r < Tb,U} 4 {X,, < ‘L’b’}?} w.r.t. P, for
x € [0, b). Hence, for x € [0, b), by conditioning on 1:; y and the strong Markov
property,

(61 P) —(q+p)T, 4.p) Z\+70) (x) @P)

h, (x)—IE( le{r <e}>h (b) = Z(QT)(I)))”V()
(48)

where the last equality follows by using Equation (10).

Now, considering x € [b, a] and noticing that {U;,t < 178 vl 4 {Yi,t <
T, y} wrt. Py for these x -values, we condition on 7, and use the strong
Markov property to get

(q p) _ —qT —qt, (q p)
WP = (7 o ) 4B (0L DU, )
_qT"ﬁ)\ h(q sP) (b)
— a,Y _—
= B <e I{Ta+’yk<f{y}) * Z(q+1/p)(b)

where the last equality follows by a substitution of Equation (48).
To determine the first expectation term in the above equation, we use Lemma
3 (ii) to deduce, by a conditioning argument and Fubini’s theorem, that

A WD (x — b)
Pg+a Z(q)(a —b, (Pq+A) .
Then, by using the above equation and Lemma 4, Equation (49) becomes

A W@(x —b) P (b)
Qg1 LD (a — b, 9g41) Z(quyf’)(b)

WD (x — b
X zéqu () — C—b)
ZD(a = b, ¢g+1)

h(q P)( )

* @+7p—7p)
/ e vativz, ! YRy, +a)dy>. (50)
0
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Now, let x = b in the above and solve w.r.t. h;q’;/p ) (b) to find that

Z@trp) (b)

0o —(G+vp,—vp)
g0q+A f() e §0q+)»yzb

h(q P)(b) )
(v +a)dy

Lastly, by noticing that z(q v y")(x) = Z@t7)(x) for x € [0,b), we
substitute the above quantity into Equations (48) and (50) to obtain the form
of Equation (47) for x € [0, a] which concludes the proof. ]

Remark 15. By letting y — 0, noticing that y,, — p and Tb_[’JV — oo and using
dominated convergence, Equation (47) reduces to

T+
aT Pfo Ly <byds
- (e ) Mt <o0)

Z;}‘]"’pa_p) (x)

Pgtr fooo e—wqﬂyzl()ﬁp,—p)(y + a)dy

Proposition 16. Let p,g > 0and A,y > 0. Then, for x, b € [0, a], we have

that
y Il
=T, i/ =p o7 Lws<pyds
E_X (e S I{Tbjl,/ <T+ )»}

fooo o—Pa+1Y <)/f —(q+7p, Vp)(y_l_a;u)d M) dy

21(;1_’_)/[77_)/[7) (x)

f() e Pg+ry Z(q+yf’ yl’)(y+a)dy

-y / w}()quyp,—yp)(x; u)du, (51)

=

where w), )andz z b ) are defined in Equations (16) and (18), respectively.

_ -V _ Tbi,i/y
PT’OOf Letg(q P)(x) — Ex (C qu,U Pfo Lyg <pyds I{Tb’U T+ A}

) ,and recall

both that Tb U AT 4 ey N ‘L' for ey ~ Exp(y) that is independent of all

b X
other random variables, and that {U,, t < T, U} 4 {X,, < T §} wr.t. Py

for x € [0, b). Then, for x € [0, b), by conditioning on t; y» using the strong
Markov property along with Equation (10), we have that

_ —(g+p)
ginyP)(x) =[E, < @*pey 1{ y<t }>+Ex ( e rbX 1{1' g<¢ }) g)(\qyp)(b)

b 00 (C]‘H’)
ZTYP) (x)
. (g+yp)t 1 ~ £ W)
_y/O E, (fo e P 1{Xtedu’,<r;§}dt)+z(q+y)(b) 8.y (b)
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2@ (ap b
= oo X (g+vp)(p _
= I <gw (b) + )//0 w ») (b u)du>

b
—y / W) (x — w)du. (52)
0

. — d —
Forx € [b, a],notice that {U;,t < 1, ;} = {Y;,t < 7, } wr.t. P, for these x
-values, and so, by conditioning on 7, ;; and using the strong Markov property,

gh! () =B, (701 8w, )

U

b
_ (q.p) q+vp) (1 _
VAGEZI)) (g?»,)/ (b) + VA WETR (B u)du)

—q7, (g+vp)
Ex<e Wl ey Z p(lezy))

- .4
5 u<T, 0

{T];y

b _
—y / E, (e—qu_y1{I;Y<T+}A}W(Q+Vp)(yrb_y _ u)) du
0 s a, s
1 (g.p) /b ( —(q+vp,—vp)
= — P (b)+ Wt (p—w)du) (7,777 (x
W@ (x —b) >
Z9D(a —b,pg41) Jo

b W@
_(q+yp.— (x —b)
—y/ wl(jq v y")(x;u)— @
0 Z\V(a — b, pg41)

e Pa+ry 22‘1""7//7’_7/17)()) + a)dy)

o0
f e Yat+ry wl(f’”p’_yp)(y + a; u)dy) du, (53)
0

where the second last equality follows by a substitution of Equation (52) and
Fubini’s theorem, and the last equality follows by using Lemma 4.

