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Interaction of the gravitational Hawking radiation and a static point mass
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We study the interaction of a stress-energy tensor describing a static point mass supported by a string
outside a Schwarzschild black hole with the gravitons of the Hawking radiation. We derive a closed-form
analytic expression for the total response rate of this stress-energy tensor to the thermal gravitons in the
Unruh state, which models the quantum state in the spacetime of a spherically symmetric black hole formed
by gravitational collapse. This response rate is finite in contrast with the infrared divergent response rate for
a static point mass supported by a string in Rindler spacetime, i.e., a point mass accelerated uniformly by a
string in Minkowski spacetime. By comparing the response rate near the black hole horizon with that in
Rindler spacetime, we show that the size of the black hole acts as a natural infrared cutoff. We also find that
the response rate of this stress-energy tensor to the thermal gravitons incoming from past null infinity in the
Hartle-Hawking state vanishes. As a result, the total response rates of a static point mass (supported by a
string) in the Unruh and Hartle-Hawking states for gravitons are identical. This is also the case for a static
charge interacting with the electromagnetic field but not for a static source for a massless scalar field.

DOI: 10.1103/8wm9-1x6j

I. INTRODUCTION

It is widely believed that a theory of quantum gravity is
required to describe the earliest moments of the Universe
and the final stages of black hole evaporation when
quantum effects of gravity are expected to dominate.
Despite substantial efforts toward its formulation, a fully
consistent and well-defined theory of quantum gravity
remains one of the major open problems in fundamental
physics (see Ref. [1] for a list of proposed approaches). In
the absence of such a fully consistent theory, one is led to
semiclassical frameworks that are believed to delineate the
interface between classical and quantum descriptions of the
underlying gravitational interaction. In particular, quantum
field theory in curved spacetime provides a well-established
setting that consistently combines quantum field theory
with general relativity at the perturbation level, describing
quantum fields propagating on a fixed classical back-
ground. One of the most remarkable predictions of this
framework is the Hawking effect, according to which black
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holes emit a thermal flux of particles, leading to their
gradual evaporation [2,3]. By predicting that black holes
emit this thermal flux of particles with a characteristic
temperature, the Hawking effect has played a central role in
connecting black holes to thermodynamics, establishing
their interpretation as thermodynamic systems.

A phenomenon closely related to the Hawking effect is
the Unruh effect, i.e., the fact that the Minkowski vacuum
in quantum field theory is perceived as a thermal bath, the
Fulling-Davies-Unruh [4-6] thermal bath, by uniformly
accelerated observers, i.e., by observers in the Rindler
frame [7]. The Unruh effect brings into sharp focus the
observer-dependent nature of the particle concept in quan-
tum field theory. It is an essential ingredient for a consistent
description of quantum field theory from the viewpoint of
uniformly accelerated observers [8]. More specifically, it
provides the correct vacuum structure and particle inter-
pretation, which are crucial, for example, in the analysis of
classical radiation processes described from the perspective
of the uniformly accelerated observers [9]. Like the
Hawking effect, the Unruh effect has been derived rigor-
ously through several independent approaches, firmly
establishing its theoretical validity [10-13].

Recently, we investigated the gravitational waves emit-
ted by a point mass in uniform acceleration being pulled by
a string in Minkowski spacetime, which is static in the
Rindler frame [14]. (See also Ref. [15].) In particular, we
computed the response rate of this static, conserved stress-
energy tensor to the gravitons of the Fulling-Davies-Unruh

Published by the American Physical Society
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thermal bath in the coaccelerating frame and showed that it
agrees with the graviton emission rate computed in the
standard method in the inertial frame in Minkowski
spacetime. We found that the total response rate exhibits
an infrared power-law divergence.

The main purpose of this paper is to investigate the
analogous problem of finding the response rate of a point
mass held at rest outside a Schwarzschild black hole by a
string to the gravitational Hawking radiation, which is
modeled by the radiation from the past horizon in the
Unruh state [6]. For this purpose, we derive analytic
expressions for the graviton mode functions in the low-
frequency regime in Schwarzschild spacetime. In particu-
lar, we solve the radial equation of motion for the vector-
type (odd-parity) modes and apply the Chandrasekhar
transformation to obtain the scalar-type (even-parity)
modes, which are the ones that couple to the stress-energy
tensor considered here. We also consider the Hartle-
Hawking state as the initial state of the quantum field,
which describes a black hole in thermal equilibrium with a
surrounding thermal bath at the Hawking temperature [16].

The remainder of the paper is organized as follows. In
Sec. II, we construct a conserved stress-energy tensor
satisfying the weak energy condition and corresponding
to a point mass at a radial position r( supported by a one-
dimensional radial string extended from the particle radial
position to infinity. In Sec. III, we review the gravitational
perturbations of the Schwarzschild spacetime (Sec. III A),
derive the mode solutions analytically in the low-frequency
regime (Sec. III B), and quantize the perturbations using the
canonical quantization prescription (Sec. III C). In Sec. 1V,
we compute the response rate of the conserved stress-
energy tensor constructed in Sec. II to the thermal bath of
the Hawking radiation of the Schwarzschild black hole.
Our concluding remarks are presented in Sec. V. In
Appendixes A and B, we discuss technical details that
have been omitted from the main text. In Appendix C, we
analyze the response rate of an alternative stress-energy
tensor with an additional parameter characterizing the
string. In Appendix D, we present the response rates of
static point particle systems coupled to bosonic fields in
some static spacetimes, summarizing the results of this
paper and those in the literature. We adopt metric signature
(=, +, 4+, +) and units where G = ¢ = # = 1, unless stated
otherwise.

II. CONSERVED STRESS-ENERGY TENSOR

The line element of the Schwarzschild spacetime is
given by
2 P T S g
de* = —f(r)dr +f( )+r (d9* + sin“0dg=), (1)
r

where the Schwarzschild radial function is

fry =122, 2)
r
with r, =2M being the radial coordinate of the event
horizon, where M is the mass of the black hole.

We begin by constructing a conserved stress-energy
tensor, 7#¥, in the spacetime described by Eqgs. (1) and
(2), for a system that includes a static point mass located at
a fixed radial position, ry > r,. A particle at rest at fixed r
outside the black hole does not follow a geodesic and
therefore has a nonvanishing proper acceleration,
a* = u*V, ' # 0, where u” denotes the 4-velocity. This
implies that the particle undergoes uniform acceleration in
the exterior region of the black hole. The agent respon-
sible for supporting this constant acceleration, which
continuously exchanges energy-momentum with the par-
ticle, must therefore be included. Thus, only the stress-
energy tensor of the whole system, i.e., the point mass
together with the agent driving the acceleration, is con-
served. (This conservation is essential for ensuring the
gauge invariance.)

