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Beyond Exact: Tight WCET Analysis of
GPU Kernels with Branch Divergence

Shuai Zhao', Chen Jie!, Yaowei Liang!, Mingyue Cui', Xiaotian Dai?, Nan Chen?
ISun Yat-Sen University, China. 2University of York, UK.

Abstract

The increasing adoption of GPUs in real-time systems necessitates
precise timing analysis for GPU thread blocks to ensure overall sys-
tem predictability. However, the uncertainties of branch executions
within GPU warps impose significant barriers for predicting the
worst-case execution time (WCET) of the thread block. Existing
WCET analysis for thread blocks typically assumes determinis-
tic warp execution paths, which is unrealistic given the dynamic
control flows of threads within the warps. Moreover, as the warp
scheduler operates as a black box, the analysis must rely on relaxed
scheduling assumptions, resulting in overly-pessimistic bounds in
order to cover edge scenarios. This paper first establishes the need
for static analysis by showing how branch divergence can trigger
timing anomalies and influence block WCETs. We then develop
an exact WCET analysis for a GPU thread block under the same
scheduling constraints as prior work while not imposing any warp
execution path assumptions. Furthermore, by enforcing a practi-
cal constraint on warp executions, we present a tighter analysis
that enhances system predictability. Experiments show that the
proposed analysis under warp execution constraints significantly
reduces the WCET estimations of GPU thread blocks (by 19.13% on
average and up to 39.39%).
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1 Introduction

The worst-case execution time (WCET) analysis is essential for
ensuring the temporal correctness of real-time systems [9, 29]. For
systems with CPUs, WCET analysis techniques are relatively ma-
ture [17, 21, 31, 32]. However, with the growing demand for artificial
intelligence, graphics processing units (GPUs) are increasingly inte-
grated into embedded and real-time systems [5, 6, 15]. Unlike CPUs,
GPUs adopt the single-instruction multiple-thread (SIMT) execu-
tion model, where threads are grouped into warps that execute
the same instruction in lockstep [8]. This fundamental difference
renders CPU WCET analysis methods inapplicable to GPUs.
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(a) CFG
Figure 1: Illustration of branch divergence under basic blocks
in a CFG. In (a), d is a condition variable, where B; is executed
if d < 12 and B3 if d > 12. The execution time of every basic
block is 1. In (b), all threads follow d < 12, resulting in the
execution path By — By — By, with a warp execution time
of 3. In (c), branch divergence occurs, with some threads
executing By and others executing B3, leading to the path
B; — By — B3 — By with a warp execution time of 4.

(b) without divergence  (c) with divergence

In the SIMT model, threads in a warp can take different paths,
resulting in varying execution time of the warp. This occurs be-
cause when they encounter a conditional branch, the executions of
the taken paths are serialized due to lockstep, causing their execu-
tion times to be accumulated and effectively extending the warp’s
overall execution path. This phenomenon is known as branch diver-
gence [8], as illustrated in Fig. 1. Since the branch decisions for each
thread cannot always be statically determined, branch divergence
is conservatively handled by merging all possible branches into the
warp execution path [14]. However, even if all warps are modeled
by their worst-case execution paths, simulating these warps to ob-
tain the overall WCET of a thread block remains infeasible, as their
contention over shared resources (e.g., pipelines and functional
units) may prevent the worst-case scenario from occurring [24].
In practice, warps that take shorter paths may alter the order in
which warps access shared resources, potentially introducing timing
anomalies that prolong the completion time of the thread block [24]
(see Sec. 3), thus emphasizing the necessity for static analysis that
bounds the WCET among all possible warp execution paths.

Existing GPU WCET analysis for a thread block [13] avoids the
branch divergence by assuming a specific execution path for each
warp. However, this assumption is impractical, as it requires precise
knowledge of per-thread branch conditions to determine warp-level
control flow. In addition, due to the proprietary nature of GPU
architectures, the warp scheduling mechanism remains opaque,
introducing uncertainty in warp execution. To ensure correctness,
existing analysis [13] relies on overly-relaxed scheduling assump-
tions (e.g., work-conserving only) and considers the worst case over
all possible warp execution orders. This can lead to pessimistic or
even impractical results. Thus, addressing the uncertainties from
branch divergence while delivering tight bounds is particularly
challenging for the WCET analysis of GPU thread blocks.

