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ABSTRACT

For the first time we study kink oscillations of braided coronal magnetic loops. We use the simplest model of a braided
loop that consists just of two identical curved magnetic tubes. It is assumed that the plasma density is constant inside the
tubes, and also in the surrounding plasma. To describe the kink oscillations we use the linear ideal magnetohydrodynamic
equations in the cold plasma approximation. We introduce the geometrical parameter g characterizing the value of
braiding, the greater g the stronger the braiding is. When q = 0 there is no braiding. In this case there are two modes of
kink oscillations, fast and slow. We use the regular perturbation method to calculate the first corrections to the frequencies
of these oscillations for small q. We found that these corrections are proportional to g>. The dependence of the coefficients
of proportionality on the ratio of densities inside and outside the tubes, and on the ratio of distance between the tubes to
their cross-section radius is calculated numerically. We found that braiding reduces the frequency of fast oscillations and

enhances the frequency of slow oscillations. The implication of obtained results for coronal seismology is discussed.

Key words: MHD - plasmas —waves — Sun: corona — Sun: oscillations.

1 INTRODUCTION

Now it is generally accepted that the solar corona is strongly mag-
netically structured. Magnetically structured plasma can support
a variety of wave modes (e.g. B. Roberts 2019). The most com-
mon structures in the solar atmosphere are coronal magnetic
loops. At the end of the previous century transverse oscillations
of coronal loops were observed by the Transition Region and
Coronal Explorer mission. These oscillations have been reported
and interpreted as kink oscillations of magnetic flux tubes by M.
J. Aschwanden et al. (1999) and V. M. Nakariakov et al. (1999).
After that first observation there were numerous observations of
the transverse oscillations of coronal magnetic loops (e.g. C. R.
Goddard et al. 2016; A. Abedini 2018; A. Nechaeva et al. 2019).
For the reviews of theory of kink oscillations of coronal loops,
see e.g. M. S. Ruderman & R. Erdélyi (2009) and V. M. Nakariakov
et al. (2021).

Atpresent there are two competing models of coronal magnetic
loops: monolithic and composite. Composite loops are assumed
to consist of a few thin filaments. Sometimes it is observed that
an array of two or more coronal loops oscillates simultaneously. If
the loops are closely packet then they are similar to a composite
loop. Most of the theoretical studies of coronal loop transverse
oscillations used the model of a monolithic loop. The theory of
transverse oscillations of composite loops is much more complex
than that of transverse oscillations of monolithic loops. Hence,
to develop the theory of composite loops the numerical studies

* E-mail: M.S.Ruderman@sheffield.ac.uk
© The Author(s) 2026.

are needed. However there is one exception when the analytical
approach is possible. This is the theory of oscillations of loops
consisting of just two filaments. The observation of collective
oscillations of two parallel coronal magnetic loops was reported
by R. Jain, R. A. Maurya & B. W. Hindman (2015). The problem
of transverse oscillations of two parallel magnetic tubes was first
studied numerically by M. Luna et al. (2008, hereafter Paper I)
under the assumption that both tubes were identical. It was found
in this paper that there are four modes of oscillations. These four
modes can be separated into two pairs. The modes in the first pair
are polarized along the line connecting the tube axes, while the
modes in the second pair are polarized in the direction orthogonal
to the line connecting the tube axes. In each pair one mode is sym-
metric and the other antisymmetric. The two tubes oscillate in
phase in a symmetric mode, and in antiphase in an antisymmetric
mode. Then T. Van Doorsselaere, M. S. Ruderman & D. Robertson
(2008, hereafter Paper II) studied the same problem analytically.
They reproduced the results obtained by M. Luna et al. (2008) and
even generalized them to the case when the tubes are different. D.
Robertson, M. S. Ruderman & Y. Taroyan (2010) investigated the
oscillations of the two-tube system with the account of plasma
stratification along the loops, while D. Robertson & M. S. Ruder-
man (2011) studied the resonant damping of these oscillations.
Recently the problem of transverse oscillations of two parallel
magnetic loops was revisited. M. S. Ruderman & N. S. Petrukhin
(2023) considered the effect of flow on the two-tube transverse
oscillations. They calculated the dependence of frequencies of
kink oscillations of a two-tube system on the flow velocity inside
the tubes. It was shown that the effect of flow is fairly weak for
typical parameters of coronal magnetic loops. However the effect

Published by Oxford University Press on behalf of Royal Astronomical Society. This is an Open Access article distributed under the terms of the
Creative Commons Attribution License (https://creativecommons.org/licenses/by/4.0/), which permits unrestricted reuse, distribution, and

reproduction in any medium, provided the original work is properly cited.
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of flow can be quite strong in the case of prominence threads. M.
S. Ruderman & N. S. Petrukhin (2024) studied these oscillations
in the case when the plasma in the magnetic tubes cools. The
main result obtained in this paper is that plasma cooling results
in the enhancement of both the oscillation frequency and am-
plitude. M. Shi et al. (2024) generalized the results obtained in
Paper I and investigated the transverse oscillations of a two-tube
system where the tubes have elliptic cross-sections. They studied
the dependence of oscillation frequencies on the cross-section
aspect ratios.

Sometimes composite coronal magnetic loops can be braided.
Braiding can affect frequencies of their transverse oscillations.
We aim to study transverse oscillations of a braided coronal loop
consisting of just two filaments. The paper is organized as follows:
In the next section we describe the equilibrium state and present
the governing equations. In Section 3 we write the governing
equations in the curvilinear non-orthogonal coordinates. In Sec-
tion 4 we study the eigenmodes of kink oscillations in the case of
weak braiding. Section 5 contains the summary of the results and
our conclusions.

2 EQUILIBRIUM STATE AND GOVERNING
EQUATIONS

We use the cold plasma approximation and neglect the plasma
pressure in comparison with the magnetic pressure. We introduce
cylindrical coordinates r, ¢, z and consider the same force-free
equilibrium magnetic field as in M. S. Ruderman (2015) and M. S.
Ruderman & J. Terradas (2015). In accordance with this we take

2 2(R2 _ 42
BZZ{\/BO-FZA(R ), r <R, W

B(), r > R,
Ar, r<R,
By = {RZA/r, r> R, @

where B = (0, By, B;) is the equilibrium magnetic field, and A
and B, are positive constants. The equilibrium magnetic field is
potential in the external region, while

2A
V x B= —B,
z
It is assumed that the magnetic field lines are frozen in a dense
photospheric plasma at z =0, L. We consider a magnetic field
line that crosses the plane z = 0 at the point with the cylindrical
coordinates ¢ = ¢ and r = ry < R. Its equation is

r< R. 3)

r=ry, z=1(¢—¢o)/A2B2+2R? —2r2. 4

Now we introduce bipolar coordinates o and 7 in the z = 0 plane
(see Fig. 1). The bipolar coordinates (o, 7) in the g = 0 are related
to Cartesian coordinates (X, yo) by

asinht asino

Xo = (5)

- 1 0= 7 >
cosht — coso cosht — coso

where a is a positive constant with the dimension of length sat-
isfying a < R. The bipolar coordinates are also related to polar
coordinates by

Yo sino

= (6)

sinht’

cosh 7 + coso
2 an ¢

2 2
l’2= 0+y()=a )
cosht — coso Xo

Next we consider the dimensionless length along a magnetic field
line s given by

z B2+ A2(2R* —r?)
g=2 [BoT AR 7)) %)
L\ B2+ 242(R* — ?)

MNRAS 549, 1-13 (2026)

x/a

Figure 1. Bipolar coordinates.

Figure 2. Sketch of the equilibrium; d = 2x, is the distance between the
tube axes. This figure corresponds to g = 7.

As a result we obtain the curvilinear coordinated o, 7, s defined
in the cylinder » < R. We restrict the interval of variation of t by
the condition that r < R for all values of o = 0. Since r takes its
maximum at o = 0 for fixed 7 this condition reduces to
R’ +a?

