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elliptic equation with fractional-order boundary conditions

Abdallah Bradji' and Daniel Lesnic**

YLMA Laboratory, Faculty of Sciences, Badji Mokhtar-Annaba University, Annaba 23000, Al-
geria
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Abstract. The main objective of this work is to investigate the possibility of developing
alternating algorithms that preserve the governing fractional differential equation when ap-
plied to solving associated Cauchy problems. To this end, we consider an ill-posed Cauchy
problem associated to a fractional partial differential equation with fractional-order boundary
conditions. We suggest an alternating algorithm inspired by the one of [14] developed for
the classical Cauchy problem for the elliptic Laplace’s equation. Such algorithm involves two
types of problems whose stabilities are proved rigorously by two methods. The first method
consists of the establishment of weak formulations for these problems and subsequently the
stability can be obtained through the coercivity and continuity of the associated bilinear and
linear forms, respectively. The second method is based on the use of the method of separa-
tion of variables. Subsequently, we develop several new inequalities based, essentially, on the
asymptotic behaviour of Mittag-Leffler functions, to control the solutions in L?(H}). Some
numerical simulations are presented to support the main key inequalities involved in our anal-
ysis. The convergence of the sequence of solutions of the alternating algorithm towards the

solution of the ill-posed Cauchy problem is proved to hold in the L*(H{)-seminorm.

Keywords: fractional differential equations; alternating iterative algorithm; Cauchy prob-

lems; convergence; stability; asymptotic behaviour of Mittag-Leffler functions.

1. INTRODUCTION TO THE PROBLEM, RELATED LITERATURE AND DESCRIPTION OF MAIN
RESULTS

The non-local character of fractional partial differential equations (PDEs) offers additional
mathematical modelling options to many applications in viscoelasticity [12], geo-hydrology
[2] and viral epidemics [5], to mention only a few. The objective of this paper is to devise
and analyse iterative alternating algorithms for solving the fractional PDE: P%u + Au = 0
(posed in Q7 := Q x (0,T) C R, where P2 is the conservative Caputo operator D (83_6>
of order 2 — 8 € (1,2) and D = J; denotes the usual first-order derivative with respect to

the ¢ variable [24], with given Dirichlet and Neumann data (Cauchy data) at ¢ = 0 and a
1
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homogenous Dirichlet boundary condition on 92 x (0,7"). It is worth mentioning that the

word alternating comes from alternating the Dirichlet and Neumann data at each iteration.
Let $ € (0,1) be given and let us now consider the Cauchy problem for the fractional PDE
D (a;-%) (z,1) — Au(z,t) = 0, (z,t) € Qp = Q x (0,T), (1)

where ) is an open bounded connected subset of R? (with d € N* := N\{0}) with a Lipschitz
continuous boundary 0f2 and 83 ~# is the Caputo derivative of order 1 — 3 € (0,1) given by
(see, for instance, [21], Page 426))

1 t

o " t:—/ t — 7)Y (1)dr, 2
;Ce(t) F(ﬁ)o< )7 (T) (2)

where I" is the Gamma function, subjected to the following boundary conditions:
u(x, t) =0, (x,t) € 00 x (0,7), (3)
0, u(z,0) = G(z), z€Q, (4)

and

u(x,0) = f(x), @el, (5)

where we assume that f € H}(2) and G € L*(). The conservative Caputo fractional-
derivative operator D (83 P > of fractional order 2 — 3 € (1, 2) was considered, for instance, in
[23, equation (1.1), Page 4331] with mixed Dirichlet-Neumann boundary conditions and
, in [25, equation (2.1), Page 1295] with inhomogeneous Dirichlet boundary conditions, and
in |24 equation (2.6), Page 1359] with Neumann boundary conditions as in ({4]).

We note that, as 5\, 0, the variable ¢ represents a space coordinate and equation becomes
the elliptic Laplace’s equation in (d+ 1)-dimensions modelling steady-state diffusion processes,
whilst as 5 7 1, the variable ¢ represents the usual time coordinate and equation (|1) becomes a
non-classical parabolic heat equation (with reversed time) in d-dimensions modelling transient

diffusion processes given by ui(x,t) + Au(x, t) = ui(x,0) for (x,t) € Qr.

1.1. Ill-posedness of the Cauchy problem —. In this subsection, we show that the
problem — is ill-posed. Indeed, using the method of separation of variables we seek its

solution in the series form

w(@) =3 nen@), (1) € Or. (6)

where for all m € N*, 1, satisfies "
=D (0 ) (8) + pimton() =0, € (0,T), (7)
0 m(0) = G = (Gypm) 2y and Y (0) = fin = (f0m) 20y » (8)

where (¢m, ftm)men+ is the solution of the eigenvalue problem (see, for instance, [Il, Page 773])

—Agp(z) = pp(x), z€Q and p(x)=0, xcIN. 9)



It is well-known that
0<py <po<...<ply,—+00, asm — +00 (10)

and that the eigenfunctions set (., )men+ may be taken to constitute an orthonormal basis of
L*(Q).
To derive an explicit expression for the solution of @7, we apply the Laplace transform
to both sides of and use the first condition in to get (see, for instance, [20, equation
(2.239), Page 104])

L (aﬁ%) (5) + Gon + i () () = 0. (11)
Using [20}, equation (2.253), Page 106], equation and the second condition in imply
that

—$ (51755 (Ym) (s) — Siﬁfm) + G + L (P () = 0, (12)
which leads to -
R
L(Ym) (s) = T (13)
Let us consider the particular case of problem with — when G = 0 and show its
1-8
instability. In this case, equation (13)) yields £ (¢y,) (s) = —S—f;n_ﬁ. Using [27, Page 3],
Hm — S
this gives
¢m(t) = me2—ﬁ,1 (,Umtz_ﬁ) . (14)
and, from @,
u(w, t) = Z (f> Spm)L2(Q) EQfB,l (:uthﬁB) @m(w)a (15)
m=1

where E,, o, is the two-parameter Mittag—Lefller function defined by

oo Zm
Bpos(2) =y — 2 C. 16
) = iy 2 (16)

It is useful to notice that the Mittag-Leffler functions E,, ,, are entire functions for all oy > 0
and consequently, they are real analytic and the series is termwise differentiable in R,
see |21, Page 432] and [8, Page 62]. The expression shows that the problem is severely

ill-posed because the terms (f, ¢p) ;2 (@) are amplified by the exponentially growing factor

e (1)

2 Y

Bacon () = cosh (Vi #7) >

which is large for large m.

(17)

The main aim of this paper is to restore the stability of the problem f using an alternating

algorithm inspired by the one developed for the Cauchy problem of the elliptic Laplace equation

in [T4] along with a full convergence analysis. The ill-posed Cauchy problem associated to a

similar problem for (in which the conservative derivative operator D <8t:vl - ) and the
@)

boundary condition are replaced, respectively, by the Caputo fractional-derivative 9° with
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0 € (1,2) and dwu(-,0) = G(-) was considered, for instance, in [3, 4, 19]. In [3, 19] the
stability was restored using a boundary-value problem regularization method and a Fourier
truncation method, respectively. However, the former requires extending the solution domain
and considering a non-local boundary condition, whilst the latter one is truncating the Fourier
series expansion to achieve stable approximate solutions. In [4], the regularization is performed
using an iterative algorithm, which is not alternating, but it preserves the original solution
domain and the governing PDE, based on solving a sequence of associated well-posed problems.
The algorithm considered in [4] is based on a formulation of a sequence of differential problems
regularizing a similar problem to f. The limit case when § = 0 in and and
lu(-,0) = fllr2() < € was investigated in [6] (resp. [22]) where a non-local boundary value
problem method (resp. a truncation method based on the fundamental solution to the elliptic
Laplace’s equation) were presented for stabilizing the resulting Cauchy ill-posed problem.
Recently in [I1], the limit case 8 = 0 in (I)—(5) (which generates the (d + 1)-dimensional
Laplace’s equation) was considered. The approach followed in [I1] was to approximate the

integer derivatives in the elliptic Laplace’s equation by fractional ones.

1.2. Outline of the paper. We first investigate in Section [2| the limit case when 5 = 0
in 7, which yields the classical ill-posed Cauchy problem f associated to the
Laplace equation in (d + 1) dimensions. This problem was addressed recently in [I1] (as
stated above). However, we follow another approach to restore the stability, different from the
one of [I1]. Inspired by the algorithm developed in [14] for the Cauchy problem associated
with the Laplace’s equation —Au = 0, we establish the alternating regularizing algorithm
—, which involves two types of problems. Under some reasonable assumptions on the
data f and G of 7, we prove in Lemma the well-posedness of these problems. To
analyse the convergence of the algorithm f, we first write its solutions under the form
of eigenfunction expansions. We subsequently derive explicit formulas (see 7) for the
error between the coefficients ¢, and v, involved, respectively, in the eigenvalue expansion
@ of the solution w of the ill-posed problem f and the eigenfunction expansion ([34)
of the solutions U™ of the algorithm 1’1) Thanks to this explicit and concise error,
we prove rigorously in Theorem the convergence of solutions of the sequence —
towards the solution of the ill-posed Cauchy problem (18)—(21).