Now, letting x = b in the above and solving w.r.t. g)(hq’}’,p ) (b), we find that

Jyee ey (v g w7 ( + a u)du) dy

(g.p) _ (g+vp)
8., ()= — Z'9tre) (b)
g Jo© e varry zl(;ﬁyp’ y”)(y +a)dy
b
—y f W) (p — y)du.
0
Lastly, by noticing that wlquryp’_yp)(x; u) = W) (x —u) and quwp’_yp)

(x) = ZYtY)(x) for x,u € [0, D), we substitute the above quantity into
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Equations (52) and (53) to obtain the form of Equation (51) for x € [0, a] which
concludes the proof. O

Remark 17. By noticing that

w7 (y 4 as )

a—00 W) (a)

—(q+y 7Y ) .
Zp Ty +asu) _ egoq(y+b)a(q,q+yp)(b)
= N ,

a— oo W@ (a)

_ ewq(y+b)a§q,qu>(b; ),

Jo~ e tarny (V w4 a u)du> dy
1i
agrolo foo e—Pa+1Y Z(6]-+-V/n_7/p)( +a)d
0 b y Yy
/OOO e—‘/’cﬁ-k)’ (y f()b e‘/’q(y-i-b)aiq’q"'?’p)(b, I/l)db[) dy

[0 e varny e G+ ) () dy

[ Loy i)
0 agq,qu)(b)

du,

we may take a — 0o in Equation (51) to obtain

7,7
-, b,
B (e 4T =P )" Wweends
* {T, 1/ <oo}

(‘],Q‘H’p) (b, u

b b
— [0 _
A () 0

Combining the above results of Propositions 13 and 16, we have the following
two-sided occupation times.

Proposition 18. Denote T*Y = Tji} A Tb_l’]y. Let p,g > 0Oand A,y > 0.
Then, for x, b € [0, a], we have that

Ay
—qT*7—p [T 1 ds
B (e R 1{W<oo})

Joo ety (1 +y fym T G+ u)du) dy

—(q+vp,—vp)

Z (x)
_ _(q+Vp,— b
]'OOO e (pq+}\y Zl(yq V[ V[’) (y Cl)dy

b
—y f w7 (e wydu. (54)
0

Proof. Noticing that

—aThy gy (T
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+,A
Ta Pf U.s<}7}ds
_E ( U 0 1{T+A T y})

T—,V
qT, P] Lys <pyds
b, v 0 _
+ E, ( s I{Th,i/ <T+ ,\}

and using Equations (47) and (51) as well as that 1/¢, ) = fooo e YatrYdy,
Equation (54) immediately follows. O

Finally, with the purpose of completing the full spectrum of occupation time
results, we provide the following occupation times identities without proof, since
these proofs are similar to that of Propositions 13 and 16.

Proposition 19. Let p,g > 0and A,y > 0. Then, for x, b € [0, a], we have
that

7,)»
qT, Pf 1y, <pyds
U 0 s
o (- (rog i)

_(g4+Arp,y—2 —_(g+Arp,y—A

r.q+r ZFhpy =2
ebu+rag it p)(b)—l-kfba 24ty +i(a —y,‘PquV)Zl(Jq P (v)dy

b (@+7.q+0p)
X (A/ [e‘p‘1+yaa1q VAT (bu) + A
0
a
/ 20 a — y, gq o ym) T u)dy} du
b

a a
—I—A/ 29t (q — y, (pq+y)du) — kf (wl(Jqu,y—A,,)(x; u)
b 0

X
+A/ Waty+h) (x — y)wl()qﬂ”'y_k”)(y; u)dy) du,
b

and
+y

T,
+.¥ b,U
EX (e_qu,U _Pfo

B Apy—A _ Ap, Y —A
Zl(:]"r‘ psY [’)(x) +)‘fbx W(q+)’+)»)(x _y)ZZq+ pY P)(y)dy

egﬂqwuaéqw,q“p)(b) A [ At (a — y, (pq+y)Z§,qu’y7Ap)(y)d)’

00 x
% VA Z(Q-H/-H)(a — U, Pgiy) — y/l; W(l]-i-}/-i-)»)(x — w)du.