COSh T > m . (8)
We consider two circles in the z = 0 plane defined by equa-
tions t = 1y and t = —1y, Where 7, satisfies the inequality (8).
The radii of these circles are equal to r. and they are centred at
+x,, where

- )

X, =acothty, r.=— .
sinh 1

We also consider the magnetic field lines that cross these circles
at the z =0 plane. These lines constitute the surfaces of two
curvilinear cylinders that mimic two braided coronal magnetic
loops. The volumes inside these curvilinear cylinders are defined
by |t| > 19, while the domain outside the cylinders is defined by
|t| < 7. The sketch of the equilibrium is shown in Fig. 2. We
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assume that the plasma density is constant inside the cylinders
and outside, so

oi, Tl > 7o,
= 10
p {pe, Il < 7. (10)

where p, < p;. The governing equations for perturbations are

0%& 1

p— = —|[(V x b) x B+ (V x B) x b], (11)
KISg

b=V x (¢ x B), (12)

where £ is the plasma displacement and b the magnetic field
perturbation. To finalize the problem formulation we impose the
boundary conditions. At the surfaces of curvilinear cylinders the
normal component of the plasma displacement and the pertur-
bation of the magnetic pressure must be continuous,

[[.11=0,

where the double brackets indicate the jump of a quantity across
the boundary, &, is the normal component of the plasma displace-
ment, P = B - b/, the perturbation of magnetic pressure, and 1o
the magnetic permeability of free space. Since we assume that the
magnetic field lines are frozen in the dense photospheric plasma
it follows that

[P]l=0 at t =+, (13)

E=0 atz=0,L. (14)

3 TRANSFORMATION OF GOVERNING
EQUATIONS TO CURVILINEAR COORDINATES

We now transform equations (11) and (12), and the boundary
conditions (13) and (14) to curvilinear coordinates. We assume
that the whole system is thin and take R/L = ¢ <« 1. We intro-
duce the ‘slow’ time T = et, and also assume that the pitch (the
distance between two neighbouring coils) of a magnetic field line
crossing the z = 0 plane at the point (ro, ¢o) with ry < R is of
the order of L. This implies that By /By, = O(¢), and consequently
AR/By = O(e). In accordance with this we write

€ qB()
R

where q is a quantity smaller or of the order of unity. The geomet-
rical interpretation of this quantity is the following. We connect
the centres of the two tubes in the plane z = 0 by a straight line.
Now we consider the cross-sections of the two-tube system by a
plane z = z,. When gz, increases the line connecting the centres
of the two tube cross-sections starts to rotate counter-clockwise
if ¢ > 0 and clockwise if g < 0. The angle between the initial
position of the line at gy = 0 and its final position at zo = L is
equal to q.

We introduce the contravariant components of vectors £ and b
with respect to the curvilinear coordinates defined by

A=

, 15)

E=E,6; + &€ + &6, b=Dbye; +be; + byeg, (16)

where (¢,, €., €) is the covariant basis of the curvilinear coordi-
nates. The expressions of these vectors in terms of unit vectors of
the auxiliary Cartesian coordinates are given in Appendix A. We
introduce the parallel component of & defined by

B-

& = 3 a7

It immediately follows from equations (3) and (11) that & = 0.
Taking the scalar product of equation (12) with B and using the

Kink oscillations of two braided tubes 3

identity

V-(uxv)=v-Vxu—u-Vxv (18)

we obtain

P——Lv. (B%®). (19)
Mo

Using equation (3) and the fact that B || €; we obtain the relations

B=—¢, B,=DBy[1+0(%)]
5 (20)
xB=—1B[1+0(c)]

B=B[1+0()], V
Using equations (20) and (B6) yields
E x B = BO(STGIT - ngr)[l + 0(62)] (21)

With the aid of equations (B2)—(B5) we obtain

60-(EXB)=%, (22)
(B = — LI 23)
e (ExB)= %p +0(eY)], (24)
where

4 CososinhT £ sqsing coshr 09

(cosht — coso)?

sino cosht — sqcoso sinh t
V= . (26)
(cosht — coso)?

Using equations (22)-(24), (A20), (A28), and (B1) we obtain

b, = %[% + g(cosht — cosa)ZW]
x[14+0(e?)]. 27
b, = @[3& —g(cosht — cosa)zia(vsa + ué,)]
R | 0s do
x [1+0(e?)]. (28)

Using equations (3), (15), (20), and (B6) yields

ZGqB()
R

(VxB)xb=— (b€, — bs€;). (29)

Using equations (20) and (A16) we reduce the condition & =0
to & = O(e?).
Now we express by in terms of b, , b;, and P. Using equation (20)
we obtain
. aB
HoL
With the aid of equations (B4) and (B5) we obtain from this
equation

P [bo (€5 - €) + by (€ - €) + a*beL?]. (30)

P
b _ Ao

s= L~ ge’(ub, —vb,)[1+ (¢)]. (31)

Using equation (A28) we obtain
1 [/3(b-e€) B a(b-€;)

(V X b)a = s
LA it as (32)
1 (9(b-€e,) d(b-e)
(Vxb) = — - ,
LA as do

MNRAS 549, 1-13 (2026)
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4 M. S. Ruderman and N. S. Petrukhin

where A is defined by equation (A20). Using equation (20) and
the definition of P we obtain

d(b-e) Luog (9P P OB
90  aB

doc Bdo )’

d(b-€) Lpo (P P3B (33)
dr  aB \dtr Bar)’
Using equations (31) and (B1)-(B5) yields
bU qa/L()MP 5
b-e, = 1 , 34
€ [(coshr —coso ) + LB, :|[ +(€%)] (34)
b, qapevP 3
be = - 1 : 35
¢ [(coshr — coso )? LB, ][ + (6 )] (35)

Using equations (1) and (2) we obtain

19B  €¢’Bjdr* 10B  €¢°Bjar’
Bdo ~  2BR* 90’ Bdr  2BR? 9T’
Now using equations (20), (29), (32)-(36), and (A28) we obtain
that the o and r-component of equation (11) are given by

o V% _ B [i(eAba qezuP> -

(36)

T2 — A|ds\ uoR aB,
1 /0P PoB 2¢qBob,
—— = —-== ) |[1+ ()] - —/—=, 37
aB(Ba Baoﬂ[ R (37)
620825, _ B[ 3 (eAb, N qe®vP 3
a2 ~ Al as\ R | aBo
1 /9P PoB 2¢qByb,
S (E_EEN 4 ()] + % (3
(G 5a) o @1+ 2

It follows from equations (27)-(29) that all terms in equation (37)
but one proportional to dP/do are of the order of €2. Similarly
all terms in equation (38) but one proportional to dP/dt are of
the order of €2. This observation implies that P must be of the
order of €. In accordance with this we introduce the scaled mag-
netic pressure perturbation Q = € ~2P. From now on we derive all
equations only in the leading order approximation with respect to
€. Then using equations (27), (28), and (36) we transform equa-
tions (37) and (38) to

36 VidE _ 1 Q  qv 2351
0T? R? 0s? apA do R? as
1 (&, +ué:)  2q 9(vE, + k) (39)
A dTas A o ’
9%, _ ﬁazéz __ 1 9Q LVX 2350
dT? R? 9s? apA 9t R? as
1 3*(vE, +uk) | 2q 3(vE, +ukr) (40)
A 90 9s A T ’

where V2 = B/(uop) and now A is given by the approximate
expression

1
" (cosht —coso )?’
With the aid of equation (A22) we reduce equation (37) in the
main order approximation to
0(Ag;) | 9(A&)
+
do at

Using cross-differentiating to eliminate Q from equations (39)
and (40) we obtain with the aid of equation (42)

