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ABSTRACT

In this paper, we study the potential measures and the Laplace
transforms of the occupation times of a refracted-reflected spec-
trally negative Lévy process when the process is observed at
the arrival epochs of two independent Poisson processes. In this
case, the rates of observing the underlying process differ in time
which deviates from the classical theory of Poissonian observa-
tions. Explicit expressions for the so-called Poissonian potential
measures and the Poissonian occupation times are derived in
terms of (known) scale functions. Other fluctuation identities are
also derived.
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1. Introduction

The refracted-reflected Lévy process can be described as a combination of a Lévy

process reflected at a lower boundary and a refracted Lévy process. The former

can be expressed as the difference between the underlying Lévy process and its

running infimum (see [6,10,20]), and the latter as the underlying process below

a fixed level and a dri� changed process above this level (see [12]). Refracted-

reflected Lévy processes have several applications in applied probability, queuing

theory, and insurance mathematics. For example, they are used for the bail-out

model in the presence of dividends, where the surplus is a Lévy process for which

dividends are paid at a fixed level and capital is injected to prevent the process

going below 0 (see, e.g. [8,18,19]).

Recently, motivated by insurance mathematics and reliability theory prob-

lems, developments in fluctuation theory have been made when the process is

monitored at Poissonian time epochs (that are independent from the process).

The applicability of these Poissonian observations can be found, for example,

in the insurance context where the ruin time or the time of dividend payments

do not occur at the exact times the surplus process crosses a certain level (for

instance 0), but rather at some time a�erwards which more closely reflects the
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behavior of financial institutions, see [1,2,15]. In the Lévy context, Poissonian

observations were first introduced by [3], in which explicit expressions for the

exit problems were derived, while in [14] explicit expressions for the Poissonian

potential measures were established. Poissonian observations are also relevant

in queueing contexts, see for example [5].

Potential measures are known to play a fundamental role in fluctuation theory

of Lévy processes (both under continuous and Poissonian observation frame-

works), see for example [12,21] to mention a few. Surprisingly, analytic expres-

sions for the potential measures and the Laplace transforms of the occupation

times for the refracted-reflected Lévy process under Poissonian observations do

not exist in the literature.

In this paper, we derive explicit expressions in terms of the so-called scale

functions (see Section 2) for the Poissonian potential measures and the occu-

pation times for a refracted-reflected spectrally negative Lévy process when

the underlying process is observed at the arrival epochs of two independent

Poisson processes under the assumption that the rates of these observations

differ. It will be seen that these derived expressions generalize those from the

models in [1–3,14], and yield analogous forms to the Poissonian observation

fluctuation identities in the literature. With regards to the applicability of such

a model, the observation structure yields a more accurate representation of

reality in problems arising in insurance, queueing systems or finance: (i) In

insurance, the proposed process can be used as a risk model with dividends

and capital injections for an insurance firm, in which the different Poissonian

observations represent two (independent) observers that check the surplus

solvency—a typical example in practice being the compliance officers (within

the firm) and the regulators (outside the firm). This mechanism of multi-

ple independent observers extends the current literature, see [1,2,14]. (ii) In

queuing systems, the proposed model is used in systems where the work-

load is a Lévy driven fluid queue (see [7,17]) with state dependent services

and non-negative constraints. Indeed, the Poisson clocks represent two dif-

ferent observers looking for inspection or demand events and the restock-

ing or service activation. (iii) In finance, for a Lévy-driven asset, where one

clock may represent a liquidation agent who monitors the asset for distress

signals and the other a regulatory authority conducting periodic compliance

checks.

The paper is organized as follows. In Section 2, we review the theory of

scale functions and develop new simplifying formulae between known scale

functions as well as some results that will be used in the subsequent sections and

potential future works. In Section 3, we compute the two-sided killed Poissonian

potential measures, whichwe use in Section 4 to provide expressions for the one-

sided killed Poissonian potential measures. Finally, in Section 5, we compute the

Laplace transform of the Poissonian occupation times.
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2. Preliminaries on scale functions

Let X = {Xt }t≥0 be a spectrally negative Lévy process (SNLP) defined on

(�,F, {Ft }t≥0,P), where the filtration {Ft }t≥0 is assumed to satisfy the usual

assumptions of right-continuity and completion. We shall denote Px to be the

probabilitymeasure given that the process under consideration starts at x, and by

Ex the corresponding expectation. We denote by P and E the case when x = 0.

A Lévy process with no positive jumps (the case of monotone paths is excluded)

has a Laplace exponent ψ(ϑ) : [0,∞) → R such that ψ(ϑ) := logE[eϑX1],

∀ϑ > 0, where ψ(ϑ) = µϑ + ϑ2σ 2

2 +
∫
(−∞,0)(e

ϑx − 1 − ϑx1{x>−1})ν(dx),

with µ ∈ R, σ ≥ 0 and ν, the Lévy measure, is a σ -finite measure concentrated

on (−∞, 0) satisfying
∫
(−∞,0)(1 ∧ |x|2)ν(dx) < ∞.

It is well-known that the fluctuation theory for X relies heavily on the so-

calledW and Z scale functions (see Chapter 8 in [10]). For any q ≥ 0, define the

so-called scale functionsW (q) : R → [0,∞) and Z(q) : R → [1,∞) as
∫ ∞

0
e−ϑxW (q)(x)dx =

1

ψq(ϑ)
, ϑ > 8q, and Z(q)(x) = 1

+ q

∫ x

0
W (q)(y)dy, (1)

where 8q := sup{ϑ ≥ 0 : ψ(ϑ) = q}, ψq(ϑ) := ψ(ϑ) − q andW (q)(x) = 0

for x < 0. In the rest of the paper, we write W or ψ instead of W (0) or ψ0 for

convenience. We define also the bivariate generalization Z(q) : R × [0,∞) →

[1,∞) having the forms

Z(q)(x, ϑ) = eϑx
(
1 − ψq(ϑ)

∫ x

0
e−ϑyW (q)(y)dy

)

= ψq(ϑ)

∫ ∞

0
e−ϑyW (q)(x + y)dy, x ≥ 0, (2)

where Z(q)(x, 0) = Z(q)(x) and Z(q)(x, ϑ) = eϑx for x ≤ 0. With regards to

the limits of scale functions, it is well-known (see, for instance, Equations (2.12)

and (2.13) in [14]) that

lim
a→∞

W (q)(a + x)

W (q)(a)
= e8qx, lim

a→∞

Z(q)(a)

W (q)(a)
=

q

8q
. (3)

In addition, the following useful identities for convolutions of the scale

functions will be used throughout the paper. For any p, q, x ≥ 0 and p 6= q , it

holds that (see [14] or [16])

(p − q)

∫ x

0
W (p)(x − y)W (q)(y)dy =W (p)(x)−W (q)(x), (4)

(p − q)

∫ x

0
W (p)(x − y)Z(q)(y, ϑ)dy = Z(p)(x;ϑ)− Z(q)(x, ϑ). (5)
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Occupation time fluctuation identities rely on some more general scale func-

tions, see [15,16], namely, for p, p + q ≥ 0 and u, x ∈ R, we define

W
(p,q)

u (x) := W (p+q)(x)− q

∫ u

0
W (p+q)(x − y)W (p)(y)dy = W (p)(x)

+ q

∫ x

u

W (p+q)(x − y)W (p)(y)dy, (6)

Z
(p,q)

u (x) := Z(p+q)(x)− q

∫ u

0
W (p+q)(x − y)Z(p)(y)dy = Z(p)(x)

+ q

∫ x

u

W (p+q)(x − y)Z(p)(y)dy. (7)

Based on the above scale functions, the two-sided exit problem and the

potential measure of an SNLP have the following forms. Let τ
+(−)
a,Z :=

inf {t > 0 : Zt > (<) a}, for any process Z = {Zt }t≥0 (by convention inf ∅ =

∞).Zmay change in the rest of the paper, depending on the underlying process

used, without otherwise altering the notion of the stopping times. Then, for

x ≤ a, a > 0 and q ≥ 0 (see Chapter 8 of [10]),

Ex

(
e−qτ

+
a,X1{

τ+
a,X<τ

−
0,X

}
)

=
W (q)(x)

W (q)(a)
, Ex

(
e−qτ

−
0,X1{

τ−
0,X<τ

+
a,X

}
)

= Z(q)(x)−
W (q)(x)

W (q)(a)
Z(q)(a), (8)

Ex

(∫ ∞

0
e−qt1{Xt∈dy,t<τ

+
a,X∧τ−

0,X}dt

)

=

(
W (q)(x)

W (q)(a)
W (q)(a − y)−W (q)(x − y)

)
dy, x, y ∈ [0, a]. (9)

Reflected SNLP

The SNLP reflected at the lower boundary 0, is a strong Markov process

defined by

X̃t := Xt + sup
0≤s≤t

(−Xs) ∨ 0, t ≥ 0,

and has values on [0,∞) since the supremum pushes the process upwards

whenever it attempts to down-cross 0, see also in [6,10]. A typical application of

the reflected SNLP is for the so-called bail-outmodel, in which capital is injected

to prevent the surplus of a firm from going below 0.

For the fluctuation identities of X̃, we have (see Theorem 1 (i) and Proposition

2 (i) of [20]) for q, b ≥ 0, any Borel set B and x, y ∈ [0, b],

Ex

(
e
−qτ+

b,X̃1{τ+

b,X̃
<∞}

)
=
Z(q)(x)

Z(q)(b)
, Ex

(∫ τ+

b,X̃

0
e−qt1{X̃t∈B}dt

)
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=

∫

B

(
Z(q)(x)

Z(q)(b)
W (q)(b − y)−W (q)(x − y)

)
dy.

(10)

For a complete introduction to reflected Lévy processes, the reader is pointed

to Chapter 6 in [6] and Chapter 8 in [10].

Refracted SNLP

The refracted SNLP is a variant of an SNLP reflected from above, and was first

introduced in [12]. Informally speaking, a linear dri� at rate δ > 0 is subtracted

from the increments of the underlying SNLP X whenever it exceeds a pre-

specified (fixed) positive level b > 0. Due to this characteristic, the refracted

SNLP is o�en used to model dividend problems, where dividends are paid on

a constant rate δ > 0, see, e.g. [8, 11]. More formally, it is the unique strong

solution to the stochastic differential equation given by

Vt = Xt − δ

∫ t

0
1{Vs>b}ds, t ≥ 0.