We assume that the only nonvanishing components
of the stress-energy tensor are 7 and 7'" and that they

are proportional to 6(? = 35(0 —6y)5(¢p — ¢py)/sinO. The
r-component of the conservation equation, V, 7* = 0, gives

f/>T"—|-f—f/T”:0. (3)

2
arTrr + (_ 5

ro2f
We let the 7" component be given by
rr f
T = g F(r)of, (4)

with F being a real-valued and positive function of r and
u = u(rg) > 0being related to the point particle mass, m,, as
shown below. Substituting Eq. (4) into Eq. (3), we obtain

T :% f,?r) F'(r) + ﬁF(r) 8. (5)

The stress-energy tensor given by Egs. (4) and (5) satisfies the
weak energy condition provided that F'(r) > 0.
Now, we choose the function F(r) as

F(r) = 0(r—ro), (6)

where 6(x) is the Heaviside step function. This choice leads
to the stress-energy tensor

2 1
" Z% W(S(r— ro) +W9(r— ro) |87, (7)
17 = () "D 6, 8
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FIG. 1. Kruskal-Szekeres diagram of Schwarzschild spacetime

illustrating the stress-energy tensor given by Egs. (7) and (8). The
point mass located at r = ry, supported by a string extended from
ro to r — o0, is shown in the exterior region of the black hole as
dots with wavy tails on each # = constant slice.

with all the other tensor components vanishing. This stress-
energy tensor describes a classical system consisting of a
point mass static outside the black hole at r = r( being
supported by a string extended from r( to r — oo. Figure |
illustrates this system in the Kruskal-Szekeres diagram of
the Schwarzschild spacetime. The classical system is
represented as dots with wavy tails on five r = constant
slices of the diagram.

To find the relation between u(ry) and my, we first note
that the stress-energy tensor of a point particle with mass
mq and world line z#(z), where 7 is its proper time, is
given by

utu”

V=9

™ = mg 54 (x — z(z))dr. ©)

For a static point mass at r = ry, the 4-velocity is given by
w = (u',0,0,0), with u' = 1/4/f(ry). Substituting this
into Eq. (9), we obtain, noting that §(z— (7)) =

V[ (ro)d(z — (1)),

1

EWoo 8(r — rg)s?. (10)

Tyh(x) = my

By comparing Eq. (10) with the first term proportional to
the o-function in Eq. (7), we find that

() = 5 maf (o) (ro) ™ (i

= moe(ro), (12)

which is the “weight” of the point mass as measured by a
static observer at ry, where

o) = (r)f (o)™ (13)

is the magnitude of the proper 4-acceleration, ¢, of the
point mass, which is given by ¢*=u*V, u* and
¢ = /0"0,. Note that the stress-energy tensor (9) satisfies
the conservation equation, VMT’,‘)” =0, if and only if the
4-vector u* obeys the geodesic equation, u*V, u* = 0. This
is why we need the contribution from the string supporting
the point mass. From Egs. (7) and (8), we see that the stress-
energy tensor diverges in the limit ry — ry, as the force
myo(rg) required to hold it static at that radial position
diverges.

As expected, near the black hole horizon, the stress-
energy tensor (7)—(8) reduces to the corresponding expres-
sion in Rindler spacetime [14]. To see this, note that f(r) ~
f'(ry)(r —ry) near the horizon, with f'(r,) ~1/r,. We
assume that ry — r;, < r;, and change the radial coordinate
from r to & with the relation
r—ry

62a§ —

(14)

”o—rh’

where a = o(rg) =1 f'(r;)/?(ro = r;)™/? and hence
Note that £=0 at By defining
n:=+/f(ro)t, which is the proper time at r=r,
(¢ = 0), the line element near the horizon is approximated
as

U= mya. r =ry.

de? ~ 2% (=dn? + d&%) + r2(d9” + sin? 0dg?),  (15)

which is approximately the standard metric of Rindler
spacetime. Rewriting the stress-energy tensor in terms of
my, a, and the Rindler coordinates (7, £) defined above, we
obtain

1
T % mol6(&) + ae40()] 67, (16)
h
1
T% ~ —myae™2%“g(&) —2512), (17)
Ty

which coincide with the components of the stress-energy
tensor obtained in Egs. (8)—-(9) of Ref. [14].

124084-3
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III. GRAVITATIONAL PERTURBATIONS
IN SCHWARZSCHILD SPACETIME
AND THEIR QUANTIZATION

In this section, we present the relevant gravitational
perturbations in Schwarzschild spacetime, which can be
found, e.g., in Refs. [17-19]. We also derive analytic
expressions for the gravitational modes in the low-
frequency regime by explicitly solving the Regge-
Wheeler equation for the vector-type modes and using
the Chandrasekhar transformation to obtain the Zerilli
modes, i.e., the scalar-type modes, in this regime. Then,
we quantize the gravitational perturbations following the
canonical quantization prescription.

A. Scalar-type and vector-type gravitational
perturbations

The scalar-type  gravitational
Schwarzschild spacetime are given as

perturbations  in

h((;j,l’l;wfm) — O, (18)
Hy " = 2y FOOY . (19)
™" = F Y e (20)

where the indices a, b denote components on the (z,r)
submanifold (orbit space) and i, j label those on the unit
two-sphere (52); y;; is the metric of $?. The scalar spherical
harmonics Y,, are given in terms of the associated
Legendre functions, P(cos @), as [20]

2041 (€ —m)! .
Vonl0.9) = [t S Prcos)en, (21

and the functions F\") and F ((;Zf)

a master variable ®3(z,r) as

are expressed in terms of

. 1
Flne) — PRI [(Hf - rf, + 2rD“rDan,f} , (22
F(n;f) _ L D Db —lg bD QS , (23)

ab Hf a 2 “ wr
with
1

He=—[(As=2)r+6M], (24)
Q) , =rH,®},, (25)
Ay =2£(£+1). (26)

In Egs. (22) and (23), D, is the covariant derivative on the
two-dimensional orbit space, and [ is the d’ Alembertian in
the orbit space, given by

* 0 0
O=—f(r)"'==+— —1. 27
707 5+ |05 @7
The vector-type gravitational perturbations in

Schwarzschild spacetime are written in terms of a master
variable ®} as

pymerm — y\ e Db (rdY), (28)
with all other components vanishing. Here, €, is the totally
antisymmetric tensor (Levi-Civita tensor) on the orbit
space, with the components defined by ¢, =¢,. =0
and €, = —¢,; = 1. In Bq. (28), Y\"™ = ¥\ (0, ), with
i€{6,¢}, are the vector spherical harmonics [20-22].
These functions are expressed as

Y0, ¢) =

eijanfm(g’ ¢)7 (l’p 2 l>’ (29)

1
VA
where ¢;; is the totally antisymmetric tensor (Levi-Civita
tensor) on S? (with indices representing the coordinates
and ¢), with the components defined by €4y = €45 =0
and €y = —€49 = sin0.

The positive-frequency master functions are written as

@F (t,r) = ub  (r)e7i, w >0, (30)

with Pe{S,V} and the functions u’,(r) satisfying the
homogeneous differential equation

d2
et v =0 o
where the tortoise coordinate, x, is given by

x(r) =r+2Mn <ﬁ— 1). (32)

In Eq. (31), Vp(r) denotes the Zerilli potential, V¢(r), and
the Regge-Wheeler potential, V(). They are given by [23]

d
Vs(r) = +B 5+ B6 + ey (33)
d
V() = =B+ B + ke (34)
where = 6M,
k)/p = Af(Af - 2), (35)

and the function g(r) is given by

124084-4
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_J)
o) =L (36)
The potential V' (r) can be simplified as
A, M
Vel = 100 (% - %) )

P.in_—ipx
T, e,

and

—1..P,
(AGe) "

where the overline denotes complex conjugation, A(ﬁf
denotes the overall normalization constants to be deter-
mined, and hip denotes the spherical Bessel functions of
the third kind [20]. The modes labeled “in” are the ones
purely incoming from past null infinity .#~; the modes
labeled “up” are the ones purely outgoing near the past
black hole horizon 7~. The transmission coefficients
are 7572, whereas the reflection coefficients are
RE2P.

The static stress-energy tensor interacts with the zero-
energy gravitons of the Hawking radiation. We next derive
analytic expressions for the gravitational perturbation
modes in the low-frequency regime.