(a; ~ vfmﬁ) (a(Asn ~ a(Asf))

(41)

=0. (42)

oT? R2 952 ot Jo
_qvi(9* 9%\ A(vE, +ué) “
=% Gz o) @3)

MNRAS 549, 1-13 (2026)

It follows from equation (42) that &, and &, can be expressed in
terms of the flux function v as

10y 10y
= o, b= — 44
2 A ot 5 A do “4)
Substituting these expressions into equation (43) and using equa-
tions (25), (26), and (41) yields

A 0 @s)
862 287:2 _2 72 2
oy Vioy qVi o . oY
= R TR gs| 7S Gg
d d d
+sq—w + sino cosht sq—w _w . (46)
ot do 0T

Next we rewrite the boundary conditions in terms of flux func-
tion. In the leading order approximation z = L corresponds to
s = 1. Then it follows from equations (14) and (44) that ¢ = const
ats = 0, 1. Since ¢ is defined with the accuracy up to an additive
function of s we can always make

Y =0 at s=0,1. 47)

To rewrite the first boundary condition in equation (13) in terms
of ¥ we need to obtain the expression for the unit vector nor-
mal to the tube surface. Since the tube surface it defined by the
equation t = const it follows that vectors €, and ¢ are tangent to
this surface. Then the vector ¢, x €, is normal to the tube surface.
Using equations (B2) and (B6) we obtain that in the leading order
approximation the unit vector normal to the tube surface is

n = (cosht — coso)e;. (48)

Then using the estimate & = O(e?) and equations (B2), (B3), and
(B5) we obtain that in the leading order approximation

£, = &

= 49
cosht — coso (49

Since the denominator in this expression is continuous at the
tube boundary we can write the first boundary condition in equa-
tion (13) as

Mvl1=0 at © =tz (50)

When deriving this boundary condition we used equation (44)
and the fact that it is valid for any o and thus can be integrated
with respect to o.

Finally we transform the second boundary condition in equa-
tion (13). Since this boundary condition is valid for any o we can
differentiate it with respect to o. Then we can use equations (37)
and (44) to express it in terms of . As a result we obtain

ov 2qpV? 9
[[p¥ + qu A £<(qscosa sinht
d
— sino cosh r)a—w):” =0 at 7t = =*7,. (51)
T

When deriving this boundary condition we used the fact that ¢
and pV} are continuous at T = =+1,.

Equations (45) and (46) together with the boundary conditions
given by equations (47), (50), and (51) are used in the next sec-
tion to study the eigenmodes of kink oscillations.
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4 EIGENMODES OF KINK OSCILATIONS

In this section we study the eigenmodes of kink oscillations. To
do this we take ¥ o« exp(—i2T). Then equation (46) reduces to

VZ2o*ty qV? o Yy
_ 2 A A .
v =-Q ll/ — ﬁﬁ =+ F%[COSG SlnhT(E
d ad d
+sq—1// + sino cosht squ _w . (52)
ot do ot

4.1 No braiding

We start the analysis of eigenmodes of kink oscillations from
the case where the two magnetic tubes are not braided and take
q = 0. This is a particular case of the analysis presented in Paper
II. The dispersion equation determining the eigenfrequencies of
kink oscillations was derived in Paper II directly from the full
set of linear ideal magnetohydrodynamic (MHD) equations. Here
we derive it using the equations and boundary conditions for
the single function . Comparison with the results obtained in
Paper II will serve as the verification of equations and boundary
conditions for this function. It will also serve as the first step of
the analysis of the braiding effect on the oscillation frequencies.
We only consider the modes fundamental in the axial direction.
In accordance with this and equation (47) we take v o sin(zws).
Then equation (46) reduces to

TV?
U= <92 - TzA) V. (53)
Substituting this expression in equations (45) and (51) we obtain
3y %y
—L 4T =0, 54
do? + 72 yes (54
, VI oy _ _

Perturbations must decay far from the tube, that is at r — oo. It
follows from equation (6) that r — oo corresponds to o — 0 and
7 — 0. Then it follows from equation (44) that

¥ — Yo

where 1, is a constant. Subtracting v, sin(rs) from ¢ we make
¥ — 0 while ¢ still satisfies equation (47). We only consider
kink oscillations. Following Paper II we take the solution to equa-
tion (54) given by

Y = ®(t)cos(oc — ap) — P(0) cos(ay), (57)

at 0 —> 0 and 7 — 0. (56)

where ®(7) is the function to be determined. Substituting equa-
tion (57) into equation (54) yields

d*®

— -9 =0. 58

I (58)
It follows that © — oo corresponds to y — 0 and x — a, while
T — —oo corresponds to y — 0 and x — —a. Since the solution
must be regular at the points with Cartesian coordinates (a, 0)
and (—a, 0) we conclude that it must be bounded as T — +o0.
The general solution to equation (58) satisfying this condition is

C_e’, T < —Tp,
D=1 Ce +Ce ", 1] < 10, (59)
Cye ™™, T > Tp,

where C_, C,,C1, and C, are constants. It follows from the bound-
ary condition given by equation (50) that W(z) must be continu-

Kink oscillations of two braided tubes 5

ous at T = =£1y. This condition yields

C_=C+Ce¥™, Cp=Cre*™ +0,. (60)

Substituting equation (57) into equation (55) and using equa-
tions (59) and (60) we obtain

T2C?
Q%(pi — pe)C1 + (pi + Pe)(Qz - Rzk )Czezzo =0,

7T2C2 (61)
(i + pe)<92 a Rzk>CI€ZT0 + Q*(p; — p)C2 =0,
where Cy is the kink speed defined by
20V2
c:= P4 (62)
Pi+ pe

The condition of existence of non-trivial solutions to this system
of equations for C; and C, gives the dispersion equation

w2C?
Q%(pi — pe) = € (p; + pe)<92 - Tf) (63)

This equation coincides with the dispersion equation derived by
Paper II if we take in the latter equal tube radii and equal plasma
densities in the tubes. The two solutions to equation (63) are

o — 7*Cy(pi + pe)
=7 R (pi + pe) F (o1 — pe)e2]

We see that there are two different eigenfrequencies of kink os-
cillations, while it was found in the numerical study presented in
Paper I that there are four different eigenfrequencies. To describe
the results obtained in Paper I we consider the components of the
plasma displacement in the auxiliary Cartesian coordinates, &,
and &,. The four wave modes found in Paper I have been denoted
as Ay, A, Sy, and S. In A, and S, modes the oscillations are
polarized in the x-direction, and A, and S, modes are polarized
in the y-direction. The A, and A, modes are antisymmetric, that
is, the two tubes are displaced in the opposite directions. The S,
and S, mode are symmetric, that is the two tubes are displaced in
the same direction. We denote the oscillation frequencies of the
four modes as Qax, Q4y, Qsy, and Q. It is found in Paper I that
Qg < Qay < Qsy < Qax. It was explained in Paper II that the
discrepancy between the results obtained in Paper I and Paper II
is related with the following. In Paper I, the exact numerical
solution to the problem is presented. In contrast the analytical
solution given in Paper I1 is approximate and obtained in the lead-
ing order approximation with respect to €. In this approximation
Qup — sy = O(€2) and Quy — Qsy = O(€?), so in the approxi-
mate solution Q4, = Qg = Q_ and Q4 = Qg = Q4. Hence, in
the analytical solution the mode with the frequency Q_ is degen-
erated and the polarization of oscillations with this frequency can
be polarized in any direction. The same is true for oscillations
with the frequency Q.. It is shown in Paper II that we have to
choose oy = 0 to obtain oscillations polarized in the x-direction,
and oy = 7 /2 to obtain oscillations polarized in the y-direction.
Hereafter, we call 2, and Q_ the frequencies of the fast and slow
oscillations, respectively.

