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ABSTRACT
A fundamental concept in information theory is information entropy, 
which is used to quantify the degree of uncertainty associated with 
random variables. Building upon this, relative entropy serves as a mea-
sure of the discrepancy between two probability distributions and has 
been widely studied in statistics. The function of relative entropy in 
the field of parameter estimation has been extensively investigated. 
This paper extends existing research by deriving minimum mean rela-
tive entropy estimators for the parameters of the Gamma, Laplace, and 
Rayleigh distributions. Furthermore, we introduce the residual mean 
relative entropy, a novel measure based on mean relative entropy, and 
apply it to model comparison. To estimate this measure, we employ 
kernel density estimation and bootstrap methods. Simulation experi-
ments and empirical analysis demonstrate that the proposed residual 
mean relative entropy provides an effective new criterion for model 
comparison.
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1. Introduction

Information entropy is a fundamental concept in information theory and is used to measure 
the uncertainty of random variables (Shannon, 1948). Information entropy, however, is not 
limited to the field of information theory. It is also frequently applied in a variety of other 
domains, such as data analysis, artificial intelligence, and statistics (Cover & Thomas, 1991). 
In addition, a variety of entropy-related concepts have been derived from information 
entropy and applied to address a range of statistical problems. Hu et al. (2010) generalized 
information entropy to clear ordered classification and fuzzy ordered classification problems, 
and proposed information measures for ordering mutual information and fuzzy ordering 
mutual information. Namdari and Li (2019) studied a variety of entropy measures, including 
information entropy, and showed that entropy measures have good predictive capacity for 
stochastic processes with uncertainty.

In particular, Kullback and Leibler (1951) introduced relative entropy as a measure to 
compare two probability distributions, which is another significant and frequently applied 
extension of information entropy in statistics. Arizono and Ohta (1989) introduced an 
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extended test method for normal fitting based on relative entropy. Compared with the sam-
ple entropy-based test method proposed by Vasicek (1976), this method can be applied not 
only to complex hypothesis problems, but also to simple hypothesis problems. Mühlenbein 
and Höns (2005) showed that the principle of minimum relative entropy plays an important 
role in distribution algorithm estimation. In addition, the role of relative entropy in param-
eter estimation has been extensively studied. Parsian and Nematollahi (1996) investigated 
estimators of scale parameters based on the principle of relative entropy minimization and 
extended them to Bayesian estimation. Gupta and Srivastava (2010) studied the Bayesian 
estimation method of parameters based on relative entropy, and derived the parameter esti-
mators under a variety of distributions, such as the uniform and Gaussian distributions. Mean 
relative entropy (MRE), introduced by Zhang (2021), serves as a measure of estimation error. 
Although mean square error (MSE) is commonly used in parameter estimation to assess the 
accuracy of estimated parameters, Zhang (2021) pointed out that MRE is invariant under 
the one-to-one transformation of both parameters and data and performs better than MSE 
in estimator selection.

However, Zhang (2021) derived minimum MRE estimators only for a limited set of dis-
tributions, leaving the results incomplete. Building on this work, this paper extends the 
theoretical development by obtaining minimum MRE estimators for three commonly used 
distributions, namely the Gamma, Laplace, and Rayleigh distributions, based on a given 
sample.

In addition, although Zhang (2021) discussed the theoretical superiority of the minimum 
MRE estimator, the practical application of MRE was not further examined. Motivated by 
the fact that residuals are widely used in model diagnostics (Liu et al., 2016), such as in the 
comparison of residual MSE, this paper introduces an approach that employs the MRE of 
residuals (rMRE) for model comparison. Unlike MSE, rMRE compares models by measur-
ing the discrepancy between the probability density distributions of the residuals and the true 
error terms. To obtain these distributions, the density of the residuals is estimated using ker-
nel density estimation (Parzen, 1962; Rosenblatt, 1956), while the density of the error terms 
is approximated via bootstrap resampling (Efron, 1992), due to the limited number of resid-
ual observations and the unknown form of the true error distribution. The use of bootstrap 
in non-parametric statistics and various other fields has been extensively studied in the liter-
ature (DiCiccio & Efron, 1996; Hall, 1988; Hall & Wilson, 1991; Politis & Romano, 1994). 
To further assess the viability of the proposed approach, several linear regression model 
comparisons are conducted in this paper.