When deriving its fluctuation identities, it is important that the dri� changed

process Yt := Xt − δt , t ≥ 0, is again an SNLP that is not the negative of a

subordinator. Hence, in [11] and [12], the standing assumption

(H) 0 < δ < c, c = µ +
∫
(−1,0) |x|ν(dx), if X has paths of bounded

variation,

is imposed to show that a unique strong solution of Equation (2) exists, for

which the unbounded variation solution is solved by using so-called strong

approximation (see Theorem 1 in [12] for details). We will denote the scale

functions ofY asW(p) andZ(p) for eachp ≥ 0 (W
(p,q)

andZ
(p,q)

forp+q ≥ 0)

which are to be interpreted as the counterparts of the scale functionsW (p) and

Z(p) (resp.W
(p,q)

and Z
(p,q)

) associated with X. Observe also thatW(q)(0) =

(c − δ)−1 for Y of bounded variation and W
(q)(0) = 0 for Y of unbounded

variation. Additionally, if δ = 0, then Y = X which yields that W(p) = W (p)

(W
(p,q)

= W
(p,q)

) and similarly for Z(p) (Z
(p,q)

). Furthermore, for q ≥ 0, the

Laplace exponent of Y will be denoted as ψ∗
q (ϑ) := ψ(ϑ) − δϑ − q , with a

corresponding right-inverse ϕq = sup
{
ϑ ≥ 0 : ψ∗

0 (ϑ) = q
}
. Then, from [12],

we have the following fluctuation identities for the refracted Lévy process. For

a, q ≥ 0, any Borel set B , x, b ∈ [0, a] and y ≥ 0,

Ex

(∫ ∞

0
e−qt1{

Vt∈B,t<τ
−
0,V∧τ+

a,V

}dt
)

=

∫

B

(
w(q)(x)

w(q)(a)
w(q)(a; y)− w(q)(x; y)

)
dy, (11)
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where

w(q)(x; y) :=

(
W (q)(x − y)+ δ

∫ x

b

W
(q)(x − u)W (q)′(u− y)du

)
1{y∈[0,b)}

+ W
(q)(x − y)1{y∈[b,∞)}, (12)

and for which we have used the convention that w(q)(x) := w(q)(x; 0).

Moreover,

Ex

(
e
−qτ+

a,V 1{
τ+
a,V<τ

−
0,V

}
)

=
w(q)(x)

w(q)(a)
, Ex

(
e
−qτ−

0,V 1{
τ−
0,V<τ

+
a,V

}
)

= z(q)(x)− z(q)(a)
w(q)(x)

w(q)(a)
,

where

z(q)(x) := Z(q)(x)+ δq

∫ x

b

W
(q)(x − u)W (q)(u)du. (13)

The refracted SNLP produces a collection of useful identities with regards

to the convolutions of the scale functions w(p) and z(p) and can be seen as

generalizations of the identities fromEquations (4) and (5) butw.r.t. the refracted

process V . These, along with some fluctuation identities for the downward

crossings of the refracted process that will be used in the forthcoming, are

presented in the following lemma (its proof can be found in the Appendix).

Lemma 1. Let a ≥ b ≥ 0. Then, for p, p + q ≥ 0 and x ∈ [0, a], we have the

following:

(i) For u ∈ [0, b),

q

∫ x

0
W
(p+q)(x − y)w(p)(y; u)dy = W

(p+q)(x − u)− w(p)(x; u)

− δ

∫

[0,b−u)
W
(p+q)(x − u− y)W (p)( dy), (14)

whereW (p)(dy) is themeasure defined on [0,∞) associatedwithW (p)(a, b] :=

W (p)(b)−W (p)(a) for p ≥ 0 and −∞ < a ≤ b < ∞ (see Chapter 8 of [10]

for more details).

q

∫ x

0
W
(p+q)(x − y)z(p)(y)dy = Z

(p+q)(x)− z(p)(x)

− δp

∫ b

0
W
(p+q)(x − y)W (p)(y)dy.

(15)

(ii) Let u ≥ 0 and define

w
(p,q)
b (x; u) := w(p)(x; u)+ q

∫ x

b

W
(p+q)(x − y)w(p)(y; u)dy, (16)
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with the convention that w
(p,q)
b (x) = w

(p,q)
b (x; 0). Then, we have also that

w
(p,q)
b (x; u) = W

(p+q)(x − u)− q

∫ b−u

0
W
(p+q)(x − u− y)W (p)(y)dy

− δ

∫

[0,b−u)
W
(p+q)(x − u− y)W (p)(dy). (17)

(iii) Define

z
(p,q)
b (x) := z(p)(x)+ q

∫ x

b

W
(p+q)(x − y)z(p)(y)dy. (18)

Then, we have also that

z
(p,q)
b (x) = Z

(p+q)(x)− q

∫ b

0
W
(p+q)(x − y)Z(p)(y)dy

− δp

∫ b

0
W
(p+q)(x − y)W (p)(y)dy. (19)

(iv) For u ∈ [0, b],

Ex

(
e−(p+q)τ−

b,Y 1{τ−
b,Y<τ

+
a,Y }W

(p)(Yτ−
b,Y

− u)
)

= w
(p,q)
b (x; u)−

W
(p+q)(x − b)

W(p+q)(a − b)
w
(p,q)
b (a; u), (20)

and

Ex

(
e−(p+q)τ−

b,Y 1{τ−
b,Y<τ

+
a,Y }Z

(p)(Yτ−
b,Y
)
)
=z

(p,q)
b (x)−

W
(p+q)(x − b)

W(p+q)(a − b)
z
(p,q)
b (a),

(21)

where w
(p,q)
b and z

(p,q)
b are given in Equations (16) and (18), respectively.

Remark 2. Observe that putting δ = 0 yields that w
(p,q)
b (x) = W

(p,q)

b (x) and

z
(p,q)
b (x) = Z

(p,q)

b (x).

The reader is referred to [11, 12, 13, 22] for further details on refracted SNLPs.

Refracted-reflected SNLP

In this section, we provide a brief exposition of the refracted-reflected Lévy

process. For the construction of the process, we refer to [19].

For fixed b > 0 and δ > 0 such that the condition (H) holds, we define a

refracted-reflected Lévy process U = {Ut }t≥0, a process for which a linear dri�

at rate δ is subtracted from its increments when it is above the level b (refracted)

and which is reflected at 0. Hence, forRt , a non-decreasing and right continuous

process that represents the cumulative amounts up to t that pushes the process
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upwards when it attempts to go below 0, U is the solution of

Ut = Xt + Rt − δ

∫ t

0
1{Us>b}ds, t ≥ 0, (22)

for which, in the particular case of bounded variation, we have

Rt =
∑

t≥0:Ut−+1Xt<0

|Ut− +1Xt |, t ≥ 0.

If, in addition, Px(Ut = y) = 0 for y ∈ [0,∞) and Lebesgue a.e. t > 0

and the condition (H) is satisfied, then the unbounded variation solution for U

can be determined by strong approximation (see Proposition 2.1 of [19]). Hence,

for q ≥ 0, any Borel set B and x, y, b ∈ [0, a], we have (see Theorem 4.1 and

Corollary 4.2 in [19])

Ex

(
e
−qτ+

a,U 1{
τ+
a,U<∞

}
)

=
z(q)(x)

z(q)(a)
, Ex

(∫ ∞

0
e−qt1{Ut∈B, t<τ

+
a,U }dt

)

=

∫

B

(
z(q)(x)

z(q)(a)
w(q)(a; y)− w(q)(x; y)

)
dy. (23)

where w(q) and z(q) are defined in Equations (12) and (13), respectively.

3. Poissonian potential measures with two-sided killing

In this section, we derive the Poissonian potential measures forU and denote by

the constant b its corresponding refraction barrier unless specified otherwise.

To do this we denote by Sλi , S
γ

i , for i ∈ N, the arrival times of two independent

Poisson processes Nλ
1 , N

γ
2 , with rates λ > 0 and γ > 0, respectively. We also

assume that Nλ
1 and N

γ
2 are independent from the underlying process U and

that the first observation occurs at either Sλ1 or S
γ
1 . Moreover, for any process Z,

we define for a > 0 the first passage Poissonian observation times

T
+(−),k
a,Z = min{Ski : ZSki

> (<) a}, k = λ, γ,

where as before Z in the subscript indicates the underlying process (by con-

vention min∅ = ∞). We note that Z may change in the following sections

to X̃, Y and U depending on the process under consideration. Clearly, it holds

that τ
+(−)
a,X ≤ T

+(−),k
a,X , where k = λ, γ , and similar inequalities hold for

the stopping times with corresponding subscripts X̃, Y , and U , where for the

reader’s convenience, we also recall that {Xt }t≥0 denotes a SNLP, {Yt }t≥0 with

Yt = Xt − δt denotes the dri�-changed process, {X̃t }t≥0 denotes the SNLP

reflected from below at 0 and {Ut }t≥0 denotes the refracted-reflected SNLP.

Our goal is to derive the potential densities of

Ex

(∫ ∞

0
e−qt1{

Ut∈du,t<T
−,γ
b,U ∧T

+,λ
a,U

}dt
)
,
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Ex

(∫ ∞

0
e−qt1{

Ut∈du,t<T
+,γ
b,U ∧T

+,λ
a,U

}dt
)
,

Ex

(∫ ∞

0
e−qt1{

Ut∈du,t<T
+,γ
b,U ∧T

−,λ
a,U

}dt
)
,

Ex

(∫ ∞

0
e−qt1{

Ut∈du,t<T
−,γ
b,U ∧T

−,λ
a,U

}dt
)
,

and to take appropriate limits of γ and λ to derive further identities, see Section

4 for more details. The quantities above consider that each observer is interested

in the process behavior above and below one of the model barriers respectively,

i.e. the barrier b for the γ -rate observer and barrier a for the λ -rate observer.We

are interested in these particular quantities due to their potential applications in

insurance and other areas. For example, in the context of insurance, the γ -rate

observer may be concerned with payments of dividends which occur based on

the level b and the λ -observer with excess capital levels (above level a) which

could be invested or transferred to other business lines.

To derive them, we will require the next two lemmas, whose proofs can be

found in the Appendix.

Lemma 3. Let 0 ≤ b ≤ a, q ≥ 0 and 0 < λ < ∞. Then the following identities

hold:

(i) For x ∈ [b, a] and y ∈ [b,∞),

Ex

(∫ ∞

0
e−qt1

{Yt∈dy, t<T
+,λ
a,Y ∧τ−

b,Y }
dt

)

=

(
W
(q)(x − b)

Z(q)(a − b, ϕq+λ)
Z
(q)(a − y, ϕq+λ)− W

(q)(x − y)

)
dy, (24)

and, consequently, for y ∈ (a,∞),

Ex

(
e−qT

+,λ
a,Y 1

{Y
T

+,λ
a,Y

∈dy, T +,λ
a,Y <τ

−
b,Y }

)
= λ

W
(q)(x − b)

Z(q)(a − b, ϕq+λ)
eϕq+λ(a−y)dy.

(25)

(ii) For x, y ∈ [b,∞),

Ex

(∫ ∞

0
e−qt1

{Yt∈dy, t<T
−,λ
a,Y ∧τ−

b,Y }
dt

)

=

(
Z
(q+λ)(a − y, ϕq)

Z(q+λ)(a − b, ϕq)
W
(q+λ)(x − b)− W

(q+λ)(x − y)

)
dy, (26)

and consequently, for y ∈ (b, a),

Ex

(
e−qT

−,λ
a,Y 1

{Y
T

−,λ
a,Y

∈dy, T −,λ
a,Y <τ

−
b,Y }

)
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= λ

(
Z
(q+λ)(a − y, ϕq)

Z(q+λ)(a − b, ϕq)
W
(q+λ)(x − b)− W

(q+λ)(x − y)

)
dy. (27)

Lastly, we define the auxiliary functions

α
(q,p)
1 (b; u) := e−ϕqu

(
1 + (p − q)

∫ b−u

0
e−ϕqyW (p)(y)dy

−δ

∫

[0,b−u)
e−ϕqyW (p)(dy)

)
, (28)

α
(q,p)
2 (b) :=

q

ϕq
+ (p − q)

∫ b

0
e−ϕqyZ(p)(y)dy − δp

∫ b

0
e−ϕqyW (p)(y)dy,

(29)

and have the following.