(64)

4.2 Weak braiding

In this section we consider the case where the braiding is weak,
|g] < 1. We look for the solution to the eigenvalue problem in the
form

V=v1+qUa+ @Y., Q=Q +qQ + ¢+ ... (65)

MNRAS 549, 1-13 (2026)
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6 M. S. Ruderman and N. S. Petrukhin

4.2.1 First-order approximation
We take Q; = Q4 or Q; = Q_. We also take
Y1 = [®(t) cos(oc — 0p) — P(0)cos(ay)] sin(rs), (66)

with ®(7) is defined by equations (59)-(61). Since we consider a
linear problem we can take the value of one of the constants in
equation (59) arbitrarily. We take

R*Q%(0;i — pe)

C = 67
1 V2 (67)

It follows from equations (60) and (61) that

C=FC, C.=CQAFe™), Cp =" F1), (68)

where the upper and lower signs in these expressions correspond
to Q; = @, and Q, = Q_, respectively.

4.2.2 Second-order approximation

Substituting equation (65) into equation (52) yields

V2 82 82
v = { Ky — id —Q<k21//2+ 11’2)
R
2gkR 3 d
_ St QY +q— 71//1 coso sinht
Vs 55\ 0
d 92
_n sino cosht | — ¢? | Ky Vs
ot 052

2<RZQ§+2kRQ>¢ + 2ZkRQ "
q fo Vi 3 1Tq v, 2V
5 0 |:81//2

d
4+q°—| —=cososinht — ﬁsina cosht
do aT

as

9 0
+s<% coso sinh 7 + % sino cosh T]} +0(q*). (69)
T (o2

where k = Q;R/V,. In this section we only use the terms of the or-
der of g in this expression. However we also kept the terms of the
order of g having in mind that they will be used in the third-order
approximation. Substituting equation (69) into equation (45) and
collecting terms of the order of g we obtain

92 92 a2
(B )l 2

do2  9t2

+7 cos(ns)<<l> cos o sin(oc — op)sinh t
do
—|—d— sin o cos(o — oy ) cosh r)] =0. (70)
T

Collecting terms of the order of g in equation (50) yields
[[¥2]1=0 at t=1. (71)

Substituting equation (69) into equation (51) and collecting terms
of the order of g we obtain that the following boundary condition
is satisfied at T = +1,:

] R 2kR 0
kzﬁ—l- V2 Q- Ld +2— ﬂsmacoshr
ot  0tds?: Vy ot do
9% [0 d
— W coso sinht — W sino cosh t =0. (72)
atas \ do at
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We look for the solution to equation (70) in the form v, = ¥, +
¥ae, Where

82
K2 yryp + af;y = -7 cos(ns)<d> coso sin(o — op)sinh t

do
+ e sin o cos(o — oy) cosh r), (73)
T

and v, satisfies the equation

32 32 5 2¢2L‘
. =0. 74
(802 + aﬂ)(k Vot S ) 0 74)

Both 1, and v, must satisfy the boundary conditions

wZP = 1//26 =0 at s= 0, 1. (75)

Using equation (73) we transform equation (72) to

39,  2kR
W | W | 2KR ) Y
ot 0T 052 Va ot
a (0
+2—(£ sino coshr)ﬂ =0 at t==+£1. (76)
do \ dt

The solution to equation (73) satisfying the boundary condition
given by equation (75) is

b/
m (COS(?TS) —

X <<1> coso sin(o — op)sinh t

Vap = sin[k(1/2 — s)])

sin(k/2)

do

+ I sin o cos(o — oy ) cosh r). (77)
T

We note that y,, — 0as 0 — 0 and t — 0, however v, is not

continuous at T = %1, and it does not satisfy equation (72). We

can look for the solution to equation (74) satisfying the boundary

condition equation (75) in the form of Fourier expansion

(t)cos(mo)

Vae = Zsin(nns)<2[h;m

n=1 m=1

+hS, (T)sin(mo) — K, (0)] + hn(r)), (78)

where h,(t) is a piece-wise constant function, h,(r) = h,_ for
T < —7T, hy(r) =0for|7| < ., and h,(t) = h,, for T > 7. Itis
straightforward to see that v, satisfies the condition v, — 0 as
o — 0and T — 0. Substituting equation (77) into equation (74)
yields

d2hcs
7 2 — m*hyy, = 0. (79)
T

The general solution to this equation satisfying the regularity
condition at T — +o0 is

Crn_e™, T < —Tp,

c,s _ C,s C,S mt

hys (1) = § Cime™ +Cpone™™, 7] < 1, (80)
C,S m
Comie™ ™, T > T,
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where Cyn_, Crnyr Crn» and Ci.5, are constants. We also can

expand 1/, in the Fourier series. Using equation (77) we obtain

= do . )
Vop = Zgn sm(nns)[(d—r cosh 7 + ®sinh r)(cos 0p sin 2o

n=1
. do . .
— sinogcos20) + d—cosht — ®sinht | sinoy) |,
T
(81)

where

n[1+(=1)"]
& =3 2p2 2y’ (82)
(n? —1)(w?n? — k?)
for n > 1, and g; = 0. Now we write the Fourier expansion for
¥, similar to that given by equation (78) for ¥,., however with
ws substituted for k%, and w), substituted for h,. Using equa-

nm?

tions (78) and (81) we obtain

wes =hye for m=1 and m > 3,

do
wy, =hs, — &;(E cosh t + ®sinh r) sin oy,
s do )
wy, = h, + 8, e cosht + ®sinh t | cos oy,
do . .
wy, = h, + g I cosht — ®sinh t ) sinoy. (83)
T

With the aid of equations (59), (60), and (80) we obtain from the
condition of continuity of ¥, at T = %1, that

Cos _ =Cor +Coe™, for m=1andm> 3,
Crimt = Cam €™ + G, (84)
Cra— = Cioy + Cippe®™ + [C1(8ni — &ne)
+ 22 (gni + €¥gne)] sin oy, 55)
Crae = Cpy + Crppe™ — [C1(8ni — &ne)
+ C2e°™(gni + €*gne)] cos op,
Cray = Cin€™™ + Cryy — [C1e7™ (i + €2™8ne)
+ Ca2(gni — &ne)] sin oy, (86)
Crap = Cpp€¥™ 4 Gy + [C1€7(gni + € gne)
+ C2(gni — 8ne)] cOS 00,
hn— = —[C1(gni — &ne) + C2(¥gpi + gne)] sin oy, &7)

hne =[G (ezrogni + 8ne) + Co(gni — gne)] sin ay.

Next we use the boundary condition given by equation (76). We
substitute equation (78) into equation (76) to obtain the expres-
sion for y,, and €2,. When doing so we use equations (59), (60),
(66), (63), (80), (84), and (85).

We start by calculating the coefficients k¢, (r) and h;,,,(7) for
m > 3. We obtain

(k2 — k2)CEs, + (k2 + 2 — 2m2n2)emmoCes, = 0,

88
(k2 + k2 — 27%n2)e2moCSs, + (k2 — k2)CES, = 0. &

This is the system of linear homogeneous algebraic equations for
Cynq and Cp» . Using the expression for k and equation (64) we
obtain that the determinant of this system is equal to zero when

one of the two equations is satisfied,

Pi— Pe (n* —1)e’"™

o "1 x p2e2m—1r’
b pe _ (= e &9
oi+pe 1% n2eXm—bun’

Kink oscillations of two braided tubes 7

where, as before, the upper and lower signs in these expressions
correspond to ©2; = 2, and ©; = Q_, respectively. Since we as-
sume that p; > p, it is obvious that neither of these relations with
the lower signs can be satisfied. One of the two relations with the
upper sign can be satisfied for particular values of parameters.
However, a small variation of any parameter destroys the equal-
ity. This implies that the case where the determinant is zero is
structurally unstable and can be neglected. In the generic case
the determinant is nonzero and consequently the system of equa-
tions (88) has only the trivial solution, Cy,,; = C.>, = 0. Hence
the expression for y,. does not contain the terms proportional to
cos(mo ) and sin(mo ) with m > 3.