B. Low-frequency regime of the vector-type
and scalar-type gravitational modes

We first rewrite the differential equation (31) with w = 0
for the vector-type modes, i.e., the modes associated
with the potential given by Eqgs. (34) and (37), by setting
ul(r) = rZ,(r). Defining a new variable as z := r/M — 1,
this differential equation becomes

Ps
z+1

(1 - ZZ)ZZ — ZZZ/f + (Af — >Zbﬂ = 0, (40)

where p, =8.' Equation (40) would be the Legendre
differential equation if the term proportional to (z + 1)~
were absent. The general solution to this equation, written

'The differential equation governing a field of spin s takes the
form of Eq. (40) with p; := 25, where s = 0 for a scalar field,
s = 1 for the electromagnetic field, and s = 2 for the vector-type
gravitational perturbations.

(—i)’“la)xh(fl) (wx) + i”ﬂ‘”‘lRf);“a)xh(fl) (wx),

iwx P.up_—iwx
{ € + R(uf € ’

. P, 1
£+l ’Tw;pa)xh( )

¢ (wx),

The potentials Vp(r), given by Egs. (33) and (34),
vanish in the limit r — r;, (x - —oo0) faster than any
power of 1/|x| as Vp ~exp(—|x|/r,) and are approx-
imately A,/r? for large r. Thus, we have the indepen-
dent solutions, u’" PUP to Eq. (31) satisfying the
boundary conditions

and u

(x <0, x| >ry),
(38)
(x > rh),

x<O0,|x|>r,),
( x| > rp,) (39)
(x> ry),

in terms of the Legendre functions of the first and second
kinds, P,(z) and Q,(z), respectively, is given by

Zo(2) = c1JpP(2) + €27 ,0,(2), ci,,€C,  (41)
where J, denotes the differential operator
- (z=1)d (z—1)>d?
Jp=1-4 —+6 —, 42
‘ A, dz k, dz2 (42)

with k, and A, given by Egs. (35) and (26), respectively.
First, we note that P, (z) ~ z* and Q,(z) ~z77~! forz > 1,
while P,(z) ~ 1 and Q,(z) # —Inv/z — 1 for z~ 1. In the
@ — 0 limit, the transmission coefficients in Egs. (38) and
(39) tend to 0. Thus, the in-modes, which describe
gravitational waves incoming from .#~, should not diverge
as 7z — 1 (r - 2M), whereas the up-modes, which describe
gravitational waves coming from the past horizon, J#~,
should vanish in the limit z > oo (r — o0). Thus, in the
w — 0 limit, the in-modes should be identified with the
solution given in terms of P,(z), whereas the up-modes
should be identified with those given in terms of Q,(z).
The in-mode and up-mode radial solutions, ux;n and uZ;’p,
for w = 0 are then approximated as

ulx~ CnrJ P, <é - 1> , (43)
u,‘;’;p ~ Csf}rngf <ﬁ — 1> , (44)

where C", and C,°, are normalization constants to be
determined.

124084-5
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We first determine the constant CZ)I;. Substituting the
approximate formula Q,(z) ~—(1/2)In(z —1) near the
horizon (z = 1) into Eq. (44), we find for negative and

large x

vap , _ Can
wit R SEX 4K, (45)

for some constant K, where we have used the near-horizon
approximation x = rj, In(z — 1) for the tortoise coordinate
(32). On the other hand, by using the approximation
et ~ 1 + iwx for r, < —x < 1/w in Eq. (39), we obtain

ultP ~ AP [( + REEPY +icox(1 — RZEP)}. (46)

Since the mode has total reflection in the limit w — 0, we
have |RP’”p| — 1 in this limit. Then, for Egs. (45) and (46) to
be consistent with each other, we must have 1 +R.** — 0
as w — 0 and

Cl = —4iwA) ,, (47)

for w ~ 0. The constant C, can be determined by a similar
argument. Note first

Pf(z) zﬂzbﬂ’

) for z> 1, (48)

which follows immediately from the well-known formula,

1 &

PA(z) =307 (= 1) (49)

Then, by substituting Eq. (48) into Eq. (43), we find

V.in in

’ (22)! ritl
Uy B Copp 12 | _ £
1+ 2)(=2)' M

for r>r,. (50)

Now, the approximate expression of u{‘;;“ for r>r;, in
Eq. (38) can be written using h(fw(p) = je(p) +iys(p) as

20 % A { (i)l 4+ (1) IRE, ] (0x)

+ () Pox{l + (1) PREye(x) f (51)

where j,(p) and y,(p) are the spherical Bessel functions of
the first and second kinds, respectively. Since y,(p) — oo as
p — 0, for Egs. (50) and (51) to be compatible, we must
have [1 + (=1)"*2RP.] - 0 as w — 0 sufficiently fast so
that the second term in Eq. (51) tends to O in this limit. Then,
since

21
‘ (52)

Je(p) zmp )

[see Ref. [20], Sec. 10.52(i)], we find for r, <K x < 1/

2f+lf

Vin _, (_\¢+1
~ (=) 27+ 1)

41 ,.0+1
Uy Aa)fa) X . (53)

By comparing this equation and Eq. (50), we find

224 (£ =) 1) (£+2)!
Q2O)1(2¢+1)!

Cg;f: (—i)f+1 (MW)KWAX}% (54)

for w ~ 0.

The scalar-type modes uf;; are obtained from the vector-

type modes u(‘;; via the Chandrasekhar transformation

[23,24]. The transformation is given, in the @ — 0 limit, by

s 2 22 2ﬁduV"

We shall discuss the origin of the normalization factor
2/+/A, in the next section.

C. Quantization of the gravitational perturbations

We first write the FEinstein-Hilbert action for pure

gravity as
Sen = L /R\/ —g¥d*x, (56)
162G

where R is the Ricci scalar, G is Newton’s constant, and g(f )

denotes the determinant of the full metric g,(,’:>. We

decompose the full metric as

9t = g + V322Ghy,, (57)

where g,, is the Schwarzschild background metric. To

second order in /,,, the action (56) becomes

2
Stn = / /=g dx, (58)
where
L) = V,hHV"h LV i
EH — M_E Ay

(VFh =2V, 1#)V b + R0 07, (59)

l\.)l'—‘

with h = h*,. (Note that the tensor indices are raised and
lowered by the Schwarzschild background metric g,,.)
The conjugate momentum current for a solution £, is
defined as

124084-6
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oL
P = e (60)
o(Vihy,)
Then, the Euler-Lagrange equation is written as
L)
Vp ——E = 0. 61
P = (61)

Hv

For any two solutions h,(,'y) and h,(,/y) to Eq. (61), the following
inner product is time independent [25,26],

(D, 1)y = < L (hil Y = P i yngdZ,  (62)

where X is a Cauchy hypersurface with future-pointing unit
normal n#. The indices i, j denote the set of continuous and
discrete labels.

For the perturbation modes presented in Sec. III, we
require the positive-frequency solutions to satisfy the
normalization condition associated with the inner product
(62), namely,

<h(P,n;(ufm)’ h(P’,n’;a)’f’m’)> — 5PP’6nn’5ff’5mm’5(a) _ w/)‘

(63)
The overall normalization constants A” , are determined by

combining this normalization condition with the boundary
conditions (38) and (39) as (see Appendix A of Ref. [19])

AL, = [Bra(A, - 2)] 712, (64)
and
AS, = 2aoAs (A, = 2)]71/2 (65)
Then, substituting Eq. (64) into Eq. (47), we find
2w
CP® =i [———, 66
ot 1 71'(/\/ _ 2) ( )

for o = 0.