Contribution. This paper first addresses the importance of
static analysis by providing an in-depth analysis of timing anom-
alies caused by branch divergence, identifying the conditions under
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Figure 2: Construction of instruction and warp model.

which they occur and their impact on WCETs. Building on this,
we propose an exact WCET analysis of GPU thread block under
the same scheduling constraint as the existing work [13], while
not imposing any assumptions of the warp execution paths. More
importantly, we demonstrate that by enforcing a practically imple-
mentable constraint on the warp execution order, a much tighter
WCET analysis can be constructed, which can improve the system
predictability. Experimental results show that compared to the exact
analysis for any work-conserving schedule, the analysis with addi-
tional warp execution constraints reduces the WCET estimations
by 19.13% on average (up to 39.39%) for both synthetic workloads
and the Rodinia benchmark suite [2].

2 Preliminaries

As with [13], we analyze a GPU kernel executed by a thread block
consisting of M warps, which are scheduled under a work-conserving
scheme on a single sub-core. Since warps do not migrate across
sub-cores during kernel execution, the proposed analysis can be ef-
fectively extended to multiple sub-cores [13]. Finer-grained timing
analysis for multiple blocks is postponed to future work.

A sub-core in a stream multiprocessor consists of multiple func-
tional units (FUs) for executing the instruction-level operations,
e.g., the Floating-Point Units and Special Function Units. When an
instruction accesses an FU, it exclusively occupies it for execution,
during which other instructions attempting to access the same FU
are blocked. We refer to such an FU as a resource, denoted by r¥.
Notation R denotes the set of resources in a sub-core.

A GPU kernel function can be represented as a Control Flow
Graph (CFG) that is constructed by the compiler, e.g., LLVM [18].
For loop structures, we assume that the loop bounds are specified
by static analysis [25, 27, 28] or the engineers. As for branches,
when threads within a warp take different control paths, the warp
is assumed to execute these branches serially, as shown in Fig. 1(c).
Thus, each warp follows a control path consisting of a sequence of
basic blocks, as illustrated at the top of Fig. 2.

Following the approach in [13], Sec. 2.1 first models the behavior
of the instructions in a basic block. Based on the instruction model,
we abstract the execution sequence of a warp executing the instruc-
tions in one basic block, and further model the kernel execution
for a sequence of basic blocks (Sec. 2.2). These models serve as
the foundation for the proposed analysis. Finally, we introduce the
motivation of this paper (Sec. 2.3).

2.1 Instruction Model

As with [13], for the instructions in a basic block (executed by
threads in a warp in lockstep), an instruction model can be con-
structed according to the GPU pipeline (see Fig. 2). Each instruction
ij in a basic block performs an operation defined by its operator and
operands. The operator defines the computation, while the operands
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Figure 3: Three possible execution scenarios in which each
of the three warps follows a path 1,, € A under a work-
conserving scheduling scheme.

represent the registers or memory locations accessed. For example,

in the instruction sin.approx.f32 reg_out, reg_in, the oper-

ator computes an approximate sine of the value in reg_in using

Special Function Unit (SFU), and stores the result into reg_out.

For two instructions i, and ip, (with a # ), i; depends iy, if any
operand of i, requires the result produced by ij. Such dependen-
cies define the partial order of instruction issues within the same
warp, which can be obtained via static analysis. During execution,
additional timing parameters are introduced to describe the be-
havior of instructions. The time point at which i; is sent by the
warp scheduler is referred to as the issue time, denoted as i;.issue,
while the time point at which i; begins execution on its required
resource is referred to as the start time, denoted as ij.start. Follow-
ing prior studies [1, 3, 13], we assume that at most one instruction
can be issued per cycle, and memory-related contention is excluded
from consideration. As with [13], the execution characteristics of
instructions are described as follows.

I-C1. The instructions are issued in program order and start once
the required resources become available, which then executes
to completion without further stalls.

I-C2. When an instruction occupies a resource, no other instruction
requiring the same resource can start.

