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Abstract

Existing studies on stress-constrained fail-safe optimization concerning partial damage with elastic material models have
shown that the partial degradation of a member may cause a worse objective function than complete removal. This brief note
compares the results of a simple formulation using a rigid plastic material with those of the existing elastic problem, using
a three-bar example as an illustration. It is demonstrated that the plastic formulation resolves the singularity issues, and the
underlying characteristics of both formulations can be understood from both a mathematical and an intuitive engineering
perspective. As well as remaining continuous at complete damage, plastic load redistribution enables optimum volumes to be
80% lower than the elastic optimum in cases approaching complete damage. Investigations into the workings of the problems
unveil their inherent strengths and weaknesses, and thus areas for future improvement.

Keywords Fail-safe optimization - Partial damage - Disproportionate collapse - Size optimization

1 Introduction

In a short study concerning the stress-constrained fail-safe
optimization of elastic structures subject to partial damage,
Dou and Stolpe (2021) revealed unique singularity charac-
teristics. By considering a three-bar cantilever problem with
damage modelled as a partial reduction of the cross-sectional
area, it was demonstrated that the transition from near-
complete to complete element removal reveals a singularity
of the optimum objective function, with the near-complete
damage possessing a significantly larger solution value. Sim-
ilar results were found in a subsequent study by Dou and
Stolpe (2022) on fail-safe optimization of beam structures
subject to stress and eigenfrequency constraints. Such a phe-
nomenon bears similarity to the design-space singularity
issue discussed in Kirsch (1990), Cheng and Jiang (1992),
Rozvany (2001), as the transition from partial to complete
damage modifies the elastic compatibility functions, remov-
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ing constraints from the problem and thereby causing jumps
in the problem’s optimum.

Dou and Stolpe (2021) employed an elastic formulation,
where the system’s stiffness determines the attainment of
equilibrium. For traditional stress-constrained problems with
design-space singularity issues, relaxing the elastic compat-
ibility along with the introduction of explicit state variables
removes these issues (Kirsch 1990). This relaxation and addi-
tional variables, in conjunction with local element stress
constraints, lead the structural response to adhere to a rigid-
plastic material model. While, in general, this relaxation
does not lead to a significant difference in optimal solu-
tions (e.g. Weldeyesus et al. 2019), this study shows that, for
partial-damage fail-safe optimization, the singularity prob-
lems are removed and the optima for intermediate damage
levels are substantially different.

2 Rigid plastic formulation

Here, a simple adaptation to Fairclough et al. (2023)’s linear
rigid plastic fail-safe optimization formulation is presented.
Damage is modelled as described in Dou and Stolpe (2021),
where each damage case refers to the partial reduction of an
element’s cross-sectional area, governed by the constant y .
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The fail-safe problem Prg|, —[0,1] can be written as

a,IHiI\lik L’a (1a)
st. Bqp+f=0 Vk (1b)

qc —oyDa <0 Vk (1¢)

—QqQr — akaa <0 Vk (1d)

a>0 (le)

where a and qy are vectors of explicit optimization variables,
representing cross-sectional areas, and internal axial forces
for a damage case k, respectively. L is a vector of element
lengths within the structure and o is the material yield stress.
B is an equilibrium matrix for resolving internal element
forces, and f is the external load vector. Finally, Dy is the
partial damage matrix for a given damage case k. This matrix
is a diagonal matrix comprised of 1s, with (1 —y; x) placed in
the row and column corresponding to the damaged elements,
and thus formally defined as

Dy =1— ) viree )
ieKy

where I is the identity matrix, and e; is the standard basis vec-
tor, with the 1 placed at the index i. K defines the damaged
elements for damage case k.

In this study, the same damage factor is applied to all
damaged elements, and such factors are assumed to be of the
same magnitude for all damage cases, giving a single value
y for a given problem.