In Section [3| we focus on the main target of this work: we establish an alternating algorithm
for the problem f along with a novel and a full convergence analysis. One of the main
difficulties in the analysis of stability and the convergence of the sequence of solutions of the
problems involved is that we will deal with expansions involving the Mittag-Leffler functions
(an area of fractional calculus still in progress) in which we need to perform several operations
(some of them are not straightforward and others require very careful and specific treatments)
like differentiation, integration and bounds. In addition to this, the arguments of the Mittag-

Leffler functions involved in the stated expansions we will deal with are non-negative and
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consequently some known and popular techniques cannot be applied, see [11], Page 6] and
[21, Lemma 3.1, Page 432] (which requires that the arguments should be negative). Using
the algorithm developed in [I4], we suggest in subsection the alternating algorithm —
for solving the ill-posed Cauchy problem —. This algorithm includes two types of
problems, like 7, whose well-posedness is proved rigorously using two methods. The
first method consists of weak formulations which satisfy the hypotheses of Lax-Milgram lemma,
see the weak formulation f of the problem 7, which is equivalent to f
(77). The well-posedness can then be deduced, as usual, from the coercivity of the bilinear
forms and the continuity of the linear forms involved in the weak formulations. In the second
method, we write the solution of f under the form of the eigenfunction expansion
(111)), which yields the differential problem 77 implying in turn the explicit form
for the coefficients 1, involved in . We then have to control the L*(H})-norm of
the expansion (111)) with v, given by . This second method is enriched by several new
tools and bounds, and it is explained in Remark and Appendix A. The stability result
(which confirms the L*(H})-stability derived by the first method) is based on bounding
the norms of expansions involving Mittag-Lefler functions, which are not straightforward to
compute and instead we employ some recent inequalities and asymptotic behaviour results
of Mittag-Leffler functions, combined with some appropriate technical tools to control them.
In fact, to evaluate the norm of the stated expansions, we have to control functions whose
arguments tend to infinity (because of the presence of the sequence of eigenvalues ) and this
is why we use the asymptotic behaviour of Mittag-Lefller functions at infinity. In subsection
we present a convergence analysis for the solutions of the sequence of the alternating
algorithm — towards the solution of the ill-posed problem —. The main ideas

of this analysis along with highlights of the main contributions are sketched as follows:

1. We first compute the error !, between the coefficients 1, (the coefficients of the solution u
in the expression @ of the ill-posed problem —) and ¢, (the coefficients of the solutions
Ui in the eigenfunctions basis of the algorithm 7) in terms of some fractional order
derivatives of expansions involving Mittag Leffler functions, —.

2. We carefully compute the fractional derivatives of the expansions stated in previous item.

3. We derive an accurate recurrent relation (see (148)) from which we derive the explicit
concise expansions ((151)) and (152)) for the errors €2"*2 and e2"™!, which yield in turn the

m

expansions and for the errors e*"*2 and e?*"*'. The L?(H})-norm of the error is
then given by and .

4. To prove the convergence in the L*(Hg)-norm, i.e., [|[Ve™|| 120 r;m1(0)) — 0 in Theorem ,
we employ several new tools and techniques: Lemma 3.1]in which we prove some new bounds,
Theoremin which we prove the new inequality and Appendix B in which we prove one
of the main inequalities used in the proof of Theorem [3.1} To prove Lemma 3.1 and Theorem
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3.1 we carefully use the asymptotic behaviour along with some known inequalities for Mittag-
Leffler functions and some appropriate techniques in analysis. Numerical illustrations for some
key inequalities are presented. Furthermore, in the case of one dimension the convergence of
the developed algorithm is evidenced numerically in Section [l Finally, Section [f] includes a

summary of the main results obtained and some perspectives for possible future work.

2. ALTERNATING ALGORITHM FOR THE CAUCHY PROBLEM IN THE LIMIT CASE WHEN
B=0 1N (1)-(5) (THE ELLIPTIC LAPLACE EQUATION)

In this section, we investigate the ill-posed problem considered in [11] (the limit case 8 = 0 in
—), that is, the elliptic Laplace equation in (d + 1) dimensions:

w(@,t) + Au(z,t) =0, (x,t) € Qp == Q x (0,7), (18)
subjected to
u(z,t) =0, (z,t) € Ty =00 x (0,T), (19)
w(z,0) = G(z), zeQ, (20)
and
u(z,0) = f(z), z€ Q. (21)

The solution of problem f can be computed using the method of separation of vari-
ables; however, this solution does not depend continuously on the data, see [I1, Page 4]. To
restore the stability, we will present an approach, different from the ones of [11], based on the

use of the alternating algorithm developed in [14].

Let us denote Sy := © x {0} and Sy := Q x {T'}, and analogously to [14, Page 46], let us
define R(™ as the linear operator that assigns (see Lemma below)

(f.G.m) € Hy() x L*(Q) x L*() = R™(f,G,n) = ¥" € H'(Qr), (22)

where U™ is defined as follows:

U (@ t) + AVO (z,t) =0, (x,t) € Qp,

VO (g, t) =0, (xz,t) € T'r, (23)
O (z,0) = f(x), z e,
Uz, T) = n(z), z € Q,
U (g t) + AVCHD () =0, (x,t) € Qr,
Yt (g 1) =0, (z,t) € T'p,
T (2,0) = G(), zeQ, (24

W) (g, T) = W) (g, T), x < Q,



and

U (@ t) + AV (g 8) = 0, (2,1) € Oy,

W@n+2) (g 1) = 0, (z,t) € I'p, (25)
WC2)(g,0) = f(a), z €,
U @ T) = v @ 7). weQ

We first state the following lemma.

Lemma 2.1 (Well-posedness of the problems involved in (23)-(25)). Consider the mized

problems of the following forms:

\Ijtt<m7 t) + A\I/(CB, t) = O, ($, t) € QT,
U(x, t) =0, (z,t) € I'r,

(26)
U(x,0) = ((x), xc ),
Uy (x,T) = 0(x), ze
and
Wy, t) + AV(x,t) =0, (=,t) € Qr,
_\Il(w, t) :_O, (z,t) € I'r, (27)
t<m7 0) = C(ZII), x € (),
U(z,T) = 0(x), x e

The following well-posedness results hold for the problems (@ and :

1. Problems of the form (26)). Assume that ( € H}(Q)) and 6 € L*(Q) and let us
consider the subspace of H'(Qr),

V= {v € H'(Qr) :7(0)|,, =0 and F(v)|y, = g} , (28)

where 7 1s the classical trace operator from H*(Qr) to L*(0Q7). There exists a unique
(weak) solution W €V of the problem (@ and the following estimate holds:

1942y + V%20 < Ca (16120 + IVl gy (29)

2. Problems of the form (27). Assume that 0 € H}(Q) and ( € L*(Q) and let us
consider the subspace of H'(Qr),

V= {U € H'(Qr) :7(v)],, =0 and 3(v)|, = Z}. (30)

There exists a unique (weak) solution W € V of the problem and the following

estimate holds:

1T illzz@r) + V%2 < Co (Il 2@ + V0l gy ) - (31)
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Proof. The proof is classical and can be performed using the weak formulations of the problems
and , where the Lax-Milgram can be applied (see, for instance, the case of Dirichlet-
Neumann mixed boundary conditions in the problem [7), equations (3.71)—(3.73), Pages 95—
96]). The well-posedness can be then justified using the coercivity of the bilinear forms and

the continuity of the linear forms involved in the stated weak formulations. OJ

2.1. Convergence of solutions of the algorithm — towards the solution of the
ill-posed problem —. The proof of the convergence of the sequence of solutions of
the well-posed problems f towards the solution of the ill-posed problem f can
performed using some ideas from [14] along with some appropriate techniques (see Remark
below). However, we will use a different approach based on the use of eigenfunction expansions
along with an adaptation of the techniques of [I3], Pages 1210-1211]. This approach will serve
later when we deal with the original ill-posed fractional problem —. Writing the solution

of — as in @, this yields
Ui () = o (t) =0, ¢ € (0,T), (32)
U(0) = Gr and - ¥ (0) = fin. (33)
Let us now express the sequence U™ defined by — as

U (@, t) = 3 v (pm(@). (34)

The sequence v is then defined by

{ (00" (1) = poty(£) = 0, 1€ (0,7), (35)
U (0) = fn  and (wfn)/ (T) = 1m = (n, @m>L2(Q) 5
{ (W) () = w2 1)) =0, 1€ (0,7), (36)
(V31 (0) = G and 7 (T) = 97(T),
and
{ (W) (1) = 3 2(1) = 0, 1€ (0,7), (37
Unt30) = fmand (e (T) = (W) (T).

We remark that the sequence 1], given by f is the sequence of the alternating algorithm
of [I3, Section 1.2, Page 1210] corresponding to the initial value problem (32)-(33). The
convergence proof is based on the use of some ideas provided in [I3] Section 1.2, Pages 1210—

1211]. Let us consider the error
Em(t) 1= Um(t) — Py, (t).