The following are the contributions of this paper in comparison with previous research: (1) 
The minimum MRE estimators of three commonly used distributions are derived. (2) A new 
criterion for model comparison, termed rMRE, is proposed. (3) An estimation framework 
for rMRE, combining kernel density estimation and bootstrap resampling, is developed and 
shown to produce consistent and robust results across multiple kernel choices.

The structure of this paper is organized as follows. Section 2 introduces the concept of 
MRE and its properties. Section 3 presents the theoretical derivation of the minimum MRE 
estimators for the Gamma, Laplace, and Rayleigh distributions. In Section 4, a method for 
estimating rMRE is proposed. To verify and demonstrate our proposals, simulation studies 
and two empirical analyses are conducted in Sections 5 and 6. Finally, Section 7 concludes 
the paper.
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2. Definition and properties of mean relative entropy

2.1. Mean relative entropy

Let the population probability density function of X be f (x, η), and let x1, x2, . . . , xn be a 
random sample of the population X. Let η̂ = η̂(X) be an arbitrary estimator of the parameter 
η. If X has a common support, for any η and η̂, the MRE of η̂ is defined as Zhang (2021)

MRE(η̂) = E
[︃
log

f (X, η)

f (X, η̂)

]︃
. (1)

2.2. Properties of mean relative entropy

Lemma 2.1: The mean relative entropy is always non-negative.

Lemma 2.2: Under any one-to-one parameter transformation, the MRE remains invariant.

Lemma 2.3: For any estimator η̂ = η̂(X),

MRE(η̂) ≥ MRE(η̂T),

where η̂T = E[η̂ | T(X)] is the conditional expectation of η̂ given T(X), a sufficient statistic
for η.

Lemma 2.4: If T(X) is a complete and sufficient statistic for η, then for any estimator η̂ =

η̂(X), ηT = E[η̂ |T(X)] is the unique minimum MRE estimator of η with mean E(η̂).

Lemmas 2.1–2.4 (Zhang, 2021) demonstrate that the MRE possesses several desirable prop-
erties. Based on these results, this paper will extend the theoretical study of minimum MRE 
estimators to several commonly used distributions in Section 3.

3. Minimum MRE estimators for three common distributions

3.1. The minimum MRE estimator for the scale parameter of the Gamma distribution

Theorem 3.1: If X ∼ Gamma(α, λ), with density

f (x) =
1

0(α)λα
xα−1e−x/λ, α > 0,

then based on a sample x = (x1, x2, . . . , xn), the minimum MRE estimator of λ is

λ̂ =
1

nα − 1

n∑︂
i=1

xi.
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 Proof: For any estimator λ̂ = λ̂(x),

MRE(λ̂) = E

[︄
log

f (x, λ)

f (x, λ̂)

]︄

= E

[︄
α log

λ̂

λ
+

(︃
1
λ̂

−
1
λ

)︃
x

]︄

= α E

[︄
log

λ̂

λ
+

λ

λ̂
− 1

]︄
.

Note that T =
∑︁n

i=1 xi is a sufficient statistic for λ, and

MRE(T) = α E
[︃
log

T
λ

+
λ

T
− 1

]︃
.

Due to the additivity property of the Gamma distribution, T ∼ Gamma(nα, λ), so 1/T ∼

IGamma(n, λ), and

E
[︃
1
T

]︃
=

1
(nα − 1)λ

.

Then

MRE(T) = α E
[︃
log

T
λ

+
1

nα − 1
− 1

]︃
.

According to Lemma 2.3, the minimum estimator for λ must be a function of a sufficient 
statistic. Let c be a constant such that the minimum MRE of cT is achieved. Then

MRE(cT) = α E
[︃
log

cT
λ

+
λ

cT
− 1

]︃
= MRE(T) + α

[︃
1 − c

c(nα − 1)
+ log c

]︃
,

which is minimized at c =
1

nα−1 .
Therefore, the minimum MRE estimator of λ is

λ̂ =
1

nα − 1

n∑︂
i=1

xi.

■

3.2. The minimum MRE estimator for the parameter of the Laplace distribution

Theorem 3.2: If X ∼ Laplace(µ, λ), with density

f (x) =
1
2λ

e−|x−µ|/λ, µ = 0, λ > 0,

then based on a sample x = (x1, x2, . . . , xn), the minimum MRE estimator of λ is

λ̂ =
1

n − 1

n∑︂
i=1

|xi|.
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 Proof: We first find a sufficient statistic for λ.
Since X ∼ Laplace(0, λ), the joint density of the sample x = (x1, x2, . . . , xn) is

f (x1, x2, . . . , xn; λ) =

n∏︂
i=1

1
2λ

e−|xi|/λ = (2λ)−ne−T/λ, T =

n∑︂
i=1

|xi|.