The nominal non-fail-safe problem (Py) can be given by
making y = 0 (e.g. Ppgly=0 = Py). Consequently, the
feasible set of the fail-safe problem can thus be thought of
as an equal or subset of the nominal problem feasible set
(Frs € Fy Vk), meaning that, provided that all Prg have
solutions, Py ¢ly—0,1] = Py

3 Three-bar cantilever example

Here, the same three-bar structure example as used in Dou
and Stolpe (2021) is considered for direct comparison. The
structure, damage cases, and optimization variables for the
plastic formulation are given in Fig. 1. The following prop-
erties are applied: f =10y, =1, L =1

In the form using (1), the problem consists of 12 vari-
ables (Fig. 1) and 27 constraints. However, complexity can
be reduced while maintaining accuracy by exploiting the
problem’s symmetry and other inherent properties to elimi-
nate redundant damage cases, variables, and constraints. The
steps for reducing the problem are fully detailed in the sup-
plementary material. The problem is reduced such that the

@ Springer
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Fig. 1 Three-bar example structure subject to single element damage.
Dashed lines denote damaged elements. a Undamaged structure and
design variables. b—d Damage cases and internal force variables

outer bars are linked to a single design variable, a, and only
the first damage case is considered, with stress constraints
for the correct internal force directions for the applied load
and damage case. Hence, the reduced problem now consists
of five variables with seven constraints, and can be written
as

min  2v2a; + a3 (3a)
a.q
2 2] 0 0
2 2 —
s.t. |: N _£:| q | + |:_1:| = I:Oj| (3b)
2 2 q3
q (1—=y)00] fa 0
q | —oy 0 10 a | <0 (3¢c)
—q3 0 01]|a 0
ar,a; = 0. (Bd)

To investigate the elastic formulation’s properties, Dou
and Stolpe (2021) conducted a parametric study on y. The
same is performed here. The reduced problem (3) is con-
sidered to aid visualization and investigation; however, the
parametric study was also performed using the complete
formulation (1), and the optimal values were found to be
identical.
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Fig. 2 Reduced design spaces of variables a; and a considering a
constant feasible internal force vector, taken as q*, for varying levels of
damage, y = {0,0.5,0.9, 1}

The problem is composed of five explicit optimization
variables, meaning the total variable space cannot be visu-
alized. However, by considering that (3b) will produce a set
of feasible values of internal forces, and selecting a point
within that feasible set, one can consider a reduced design
space of the variables a| and a; and the binding of the yield
constraints (3c) with the condition of the constant internal
forces. Here, the optimum internal forces, q*, are chosen to
visualize the problems, and are presented in Fig. 2.

While Fig. 2 does not encompass the entire feasible design
space, it offers an intuitive interpretation of the problem
for varying levels of element damage. One can see that the
increased level of damage corresponds to a reduction of
the reduced design space, with no sudden changes observed
during the transition from partial to complete damage. A
mathematical proof that his behaviour will always hold can
be found in the supplementary material. Likewise, the posi-
tion of the optimum exhibits a smooth shift. The optimum
solutions for a continuous change in damage compared to
those derived from Dou and Stolpe (2021)’s elastic formula-
tion are illustrated in Fig. 3.

The elastic and plastic results at the extremities of damage
(y = 0, 1) are identical. For low damage levels, the elas-
tic and plastic optimum volumes remain similar; however,
they diverge rapidly. Whilst the elastic formulation makes
no use of the horizontal element until a critical level of dam-
age occurs, the plastic formulation makes use of all elements
for any non-zero values of damage. Furthermore, when tran-
sitioning from high cross-section degradation to complete

10
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----- Elastic y € [0, 1) (after Dou & Stolpe, 2021) /’
-~ 8 1 EEE— Elastic with system-level failure y € [Yerie, 11 /’
H':" 7 o Elastic y = 1 (after Dou & Stolpe, 2021)
g 6
=
S 5
E 4
£
2 3
)
2
1
0 v=0.99
00 01 02 03 04 05 06 07 08 09 1.0
Degree of damage (y)
(a)
3.0
Plastic y € [0, 1]
254 === Elastic y € [0, 1) (after Dou & Stolpe, 2021)
---------- Elastic with system-level failure y € [Yerir, 11
o Elastic y = 1 (after Dou & Stolpe, 2021) A