Using , and f we obtain
(ep)” (1) = el (t) = 0, ¢ € (0,T),

m

{ ¥ (0) =0 and (e))(T) = A = Y (T) = s



(@) (1)~ el (6 =0, te (0.7), (39
() (0)=0 and ey (T) = ep(T),
and
(e2072)" (1) = e ¥2(1) =0, L€ (0,T), "
em?(0)=0 and (egt?)(T) = (epr ™) (T).
Resolving the differential problems f gives
A
0(t) = - inh(t\/tm 41
6m( ) Mcosh(T\/le) S ( /’Lm)7 ( )
n em (T
e TH(t) = ﬁ iT) cosh(t/km), (42)
and
2n+l)/ (T)
2n+2(4) — (€m inh(ty/10,,). 43
€ (t) i cosh (T /i) 2 (ty/Hm) (43)
The expansions — yield
) (T) tanh(T'/fim)
g2y — ™) — tanh?(T/fim)e2"(T). (44)
m ,_,um m
Ay, tanh® (T im
This with yield e2"2(T) = o M (T ) Inserting this value in yields
Ay, cosh(ty/tim
ganti(py = Am COSMEHm) o op oy (45)
/o cosh(T'\ /)
In the same way, we get
A, sinh(ty /T,
eza() = A OV o ey (46)

~ /Jtm cosh(T' /i)
Let us now prove the following theorem of convergence whose hypotheses are similar to the
ones of [I3, Theorem 2, Page 1212].

Theorem 2.1 (The convergence of the alternating algorithm given by and f).
Let U™ be the sequence given by and f. Assume that the solution of the Cauchy
problem (18)-(21) with f € H () and G € L*(2) is satisfying u € L? (0,T; H3(2)). Then,
for any initial guess n € L*(QY) provided in the last branch of , while assuming that
u(-,T) € L*(2), the following convergence result holds:

Hé’te"HLz(QT) + ||V6n||L2(QT) — O, as mn — —|—OO, (47)

where

e"(x,t) := u(x, t) — U (x, 1). (48)
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Proof. Using and , the error is satisfying

22 1) — — A sinh(t,/kn) anh2"+? -
) = 3 s kT ) ) (49

and

o2+ (1) — — A cosh(ty/tm) anh?"+! T

To differentiate with respect to ¢ the series in (49)), we remark that, since 0 < tanh(s) < 1 for
all s € R and w(+,T) —n € L*(Q) (and consequently Y - A2 is convergent), we have

> ( %?ﬂ;ﬁ%) tanh2”+2(Tm>> <> A < oo (51)

This allows us to write

2n+2 _ — A cosh(ty/km) 242
e (ast) = 32 ST (T ) () (52)

Similarly, we differentiate (50]) with respect to t to get

O ) = D T ) 90(0) 2

These relations yield

. =A% tanh" (T'\/tim) T
Jore 5 gy = 30 S VI [ ot (54)
m=1 m

and

. > A2 tanh (T /i) [T .
e ey = - = = | st (55)
m=1 m

In addition to this, using [10, Page 141], we have

> A2 tanh™ (T /1,

Ve2nt2||2 _
H HLQ(QT) mz_l COSh2(T /—Mm)

) /O Sinb? (¢ /i) dt (56)

and

. > A2 tanh*™ (T /i) (7T
Ve oy = 3 Bt I [ ok it 67)
m=1 m

We have to prove that [|0,e"(|72q,) — 0 and [[Ve"||Z2q, ) — 0 (using formulas 7), as
n — oo. Let us justify, for instance, that ||8te”||%2(QT) — 0, as n — oo. We have that

T T
/0 cosh® (ty/fim )dt = %/0 (1 + cosh(2/pmt)) dt = % + 4\/1,u_m sinh(27'\/fim)
and 00 A2 dn+4 T
Z Am tanh2 (T\/IU_W> / COSh2<tm>dt — An 4 Bn,
“—~ cosh™(T\/tim) 0
where

T K A2 tanh™ (T /i,
An N Z m vall - ( K )
~—~  cosh™(T\/tim)

2
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and

B . 1 i A2, sinh (27 /L) tanh™™ (T /i) 1 i A2 tanh® (T /i)
g — Hm cosh®(T'\ /1tm) 2~ vV Hm '
We prove that both terms A,, and B, tend to zero, as n — oc.
(i) We prove that nh_)n;o A, = 0. Since cosh?(T\/fi,) > 1 and 0 < tanh(T'\/fi,) < 1

A2 tanh™ ™ (T /i,
m an ( Iu’ ) <A2

0< 5 "
cosh”(T'\/fim)

This implies that

Z AG tanh ™ (T /i) Z A2 < .

— cosh2 T/ tem) —
oy . . A2 tanh®" (T /) . . .
In addition to this, limy, 40 =" T = 0, for all m € N*. This yields, using the

Dominated Convergence Theorem, lim,, .o, A, = 0.

(ii) We prove that lim,_,o, B, = 0. The above reasoning together with the fact that for all
m > 1 we have u,, > u; can also be applied to prove that lim, ,,, B, = 0. This completes
the proof of Theorem [2.1] O

Remark 2.1 (Another proof for the convergence of —). Another new possible proof
for the convergence , using the ideas of [14, Pages 45-48] along with some appropriate

techniques, can be performed. Let us sketch the main steps of this convergence proof.

First step. Using the formulations 7, we have that
u = \I](n) = R(n) (07 07 utltZT - 7]) : (58)

Our aim is to prove that R(™ (0,0,A) — 0 (in some sense given below), as n — oo, for any

"smooth” function A. This in turn implies the convergence of the sequence U™ (defined by
.f. ) towards u (satisfying (1 f. )

Second step. Let A be a "smooth” function defined on 2. We prove that the following

convergence holds:
_ /Q (0l + [V pu 2}, £)dtdz — 0, asn — oo, (59)
T
where, for the sake of simplicity of notations, we have set
P =R (0,0,A). (60)

Using Green’s formula in space 2 and integration by parts in (0,7") together with the fact
that po,(+,0)0pan_1(+,0) = 0, we are able to show that

/ [(@pm - atp2n71)2 + |V (p2n — p2n—1) ’2} (z,t)dtdz
Qr

= /Q [(0epon—1) + [V pani> = ((Qp2n)® + |Vpan|?)] (z, t)dtdz (61)
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and

/ [(aﬁ)%H — 0ip™)" + |V (pans1 — p2n) ’2] (z,t)dtdx
Qr

= / [(Depon)” + |V pan|* = ((Bip2ni1)” + [V p2nia|*)] (@, t)dtda. (62)
Qr
For n = 2m, thanks to (62)),

S" — Sn+1 — S2m . 82m+1 — / [(8t,02m)2 + |vp2m|2] ((L‘, t)dtdm
Qp

—/ [(01p2ms1)? + |V pams [*] (. t)dtda
Qr

= / [(atp%n—l—l - atp2m)2 + |v (p2m+1 - pZm) |2] ($, t)dtdil} 2 O) (63)
Qp
whilst for n = 2m — 1, thanks to ,

S" — Sn+1 = S2m_1 - 82m = / [(3tp2m_1)2 + |V,02m_1|2} (fl:, t)dtda:
Qr

- / [(Depam)® + |V paml?] (, t)dtda
Qr

:/‘wwm—mmuf+w@m—mmgm@@mmzu (64)
Qr

Therefore, the sequence (S"), is decreasing. In addition, (S™), is bounded from below by 0.
Therefore, (8"),, is convergent to a limit value [ > 0. To conclude the convergence result ,

we follow two stages.

(i) Convergence for a set of functions A. For a given function £ € L?(2), we consider the

iteration:
o™ = RM(0,0,¢). (65)
Let us now take A given by
Az) = &7 (2, T) — (). (66)
According to [14, Page 45], the mapping R(™ is linear. This implies that
pn(@) = R™ (0,0, A(z)) = R™ (0, 0,82 (2,T) - g(x)> — R (0, 0,32z, T))
—R™(0,0,¢(x)) . (67)
In particular, we have
pon(@) = R (0,0,0(2.7)) =R (0,0,¢(a) . (68)
The alternating nature of the iterative algorithm f implies that

R (0,0, 0 (2, 7)) = R (0,0, ()). (69)
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Gathering and implies that
pan(@) = RE (0,0, () — R (0,0,¢(2))
= RE2(0,0,¢()) — RV (0,0,€(x)) + R (0,0,¢() — R (0,0,¢()) . (70)

Using the inequality (a + b)? < 2(a® + b?) together with and imply that

S < 2/ {‘(R(zmz) _ R(2n+1))t‘2 + |V (R _ R2nt)) ‘2} (z,t)dtdz
Qr
+2 / {y(R<2"+1> —RCW) | 4 |V (RE™HD - R<2n>)|2} (z, t)dtd, (71)
Qr

where, for the sake of simplicity of notations, we have written R(™ instead of R™ (0,0, &(x))
(for m = 2n 4+ 2,2n + 1,2n). Using the same reasoning as that used to get and ,
estimate yields

S < 2/ {|R£2"+1)|2 i |VR(2n+1)|2 - <|R§2n+2)|2 4 |VR(2n+2)|2)} (z, t)dtdz
Qp
+2 / {IREVE 4+ TRV — (JRPHV2 4 [VRED2) | (a, 1) dtda
Qr
—2 / {IREVE + TRV — (IR 4 [VREDP) L (2, Hydtda. (72)
Qp

The sequence fQT {|R§2n)|2 + |VR(2”)|2} dtdz is then decreasing. Since it is bounded from
below, it is convergent. Letting n — oo in and using the fact that the sequence S™ is
convergent (see above) yield (59), i.e.,
lim 8" = lim §*" = 0. (73)
n—oo n—oo
(ii) Density argument. Using a density argument similar to the one used in [I4], Pages

47-48] we can prove that the set of functions A € L*(Q2), which can be written in the form
(66) where the sequence ®(™ is defined by with £ € L*(Q), is dense in L*().