The normalization factor 2//A, = AS ,/AY , in Eq. (55),
which is not in Refs. [23,24], was needed to make the scalar-
type modes defined by Egs. (18)—(20) normalized according
to Eq. (63).

Next, we discuss the quantization of the gravitational
perturbations in Schwarzschild spacetime. After fixing the
gauge completely, the quantized gravitational field, i.e., the
graviton field, is expanded in terms of positive- and
negative-frequency modes as

}‘)

Hv / do |:afm (P el (.X,')
P n ¢£,m

g @) (67

where ab" (@) and a5 () are, respectively, the annihi-

lation and creation operators associated with the mode
(P,n;wfm). They satisfy the canonical commutation
relations
@l (@), ab" ()] = 676" 877 5" S(w — o), (68)
with all other commutators vanishing.

In the next section, we discuss the interaction of
Hawking radiation with the static stress-energy tensor
constructed in Sec. II. In particular, we investigate the

corresponding response rate, derived from the one-graviton
transition amplitudes.

IV. INTERACTION OF HAWKING RADIATION
WITH THE STATIC STRESS-ENERGY TENSOR
A. One-graviton transition amplitudes

The stress-energy tensor associated with a matter action
Smatter 1S defined by

2 6‘5‘ matter

™ =
—g!) 5954)

(69)

For linear coupling between the graviton field and the
classical system, using Eq. (57), we obtain

55 matter

= V8aG ™.
5h 817G

h=0

(70)

Hy

Hence, the interaction term governing the one-graviton
processes induced by the classical stress-energy tensor
™ is

8. =V8rG / T"h,,\/—g d*x, (71)

where the field operator }Al,w(x) is given by Eq. (67). We
define

96 = V8nG, (72)
for simplicity.

The probability amplitudes for the emission and absorp-
tion of a P-type graviton with n € {in,up}, carrying
quantum numbers #,m and frequency , in the
Boulware [27,28] vacuum state |Og), are given by
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wfm ~P.n 'y
Al ) = (Og |y () SineOg)

=gG/TﬂDh”"“””"< )y=gd,  (73)

P.n;wfm) ~AP.n
A = (08| Simatfy (@)[08)

=0 [ PO gt

respectively. In our case, 7" is given by Egs. (7) and (8),

and ht""" (x) is given in Sec. IIL.

Next, we use the one-graviton transition amplitudes to
derive the response rate in the Unruh state.

B. Response rate in the Unruh state

The differential spontaneous emission probability, i.e.,
the probability for the emission of a single graviton in the
mode (P, n;w¢m) in the Boulware vacuum state, is

dem

P.nwfm — ‘A e ’ do. (75)
The quantum state of a Schwarzschild black hole emitting
Hawking radiation [2,3] is modeled by the Unruh state [6].
In this state, the thermal bath of gravitons in the up-modes
is coming from the past event horizon .72~. The expected
number of gravitons with frequency  in the thermal bath
surrounding the source of the stress-energy tensor is
characterized by

(@0 (@)al P (@) 5 = 6" 8118 ()3 (00— '), (76)

where

n(w) = , (77)
which is the Bose-Einstein distribution function at the
Hawking temperature ! = x/27z, where x = 1/4M is the
surface gravity of the Schwarzschild black hole.

If we write the total emission rate for the up-modes as

o 4

R = D D> Roms (78)

P=S.V £=2 m=-¢

then, the emission rate, RS™ i.e., the emission rate per

P,up;fm>
unit time into the mode (P, up; £m), is

Fiwen =7 || G114 n(ldn (79

where Ty = +/f(ro) [*, dt represents the (formally infin-

ite) total proper time interval. (The redshift factor \/f(r()
is introduced to convert the coordinate time to the proper

time.) Equation (79) follows from Eq. (75) once both
spontaneous and induced emission processes, the latter
arising from the thermal graviton bath with the Bose-
Einstein distribution function n(®), are taken into account.

The absorption rate per unit time into the mode
(P,up;Zm) is

1

abs o0 Pup;wtm) |2
Rifipen =7 |7 [AG* " Putldo, (0

(P,m;wf) P.n;wf
where we have used the relation A bg” wém) Aém" . m>,

which follows from Egs. (73) and (74), together with
Eq. (75) and the expected number of gravitons given by
Eq. (76). Thus, the interaction rate, Rp yp.¢m» 1s the sum of
the emission and absorption rates, R%7,.,,, and Rabs

Pup;fm?
respectively. Noting that n(—w) = —[1 4+ n(w)], we obtain
the general formula for the response rate for the up-modes

as follows:

1 umfm
Rpapen =7 / AL 211 4 (a)|deo. (81)

Now, Egs. (7) and (8) show that the only nonzero
components of the stress-energy tensor are 7" and T'".
This implies that only the scalar-type sector, associated
with the gravitational perturbations given by Eqs. (18)—

(20), contributes to the interaction action. More specifi-

cally, only the components /> con-

tribute. (Here, we include the case with n = in because we
shall consider the Hartle-Hawking state later.) From

and h(rf,n;wfm)

Egs. (20) and (23), we find g®nS""™ =0, ie.,
h(rf,n;wfm) _ f(r)_zhgf,n;a)fm)' Thus,
TnhSnanfm __|:f —r
f’( > olr=ro)
X P (1,1) Y (0.0 6 (82)
Trrhg.n;wfm) __ H O(r— F(n;f) ‘. ﬁé(z)
er(r) (r rO) 1t ( r) fm( ¢> 1
(83)
The function F\"*) is obtained from Eq. (23) as
Fi(t.r) = F (r)e7, (84)

7- n;f 1 n

FEO(r) = o (17202 = o) (rH (). (85)
2H,

From Eqgs. (82) and (83), we see that the contribution

proportional to the Heaviside function 6(r — r) vanishes in

T ”’“hf{i’mwm) and, consequently, in the one-graviton tran-

sition amplitudes. (This may be understood as the
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cancellation of the explicit string contribution under the
standard choice of gauge, which we have adopted here. As
in the Rindler case [14], this is a gauge-dependent feature: a
different gauge choice can lead to a nonzero string
contribution, although the final physical result for the

emission and absorption rates will remain gauge invariant.)

Hence, the emission amplitude .Aeiln wtm)

F"(t,r) is given by

in terms of

Aéfﬁ”;wfm) = ZQGﬂ/d4x5(r— r0)8(0—60)5(p— o)

< [ (r) T E D (0,0)Y 1 (0.4) 67 (86)
=2g6uf (r)) " (@) E " (70) Y o (B o)
(87)

= gomof (ro) " 2H(@)ES™) (r0) Yo (00, o) -
(88)

Here, we have defined /() := 278(w), and in the last
equality, we have used Eq. (11). Recall that, since the
stress-energy tensor is static, it interacts only with zero-
frequency gravitons of the thermal bath.” Hence, we are
interested in the low-frequency regime of the graviton
modes obtained in Sec. III B. We find from Eqgs. (44) and

(66) that the radial function ui‘;p behaves like /w in the
low- frequency regime. Let us define the w-independent
P(r) through

ﬁ; P = hm uf);p/\/—

function uf
(89)

Then, from Egs. (84)-(88), we find

- Y372
G opsetm) gGmOI(a)>{f(21(iI)f

d2 ~S.up
@(ron”f' (r0))
0

X v+ O(w/?) } Y (60, o). (90)

This equation shows that A5 50 as @ — 0.