Lemma 4. Let λ > 0, p, q ≥ 0, x ∈ [b, a] and u ∈ [0, b). Further, define

f
(p)
1,1 (x) := W (p)(x−u), f

(p)
1,2 (x) := Z(p)(x), f

(p,q)
2,1 (x) := w

(p,q−p)
b (x; u) and

f
(p,q)
2,2 (x) := z

(p,q−p)
b (x). Then, for j = 1, 2, it holds that

(i) Ex

(
e−qτ

−
b,Y 1

{τ−
b,Y<T

+,λ
a,Y }

f
(p)
1,j (Yτ−

b,Y
)
)

= f
(p,q)
2,j (x)

−
W
(q)(x − b)

Z(q)(a − b, ϕq+λ)
λ

∫ ∞

0
e−ϕq+λyf

(p,q)
2,j (y + a)dy, (30)

(ii) Ex

(
e−qτ

−
b,Y 1

{τ−
b,Y<T

−,λ
a,Y }

f
(p)
1,j (Yτ−

b,Y
)
)

= f
(p,q)
2,j (x)

+ λ

∫ x

b

W
(q+λ)(x − y)f

(p,q)
2,j (y)dy

−
W
(q+λ)(x − b)

Z(q+λ)(a − b, ϕq)

(
c
(q,p)
j eϕq (a−b)

+λ

∫ a

b

Z
(q+λ)(a − y, ϕq)f

(p,q)
2,j (y)dy

)
, (31)

wherewehave denoted c
(q,p)
1 := eϕqbα

(q,p)
1 (b; u) and c

(q,p)
2 := eϕqbα

(q,p)
2 (b).

Remark 5.

(i) By using the initial value theorem for Laplace transforms (see, for instance,

Theorem 2.34 p. 88 in [23]), we get

lim
λ→∞

ϕq+λ

λ
Z
(q)(a − b, ϕq+λ) = W

(q)(a − b), and

lim
λ→∞

ϕq+λ

∫ ∞

0
e−ϕq+λyf

(p,q)
2,j (y + a)dy = f

(p,q)
2,j (a),
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for j ∈ {1, 2}. Thus, by using the above equations along with Equation (30)

and dominated convergence,

Ex

(
e−qτ

−
b,Y 1{τ−

b,Y<τ
+
a,Y }f

(p)
1,j (Yτ−

b,Y
)
)

= lim
λ→∞

Ex

(
e−qτ

−
b,Y 1

{τ−
b,Y<T

+,λ
a,Y }

f
(p)
1,j (Yτ−

b,Y
)
)

= f
(p,q)
2,j (x)−

W
(q)(x − b)

W(q)(a − b)
f
(p,q)
2,j (a),

which coincides with Equations (20) and (21), as expected.

(i) The requirements of the initial value theorem (see Theorem 2.7 p. 54

in [23]) are that the underlying functions are sufficiently smooth and of

exponential order which are satisfied in all our applications of it. Indeed,

we need only consider the underlying scale functions W and W since all

other scale functions considered are compositions thereof. It is well known

(see Lemma 2.3 of [9] as well as Section 3.5 therein for further discussions

on smoothness) that the scale functions W and W are almost everywhere

differentiable, and furthermore from Chapter 8 of [10] that W (q)(x) =

e8qxW8q (x) and W
(q)(x) = eϕqxWϕq (x) which are indeed of exponential

order.

We now state and prove our main theorems.

Theorem 6. Let q ≥ 0. Then, for λ, γ > 0, x, b ∈ [0, a] and u ∈ [0,∞),

Ex

(∫ ∞

0
e−qt1{

Ut∈du,t<T
−,γ
b,U ∧T

+,λ
a,U

}dt
)/

du

=

λ
∫∞

0 e−ϕq+λyw
(q+γ,−γ )

b (y + a; u)dy

1{u∈[0,a]} + e−ϕq+λ(u−a)1{u∈(a,∞)}

λ
∫∞

0 e−ϕq+λyz
(q+γ,−γ )

b (y + a)dy
z
(q+γ,−γ )

b (x)− w
(q+γ,−γ )

b (x; u),

(32)

where w
(·,·)
b and z

(·,·)
b are defined in Equations (16) and (18), respectively.

Remark 7. The identity Ex

(∫∞

0 e−qt1{
Ut∈du,t<T

+,γ
b,U ∧T

+,λ
a,U

}dt
)/

du can be

proven by using similar arguments as in the proof below with the necessary

adjustments. The form of this identity can be obtained by replacing all instances

of q and γ in the r.h.s. of Equation (32) with q + γ and −γ , respectively. To be

more precise, we have that instances of ϕq+λ,w
(q+γ,−γ )

b and z
(q+γ,−γ )

b are to be
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replaced by ϕq+γ+λ,w
(q,γ )

b and z
(q,γ )

b , respectively, in the r.h.s. of Equation (32)

to obtain the desired Poissonian potential measure.

Proof of Theorem 6. We consider first the bounded variation case. Let eγ ∼

Exp(γ ) be independent of all other random variables and defineR
(q)
λ,γ (x, du) :=

Ex

(∫∞

0 e−qt1
{Ut∈du,t<T

−,γ
b,U ∧T

+,λ
a,U }

dt
)
. Recall that {Ut , t < τ+

b,U }
d
= {X̃t , t <

τ+

b,X̃
}w.r.t. Px for x ∈ [0, b) and, moreover, observe that T

−,γ

b,U ∧T
+,λ
a,U ∧τ+

b,U =d

eγ ∧τ+
b,U . Hence, by conditioning on τ

+
b,U and using the strongMarkov property,

it follows that

R
(q)
λ,γ (x, du) = Ex

(∫ ∞

0
e−qt1

{Ut∈du, t<T
−,γ
b,U ∧τ+

b,U }
dt

)

+ Ex

(
e−qτ

+
b,U 1

{τ+
b,U<T

−,γ
b,U }

)
R
(q)
λ,γ (b, du)

= Ex

(∫ ∞

0
e−qt1{Ut∈du, t<eγ∧τ+

b,U }dt

)

+ Ex

(
e−qτ

+
b,U 1{τ+

b,U<eγ }

)
R
(q)
λ,γ (b, du)

= Ex

(∫ ∞

0
e−(q+γ )t1{X̃t∈du, t<τ

+

b,X̃
}dt

)

+ Ex

(
e
−(q+γ )τ+

b,X̃1{τ+

b,X̃
<∞}

)
R
(q)
λ,γ (b, du)

=
Z(q+γ )(x)

Z(q+γ )(b)

(
W (q+γ )(b − u)1{u∈[0,b)}du+ R

(q)
λ,γ (b, du)

)

−W (q+γ )(x − u)1{u∈[0,b)}du, (33)

where the last equality follows by using the identities in Equation (10).

Now, considering x ∈ [b, a] and noticing that {Ut , t < τ−
b,U }

d
= {Yt , t <

τ−
b,Y }w.r.t.Px for these x -values, we condition on τ

−
b,Y anduse the strongMarkov

property to get

R
(q)
λ,γ (x, du) = Ex

(∫ ∞

0
e−qt1

{Yt∈du, t<τ
−
b,Y∧T

+,λ
a,Y }

dt

)

+ Ex

(
e
−qτ−

b,Y 1
{τ−
b,Y<T

+,λ
a,Y }

R
(q)
λ,γ (Yτ−

b,Y
, du)

)

=

(
W
(q)(x − b)

Z(q)(a − b, ϕq+λ)
Z
(q)(a − u, ϕq+λ)− W

(q)(x − u)

)

1{u∈[b,∞)}du

+
1

Z(q+γ )(b)

(
W (q+γ )(b − u)1{u∈[0,b)}du+ R

(q)
λ,γ (b, du)

)

Ex

(
e
−qτ−

b,Y 1
{τ−
b,Y<T

+,λ
a,Y }

Z(q+γ )(Yτ−
b,Y
)
)
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− Ex

(
e
−qτ−

b,Y 1
{τ−
b,Y<T

+,λ
a,Y }

W (q+γ )(Yτ−
b,Y

− u)
)
1{u∈[0,b)}du,

where, for the last equality, the first term follows by using Equation (24) and the

remaining terms follow by a substitution of Equation (33).
We observe for the equation above that the first and second expectation terms

can be evaluated by using Lemma 4 (i) which yields

R
(q)
λ,γ (x, du) =

(
W
(q)(x − b)

Z(q)(a − b, ϕq+λ)
Z
(q)(a − u, ϕq+λ)− W

(q)(x − u)

)
1{u∈[b,∞)}du

+
1

Z(q+γ )(b)

(
W (q+γ )(b − u)1{u∈[0,b)}du+ R

(q)
λ,γ (b, du)

)

×

(
z
(q+γ,−γ )
b

(x)−
W
(q)(x − b)

Z(q)(a − b, ϕq+λ)
λ

∫ ∞

0
e−ϕq+λyz

(q+γ,−γ )
b

(y + a)dy

)

−

(
w
(q+γ,−γ )
b

(x; u)−
W
(q)(x − b)

Z(q)(a − b, ϕq+λ)
λ

∫ ∞

0
e−ϕq+λyw

(q+γ,−γ )
b

(y + a; u)dy

)
1{u∈[0,b)}du

=
1

Z(q+γ )(b)

(
W (q+γ )(b − u)1{u∈[0,b)}du+ R

(q)
λ,γ (b, du)

)

×

(
z
(q+γ,−γ )
b

(x)−
W
(q)(x − b)

Z(q)(a − b, ϕq+λ)
λ

∫ ∞

0
e−ϕq+λyz

(q+γ,−γ )
b

(y + a)dy

)

−

([
w
(q+γ,−γ )
b

(x; u)1{u∈[0,b)} + W
(q)(x − u)1{u∈[b,∞)}

]

−
W
(q)(x − b)

Z(q)(a − b, ϕq+λ)

[
λ

∫ ∞

0
e−ϕq+λyw

(q+γ,−γ )
b

(y + a; u)1{u∈[0,b)}dy

+Z
(q)(a − u, ϕq+λ)1{u∈[b,∞)}

])
du. (34)

Considering the terms of the above equation separately so that we may

simplify them, we notice from Equations (16) and (17) that

w
(q+γ,−γ )

b (x; u)du=w
(q+γ,−γ )

b (x; u)1{u∈[0,b)}du+W
(q)(x − u)1{u∈[b,∞)}du,

(35)

and from Equation (2) that

Z
(q)(a − u, ϕq+λ)1{u∈[b,∞)} du

=

(
λ

∫ ∞

0
e−ϕq+λyW(q)(y + a − u)dy1{u∈[b,a]} + e−ϕq+λ(u−a)1{u∈(a,∞)}

)
du.

Hence, the last term of Equation (34) becomes

W
(q)(x − b)

Z(q)(a − b, ϕq+λ)

(
λ

∫ ∞

0
e−ϕq+λyw

(q+γ,−γ )

b (y + a; u)1{u∈[0,b)}dy

+Z
(q)(a − u, ϕq+λ)1{u∈[b,∞)}

)
du

=
W
(q)(x − b)

Z(q)(a − b, ϕq+λ)

(
λ

∫ ∞

0
e−ϕq+λyw

(q+γ,−γ )

b (y + a; u)1{u∈[0,a]}dy
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e−ϕq+λ(u−a)1{u∈(a,∞)}

)
du.

