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ABSTRACT ARTICLE HISTORY
This paper describes an approach to multiscale space-time vary- Received 13 August 2025
ing coefficient modelling using Generalized Additive Models Accepted 6 May 2026
(GAMs). This builds on GAMs that have been previously used to
generate spatially varying coefficients, but now extended to the
temporal domain. However, for this space-time extension, a key
consideration concerns model specification - i.e. how best to spe- S,

q q q . non-stationarity; process
cify space and time in .the GAM smoot.hs. ThIS depends.on the heterogeneity; varying
nature of the space-time dependencies in the predictor-to- parameter models
response variable relationships for a given dataset, where a key
issue is how to relax assumptions about the presence of
space-time dependencies that are found. For this study, multiple
competing GAMs are created, with their space-time interactions
specified in different ways for each predictor variable. A final
GAM is found by the lowest AIC. The proposed approach is
applied to simulated data and an empirical case study, where in
both cases the best fitting GAM was found to out-perform
Multiscale Geographically and Temporally Weighted Regression, a
popular alternative. Model specification/selection for GAMs under-
taken in this way provides insights into the nature of the space-
time dependencies present in the data’s relationships, including
the scale of these dependencies. The overall approach is novel
and several areas of further work are identified.

KEYWORDS
stgam; space-time
relationships; coefficient

1. Introduction

Data are increasingly spatio-temporal with their collection typically automated and a
key objective in data analysis, particularly in the geographical sciences, is to construct
statistical models that support process understanding. These models allow inferences
about space-time processes to be made, such as those about the strength of data
relationships, in addition to simple prediction, forecasting or classification. In this
respect and extending standard regression models where relationships are assumed to
be spatially invariant, there is a rich history of adapting regressions for capturing
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spatially varying relationships (Casetti 1972, Jones 1991, Brunsdon et al. 1996,
McMillen 1996, Gelfand et al. 2003, Griffith 2008, Murakami 2021, Comber et al.
2024a). These seek to determine the nature of any spatial heterogeneity in relation-
ships captured by the data, and to estimate spatially varying coefficients to describe
where this is found. Analogously, the spatial case has been extended to the space-
time case, with early examples including Pace et al. (1998), Pace et al. (2000), Elhorst
(2003), Gelfand et al. (2004), Di Giacinto (2006) and Crespo et al. (2007).

Space-time regressions themselves can be categorised into four broad sets (Griffith
2010): (i) space-time autoregressive integrated moving average (STARIMA) models, (ii)
spatial panel regressions (SPR), (iii) geostatistical space-time models and (iv) models
such as eigenvector space-time filtering (ESTF) and geographically and temporally
weighted regression (GTWR). The first three have a focus on modelling heterogeneity
via autocorrelation effects but assume stationary (fixed) data relationships, whilst only
the last group is concerned with modelling heterogeneity in terms of non-stationary
relationships. To achieve this, the ESTF models generate distributions of latent spatial
and temporal autocorrelation in the variables (Patuelli et al. 2011, Chun 2014) where
recent aggregation developments in the spatial only case (Murakami et al. 2024) have
potential to be extended to the temporal domain. For GTWR, moving window /
weighted kernel functions are used (Huang et al. 2010) and have recently been
extended to capture the individual scale of each space-time relationship between tar-
get and predictor variables, to provide multiscale GTWR forms (Liu et al. 2017, Wu
et al. 2019). All forms, across all four categories, face similar challenges, especially in
terms of finding a suitable space-time distance or metric. For example, prediction
inference in geostatistical approaches is often hindered by the difficulty in determin-
ing joint or separable space-time variograms (Gneiting et al. 2006, Ma 2008). A further
challenge, one that is often overlooked, is that all approaches make strong assump-
tions about the presence and nature of the space-time interactions or relationships in
the data, regardless of whether they should be fixed or varying.

This paper seeks to address both challenges but has a focus on the latter via a
Generalized Additive Model (GAM) based space-time varying coefficient approach.
Although many existing space-time GAMs undertake model selection and penalization,
they do not examine the nature of the space-time dependencies present in the data
relationships and adjust how individual predictor variables are specified in the model.
For example, Dambon et al. (2022) consider the interactions of predictors with the target
variable over space but with a focus on selection (penalization) and inference for target
variable prediction and not on inference for data relationships and how each individual
relationship is handled. By using GAMs (Hastie and Tibshirani 1987, 1990) this paper
extends and revises the outline approach described in Comber et al. (2023b).

For model evaluation, simulated space-time coefficient surfaces with known space-
time dependencies are created, and these true coefficients are used to generate 100
simulated datasets. The synthetic datasets are used to illustrate the process of deter-
mining the GAM specification. This is done by creating all possible space-time models
in which each predictor variable is specified in different ways in GAM smooths for
each simulated dataset, evaluating each model via their AIC value and selecting the
best one. The best model is compared with a Multiscale Geographically and
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Temporally Weighted Regression (MGTWR) (Zhang et al. 2021). This approach of
undertaking investigations of the nature of space-time variability in the predictor-to-
response relationship emphasises the importance of user investigations of space-time
interactions in order construct informed models (Comber and Wulder 2019). The
approach is demonstrated empirically using data for the dry rain forest in the Chaco
region of South America. The analysis uses the stgam (Comber et al. 2026b) and
mgcv (Wood 2021) R packages.

2. Background: varying coefficient models with GAMs

GAMs (Hastie and Tibshirani 1987, 1990) extend linear models by using smooth func-
tions to capture non-linear relationships in data. The type of smooth used can vary
according to the problem or dataset (Hastie and Tibshirani 1990). Smooths estimate a
continuous curve through the observations based on assumptions that values close to
each other in attribute space tend to be related, and the overall fitted curve captures
a broader correlated process. Technically, smooths are constructed from a set of basis
functions of the predictor variables, which can be one- or multi-dimensional. This
allows the GAM to represent complex relationships, with the amount of non-linearity
in each smooth controlled by a smoothing parameter that manages the trade-off
between flexibility and over-fitting.