Define g(T, λ) = (2λ)−ne−T/λ and h(x1, x2, . . . , xn) = 1. Therefore, T =
∑︁n

i=1 |xi| is a suf-
ficient statistic for λ.

For any estimator λ̂ = λ̂(x),

MRE(λ̂) = E

[︄
log

f (x, λ)

f (x, λ̂)

]︄

= E

[︄
log

λ̂

λ
+

(︃
1
λ̂

−
1
λ

)︃
|x|

]︄

= E

[︄
log

λ̂

λ
+

λ

λ̂
− 1

]︄
.

Thus,

MRE(T) = E
[︃
log

T
λ

+
λ

T
− 1

]︃
.

Since |X| ∼ Exp(λ) and an exponential distribution can be regarded as a Gamma distribution 
with shape parameter 1, by the additivity property of the Gamma distribution, we have T ∼

0(n, λ), so 1/T ∼ IGamma(n, λ), and

E
[︃
1
T

]︃
=

1
(n − 1)λ

.

Substituting this result gives

MRE(T) = E
[︃
log

T
λ

+
1

n − 1
− 1

]︃
.

Now, the objective is to find a constant c such that the minimum MRE of cT is achieved. Then

MRE(cT) = E
[︃
log

cT
λ

+
λ

cT
− 1

]︃
= MRE(T) +

1 − c
c(n − 1)

+ log c,

which is minimized at c =
1

n−1 .
Therefore, the minimum MRE estimator of λ is

λ̂ =
1

n − 1

n∑︂
i=1

|xi|.

■
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3.3. The minimum MRE estimator for the parameter of the Rayleigh distribution

Theorem 3.3: If X ∼ Rayleigh(σ ), let θ = σ 2, so that the density is

f (x) =
x
θ
e−x2/(2θ), x > 0, θ > 0.

Then based on a sample x = (x1, x2, . . . , xn), the minimum MRE estimator of θ  is

θ̂ =
1

2(n − 1)

n∑︂
i=1

x2i .

 Proof: We first find a sufficient statistic for θ .
The joint density of the sample x = (x1, x2, . . . , xn) is

f (x1, x2, . . . , xn; θ) =

n∏︂
i=1

xi
θ
e−x2i /(2θ)

=

∏︁n
i=1 xi
θn

e−T/(2θ), T =

n∑︂
i=1

x2i .

Define g(T, θ) = θ−ne−T/(2θ) and h(x1, x2, . . . , xn) =
∏︁n

i=1 xi. Therefore, T =
∑︁n

i=1 x
2
i  is a 

sufficient statistic for θ .
For any estimator θ̂ = θ̂ (x),

MRE(θ̂) = E

[︄
log

f (x, θ)

f (x, θ̂ )

]︄

= E

[︄
log

θ̂

θ
+

(︃
1
2θ̂

−
1
2θ

)︃
x2

]︄

= E

[︄
log

θ̂

θ
+

θ

θ̂
− 1

]︄
.

Thus,

MRE(T) = E
[︃
log

T
θ

+
θ

T
− 1

]︃
.

Since T =
∑︁n

i=1 X
2
i ∼ Gamma(n, 2θ), we have 1/T ∼ IGamma(n, 2θ) and

E
[︃
1
T

]︃
=

1
2(n − 1)θ

.

Substituting this gives

MRE(T) = E
[︃
log

T
θ

+
1

2(n − 1)
− 1

]︃
.

Now, we find a constant c such that the minimum MRE of cT is achieved. Then

MRE(cT) = E
[︃
log

cT
θ

+
θ

cT
− 1

]︃
= MRE(T) +

1 − c
2(n − 1)c

+ log c,

which is minimized at c =
1

2(n−1) .
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Therefore, the minimum MRE estimator of θ  is

θ̂ =
1

2(n − 1)

n∑︂
i=1

x2i .

■

Zhang (2021) highlighted that, unlike MSE, MRE not only remains invariant under one-
to-one transformations of the parameters but also demonstrates superior performance in 
estimator selection, making it a more reliable and appropriate measure of estimation error.