2.0 -
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Plastic y € [0, 1] K
254 ===== Elastic y € [0, 1) (after Dou & Stolpe, 2021) /I
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[e) Elastic y = 1 (after Dou & Stolpe, 2021) ,//

0.0 0.1 02 03 04 05 06 07 08 09 1.0
Degree of damage ()
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Fig. 3 Optimum volumes and areas for varying degrees of damage,
comparing results from the presented plastic formulation, Dou and
Stolpe (2021)’s elastic formulation, and expected results from an elastic
formulation with a system-level failure definition. y,;; = 0.67. a Opti-
mum volumes (P ¢) and illustrations of resulting structures. b Optimum
areas of inclined elements (a}). ¢ Optimum areas of horizontal element
(a3)

removal, as indicated by the change in feasible region shown
in Fig. 2, no singularity is observed for the plastic formula-
tion.

The subsequent sections explore the explanation for the
deviation in results, considering both the mathematical nature

@ Springer
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of the problems and the engineering characteristics they
model.

4 A mathematical interpretation

The rationalization given by Dou and Stolpe (2021) for the
singularity effect of the elastic problem is thatas y < 1 goes
to y = 1, an active constraint switch occurs. For y < 1,
the optimum is governed by a single stress constraint corre-
sponding to the damaged element; however, when y = 1,
the element is effectively removed from the structure, thus
removing the constraint from the system. This results in a
sudden shift in the feasible set, thereby inducing a signifi-
cant change to the problem solution.

For the plastic formulation, multiple stress constraints are
active. This is a consequence of the polyhedral feasible space,
with the position of an optimum always occurring at a ver-
tex of this space. For the three-bar example problem, when
y < 1, due to the existence of the two equality constraints, at
least three constraints must be active to form a solution. When
y = 1, the formulation, like the elastic problem, will effec-
tively remove the damaged element yield constraints from
the problem. Concerning y < 1, provided that P ¢ > Py, a
damaged element yield constraint must be active. Although
the transition to y = 1 will remove this constraint, the dimen-
sions of the variable space will also have decreased, meaning
one less constraint is required to form the optimum vertex.
The active undamaged element constraints for y < 1 will
maintain the vertex of this new space. This can be observed
in the reduced feasible space in Fig. 2 for the three-bar prob-
lem, where all three stress constraints are active for partial
damage scenarios. The damaged constraint a; > UV(‘{—'*_},) is
removed, but the remaining elements still bound the problem.
Note that this behaviour is inherent to the linear program and
will occur for any problem size where multiple damage cases
may inform the optimum.

An alternative perspective is that an increase in y will
result in a relaxation of the yield constraint, thereby result-
ing in the feasible sets being decreased, and consequently,
P*|,—, < P*|,—, where g < h. Hence, any increase in y
cannot result in a decrease in the optimum objective function,
meaning the singularity jump observed in the elastic formu-
lation cannot occur in the proposed plastic. A full proof of
this corollary is given in the supplementary material.

When y = 1 for the three-bar example, the solutions
from the plastic and elastic formulations are identical; this
can be easily rationalized by the fact that both structures in
their damaged states are statically determinate, meaning the
force distribution is constant, irrespective of design variables
a. Consequently, the stress constraints for both formulations
input the same forces, and thus, are mathematically identical.

@ Springer

However, in general, when the damaged ground structure is
indeterminate, solutions may deviate.