Remark 2.2. The algorithm of this section has a regularizing character [13, [14] and, in
case the input data (@) and are noisy, stable solutions may be achieved by stopping the

iterations according to various criteria [16, 1§].

3. A FORMULATION OF AN ALTERNATING ALGORITHM FOR THE ILL-POSED FRACTIONAL
PROBLEM ([I)—([5]) AND ITS CONVERGENCE

As in Section [2] we establish an alternating algorithm for the ill-posed fractional problem
(I)-EF) along with a full convergence analysis. Such algorithm is a sequence of well-posed

problems and some of them are of the form:

D (aﬁ%) (1) — Au(z,t) =0, (z,t) € Qr, (74)
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subjected to

w(z,t) =0, (xt)ely, (75)
O Pu(e, T) = Q(x), xeq, (76)

and
u(x,0) = f(x), € (77)

satisfying f(2) = 0 for € 9. Without loss of generality, we can write the problem (74)—(77)

as, (using the new function u(x,t) := u(x, t) — f(x)),

=D (9}7"a) (@.1) — Au(@,1) = Af(2) = F(z), (at) € O, (78)
u(w,t) =0, (x,t) €Ty, (79)
o Pu(x,T) = Q(x), =ze, (80)
and
u(z,0) =0, xe€. (81)

To establish a convenient weak formulation for the problem —, let us first consider the
following fractional differential version (in which we only have the ¢ variable) of (78)—(81):

D (atl‘ﬂu) ()=0, te(0,T), (82)
equipped with the following mixed boundary conditions:
uli=0 = ag (83)
and
O Puler = ay. (84)

The equation was previously considered in [24] Page 1359] but with fractional Neumann
boundary conditions at both ends ¢t = 0 and ¢ = T". The problem — was considered in
[23], where a least-squares mixed weak formulation (based on the introduction of intermediate
variables) was derived, see |23, Theorem 3.2], from which it is possible to derive a well-
posedness result for —. However, we will not use this path of mixed formulations
(which uses the splitting of the fractional differential equation into a system of two equations),
but instead we will use the results of [24] (which dealt with Neumann boundary conditions)
to derive a direct weak formulation for the problem f. This latter path will also serve
to derive a convenient weak formulation for the full problem f.

To derive a weak formulation for problem 7, we multiply equation by a smooth

test function v satisfying v|,—g = 0, integrate by parts together with the boundary condition

to get
<6t1_ﬂu, Dv) —av(T) =0. (85)

L2(0,T)
This can be written, using the left fractional integration, as

(Offpu, Dv) —aw(T) =0, (86)

L2(0,T)
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where
o) = s [ (=)t &)
Lw(t) = —= t—1)"w(r)dr.
o L(8) Jo
The right fractional integration is given by
B 1 ‘ B-1
wa:—/ T—1t)"w(r)dr. 88
uto) = o5 [ =0 tr) (58)
Using [24, Lemma 2.1, Page 1360], equation implies that
17 Du, 17 Do) — a0(T) = 0. 89
(oD oI5 D) |, -~ ar(T) (89)

This yields, according to the definitions of the left and right Caputo derivatives (see |24, Page
1359] and [15, Page 2117)),

- <6t1_ﬁ/2u, 382_6/2?1) = ayv(T), (90)

L2(0,T)

where

ROPu(t) = ﬁ /t (r — 1) Du(r)dr. (91)

The weak formulation of the problem — is then given by (similar to the one of [24]
equation (5.1)]): find u € Hé;B/Z’ao(O, T) such that

a(u,v) = b(v), Yo € H,"*°(0,T), (92)
where (see [24, Pages 1360-1361]),
HE(0,T) = {v e L*0,T) : 9fve L*(0,T)}, Vu e (0,1),
the subscript [ stands for ’left’,
HEP2%0,T) = {v e H5,P*(0,7) : v(0) = ao} ,

He P01 = {v € HEPP(0,7) : 0(0) = 0, (93)

a(u,v) = — (8;_ﬁ/2u,383_’8/21)> b(v) = ayv(T).

£2(0,7)
It is useful to notice that the spaces Hé;ﬁ / *(0,T) and Hé;ﬁ / *(0,T), where the subscript r
stands for 'right’, coincide [25, Lemmata 2.1-2.2]. Recall that Hé;ﬁ/Q(O, T) < C(0,T), see [24,
Page 1372] and [24], Theorem 3.2, Page 1366], and therefore the values of v(0) involved in the
definition (93 make sense.

To prove the well-posedness of the problem , we use the Lax-Milgram lemma. To this end,

we introduce the auxiliary function u = u — ag. This yields that u € H, é}ﬁ / 2’0(0, T) and
~ 1-5/2,0
a(u,v) = b(v) — a(ap,v) = b(v), Vv €& Hg,"" " (0,T). (94)

We check now the hypotheses of the Lax-Milgram lemma, using the techniques of [24, Page
1372]:



16
e The coercivity of the bilinear form a(-,-). Using the techniques of [24] Page 1372], for
all v e Hé;ﬁm’o(O,T) we have

_ _ B _
av,v) = = (90, 10} ﬂ/QU)LQ(O,T) = cos (7 10,20l 20 7. (95)

Thanks to the Poincaré inequality (see, for instance, [3] and [9 Proposition 3.2]),
H@tl_ﬁﬂv”Lg(O,T) is a norm on the space Héf/“(o, T).

e The continuity of the bilinear form a(-,-) follows as in [24, Page 1372].

e The continuity of the linear form b(-,-). Using [24, Theorem 3.2], we have

[b(0)] < laa| [o(D)] < laa] [D*20] 20,19 (96)
Consequently, there exists a unique u € Hé;ﬁ / 2’0(0, T') solving satisfying
10,2l 20,1y < Co(B)laal. (97)
This implies that, using the Poincaré inequality and the fact that u = u — ay,
lell 200y + 110F ™ 2ull 0.1y < Ca (Jao] + laal). (98)
The problem — is therefore well-posed.

Let us now consider the following problem:

D (atl*ﬂu) (t)=0, te(0,T), (99)
with the boundary conditions
Uli=0 = ag (100)
and
A P uli—o = bo. (101)
This problem is also well-posed. Indeed, the solution of f is
u(t) = ag + ﬁtlﬁ : (102)
We therefore have that
0] < ool + 4279 < e {1, T o+ . (109
I'(2-p) I'(2-p)

Using the weak formulation of the problem (82)-(84) combined with the ideas of [17]
and the Green’s formula in space, we obtain the following weak formulation for the problem
—: Find @ € Z'=/2 such that, for all v € Z'=%/2 (recall that Af = F and f’m =0):
T
- (83‘5/2@ R@Q“”%) etom +/0 (V(-, 1), Vo (-, 1)) (o dt
= (F,0) 1200,y + (@0, T)) 2y = — (Vf, V) 12y + (@ 0(4 T)) 2y (104)
where, as in [15, Pages 2112-2113],

2500 = PR (0,7, 1(9)) 1 12 (0, T HYO) (105)
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with
HE? (0,75 12(@) = {v € 20, T3 L2(9)); 9w € L2(0,T; 1) } (106)

and
HES0 (0,15 12(9) = {v € HES P (0,73 L2(Q) 5 o(-,0) = 0} (107)

The well-posedness of the problem — can be justified through the weak formulation
(104]) which gives, by taking v = @ and using coercivity,

10278 20,7220y + |1V 22052209 < Cs (V£ 20 + Q1220 - (108)

This implies, since u(x,t) = u(x,t) — f(z) and under the assumption that f € H}(Q), that
the solution u of (74)-(77) satisfies

10, ™22 ul| 20,7220y + |Vl z20:2209) < C (IV £z + Q220 - (109)

It is worth mentioning that the case when 5 = 0 in the estimate (109)) leads to the one of
(in Lemma corresponding to the problem , which is the limit case when § = 0 in the

problem (74)—(77) with (¢,0) := (f, Q).

Using similar techniques to those employed to prove [4, Corollary 3.2, Page 32] together with
(109) lead to the following L>°(L?)—estimate.

Corollary 3.1 (A new L>®(L?)-estimate for the solution of (74)-(77)). Assume that f €
H}(Q) and Q € L*(Q). Then there exists a unique (weak) solution u = u + f to the problem

f in the sense that ©w € Z'75/% is satisfying for all v € Z'=P/2. In addition to
this, the following L*>°(L?)—estimate holds:

lull Lo o2 < Cr (IVfllz2) + QN r2()) - (110)

Remark 3.1 (Another new proof for the L?(H})-estimate involved in (109))). Previously
we have proved the stability result for problem f through the weak formulation
. Another possible way to justify, for instance, the L*(H})-estimate involved in 18
to use the eigenfunction expansions. To this end, we write the solution of f as in (@,
that s,

u(@,t) = n()pm(x), (3,1) € O, (111)

where
D (atl—%m> (1) + tbm() =0, t € (0,7), (112)
0, Pm(T) = Qu = (Q, om) 2y and i (0) = fo. (113)

The solution of is given by, for a =2 — € (1,2) (see and [27, Pages 3 and 5] ):

Yin(t) = Ear(mt®) fin + 07 0m (00t Boa (iimt™) Qum- (114)
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Taking into account the boundary conditions , the expression becomes as:

ta_lEa,a (:umta):umTEaQ (/v‘mTa) Fot ta_lEa,a (Nmta)
Eo 1 (pmT) " Eo i (i T*)

Using the asymptotic behaviour results of [17, inequality (2.1) and equation (2.7)] and [26,

U (t) = (Ea,l(umta) - Qm. (115)

Lemma 1.1], along with some additional appropriate techniques, we are able to prove the

L?(H})-estimate involved in (109), see Appendiz A.