MRE essentially quantifies the difference between two probability density distributions. 
In parametric estimation, it provides a natural basis for deriving minimum-error estima-
tors for distributional parameters. However, in non-parametric estimation, MRE also plays 
an important role. In practical applications, researchers often need to compare different 
models. For instance, in multiple linear regression modelling, commonly used model selec-
tion criteria include the adjusted coefficient of determination, Akaike information criterion 
(AIC), Bayesian information criterion (BIC), Cp statistic, among others (Akaike, 1974; Ghosh 
& Yang, 1988; Mallows, 2000). In addition, residuals are pivotal for model diagnostics 
(Ling, 1984), and a widely used approach is to assess models through the MSE of residu-
als. Beyond summary measures such as MSE, it is also helpful to examine how the residuals 
are distributed. Since the distribution of residuals should resemble that of the true error 
terms for a well-specified model, the discrepancy between these two distributions provides 
an additional perspective for model comparison. If the error distribution were known, such 
discrepancies could be evaluated directly using MRE. In practice, however, the error dis-
tribution is rarely specified (Chen et al., 2003), which motivates the need for an alternative 
approach. To overcome this limitation, we introduce a method for estimating rMRE when 
the statistical distribution of the error terms is unknown.

4. Kernel-bootstrap estimation of rMRE

4.1. The rMRE estimation method

Consider a general regression model with n observations. The relationship between the 
response variable y and the explanatory variables x1, x2, . . . , xp is given by

yi = f (xi1, xi2, . . . , xip) + εi, (2)

where εi is the error term with mean 0, and the error terms are assumed to be uncorrelated.
For a multiple linear regression model, we have

yi = β0 + β1xi1 + β2xi2 + · · · + βpxip + εi, (3)

where β0,β1, . . . ,βp are unknown regression coefficients and εi represents the error term.
After estimating the parameters by least squares, we obtain

ŷi = β̂0 + β̂1xi1 + · · · + β̂pxip, (4)

and the residuals (or out-of-sample prediction errors) are

ei = yi − ŷi. (5)

In many cases, the statistical distribution of the error terms may often be unknown, which 
poses a challenge in determining the probability density function of the error terms and 
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the residuals. To address this limitation, this paper utilizes the kernel density estimation 
(Parzen, 1962; Rosenblatt, 1956) to obtain the empirical probability density function of the 
residuals.

Let x1, x2, . . . , xn be independent and identically distributed samples drawn from some 
univariate distribution with an unknown density f. Its kernel density estimator is

f̂ h(x) =
1
nh

n∑︂
i=1

K
(︃
x − xi
h

)︃
, (6)

where K is a non-negative kernel function and h>0 is the bandwidth.
Then, bootstrap is used to approximate the true statistical distribution of the error terms 

(Efron, 1992).
Suppose the dataset X consists of N data points. Each time a new sample with a data size 

of N is generated through sampling with replacement, let Xj denote the new sample obtained 
in the j-th sampling. The probability density function of the dataset Xj can be recalculated 
using Equation (6). This sampling step is repeated B times (typically B ≥ 1000). Finally, the 
average of {f̂hj(x), j = 1, . . . ,B} is taken as an estimate of the true probability density of the 
data generated by X. Thus, the true probability density function of the error terms fh(e) is 
represented as follows:

fh(e) =
1
B

B∑︂
j=1

f̂ hj(e), (7)

where B represents the number of sampling iterations, and f̂hj(.) represents the empirical 
probability density function of the residuals obtained from the j-th sampling.

Thus, rMRE(e) is represented as follows:

rMRE(e) = E log
fh(e)

f̂ h(e)
=

1
N

N∑︂
i=1

log
1
B

∑︁B
j=1 f̂ hj(ei)

f̂ h(ei)
, (8)

where N denotes the number of residual data points, B the number of sampling iterations, 
and ei (i = 1, 2, . . . ,N) the residual.

The algorithm and steps for estimating rMRE are as follows:

Algorithm 1 rMRE estimation procedure

1: Estimate the empirical residual density f̂ h(e) using Formula (6).
2: Estimate the bootstrap-averaged density fh(e) using Formula (7).
3: Compute rMRE using Formula (8).