GAMs are applicable to a wide range of response types (Wood 2017, Fahrmeir et al.
2021), can capture patterns in complex systems effectively (Hastie and Tibshirani 1990,
Wood 2017), and in many cases perform comparably to or better than machine-learn-
ing (ML) methods (Friedman 2001, Wood 2017). In terms of interpretability, GAMs pro-
vide a modelling framework for understanding processes rather than just making
predictions, as in many ML models. They have been described as providing the
explanatory clarity of a glass-box model, producing results that are as technically
robust as black-box ML models, while containing structures that are more readily
understood and transparent (Zschech et al. 2022), thereby supporting critical perspec-
tives to data science, and in context of this study, spatial data science (Brunsdon and
Comber 2021).

Importantly, if GAM smooths are parameterised with observation location then they
can be used to estimate spatially varying coefficients (Fan and Huang 2022, Comber
et al. 2024a, 2024b), and if they also include observation time then they can be used
to estimate space-time varying coefficients (Comber et al. 2023b):

The model can be described formally by letting y; denote the response observed at
spatial location (uj, v;) and time t;, with predictors X1, Xj2, ..., Xjp. The general space-time
varying coefficient model is:

p
Vi= inj Bi(ui iy i) + & )
=

where Xj, Xp, ..., Xjp are the predictor variables, ﬁj(u, v, t) is the coefficient estimate for
predictor x; varying over space and time, & ~ N(0,4?) is the error term.

The use of GAMs to capture space-time varying processes builds on a series of key
theoretical developments. Early approaches to space-time varying coefficient GAMs
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were introduced by Hastie and Tibshirani (1993). These allowed coefficient estimates
to vary smoothly over another variable, such as the location or time of observation
and provided a critical foundation that was further developed by modelling non-linear
relationships via smooth functions (Hastie and Tibshirani 1990). Smooths (or splines -
the terms are often used interchangeably) fit a smooth curve through response to pre-
dictor data points for which there may not be an obvious single function that
describes their relationship. Smooths generate multiple fits which are combined, and
are thus able to describe the relationship between variables better than a single func-
tion. Further work using GAMs to capture varying coefficients in a space-time context
include Rigby and Stasinopoulos (2005); Stasinopoulos and Rigby (2008); Stasinopoulos
et al. (2017); Umlauf et al. (2018) in which ‘varying’ refers to the distribution and form
of the response variable and its properties.

Technically, the GAMs described are still in attribute space, where a subset of the pre-
dictors provide spatial or temporal information. However, other GAM-based approaches
have explicitly considered how relationships as captured through coefficient estimates
vary with observation location and/or time (i.e. within geographical and/or temporal
space). It is this class of GAMs that are presented in this study. A key development in this
respect is the use of Tensor Product (TP) smooths (Wood 2006) as these allow variables
on different scales or with anisotropic structures (such as location and time) to be com-
bined within a single smooth (i.e. they address the difficulty in finding a space-time met-
ric). This is done by including separate smoothing penalties across different dimensions,
allowing complex interactions, for example between spatial and temporal components,
to be modelled. For example, Feng (2022) describes a space-time varying coefficient
GAM in which local socio-economic factors were used to construct a two-dimensional
spline smoother for COVID-19 mortality risk. Changes in the spatial pattern of relation-
ships were evaluated over time through a spatio-temporal tensor.

Developments in the spatial only case are also noteworthy. Kim and Wang (2021)
proposed a generalized spline-based approach for spatially varying coefficient model-
ling. Their model used approximate bivariate smooths to incorporate spatial informa-
tion by constructing spline basis functions over a spatial triangulation, to handle
irregularly shaped spatial domains with complex boundaries. Dambon et al. (2021) and
Dambon et al. (2022) describe a spatially varying coefficient GAM based on Gaussian
Processes (GPs) with a focus on variable selection, undertaken using a penalized max-
imum likelihood approach. Similarly, GAMs with GP smooths have been proposed as
an approach to estimate spatially varying coefficients (Comber et al. 2024a, 2024b)
under assumptions of classic distance decay.

3. Methods

In overview, this study illustrates an approach for determining how to specify GAMs
with smooths for multiscale space-time varying coefficient modelling. It seeks to deter-
mine the GAM form that best captures the space-time dependencies in the data rela-
tionships, and thus how best to specify the GAM’s space-time smooths. This is
illustrated using simulated data before being applied to an empirical case study. In
both cases, results from a MGTWR fit, that similarly estimates multiscale space-time
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varying coefficients, are presented for context and discussion. All code and data used
to generate the results are provided.

3.1. Simulated data

Simulated coefficients were created in a similar way to Comber et al. (2024a), but
extended to have known space-time dependencies. Here four true coefficient surfaces
Po, By, B> and f; were created for a 15 x 15 regular square grid (u,v), with 15 time
periods (t). These dimensions were chosen to manage the computational costs associ-
ated with the iterative back-fitting procedures required for the MGTWR model. The
simulated (true) coefficients surface were defined as follows:

Bolu,v,t) =3 (2)

where u and v are observation spatial coordinates, and t is observation time.
Define the normalized coordinates as u, =4z, vV, =15 and t, = and let ¢ ~
N(0,0.03%) for k = 1,2,3.

pr(uv,t) =1+ (up + vp) - sin (2nt, + n/4) + & 3)
Ba(u,v,t) =1+ exp [_8 ((un = CU(tn))2 + (v = CV(tn)>2> (14 0.6, sin (27ty)) + &2
(4)

t
157

where ¢,(t,) = 0.3 + 0.4t, and ¢,(t,) = 0.7 — 0.3t,,.
ps(u,v,t) =1+ 0.6 cos (2rup) sin (2nv,) + 0.5sin (21t,) + &3 (5)

A small amount of Gaussian noise was added to each of the true coefficient surfa-
ces drawn from N(0,0.03%) and then they were re-scaled in the range 0-2.
The true coefficients have the following properties:

e [}, is a constant intercept term.

e [3; is a simple space-time process, with the spatial component a smooth linear gra-
dient across the grid and the temporal component a sinusoidal oscillation, which
scales the gradient over time. Although the space and time effects (a global gradi-
ent with temporal oscillation) interact, they are also separable.

e f3, is a non-separable space-time process in which the spatial pattern is a localized
Gaussian hotspot, whose centre and amplitude change over time. Here there are
important space-time interactions.

e [ is a separable space-time process in which the shape of the spatial surface
remains fixed and oscillates uniformly over time. Here the space-time coefficient
surface is clearly additively separable.