Therefore, using the above three equations, Equation (34) becomes

R
(q)
λ,γ (x, du) =

1

Z(q+γ )(b)

(
W (q+γ )(b − u)1{u∈[0,b)}du+ R

(q)
λ,γ (b, du)

)

×

(
z
(q+γ,−γ )

b (x)−
W
(q)(x − b)

Z(q)(a − b, ϕq+λ)
λ

∫ ∞

0
e−ϕq+λyz

(q+γ,−γ )

b

(y + a)dy

)
−

(
w
(q+γ,−γ )

b (x; u)−
W
(q)(x − b)

Z(q)(a − b, ϕq+λ)
[
λ

∫ ∞

0
e−ϕq+λyw

(q+γ,−γ )

b (y + a; u)dy1{u∈[0,a]}

+e−ϕq+λ(u−a)1{u∈(a,∞)}

])
du, (36)

and hence what remains is to determine R
(q)
λ,γ (b, du). To do this, we note from

Equation (12) and (16) that

w
(q+γ,−γ )

b (b; u)du = w(q+γ )(b; u)1{u∈[0,b)}du+ W
(q)(b − u)1{u∈[b,∞)}du

= W (q+γ )(b − u)1{u∈[0,b)}du,

where we have used that W(q)(b − u) = 0 for u ∈ (b,∞) and that {u ∈ {b}}
has Lebesgue measure 0. In addition, by using Equation (18) and then Equation

(13), we have that z
(q+γ,−γ )

b (b) = Z(q+γ )(b). SinceW(q)(0) 6= 0 in the bounded
variation case, letting x = b in Equation (36), using the above two expressions

for w
(q+γ,−γ )

b (b; u), z
(q+γ,−γ )

b (b) and solving w.r.t. R
(q)
λ,γ (b, du) yields

R
(q)
λ,γ (b, du)

=




λ
∫∞
0 e−ϕq+λyw

(q+γ,−γ )
b

(y + a; u)dy

1{u∈[0,a]} + e−ϕq+λ(u−a)1{u∈(a,∞)}

λ
∫∞
0 e−ϕq+λyz

(q+γ,−γ )
b

(y + a)dy
Z(q+γ )(b)−W (q+γ )(b−u)1{u∈[0,b)}



du.

The results for x ∈ [0, b) and x ∈ [b, a] then follow by substituting the above

equation into Equations (33) and (36), respectively. To prove the unbounded

variation case, we use strong approximation. First recall that Proposition 2.1 in

[19] proves that there exists a sequence of processes {(U
(n)
s )s≥0 : n ≥ 1} that

strongly approximatesU ; i.e. that limn↑∞ sup0≤s≤t
∣∣Us−U (n)s

∣∣ = 0 for any t > 0

a.s. (see p. 210 of [6] and Definition 11 of [12] for more details). For i ≥ 1, we

denote T
−,γ

b,U (n) := min{T
γ

i : U
(n)

T
γ
i

< b} and T +,λ
a,U (n) := min{T λi : U

(n)

T λi
> a}

the stopping times corresponding to each process U (n). Then, it also holds for

any time s > 0 Px -a.s. (see proof of Lemma 4 (i) in [4]) that T
−,γ

b,U (n) ∧ s →
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T
−,γ

b,U ∧ s and T +,λ
a,U (n)∧ s → T

+,λ
a,U ∧ s since the processesNγ ,Nλ andU (n) are

mutually independent for every n ≥ 1.

Next we shall show that the potential measure of Theorem 6 (i.e. the le�-hand

side of Equation (32)) of the bounded variation case converges to the one of

unbounded variation. By using the triangle inequality, we observe for s > 0 that
∣∣∣
∫ ∞

0
e−qtPx

(
U
(n)
t ∈ du, t < T

−,γ

b,U (n) ∧ T
+,λ
a,U (n)

)
dt

−

∫ ∞

0
e−qtPx

(
Ut ∈ du, t < T

−,γ

b,U ∧ T
+,λ
a,U

)
dt
∣∣∣

≤

∫ ∞

s

e−qtPx

(
U
(n)
t ∈ du, t < T

−,γ

b,U (n) ∧ T
+,λ
a,U (n)

)
dt

+

∫ ∞

s

e−qtPx

(
Ut ∈ d u, t < T

−,γ

b,U ∧ T
+,λ
a,U

)
dt

+

∫ ∞

0
e−qt

∣∣∣Px
(
U
(n)
t ∈ du, t < T

−,γ

b,U (n) ∧ T
+,λ
a,U (n) ∧ s

)

− Px

(
Ut ∈ du, t < T

−,γ

b,U ∧ T
+,λ
a,U ∧ s

)∣∣∣dt, (37)

where the last inequality follows by noticing that

Px

(
U
(n)
t ∈ du, t < T

−,γ

b,U (n) ∧ T
+,λ
a,U (n)

)

− Px

(
U
(n)
t ∈ du, t < T

−,γ

b,U (n) ∧ T
+,λ
a,U (n) ∧ s

)

= Px

(
U
(n)
t ∈ du, t < T

−,γ

b,U (n) ∧ T
+,λ
a,U (n)

)
1{s<t},

and similarly for the second integral term of the last inequality. Now, since strong

approximation yields that the last integral term in Equation (37) converges to

zero as n → ∞, we can use Fatou’s lemma and Equation (37) to get

lim sup
n→∞

∣∣∣
∫ ∞

0
e−qtPx

(
U
(n)
t ∈ du, t < T

−,γ

b,U (n) ∧ T
+,λ
a,U (n)

)
dt

−

∫ ∞

0
e−qtPx

(
Ut ∈ du, t < T

−,γ

b,U ∧ T
+,λ
a,U

)
dt
∣∣∣

≤

∫ ∞

s

e−qt lim sup
n→∞

Px

(
U
(n)
t ∈ du, t < T

−,γ

b,U (n) ∧ T
+,λ
a,U (n)

)
dt

+

∫ ∞

s

e−qtPx

(
Ut ∈ du, t < T

−,γ

b,U ∧ T
+,λ
a,U

)
dt,

and thus, choosing s large enough, we see
∫ ∞

0
e−qtPx

(
U
(n)
t ∈ du, t < T

−,γ

b,U (n) ∧ T +,λ
a,n (n)

)
dt

→

∫ ∞

0
e−qtPx

(
Ut ∈ du, t < T

−,γ

b,U ∧ T
+,λ
a,U

)
dt.
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It remains to show that the scale functions of the r.h.s. of Equation (32) in the

bounded variation case converges to its unbounded variation equivalent, which

is shown in Section 3.2 of [22].

Theorem 8. Let q ≥ 0. Then, for λ, γ > 0, x, b ∈ [0, a] and u ∈ [0,∞),

Ex

(∫ ∞

0
e−qt1{

Ut∈du,t<T
+,γ
b,U ∧T

−,λ
a,U

}dt
)/

du

=
z
(q+λ,γ−λ)

b (x)+ λ
∫ x
b
W
(q+γ+λ)(x − y)z

(q+λ,γ−λ)

b (y)dy

eϕq+γ aα
(q+γ,q+λ)
2 (b)+ λ

∫ a
b
Z(q+γ+λ)(a − y, ϕq+γ )z

(q+λ,γ−λ)

b (y)dy

×

([
eϕq+γ aα

(q+γ,q+λ)
1 (b; u)+ λ

∫ a

b

Z
(q+γ+λ)(a − y, ϕq+γ )

w
(q+λ,γ−λ)

b (y; u)dy

]
1{u∈[0,b)} + Z

(q+γ+λ)(a − u, ϕq+γ )1{u∈[b,∞)}

)

−

(
w
(q+λ,γ−λ)

b (x; u)+ λ

∫ x

b

W
(q+γ+λ)(x − y)w

(q+λ,γ−λ)

b (y; u)dy

)
,

(38)

where w
(·,·)
b , z

(·,·)
b , α

(·,·)
1 and α

(·,·)
2 are defined in Equations (16), (18), (28) and

(29), respectively.

Remark 9. The identity Ex

(∫∞

0 e−qt1{
Ut∈du,t<T

−,γ
b,U ∧T

−,λ
a,U

}dt
)/

du can be

proven by using similar arguments as in the proof below with the necessary

adjustments. The form of this identity can be obtained by replacing all instances

of q and γ in the r.h.s. of Equation (38) with q + γ and −γ , respectively (see

Remark 7 for further details).

Proof. We consider first the bounded variation case. Let eη ∼ Exp(η), for η =

λ, γ , be independent of all other random variables and define G
(q)
λ,γ (x, du) :=

Ex

(∫∞

0 e−qt1
{Ut∈du,t<T

+,γ
b,U ∧T

−,λ
a,U }

dt
)
. Recall that {Ut , t < τ+

b,U }
d
= {X̃t , t <

τ+

b,X̃
}w.r.t. Px for x ∈ [0, b) and, moreover, observe that T

+,γ

b,U ∧T
−,λ
a,U ∧τ+

b,U =d

eλ∧τ
+
b,U . Hence, by conditioning on τ

+
b,U and using the strongMarkov property,

it follows that

G
(q)
λ,γ (x, du) = Ex

(∫ ∞

0
e−qt1{Ut∈du, t<eλ∧τ

+
b,U }dt

)

+ Ex

(
e−qτ

+
b,U 1{τ+

b,U<eλ}

)
G
(q)
λ,γ (b, du)

= Ex

(∫ ∞

0
e−(q+λ)t1{X̃t∈du, t<τ

+

b,X̃
}dt

)
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+ Ex

(
e
−(q+λ)τ+

b,X̃1{τ+

b,X̃
<∞}

)
G
(q)
λ,γ (b, du)

=
Z(q+λ)(x)

Z(q+λ)(b)

(
W (q+λ)(b − u)1{u∈[0,b)}du+G

(q)
λ,γ (b, du)

)

−W (q+λ)(x − u)1{u∈[0,b)}du, (39)

where the last equality follows by using the identities in Equation (10).

Considering x ∈ [b, a], we notice that T
+,γ

b,U ∧T
−,λ
a,U ∧τ−

b,U

d
= eγ ∧T

−,λ
a,U ∧τ−

b,U

and also that {Ut , t < τ−
b,U }

d
= {Yt , t < τ−

b,Y }w.r.t.Px for these x -values. Hence,

conditioning on τ−
b,Y and using the strong Markov property,

G
(q)
λ,γ (x, du) = Ex

(∫ ∞

0
e−qt1

{Ut∈du, t<T
−,λ
a,U ∧τ−

b,u∧eγ }
dt

)

+ Ex

(
e
−qτ−

b,U 1
{τ−
b,U<T

−,λ
a,U ∧eγ }

G
(q)
λ,γ (Uτ−

b,U
, du)

)

= Ex

(∫ ∞

0
e−(q+γ )t1

{Yt∈du, t<T
−,λ
a,Y ∧τ−

b,Y }
dt

)

+ Ex

(
e
−(q+γ )τ−

b,Y 1
{τ−
b,Y<T

−,λ
a,Y }

G
(q)
λ,γ (Yτ−

b,Y
, du)

)

=

(
W
(q+γ+λ)(x − b)

Z(q+γ+λ)(a − b, ϕq+γ )
Z
(q+γ+λ)(a − u, ϕq+γ )

−W
(q+γ+λ)(x − u)

)
1{u∈[b,∞)}du

+
1

Z(q+λ)(b)

(
W (q+λ)(b − u)1{u∈[0,b)}du+G

(q)
λ,γ (b, du)

)

Ex

(
e
−(q+γ )τ−

b,Y 1
{τ−
b,Y<T

−,λ
a,Y }

Z(q+λ)(Yτ−
b,Y
)
)

− Ex

(
e
−(q+γ )τ−

b,Y 1
{τ−
b,Y<T

−,λ
a,Y }

W (q+λ)(Yτ−
b,Y

− u)
)
1{u∈[0,b)}du,

where, for the last equality, the first term follows by using Equation (26) and the

remaining terms follow by a substitution of Equation (39).