I-C3. An instruction ij may be issued only after the completion of
all instructions on which it depends.

Based on the characteristics, i;.issue and i;.start are governed
by the following rules. (i) Since instructions are issued in program
order, ij.issue < ij+1.issue for all instructions (by I-C1). (ii) For an
instruction i; requiring resource rk 7 will access ¥ for a duration
starting from i;.start, during which no other instruction requiring
rk can start (by I-C2). (iii) i; will continue executing for a duration
after i j.start and then complete. Moreover, ij cannot be issued
until all instructions on which i; depends have completed (by I-C3).
These rules determine the execution of instructions in a warp.

ExaMmPLE 1. The instruction model in Fig. 2 illustrates the ex-
ecution of five instructions in a basic block, where iy, iy, and i5
require !, while i3 and iy require r2, and iy depends on i3. For
all instructions, we assume that the resource access time and ex-
ecution time are 3 and 5, respectively. At time 0, i; starts with
ij.issue = ij.start = 0. Then, i; occupies r! until time 3 and com-
pletes at time 5. For iz, we have ip.issue = 1 (i.e., single-issue), but it
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must wait until r! is released so that ip.start = 3; it then occupies r!

until time 6 and completes at time 8. Similarly, we have is.issue =
i3.start = 2, which occupies r? until time 5 and completes at time 7.
For i4, since iy depends on i3, we have i4.issue = ig.start = 7 (i.e.,
after i3 completes). It occupies r? until time 10 and completes at
time 12. Finally, is.issue = is.start = 8, where is occupies r1 until
time 11 and completes at time 13.

2.2 Warp Model

Based on the instruction model, the execution of a warp can be
abstracted as a sequence of alternating critical and non-critical sec-
tions following the method in [13]. An interval is a critical section
if any resource in R is exclusively occupied by a thread in the warp,
whereas a non-critical section is an interval at which no resource in
R is occupied by any thread. This abstraction yields the warp model
illustrated in Fig. 2. Although this abstraction may overestimate
execution time when multiple warps execute concurrently, it does
not affect the analysis discussed in Sec. 3 and 4.

For a warp (denoted as wy,), let Z::,h and z, , denote its h-th
critical and non-critical sections, respectively. For the instructions
in Fig. 2, two critical sections (i.e., z] ; = [0,6), 2] , = [7,11)) and two
non-critical sections (i.e., z1,1 = [6, 75,21,2 = (11, ’13)) are constructed,
as shown in the warp model of the figure.

In addition, as discussed in Sec. 1, a warp may follow different ex-
ecution paths due to branch divergence. To describe these paths for-
mally, let A, denote a path represented by a sequence of alternating
sections z;l ,, and z, p, and let A denote the set of all possible paths
that a warp may take. Notations Z/’{m and Z;  denote the critical and
non-critical sections in a path A, respectively (e.g., A = {11, A2},
Z/*11 ={[0,2),[7,9),[13,15)} and Z/’{Z = {[0,2), [4,6), [8,10)} in Fig. 3).

Next, we describe the concurrent execution scenarios of warps.
A scenario Sx represents a concrete execution trace of M warps,
where each warp follows a specific path A,;; € A. In a scenario Sy, its
WCET Ry is defined as the response time of the warp that finishes
last. For example, Fig. 3 illustrates three execution scenarios for the
case M = 3. In 51, the response times of wi, wy, and ws are 15, 17,
and 19, respectively; thus, we have Ry = 19.

2.3 Motivation

The existing analysis [13] derives an upper bound on the WCET of a
thread block by calculating the worst-case finish time for each warp
and taking the maximum value. For a warp wy,, its worst-case finish
time is computed as the sum of its critical and non-critical sections,
plus the critical sections of other warps within the block as inter-
ference. However, this bound is derived based on an impractical
assumption that the execution path of each warp must be known
a priori, while suffering from significant pessimism due to overly-
relaxed assumptions (see Sec. 1). To address this, Sec. 3 presents
an exact WCET analysis for thread blocks by considering all pos-
sible warp execution scenarios under branch divergence. Then,
Sec. 4 demonstrates that a tighter upper bound can be achieved by
enforcing a practically realizable constraint on warp execution.