4.2. Computational considerations and scalability

The KDE–bootstrap procedure described in Section 4.1 is computationally intensive when 
the sample size N is large, because the density estimation must be recomputed for each of the 
B bootstrap samples. While this is feasible for moderate sample sizes, it becomes challenging 
for large-scale datasets.
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Recent advances provide practical solutions to this problem. Zheng et al. (2013) proposed 
a block-based, parallelizable framework for KDE that allows the density estimator

f̂h(x) =
1
N

N∑︂
i=1

Kh(x − xi)

to be computed efficiently on partitioned data blocks, reducing computational time while 
maintaining high accuracy. In addition, representative subsampling methods have been 
developed to further reduce the data size for KDE computation. In particular, Zhang 
et al. (2023) introduced an optimal-transport-based approach to select a small but repre-
sentative subsample whose empirical distribution approximates that of the full dataset. The 
authors provide theoretical guarantees on the convergence of the subsample-based KDE 
and propose data-adaptive bandwidth selection rules, demonstrating both accuracy and 
computational efficiency in numerical experiments.

These developments indicate that, even for large N, our rMRE estimation method can be 
efficiently implemented by combining distributed or parallel KDE computation with a care-
fully selected representative subsample. Therefore, the proposed rMRE approach remains 
computationally feasible and practically applicable in large-scale data settings.

Remark 4.1 (Consistency of rMRE): The proposed rMRE is a plug-in estimator constructed 
from kernel density estimates of the error and residual densities. Under standard regularity 
assumptions for kernel density estimation–smooth densities that are bounded and bounded 
away from zero, with bandwidths satisfying h → 0 and nh → ∞–the kernel estimators con-
verge uniformly to their population densities. Under these same boundedness conditions, 
the KL-type functional that defines rMRE is continuous with respect to uniform convergence. 
These properties are well established in the classical literature (Billingsley, 1999; Parzen, 1962; 
Pollard, 1984; Rosenblatt, 1956; Silverman, 1978). Consequently, once the kernel density esti-
mators converge to the true densities of the errors and residuals, the plug-in rMRE estimator 
also converges to its population counterpart. Thus, the consistency of rMRE follows naturally 
from the well-established consistency properties of kernel density estimators.

In order to further validate the feasibility of rMRE as a criterion for model comparison, 
we will take the multiple linear regression models as examples for analysis in the following 
simulation and empirical study, where the residual data are sampled 1000 times.

5. Simulation

In this simulation, we first specified the true multiple regression model and randomly gen-
erated two true explanatory variables, xis1 and xis2 (i = 1, 2, . . . , 100). We also generated an 
error term ε, and thus the true model was defined as follows:

y = 4 + 2xs1 + 3xs2 + ε. (9)

Next, we randomly generated two spurious explanatory variables xis3, xis4, (i = 1, 2, . . . , 100). 
We then conducted regression analyses of y on the true variables and on all variables, 
respectively. The regression results are shown in Tables 1–2.

Table 2 indicates that the full model exhibits severe overfitting, thereby undermining the 
interpretability and reliability of the MSE in this context. However, based on the method 
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Table 1. Regression results of the true model in the simulation.

Estimate Std. error t value Pr(> |t|)

Intercept 3.9458 0.2117 18.637 < 2×10−16∗∗∗

xs1 1.9044 0.2309 8.246 8.04×10−13∗∗∗

xs2 3.0897 0.2180 14.172 < 2×10−16∗∗∗

p <  0.1, ∗ p < 0.05, ∗∗ p < 0.01, ∗∗∗ p < 0.001

Table 2. Regression results of the full model in the simulation.

 Estimate  Std. error  t value  Pr(> |t|)

Intercept 4.000 1.455×10−16 2.749×1016 < 2×10−16∗∗∗

xs1 2.000 1.586×10−16 1.261×1016 < 2×10−16∗∗∗

xs2 3.000 1.485×10−16 2.021×1016 < 2×10−16∗∗∗

xs3 1.695×10−16 1.523×10−16 1.113 0.269
xs4 2.000 1.383×10−16 1.446×1016 < 2×10−16∗∗∗

p <  0.1, ∗ p <  0.05, ∗∗ p <  0.01, ∗∗∗ p <  0.001

Table 3. Comparison of rMRE results between the full and true models in 
the simulation.

rMRE

Kernel function  Full model  True model

Gaussian 2.325×10−2 1.319 × 10−3

Epanechnikov 2.246×10−2 9.648 × 10−4

triangular 2.705×10−2 1.187 × 10−3

biweight 2.380×10−2 1.061 × 10−3

cosine 2.392×10−2 1.116 × 10−3

optcosine 2.319×10−2 8.632 × 10−4

proposed in this paper, the two models can still be compared through rMRE estimation. 
Thus, we conducted 200 repetitions of five-fold cross-validation for both the true model and 
the full model. Additionally, considering that the choice of kernel function may influence 
the estimation of rMRE, we explored and compared the average rMRE values across the 200 
five-fold cross-validations under different kernel functions. The results are shown in Table 3.