Thus, the response rate vanishes when the initial state is
the Boulware state. This is because the stress-energy tensor
describes a static system, and the spontaneous emission rate
vanishes. However, the induced emission rate remains
nonzero due to the interaction of the source with

*The distinction between the emission and absorption becomes
blurred for @ = 0. If we considered our system of a point mass
and a string as the static limit of a nonstatic system, as was done
in Refs. [29-31], then the response rate would be the sum of the
emission and absorption rates.

zero-energy gravitons from the thermal bath of Hawking
radiation, whose expected number of gravitons diverges in
the infrared limit. Hence, the presence of Hawking radi-
ation is crucial for a nonvanishing response rate.

For low frequencies, we approximate the Bose-Einstein
distribution function as n(w)=~1/Bw, where B! =
k/2n = (8zM)~'. By substituting Eq. (90) into Eq. (81),
we obtain

gemg 1 &
aM
X ‘Yfm(e(]v ¢0)|2’

‘m —
o1

where we have used the standard formal expression
|I(0) > = 22Ty6(w)/+/f(ry). Note that only the scalar-
type up-modes (P = S and n = up) yield a nonvanishing
contribution to the response rate (91) in the Unruh state.
We can sum over the azimuthal quantum number m
using

20 +1
Z 1Y em (60, o)|> = ; (92)
m=—¢ 4z
as
¢
Re= Y Rew
2+ 1)gzm3
B 16aM
S 1 d2 2
< S00f i utten™(99)

This equation is the response rate associated with a fixed
value of the angular momentum quantum number £. The
expression in square brackets is given in terms of the
Legendre function as

2 d2 7
— — (roH,ii5"™) = —iy [—r2— 0, [ 2—1). 4
2Hfdr%(r0 clis™) 1\/nk,,pr0drng<M ) (94)

(See Appendix A for a derivation of this formula.) The total
response rate is then

e
7?'tot Gzl\?[ 3f( 0)

“Yenan i) o

The summation over ¢ can be performed using the n = 2
case of the formula derived in Appendix B. Thus, we obtain
for the total response rate, with respect to the proper time at
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the point mass, of the stress-energy tensor given by
Egs. (82)—(83) in the Unruh state,

R = 28 o) |- 2L 0y (22-1) . 00

3 d}’o 2 ry

where we have restored the constants G, ¢, and # using
Eq. (72) and dimensional analysis and where ¢(ry) is the
proper acceleration at r = r, given by Eq. (13), i.e.,

elm) =% (1-2) 7" 97)

2
o

(Note that r, = 2GM/c?.) Equation (96) shows that the
total response rate in the Schwarzschild spacetime is
finite for ry > r,, as in the electromagnetic [29] and
scalar [30,31] cases. This contrasts with the Rindler
case, in which the total response rate exhibits a power-
law infrared divergence [14]. Hence, in the limit ry —
r;, the total response rate R, is expected to agree with
the result of Ref. [14] in Rindler spacetime with an
infrared cutoff because the stress-energy tensor becomes
that in Rindler spacetime studied in Ref. [14] in this
limit [see Eqgs. (16) and (17)]. To see that this is indeed
the case, note that in the near-horizon region, ry 2 ry,
the quantity inside the square brackets in Eq. (96) can
be approximated using

d 2r 2r
_d_roQ2 <—0 - 1) ~ C—f@(i’o)z,

for ro 2 rp. (98)
Ty

Thus, the total response rate (96) in the near-horizon

region is given by

Gm3 4r?
R St SiketroP]. forryz . (99)

In the Rindler case, the total response rate, RE"er can

be obtained from Eq. (62) of Ref. [14] by integrating the
differential response rate (with the constants G, ¢, and A

restored),
k 2
= (5)
a

where a is the proper acceleration of the point mass, over
the transverse momentum, k,, with &, := ||k, ||. This
quantity exhibits an infrared divergence. We introduce
an infrared cutoff k9 and integrate only over k| satisfying
k, > k9. One then finds

2

2.2
_ Gmge ’ (100)

+ m*ha

Ry

Rg)itndler = 277.'/ dkLkLRkl

0
kL

(101)

4Gm3a’
zgﬂhcﬁ(k‘i)z , (102)

to leading order in 1/ k(i. This result agrees with Eq. (99) if

we let £ = \/3/r;,. Thus, the near-horizon limit of the
response rate for a static point mass in Schwarzschild
spacetime is reproduced from that for the uniformly
accelerated point mass in Minkowski spacetime with the
cutoff for the graviton transverse momentum of the order of
the inverse Schwarzschild radius.

C. Response rate in the Hartle-Hawking state

The Hartle-Hawking state [16] is characterized by a
thermal flux at the Hawking temperature incoming from
past null infinity, .#~, in addition to the thermal flux
coming from the past event horizon, .72~ In this state, the
black hole is in thermal equilibrium in the sense that there is
no net flux of particles at infinity. The contribution to the
response rate arising from the thermal flux emanating from
2~ was computed in Sec. IV B. Here, we show that the
contribution from modes incoming from .#~ to the
response rate of the stress-energy tensor, given by
Egs. (7) and (8), vanishes.

The total response rate in the Hartle-Hawking state,
RHH is given by

) 14

Rg{{ = Z Z Z [RP,up;fm +RP,in;fm]’

P=S8.V £=2 m=-¢

(103)

where the response rate, R p .., is the sum of the emission
and absorption rates, R$",.,,, and R, . respectively.
The response rate Rp yp.zp, is computed in Sec. IV B. To
compute Rp;y.zp. first note that

(104)

1 o in;wfm
7-‘)'P,in;fm = _/ |A§5r’;1 ot )|2|1 + n(a))|da),

T,

which can be found by the same argument that led to
Eq. (81) for the up-modes. Similarly to the up-mode case,
the emission amplitude can be obtained from Egs. (85) and
(88), and the low-frequency in-mode solutions, ui’}“, are
obtained from Egs. (43), (54), (55), and (64). Now,
Egs. (54) and (64) imply that the functions uf;}“ behave
like w”*!/2 in the low-frequency regime. Consequently, the
corresponding (spontaneous) emission probability density,

S,inw i
|¢4§m1 wém) |2, scales as @**!, whereas the thermal factor is

approximated by n(w) =~ 1/(fw) for small w. It follows that
the contribution of the in-modes to the response rate in the
Hartle-Hawking state vanishes, i.e., Rp .. = 0, because
¢ > 2. This implies

Rg{{ = Riot> (105)
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where R, is given by Eq. (96). Therefore, the total
response rate of the stress-energy tensor, given by
Egs. (7)-(8), in the Hartle-Hawking state is identical to
that obtained in the Unruh state.