It is then clear that the occupation time w.r.t. TJr VAT follows by using
the above two quantities and a similar proof to that of Propos1t1on 18.



STOCHASTIC MODELs @ 29
Appendix

Proof of Lemma 1. To prove (i)-(iv), we first require some auxiliary identities.
In particular, for p, p + ¢, x > 0and x € [0, a], we have the following identity
(see p. 1176 from [22]):

: Xy
5 f WD (x — ) WP (n)dy + ¢ / f WD (y — ) WP (2)dzdy
0 0 0

X X
= [y - [T Wy, 55)
0 0
Then, by differentiating Equation (55) with respect to x, we obtain
X
q/ W(P-i-q)(x _ y)W(p) (y)dy = W(P+q)(x) —ww? (x)
0
_ 3/ WPt (x — y)W(p)(dy), (56)
[0,x)

and by using the definition of Z(?)(-), Equation (55) can be rearranged to yield

X
q/ W(P+Q)(x _ y)Z(q)(y)dy — Z(P+11)(x) _ Z(P)(x)
0

_sp f WO (x — )W (y)dy. (57)
0

(i) Since wP (x —u) = WP (x — u) for x, u € [0, b), and since for p > 0
and y < 0 we have that W) (y) = 0, it is easily seen that Equation (14) holds
since it is reduces to that in Equation (56).

Now, for the case of x > b, observe that
X
q f WD (x — yywP (y; u)dy
0

X
— 61/ W(p-H])(x _ y)W(P)(y —u)dy
0

X
+q / WPTD (x — y) (5
0

y—u
WP (y —u — v)W(p)/(v)dv) dy
b—u

=q f WO (x —u — y) WP (y)dy
0

+ 8/ <q WPTD (x — y — y)WP (y — v)dy) WP (v)dv
b—u 0
=q f WD (x —u = y) WP (y)dy
0
+ 5/ <W(~”+q)(x U —v) — WP (x -y — v)) WY (v)dv
b

—U
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WD (x — ) — WP (x — u) — 5f WO (x — 1 — y) WP (dy)
[0,x—u)

+48 / WD (x —u — v)W P (v)dv
b

—U

— 5/ WP (x —u —)WP (v)dv
b

—Uu

— W(P-M)(x —u) — w(P)(x; u) — 5[ W(P-W)(x —u— y)W(P) (dy),
[0,b—u)
(58)
for which the second equality uses that W(?) (y) = 0for y < 0, the third equality
follows by using Equation (4) and the fourth follows by using Equation (56).

(ii) Since z(P (x) = Z®P)(x) for x € [0, b), and since for p > 0Oand y < 0
we have that W) (y) = 0, it easily seen that Equation (15) holds since it is
reduces to that in Equation (57). For the case of x > b, a similar argument as
that used to derive Equation (58) by substituting Equations (5) and (57) can
be done to complete the proof.

(iii) By using Equation (12),

W}()p’q)(x; u)

X
_ <w(p)(x; ") + qf WD (x — y)ywP (y: u)dy) 1{ue(0.b))
b
X
+ (Ww)(x —u) + q/ WD (x — yy WP (y — u)dy) Luerb.o0))
b
b
_ (W<P+q><x —u)—gq f WD (x — y)w (y; u)dy
0

—3/ WD (x —y — y)W(”)(dy)> Liue(o.))
[0,b—u)

b—u

+ (W(P+‘1)(x —uw)—q [ WD —u— y)W(”)(y)dy> Luelb.co))

b
= WD (x —u) — g / WD (v — WP (y = 10)dylucio.py)
0
—~ 5/ WD (x —u — y)W P (dy)
[0,b—u)
b—u
= Wt (x —u) — qf WD (x —u — y) WP (y)dy
0

_ 5/ W(P-HI)(X —u— y)W(p) (dy),
[0,b—u)

where the second equality uses Equation (14), and the second last equality
follows by using that w®P (y;u) = WP (y —u) foru € [0, b).
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(iv) The identity in Equation (19) can be proved by using a similar method to
identity (iii) and Equation (15).
(v) The identities follow by using Lemma 1 in [22].

Proof of Lemma 3.

(i) Observe by Equation (3.3) and Theorem 3.1, Equation (3.18) in [14] that,
forx € [0,a]and y > 0,

)
By ('/0‘ € l{Y,edy t<T % /\IOY}dt)

W@ (x)
= — " 7@ — W@y —
B (Z(q)(a,(pqﬂ)z (@—y,0q41) — WP (x —y)|dy.