3.1. Formulation of an alternating algorithm for the ill-posed fractional problem
—. Inspired by the algorithm developed in [I4] for the Cauchy problem of the elliptic
Laplace equation in R and also by the ideas given in the previous Section [2| dealing with
the limit case § = 0 in f, we suggest the following alternating algorithm for the problem

@-®:

D (a;—ﬂqf@) (z,1) — AVO(z,1) =0, (z,1) € Qr,

TO) (g, t) =0, (x,t) € T, (116)
VO (z,0) = f(=), z e,
0,7 (x, T) = (), z e,
D (a;—ﬂxp(?nﬂ)) (z,1) — AV (2 4) =0, (1) € O,
Yt (g 1) =0, (x,t) € T, (117)
ay P wnt ) (g,0) = G(x), xcQ,
W) (2 T) = 0 (g, T), z e,
and
D (33—5\1:@”“)) (z,1) — AV (2 4) =0, (x,1) € O,
Y2 (g t) = 0, (z,t) € Ty, (118)
Vet (g 0) = f(=), zc (),
A} P w2 (g ) = 9} P4 (g, T), x € Q.

This sequence is completely defined by

fl@) = ¥O(2,0), 9,7°V(x,T) =n(x) and 9 "WV (x,0) = G(w).

The stability of the problems of type (116]) and (118]) was proved before. The stability of the
problems of type (117 can be justified in a similar way with slightly changes of spaces.

3.2. Convergence of the alternating algorithm. To prove the convergence of the alter-

nating algorithm ((116)—(118]), we first write the error (119)), which satisfies (120)—(122)), in

the eigenfunction expanssion (123]). This yields the sequence of fractional order differential
problems 7, whose solutions are the coefficients e, involved in . Subsequently:
1. We derive the relations — and compute the fractional derivatives involved.

2. We derive the explicit and concise formulas (151)—(152) for e”,.
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3. The L*(H})-norm of the errors are given in (156) and (157). To prove that these errors
tend to zero as n — oo (stated in Theorem , we employ new techniques developed in the
proofs of Lemma [3.1] Theorem [3.1] and Appendix B.

Taking into account (I)—(F]) and (116)—(L18), the error

e (@, 1) = (@, ) — U (a 1), (119)
satisfies
(D (a;-ﬁe%” (z,1) — A2 2(2,8) =0, (2,1) € O,
($, t) =Y (213, t) € FTa (120)
e¥(z,0) = 0, x e,
\ atl_ﬂeo(wa T) atl ’ (.’13, T) - 77(5’3)7 TE Qa
(D (a;—%%ﬂ) (z,1) — A (1) = 0, (z,t) € O,
et (z,t) = 0, (z,t) € Ty, (121)
a; Pe2ntl (g, 0) = 0, z €,
\ ez, T) = e (x,T), x €
and
D (a,}—ﬁe?w) (z,1) — Ae® () = 0, (z,t) € Qo
et (z,t) =0, (z,t) € I'r, (122)
e*"2(z,0) =0, z e,
0} P t2(g, T) = 8} P2 (x, T), x e .

As in , this sequence can be written as R (0,0, d; =8 u|=r —n) = €". Further, writing e"
in the eigenfunction expansion

e"(x,t) ==Y en(t)om(m), (123)

m=1

using (120)-(122), yields

{ =D (91768, ) (1) + el (t) = 0, L€ (0,T), o)
e (0)=0 and 8} " (T) = Ap := 0} "Y(T) — 1,
{ al g 2n+1) (1) + et () = 0, t e (0,7), 125)
A P2t (0) =0 and 2T = 2¥(T),
and
{ al g 2n+2) (1) + €2 H2(1) = 0, t € (0,7), (126)
242(0) = 0 and 9} Pe2t(T) = 9} Pe2nt(T).

The coefficients e, involved in (123) also satisfy
em(t) = Ui (t) — U (1), (127)
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where U are the coefficients of the sequence ¥(™ defined by 1'1) in the eigenfunction

basis, i.e.,

o0

V(1) = Z U () pm(@).

The functions ¥y ( ) also satisfy, thanks to . .

=D (A70R) (8) + ) ()) =0, te(0,7),
v 0) = fr, and 8 PUN(T) = n,,

D (aj—%ﬁ,i”“)) (1) + (1) =0, te(0,T),
{ oAU (0) = G,y and  WET(T) = oD,
and
D (a}*%ﬁﬁ”*”) (1) + T2 (1) =0, te(0,T),
{@mm®=nlmd¢”wW%> o Pyt ().
Using together with imply that

: 0 e (0) ' Pen(0)
Llep) () = — Ty =

This gives, using [27, page 3] and [20, equation (4.11), page 140],
en(t) = ep(0)Eagy (1mt™™?) + 0 en (00t By o (1mt™7) .

Gathering this expression with ((124])—(126]) leads to

m m

Using again ((124)—(126) and (134) leads to

A
0,77€d,(0) = == -
0" (P Es_pos (jmt>P)) li=r’
1-8 _2n—1 2n
T
atl—ﬁegrvlz(o) _ 81% €m ( ) and €2n+1(0) _ €m (T)

" (1P Eypap (Hint®P)) le=r
Inserting these values into ((134)) yields
A

0 _ 1-8 20
& (1) = —— t " Eypa-p (tmt ),
0" (B PEy_p2-5 (imt>?)) e ( )
a17,6’ 2n—1(p
e (t) = 1-8 L @) t By po g (umt*7),
0, P (1 PEs_go g (mt?P)) |e=r
and 2 (T)
2n+1 _ Cm -5
t — E — mt .
en (1) By (i T28) 7270 (n™)

Gathering (137 and - 138)) yields
— — 1— —
en(p) = L B (0ot ) 0" Encpp (it ) et
" 0, (1P Bypa g (mt>®)) li=rEa-p1 (pmT>0) "

e (t) = 8,51_66377(0)#_5E2_/372_,3 (uth_’B) and 2" (t) = 62n+1<0)E2_ﬁ,]_ (,umtz_ﬂ) .

E2—B,1 (:umTQ_ﬁ) .

(128)

(129)

(130)

(131)

(132)

(133)

(134)

(135)

(136)

(137)

(138)

(139)
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To compute the fractional derivatives involved in the right-hand side of (139]), we use the
following relation between the Caputo and left Riemann-Liouville derivatives, see, for instance,
[15, equation (2.6), Page 2111]:

v(0)

00ru(t) — mt“’ =0fv(t), pe(0,1), (140)
where
e (141
00 v _F(l—y)dto T) 'v(T)dT.

For the sake of simplicity of computations, we set « := 2 — 3 € (1,2). The coefficient of
e2=2(T) in (139) becomes:
7 B (18%) 0™ Bap (1) |i=r
O~ (t Baya (1)) 1=1 Ea1 (0T)

where, for the sake of simplicity of notations, we have removed the index m from u,,. The

(142)

expansion ((142)) contains fractional derivatives, which we will compute as follows.
(i) We compute 97 ' Eo 1 (ut®) |i=r. Applying [8, equation (4.10.14), Page 87] or [20, equation
(1.82), Page 21]), we have

0P By (ut®) =t *Eyn_o (ut®), t>0. (143)

Using now ([141)), equation (143) implies that (recall that E,; (0) = 1)

a?_lEoz,l (/}Jta) =t (Ea,2oz (:uta> - ﬁ) =t (Z T (jciﬂ_iaz)]_ Oé) - F(laf)) : (144)

Jj=0
This gives
- B ta)j (,Uta)j
OB, (™) =t : (p =uty — = tE,, (ut®). 145

(ii) We compute 97! (t*1E, , (ut®)). Using again relation (141)) and [8, equation (4.10.14),
Page 87| or [20} equation (1.82), Page 21] leads to, since t* ' E, ., (ut®) |=o = 0,

O (1 Ea (1t%)) = 007" (" Ea (1t*)) = Ea (ut®) . (146)

Using (142), (145)) and (146)), the coefficient of e2"=%(T) in (139) is reduced to:
t° B o (%) pT g p (W)
(Ea (uT2))?