We observe for the equation above that the first and second expectation terms

can be evaluated by using Lemma 4 (ii) which yields

G
(q)
λ,γ (x, du) =

(
W
(q+γ+λ)(x − b)

Z(q+γ+λ)(a − b, ϕq+γ )
Z
(q+γ+λ)

(a − u, ϕq+γ )− W
(q+γ+λ)(x − u)

)
1{u∈[b,∞)}du

+
1

Z(q+λ)(b)

(
W (q+λ)(b − u)1{u∈[0,b)}du+G

(q)
λ,γ (b, du)

)
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×

[
z
(q+λ,γ−λ)

b (x)+ λ

∫ x

b

W
(q+γ+λ)(x − y)z

(q+λ,γ−λ)

b (y)dy

−
W
(q+γ+λ)(x − b)

Z(q+γ+λ)(a − b, ϕq+γ )

(
eϕq+γ aα

(q+γ,q+λ)
2 (b)+ λ

∫ a

b

Z
(q+γ+λ)(a − y, ϕq+γ )z

(q+λ,γ−λ)

b (y)dy

)]

−

[
w
(q+λ,γ−λ)

b (x; u)+ λ

∫ x

b

W
(q+γ+λ)(x − y)w

(q+λ,γ−λ)

b (y; u)dy

−
W
(q+γ+λ)(x − b)

Z(q+γ+λ)(a − b, ϕq+γ )

(
eϕq+γ aα

(q+γ,q+λ)
1 (b; u)+ λ

∫ a

b

Z
(q+γ+λ)(a − y, ϕq+γ )w

(q+λ,γ−λ)

b (y; u)dy

)]
1{u∈[0,b)} du. (40)

Now, we simplify the above equation by noticing for u ≥ b that

w
(q+λ,γ−λ)

b (x; u)+ λ

∫ x

b

W
(q+γ+λ)(x − y)w

(q+λ,γ−λ)

b (y; u)dy

= W
(q+γ )(x − u)+ λ

∫ x

b

W
(q+γ+λ)(x − y)W(q+γ )(y − u)dy

= W
(q+γ+λ)(x − u),

which follows by using Equations (4) and (17), and hence coincides with the

W
(q+γ+λ)(x − u)1{u∈[b,∞)} term in the above. Thus, using this and grouping

the remaining quantities, we finally arrive at the equation

G
(q)
λ,γ (x, du) =

1

Z(q+λ)(b)

(
W (q+λ)(b − u)1{u∈[0,b)}du+G

(q)
λ,γ (b, du)

)

×

[
z
(q+λ,γ−λ)

b (x)+ λ

∫ x

b

W
(q+γ+λ)(x − y)z

(q+λ,γ−λ)

b (y)dy

−
W
(q+γ+λ)(x − b)

Z(q+γ+λ)(a − b, ϕq+γ )

(
eϕq+γ aα

(q+γ,q+λ)
2 (b)+ λ

∫ a

b

Z
(q+γ+λ)(a − y, ϕq+γ )z

(q+λ,γ−λ)

b (y)dy

)]

−

(
w
(q+λ,γ−λ)

b (x; u)+ λ

∫ x

b

W
(q+γ+λ)(x − y)w

(q+λ,γ−λ)

b (y; u)dy

)

+
W
(q+γ+λ)(x − b)

Z(q+γ+λ)(a − b, ϕq+γ )

([
eϕq+γ aα

(q+γ,q+λ)
1 (b; u)+ λ

∫ a

b

Z
(q+γ+λ)(a − y, ϕq+γ )w

(q+λ,γ−λ)

b (y; u)dy

]
1{u∈[0,b)}

+Z
(q+γ+λ)(a − u, ϕq+γ )1{u∈[b,∞)}

)
du, (41)
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and hence what remains is to determineG
(q)
λ,γ (b, du). To do this, we notice as in

the proof of Theorem 6 that w
(q+γ,−γ )

b (b; u)du = W (q+γ )(b − u)1{u∈[0,b)}du

and z
(q+γ,−γ )

b (b) = Z(q+γ )(b). Since W(q)(0) 6= 0 in the bounded variation

case, we let x = b in Equation (36), use the two previously mentioned

expressions for w
(q+γ,−γ )

b (b; u) and z
(q+γ,−γ )

b (b), and solve w.r.t. G
(q)
λ,γ (b, du)

to obtain

G
(q)
λ,γ (b, du)

/
du =

Z
(q+λ)
b (b)

eϕq+γ aα
(q+γ,q+λ)
2 (b)+ λ

∫ a
b
Z
(q+γ+λ)

(a − y, ϕq+γ )z
(q+λ,γ−λ)

b (y)dy

×

([
eϕq+γ aα

(q+γ,q+λ)
1 (b; u)+ λ

∫ a

b

Z
(q+γ+λ)

(a − y, ϕq+γ )w
(q+λ,γ−λ)

b (y; u)dy

]
1{u∈[0,b)}

+Z
(q+γ+λ)(a − u, ϕq+γ )1{u∈[b,∞)}

)
−W (q+λ)(x − u)1{u∈[0,b)}.

The results for x ∈ [0, b) and x ∈ [b, a] then follow by substituting the above

equation into Equations (39) and (41), respectively.

To prove the unbounded variation case, we use strong approximation in a

similar way as in the proof of Theorem 6.

4. Poissonian potential measures with one-sided killing

In this section, we use Theorem 6 and 8 along with further limiting identities

of the scale functions to derive one-sided Poissonian potential measures for the

refracted-reflected process U . To derive these identities, we shall need to prove

that T +,λ
a,X

p
→ τ+

a,X, where
p

→ means convergence in probability (and similarly

T
−,λ
b,X

p
→ τ−

b,X) as the observation rate λ → ∞. This is the purpose of the next

lemma.

Lemma 10. Let a, b ∈ R and let T +,λ
a,X and T −,λ

b,X be defined as previously. Then,

T
+,λ
a,X

p
→ τ+

a,X and T −,λ
b,X

p
→ τ−

b,X as λ → ∞.

Proof. We shall condition on the event {τ+
a,X < ∞} throughout the proof since

we have that τ+
a,X ≤ T

+,λ
a,X . Now, for all ε > 0,we have that there exists at least one

pair s, δ > 0 s.t.Xt > a for all t ∈ [s, s+ δ) ⊂ (τ+
a,X, τ

+
a,X+ ε), Px -a.s. Indeed,

this follows directly from the definition of τ+
a,X and the right-continuity of X.

Clearly s and δ are random, determined by the behavior of X and independent

of the Poisson process N .
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Now, define Ea := {t > 0 : Xt > a}. Then [s, s+δ) ⊂ Ea , and so Ea is a non-

empty countable union of disjoint intervals (this follows by the right-continuity

ofX and the density of the rational numbers in the real line). Hence, we have for

all ε > 0 that

Px(T
+,λ
a,X − τ+

a,X > ε)

= Px( {There are no Poisson arrivals in Ea ∩ (τ+
a,X, τ

+
a,X + ε)} )

≤ Px( {There are no Poisson arrivals in [s, s + δ)} )

= Px(N(s + δ)−N(s) = 0) = Ex (Px(N(s + δ)−N(s) = 0 | s, δ ))

= Ex (Px(N(δ) = 0 | δ )) =

∫ ∞

0
e−λt Px(δ ∈ dt),

and thus taking λ → ∞ on both sides of the inequality and using dominated

convergence yields the assertion. The proof for T −,λ
b,X

p
→ τ−

b,X as λ → ∞ follows

similarly.

We may now derive the limit identities of the previously derived Poissonian

potential measures.

Proposition 11. The following results hold.

(i) Let q ≥ 0. Then, for λ > 0, x, b ∈ [0, a] and u ∈ [0,∞),

Ex

(∫ ∞

0
e−qt1{

Ut∈du, t<T
+,λ
a,U

}dt
)/

du

=
λ
∫∞

0 e−ϕq+λyw(q)(y + a; u)dy1{u∈[0,a]} + e−ϕq+λ(u−a)1{u∈(a,∞)}

λ
∫∞

0 e−ϕq+λyz(q)(y + a)dy
z(q)(x)

− w(q)(x; u). (42)

(ii) Let q ≥ 0. Then, for λ > 0, x, b ∈ [0, a] and u ∈ [0,∞),

Ex

(∫ ∞

0
e−qt1{

Ut∈du,t<T
−,λ
a,U

}dt
)/

du

=
z
(q+λ,−λ)
b (x)+ λ

∫ x
b
W
(q+λ)(x − y)z

(q+λ,−λ)
b (y)dy

eϕqaα
(q,q+λ)
2 (b)+ λ

∫ a
b
Z(q+λ)(a − y, ϕq)z

(q+λ,−λ)
b (y)dy

×

([
eϕqaα

(q,q+λ)
1 (b; u)+ λ

∫ a

b

Z
(q+λ)(a − y, ϕq)w

(q+λ,−λ)
b (y; u)dy

]

1{u∈[0,b)} + Z
(q+λ)(a − u, ϕq)1{u∈[b,∞)}

)
−

(
w
(q+λ,−λ)
b (x; u)+ λ

∫ x

b

W
(q+λ)(x − y)w

(q+λ,−λ)
b (y; u)dy

)
. (43)

(iii) For q, γ ≥ 0 and x, b, u ∈ [0, a],

Ex

(∫ ∞

0
e−qt1{

Ut∈d u,t<T
−,γ
b,U ∧τ+

a,U

}dt
)/

du
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=
z
(q+γ,−γ )

b (x)

z
(q+γ,−γ )

b (a)
w
(q+γ,−γ )

b (a; u)− w
(q+γ,−γ )

b (x; u). (44)

(iv) For q, γ ≥ 0 and x, b, u ∈ [0, a],

Ex

(∫ ∞

0
e−qt1{

Ut∈d u,t<T
+,γ
b,U ∧τ+

a,U

}dt
)/

du

=
z
(q,γ )

b (x)

z
(q,γ )

b (a)
w
(q,γ )

b (a; u)− w
(q,γ )

b (x; u). (45)

(v) For q, γ ≥ 0, x, b ∈ [0, a], and u ≥ 0,

Ex

(∫ ∞

0
e−qt1{

Ut∈d u,t<T
−,γ
b,U

}dt
)/

du

= z
(q+γ,−γ )

b (x)
α
(q,q+γ )
1 (b; u)

α
(q,q+γ )
1 (b)

− w
(q+γ,−γ )

b (x; u),

where α
(·,·)
1 and α

(·,·)
2 are defined in Equations (28) and (29), respectively.

(vi) For q, γ ≥ 0, x, b ∈ [0, a], and u ≥ 0,

Ex

(∫ ∞

0
e−qt1{

Ut∈d u,t<T
+,γ
b,U

}dt
)/

du

= z
(q,γ )

b (x)
γ
∫∞

0 e−ϕq+γ yw(q)(y + b; u)dy

γ
∫∞

0 e−ϕq+γ yz(q)(y + b)dy
− w

(q,γ )

b (x; u).