The true regression coefficient surfaces used in the simulation are presented in
Figures 1-3 and the predictor variables x;, x,, and x;3 were independently drawn from
a standard normal distribution, N(0, 1), while the error term ¢ was sampled from the
same distribution and scaled by 0.25. A total of 100 datasets were generated. For each
dataset, the response variable y was computed directly using the simulated coefficient
surfaces, the corresponding predictor values, and the generated error term.
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3.2. Space-time GAM specification

The simulation surfaces in Figures 1-3 indicate mild space-time interactions for f;,
strong space-time interactions for f, and separate space-time interactions for f;.

B4

2.0

' - ==
m.o.uI

Figure 1. The simulated true regression coefficients over 15 time periods: f3;, with simple and
seperable space-time interaction.

B2

2.0

- -
.m.onm

Figure 2. The simulated true regression coefficients over 15 time periods: f3,, with moderate
(moving hotspot) space-time interaction.
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Figure 3. The simulated true regression coefficients over 15 time periods: 55, with clearly sperable
space-time interaction.

Thus, it would be reasonable to assume that the most appropriate GAM specification
should take the following form:

y; = B - Intercept;+
fi(up vi i) - X1+
fo(up, Vi te) - X2+
f3 (U,', Vi) -x3; + f4(t,') -X3; + €

(6)

where y; is the response variable, f3, is the global fixed intercept, combined with space-
time TP smooths in f;(u, v, t), and f,(u, v, t) that are multiplied by x; and x; respectively,
and f3(u, v) and and f,(t) are multiplied by x3, and ¢; is a Gaussian error term.

However, the model could quite reasonably be specified several different ways. The f
surface for x;, for example, has interacting but multiplicably separable space-time relation-
ships: each location follows the same temporal pattern. So, should the smooth specified
by fi(u,v, t) be separated into f(u,v) and f(t) in same way as for x3? The user does not
know the true coefficient surfaces and thus does not know the nature of the space-time
interactions in the relationships captured by the data. But they must make a choice. A clas-
sic approach would be for the user to specify the most complex model that is judged valid
for the use-case and the system being investigated. This would rely heavily on the user
perception and user experience of the data generating process. The size of the effects of
the different GAM components (e.g. the smooths) could be investigated and the GAM
refined heuristically. This is done in Comber et al. (2026a) but the final GAM arrived at
heuristically was not one that best captured the space-time relationships in the data.

In much geographical analysis the aim is to develop and support understanding
about the process and relationships captured in the data and to determine the nature
of any space-time interactions. This is what is supported through kernel bandwidth
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optimization in the classic Geographically Weighted Regression (GWR) model
(Brunsdon et al. 1996): the bandwidth provides a measure of the scale of the spatially
varying relationships between the predictor and response variables. Larger bandwidths
indicate more smooth (stationary, fixed) relationships while smaller bandwidths indi-
cate more locally varying (nonstationary, varying) ones (Comber et al. 2023a). In GWR
and its variants, bandwidths and thus model form, are optimised through a measure
of model fit (AIC or cross-validation score).

A similar approach can be taken with this study’s GAMs to determine how each
variable is specified within the model. For a space-time varying coefficient GAM, each
predictor variable can be specified in one of 6 different ways, with the usual paramet-
ric form also specified to provide a multiplicative constant and potentially an offset
term. The 6 ways for a given predictor are:

i. Itis omitted.
ii. Itisincluded as a parametric response.
iii. Itis included in parametric form and in a spatial smooth.
iv. Itis included in parametric form and in a temporal smooth.
v. ltis included in parametric form and in separate spatial and temporal smooths.
vi. Itis included in parametric form and in a combined space-time smooth.

The Intercept can be treated in a similar way but without being omitted. The result
is that for any space-time regression problem with k predictor variables, there are 5 x
6" potential models to evaluate, when the response to predictor relationships are
allowed to vary in some manner.

For this study’s GAMs, the single space and time smooths (options iii, iv and v) above)
are specified using Thin Plate Regression Splines (TPRSs) while TP smooths are specified
for the combined space-time smooths (option vi) above). This is because TPRSs are iso-
tropic: they incorporate a single basis and assume that all the variables included in the
smooth are on the same scale. By contrast, TP smooths are anisotropic and relax this
assumption. A TP smooth can therefore be used to incorporate variables on different
scales, such as space and time measurements. They construct smooths using separate
basis functions, which are then combined and require the dimensions of each basis to be
specified. These are two dimensions for spatial location and one dimension for time. The
smooths in the individual GAMs are optimised using restricted maximum likelihood esti-
mation (REML). The REML approach provides stable estimates of the smoothing parame-
ters and reduces over-fitting, thereby generating more robust estimates of the variance.
The over-arching approach is to create multiple models each with each predictor variable
specified in a different way, and to evaluate each model fit via its AIC score. This was
undertaken using tools in the stgam R package (Comber et al. 2026b) which provides a
wrapper to the mgcv GAM package (Wood 2021). Observe that the modelled relationships
in the space-time varying coefficient GAMs are multiscale by design.