This equality also holds for the electromagnetic field. We
briefly discuss it here since this observation was not made
in Ref. [29], which gave the response rate of a static electric
charge in the Unruh state. We first note that the in-mode for
the electromagnetic field, which is relevant to the response
rate of a static electric charge g at r = r, to the flux coming
from .#~, described by the current j* = (j*,0,0,0), with

j'=qd(r - ro)é(f)/rz, is given by’

A = B, <—if (r) dgiff Yim, 0])[(,275)1)5; Y, 0, 0) e i,
(106)
where £ > 1 and
B, = (4nwA,)" V2. (107)
For low frequencies, one finds
Plpe ~ DiyrFy, (108)

where Dia’jf is a normalization constant and where F/ is the
solution of Eq. (40) with p,_; = 2, which does not diverge
as r — ry, le.,

z—1d

Fy(z) = Pp(2) ——— - Ps(2)-

109
N ate (109)

Recall that z = r/M — 1.
On the one hand, using Eq. (48), we find that, for large r,

in Nl)in (2f)' rf+1
Poe = Vor 2f<bp_ l)y(f + 1), Me

(110)

On the other hand, the in-mode radial function goia‘}f can also
be written in this regime as

", ~ 2B, ,wxj,(wx), for x> ry, (111)
where j, is the spherical Bessel function of the first kind
and where the tortoise coordinate x is given by Eq. (32).
Thus, using Eq. (52) for r, < x < 1/w, we find

in 2f+l£! B ( )f+l (112)
No———— wXx .
Por = e 117"

By comparing Egs. (110) and (112), we find

*The modes A,(f"’wfm)

of Ref. [32].

can be obtained from Egs. (3.5) and (3.6)

20+ (£ — DILNL + 1)

Din — 'Mf f+lB )
wf (2¢ + 1)1(2¢)! @ P

(113)

Then, substituting this formula into Eq. (108), we find that
the radial function for the in-modes of the photon, goil‘)‘f, are
given as

W 22— )1+ 1)
Vot B aan, (26 + 1)1(20)!

for w ~ 0. This equation implies that the electromagnetic
in-modes also behave like @’*!/? in the low-frequency
regime. Then, the response rate of the static charge to the
flux of thermal bath coming from .#~ can be shown to
vanish as in the graviton case since £ > 1. Thus, the static
electric charge also responds identically in the Unruh and
Hartle-Hawking states.

The gravitational and electromagnetic cases contrast
with the scalar case, which is studied in Refs. [30,31].
The response rate of a point scalar source at r = 7, in the
Unruh and Hartle-Hawking states is not equal, unless the
scalar field is taken to be the massless limit of the massive
scalar field in Schwarzschild spacetime. One can see from
Refs. [30,31] that the radial scalar modes also scale as
»’1/2 in the low-frequency regime; however, in this case,
the £ = 0 mode gives a nonzero response rate to the flux
coming from .7 ~. Thus, only the scalar field, which has a
physical monopole mode, yields a nonvanishing contribu-
tion of the in-modes to the response rate.

For convenience, Appendix D compiles the response
rates of point particle systems interacting with bosonic
fields, including both previously derived results and those
obtained in the present work, in some spacetime back-
grounds and quantum states.

|
“MEw’V2rFE (), (114)

V. FINAL REMARKS

We investigated the interaction of the gravitational
Hawking radiation with a static, conserved stress-energy
tensor outside a Schwarzschild black hole with the graviton
field in the Unruh state. We also considered the Hartle-
Hawking state, which models a black hole in thermal
equilibrium with a thermal bath at the Hawking temper-
ature. The stress-energy tensor describes a point mass held
at a fixed radial position r, by a one-dimensional radial
infinite string extended from r to infinity and satisfies the
weak energy condition. In particular, we calculated the
response rate of this stress-energy tensor to the thermal bath
of gravitons.

We found that the total response rate of the stress-energy
tensor to the gravitational Hawking radiation from the
Schwarzschild black hole, i.e., in the Unruh state, is finite
for rq > r;. We found this response rate in closed form as
had been done for the scalar and electromagnetic cases
[29-31]. The finiteness of this response rate contrasts with
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the analogous case in Rindler spacetime, where the total
response rate exhibits an infrared power-law divergence
[14]. This suggests that, as ry — ry,, the response rate in
Schwarzschild spacetime approaches that in Rindler space-
time with an infrared cutoff. We found that this is indeed the
case. Comparing the total response rate near the black hole
horizon with that in the Rindler case, we showed that the
size of the black hole acts as a natural cutoff for the infrared
divergence.

We also found that the stress-energy tensor does not
respond to the thermal flux of gravitons incoming from
the past event horizon in the Hartle-Hawking state. That
is, its total response rate is the same in the Unruh and
Hartle-Hawking states. This contrasts with the corre-
sponding results for the scalar field [30,31] but is the
same as that in the case with the electromagnetic field
[29]. In the scalar case, the in-mode with angular
momentum ¢ = 0 gives a nonvanishing contribution to
the response rate in the Hartle-Hawking state. In all three
cases, the squares of the in-modes contributing to the
response rate, i.e., the ones that couple to the classical
source associated with the point particle, behave like
@***! in the low-frequency regime, while the thermal
factor n(w) behaves like @' for low frequencies. Thus,
only the scalar field, which has a physical monopole, i.e.,
the mode with £ = 0, yields a nonvanishing response for
the point-particle source.

It is important to recall that the total response rate
computed here corresponds to the number of interactions
between the point particle and the thermal bath associated
with the quantum state per unit proper time. Specifically, it
gives the rate of absorption and stimulated emission events
experienced by the classical system per unit proper time of
an observer at r = r. For a point particle identified with an
electron (proton) held static at the photon sphere of a solar-
mass black hole, the characteristic proper time between
interactions with a graviton from the Hawking radiation is
of order 10** years (10%’ years), whereas the correspond-
ing interaction time with a photon is of order 1072 sec.
Nevertheless, since the graviton response rate grows faster
than the electromagnetic one as the horizon is approached,
interactions with gravitons become dominant sufficiently
close to the black hole.
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APPENDIX A: DERIVATION OF EQ. (94)

In this Appendix, we derive the low-frequency expres-

sions for the radial functions for the scalar-type up-modes,

i;p , in terms of the Legendre functions of the second kind,

0,(z), which are obtained from the correspondmg radial
functions for the vector-type modes, uwf , through the
Chandrasekhar transformations [23,24]. We then derive
Eq. (94), which gives the @ — 0 limit of the radial

functions for the components A% """ divided by \/@.

The expressions for the radial functlons for the in-modes,

f,}“, can be derived in a similar manner.

Let us define [see Eq. (41)]

Je=Dd (=1 d

2
A, dz X, 5100(2). (A1)

Zy(z) =

Then, we find from Eq. (44)

" = CopM(z+ 1)Z(2), (A2)
for small w. We use the Legendre equation satisfied by
0/(z) in Eq. (Al) to express Q(z) in terms of Q,(z) and
0/(z) to obtain

Z,(2) = {1 PRl ]QAz) C4(z-1)

(Ar=2)(z+1)

x {Af #] 0,(2).

We again use the Legendre equation in this manner and
obtain

(A3)

~, B 1
ZK(Z)__4L+1 (Af—2 z+1 }
4 6 \z-1 z—1 /
+[1+< +Af—2>z+1+kf <Z+1> }Qf(z).
(A4)
We define
r 2 £ -
Y(z) = %{ [1 + 7215 r];(Hl] rZ,(2)
2 ) S 2 n} (A3)

124084-12



INTERACTION OF THE GRAVITATIONAL HAWKING ...

PHYS. REV. D 113, 124084 (2026)

Then, we find from Eq. (55)

up 12
Sup __ 2 waM

Hor = VA, rHy,

for small . Then, the function ﬁi’”p defined by Eq. (89) is given by

. 8 M2
)" = =iy [ Y (2)

Now,

144(z - 1)

(Af—Z)(Z‘f‘ 1)2 +6(Z+ 1) +m

Y(z) =

Substituting Eqs. (A3) and (A4) into this equation, we find

Ye(z) =

We differentiate this expression twice and use

0(2) = 11 = QYD) + 202, (A10
(2= 1)Q(2) = ~4204(2) + (A = 2)QU(2). (A1)
to find
YA(2) = (2 + DA, =2)(z + 1) + 6104(:)
= Al;[_th’QZ(Z)' (A12)

Using this equation and Eq. (A7), we find Eq. (94).