The results presented in Table 3 indicate that the true model consistently achieved a 
smaller rMRE than the full model. Additionally, the rMRE estimates obtained using six dif-
ferent kernel functions were largely consistent, suggesting that the rMRE-based comparison 
exhibits robustness.

6. Empirical analysis

6.1. Example 1

In Example 1, we utilized the diabetes dataset from the lars package in R. The dataset con-
tains information on 442 patients with diabetes, including variables such as age, sex, BMI 
(body mass index), mean blood pressure, six blood serum measurements (TC, LDL, HDL, 
TCH, LTG, GLU), and the progression of diabetes disease (y) (Efron et al., 2004). In this 
dataset, BMI, mean blood pressure, and the six blood serum measurements are standardized.

We first fitted a regression model using all available explanatory variables. The regression 
results are shown in Table 4. Table 5 and Figure 1 show the correlations among the variables, 
illustrating the strength of the correlations through both absolute values and colour intensity.
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Table 4. Regression results of the full model in Example 1.
Estimate Std. error t value Pr(> |t|)

Intercept 152.13 2.58 59.06 < 2×10−16∗∗∗

Age −10.01 59.75 −0.17 0.87
Sex −239.82 61.22 −3.91 0.0001∗∗∗

BMI 519.84 66.53 7.81 4.30×10−14∗∗∗

Map 324.39 65.42 4.96 1.02×10−6∗∗∗

TC −792.18 416.68 −1.90 0.06 .
LDL 476.746 339.035 1.41 0.16
HDL 101.05 212.53 0.48 0.63
TCH 177.06 161.48 1.10 0.27
LTG 751.28 171.90 4.37 1.56×10−5∗∗∗

GLU 67.63 65.98 1.03 0.31

p <  0.1, ∗ p <  0.05, ∗∗ p <  0.01, ∗∗∗ p <  0.001

Table 5. Correlation matrix of all variables in Example 1.
Age Sex BMI Map TC LDL HDL TCH LTG GLU

Age 1.00 0.17 0.19 0.34 0.26 0.22 −0.08 0.20 0.27 0.30
Sex 0.17 1.00 0.09 0.24 0.04 0.14 −0.38 0.33 0.15 0.21
BMI 0.19 0.09 1.00 0.40 0.25 0.26 −0.37 0.41 0.45 0.39
Map 0.34 0.24 0.40 1.00 0.24 0.19 −0.18 0.26 0.39 0.39
TC 0.26 0.04 0.25 0.24 1.00 0.90 0.05 0.54 0.52 0.33
LDL 0.22 0.14 0.26 0.19 0.90 1.00 −0.20 0.66 0.32 0.29
HDL −0.08 −0.38 −0.37 −0.18 0.05 −0.20 1.00 −0.74 −0.40 −0.27
TCH 0.20 0.33 0.41 0.26 0.54 0.66 −0.74 1.00 0.62 0.42
LTG 0.27 0.15 0.45 0.39 0.52 0.32 −0.40 0.62 1.00 0.46
GLU 0.30 0.21 0.39 0.39 0.33 0.29 −0.27 0.42 0.46 1.00

Table 4 shows that half of the variables are not significant. Together with the correlation 
patterns in Table 5, this suggests that further variable selection is required to obtain a more 
robust and reliable model.

Therefore, we adopted the BIC principle to select explanatory variables based on the full 
dataset. The final selected model includes six variables: Sex, BMI, Map, TC, LDL, and LTG. 
The regression results of the selected model are reported in Table 6.

Next, we conducted 200 repetitions of five-fold cross-validation for both the full model 
and the selected model. Typically, we calculate the MSE of the two groups of residuals and 
compare their values. The model corresponding to the residuals with the lower MSE is gener-
ally considered to have better predictive performance. In this paper, we estimated the rMRE 
of the two groups of residuals separately. In addition, considering that the choice of ker-
nel function may influence the estimation of rMRE, we explored and compared the average 
rMRE from the 200 cross-validation repetitions using different kernel functions.