Proof. In all parts of the proof below dominated convergence theorem is used

implicitly.

(i) Observe that γ ↓ 0 implies T
−,γ

b,U ↑ ∞, and also that (from Equations (16)

and (18))

lim
γ↓0

w
(q+γ,−γ )

b (x; u) = w(q)(x; u) and lim
γ↓0

z
(q+γ,−γ )

b (x) = z(q)(x).

Then, taking γ ↓ 0 in Equation (32), the result follows.

(ii) Using a similar reasoning as for the proof of (i), we take γ ↓ 0 in Equation

(38) and the result follows.

(iii) First observe that ϕq+λe
−ϕq+λ(u−a)1{u∈(a,∞)} → 0 as λ → ∞. Then,

dividing the existing λ terms, multiplying and dividing by ϕq+λ in both the

numerator and denominator in the fraction terms of Equations (32) and then

using the initial value theorem of Laplace transforms (see Remark 5) yields

the result.

(iv) By using the identity that is obtained by changing the parameters q and

γ appropriately (see Remark 7 for further details), a similar method as in (iii)

can be used to derive the result.
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(v) Taking a → ∞ in part (iii) and using Equation (61) we obtain the result.

(vi) By a slight adaptation of the result and proof of Lemma 9 of [5], it can

easily be shown, since ϕq+γ > ϕq ≥ 8q , that

lim
a→∞

W (q)(a − u)

W(q+γ )(a)
= lim
a→∞

W
(q)(a − u)

W(q+γ )(a)
= 0, u ≥ 0,

and thus, from Equations (12) and (13), that

lim
a→∞

w(q)(a; u)

W(q+γ )(a)
= lim
a→∞

z(q)(a)

W(q+γ )(a)
= 0, u ≥ 0. (46)

Then, by using Equations (16) and (18) along with Equations (3) and (46), we

get that

lim
a→∞

w
(q,γ )

b (a; u)

W(q+γ )(a)
= e−ϕq+γ b × γ

∫ ∞

0
e−ϕq+γ yw(q)(y + b; u)dy,

and

lim
a→∞

z
(q,γ )

b (a)

W(q+γ )(a)
= e−ϕq+γ b × γ

∫ ∞

0
e−ϕq+γ yz(q)(y + b)dy,

respectively. We complete the proof by substituting the above limits in part (iv)

as a → ∞.

Remark 12. For x, u ∈ [0, a], observe that

ϕq+λ

∫ ∞

0
e−ϕq+λyw(q)(y + x; u)dy → w(q)(x; u), and

ϕq+λ

∫ ∞

0
e−ϕq+λyz(q)(y + x)dy → z(q)(x),

as λ → ∞, a consequence of the initial value Theorem of Laplace transforms

(see Remark 5), and also that ϕq+λe
−ϕq+λ(u−a)1{u∈(a,∞)} → 0 as λ → ∞. Then,

by multiplying and dividing by ϕq+λ and taking λ → ∞ in Proposition 11 (i),

we obtain Theorem 4.1 in [19] which can also be obtained by letting γ → 0 and

using dominated convergence in Equations (44) and (45).

5. Occupation times

In this section, we are interested in computing the occupation times of the

process U above and below the level of refraction b but w.r.t. the minimum of

the Poissonian exit times T +,λ
a,U ∧T

−,γ

b,U and T −,λ
a,U ∧T

+,γ

b,U . Namely, for a > b > 0,

we compute the joint Laplace transforms of
(
T

+,λ
a,U ∧ T

−,γ

b,U ,

∫ T
+,λ
a,U ∧T

−,γ
b,U

0
1{Us<b}ds

)
and
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(
T

−,λ
a,U ∧ T

+,γ

b,U ,

∫ T
−,λ
a,U ∧T

+,γ
b,U

0
1{Us<b}ds

)
,

conditionally on the event T +,λ
a,U ∧T

−,γ

b,U < ∞. We begin by first considering the

cases for which either T +,λ
a,U < T

−,γ

b,U or T
−,γ

b,U < T
+,λ
a,U and use them to derive

the required joint Laplace transforms, as given above. It is alsoworthwhile noting

that the joint Laplace transforms corresponding to theminimumsofT +,λ
a,U ∧T

+,γ

b,U

and T −,λ
a,U ∧ T

−,γ

b,U can be derived by using similar methods as in the upcoming,

and we thus exclude these results.

For the proceeding results, we shall denote, for p ≥ 0, λp = λ + p and

γp = γ + p. Furthermore, in both Propositions 13 and 16 below, we shall use

strong approximation in the same way as in Theorem 6 (see also the proof of

Theorem 1 in [16]). It is hence sufficient to prove Propositions 13 and 16 for the

cases of bounded variation only.

Proposition 13. Let p, q ≥ 0 and λ, γ > 0. Then, for x, b ∈ [0, a], we have

that

Ex

(
e−qT

+,λ
a,U −p

∫ T+,λ
a,U

0 1{Us<b}ds 1
{T

+,λ
a,U <T

−,γ
b,U }

)

=
z
(q+γp,−γp)

b (x)

ϕq+λ
∫∞

0 e−ϕq+λyz
(q+γp,−γp)

b (y + a)dy
, (47)

where z
(·,·)
b is defined in Equation (18).

Remark 14. A straightforward argument can now be used to get

Ex

(
e−qT

+,λ
a,U −p

∫ T+,λ
a,U

0 1{Us>b}ds1
{T

+,λ
a,U <T

−,γ
b,U }

)
from Equation (47). Indeed, from

Lemma 4.1 of [19], we have that
∫ T +,λ

a,U

0 1{Us=b}ds = 0 a.s. and therefore that

Ex

(
e−qT

+,λ
a,U −p

∫ T+,λ
a,U

0 1{Us>b}ds 1
{T

+,λ
a,U <T

−,γ
b,U }

)

= Ex

(
e−(q+p)T

+,λ
a,U +p

∫ T+,λ
a,U

0 1{Us<b}ds 1
{T

+,λ
a,U <T

−,γ
b,U }

)
,

showing that the above l.h.s. expectation is obtained from Equation (47) by

replacing all instances of q and p therein by q + p and −p, respectively. To be

more precise, we have that instances of ϕq+λ and z
(q+γp,−γp)

b are to be replaced

by ϕq+λp and z
(q+γ,p−γ )

b , respectively, in the r.h.s. of Equation (47) to obtain

the desired occupation time identity. This reasoning hence implies that the

occupation times above the level b (corresponding to indicators of the form
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1{Us>b}) can essentially be obtained from the identities which shall be derived

by a parameter change. We hence omit these quantities for brevity.

Proof. Let h
(q,p)
λ,γ (x) := Ex

(
e−qT

+,λ
a,U −p

∫ T+,λ
a,U

0 1{Us<b}ds 1
{T

+,λ
a,U <T

−,γ
b,U }

)
, and recall

both that T
−,γ

b,U ∧ τ+

b,X̃

d
= eγ ∧ τ+

b,X̃
, for eγ ∼ Exp(γ ) that is independent of all

other random variables, and that {Ut , t < τ+
b,U }

d
= {X̃t , t < τ+

b,X̃
} w.r.t. Px for

x ∈ [0, b). Hence, for x ∈ [0, b), by conditioning on τ+
b,U and the strongMarkov

property,

h
(q,p)
λ,γ (x) = Ex

(
e
−(q+p)τ+

b,X̃ 1{τ+

b,X̃
<eγ }

)
h
(q,p)
λ,γ (b) =

Z(q+γp)(x)

Z(q+γp)(b)
h
(q,p)
λ,γ (b),

(48)

where the last equality follows by using Equation (10).

Now, considering x ∈ [b, a] and noticing that {Ut , t < τ−
b,U }

d
= {Yt , t <

τ−
b,Y } w.r.t. Px for these x -values, we condition on τ−

b,U and use the strong

Markov property to get

h
(q,p)
λ,γ (x) = Ex

(
e−qT

+,λ
a,U 1

{T
+,λ
a,U <τ

−
b,U }

)
+ Ex

(
e−qτ

−
b,U 1

{τ−
b,U<T

+,λ
a,U }

h
(q,p)
λ,γ (Uτ−

b,U
)
)

= Ex

(
e−qT

+,λ
a,Y 1

{T
+,λ
a,Y <τ

−
b,Y }

)
+

h
(q,p)
λ,γ (b)

Z(q+γp)(b)

Ex

(
e−qτ

−
b,Y 1

{τ−
b,Y<T

+,λ
a,Y }

Z(q+γp)(Yτ−
b,Y
)
)
, (49)

where the last equality follows by a substitution of Equation (48).

To determine the first expectation term in the above equation, we use Lemma

3 (ii) to deduce, by a conditioning argument and Fubini’s theorem, that

Ex

(
e−qT

+,λ
a,Y 1

{T
+,λ
a,Y <τ

−
b,Y }

)
=

∫ ∞

a

Ex

(
e−qT

+,λ
a,Y 1

{Y
T

+,λ
a,Y

∈dy, T +,λ
a,Y <τ

−
b,Y }

)

=
λ

ϕq+λ

W
(q)(x − b)

Z(q)(a − b, ϕq+λ)
.

Then, by using the above equation and Lemma 4, Equation (49) becomes

h
(q,p)
λ,γ (x) =

λ

ϕq+λ

W
(q)(x − b)

Z(q)(a − b, ϕq+λ)
+

h
(q,p)
λ,γ (b)

Z(q+γp)(b)

×

(
z
(q+γp,−γp)

b (x)−
W
(q)(x − b)

Z(q)(a − b, ϕq+λ)
λ

∫ ∞

0
e−ϕq+λyz

(q+γp,−γp)

b (y + a)dy

)
. (50)
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Now, let x = b in the above and solve w.r.t. h
(q,p)
λ,γ (b) to find that

h
(q,p)
λ,γ (b) =

Z(q+γp)(b)

ϕq+λ
∫∞

0 e−ϕq+λyz
(q+γp,−γp)

b (y + a)dy
.

Lastly, by noticing that z
(q+γp,−γp)

b (x) = Z(q+γp)(x) for x ∈ [0, b), we

substitute the above quantity into Equations (48) and (50) to obtain the form

of Equation (47) for x ∈ [0, a] which concludes the proof.

Remark 15. By letting γ → 0, noticing that γp → p and T
−,γ

b,U → ∞ and using

dominated convergence, Equation (47) reduces to

Ex

(
e−qT

+,λ
a,U −p

∫ T+,λ
a,U

0 1{Us<b}ds 1
{T

+,λ
a,U <∞}

)

=
z
(q+p,−p)
b (x)

ϕq+λ
∫∞

0 e−ϕq+λyz
(q+p,−p)
b (y + a)dy

.

Proposition 16. Let p, q ≥ 0 and λ, γ > 0. Then, for x, b ∈ [0, a], we have

that

Ex

(
e−qT

−,γ
b,U −p

∫ T−,γ
b,U

0 1{Us<b}ds 1
{T

−,γ
b,U <T

+,λ
a,U }

)

=

∫∞

0 e−ϕq+λy
(
γ
∫ b
0 w

(q+γp,−γp)

b (y + a; u)d u
)
dy

∫∞

0 e−ϕq+λy z
(q+γp,−γp)

b (y + a)dy
z
(q+γp,−γp)

b (x)

− γ

∫ b

0
w
(q+γp,−γp)

b (x; u)du, (51)

where w
(·,·)
b and z

(·,·)
b are defined in Equations (16) and (18), respectively.