APPENDIX B: A SUMMATION FORMULA FOR
THE LEGENDRE FUNCTIONS OF
THE SECOND KIND

Define for n > 1

o 27 + 1 d" 2
Sa(2) :z;Af (A, —2) [Af—n<n—1>l{ s )} ’
(B1)

where A, = (£ + 1) as before. We can show that this
series is absolutely convergent if z > 1 by using the
formula derived from Eq. (8.821.3) of Ref. [33],

d" (=D"( +n)!
(Z) = 204121

/1 (1 _ t2))f’<z _ t)—f—n—ldt’
-1
(B2)

(z+ D[(Ar +4)z+Ap = 2]0p(z) -

Y. (40
k, rH, (A7)
(z—l)] ()—|—12(z—1)[Alf(z+1)+ki]Z’() (AS)
WA 2 et noue) (49)

¢

and noting that the maximum value of (1 — #?)/(z — ¢) for

-1<r<1lis2(z=vz*—1)att=z—+vz>—1. Thus,

d (¢ +n)! [t di
dz”Qf(Z) <5 (z+ —1) /_lm
(B3)
Then,
. dr d” . 1
hr;l_illp dz”Qﬂl(Z)/ Qf( ) (Z+\/Z_j)
(B4)

Hence, the series S,(z) is absolutely convergent if z > 1. In
this Appendix, we prove that

2n 1 dr-!

S,,(Z) = (_1)n+1 (21’1— 1)!! (ZZ_ 1)n+1 dz"~

10,(2).  (BS)

The case n = 1 was proved in Ref. [32]. We used the case
n = 2 in deriving Eq. (96).

We first establish some useful equalities. By differ-
entiating the Eq. (8.824) of Ref. [33], we find

dn+l (_1)n+12nn!

T 2(2) = @ (B6)

Then, for n > 2,
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dn+1 dr
WQn(Z) - (2n- l)d—ZnQn—l (2)

_ d2 (_1)n+12n—2(n _z)y
- de (Z2 _ 1);1—1

(B7)

By integrating this equation twice and noting (see
Eq. (8.820.2) of Ref. [33])

n!

0,(2) sz"_lv 2[>1,  (B8)
we find
dn—l dn—2
aoT 0,(z) =(2n-1) a2 0,-1(2)
N (_1)n+12n—2(n _ 2)y
@1 ,
n>2. (B9)

Next the (n — 1)th derivative of the Legendre equation
satisfied by Q,(z) reads

n+1 n
(=1 a T O(z) +2nz a7 0s(2)
n—1
= [As—n(n— 1)]WQ£(Z)- (B10)
V4
From this equation, we find
i 2 _1)\2n ﬁ 2
He-r[Sow])
d dn—l 2
= n a0 -0 [ 0,0
(B11)

This implies

Sl =18,

- (Z2 - 1>2n_1diz{sn—l (Z) - [2

]
(B12)

The second term in curly brackets on the right-hand side
subtracts the £ =n —1 term in S,_;(z). Then, by using
Eq. (B6) with n replaced by n — 1, we obtain from the
above equation

Sl =18, @)= (2= 1 £5,01()
(=1)™12(2n—1)
(2n=3)N
dn—l

x (22— 1)"_1@@1—1(1)- (B13)

Now, we prove Eq. (B5) by induction. As we stated
above, it is true for n = 1. Assume Eq. (B5) with n replaced
by n -1, i.e.,

dn—2
n—2 Qn—l (Z),

(B14)

2(n—1) 1
(2n=3)!1 (2= 1)"dz

Su-1(2) = (=1)"

n>2.

By substituting this formula into Eq. (B13), we find

412~ 1ys, (o))

dz
d 2n dr—2
= — (=1 n+1 2 _ 1 n—1 .
(B15)
Hence,
2n
(@ = 1)8,(0) = (1) o T @ - 1)
dn—Z
XWQn—l(Z) +C,. (B16)

where C, is a constant, which we shall determine next.
The behavior of the £th term in the series S,,(z) for large
|z| can be found from Eq. (B8) as

n 2
[;an(Z):| ~ 20D > (B17)
4

Hence, the left-hand side of Eq. (B16) tends to O as
7z —> 00. The z — oo limit of the first term of this
equation can also be found using Eq. (BS). Then, by
requiring that the right-hand side tends to 0 as z — oo,
we find

2 n(n—-2)!

R P IT (B18)

Hence,
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2n 1
n=1)11(2—=1)"*!

n=2 _1\n+1lon=2 n— !
x@%u@§&4gﬂlkfngzﬂ

Su(z)=(=1)""!

2 1 dn-1
. -0,(z), (B19)

—C G @

by Eq. (B9). Thus, Eq. (B5) is true for all n > 1 by
induction.

APPENDIX C: ALTERNATIVE STRESS-ENERGY
TENSOR AND THE RESPONSE RATE

An alternative stress-energy tensor is constructed by
choosing the rr-component

f(r)”
u

Trr - _
r2

o(r— ro)éf), (C1)

where u, f(r) >0 and where a is a real parameter
associated with the properties of the string. Substituting
this expression into the conservation equation (3), we
obtain the corresponding ##-component,

T = pu28(r = ro) f(r) + (2a = 1)0(r — ro) f'(r)]
f(r)2 o)

L0 ()
Here, u is given by
1 |
M= Emof/(ro)ﬂro)i_a- (C3)

This stress-energy tensor satisfies the weak energy con-
dition for @ > 1. If the t-component has only the point-
mass contribution; i.e., if @ = 1/2, then the corresponding
stress-energy tensor violates the weak energy condition.
The stress-energy tensor considered in Sec. IV B, described
by Egs. (7) and (8), corresponds to the choice a = 1.

Near the horizon and in Rindler coordinates, the stress-
energy tensor T7* can be approximated as

; 1
P 5 [5(8) + (2= Dae2C=oi0(g)] 50 (C4)
T
7EE —2(2—a)aé 1 (2)
T ~ —mpyae 9(6) —2(3J_ . (CS)
"

By writing a =1—-//2 and identifying my = u, we
recover the same expression as that obtained in Rindler
spacetime (see Eqgs. (B8)—(B9) in Ref. [14]). (Here,  and u
denote the parameters used in Ref. [14].) In the main text of
Ref. [14], we have considered f = 0, which corresponds
here to a = 1.

The response rate of the stress-energy tensor 7, given
by Egs. (C1)—(C2), to the Hawking radiation for fixed
angular momentum number 7, is derived by performing
calculations similar to those in Sec. IV B. The resulting

response rate is given by
(2¢+ 1)ggmg | , 50 & ro
— — ——1
sekom |00 G20y

+2M(a = 1)rg>f(ro) /4

o d? 2
x/ derf(r)“WQf<ﬁ—l>1 )

0

kf:

(Co)

If the second term on the right-hand side of this equation is
interpreted as the contribution of the string to the response
rate (in the specific gauge considered), this contribution
vanishes for a = 1.

APPENDIX D: TOTAL RESPONSE RATES FOR
STATIC CLASSICAL POINT PARTICLE
SYSTEMS IN STATIC SPACETIMES

Table I summarizes the total response rates derived in
this and previous works for classical static point particle
systems acting as scalar sources o, electric charges ¢
(and g when interacting with a Proca field of mass
), or masses m in static spacetimes. The listed results
correspond to particles uniformly accelerating in
Minkowski spacetime (equivalently, static in the
Rindler wedge) with proper acceleration a, in the
Minkowski vacuum, as well as to particles held static
outside black holes or inside cosmological horizons at
the radial coordinate position r = ry in a given quantum
state, e.g., the Unruh or Hartle-Hawking vacuum states
in Schwarzschild spacetime and Reissner-Nordstrom
spacetime with charge Q or Bunch-Davies vacuum state
in de Sitter spacetime with cosmological constant A.
Recall that the proper acceleration ¢(ry) is given by
0 =./0"0,, with ¢* =u"V, u".