Now we take m = 1 and n = 1, and collect the terms propor-
tional to sin(zrs)coso and sin(;rs)sino in equation (76). This
yields

(k2 — K2)C55, + (K + k2 — 2m)e>™Csyy = 2R 18"

k. ki k k;
x[cl(f - 4) _czem(i f)] (90)
VAe VAi VAe VAi
(kf + K, = 27%)e”™CHy) + (k] — k)Cyy, = —2RQ x5
k k; ki k
C et =& 4 4 Gl — - =)/, 91
X|: 1€ (VAe + VAi) + 2<VAi Ve ©n

where x§ = cosop and xj = sino,. When deriving these equa-
tions we used equation (84) to eliminate Cj;_ and C7y,. This is
the system of two linear inhomogeneous algebraic equations for
C1i) and CTy,. Using the expression for €2, it is straightforward to
show that the determinant of this system is zero. We obtain this
compatibility condition by calculating the determinant of matrix
obtained by substituting the right-hand side of equations (90)
and (91) for one of the two columns of the determinant of this
system of equations, and then taking this determinant equal to
zero. After a long but straightforward calculation we obtain that
this determinant is equal to €2, times a non-zero quantity. Hence,
eventually the compatibility condition reduces to €2, = 0. This is
a very important result because it implies that the correction to
the oscillation frequency is at least of the order of g*>. However
this is an expected result because it looks like a viable assumption
that the oscillation frequency is independent of the sign of g. In
that case the expansion of 2 with respect to g contains only even
powers of g.

Next we take m = 1 and n > 1. Collecting terms proportional
to sin(zrns) cos o and sin(zrns) sin o in equation (76) yields

(k2 — k2)CS, + (K2 + k2 — 27%n2)e¥™ CES, = 0,
1 e nll i e ni2

(k? + k2 — 27%n*)e*™Cyy) + (k2 — k2)Cor, = 0. ©
It is easy to show that the determinant of this system of equa-
tions for C;; and C,, is non-zero. Hence, we conclude that
Cyi = Cry, = 0 and the Fourier expansion for v, does not con-
tain the terms proportional to sin(zns)coso and sin(mns)sin o
withn > 1.

Finally we calculate the coefficients at sin(wns)cos20 and
sin(zns) sin 20. These coefficients are equal to w¢, and w},, re-
spectively. Using equation (57) we obtain

Y

0 . do
2— | ——sino cosht | = 2—(cos oy cos 20
do \ 0t dr

+ sin oy sin 20 ) cosh 7 sin(xrs). (93)
Using equations (60), (85), (86), and (93) we obtain from equa-
tion (76)
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8 M. S. Ruderman and N. S. Petrukhin

(= k)Ci3, + (U + k2 — 2m°n?)e*™C3,
= —81,0,e" (¥ + V) xg* F (kf — n°n?)
X [Cl(gni - gne) + C2e2r0 (gni + ezrogmf)]xgc’ (94)
(K + k2 —2mn)e¥oCEy, + (8 — K2)Ce3,
— _61ncle210(6210 + l)xé‘,s + (klz _ TL’Z}’IZ)
X [Cl leo (gni + ezzogne) + Cz(gni - gne)] XS,C’ (95)

where §;, is the Kronecker delta, and the upper and lower signs in
these equations correspond to the first and second superscripts,
respectively. Equations (94) and (95) with the first superscript
constitute the system of equations for C;,, and C;,,, while these
equations with the second superscript constitute the system of
equations for C;,; and C;,,. The determinants of the two systems
are equal. When n = 1 the condition that these determinants are
equal to zero reduces to p, = p; that contradicts to the assump-
tion that p, < p;. For n > 1 these determinants can be equal to
zero for some discrete values of parameters, however this is a
structurally unstable case. In the generic case the determinants
are non-zero implying that there are unique solutions to equa-
tions (94) and (95). Using equations (67), (68), and (82), and
equation (63) rewritten as

k2 — k2 = £ (kP + k2 — 27%) (96)

we obtain that the solutions to equations (94) and (95) are given
by

C¢,, = Re*™ cos oy coth 19,
CS,, = Re*™ sin oy coth 1,

Ciy = FCip, 97
Cin = FCip, (98)

forn = 1 and by
s e o — n)"
mLT e (k2 + k2 — 2m2n?) + (K2 + k2 — 272)

X [Cl (gni - gne) + eZTOCZ(gni + ezrogne)]s (99)
ces e 20k} —m*)xp°
n22 — ezzo(kl_z + kg —2m2n2) + (kzz + kg —272)

X [Cz(gni - gne) + ezrocl (gni + ezrogne)]s (100)

C,S

forn > 1.

4.2.3 Third-order approximation

In this section we aim to obtain the corrections to the frequencies
of the kink modes. Substituting equation (69) into equation (45),
taking into account that €2, = 0, and collecting terms of the order
of g> we obtain

92 92 0%ys  2kR

— + — J{K? — 4+ —Q

(30’2+3‘(2>{ Vit G Ty

0 81//2 . 31//2 .
—=cososinht — ——sino cosht
do JaT

a d
+s ) coso sinht + W sino cosh T =0. (101)
at do

The function 3 must be continuous at t = +7,. Substituting
equation (69) into equation (51), collecting terms of the order
of ¢?, and taking into account that €, = 0 we obtain that the

MNRAS 549, 1-13 (2026)

following boundary condition is satisfied at t = +17q:

sz%Jra% 2kR _ 9y

.
ot Taces T v, Bar

d (0 0
+2— ﬁsina cosht —sﬁ coso sinht
do \ 0t it
82 31//2 . 31//2 .
— —=coso sinht — ——=sino cosht
dtas| do at

a ad
+s ) coso sinht + W sino cosh T =0. (102)
at do

Similar to the previous section we look for the solution to this
equation in the form /3 = Y3 + v¥3p, Where ¥3. and 3, are de-
fined by

82 82 aZw. .
(—302 + —atz) <k2wsc + g ) =0, (103)
Y3 3 (3 . CIP
K23, + aszp = &<¥ coso sinht — -, sino cosht

Y

ad
+s£ coso sinht +s——sino cosht ).
it do
(104)
Both 13, and 3. must satisfy the boundary conditions
Yip =13 =0 at s=0,1. (105)

Using equation (104) we transform equation (100) to

s %Y. 2kR 9 K
|:|:k2 (;ﬁ; + arlg; + 793%4_2370(% sino cosh t
A

ad
—s% coso sinhr>:|] =0 at t==1. (106)
T

To calculate ©2; we only need to collect terms proportional to
sino sin(;rs) and coso sin(rrs). In accordance with this, here-
after we only calculate terms proportional to sino sin(xrs) and
cos o sin(rrs). We look for the solution to equation (103) in the
form of expansion similar to equation (78). Then we obtain that
the solution regular as 7 — +o0 is

Y3 = sin(zs)[H (r) coso + H¥(t)sino] + ... (107)
In this equation H¢(r) and H*(t) are given by

Cite, T < —Tp,

H ()= { C5le" + Ce™, |t] < 10, (108)
Cyle ™, T > T,

where C3°, C3}, C57, and C3, are constants, and the dots in

equation (107) indicate terms not proportional to sin o sin(xs) or
cos o sin(s).