3.3. MGTWR

In GWR, a moving window or kernel-based approach is used to create a series of local
regressions, whose results are mapped. The spatial kernel extracts data subsets that
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are weighted by their distance to the kernel centre - the location at which a local
regression is fitted. The bandwidth or size of the kernel is optimised through some
measure of (global) model fit (e.g. AIC). By extension, GTWR models (Huang et al.
2010) optimally apply a space-time kernel, with data subsets now weighted by their
space-time distance to the kernel centre. This requires a space-time interaction term
to be defined (Huang et al. (2010) refer to it a p parameter) or in some instances, heu-
ristics are used when the search space is too large (Fotheringham et al. 2015). For mul-
tiscale GWR (MGWR) models (Yang 2014, Lu et al. 2017, Fotheringham et al. 2017) a
kernel bandwidth is optimally found for each predictor variable and the intercept. This
simultaneous optimisation problem is undertaken through iterative partial regression
(back-fitting), in which bandwidths are estimated one at a time, conditional on the
others. For MGTWR models (Wu et al. 2019, Zhang et al. 2021, Yu and Fotheringham
2025) the model fit challenges for GTWR and for MGWR are combined.

For this study, the approach taken for MGTWR was to create an array of space-time
distance matrices and to pass these to a standard MGWR. The scaling parameter (p)
was used to control the relationship between the distances in time and space. Here
this was set to 1 as the data were simulated over hypothetical locations and time peri-
ods. Adaptive space-time Gaussian kernel bandwidths were optimally found for each
predictor and intercept of the MGTWR model, with the potential to select up to 3375
(15%) observations in each local regression when using a simulated dataset. The
MGTWR models were constructed by passing the space-time distance matrices to the
MGWR tools in the GWimodel R package (Lu et al. 2014).

3.4. Model performance

For the simulated data, 1080 GAMs were constructed for each of the 100 datasets
with the intercept and each predictor specified in a different way in each GAM. From
these, the GAM with the lowest AIC was selected for each of the 100 datasets. A
MGTWR was fitted to each of the same 100 datasets, using the space-time distance
array with bandwidths also found via AIC. The space-time varying coefficient estimates
were extracted from the 100 GAMs and the 100 MGTWR models, as were the pre-
dicted responses, y. The estimated coefficients were compared with the true coeffi-
cients using standard measures of model accuracy and fit (R?, RMSE and MAE). The
predicted y was also compared with the true y using the same fit diagnostics. Note
that it is inappropriate to summarise AIC values across models.

3.5. Space-time dependencies in GAM smooths

It is also possible to investigate the space-time dependencies in the GAM space-time
smooths. Each TP term typically introduces smoothing parameters for space and for
time. These indicate the degree of complexity and flexibility of the smooth functions
used to fit the model. The smoothing parameter determines the trade-off between
fidelity to the data (i.e. closely following the observed data points), and the smooth-
ness of the fitted function (i.e. avoiding overfitting or excessive ‘wiggliness’). In this
way the smoothing parameters govern how variable (‘wiggly’) the estimated function
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is, with smaller values indicating less penalization and a model that captures finer
detail, and larger values indicative of more smoothing and a model that ignores small-
scale variation. By examining model smoothing parameters, it is possible to determine
the nature of the structure found by the model. For example, a small temporal
smoothing parameter indicates that the model has determined strong temporal
dependence and has fitted a detailed time trend. Similarly, a small spatial smoothing
parameter indicates the model has found strong spatial dependence (fine-grained spa-
tial variation).

While this study’s GAM smoothing parameters provide an indication of data struc-
ture and are indicative of space-time dependencies in the response-to-predictor rela-
tionships, there is no direct way to estimate distances from smoothing parameter
values that are analogous to the measures of space-time heterogeneity in the
response-to-predictor variable relationships provided by the MGTWR bandwidths.
However, it is possible to estimate how far changes in the predictor variables propa-
gate (spatially and/or temporally) before smoothing causes them to decay - i.e. the
range of the effect. This can be done by varying each predictor while holding the
others constant and measuring the correlation decay of the response over a space-
time prediction grid. Effectively this uses the concept of decay or response change
over a distance, to approximate declining autocorrelation in an interpretable manner.

Estimating the spatial and temporal length scales from GAM smooths can be done
in the following way:

e Let the estimated smooth function be f(s,t), where s = (u,v) denotes spatial coor-
dinates and t denotes time.

o Let P={(s;t,f;)}', be a set of predicted values from a fitted GAM surface, eval-
uated on a regular grid.

e Define:
P = s -5 |
5};&mp0ral _ |ti _ tjl (7)
A = |fi = £

Amax = max A;
ivj
Given a threshold parameter 7 € (0, 1), the spatial and temporal length scales are
estimated as the average distance (in space or time) over which the smooth changes
by at least a proportion 7 of its maximum variation:

. 1 ial
Spatial Length Scale = N_Z 5;"3“3 T(Aj > TAmax)

P i ®)
Temporal Length Scale = Z 5,3.6”""”3' T(Aj > TAmax)

tmp

where I(-) is the indicator function and Ns,, Nimp are the number of spatial or tem-
poral pairs satisfying a threshold condition (here 0.5), respectively. Here Ny, and Nimp
denote the number of distinct point pairs for which the smooth difference exceeds
the threshold proportion tAma. They act as normalising constants so that the
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estimated length scales represent mean spatial or temporal distances among pairs
exhibiting substantial change.

These length scales provide a summary of the effective range of spatial and temporal struc-
tural variation in the smooth components of the fitted GAM. They estimate length scales using
the concept of autocorrelation decay or response change over a fixed distance, which is
approximate but interpretable. The smooth’s length scale is defined as the mean distance
required for the estimated smooth to change by some proportion of its total range. Specifying
this as 0.5 is analogous to the determination of practical ranges used by certain variogram
model functions in Geostatistics and provides a robust, scale-invariant summary of the spatial
(or temporal) rate of change that is not overly sensitive to local noise or extreme contrasts.