5 An engineering interpretation
5.1 Elastic formulation

Dou and Stolpe (2021) provides an explanation of the sin-
gularity phenomenon by demonstrating how, for a fixed
area structure, an increase in degradation will increase the
structure’s maximum stress until complete removal. Equally,
this behaviour can be understood from a strain perspective,
where, as a consequence of the equilibrium conditions that
implement elastic compatibility, the stress constraints also
impose a strain limit on each element. This implies a brittle
material model, thereby prohibiting any form of load redis-
tribution through plasticity. The material model thus leads
to an element-level definition of structural failure. That is,
if any element exceeds this strain limit, the entire structure
is deemed to have failed. This limits the structure’s capac-
ity to the strain of the damaged element, thereby increasing
element volumes at high damage levels.

As illustrated by the results of Dou and Stolpe (2021),
for certain levels of partial damage, a more optimal solution
could be found if the constraints allowed for breakage of the
degraded element post-damage. This highlights the benefits
of reevaluating how one defines disproportionate collapse in
elastic fail-safe optimization, and that a more system-level
failure definition may be beneficial where the state of the
entire structure defines when it fails. Such problems may
come in many forms, for example, a definition which con-
siders the collapse of the total structure, such as the approach
taken by da Silva et al. (2023, 2024) in reliability-based
optimization, or perhaps failure defined through excessive
deflection.

For simple problems, it is possible to relax the elastic prob-
lem by checking each combination of ‘snapped’ (y = 1)
and un-snapped (y < 1) constraints for all damage cases;
giving the results in Fig.3. for an exact formulation. How-
ever, this approach (with 2X possible combinations to check)
will become rapidly impractical for larger problems, and so
future work is suggested to investigate how concepts from
reliability-based optimization and/or discrete optimization
may be employed here.

5.2 Plastic formulation

Whilst the elastic formulation limits element strain, the pre-
sented plastic formulation utilizes a rigid plastic model,
resulting in an infinite permissible strain, and thus signifi-
cant implications for the structural response and its handling
of partial damage.
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The immediate consequence is that internal load redistri-
bution through plasticity may occur. Thus, when an element
yields, unyielded elements can resist the additional forces,
and therefore, the strength of the structure is not limited
by the capacity of the damaged component. The other con-
sequence of the infinite strain capacity is that an element
cannot break under loading, and thus, local progressive fail-
ure cannot occur. The structure will instead redistribute
the loads until force equilibrium cannot be maintained (fol-
lowing the lower-bound theory of plastic limit analysis
(Moy 1981)). At the limit of capacity, the structure becomes
a mechanism, and thereby fails in a global state, a character-
istic illustrated by the kinematic dual formulation of problem
P, which optimizes the virtual displacement fields to deter-
mine these mechanism states (see supplementary material for
details). Thus, failure is not defined at the local level but at a
system level.

Due to the structure’s ability to redistribute loads and not
use a local element failure definition, the optimizer does not
need to ‘protect’ the damaged element, and instead can make
greater use of the undamaged structure. Due to this additional
strength, the optimum structures produced by the plastic for-
mulation will be equally, or even more, materially efficient
than those produced by the elastic formulation.

6 Conclusions and recommendations

This work is a response to Dou and Stolpe (2021)’s study
on elastic stress-constrained fail-safe optimization problems
for sizing truss structures subject to partial structural damage.
The use of a simple linear programming formulation incor-
porating a plastic material has been demonstrated to resolve
the issue of objective function singularity when transition-
ing from partial to complete element damage. Plastic results
were also shown to be more or equally materially efficient
than the elastic results for all damage levels.

The underlying behaviour of the two formulations can be
understood through the mathematical nature of the problems
or, from an intuitive engineering perspective by considering
the material model characteristics. The difference in results is
due to the elastic formulation’s reliance on a single-element
definition of structural failure, whereas the plastic problem
uses a more global definition. The elastic formulation’s fail-
ure definition is overly conservative, and efficiency gains
can be made by incorporating a more system-level defini-
tion. Formulations that employ selection of constraint-sets
(i.e. partial damage or complete damage) may be an alterna-
tive to achieve a similar outcome.
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