Next we proceed to equation (104). First of all, we note that
the last two terms in the brackets on the right-hand side of this
equation do not give terms proportional to sino or coso. Only
the terms in the Fourier expansion of y, proportional to sin 2o
or cos 20 provide the terms proportional to sino or coso on the
right-hand side of equation (104). Recalling that the expansion of
Y, in the double Fourier series is given by the equation similar to
equation (78) however with w¢,,, and w},, substituted for kS, and
3, respectively, we obtain

Yo=Y _sin(ns)[wiy(r)cos 20 +wiy(t)sin20]+....  (109)

n=1

where w, and w;, are defined by equation (83), and the dots
stand for terms not proportional to sin 20 or cos 2¢. Substituting
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equation (109) into equation (104) yields

82w.?:p

2
K + ds?

=7 Z n cos(mrns) [ (wﬁlz sinh 7

n=1
_Low,

2 0t
_Lows,

2 0t

where the dots indicate terms not proportional to cos o or sino.
The solution to this equation satisfying equation (105) is

Ww—ﬂX:CmMLﬁﬂ+(meM

sin k(w2n? — k?)

cos(mrns) . 1dw},
[

cosh r) coso — (Wf12 sinht

cosh r) sin a] +..., (110)

cosht ) coso
nZnZ _ k2 )

C

1dw
—(w¢, sinht — = —"2
( n2 T2 dr

cosh 7:) sin o:| +... (111)

Calculating the Fourier series with respect to s for this expression
yields

8sin(7s) — n

»= e 2 a1 |:<WA2n12 sinht
1dwj, ,

: ¢
> de cosh r) Coso — (wmz sinh ¢

1dws, ,
- = cosht |)sino | +...,
2 drt )

where the dots indicate terms proportional to sin(27s), sin(37s),
and so on. Using equation (83) we transform this equation to

(112)

8sin(ms) — n .
T e ; an? _1 h, , sinh T — &g, cos oy
1dh, ,
2 dr
1dhs, ,
2 dt
Using the condition that yr; = 3. + yr3piscontinuousat r = %1,
we obtain with the aid of equations (59), (60), (80), (85), (107),
(108), and (113)

cosh r) coso — (hgm2 sinh t 4+ ®g,, sinoy

cosh r) sin a] + ... (113)

1
C§7 = Cgl + QZTOCC + Z 4n2 {7_[2 _ k2 [an,Zl
i

1
_ C284T°)g2n,€ cos (70] - m

e

+€"C, 5 + (O

X [Cén.2l - ezmcgn,zz + (Cl + Czezro)an,e cos 00]}, (114)

o0
8n 1
CG_=Cy+ eZTocgz Z m’ e [an,m

1
Ce™™ )gzneSHon] e

e

+ e**Cs, 5, — (G —

x [an,ZI - ezmcgn,zz - (Cl + CZezro)gZ"»e sin ‘70]]’ (115)

8n 1 o
4n2 -1 { 7.[2 _ kz[ rocgn 21

o0

¢ __ L219C c §
C3+ =e C31 + C32 -

n=

1
72 — k2

e

[ 2rOC§n 21 C;n.22 + (Cl e + CZ)an,e cos 00] } ,

+ C;n,ZZ + (Cle‘”" - C2)g2n,e cos Uo] +

(116)

Kink oscillations of two braided tubes 9

. 1
cy, =¢ c§1+C§2+Z4n2 1{n2—k.2

+ an‘ZZ — (C1e4T0 — C2)g2n.e sin 0'0] + p

2 _ kg
X [eZTOanYZI — an,ZZ — (Cleh" —+ CZ)an,e sin U()]}. (117)

Finally we use the boundary condition equation (106). Using
equations (66) and (109) we obtain

ad
2— ﬁ sino cosht — si coso sinh t
do \ dt at
d C
= —sin(ws)cosht Wiz 12 +..., (118)
dr dr

where dots indicate terms not proportional to sin(ws)coso or
sin(zrs) sino. It follows that the coefficients at sin(ws) cos o and
sin(srs) sin o in the expression inside the double brackets in equa-
tion (106) must be continuous at T = £7,. Using equations (66),
(107), and (118) we obtain from this condition that at t = £, the
two boundary conditions must be satisfied:

c,s c.s c,s
|:|:(k2 - nz)d% + Zk‘lixo Q33— do _ dwy, cosh r]i| =0.
T A

dr dr
(119)

Using equations (59), (80), (83), and (108) we obtain from equa-
tion (119)

(6 ) + 20 g0 — (e
L
- |- ) - e + T ayc,
VAe
=€) = (14 20)(C5) — €™ Cly) (120)
. c.s
(2 =) + 20— (14 e,
L
c,s
= (r7 — )y — o) - T ay(ency
Ae
—Co) + (14 e770)(e"C5, — C1). (121)

When deriving equations (120) and (121) we took into account
that g; = 0. Using equations (60), (85), (86), and (114)-(117) we
transform equations (120) and (121) to

(k2 = K2)C55 + €20 (K2 + K2 — 272)C55 = II°%,
e (2 K2 — 27%)C5 + (I8 — K2)CEy = <Y,

(122)
(123)

where the expressions for I1%° and IT}* are given in Appendix C.
Equations (122) and (123) for quantities with the superscript ‘¢’
constitute the system of two linear inhomogeneous equations for
C4, and C,, while equations (122) and (123) for quantities with
the superscript ‘s’ constitute the system of two linear inhomo-
geneous equations for C5; and C3,. The determinants of these
systems are equal to zero. This implies that the two systems have
solutions only when the compatibility conditions are satisfied.
The simplest way to obtain these conditions is to multiply equa-
tion (122) by (k? — k2) and subtract from the obtained result equa-
tion (123) multiplied by e®™(k? + k2 — 272). Then using equa-
tion (96) we write the two compatibility conditions in a unified

form as
s ) (124)

where as before the signs plus and minus correspond to ; = Q.
and Q; = Q_, respectively. It is shown in Appendix D that equa-
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_01_

r, —osq

_04.

_OVS_

Figure 3. Dependence of Y on the ratio of the distance between the
tube axes d and the tube cross-section radius r.. The solid, dotted, dashed,
and dash-dotted lines correspond to p;/p. = 2, 3, 5, and 10, respectively.

tion (124) reduces to
Q3 =Q:7Ty, (125)

where Y, are given by equation (D6). Analysing the expressions
for Y. we can notice two problems. The first one is that |Y.| —
oo as p; — p, — 0. It follows from equation (9) that the distance
between the centres of the two tubes is d = 2x, = 2a coth 1.
The ratio of this distance and the tube radius is d/r. = 2 cosh 7.
Hence, taking 1, — oo, we obtain the equilibrium with the highly
separated tubes. The second problem is that | Y.| — oo as tp —
oo. However, both problems are only apparent. If we take p; —
pe = 0 or 1y — oo then we obtain 2, — Q_ — 0, so we obtain
one double eigenvalue of the problem rather than two different
eigenvalues. In this case the expansion given by equation (65)
is not valid anymore. Rather we must use the expansion with
respect to |g|'/2. Hence, our analysis is only valid under the re-
strictions p;/p. > 1and 7o < 1.

We numerically calculated the dependences of Y, and Y_ on
the distance between the tube axes d. These dependences are
shown in Figs 3 and 4. We can see that braiding results in the
reduction of Q. and the enchantment of 2_. Hence it reduces
the difference between 2, and Q_.

5 SUMMARY AND CONCLUSIONS

In this article we studied kink oscillations of braided coronal
magnetic loops. We considered the simplest model of a braided
coronal loop that consists of just two identical magnetic tubes.
We assumed that the tube cross-sections are circular and do not
change along the tubes. The equilibrium plasma density is con-
stant inside the tubes, and it is also constant in the surrounding
plasma.

To describe the plasma motion we used the linear ideal MHD
equations in the cold plasma approximation. We introduced pa-
rameter g characterizing the value of braiding. When q increases,
the braiding becomes stronger. We note that g = 0 corresponds to
the lack of braiding. When there is no braiding there are two kinds
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Figure 4. Dependence of Y_. on the ratio of the distance between the
tube axes d and the tube cross-section radius r.. The solid, dotted, dashed,
and dash-dotted lines correspond to p;/p. = 2, 3, 5, and 10, respectively.

of kink modes, fast and slow. We used the regular perturbation
method to calculate the correction to the frequency of the fast
and slow oscillations for |q| <« 1. We found that these corrections
are proportional to g2.