3 Constructing the Exact Bound

This section first describes the timing anomalies induced by branch
divergence, which necessitates the static analysis. It then presents
an exact WCET analysis for GPU thread blocks under the same
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scheduling constraints as prior work, without assumptions of spe-
cific warp execution paths.

3.1 WCET Bound without Deterministic Paths

For a scenario Sy, branch divergence may occur during the execu-
tion of the warps, which can cause some warps to follow a path
that is shorter than the longest path AT. However, this may cause a
timing anomaly [24] if its overall WCET exceeds that of the scenario
where all warps follow the AT. We define a scenario as ST if all w,,
follow the longest path AT and denote the WCET of ST as RT. In
Sy, if Ry exceeds R, then a timing anomaly is said to occur in Sy.
As illustrated in Fig. 3, Af = A, st = S1 and R =19 However, Sy
and S3 yield R = 20 > R and R3 = 27 > R, respectively. Hence,
timing anomalies occur in both Sz and Ss.

To cover the impact of timing anomalies, providing a static anal-
ysis of the overall WCET across all scenarios is necessary. For
convenience, we define the global non-critical section (denoted as
z,) as the interval in Sy during which all unfinished warps are
concurrently executing their non-critical sections. The sets of all
Z;;,h and z,’ in Sx are denoted by Z;x and zs respectively. By
definition, Z, ;x and Z ;x are mutually exclusive within Sy. For exam-
ple, As illustrated in Fig. 3, Z§1 ={[0,6),[7,19)} and Z;l ={[6,7)}
, which yields Z§1 N Z;l = @. Let function C(-) denote the total
duration of the given intervals. We can obtain the WCET under
any scenario through the total durations of its critical sections and
global non-critical sections, as shown in Lemma 1.

LEmMMA 1. For any scenario Sy, the Ry equals the sum of the total
duration of its critical sections and global non-critical sections, i.e.,
Re = C(Z% )+ C(Z3).

Proor. For a Sy, since Z; and Z; are mutually exclusive, and
for any time point t € [0, Ry), either ¢ € Z; ort e Z;‘ , it follows
that Ry = C(Z5 ) + C(Z3) ). O

As an example of Lemma 1, consider Fig. 3, where C(Zs*l) =18,
C(Z;‘l) =1,and Ry = C(Z;l) + C(Z;l) = 19. Since A" represents
the longest path, it follows that C(Z/"{T) > C(Z:{m) for any A, € A,
which leads to C(Z7,) > C(Z5 ) for any scenario Sx. Thus, based
on Lemma 1, if a timing anomaly occurs in Sy (i.e, Ry > RT), it
must be due to C(Z¢ ) > C(Z;). For example, in Fig. 3, C(Z;‘T) =1,
C(Z§2) =2,and C(Z§3) =9, which lead to Ry > R" and R > R.

To handle such anomalies, an upper bound on C(Z' ) must be
determined for each scenario Sy. Let Z:f> and Z,,- denote the sets
of all critical and non-critical sections of the last warp completed
within Sy, respectively. Lemma 2 shows that the total non-critical
duration of the last completed warp in Sx provides a bound on
the duration of the global non-critical sections of Sy. The proof of
exactness is presented in Sec. 3.2.

LEMMA 2. For any scenario Sx, the duration of its global non-
critical sections is bounded by the total non-critical duration of the
last completed warp, i.e, C(Zg ) < C(Zyye).

Proor. IfC(Z] ) > C(Z,,°), then there exists an interval z € Z
such that z C [0,Ry),z € Z,,c,and z & Z:}o. Therefore, for any
time point ¢ € z, either w® is blocked by another warp executing its
critical section, or w has already completed. Since Zg and Zg _are
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mutually exclusive, we have z ¢ Z, ;x. Thus, at time point ¢, no warp
is executing in the critical section, implying that w® has already
completed. Furthermore, since the response time of w® equals Ry,
this contradicts the fact that z C [0, Ry). O

As an example of Lemma 2, consider Fig. 3. For Sy, C(Z;‘l) =1<
C(Z\y) = 9; for Sa, C(Z;‘z) =2 < C(Z,»°) = 9; and the same holds
for S3. However, the exact scheduling order of warps is generally
unpredictable, making it difficult to determine which warp will
complete the last. Since each warp in any scenario Sy follows a
path selected from A, max,, <5 C(Z,,,) provides an upper bound
for C(Z;X) in all scenarios. Similarly, for a scenario in which M
warps execute concurrently, the upper bound for C(Z;X) is derived

asmaxy, ea C(Z/.’{ )X M. Thus, the WCET R for any scenario under
work-conserving scheduling can be formally expressed as Eq. 1.