The results presented in Table 7 demonstrate that both the rMRE and MSE of the selected 
model are lower than those of the full model. All variables retained in the selected model are 
more significant. In Example 1, the model selected by rMRE exhibits higher interpretability 
and predictive performance. This implies that rMRE can also serve as an effective criterion 
for model comparison. The consistency of the results from the estimation of rMRE using 
different kernel functions indicates the robustness of rMRE.

6.2. Example 2

In Example 2, we utilized a dataset that includes PM2.5 measurements along with associated 
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Map

Map LDL

Figure 1. Heatmap of correlation coefficients among variables in Example 1.

Table 6. Regression results of the selected model in Example 1.
Estimate Std. error t value  Pr(> |t|)

Intercept 152.133 2.57 59.16 < 2×10−16∗∗∗

Sex −226.51 59.86 −3.78 1.76×10−4∗∗∗

BMI 529.87 65.62 8.08 6.69×10−15∗∗∗

Map 327.22 62.69 5.22 2.79×10−7∗∗∗

TC −757.94 160.44 −4.72 3.12×10−6∗∗∗

LDL 538.59 146.74 3.67 2.72×10−4∗∗∗

LTG 804.19 80.17 10.03 < 2×10−16∗∗∗

p <  0.1, ∗ p <  0.05, ∗∗ p <  0.01, ∗∗∗ p <  0.001

meteorological data recorded at 2:00 p.m. in Beijing in 2011. The climate condition index data 
used in this paper were obtained from Dataset (https://archive.ics.uci.edu/datasets). After 
excluding 28 observations with missing PM2.5 values, a total of 337 valid data points were 
retained for analysis. In this dataset, the wind direction was represented as categorical vari-
ables, specifically NW, SE, NE, and CV (calm and variable). For analytical convenience, we 

https://archive.ics.uci.edu/datasets
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Table 7. Comparison of results between the full and selected models in 
Example 1.

rMRE MSE

Kernel function  full model  selected model  full model  selected model

Gaussian 4.1×10−4 2.4 × 10−4 3013.85 2970.14
Epanechnikov 4.8×10−4 2.2 × 10−4 3013.85 3011.32
triangular 4.4×10−4 2.1 × 10−4 3011.65 2968.44
biweight 4.9×10−4 2.3 × 10−4 3011.04 2968.68
cosine 4.6×10−4 2.3 × 10−4 3011.20 2969.09
optcosine 4.9×10−4 2.6 × 10−4 3011.54 2969.11

Table 8. Descriptive statistics of PM2.5 index and meteorological data at 2:00 p.m. in Beijing, China (2011).
Mean SD Min 1st quarter Median 3rd quarter Max

PM2.5(µg/m3) 87.11 87.44 4.00 20.00 55.00 123.00 477.00
DEWP(◦ C) 1.13 14.67 −25.00 −12.00 0.00 15.00 28.00
TEMP(◦ C) 17.37 11.46 −4.00 7.00 19.00 28.00 35.00
PRES(hPa) 1016 10.98 994 1007 1017 1025 1040
NW 0.31 0.46 0.00 0.00 0.00 1.00 1.00
SE 0.43 0.50 0.00 0.00 0.00 1.00 1.00
NE 0.08 0.27 0.00 0.00 0.00 0.00 1.00
lws(m/s) 25.72 50.97 0.89 3.13 6.71 21.90 377.27

Table 9. Regression results of the full model in Example 2.
Estimate Std. error t value Pr(> |t|)

Intercept 1218.03 772.58 1.58 0.12
DEWP 3.89 0.51797 7.504 5.85×10−13∗∗∗

TEMP −5.18 0.77 −6.76 6.49×10−11∗∗∗

PRES −1.03 0.75 −1.37 0.17
NW −32.16 12.80 −2.51 0.01∗

SE 29.51 10.97 2.69 0.008∗∗

NE −38.91 16.49 −2.36 0.02∗

lws −0.12 0.09 −1.39 0.17

p <  0.1, ∗ p <  0.05, ∗∗ p <  0.01, ∗∗∗ p <  0.001

used dummy variables to represent the three explicit directions NW, SE, and NE, taking val-
ues 1 or 0. When all three dummy variables took the value 0, the wind direction was classified 
as CV. Table 8 shows the descriptive statistics of daily data regarding PM2.5 index (y), dew 
point (DEWP), temperature (TEMP), pressure (PRES), wind direction, and cumulative wind 
speed (lws) in Beijing during 2011.