Proof. Let g
(q,p)
λ,γ (x) := Ex

(
e−qT

−,γ
b,U −p

∫ T−,γ
b,U

0 1{Us<b}ds 1
{T

−,γ
b,U <T

+,λ
a,U }

)
, and recall

both that T
−,γ

b,U ∧ τ+

b,X̃

d
= eγ ∧ τ+

b,X̃
, for eγ ∼ Exp(γ ) that is independent of all

other random variables, and that {Ut , t < τ+
b,U }

d
= {X̃t , t < τ+

b,X̃
} w.r.t. Px

for x ∈ [0, b). Then, for x ∈ [0, b), by conditioning on τ+
b,U , using the strong

Markov property along with Equation (10), we have that

g
(q,p)
λ,γ (x) = Ex

(
e−(q+p)eγ 1{eγ<τ

+

b,X̃
}

)
+Ex

(
e
−(q+p)τ+

b,X̃ 1{τ+

b,X̃
<eγ }

)
g
(q,p)
λ,γ (b)

= γ

∫ b

0
Ex

(∫ ∞

0
e (q+γp)t 1{X̃t∈du, t<τ

+

b,X̃
}dt

)
+
Z(q+γp)(x)

Z(q+γp)(b)
g
(q,p)
λ,γ (b)
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=
Z(q+γp)(x)

Z(q+γp)(b)

(
g
(q,p)
λ,γ (b)+ γ

∫ b

0
W (q+γp)(b − u)du

)

− γ

∫ b

0
W (q+γp)(x − u)du. (52)

For x ∈ [b, a], notice that {Ut , t < τ−
b,U }

d
= {Yt , t < τ−

b,Y }w.r.t.Px for these x

-values, and so, by conditioning on τ−
b,U and using the strong Markov property,

g
(q,p)
λ,γ (x) = Ex

(
e−qτ

−
b,U 1

{τ−
b,U<T

+,λ
a,U }

g
(q,p)
λ,γ (Uτ−

b,U
)
)

=
1

Z(q+γp)(b)

(
g
(q,p)
λ,γ (b)+ γ

∫ b

0
W (q+γp)(b − u)du

)

Ex

(
e−qτ

−
b,Y 1

{τ−
b,Y<T

+,λ
a,U }

Z(q+γp)(Yτ−
b,Y
)
)

− γ

∫ b

0
Ex

(
e−qτ

−
b,Y 1

{τ−
b,Y<T

+,λ
a,Y }

W (q+γp)(Yτ−
b,Y

− u)
)
du

=
1

Z(q+γp)(b)

(
g
(q,p)
λ,γ (b)+γ

∫ b

0
W (q+γp)(b−u)du

)(
z
(q+γp,−γp)

b (x)

−
W
(q)(x − b)

Z(q)(a − b, ϕq+λ)
λ

∫ ∞

0
e−ϕq+λy z

(q+γp,−γp)

b (y + a)dy

)

− γ

∫ b

0

(
w
(q+γp,−γp)

b (x; u)−
W
(q)(x − b)

Z(q)(a − b, ϕq+λ)
λ

∫ ∞

0
e−ϕq+λy w

(q+γp,−γp)

b (y + a; u)dy

)
du, (53)

where the second last equality follows by a substitution of Equation (52) and

Fubini’s theorem, and the last equality follows by using Lemma 4.

Now, letting x = b in the above and solving w.r.t. g
(q,p)
λ,γ (b), we find that

g
(q,p)
λ,γ (b) =

∫∞

0 e−ϕq+λy
(
γ
∫ b
0 w

(q+γp,−γp)

b (y + a; u)du
)
dy

∫∞

0 e−ϕq+λy z
(q+γp,−γp)

b (y + a)dy
Z(q+γp)(b)

− γ

∫ b

0
W (q+γp)(b − u)du.

Lastly, by noticing thatw
(q+γp,−γp)

b (x; u) = W (q+γp)(x−u) and z
(q+γp,−γp)

b

(x) = Z(q+γp)(x) for x, u ∈ [0, b), we substitute the above quantity into
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Equations (52) and (53) to obtain the form of Equation (51) for x ∈ [0, a]which

concludes the proof.

Remark 17. By noticing that

lim
a→∞

w
(q+γp,−γp)

b (y + a; u)

W(q)(a)
= eϕq(y+b)α

(q,q+γp)

1 (b; u),

lim
a→∞

z
(q+γp,−γp)

b (y + a; u)

W(q)(a)
= eϕq (y+b)α

(q,q+γp)

2 (b),

and that

lim
a→∞

∫∞

0 e−ϕq+λy
(
γ
∫ b
0 w

(q+γp,−γp)

b (y + a; u)du
)
dy

∫∞

0 e−ϕq+λy z
(q+γp,−γp)

b (y + a)dy

=

∫∞

0 e−ϕq+λy
(
γ
∫ b
0 eϕq(y+b)α

(q,q+γp)

1 (b; u)du
)
dy

∫∞

0 e−ϕq+λy eϕq (y+b)α
(q,q+γp)

2 (b)dy

= γ

∫ b

0

α
(q,q+γp)

1 (b; u)

α
(q,q+γp)

2 (b)
du,

we may take a → ∞ in Equation (51) to obtain

Ex

(
e−qT

−,γ
b,U −p

∫ T−,γ
b,U

0 1{Us<b}ds 1
{T

−,γ
b,U <∞}

)

= z
(q+γp,−γp)

b (x) · γ

∫ b

0

α
(q,q+γp)

1 (b; u)

α
(q,q+γp)

2 (b)
du− γ

∫ b

0
w
(q+γp,−γp)

b (x; u)du.

Combining the above results of Propositions 13 and 16, we have the following

two-sided occupation times.

Proposition 18. Denote T λ,γ := T
+,λ
a,U ∧ T

−,γ

b,U . Let p, q ≥ 0 and λ, γ > 0.

Then, for x, b ∈ [0, a], we have that

Ex

(
e−qT

λ,γ−p
∫ T λ,γ
0 1{Us<b}ds 1{T λ,γ<∞}

)

=

∫∞

0 e−ϕq+λy
(
1 + γ

∫ b
0 w

(q+γp,−γp)

b (y + a; u)du
)
dy

∫∞

0 e−ϕq+λy z
(q+γp,−γp)

b (y + a)dy
z
(q+γp,−γp)

b (x)

− γ

∫ b

0
w
(q+γp,−γp)

b (x; u)du. (54)

Proof. Noticing that

Ex

(
e−qT

λ,γ−p
∫ T λ,γ
0 1{Us<b}ds 1{T λ,γ<∞}

)
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= Ex

(
e−qT

+,λ
a,U −p

∫ T+,λ
a,U

0 1{Us<b}ds 1
{T

+,λ
a,U <T

−,γ
b,U }

)

+ Ex

(
e−qT

−,γ
b,U −p

∫ T−,γ
b,U

0 1{Us<b}ds 1
{T

−,γ
b,U <T

+,λ
a,U }

)
,

and using Equations (47) and (51) as well as that 1/ϕq+λ =
∫∞

0 e−ϕq+λydy,

Equation (54) immediately follows.

Finally, with the purpose of completing the full spectrum of occupation time

results, we provide the following occupation times identities without proof, since

these proofs are similar to that of Propositions 13 and 16.

Proposition 19. Let p, q ≥ 0 and λ, γ > 0. Then, for x, b ∈ [0, a], we have

that

Ex

(
e−qT

−,λ
a,U −p

∫ T−,λ
a,U

0 1{Us<b}ds1{
T

−,λ
a,U <T

+,γ
b,U

}
)

=
z
(q+λp,γ−λp)

b (x)+ λ
∫ x
b
W
(q+γ+λ)(x − y)z

(q+λp,γ−λp)

b (y)dy

eϕq+γ aα
(q+γ,q+λp)

2 (b)+ λ
∫ a
b
Z(q+γ+λ)(a − y, ϕq+γ )z

(q+λp,γ−λp)

b (y)dy

×

(
λ

∫ b

0

[
eϕq+γ aα

(q+γ,q+λp)

1 (b; u)+ λ

∫ a

b

Z
(q+γ+λ)(a − y, ϕq+γ )w

(q+λp,γ−λp)

b (y; u)dy

]
du

+λ

∫ a

b

Z
(q+γ+λ)(a − u, ϕq+γ )du

)
− λ

∫ a

0

(
w
(q+λp,γ−λp)

b (x; u)

+λ

∫ x

b

W
(q+γ+λ)(x − y)w

(q+λp,γ−λp)

b (y; u)dy

)
du,

and

Ex

(
e−qT

+,γ
b,U −p

∫ T+,γ
b,U

0 1{Us<b}ds1{
T

+,γ
b,U <T

−,λ
a,U

}
)

=
z
(q+λp,γ−λp)

b (x)+ λ
∫ x
b
W
(q+γ+λ)(x − y)z

(q+λp,γ−λp)

b (y)dy

eϕq+γ aα
(q+γ,q+λp)

2 (b)+ λ
∫ a
b
Z(q+γ+λ)(a − y, ϕq+γ )z

(q+λp,γ−λp)

b (y)dy

× γ

∫ ∞

b

Z
(q+γ+λ)(a − u, ϕq+γ )− γ

∫ x

b

W
(q+γ+λ)(x − u)du.

It is then clear that the occupation time w.r.t. T
+,γ

b,U ∧ T
−,λ
a,U follows by using

the above two quantities and a similar proof to that of Proposition 18.
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Appendix

Proof of Lemma 1. To prove (i)–(iv), we first require some auxiliary identities.

In particular, for p, p + q, x ≥ 0 and x ∈ [0, a], we have the following identity

(see p. 1176 from [22]):

δ

∫ x

0
W
(p+q)(x − y)W (p)(y)dy + q

∫ x

0

∫ y

0
W
(p+q)(y − z)W (p)(z)dzdy

=

∫ x

0
W
(p+q)(y)dy −

∫ x

0
W (p)(y)dy. (55)

Then, by differentiating Equation (55) with respect to x, we obtain

q

∫ x

0
W
(p+q)(x − y)W (p)(y)dy = W

(p+q)(x)−W (p)(x)

− δ

∫

[0,x)
W
(p+q)(x − y)W (p)(dy), (56)

and by using the definition of Z(p)(·), Equation (55) can be rearranged to yield

q

∫ x

0
W
(p+q)(x − y)Z(q)(y)dy = Z

(p+q)(x)− Z(p)(x)

− δp

∫ x

0
W
(p+q)(x − y)W (p)(y)dy. (57)

(i) Since w(p)(x − u) = W (p)(x − u) for x, u ∈ [0, b), and since for p ≥ 0

and y < 0 we have thatW (p)(y) = 0, it is easily seen that Equation (14) holds

since it is reduces to that in Equation (56).