We obtained the analytical expressions for the coefficients of
proportionality at g* for the corrections to the fast, Y, and slow,
Y_, kink modes. These expressions are very complex, so we cal-
culate the dependences of Y, and Y_ on the relative distance
between the tube axes, d/r., for various values of the densities
inside and outside the tubes, p;/ p.. We can see from the numerical
results that braiding reduces the fast frequency and increases
the slow frequency thus reducing the difference between the
two frequencies. The increase in the distance between the tube
axes enhances the effect. Also, the smaller the density ratio, the
stronger the effect is.

We now discuss the implications of the obtained results for
coronal seismology. The main ideas of coronal seismology have
been formulated by H. Rosenberg (1970), Y. Uchida (1970), and B.
Roberts, P. M. Edwin & A. O. Benz (1984). However the real flour-
ishing of coronal seismology started after the waves and oscilla-
tions in the solar corona were observed by Transition Region and
Coronal Explorer and reported by M. J. Aschwanden et al. (1999)
and V. M. Nakariakov et al. (1999). The recent review of coronal
seismology is given by V. M. Nakariakov et al. (2024). The method
of coronal seismology has been used to estimate the magnetic
field magnitude, the atmospheric scale height, and the transverse
structure of coronal magnetic loops. All these studies are based on
using the model of monolithic coronal loops. To our knowledge
there have been no attempt of using coronal seismology to deter-
mine if loops are monolithic or composite. The existence of two
eigenmodes, fast and slow, in the model of two parallel magnetic
tubes provides the pathway for making the distinction between
the two models of coronal loops. If the two frequencies of kink os-
cillations of a coronal loop are found then this would be a strong
argument in favour of the composite model of this loop. It follows
from equation (64) that the difference between frequencies of the
fast and slow modes of oscillations in the system of two straight
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tubes is the largest when 7, = 0, thatis, when the two tubes touch
each other. In this case Q. /Q_ = (p;/p.)"/?. Hence, the ratio of
the two frequencies can be quite large and, in principle, we can
hope to find two different frequencies of kink oscillations of com-
posite coronal magnetic loops. We found that braiding reduces
Q, /S _.Since it is quite possible that composite loops are braided
this makes it less probable to detect two different frequencies of
kink oscillations of the same coronal loop. However our results
have been found in the weak braiding approximation. First of
all, it is not clear if 2, /Q_ is a monotonic function of braiding
parameter q. Even if it is monotonically decreasing then it is still
possible that the correction to Q. /2_ is small for a finite value of
q. We see that studying the effect of braiding on the frequencies of
kink oscillations of the two-tube system is important for coronal
seismology. To study this effect we plan to solve equations (45)
and (46) with the boundary conditions equations (47), (50), and
(51) numerically.

DATA AVAILABILITY

There are no new data associated with this article.
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APPENDIX A: CURVILINEAR COORDINATE
SYSTEM

In this section we derive various expressions used in our analy-
sis. Here, we use the auxiliary Cartesian coordinates x, y, z and
introduce the position vector r = (x, y, z). We also introduce the
covariant basis vectors

1 o0r 1 0r

ado’ adt’
1

10r
€ = ——,

a ds
where the coefficient a=" is introduced to have the covariant
basis vectors dimensionless. We start by obtaining expressions for
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Cartesian coordinates in terms of curvilinear coordinate. We use
the relations

X = rCcoS¢ = rcos g cos(¢p — ¢o) — rsin ¢g sin(¢p — ¢p),

y =rsin¢g = rsin¢gcos(¢p — ¢g) + 7 cos ¢ sin(¢p — ¢p). (AD)
Using equation (5) yields

asinht
reosgo =Xo = cosht —coso’

asino (A2)

rsingg =y= ——————.
cosht — coso

With the aid of these expressions and equations (4) and (7) we
obtain

sinh 7 cos(ks) — sin o sin(ks)

5

cosht —coso
__sinh 7 sin(ks) + sino cos(ks) (A3)
- cosht — coso ’
where
AL
K= (A4)

- /B +AQR —1?)

Finally it follows from equation (7) that

L B2 + A22R? — 12
7= L, A= M. (A5)
A B + 2A2(R: — 1?)

We recall that the expression for r in terms of curvilinear coor-
dinates is given by equation (6). Hence, equations (A3) and (A5)
give the expression of Cartesian coordinates in terms of curvilin-
ear coordinates.

The next step is to obtain the expressions for the vectors of
covariant basis in terms of unit vectors of Cartesian coordinates.
Using equations (A3)-(A5) we obtain

€ = (_X + (cosht — cos o )?
sxW sino cosh t
_< (coshr—cosa)z) 4
sx (B2 + 2A%R*)sino cosh T

B2 + 2A%(R? — r?)(cosh T — cos 0 )?
sxZcoso sinht )
X

sxZsino cosht )
X

e, (A6)

aA
€= (Y + (cosht — cos o )?
B (X sxW coso sinh t )
(cosht —coso )2 )
sy (B: + 2A’R*)coso sinh T
B2 4+ 2A2(R? — r?)(cosh T — cos o )2

L
& = k(—Ze. +Wey) + e (A8)

e, (A7)

where

sin o sinh t cos(ks coso cosh t — 1)sin(ks
. (k) +( sinGes) o
(cosht — coso)?
V= sin o sinh 7 sin(xs) — (coso cosh T — 1) cos(ks)
o (cosht — coso )? ’
sin o cos(ks) + sinh t sin(ks
7 o cos(ks) + T sin(k )’ (A1D)
cosht — coso
__ sinht cos(ks) — sin o sin(ks)

(A10)

W= , (A12)
cosht — coso

_ a’A3L AL3

=B+ AR — )P (A13)

The lengths of vectors of the covariant basis are defined by
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e 2 1 sx sin 20 cosh 2t
&7 = -
(cosht —coso)> 2(cosht —coso)*
s%x?sin® o cosh? 2 (B2 + 2A%R?)?
a?(cosht — coso ) ABL + 242 (R — )] |
(A14)
e, 2 1 sx sin 20 cosh 2t
€ =
' (cosht —coso)?  2(cosht — coso )*
s?x%cos?o sinh’*t [, (B +24%R?*)?
a?(cosht — coso )4 A[B: +242(R2 — )] |’
(A15)
L
l&s| = —. (Al6)
a

We also calculate the scalar products of vectors of the covariant
basis,

sx(1 —cos20 cosh2t)  s?x%r?sin 20 sinh 2t

€; € =

2(cosht — coso )* 4a?(cosh t — coso )*
$?x*(B2 + 2A?R*)? sin 20 sinh 27
4a?A?(cosh T — cos o )*[ B3 + 2A%(R? — r?)]
k[a?coso sinht — sxr*sino cosh 7]

. (A17)

€ € =
7 a?(cosht — cos o )?

sxL(B 4+ 2A4’R*)sino cosh t

+ )
a?A(cosht — coso)?,/B; + A>(2R> — r?)

k[a?sino cosh T + sy r? coso sinh 7]

(A18)

€, - €, = —
v a?(cosht — coso )?

N sxL(B2 4+ 2A’R*)coso sinh T
a?A(cosht — coso )?,/B; + A>(2R? — )
Using equations (A14)-(A19) and the bi-linearity of scalar prod-
uct we now calculate the scalar product of any two vectors defined
by their components in the covariant basis.
Here, we use the triple product of the basis vectors of covariant
basis. Using equations (A6)-(A12) we obtain

( ) LA 1
€y, €, €) = s = s
e a A(cosht — coso )?