R = max C(Z* Y)x M + max C(Z 1
Jmax ;) Jmax Z3,,) (1)

In practice, the number of paths in the set A is often extremely
large, making exhaustive traversal infeasible. However, since the
longest path A7 corresponds to serial execution of all branches,
we have C(Z},) > C(Z} ) and C(Z)+) > C(Z,,,) for any A € A.
Consequently, Eq. 1 is transformed into Eq. 2. For example, in
Fig.3, M =3, A" = A, C(Z;,) = 6 and C(Zys) = 9, which lead to
R=6x3+9=27.

R=C(Z;) x M+ C(Zy1) )

The above analysis neither relies on a fixed static path for each
warp nor requires enumerating all paths in A, thereby deriving
an efficient bound across diverse scenarios, as expressed in Eq. 2.
Unlike existing analyses [13], our approach explicitly considers
all possible execution paths that may arise from divergence and
identifies the scenario that produces the worst-case timing behavior
of the thread block. Once this scenario is determined, the remaining
timing evaluation can proceed in a manner similar to [13], but now
grounded in the scenario that indeed produces the worst case.

3.2 Exactness of the Bound

We now prove the exactness of the constructed analysis under
any work-conversing schedule, i.e., the only scheduling constraint
adopted in [13]. As described in [12, 16], a timing bound is exact
if there always exists an execution scenario such that its WCET
equals the derived bound. Theorem 1 describes the exactness of R
under any work-conserving schedule.

THEOREM 1. Under work-conserving scheduling constraints, there

always exists a scenario Sy such that Ry = R.

Proor. Consider a scenario Sy with M warps. When M = 1,
Ry = R holds trivially. For M > 2, since each warp may follow a
path shorter than A7 due to branch divergence, we construct the
execution paths of M warps satisfying the following conditions:
(i) one warp executes AT; (ii) each of the remaining M — 1 warps
executes a path A, such that C(Z/’{m) = C(Z/’{T); and (iii) these
M — 1 warps can form a scenario Sy where C(Z;O) = 0. Since the
schedule is constrained only by work-conserving behavior, we can
construct a scenario Sy in which the M — 1 warps execute according
to Sp, causing the warp executing A' to remain blocked without
violating work-conserving constraints. The duration of this phase
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der any work-conserving scheduling. a topological order of warps.

Figure 4: Two scheduling constraints represented by graph
models. (The blue and white nodes represent critical and non-
critical sections, with execution times of 1 and 2, respectively.
The edges denote the dependencies of nodes. The red path in
(b) indicates the longest path of the DAG.)

is C(Z;) X (M — 1). After the other warps complete, the warp
executing AT executes with a duration of C(Z;T) + C(Z;+). Hence,

Re = C(Z3) X M+ C(Zy1) = R o

For example, the scenario S3 in Fig. 3 illustrates the case where
Ry = Runder work-conserving scheduling constraints. As shown in
the figure, w3 executes A¥, C(ZZZ) = C(Z;‘U), and the interval [0, 12)
contains no global non-critical section. Consequently, w3 can start
execution only after wi and wy complete, resulting in R3 = 27 = R.

Under a work-conserving scheduler, critical sections may exe-
cute in many different orders as long as mutual exclusion is main-
tained. Some of these valid orders are significantly worse than oth-
ers, requiring the analysis to account for the worst-case scenario.
As a result, although being exact in theory, the bound presented
in Eq. 2 remains conservative in practice. However, by introduc-
ing constraints that restrict the admissible execution orders of the
warps, the number of possible execution scenarios (along with the
corner cases) can be effectively reduced, thereby leading to a tighter
and more realistic bound (see Sec. 4).