This gives

_ t* ' By o (tmt®) T Ea 2 (1 T°) o2n
(ot (1nT))* "

and by substituting ¢ = 7" in (147 and taking n — 1 in place of n,

Ea,a (/flmTa) /flmTaEaQ (,umTa) 62n72
(B (hmT®))? "

(1), (147)

em (1) =

(7). (148)
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Using ((136)) and - we obtain

AT By o (1, T)

AT Ey o (1, T)

2n n 0 n n
e (1) =8S),e,(T) =S}, —— =5, 149
) = SnenD) = B gt (o1 B (ot B (4T )
where
(B (tmT*))
Substituting e2"(T') by its value of (149)) in (147) leads to
e2n+2(t) _ tailEa,oz (1tml®) T Eo o (1 T) AmTailEoz,a (NmTa)gn
" (Bax (1 T))? Eop (uTe) 7
" Eoa (4mt®)
_ a,o m Sn+1A 15]_
Eaq (:umTa) ( )
Substituting e2*(T) by its value of (149)) in (138 we obtain
Eoq (pmt® Eon (mt®) oy AT By o (T
ei?—&—l(t) _ o1 (:u ) 672,?(T) _ ,1 (:u ) ’ZZ , (ILL )
B (pmT) Eo (pmT) Eo 1 (uT)
E, )T E, o (T
(Eon (mT))
Substituting €2"*2 and 2" by their values of (151)) and ((152) in (123)) yields
0 tozflE (M ta)
22 (g t) = O ST om (T 153
)= 3 e e (153
and
" Eat (Umt®) T By o (U T
a1y = Y0 Lot Ul DT P Ty o () (154)
m=1 (Ea,l (NmTa))

It is useful to examine the computations and in the limit case 5 = 0 (and conse-
quently « = 2) and compare the results with the ones of Section . To this end, we use the
following formulas [8 equation (4.2.2), Page 57):

sinh(4/2)

vz

We remark that, thanks to the formulas , the limit case when § = 0 in the errors
and - 154) yields (49) and obtained for the Cauchy problem of the Laplace equation
.f. (the limit case When B =01in .f. . Consider now

Fyo(z) = and  Fy1(2) = cosh(y/2). (155)

9nt2 112 SQn—i—ZAZ T ) 5
le* HL?(O,T;Hl Z/Lm 'z Ta)/ (ta_ Eqy o (,umta)) dt (156)
and
AT, () 2
|e? +1Hiz(0’T;H1 Zum BT (umTa) /0 (Ean (mt®))” dt. (157)
To prove that limy, s [|€2""2(| 20 7;m1(0)) = 1iMnsee 1€ 20703 (0)) = 0, We use the fol-

lowing Lemmata [3.1] and [3.2]
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Lemma 3.1 (A new technical lemma). Let L,, and M, be the sequences given by, for m € N*,
1 g 2

L, = —m/ t* 1By o (umt®))” dt 158

Ei,l (1 T*) Jo ( ’ ( )) (158)

and
:UJmTMiQEi,a (1mT*)

M,, =
Eé,l (1)

T

| B Gt (159)
0

Then L,,, and M,,, are bounded.

Proof. We have, using the change of variable 2 := pu,,t* with z > 0,

1

—3 Tus 1\ 20—2
Hom o 2 «
Ly, = —/ (um“Z) ES o (2%)dz
Egz,l(ﬂmTa) 0 ’ (%)

51 Tug
= —Ei,l(ZmTa)/o ZOPEL (2%)dz. (160)
Using [17, equation (2.7)] yields
Eoo(z%) ~ (zo‘)l%a ezaé/a =z2"%"/a, as z— . (161)
This implies that
ZOPER (2%) ~ 2—2:, as z — 00. (162)
This together with the fact that (recall that a > 1) the function z — % is continuous

o2
(and consequently it is bounded on any compact subset in which the maximum and minimum

values are attained at some points) and non-negative imply that there exists a positive constant
Cy (which depends only on «) such that for all z > 0,
2022 (o)

e2z
o2

0< < Cs. (163)

Here, for brevity, we have omitted including the lengthy standard arguments of the separate
handling of compact intervals and mentioned only the asymptotic behaviour ((162)) to conclude
the boundness in ((163]).

Using again [I7, equation (2.7)] (recall that lim p,, = 4+00), we get
m—00

L &
Eor(mT*) ~ eWnTD® jop = etiT [ as m — oo.
This gives
1
E. (i T®) ~ 7T /o as m — oo. (164)

2 o
This together with the fact that the sequence Mf) is positive imply that for some two
52;14,,%T

positive constants Cy and C}y (depending on « and T') we have, for all m > N*,
Eg,l(UmTa)
L

EQH%T

Cy < < Cho. (165)

a2
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Gathering ([160)), (163) and (|165)), and using together with the fact that = —1 < 0 yield
C 51 Turén C i 1 C. 1
0<L,,< Lml/ ey = Lml (esz% _ 1> < _8,u15_1 (166)
0 chezu,;iT 20y

Cg@ZuET
This means that IL,, is bounded. Let us now prove that the sequence M,, is bounded. We

have, using the change of variables 2% := p,,t* with z > 0,
1
(167)

1 2 2 fim® T 2
EZ (pmt®)dt = L/ EZ 1 (2%)dz.
( Ta)) / ! E2 (™) Jo 5

Eat(limT) ) Jo
Using [I7, equation (2.7)] yields
Eq1(2%) ~ ezaé/a =e’/a, as z— o0. (168)
This implies that
EZ (%) ~ 2—2;, as z — 00. (169)

2 e
Eo‘jg(zz ) is continuous and positive imply that there exists

This together with the fact that z —
22
two positive constants Cy; and Co (which are depending only on «) such that for all z > 0,
(170)

E? (2
Cn < % < Cha.

a2

-

Gathering (165)), (167) and (170) yields
2 —% T,
o pim* Cra 2

1 2T
. B2 | (pt®)dt < —1"
(Ea,lmea)) /0 il ) C’geQ“éT a? Jy
1 1
Clafim® & Clafim®
2Cye2n T 2Cy
On the other hand, taking 2% := p,, 7% in (163)) leads to
20—2 172 a ﬂezuéT 21 GQMT%T
T B o T?) < ppim® —5—C = i~ —5—C. (172)
Gathering this with ((165) implies that
1
2_q 2T 2 I e o2
n Gy = B (173)
Coy

T2 (3 T)
. S Hin =
Ea,l (,umTO‘) o C’9
Gathering now the definition (159)) of M,,, (171)), (173)), the fact that « € (1,2) and yield

(174)

2 1 4 19
— i = Caps - < Cupy .
[

0<M, <
=720, Co
This implies that M, is bounded. This completes the proof of Lemma |3.1

_1
Croptm® Cg 21

=0, we can define E,o(z) =Y - 2" /T(am).

1

Using and that lim\ g o)
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Lemma 3.2. The following relations hold:

E21(2) 2 Eap(2)Eag(2), 2z € (0,00), (175)
iz (2Ban(2%) = By (%), 2 € (0,00), (176)
d o a1 o
- (Ea1(2Y) =29 Ean (29), z€(0,00). (177)

Proof. In [I7, equation (2.8)] it is remarked that

Ei 7+1( 2) 2 Ear(2)Eaqta(2), 2 € (0,00), (178)

given a > 0 and v > 0. Below we wish to show that this inequality also holds as v ™\, 0 in
the form of . Although can be proved for any o > 0, for the sake of simplicity of
its proof, let us assume that a € (1,2), which is also the case we are dealing with throughout
the paper. According to the definition , we have

E, = Om (), 179
v+1 %Fam—kv%—l mZ::O (7) (179)
where, for all m > 1,

zm zm

bm () = ['(am +v+1) = I'(am+1)

Since the series Y °_ 1 60,(0) =1+ >"*_, F(;Tm+1) is convergent, it follows that the series in
(179) is uniformly convergent with respect to v and lim\\ g Ey +1(2) = Eq1(2). Similarly, we

can obtain that lim,\ o Eaq12(2) = Ea2(z). Again, according to (16), we have

[e.e] Zm o0
E..(2) = —|— 180
a(?) mZOI‘(am—i-v mZ:lFozm—i—v (180)
For m > 1, we have that 0 < (am = < F(za?:n) and since the series y ﬁn;n) is convergent
it follows that the series >~ #ﬂ) is uniformly convergent with respect to . Finally,

using that lim, o ) = = 0 we obtain that lim\ g £, (2) = E40(2). This concludes the proof
of (I73).

Formula ((176]) can be deduced from [8, equation (4.3.1)]. Using that 2*E, (2%) = E40(2%),
formula (177)) can also be deduced from [§, equation (4.3.1)]. O

Theorem 3.1 (A new bound result). For all m € N*,

0<S,, <1. (181)

1

Proof. Let us set 2% := p,, T such that z > 0 (and consequently T' = zpu»*) in (150) to get

27Fo o (Z%) Eoa (Z%)
(Ean (25))?

S =

= k1(z7)Kk2(27), (182)
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where z — k1(z) and z — ko(2) are two functions defined for any z > 0 by
2Eq 9 (2%) 221 By (2%)
Ea,l (Za) Ea,l (Za)

To justify that (181)) holds, it suffices to prove that 0 < k1(z) < 1 and 0 < ko(2z) < 1, for

all z > 0 (see also Remark which provides another path to justify (181]) using only 0 <
k1(z) < Tand 0 < ky(z) < 1forall z > 0 together with a property of Mittag-Leffler functions).

ki(z) = and  ko(2) = (183)

The property that x; and ko are non-negative stems from the facts that the numerators and
denominators involved in their definitions are non-negative for all z > 0 (according to the
definition of Mittag-Leffler functions E, 5 (2%), Eu1 (2%) and E, o (2*) > 0 for all z > 0).
(i) We prove that k1(z) < 1. Using [I7, equation (2.9)] we have that x;(z) < 1. The strict
inequality k1(z) < 1 is established in Appendix B.