(A19)

(A20)

where (a, b, c) = a- (b x c¢). The divergence of vector b is de-
fined by

1 [3(b,et,es)+8(b,es,eo)+ a(b, e, €;)

Vb= — . (A21)
do at as

T IA

Using the properties of the triple product we transform this ex-
pression to

1 |:8(Ab(,) N 3(Ab,) N a(Abs)]

(A22)

V.-b= —
aA do at as

We can invert the relations between ¢,, €;, and ¢, and ey, ey,
and e, given by equations (A6)-(A8) to obtain
e, = —[X(cosht — coso)* + 2sxW A® cos o sinh 7 e,
+[Y(cosht — coso)* + 2sxW A®sino cosh 7 e,
sx AW (B2 + 2A%R?)

+ &,
AL\/B2 4 2A%(R? — 1?)

e, = —[Y(cosht — coso )’ + 2sx ZA cos o sinh 7)€,

(A23)

—[X(cosht — coso)* — 2sxZA*sino cosh 7 e,
sxAZ(B: + 2A°R?)

AL\/B2 4 2A%(R? — 1?)
Le, = aA[x(—e, coso sinh 1 + ¢, sino cosh ) + €]. (A25)

€;, (A24)
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Next we calculate the vector products of basis vectors of the co-
variant coordinates. First we use equations (A6)-(AS8) to express
these products in terms of unit vectors of Cartesian coordinates.
Then we use equations (A23)-(A25) to finally obtain the expres-
sions in terms of basis vectors of the covariant coordinates. As a
result we obtain
sxLA

e sy (1 cos2 coshx

€; X € = e,,[
sx o, . .
— A“sin 20 sinh 2t
aZ
Le. [ 1 sy A
a |A (cosht —coso)?

N akx?A sin 2o sinh 2t
4L(cosht — coso )?

[ sin 20 sinh 27

—(4a7*r’sx A* + a’,>L?) sin’ o cosh® 7] }

n € sx (B 4+ 2A%R?)coso sinh t
(cosht — coso)? B2 + 2A%(R? — 1?)
(1 2r2sx A?sino coshr) a’k Asino coshr]
X - - b

a? L

(A26)

Le, [ 1 sx A . .
{ X [ sin 20 sinh 27

€ X € = —{— —_—
o a |A  (cosht —coso)?

+(4a*r’sx A* + a’k*L™?) cos’ o sinh® r]}

LAe,
(cosht — coso)?
$2x2rP A ax?
+<X7

sy (1 — cos 20 cosh 27)

RS
N € [ak A coso sinht N B2 4+ 2A°R?
(cosht —coso)? | L alA
sx (a?sin o cosh 2r2 A% cos o sinh
x(a’sino cosh + 7 T)]. (A27)
VB +2A2(R — 1)

Finally we give the expression for the curl of a vector. It reads

) sin 20 sinh 2ri|

€, €; €
1
Vxb=— |9 0 3| (A28)
LA 96 9t 3s
b-e;, b-¢, b-¢

APPENDIX B: ASYMPTOTIC FORMULAE

In this section we use the results presented in the previous sec-
tion to obtain asymptotic formulae valid for € « 1. Using equa-
tions (15) and (20) we obtain from equations (A4), (A5), and (A13)

A=1+0(e),
a=a/R=0(Q1).

K =q+ O(e?),

X = €62 + O(eY), (B1)

Using these formulae we obtain from equations (A14), (A15), and
(A17)-(A19)

, 1+ O(e?) 5 1+ O(e?)
61" = (cosht — coso )?’ l€I" = (cosht — coso )?’ (B2)
€ - € = 0(62), (B3)
€ €= qu[l+ O(e?)], (B4)
€ € =—q[l+0(e%)], (B5)

where u and v are defined by equations (25) and (26). Finally, we
give the approximation expressions for the vector products:

Lle +0(e)],

__L _L 2
€ X &=~ € X € = a[e,, +0(*)].  (B6)
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APPENDIX C: EXPRESSIONS FOR II%*

e =

i k
—2R; |:C1 <£ _ i)
VAi VAe

k; k,
+ " — 4+ —= ) | cos oy + 2¢° (€% + 1)C,,
Vai - Vae

o
8n
+ 2 (@ = Cae™)ganecos 0 + G
n=1
470 S 772 - kzz 27
+ €70, — m[(@ + C2€°™) gan, COS 0
e

S 270 S
+ G —e 0C2n,22] }s

ki k.
DY ToN ol (ALCN
Vai Vae

ki k
+ ™ (—l + —e>i| sinog + 2€° (€*™ + 1)C},,
Vai Ae
- 3n AT s c
+ Z 4n? — 1 [(Cl —Gae O)gZ"»f sinog — Gy, 21
n=1

2

2
T — ki
470 NC ]
—eC + —
2n,22
" ﬂz—kg[

c 270 C
Couo —€7°C5, 0

— (C1 + Czezro)gzy[‘g sin Uo] ] B

k; k,
—2Rsz3[c1e2f° (—‘ + —e)
Vai Vae

k; k
(= 55 ) |eosen + 2@ )cty
i e

o0
8n
- Z anz —1 { (C1e*™ — Cs)gane cos 0 + €*0C,, 5,
n=1

7 —k
+ Gt ) [(C1€2f" + Cz)an,e cos 0y

— k2
1
—k2
+ EZrOC;“l _an.zz] )
k; k
—2RQ.| C e =L 4 ¢
{”(w+m

ki k,
+ G — + = ) |sinog + 28> (e*™ 4+ 1)C3,,
Vai Vae

[o0]
8n .
- Z 4an? —1 {(Cle% - CZ)gZM Sin oy — e‘”"CﬁMl
n=1

2 2
= ki [eZZOCc‘ e
7'[2 _ k2 2n,21 2n,22

e

— (CleZTo + Cz)an,e sin U()] ] .

C
- CZn,ZZ -
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APPENDIX D: EVALUATION OF
COMPATIBILITY CONDITIONS

In this section we evaluate the compatibility conditions given by
equation (124). First we consider equation (124) with the super-
script ‘c’. Using equations (68), (C1), and (C3) we obtain

ki ke P ki ke
4RC, Q3 T Fel — 4+ — ) |cosay

A Vae Vai Vae
_ 26210(6210 + 1)(Cc ce)—8 (1 B eZTO)nZ —k?
= 122 F 1o 2k
e
. n(CS ,, £C5 ., + 2C18an.c COSTy)
—1- 9410] Z 2n,21 22222 — n,e ' (Dl)
n=1

Now we transform the left-hand side of equation (D1). We use the
relations

ki,e _ RQIpi,e ) ize _ RZQ%IOi,e . (DZ)
Vaie pV} : pV3
It follows from these relations that

ki k?

ie _ ie ) (D3)

VAi,e RQ]
Using equations (96) and (D3) we obtain

k; k k; k 2m2e?
7‘_7@¢elfo<7‘+i)::': (D4)
Vai Vae Vai Vae Ry

Next we use equations (67), (97), (99), (100), and (D4) to trans-
form equation (D1) to

(Q3 — Q]Ti)COS oo =0, (DS)
where
. pV2e*™(e?™ 4 1) coth 7 " 2 1 4 o
R (o — p)
Py o n
— (1 leo i )e—Zro
(1) 3 —kg} ; 4n? —1 [gz""
e (k2 — 2)[gani(1 F €2°) — gon (1 £ €¥0)] (D6)
e?o(k? + k2 — 2n2n?) + k? + k2 — 272 ’

Evaluation of equation (124) with the superscript s’ is the com-
plete repetition of calculation bys that results in equation (D5).
This gives

(Q3 — Q]Ti)sin oo =0. (D7)

Equation (125) follows from equations (D5) and (D7).

This paper has been typeset from a TgX/KIEX file prepared by the author.
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