Then, by using spatial homogeneity, the first identity follows.
For the second identity, observe from Equation (3.3) and Corollary 3.1 in
[14] that, for x € [0,a]and y > a,

+,0.
_qTa,i/
Ex (e l{Y Laedy, T, <r0y})

aY

W@ (x)
7 M @, WDy _
(Z(‘I) (a’ (pq_’_A) Z (a ) ‘/)q—l—k) W (x )’) d

Now, the second identity follows since by using spatial homogeneity, that
7D (a —y, Yg+1) = e%a+1@=¥) and that W@ (x — y) = 0 for x € [b, a] and
y > a.

(ii) The proof follows similarly as for that in part (i). Indeed, the first quantity
follows from Equation (3.10) and Theorem 3.1, Equation (3.14) in [14], while
the second quantity follows from Corollary 3.1 in [14].

Proof of Lemma 4.
(i) For j = 1, 2, using the strong Markov property, we observe that
E, (e qr“’l{ <T+}‘}f1J Thy)>
—E, (e_qTi;Yl{T i)
_E, (e—qT:i/ 1{T - <,};y}EY ( ”:YI{: <oo}f(p) - )) _

(59)

In order to evaluate the expectations in the above equation, we recall Equa-
tions (20)-(21), from which it yields that

Ex (e_qTI;,Yl{t <OO}f(P)( . Y))
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_ T (p)
= lim E, (e qrb‘yl{r <t y}fl fb_y))’

a— o0
f(}j q)

_ 2(57,q)(x) — WD (x —b) x lim (60)

a— o0 W(Q)( — b) ’
for which it is easy to verify, from Equations (17) and (19) along with Equation
(3) and dominated convergence, that

(.9
. f2 (a) ) ((1 p)
i Sy~ <. and
f2(p Q)(a)

lim ————
atoo W(q)(a — b)

Hence, denoting c(q’p) = e‘quafq’p)(b' u) and c(q’p) = e‘qua(q’p)(b),

(qu (q P)(b) (61)

B (701 D0 ) = AP0 = PWO @ —b), (62)
and thus Equation (59) becomes
B (701 e A 0)
0w — WO~ )~ (5 1 5 )
9P, (e—qT;’y*l WY1~ b)) . (63)

+h_ -
T,y <t v}

0
(p.q) <q Poy(@) _ —qT, 3
= f2 x) — W (x —b) /a Ey (e v 1{Y +YA€dy T <1, Y})

o0
(P.q) 4.p) —qTH} W@ (y —
f O + € / Ex (e o 1{Y +a€dy, T, Y <rb }) (y = b).

a aY

(64)
Finally, using Lemma 3 (ii) and Equation (2), we obtain that

R e @)
[ G A T L AR

a Y
@ (x —
_ WOE=B) 7 wnianw@ iy _ pydy
ZWD(a —b,9441) Ja
= WD (x —b),

and

* —qT+' (r.9)
L A 1{Y +.a€edy, T §% <‘L' f2 o)

a Y
WD (x — b 00
_ (x ) A e—qu)’fz(’.”q)(y + a)dy.
ZD(a—b,¢g13) Jo 2
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The proof is completed by substituting the above two quantities into
Equation (64).
(ii) By following similar steps as in the proof of (i), we obtain the identities in
Equations (59) and (63) with T;,}’,A replaced by Tajl’f. Hence,

—qt; (p)
E, (e D Vi (Ym))

_ fz(p 11)(x) (q P)W(Q)(x b) — E, ( =97, ; 7 l{T _ }fz(p)(Y A))
+ PR, (797 A WO, b))
) {T,, <Tp, v} T,y

a
(p.q) (q p) —qT 3
= J2,j (x) — W(q)(x D) _/l; Ey (e Tlax 1{Y -€dy, T,y <rh y})

aY

a aY

o0
(P.q) (q.p) —qT, 3 WD (y —
f ) + i / By (e . I{Y —2€dy, Ty <rb Y}> (v —b)

X
— P () 42 fb WO (x — y) 79 (3)dy

W@t (x —
(g+4) (P-9)
- ZUt(a — b, <pq) / L9 a =y, 09 fo57 (Ndy

. Cj(q,p) (W(q)(x —b)+ A/ W(‘I“)(x _ y)W(‘I)(y — b)dy
b

W@+ (x — b) a
— A 29—y, 0 ) WD (y — b)d
Z(q+)\) (a . b, (pq) b (a y (pq) (.y ) y

W@+ (x — b)
2@+ (a — b, ¢,)

a
<Cj(‘1sp)eg0q(ab) +)\/ Z(f1+k)(a y, ‘pq)fzp Q)(y)dy> ,

X
= H 0w [T o

b

where the second last equality follows by using Lemma 3 (ii) Equation (27),
and the last equality follows by using Equations (2), (4) and (5).
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