The approach is related to variograms, as both aim to quantify spatial or temporal
dependence and provide a measure of dependence length but they differ in the way
they are computed. A variogram quantifies the dependence of a variable by determining
the average squared difference in values as a function of the distance in space or time
between observations. Spatial smoothing by splines and by kriging are also strongly
related, where Hutchinson and Gessler (1994) demonstrate that kriging and TPRs achieve
comparable interpolation accuracy especially over larger at observations spacings. Both
approaches seek to generate smooth surfaces while minimizing prediction error but dif-
fer in how assumptions about spatial variability are incorporated (Dubrule 1984).

The approach taken here estimates how the smooth effects vary with space and
with time by examining differences in predicted smooth values over distances, with
the length scale the average distance between observations and where the difference
in the smooth effect exceeds a specified threshold (taken as a proportion of the max-
imum difference, in this case, 0.5). As such this approach is analogous to a variogram:
rather than computing empirical variance of the data directly, it computes the smooth
function’s gradient across space or time.

4, Results
4.1. Model performance

Model performance diagnostics arising from the GAMs and MGTWR models applied to
the 100 simulated datasets are summarised in Figure 4, where the best performing
model has a lower MAE, a lower RMSE and a higher R’. Examining each row in
Figure 4 indicates that:

MGTWR models are better at predicting the response variable y.

There is little difference between GAMs and MGTWR models at estimating f,.
GAMs are better at estimating f;.

GAMs are better at estimating f,.

GAMs are better at estimating fi;.

Overall, there are marginal differences in model performance resulting from the two
modelling frameworks. Of note are the better performance of the GAMs in estimating
the true coefficients (8, , and f;), and the better performance in the prediction of y by
the MGTWR models. In many situations, such bias-variance tradeoffs result in relatively
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Figure 4. Distributions of model diagnostics (MAE, RMSE and R?) for predicting the true response

y and estimating the true coefficients (8, f;, f,, f;,) for the 100 GAMs and 100 MGTWR models.

accurate coefficient estimation, but relatively poor model prediction, as is the case with
the GAMs here. This arises when a model has lower bias in coefficients but higher vari-
ance in predictions (Geman et al. 1992), resulting in better § identification but unstable
¥, such that small increases in prediction variance inflate diagnostics such as RMSE, MAE

and R?. Here, the superior recovery of the true coefficients by the GAMs indicates stron-

ger structural estimation of the data-generating process, whereas the better prediction

of true y by the MGTWR models indicates superior predictive accuracy.
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This outcome reflects the fact that coefficient recovery and predictive performance
are two different things. Coefficient recovery (i.e. how close the estimated coefficients
[)’1, [fz and ﬁ3 are to the true coefficients) relates to model estimation accuracy (i.e.
bias-variance and mean standard error of coefficients) while predictive performance
(i.e. how close y is to y) relates to model fit accuracy. Strong coefficient estimation
may result in poor predictions for the following reasons. The expected prediction error
decomposes into bias® + variance + noise, and thus it is possible for a model to esti-
mate coefficients accurately yet produce less stable or higher-variance predictions
(Geman et al. 1992). And, as prediction error necessarily includes irreducible stochastic
noise, minimising coefficient error does not minimise predictive loss (Hastie et al.
2009). This reflects the broader methodological separation of explanation (accurate
estimation of relationships) and prediction (accurate forecasting of observed out-
comes), which are intrinsically related but fundamentally different statistical goals
(Shmueli 2010). Consequently, the better approximation of the true coefficient surfaces
by the GAMs but poorer model fits is entirely consistent, particularly in finite samples.

4.2. Model form

The study’s GAM and MGTWR model construct different forms of space-time models.
For the GAM this is through the specification of space-time smooths while for MGTWR
this is through the space-time kernel specified (Gaussian) and its bandwidths (which
also controls model smoothing). Recall that for each of the 100 simulated datasets,
1080 GAMs were evaluated and the one with the lowest AIC was selected. Table 1
summarises the nature of the GAM smooths used for the 100 selected GAMs. This indi-
cates that the predictor variables x; and x, were always specified with combined
space-time TP smooths, suggesting strong space-time interactions, while x;3 was always
specified with separate space and time smooths. However, the results for the intercept
are more variable, with a parametric form specified in 52% of the GAMs as would be
expected, but with a relatively large number of spatial or temporal smooths also speci-
fied. This confirms that the space-time GAM should be specified as in Equation (6):
with a fixed parametric intercept to estimate f, coupled with combined and separate
space-time smooths for x;, x, and x3 to estimate f;, ff, and f55.

The adaptive MGTWR kernel bandwidths can be investigated in a similar way.
These indicate how many ‘nearby’ observations (in space-time) are included in each
local regression for the intercept and for each of the three predictor variables in turn.
They provide a measure of the space-time heterogeneity in each of the response-to-
predictor relationships in the simulated data. For reference, a global (stationary and

Table 1. Summary of the GAM smooths used for the GAMs selected for each of the 100 simu-
lated datasets.

Intercept X1 Xy X3
Omitted 0 0 0 0
Parametric response 52 0 0 0
Spatial smooth 16 0 0 0
Temporal smooth 20 0 0 0
Separate space and time smooths 3 0 0 100
Combined space-time smooth 9 100 100 0
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Table 2. Summaries of the MGTWR adaptive bandwidths for each predictor variable, across 100
simulated datasets.

Intercept Xq X2 X3

Min. 268.00 35 35 35

1st Q. 2123.75 58 73 36

Median 3355.00 63 73 41

3rd Q. 3372.00 83 83 43

Max 3372.00 94 87 83
Spatial Temporal

te(u,v,t):Intercept 4 ~|::|— — —

s(u,v):Intercept —] =

s(t):Intercept 4 —

<
S ] I
g e(u,v,t):x
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6 8 10 12 6 8 10 12
Distance

Figure 5. The distributions of the estimated GAM smooth spatial and temporal length ranges
across 100 simulated datasets.

fixed) relationship would include all observations (n=3375); and noting that a space-
time scaling factor of p = 1 was specified to define the relationship of time to space.