(ii) We prove that ro(z) < 1. Let us consider the function (it is the difference between the

numerator and denominator of ky(2))
X(2) == 2 By (2%) — By (2%). (184)

We show that x(z) < 0. To this end, we compute the derivative x’(z) using [8, equations
(4.2.3) and (4.3.1)] to obtain that for all z > 0,

V(2) = 202 E o (2%) — 22 B (29) = 2 2E, 1 (=) <1 - M) . (185)

Eoa-1(29)
Using [17, Page 396], the function z % is increasing and lim,_,., % = 1.
Consequently, ¥’ > 0 and thus y is increasing, and
x(z) < lerglo (zo‘_lEa,a (2%) = Ean (2%)) . (186)
Applying the asymptotic behaviour result of [26, Lemma 1.1] yields
x(z) = 2271 (é (za)l?Ta e(za)é +0 ((za)_1_1)> — é (zo‘)% e(’za)é +0 (z_“)

=0(z*"+0(27%)), as z— o0 (187)

This implies that lim, ,,, x(z) = 0. Gathering this with ((186) leads to the desired inequality
ka(z) < 1 (recall that E,(2%) > 1> 0 for all 2 > 0). This completes the proof of Lemma
B.1 O

Remark 3.2 (Another possible proof for ) In the proof of Lemma we have used
the inequalities 0 < k1(z) < 1 (the strict inequality k1(2) < 1 is justified in Appendiz B) and
0 < ko(2) < 1 to justify that holds through . However, it is possible to justify
that holds using only inequalities 0 < k1(z) < 1 and 0 < ko(2) < 1 (which have been
shown in the proof of Theorem , i.e., without needing the strict inequality k1(z) < 1 for all
z > 0. Indeed, the two inequalities 0 < k1(z) < 1 and 0 < ka(z) < 1 for all z > 0 imply that
0 < ki(2)ke(z) < 1. Assume, by contradiction, that k1(z)k2(z) < 1 does not hold, i.e., for
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some zy > 0 (when zg = 0 we have k1(20)k2(z0) = 0), we have k1 (20)k2(z0) = 1. This implies,
since 0 < ky(z0) < 1 and 0 < Ko(zg) < 1,
20Ea2 (25) 23_1Ea,a (25)

Eoq (26) Eoq (25)
The first identity in imply that, using the fact that the function ki(z) is increasing (see

and (273)),

k1(z0) = =1 and kKa(2) = = 1. (188)

k1(z0) < k1(2) <1, Vz € [20, +0).
This implies that
k1(z) =1, Vz € [z, +00).
On the other hand, using the second inequality in implies x(zo) = 0. As stated before,

X 1S increasing and consequently,

0= x(z20) < x(2) < lim x(2) =0, Vz € [2,+00), (189)
Z2—00
and hence
X(z) =0, Vzé€ [z, +00). (190)

This gives, using , that
Za_lEoz,a (Za) . (Ea,l (za))/

1= = ,  Vz € |z,400 191
Ea,l (Za) Ea,l (Za> [ 0 ) ( )

Integrating over z € (zo,t) for any t > zy leads to
In(Eqq (1Y) =t+1In(Ean(25)) — 20, V€ [20,+00), (192)

This gives the contradiction that the functions Eo; (t*) and €' are identical up to a multiplica-

tive constant. Therefore, we have that for all z > 0, k1(2)ke(2) < 1. This implies in particular
by taking z := zp and using , that Sy, = k1(27)k2(27) < 1.

Using the Mathematica software https://www.wolfram.com/mathematica/, the stated in-
equalities 0 < ky(z) < 1 and 0 < ky(z) < 1 in the previous proof of Theorem are

illustrated in Figure [1| for various values of a.

We are now able to state and prove the convergence of the alternating algorithm ((116))—(118])
towards the solution of the Cauchy problem —.

Theorem 3.2 (The convergence of the alternating algorithm given by 7). Let U™
be the sequence given by @—@ Assume that the solution of the Cauchy problem —(@
with f € HY(Q) and G € L*(Q) is satisfying uw € L*(0,T; Hy (). Then, for any initial guess
n € L*(Q)) provided in the last branch of , while assuming that 8} Pu(-,T) € L*(Q), the

following convergence result holds:

HVe"HLz(QT;HS(Q)) —0, as n— oo, (193)

where e” is the accuracy error given by ([119)).


https://www.wolfram.com/mathematica/

28

a=1.1 a=1.5
10F  _pame=ssms=sss=s 10 = _ice=asa
" -
¢
v
08y o8l
ST r
r
i
0.6 06-.'
'
04+ 04pm
la
1
02t ool
z L z
2 4 ] 8 10 2 4 6 8 10
a=1.9
1.0f
08r
0.6
04r
0.2
. . . . Lo
2 4 [ 8 10

FIGURE 1. The functions k1 (z) shown by continuous line (——) and xy(z) shown
by dashed line (— — —), as functions of z € [0,10], for various values of (a)
a=1.1, (b) a=1.5and (¢) a = 1.9.

Proof. We remark that the series ({156)) and (157)) are uniformly convergent (since they satisfy
the Weierstrass M-test); indeed, using Lemma and Theorem

SQHZAQ g 1 2 2042 A 2 2
_m_Tm 1 By o (t®))” dt = SP2A2 L, < A2 sup L, 194
"EZ (umm/o ( o (™)) et (194)

and

SZn+2A2 T2a 2E2 mTa T
Hm - = 4 a’z (’U’ ) / (Ea,l (/Lmta))z dt = Sgr?—i_QAgan < A72n sup M., (195)
Eoc,l (,UmT ) 0 meN*

where the series

Z A2 =110, u(-, T) = 320y < o

meN*

In addition to this, thanks to Theorem

2n+2 A2
S2n+2

T
3 T — U / 1 Ego (™)) dt = 0
L G ) Jy )

and

1. 872721+2A72nT2a72EC2¥,a (y’mTa) /T (E ( ta))Z dt O
1M Ly, a,1 (Um = U
n—o0 Eé,l (i T) 0

Taking into account the above facts, equations (156 and ((157), and the Dominated Conver-

gence Theorem, we deduce that

lim €172 0 o Z i g, 5 SW?AQ /T (t* ' Egn (umt®))*dt = 0. (196)
n—00 L2(0,T5Hg ( n—00 (,umTa) ’
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and similarly, we have

nh_g)lo He%HH%Q(o,T;HOl(Q)) =0. (197)
This completes the proof of the theorem. O

Remark 3.3 (Extension to the non-homogeneous case of equation (l)). The alternating
algorithm @f@ for solving the problem 7(@ and its convergence analysis can be
t) in the r.h.s. (right-
hand-side) of (l) In this case, the equations (116 (ﬂ) @ are changed slightly only by adding
the function P to the r.h.s. of their first branches and consequently the error (-) 18 satisfying
@f (the function P disappears when subtracting the first branches of @7@ from
with r.h.s. P). The convergence analysis of Subsection remains then valid. The proof
of stability of the problems involved in the alternating algorithm @—@ with r.h.s. P
in the first branches can be justified using the techniques at the beginning of Section [3 and
Remark [31.

extended to the non-homogeneous case when there is a function P(,

4. AN ILLUSTRATION FOR THE CONVERGENCE OF THE ALGORITHM IN ONE DIMENSION

Let us consider the one-dimensional (d = 1) domain © = (0, 1). Consider also the inhomoge-
neous form of equation (1) with right-hand side P(x,t), with the boundary conditions f
(1+t*t)z(1 —x) for (z,t) € Qr =Q x (0,T) :=

x (0,1). The functions f and G are given, respectively, by z(1 — z) and 0.

having the exact solution given by u(z,t) =
(0,1)

We calculate the errors and in the L*(L?) and L?(H})-norms (the L?(H})-norms
are obtained by taking the square-roots in and , whereas the errors in the L?(L?)-
norm are defined by the same expressions but omitting the term p,, in the sums) by truncating
the sums after a sufficiently large number of terms, such as at m = 20. The eigenfunctions
V2sin(mmz) and g, = 72m?2.
We consider the alternating algorithm (as described in Remark |3 . with n = 0. The term
A, is then given by 8} 1, (t)]=1 = ﬁréfra) fo

using the Mathematica symbolic computation software for o« = 1.5 are presented in Table [T}

©m and the eigenvalues p,, are given, respectively, by ¢,,(x) =
(1 — ) sin(mmx)dz. The results obtained

From this table it can be seen that the norms of the errors are decreasing to zero, as n increases.

TABLE 1. The norms of truncated errors e3q 2 and ez for a = 1.5.

n | The norms of the error e3> || The norms of the error e5q '
le3s M2z | lleds ez | leds ™ lezwe) | lless ™ ooy

100 | 3.3355 x 1072 | 1.0487 x 107! || 3.3395 x 1072 | 1.0499 x 10~*
500 | 4.8607 x 1073 | 1.5842 x 1072 | 4.8665 x 107 | 1.5859 x 1072
1000 || 6.3783 x 107* | 4.6695 x 1073 || 6.3819 x 10™* | 4.6700 x 10*
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The above computational simulation has illustrated the convergence of the alternating algo-
rithm in the simplest case of d = 1. Nevertheless, in case () is a bounded irregular domain in
R? with d > 1, the direct mixed problems ((116)—(118) would have to be discretised and solved

numerically.