4 Constructing the Tighter Bound

As discussed in Sec. 3.2, the bound presented in Eq. 2 is conserva-
tive due to the overly-relaxed scheduling assumption (i.e., work-
conserving only). To further tightening the bound, we model the
scheduling constraints that restrict the admissible execution or-
ders of critical sections, hencing making execution of warps more
predictable (Sec. 4.1). With the execution constraints introduced,
we show that a tighter analysis can be constructed following the
enforced execution order of the warps (Sec. 4.2).

4.1 Graph Model with Scheduling Constraints

We first construct a graph model to describe the execution character-
istics of the work-conserving scheduling constraint more concretely.
In this model, the nodes represent the critical and non-critical sec-
tions of the M warps executing AT, Specifically, directed edges be-
tween nodes indicate that the source node must be executed before
the target node, while bidirectional edges indicate that either node
can be executed first. Thus, the edges represent the execution order
between warps. This graph model is denoted as G(V, E), where V
and E represent the sets of nodes and edges, respectively.
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The scheduling constraints in the existing analysis [13] are repre-
sented as the graph G(V, E), which allows warps to follow any sched-
uling policy under a work-conserving scheduler. Hence, G(V, E)
can be effectively constructed by adding the following edges to
the critical and non-critical nodes of the warps in two steps: (i)
a directed edge between every two adjacent critical section zZ’ h
and non-critical z,, j of each warp wy, representing the predefined
execution order within a warp; (ii) a bidirectional edge between

every two critical sections 2} , and z7, ,, of different warps (i.e,

u’ b
u # u’), indicating their mutual exclusion during execution.

ExampLE 2. Fig. 4(a) illustrates the graph G(V, E) built from three
warps, each consisting of five nodes arranged in a 3 X 5 matrix. Each
warp executes two critical sections and three non-critical sections,
with directed edges connecting adjacent nodes within the same
warp to preserve the intra-warp execution order. For the critical
sections of those warps, bidirectional edges are added to connect
every pair of critical sections across different warps, indicating that
no fixed execution order is imposed between them.

In G(V, E), the large number of bidirectional edges permits many
possible execution orders among warps, leading to a pessimistic
upper bound derived from G(V, E). Therefore, to restrict the admis-
sible execution orders, we enforce a specific topological order for
the critical nodes across different warps. This effectively transforms
G(V,E) into a directed acyclic graph (DAG) by converting the bidi-
rectional edges into directed edges while removing redundant ones.
Before presenting the approach for realizing such a constraint, we
first provide an example that illustrates the transformation process
and highlights its advantages.

ExampLE 3. Fig. 4(b) illustrates the same warps as in Fig. 4(a) that
follows a specific topological order. In particular, the bidirectional
edges are replaced with directed ones as follows: (i) For every two
adjacent critical sections in each column, a directed edge is added
from the critical section with a smaller warp index to the one with
the larger index. (ii) For critical sections in different columns, a
directed edge is added from the last critical section in the earlier
column to the first one in the later column. By doing so, a DAG
is constructed from the warps in Fig. 4(a) that enforces a specific
execution order for the critical sections. Compared to the graph in
Fig. 4(a), the bound on the worst-case makespan of the DAG (i.e.,
the block WCET) is reduced by 16.7% (from 12 in Fig. 4(a) to 10 in
Fig. 4(b) as shown by the example).

We now present the rules that transfer a given graph G(V, E)
into a DAG, represented as G(V, Eqag). Specifically, for every bidi-
rectional edge between two critical sections in G(V, E) (say zl*l h and

ZZ’, w)» it is replaced according to the following rules:

Rule 1. If h = W with u < u’/, the bidirectional edge becomes a
directed edge connected from Z;,h to z;:,’ W

Rule 2. If h < K, the bidirectional edge becomes a directed edge
connected from ZZ, , to 21*4', b with u > u’.