The estimated MGTWR bandwidths from the 100 MGTWR models are summarised
in Table 2. On average, the intercept is estimated as a global fixed model parameter
as might be expected, coupled with highly localised space-time relationships for each
of the predictors (x;, x and x3). The most localised relationship is for x3 (median
bandwidth of 41 nearest neighbours) while the least localised is for x, (median band-
width of 73 nearest neighbours).

4.3. Space-time dependencies in GAM smooths

The GAM smooth’s spatial and temporal length ranges for the 100 GAMs of the simu-
lated data are summarised in Figure 5. This reflects the heterogeneity of smooth form
in Table 1 and suggests that the space-time TP smooths for x;, x, and x3 have similar
spatial ranges (between 7 and 8 space-time units) but a wider range of temporal ones
(from 5.5 to 7.5 units). The separate space and time smooths for x3 behave similarly in
space and in time. Overall, this suggests similar spatial dependencies in each of the
response-to-predictor relationships but dissimilar temporal dependencies. The inter-
cept term is much more volatile, as expected.
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4.4. Varying coefficient estimates for a single simulation

So far only model summaries for the 100 simulated datasets have been presented.
Greater insight is possible by choosing a single simulation and investigating coefficient
estimation over space and time. Here, coefficient estimates were extracted from the
GAM and MGTWR model of the 54th simulated dataset to explore the differences in coef-
ficient surfaces over the 15 time periods. The best GAM for this dataset was one with a
stationary intercept, combined TP space-time smooths for x; and x,, and separate space
and time smooths for x3. The MGTWR model had space-time adaptive bandwidths of
3368, 63, 83 and 43 observations for the intercept, x1, x, and x3, respectively.

The estimated space-time coefficient surfaces for f8,, , and f; generated by the
GAM and MGTWR model are shown in Figures 6-8, with the values limited to the
range [0, 2]. Spatial and temporal differences between the estimated coefficients and
the true coefficients (f,, f, and f3;) for the GAM and MGTWR model are shown in the
Appendix to aid interpretation. In general, the GAM estimates surfaces that are closer
to the true surfaces than the MGTWR model, as might be expected from Figure 4, but
with some under-estimation of coefficients that are near zero. Several specific trends
are evident in the comparisons:

e For f, (Figure 6), there are clear differences between the GAM and MGTWR coeffi-
cient estimations. The GAM captures the smooth surfaces of the true coefficients in
Figure 1 well, whereas the MGTWR does this less reliably, with large underestima-
tions in times 2-5 and 14 and 15. The GAM differences are small and the MGTWR
differences are larger and more locally clustered (Figure A1).

e For f3, (Figure 7), there are strongly clustered under-estimations of the true coeffi-
cient surfaces by the MGTWR model. These follow the space-time pattern of the
Gaussian hotspot in the true surfaces (Figures 2 and A2), especially in times 2-7
and 14 and 15. There is less structure in the GAM differences, although greater
under-estimation of coefficients that are near zero.

e For f; (Figure 8), the MGTWR differences have similarities with the space-time dis-
tribution of the true surfaces (Figures 3 and A3) with large over-estimations in time
1 and large underestimations in time 15. The GAM differences are smaller and
more randomly distributed in relation to the true coefficient surfaces.

5. Empirical case study

The approach proposed in this study of determining the best GAM form for space-
time varying coefficient modelling can be illustrated with an empirical case study. The
stgam R package (Comber et al. 2026b) contains a dataset of a sample of 2000 obser-
vations of Normalised Difference Vegetation Index (NDVI) plus climate data for a small
area (approximately 200 km by 200km) of the Chaco dry rainforest in South America
(Figure 9). The monthly NDVI data are from the PKU GIMMS NDVI v1.2 dataset from
2012 to 2022 (Li et al. 2023), with mean monthly maximum temperature and precipita-
tion extracted from the TerraClimate dataset (IDAHO_EPSCOR/TERRACLIMATE)
(Figure 10).
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Figure 6. The GAM (top) and MGTWR (bottom) estimated true f3; coefficients.
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Figure 9. The location and context of the time series Chaco NDVI observations in Brazil, with a
small transparency term and an OpenStreetMap backdrop.

The study’s GAM approach and MGTWR were both used to fit the following space-
time varying coefficient model:

NDVI; = fo(ui Vi ti) + By (Ui, vi, ti)Xa,i + B (Ui Vi, t)Xa,i + & (9)

where (u;,v;) denote the spatial coordinates of observation i, t; represents the time of
observation (in months), f,(u; v, t;) are spatially and temporally varying intercepts
B1(ui,vi, t;) and By(uj,v;, t;) are the spatially and temporally varying coefficients associ-
ated with maximum temperature (x;,;) and precipitation (x;,;), respectively, and & ~
N (0,4?) is the random error term.

The GAM approach evaluated 180 potential models, with the two predictor varia-
bles specified in different ways in different space-time smooths, as described above. A
space-time distance matrix specified with p =1 was used to calibrate the MGTWR,
and it was again specified with adaptive Gaussian kernels whose bandwidths were
optimally found via AIC. The fit measures for the response (NDVI) of the two models
are summarised in Table 3 and in this case, the GAM approach generated a final
model with much lower prediction errors and AIC than MGTWR.

The top ranked GAM specified separate space and time smooths for the Intercept, a
spatial smooth for maximum temperature and a spatial smooth for precipitation. This
suggests that the size of the temporal effects is low and is effectively swept up in the
temporal smooth for the intercept. This perhaps is not surprising as the data covers
132 months, and whilst temporal (e.g. seasonal) variation might be present, it evidently
has a low effect. This is confirmed when the varying coefficient estimates are extracted
and the GAM smooth spatial and temporal length ranges are examined (Table 4).