5. CONCLUSIONS AND PERSPECTIVES

In this paper, an ill-posed Cauchy problem associated to a fractional elliptic equation with
fractional order derivative boundary conditions has been investigated. In the classical integer
case of @ = 2 resulting in the Cauchy problem for the Laplace equation uy + Au = 0, we
suggested an alternating regularising algorithm using the ideas of of [14], which was developed
for the Cauchy problem associated to the elliptic Laplace’s equation. This algorithm contains
two types of problems whose weak formulations have been developed under some conditions
on the data. These weak formulations allowed to derive stability of the solutions of the
algorithm in L?(H}). The convergence of the sequence of solutions of the algorithm towards
to the solution of the ill-posed Cauchy problem was rigorously proved. Furthermore, we
have extended the alternating algorithm to the general fractional case a € (1,2) (our main
problem). Such algorithm involves two types of problems whose stabilities were established
using two different methods. The first method relies on weak formulations of the problems
involved in the iterative algorithm and subsequently the stability was obtained through the
coercivity of the bilinear forms and the continuity of the linear forms involved. The second
method was based on the use of method of variation of variables. Subsequently, we developed
several new inequalities to control the solutions in some convenient spaces. These inequalities
are based essentially on the asymptotic behaviour of Mittag-LefHler functions. To the best of
our knowledge, this is the first time to use this approach which involves the existing asymptotic
behaviours of Mittag-LefHler functions together with the method of separation of variables in
order to control (to bound) solutions of fractional partial differential equations. The stability
results proved for these two types of problems generalize the ones obtained for the limit case
of @ = 2; when we replace @ = 2 in these stability results we get the ones obtained in our

analysis in the case of the Cauchy problem associated to the Laplace equation in R4*!,

The results obtained in this article can be extended to the problem f when the Laplace
operator A involved in is replaced by the symmetric uniformly elliptic operator

d

0 0
Lu(x,t) = Z £ (aij(m)a%(m,t)) , = (x1,29,...,24) €Q, t€(0,7T),

ij=1
with time-independent coefficients a;; € Cl(Q), a;; = aj; and, for some positive constant v,

d d

vY &< a(@ig, YeeQ, V&= (6,6 &) R
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One of the main perspectives of this work is to derive a convergence rate (believed to be

of logarithmic type) and to extend these results to the general fractional partial differential

equation —D <8t1 P ) u + Au = 0 with A a self-adjoint positive-definite unbounded operator.

Another future work would be to follow the approach of [21] to first define a weak formula-
tion for the problem (74)-(77), as in [2I, Definition 2.1, Page 428], and subsequently, derive
regularity results of the solution u under some assumptions on the data f and @, as in [21],
Theorems 2.3 and 2.4].
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Appendix A

Using the expansion () of u together with (115), [10, Page 141] and inequality (a + b)? <
2(a® + 1), we get

T T [
IVullZ20.7.02(6)) :/0 HVU('J)H%%Q)C“:/O ZMme(t)\Q dt
m=1

) T oo
<23 ( / T1<t>dt) ol 23 LalQP (198)

where

ta_lEa@((Mmta)umTEa’Z(MmTa) ) ’ (199)

T.(t) := <Ea,1(umta) - Eoi1(ptmT)
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and L,, is given by (|158]). Using Lemma , L,, is bounded and consequently the second
term on the right hand side of (198]) can be bounded as, thanks to (166]),

2ZL 1Qul? < 22 QN0 (200)

We now estimate the first term on the right hand side of (198]). To this, we bound T, as, using
inequality (a + b)? < 2(a? 4 b?),
T, <2(Ty+Ts), (201)

where, for z% := u,,t%,

Ty = (En1(2%) = 2% Epa(2%)) (202)
and
1 Ut By o(2) 2
T, = ( B (T — TE, mTa) ’ . 203
1= (1 Bl ) = T ) P Pl (203)

This implies that

Zﬂm (/ T ( )dt) | fml? < ZZum (/OTTQdQ | fl® + 2gum (/OTngt> | finl?. (204)

We begin to estimate the second term on the right-hand side of (204]). Applying twice the

asymptotic behaviour result of [26, Lemma 1.1] we get

1

- [} [} *Efl
pim® Bt (tmTY) = TEq2(mT*) = O <:um ) .

This gives
1 1
Hm (Nma Ea,l(:umTa) - TEa,2(MmTa)> =0 <Mma> . (205>
Gathering this with (203]), the definition (158) of L,,, and Lemma [3.1] imply
% T % . 9
Z Hm (/ TSdt) |fm|2 = Z <H’m (Uma Ea,l(ﬂmTa) - TEa,Q(VJmTa)>> Lmlfm|2
m=1 0 m=1

< Cull oy (206)

Let us now estimate the first term on the right-hand side of (204]). To this end, we use again
the asymptotic behaviour result of [26, Lemma 1.1] to get

Eo1(2%) — 2 By o(2%) ~ ée(za)é + 0 (27%) = 2! <é (%)= NCOLIN, (z_2°‘)>
= 0(z7%), as z— oo (207)

This implies in particular that, since (E, 1(2%) — 2% 1 E, 0(2%)) /2~ 1s continuous away from 0
1
(and consequently is bounded on any interval [,uf T, a} with a > py T), there exists a positive
1
constant Cy5 such that, for all z > upT,

'Ea’l(za) — 227 E, o (2%)
Z*Ol

< Cis. (208)
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Let us write, using the change of variable z® := p,,t* with z > 0 and (208)) (recall that
1—-2a<0),

1

T _1 [T _1
/ To(2)dt = pm® / To(2)dz = pm® / z)dz + /1
0 0 0 uT

1 pi T 1\ 1-2a 1\ 1-20
S C’16um" / TQ(Z)dZ + (/,Lf T) — (u%T)
0

This implies that, using the fact Ty(z) is continuous (and consequently, 0 TQ( )dz is

bounded above by a constant which does not depend on m),

T 1
/ TQ(Z)dt S C’NM;E. (209)
0

This yields the following bound on the first term of the right-hand side of 204, since 1 —é < %:

Z,Mm (/ T )dt> |fml? < Ciz Z,Mm | fml* < Ciz Zﬁbm|fm|2 < Ol7||f||2 , (210)

where, the space H*(Q) (see [10, Page 141] and [21], 428)) is defined by, for s > 0,

Q) = {0 € 1X0) 3 il (0,6 gy [P < +o0)

m=1

equipped with the norm

Zum| v gpm L2 Q)‘

In the particular case when s = 1, we have Hl( ) = HL(Q) (see [10, Page 141]). It is useful
to state that H'(Q) = HY(Q) € H2(Q) since, for v € HL(),

o
ml (U, o, —| (v, om < — ml (U, Om 2 < 400, (211
ZN | (v, L2 mZ:: ?ln P LQQ)‘ \/M—ZN | (v, )L2()| (211)

Gathering now (198]), (200)), (204), (206) and (210) yields

IVullzzozaxoy < € (Il + 11y 0 + QN0 ) - (212)

A first interesting remark is that the regularity assumption on f, which is needed in ,
is reduced to f € Hz() (instead of the assumption f € H(Q) needed in ) A second
useful remark is that using and under the assumption that f € H}(f2), the stability
result together with the Poincaré inequality (that is, ||v|/z2) < C||Vv| 12 for any
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v € H}(Q)) yield the L*(H})-estimate involved in (109), which was previously proved in
Section |3 using the weak formulation ([104)).

Appendix B

From [I7, equation (2.9)] we only have that

2E, 2 (29)

———= <1, ze€]|0,00). 213
Fur (0) = [0,00) (213)
The aim of this appendix is to explain that the inequality (213 is strict, that is, k1(z) < 1
for all z > 0 (which was used in the proof of Theorem [.1)). Indeed, using (L75)-(L77), the

numerator of the derivative x/(z) (the denominator of £/ (z) is positive) satisfies

ki(z) =

§(2%) = Eqy (2%) = 2%Eoa (2%) Ea2 (2%) = Eqy (2%) = Bap (%) Eap (27) 2 0. (214)

The function z — £(z) is strictly positive on (0, +00) since, thanks (214) and [I7, equation
(2.1)] with 8y := v and ;) := 2 — « (note that the hypothesis 5y > 8; > 0 of [17, Theorem 1]
is satisfied since o > 1), we have

o0 Zj i
= E2, () ~ Fua Taisa) ~ Faa(2) — Fa
6(2) a,l(z) , (Z>ZZOF(OZJ+2> a,l( 62 ];OF Oéj+2

=

_ 2 S Z
= Bi 14822 (2) = By, (2) Z Moj+2—a)

Jj=1

1
_ 2
= B4 (8,462)/2 (2) — Ea,p, (2) (Ea,ﬁl(z) - m)

Eop,(2)
2 o.f
- Ea7(51+52)/2 (Z) — Eop (Z) Eﬂtﬁl (Z> + T (2 2_ a) > 0.

Consequently, z +— k;(2) is strictly increasing on (0,+00). In addition to this, using, for
instance, the asymptotic behaviour results [I7, equation (2.7)] or [26, Lemma 1.1], we have
that lim, o 1(2) = 1. Therefore, k1(z) < 1 for all z > 0. This together with the fact that
k1(0) = 0 yield k1(2) < 1 for all z > 0.
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