With the Rules 1 and 2 applied for every two critical sections in
G(V, E), the DAG G(V, Edag) is constructed, enforcing a topological
sorting of all the sections. During execution, the topological order
specifies the order of the critical sections accessing the resources.
This significantly limits possible execution scenarios (especially

corner cases), thereby leading to a tighter bound.
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In real-world GPU applications, schedulers may not always sup-
port policies that enforce such topological constraints. In such
cases, the constraints on critical sections can be realized through
code modifications or compiler instrumentation [20]. Specifically,
semaphores can be applied to specify the order of critical sections
in the same column (i.e., Rule 1) [1], while synchronization can be
employed to enforce the execution order across the columns (i.e.,
Rule 2) [4]. Similar approaches have been explored in [11, 19, 23]
for GPU timing analysis or investigating new scheduling strategies.
Although these mechanisms may introduce additional overhead,
they preserve a key characteristic for the systems, i.e., enhanced
predictability with tighter bounds. In addition, we note that further
optimizations are possible and will be investigated in future work.

4.2 WCET Bound based on DAG

We now present the analysis for the worst-case makespan for the
constructed DAG G(V, Eg,g), which has been investigated in many
prior works [7, 10, 33]. However, in our context, the maximum
parallelism of the DAG at any time point is effectively bounded by
the number of warps M, i.e., when they are all executing a non-
critical section. In addition, since the M warps can be executed in
parallel in a sub-core, the finish time of every node is determined
solely by the finish time of its predecessors and the execution
time of itself, without incurring any interference from the parallel
nodes [10, 33]. Under this case, the makespan R for the DAG under
any scenario is effectively bounded by the longest path of the DAG,
i.e., the path with the maximum accumulated execution time [33].

Following the above, let V' denote the set of all critical and non-
critical sections in the longest path of G(V, Eqag), Eq. 3 presents the
bound of the WCET for a thread block with the topological order
imposed on its warps.

R= 3 C) ®)
veV

With Eq. 3, a tighter analysis is constructed compared to the
one introduced in the previous section (see Sec. 5 for results). We
note that as discussed in [33], this analysis is sustainable, i.e., nodes
executing less than their execution times would not result in a
makespan higher than R. This justifies that under any execution
scenario Sy of a block with the topological order enforced, the
WCET is effectively bounded by R. In addition, for any scheduling
policy that follows a topological order among warp executions, a
tight upper bound can be derived using a similar approach.

Finally, it is worth noting that our primary focus is to improve
system predictability through static analysis. The execution con-
straints introduced in Sec. 4.1 are thereby examined analytically for
deriving a tighter WCET bound. The implementation and the re-
sulting performance are beyond the scope of this paper. Instead, our
contribution lies in highlighting the theoretical benefits of the intro-
duced constraints within timing analysis, leading to a predictable
GPU system that is suitable for safety-critical domains.

5 Evaluation

This section evaluates the timing bounds R and R developed in
Sec. 3 and Sec. 4, respectively. For a kernel, we evaluate Rand R by
the metric (R - ﬁ)/ﬁ (i.e., the tightness ofﬁcompared to R). We first
conduct evaluations of the analysis using synthetic thread blocks
(Sec. 5.1) under the following parameters: the number of warps (M),
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Figure 5: Comparison between R and R with varied M, N, and c-ratio.

the number of nodes in A7 (denoted as N), and the ratio of the total
duration of all critical sections to the overall execution time of AT
(referred to as the c-ratio). Then, we obtain the hardware parameters
of NVIDIA Quadro K620 following the method in [28], and conduct
comparisons on 22 kernels from the Rodinia benchmark suite [2],
demonstrating the practical effectiveness of our approach (Sec. 5.2).

5.1 Comparisons under Synthesized Workload

Experimental setup. We developed a lightweight simulator to
generate synthetic thread blocks for evaluation. A thread block is
constructed by generating a path A", as described below. The first
node in At is randomly assigned as either critical or non-critical.
Then, the number of critical and non-critical sections is determined
accordingly based on the total number of nodes N. The overall
execution time of AT is fixed at 1000. The average execution time of
critical and non-critical sections is calculated based on both a given
c-ratio and the number of critical and non-critical sections. The
duration of each critical or non-critical section is randomly selected
between 0 and the corresponding average duration while maintain-
ing the c-ratio. With A%, M warps are generated for constructing
the thread block. For each configuration, 1000 thread blocks are
generated and analyzed, with the average of (R — R)/R reported.