The MGTWR varying coefficients are summarised in Table 5 together with the
optimised space-time bandwidths. Bandwidths were large for the intercept and
precipitation, and small for maximum temperature, suggesting a highly localised,
non-stationary relationship in space-time between maximum temperature and NDVI,
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Figure 10. The Chaco NDVI case study data with monthly observations summarised over each year.

Table 3. Fit measures of the GAM and MGTWR model.

R? RMSE MAE AIC
GAM 0.857 0.049 0.038 —5817.7
MGTWR 0.582 0.084 0.068 —4038.9

Table 4. The distributions of the GAM derived varying coefficient estimates, with smooth spatial
and temporal length ranges, for the Chaco case study data.

Intercept Maximum temperature Precipitation

Min. 0.64252 —0.02060 —0.00025
1st Qu. 0.92677 —0.01588 —0.00010
Median 1.02663 —0.01253 —0.00004
Mean 1.02734 —0.01264 —0.00004
3rd Qu. 1.13949 —0.00948 0.00001
Max. 1.32251 —0.00410 0.00017
Spatial length range 146.1 146.5 1353
Temporal length range 39.9 NA NA

and a global, stationary relationship between precipitation and NDVI. The intercept is
also global and stationary. These results are somewhat contradicted by the summaries
of the coefficient estimates which indicate only small variations over time and space
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Table 5. The distributions of the MGTWR derived varying coefficient estimates, with kernel band-
widths, for the Chaco case study data.

Intercept Maximum temperature Precipitation

Min. 1.52059 —0.03492 0.00050
1st Qu. 1.52080 —0.03157 0.00050
Median 1.52095 —0.03055 0.00050
Mean 1.52095 —0.03064 0.00050
3rd Qu. 1.52109 —0.02966 0.00051
Max. 1.52130 —0.02688 0.00051
Bandwidths 1997 42 1997

in the relationship between maximum temperature and NDVI. This suggests a conse-
qguence of over-fitting.

Without examining the spatial distributions of the coefficient estimates over time,
there are evident differences in the two models:

e The GAM is a more accurate predictor of NDVI than the MGTWR model across a
range of fit measures.

e The form of the GAM smooths suggests strong spatial interactions for NDVI predic-
tors coupled with weak temporal interactions, with only the intercept specified
with a temporal smooth. No combined space-time smooths, in which space and
time interact, were specified.

e The MGTWR bandwidths suggest relationships with NDVI that are stationary with
respect to time and space for the intercept and precipitation, and strongly nonsta-
tionary for maximum temperature.

e The coefficients estimated by the GAM indicate greater variation in the relation-
ships of all predictors with NDVI than those estimated by the MGTWR model.

As there is no temporal variation in the response-to-predictor relationships (as indi-
cated by the nature of GAM smooths in the final selected model, Table 4), it is possible
to focus only on the spatial dimension for the GAM’s varying coefficients. Here, the spa-
tial variation in the relationship of maximum temperature with NDVI for 2020 is shown
by mapping the corresponding coefficients over a gridded surface (Figure 11). The coeffi-
cients are mapped with their t-values, and in this case, coefficient estimates are high-
lighted where |t| > 1.96. Clearly most coefficients are significantly different from zero at
this 95% level. This use of t-values for coefficient significance is considered highly infor-
mal and exploratory, and is similarly true when used in any GWR-based model (e.g.
Comber et al. (2023a)) such as MGTWR (see discussion).

6. Discussion

This paper describes an approach for space-time varying coefficient modelling using a
GAM that specifies the model form that best captures the space-time dependencies in the
data’s relationships. It is a data driven approach to model selection rather than one based
on user perceptions of the data generating process. This is important as data are increas-
ingly from 3rd parties and of unknown provenance. Different GAM smooths are evaluated
using AIC to determine the best model form, where the resultant GAM is taken to best
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Figure 11. The GAM coefficient estimates for maximum temperature in 2020, with hexagon bor-
ders included for locations where the coefficient estimate is significant at the 95% level.

capture data relationships through its coefficient estimates. The paper demonstrates the
approach through simulated data with known coefficient space-time dependencies and an
empirical case study. In both, the GAM approach was compared with MGTWR and found to
out-perform MGTWR across a number of analytical aims and objectives.

In many applied studies of space-time GAMs, assumptions are made about the
presence and nature of the space-time interactions and dependencies in the data.
The typical workflow is to fit the most complex model that user believes best captures
the data generating process. In this study’s simulation experiment and empirical case
study, each GAM may well have been specified with TP smooths for each predictor
variable. In this context, an important extension in this paper is to explicitly examine
different smooth forms for each predictor variable. These provide insight into the
data’s space-time dependencies and support an important aim in modelling urban
and environmental systems: to understand the strength and nature of the interactions
between an outcome and different individual drivers, and critically how they vary over
space and / or time. The form of any space-time dependencies is usually unknown,
with uncertainty about whether they are present, and if so whether they are inde-
pendent of each other or whether they interact. Thus, a key consideration in this
study’s varying coefficient context is to determine the nature and strength of any
space-time interactions in the data and to specify the GAM appropriately.

There is a rich history of space-time varying coefficient modelling and different types of
models have been proposed. Unlike the GAM approach demonstrated in the study, most
make implicit assumptions about the presence and nature of the space-time relationships
present in the data; typically, assuming the same underlying model form for each response-
to-predictor relationship. This is the case for ESTF and GTWR models (Elhorst 2003, Di
Giacinto 2006, Griffith 2008, 2010, Huang et al. 2010, Patuelli et al. 2011, Chun 2014, Deng
et al. 2017, Murakami et al. 2017, 2024). Although for GTWR, some recourse to such
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assumptions is possible through MGTWR, where a different bandwidth is found for each rela-
tionship (Liu et al. 2017, Wu et al. 2019, Zhang et al. 2021, Yu and Fotheringham 2025).
Similar underlying assumptions similarly arise in alternative space-time varying coefficient
GAMs, such those proposed in Kim and Wang (2021), Salazar et al. (2021) and Feng (2022),
and also in methodologies that specify GP smooths (e.g. Dambon et al. (2021), Anderson
et al. (2025), Dambon et al. (2022), Comber et al. (2024a, 2024b)). Many space-time varying
coefficient models are a direct extension of a simpler spatially varying coefficient model
where a key challenge is how to define the space-time distance metric (and hence the use of
TPs, here).