Now, for the case of x ≥ b, observe that

q

∫ x

0
W
(p+q)(x − y)w(p)(y; u)dy

= q

∫ x

0
W
(p+q)(x − y)W (p)(y − u)dy

+ q

∫ x

0
W
(p+q)(x − y)

(
δ

∫ y−u

b−u

W
(p)(y − u− v)W (p)′(v)dv

)
dy

= q

∫ x−u

0
W
(p+q)(x − u− y)W (p)(y)dy

+ δ

∫ x−u

b−u

(
q

∫ x−u

0
W
(p+q)(x − u− y)W(p)(y − v)dy

)
W (p)′(v)dv

= q

∫ x−u

0
W
(p+q)(x − u− y)W (p)(y)dy

+ δ

∫ x−u

b−u

(
W
(p+q)(x − u− v)− W

(p)(x − u− v)
)
W (p)′(v)dv
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= W
(p+q)(x − u)−W (p)(x − u)− δ

∫

[0,x−u)
W
(p+q)(x − u− y)W (p)(dy)

+ δ

∫ x−u

b−u

W
(p+q)(x − u− v)W (p)′(v)dv

− δ

∫ x−u

b−u

W
(p)(x − u− v)W (p)′(v)dv

= W
(p+q)(x − u)− w(p)(x; u)− δ

∫

[0,b−u)
W
(p+q)(x − u− y)W (p)(dy),

(58)

for which the second equality uses thatW (p)(y) = 0 for y < 0, the third equality

follows by using Equation (4) and the fourth follows by using Equation (56).

(ii) Since z(p)(x) = Z(p)(x) for x ∈ [0, b), and since for p ≥ 0 and y < 0

we have that W (p)(y) = 0, it easily seen that Equation (15) holds since it is

reduces to that in Equation (57). For the case of x ≥ b, a similar argument as

that used to derive Equation (58) by substituting Equations (5) and (57) can

be done to complete the proof.

(iii) By using Equation (12),

w
(p,q)
b (x; u)

=

(
w(p)(x; u)+ q

∫ x

b

W
(p+q)(x − y)w(p)(y; u)dy

)
1{u∈[0,b)}

+

(
W
(p)(x − u)+ q

∫ x

b

W
(p+q)(x − y)W(p)(y − u)dy

)
1{u∈[b,∞)}

=

(
W
(p+q)(x − u)− q

∫ b

0
W
(p+q)(x − y)w(p)(y; u)dy

−δ

∫

[0,b−u)
W
(p+q)(x − u− y)W (p)(dy)

)
1{u∈[0,b)}

+

(
W
(p+q)(x − u)− q

∫ b−u

−u

W
(p+q)(x − u− y)W(p)(y)dy

)
1{u∈[b,∞)}

= W
(p+q)(x − u)− q

∫ b

0
W
(p+q)(x − y)W (p)(y − u)dy1{u∈[0,b)}

− δ

∫

[0,b−u)
W
(p+q)(x − u− y)W (p)(dy)

= W
(p+q)(x − u)− q

∫ b−u

0
W
(p+q)(x − u− y)W (p)(y)dy

− δ

∫

[0,b−u)
W
(p+q)(x − u− y)W (p)(dy),

where the second equality uses Equation (14), and the second last equality

follows by using that w(p)(y; u) = W (p)(y − u) for u ∈ [0, b).



STOCHASTIC MODELS 31

(iv) The identity in Equation (19) can be proved by using a similar method to

identity (iii) and Equation (15).

(v) The identities follow by using Lemma 1 in [22].

Proof of Lemma 3.

(i) Observe by Equation (3.3) and Theorem 3.1, Equation (3.18) in [14] that,

for x ∈ [0, a] and y ≥ 0,

Ex

(∫ ∞

0
e−qt1

{Yt∈dy, t<T
+,λ
a,Y ∧τ−

0,Y }
dt

)

=

(
W
(q)(x)

Z(q)(a, ϕq+λ)
Z
(q)(a − y, ϕq+λ)− W

(q)(x − y)

)
dy.

Then, by using spatial homogeneity, the first identity follows.

For the second identity, observe from Equation (3.3) and Corollary 3.1 in

[14] that, for x ∈ [0, a] and y ≥ a,

Ex

(
e−qT

+,λ
a,Y 1

{Y
T

+,λ
a,Y

∈dy, T +,λ
a,Y <τ

−
0,Y }

)

= λ

(
W
(q)(x)

Z(q)(a, ϕq+λ)
Z
(q)(a − y, ϕq+λ)− W

(q)(x − y)

)
dy.

Now, the second identity follows since by using spatial homogeneity, that

Z
(q)(a− y, ϕq+λ) = eϕq+λ(a−y) and thatW(q)(x − y) = 0 for x ∈ [b, a] and

y > a.

(ii) The proof follows similarly as for that in part (i). Indeed, the first quantity

follows from Equation (3.10) and Theorem 3.1, Equation (3.14) in [14], while

the second quantity follows from Corollary 3.1 in [14].

Proof of Lemma 4.

(i) For j = 1, 2, using the strong Markov property, we observe that

Ex

(
e−qτ

−
b,Y 1

{τ−
b,Y<T

+,λ
a,Y }

f
(p)
1,j (Yτ−

b,Y
)
)

= Ex

(
e−qτ

−
b,Y 1{τ−

b,Y<∞}f
(p)
1,j (Yτ−

b,Y
)
)

− Ex

(
e−qT

+,λ
a,Y 1

{T
+,λ
a,Y <τ

−
b,Y }

EY
T

+,λ
a,Y

(
e−qτ

−
b,Y 1{τ−

b,Y<∞}f
(p)
1,j (Yτ−

b,Y
)
))
.

(59)

In order to evaluate the expectations in the above equation, we recall Equa-

tions (20)–(21), from which it yields that

Ex

(
e−qτ

−
b,Y 1{τ−

b,Y<∞}f
(p)
1,j (Yτ−

b,Y
)
)
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= lim
a→∞

Ex

(
e−qτ

−
b,Y 1{τ−

b,Y<τ
+
a,Y }f

(p)
1,j (Yτ−

b,Y
)
)
,

= f
(p,q)
2,j (x)− W

(q)(x − b)× lim
a→∞

f
(p,q)
2,j (a)

W(q)(a − b)
, (60)

for which it is easy to verify, fromEquations (17) and (19) alongwith Equation

(3) and dominated convergence, that

lim
a↑∞

f
(p,q)
2,1 (a)

W(q)(a − b)
= eϕqbα

(q,p)
1 (b; u), and

lim
a↑∞

f
(p,q)
2,2 (a)

W(q)(a − b)
= eϕqbα

(q,p)
2 (b). (61)

Hence, denoting c
(q,p)
1 := eϕqbα

(q,p)
1 (b; u) and c

(q,p)
2 := eϕqbα

(q,p)
2 (b),

Ex

(
e−qτ

−
b,Y 1{τ−

b,Y<∞}f
(p)
1,j (Yτ−

b,Y
)
)

= f
(p,q)
2,j (x)− c

(q,p)
j W

(q)(x − b), (62)

and thus Equation (59) becomes

Ex

(
e−qτ

−
b,Y 1

{τ−
b,Y<T

+,λ
a,Y }

f
(p)
1,j (Yτ−

b,Y
)
)

= f
(p,q)
2,j (x)− c

(q,p)
j W

(q)(x − b)− Ex

(
e−qT

+,λ
a,Y 1

{T
+,λ
a,Y <τ

−
b,Y }
f
(p)
2,j (YT +,λ

a,Y
)
)

+ c
(q,p)
j Ex

(
e−qT

+,λ
a,Y 1

{T
+,λ
a,Y <τ

−
b,Y }

W
(q)(Y

T
+,λ
a,Y

− b)
)
. (63)

= f
(p,q)
2,j (x)− c

(q,p)
j W

(q)(x − b)−

∫ ∞

a

Ex

(
e−qT

+,λ
a,Y 1

{Y
T

+,λ
a,Y

∈dy, T +,λ
a,Y <τ

−
b,Y }

)

f
(p,q)
2,j (y)+ c

(q,p)
j

∫ ∞

a

Ex

(
e−qT

+,λ
a,Y 1

{Y
T

+,λ
a,Y

∈ dy, T +,λ
a,Y <τ

−
b,Y }

)
W
(q)(y − b).

(64)

Finally, using Lemma 3 (ii) and Equation (2), we obtain that
∫ ∞

a

Ex

(
e−qT

+,λ
a,Y 1

{Y
T

+,λ
a,Y

∈dy, T +,λ
a,Y <τ

−
b,Y }

)
W
(q)(y − b)

=
W
(q)(x − b)

Z(q)(a − b, ϕq+λ)
λ

∫ ∞

a

eϕq+λ(a−y)W(q)(y − b)dy

= W
(q)(x − b),

and
∫ ∞

a

Ex

(
e−qT

+,λ
a,Y 1

{Y
T

+,λ
a,Y

∈dy, T +,λ
a,Y <τ

−
b,Y }

)
f
(p,q)
2,j (y)

=
W
(q)(x − b)

Z(q)(a − b, ϕq+λ)
λ

∫ ∞

0
e−ϕq+λyf

(p,q)
2,j (y + a)dy.
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The proof is completed by substituting the above two quantities into

Equation (64).

(ii) By following similar steps as in the proof of (i), we obtain the identities in

Equations (59) and (63) with T +,λ
a,Y replaced by T −,λ

a,Y . Hence,

Ex

(
e−qτ

−
b,Y 1

{τ−
b,Y<T

−,λ
a,Y }

f
(p)
1,j (Yτ−

b,Y
)
)

= f
(p,q)
2,j (x)− c

(q,p)
j W

(q)(x − b)− Ex

(
e−qT

−,λ
a,Y 1

{T
−,λ
a,Y <τ

−
b,Y }
f
(p)
2,j (YT −,λ

a,Y
)
)

+ c
(q,p)
j Ex

(
e−qT

−,λ
a,Y 1

{T
−,λ
a,Y <τ

−
b,Y }

W
(q)(Y

T
−,λ
a,Y

− b)
)

= f
(p,q)
2,j (x)− c

(q,p)
j W

(q)(x − b)−

∫ a

b

Ex

(
e−qT

−,λ
a,Y 1

{Y
T

−,λ
a,Y

∈dy, T −,λ
a,Y <τ

−
b,Y }

)

f
(p,q)
2,j (y)+ c

(q,p)
j

∫ ∞

a

Ex

(
e−qT

−,λ
a,Y 1

{Y
T

−,λ
a,Y

∈ dy, T −,λ
a,Y <τ

−
b,Y }

)
W
(q)(y − b)

= f
(p,q)
2,j (x)+ λ

∫ x

b

W
(q+λ)(x − y)f

(p,q)
2,j (y)dy

−
W
(q+λ)(x − b)

Z(q+λ)(a − b, ϕq)
λ

∫ a

b

Z
(q+λ)(a − y, ϕq)f

(p,q)
2,j (y)dy

− c
(q,p)
j

(
W
(q)(x − b)+ λ

∫ a

b

W
(q+λ)(x − y)W(q)(y − b)dy

−
W
(q+λ)(x − b)

Z(q+λ)(a − b, ϕq)
λ

∫ a

b

Z
(q+λ)(a − y, ϕq)W

(q)(y − b)dy

)

= f
(p,q)
2,j (x)+ λ

∫ x

b

W
(q+λ)(x − y)f

(p,q)
2,j (y)dy −

W
(q+λ)(x − b)

Z(q+λ)(a − b, ϕq)(
c
(q,p)
j eϕq (a−b) + λ

∫ a

b

Z
(q+λ)(a − y, ϕq)f

(p,q)
2,j (y)dy

)
,

where the second last equality follows by using Lemma 3 (ii) Equation (27),

and the last equality follows by using Equations (2), (4) and (5).
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