Results. As illustrated in Fig. 5(a), for fixed M and N, the difference
between Rand R in general decreases as the c-ratio increases. This is
because with a lower c-ratio (i.e., with longer non-critical sections),
the bound R achieves tighter results by effectively capturing the
parallelism between the non-critical sections. This observation is
more obvious with a higher number of warps M, where the bound
R provides the tightest results when the c-ratio is close to 0. In
Fig. 5(b), the difference between Rand R initially increases rapidly
with the increase of M, but then gradually decreases. This trend
occurs because when c-ratio = 10%, a large M also increases the
portion of critical sections that undermines the parallelism of the
warps, thereby reducing the difference between Rand R. As shown
in Fig. 5(c) with c-ratio = 5%, the difference between RandR grows
steadily with the increase of N. This observation confirms that the
bound R is significantly tighter than R when the c-ratio is relatively
small, even if the number of critical sections increases in each warp.

5.2 Comparisons under Benchmarks

Experimental setup. As with [28], to evaluate the Rodinia bench-
mark suite, we use a Quadro K620 GPU with the Maxwell GM107
architecture, operating at a clock frequency of 1072 MHz. The arith-
metic and memory latencies (i.e., execution time of a critical and
non-critical section) are measured using micro-benchmarks [22, 26,
30]. Following the method in [28], we calculate the number of warps
of a block based on both hardware constraints and the program

Table 1: Comparison of R and R for different kernels.

Kernel c-ratio (%) R (s) R (s) comparison (%)
findK 3.78 11.50 8.68 24.52
findRangeK 3.33 21.00 14.99 28.62
bpnn_adjust_weights_ocl  3.41 0.33 0.24 27.27
bpnn_layerforward_ocl 3.09 0.16 0.14 12.50
BFS_1 4.63 7.80 6.39 18.08
BFS_2 5.19 0.82 0.72 12.20
compute_flux 13.73 2.74 2.44 10.95
compute_step_factor 14.20 0.18 0.17 5.56
initialize_variables 8.58 0.16 0.13 18.75
time_step 25.70 0.35 0.33 5.71
Fan1 6.62  4.45x107% 3.77 x 1073 15.28
Fan2 8.63 17.24 14.07 18.39
kmeans_kernel_c 8.26 1.63 1.59 2.45
kmeans_swap 7.01 0.32 0.22 31.25
lud_diagonal 9.01 331.10 263.60 20.39
lud_internal 7.83 14.68 11.72 20.16
lud_perimeter 8.09 446.50 342.90 23.20
NearestNeighbor 4.24 0.61 0.44 27.87
nw_kernell 6.69 0.94 0.74 21.28
findIndexSeq 6.82 21.20 15.05 29.01
particle_kernel 4.59 129.20 78.31 39.39
dynproc_kernel 3.68 5.52 5.08 7.97
average 7.60 - - 19.13

configurations, where each kernel is executed by a single block on
a sub-core. We process the kernel source code following Sec. 2, and
perform both analysis to obtain both R and R, respectively.
Results. As shown in Tab. 1, the c-ratio for most kernels ranges
from 3% to 15%, with an average of 7.6%, indicating that the ratio
of critical sections is relatively small for most real-world kernels.
This further justifies the effectiveness of the bound ﬁ as it provides
substantially tighter results with a small c-ratio. For each kernel,
the bound R derived in Sec. 4 is consistently tighter than R derived
in Sec. 3, i.e, by 19.13% on average and up to 39.39%. This again
demonstrates the effectiveness of the analysis proposed in Sec. 4.

6 Conclusion

This paper presents a comprehensive study of the WCET analysis
for GPU thread blocks. We first describe the need for an analysis that
covers various warp execution scenarios by highlighting potential
timing anomalies due to branch divergence. Then, an exact WCET
analysis is proposed following the same scheduling assumptions of
the existing analysis, while not imposing any warp execution path
assumptions. Furthermore, we show that by enforcing a practical
warp scheduling constraint, a tighter bound can be established that
enhances system predictability. Experiments show that the analysis
with additional scheduling constraints significantly tightens the
WCET of thread blocks.
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