The varying coefficient approach using GAM with smooths proposed in this study
makes no such assumptions about the presence and nature of any space-time
dependencies in the data relationships or the process being considered. Rather, it
constructs multiple models, each specifying different permutations of the response-to-
predictor relationship including in parametric form, in a spatial smooth, in a temporal
smooth, in separate space-time smooths and in combined space-time smooths. It then
identifies the ‘best’ model using AIC to rank them. This is the approach described in
the stgam R package (Comber et al. 2026b). Evaluating different model forms in this
way as part of the model specification process provides insight into how individual
factors or drivers have different space-time dependencies with the outcome.

The empirical case study might, a priori, have been expected to exhibit interacting
space-time effects due to its wide geographic extent and long time series. Whereas in a
more local study over a shorter time period, any space-time effects might be expected to
interact less strongly or be independent of each other, due to low variations over space
and time of the process drivers. Undertaking investigations of the most appropriate model
to specify allows interactions in the data relationships to be unpicked and supports deeper
understanding about the nature of the space-time process being considered. Such explicit
investigation of the space-time dependencies present in the data relationships avoids
making assumptions about their presence and nature, by, for example, simply fitting the
most complex model that the user believes is valid for the use-case and system. A key
objective in much geographic analysis is to explicitly investigate space-time dependencies.

This study’s approach to space-time varying coefficient modelling using GAMs is very
flexible, as demonstrated in recent related work (Klappstein et al. 2024). This study’s
approach extends GAMs with GP splines for spatially varying coefficient models (Comber
et al. 2024a) into the temporal domain, with enhancements that consider not just pre-
dictor inclusion but also the form of predictor inclusion. A further contribution is the esti-
mation of predictor-to-response variable relationship length ranges. These describe how
quickly the GAM smooth function changes across space or time with, for example, a small
spatial length range suggesting changes rapidly over small distances and a large temporal
length range that the effect is stable over time. They provide estimates of the distances (in
space or time) at which the smooth value changes by a threshold (here 50% of the max-
imum was used) and provide indications of the scale of the space-time dependencies in
the data and data relationships. These measures are analogous to kernel bandwidths
found in GWR and extensions, such as the MGTWR model employed here.

However there are some important considerations, that apply to any varying coeffi-
cient approach. First is the presence of structural discontinuities (for example, if the
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study area is divided by a large water body or national boundaries with different
social systems). In such cases estimating a coefficient surface might be inappropriate.
This applies to all methods for estimating spatially varying coefficients. Divisions can
be masked (e.g. Comber et al. (2011)) or discrete analyses undertaken (e.g. Gosal et al.
(2021)). Second, there is potential for identification errors to occur for intercepts that
lack spatial or temporal dependencies (for example in Table 1 and Figure 5. Further
work will investigate how the proposed approach infers the absence of such depend-
encies whether intercepts should always be specified with space-time dependencies in
space-time problems. Finally, the analyses assumed an absence of any temporal lag in
the response to predictor relationships. Some exploratory work has been undertaken
to automatically specify appropriate lags for each predictor variable within space-time
GAM smooths (Comber et al. 2025), which will be extended in the future.

Future work will continue in several areas, including the development of effect
length scale and effect size in more depth. Some of these have already been included
in stgam package updates. There are several approaches that could be used for the
same task, such as that found with for variogram model parameter estimation (Hiemstra
et al. 2009), where the variogram’s range parameter could be used. Future work will
also explore the impacts of some of the issues that have historically been problematic
for GWR-based approaches such as local collinearity, and coefficient significance with
inherent issues with multiple hypothesis testing. Finally, extrapolation and prediction
beyond the spatial extent of the input data using GAM smooths parameterised with
location can be difficult: unconstrained spline-based GAMs have been found to be unre-
liable for extrapolation beyond the observed data range. In models fitted with spline
bases (e.g. TPRSs), predictions outside the data domain are largely determined by the
penalty structure and the boundary behaviour of the basis functions rather than by the
data. Future work will also examine how extrapolation—particularly in space-time TP
smooths—can be interpreted as penalty-driven extensions (often approximately linear
or flat) rather than statistically validated forecasts.

7. Conclusions

This paper proposes a geographically and temporally focused approach to multiscale
varying coefficient modelling using GAMs to capture space-time interactions. It
extends recent work describing spatially varying coefficient approaches (Comber et al.
2024a) into the space-time dimension and explicitly tests for the presence and nature
of any space-time dependencies in order to inform model specification. This is done
by constructing and evaluating multiple GAMs, each with space-time interactions
defined in different ways for each predictor variable. Model evaluation was undertaken
by AIC, as this allowed each GAM to be ranked and the best one specified (by the
lowest AIC). The GAM approach was demonstrated through simulated data and an
empirical case study (data from the Chaco dry rainforest in South America). In both,
the GAM approach was compared with MGTWR and found to out-perform MGTWR
across several analytical aims and objectives. The analyses were undertaken using
tools in the stgam package (Comber et al. 2026b) and several areas of further work
and package extension were identified.
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Appendix A. Difference between estimated and true coefficients
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Figure A1. Difference between the GAM (top) and MGTWR (bottom) estimated coefficients and
the true f3; coefficients.
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Figure A2. Difference between the GAM (top) and MGTWR (bottom) estimated coefficients and

the true f3, coefficients.
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Figure A3. Difference between the GAM (top) and MGTWR (bottom) estimated coefficients and
the true f3; coefficients.
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