We first conducted a regression analysis using the full model with all explanatory variables. 
The regression results are shown in Table 9. Table 10 and Figure 2 display the correlations 
among the variables, illustrating the strength of the correlations through both absolute values 
and colour intensity. From Table 9, we can see that several variables were not statistically 
significant. Similar to Example 1, this suggests that a further selection of explanatory variables 
is necessary to refine the model. Table 11 presents the results of the regression analysis after 
selecting variables using the BIC principle. Following the selection process, it was found that 
the intercept term and the explanatory variables, specifically DEWP, TEMP, and SE, remained 
highly significant in the model. Similarly, we conducted 200 repetitions of five-fold cross-
validation for the full regression model and the selected model. The results of this analysis 
are summarized in Table 12 below.
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Table 10. Correlation matrix of all variables in Example 2.
DEWP TEMP PRES NW SE NE lws

DEWP 1.00 0.82 −0.79 −0.47 0.42 0.02 −0.33
TEMP 0.82 1.00 −0.87 −0.35 0.31 0.006 −0.24
PRES −0.79 −0.87 1.00 0.30 −0.32 0.009 0.23
NW −0.47 −0.35 0.30 1.00 −0.58 −0.19 0.48
SE 0.42 0.31 −0.32 −0.58 1.00 −0.25 −0.24
NE 0.02 0.006 0.009 −0.19 −0.25 1.00 −0.07
lws −0.33 −0.24 0.23 0.48 −0.24 −0.07 1.00

Figure 2. Heatmap of correlation coefficients among variables in Example 2.

Table 11. Regression results of the selected model in Example 2.
Estimate Std. error t value Pr(> |t|)

Intercept 139.43 11.48 12.14 < 2×10−16∗∗∗

DEWP 4.40 0.49 9.00 < 2×10−16∗∗∗

TEMP −4.58 0.60 −7.64 2.37×10−13∗∗∗

SE 51.73 8.69 5.95 6.65×10−9∗∗∗

p <  0.1, ∗ p <  0.05, ∗∗ p <  0.01, ∗∗∗ p <  0.001
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Table 12. Comparison of results between the full and selected models in Example 2.
rMRE MSE

Kernel function  full model  selected model  full model  selected model

Gaussian 1.524 × 10−2 1.431 × 10−2 5083.23 5209.81
Epanechnikov 1.583 × 10−2 1.501 × 10−2 5075.40 5212.81
triangular 1.459 × 10−2 1.436 × 10−2 5082.05 5208.23
biweight 1.553 × 10−2 1.473 × 10−2 5077.74 5211.21
cosine 1.510 × 10−2 1.472 × 10−2 5082.28 5209.93
optcosine 1.570 × 10−2 1.491 × 10−2 5076.61 5210.60

Table 12 shows that although the full model exhibits a slightly lower MSE than the selected 
model, its rMRE is consistently higher. This indicates that relying solely on MSE may lead to 
misleading conclusions. The presence of insignificant variables in the full model further high-
lights the necessity of variable selection. In Example 2, the model selected based on rMRE 
exhibits greater interpretability and competitive predictive performance. Combined with the 
findings of Example 1, this example further highlights the potential and practical significance 
of rMRE as a criterion for model comparison. In the future, rMRE can serve as an effective 
criterion for evaluating and comparing models.

7. Conclusion

This paper investigated the theoretical and practical applications of mean relative entropy 
(MRE) in statistical estimation. Based on the work of Zhang (2021), we derived minimum 
MRE estimators for the scale parameter of the Gamma distribution, the scale parameter of the 
Laplace distribution, and the parameter of the Rayleigh distribution. These results illustrate 
that MRE provides a principled approach for parameter estimation.

In addition, this paper proposed a non-parametric estimation method for model residuals, 
referred to as rMRE, which combines kernel density estimation and bootstrap. Simulation 
studies and empirical analyses demonstrated that rMRE effectively distinguishes between 
overfitted and true models, favouring models with greater interpretability. Compared with 
classical measure such as MSE, rMRE provides a more comprehensive measure of model fit 
by assessing the discrepancy between the distributions of residuals and the true error terms. 
Furthermore, we also briefly discussed the theoretical properties of rMRE and its stable per-
formance in large-scale data settings, showing that it remains a practical and reliable criterion 
for model comparison.
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