The electromagnetic and gravitational total response
rates in Minkowski (or equivalently in Rindler) space-
time feature infrared divergences, as discussed previ-
ously. Accordingly, the corresponding total response
rates are presented at leading order in an infrared cutoff
imposed on the magnitude of the transverse momen-
tum, 9.

Note that, unlike the electromagnetic case, the total
response rate for the Proca field in Rindler spacetime in the
Minkowski vacuum is finite due to the presence of the mass
of the vector field, which acts as a natural infrared cutoff
and regulates the infrared behavior. To compute the total
response rate for the Proca field from the response rate with
fixed transverse momenta derived in Ref. [37], we proceed
similarly to the electromagnetic and gravitational cases.
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TABLE 1. Response rate formulas for classical point particle systems interacting with bosonic fields in different spacetime
backgrounds and quantum states.

Spacetime Quantum state Interaction Total response rate
Minkowski/Rindler Minkowski vacuum Scalar [30,31,34] Zzg
p
. 2
Electromagnetic [29,35,36] g_ﬂz ln(ﬁ)
Gravitational [14] [see Eq. (102)] ma (i)z
212 k(i

Minkowski (M?*2)

Schwarzschild

Reissner-Nordstrom

de Sitter

Proca [37]
Massive scalar [38]

Minkowski vacuum Scalar [39]

Scalar [30,31]
Electromagnetic [29,32]

Unruh vacuum

Gravitational

Hartle-Hawking vacuum Scalar [31]

Electromagnetic (see Sec. IV C)

Gravitational
Unruh vacuum Scalar [40]
Hartle-Hawking vacuum
Bunch-Davies vacuum Scalar [41]

Given in Eq. (D3)
Given in Eq. (D7)

o2al~! [(’5’—1)!]3
3T (p 1)t

8%

el g, (2-1)
gemie(r) [_ml 0,2 1)}

812 3 dry ),
_
0'2@(:0) (M th)
M=%
o 20422 2
a%o(ry) (M_ﬁ) + (’7(M_,_,,> (M_W)
2 2 )
4n? (M—%) 47t2rarag(r0)
0

&2 3 b 1/2
4m2\/3/A (1 +xelr) )

The response rate for fixed transverse momentum for the
Proca field is given by [37]

Proca __

a

(L

~2
RProca ~ qa
tot "~ 2 n
2

— > for m < a. (D4)
m

2 The response rate for the scalar field with mass m in
(D1) Rindler spacetime is analyzed in Ref. [38]. The response
rate for fixed transverse momentum is given by

2

e

(D5)

a

Then, we integrate over the transverse momenta, namely, RScalar(m) .
ko  4n3a
P i P
Rigl™ =2z A dk  k lerfca (D2)

B ()0
()]

which diverges in the limit i — 0. We expand REC at
leading order in m < @ and find

The total response rate is obtained by integrating over the
transverse momenta as

R = o7 /0 " de ey RS (D6)

) )] o

which tends to the massless result, 6?a/(4z?), in the
limit m — 0.

124084-16



INTERACTION OF THE GRAVITATIONAL HAWKING ...

PHYS. REV. D 113, 124084 (2026)

[1] B.S. DeWitt and G. Esposito, An Introduction to
quantum gravity, Int. J. Geom. Methods Mod. Phys.
05, 101 (2008).

[2] S. W. Hawking, Black hole explosions?, Nature (London)
248, 30 (1974).

[3] S. W. Hawking, Particle creation by black holes, Commun.
Math. Phys. 43, 199 (1975); 46, 206(E) (1976).

[4] S. A. Fulling, Nonuniqueness of canonical field quantiza-
tion in Riemannian space-time, Phys. Rev. D 7, 2850
(1973).

[5] P. C. W. Davies, Scalar particle production in Schwarzschild
and Rindler metrics, J. Phys. A 8, 609 (1975).

[6] W. Unruh, Notes on black-hole evaporation, Phys. Rev. D
14, 870 (1976).

[7] L. C.B. Crispino, A. Higuchi, and G.E. A. Matsas, The
Unruh effect and its applications, Rev. Mod. Phys. 80, 787
(2008).

[8] W.G. Unruh and R.M. Wald, What happens when an
accelerating observer detects a Rindler particle, Phys. Rev.
D 29, 1047 (1984).

[9] A. Higuchi, G. E. A. Matsas, D. A. T. Vanzella, R. Bingham,
J. P. B. Brito, L. C. B. Crispino, G. Gregori, and G. Vacalis,
Larmor radiation as a witness to the Unruh effect, Phys. Rev.
D 112, 065009 (2025).

[10] J.J. Bisognano and E.H. Wichmann, On the duality
condition for a Hermitian scalar field, J. Math. Phys.
(N.Y.) 16, 985 (1975).

[11] J.J. Bisognano and E.H. Wichmann, On the duality
condition for quantum fields, J. Math. Phys. (N.Y.) 17,
303 (1976).

[12] G.L. Sewell, Quantum fields on manifolds: PCT and
gravitationally induced thermal states, Ann. Phys. (N.Y.)
141, 201 (1982).

[13] S. A. Fulling and W. G. Unruh, Comment on “Boundary
conditions in the Unruh problem”, Phys. Rev. D 70, 048701
(2004).

[14] J. P.B. Brito, L. C. B. Crispino, and A. Higuchi, Gravita-
tional bremsstrahlung and the Fulling-Davies-Unruh ther-
mal bath, Phys. Rev. D 109, 064080 (2024).

[15] F. Portales-Oliva and A.G.S. Landulfo, Gravitational
waves emitted by a uniformly accelerated mass: the
role of the zero-Rindler-energy modes in the classical
and quantum descriptions, Phys. Rev. D 109, 045006
(2024).

[16] J.B. Hartle and S.W. Hawking, Path-integral deriva-
tion of black-hole radiance, Phys. Rev. D 13, 2188
(1976).

[17] H. Kodama, A. Ishibashi, and O. Seto, Brane world
cosmology: Gauge-invariant formalism for perturbation,
Phys. Rev. D 62, 064022 (2000).

[18] H. Kodama and A. Ishibashi, A master equation for
gravitational perturbations of maximally symmetric black
holes in higher dimensions, Prog. Theor. Phys. 110, 701
(2003).

[19] R.P. Bernar, L. C.B. Crispino, and A. Higuchi, Gravita-
tional waves emitted by a particle rotating around a
Schwarzschild black hole: A semiclassical approach, Phys.
Rev. D 95, 064042 (2017).

[20] F. W.J. Olver and L. C. Maximon, NIST Digital Library of
Mathematical Functions, https://dlmf.nist.gov/, (accessed
on December 03), 2025.

[21] A. Higuchi, Quantisation of scalar and vector fields inside
the cosmological event horizon and its application to the
Hawking effect, Classical Quantum Gravity 4, 721 (1987).

[22] A. Higuchi, Symmetric tensor spherical harmonics on the
N-sphere and their application to the de Sitter group
SO(N, 1), J. Math. Phys. (N.Y.) 28, 1553 (1987); 43,
6385(E) (2002).

[23] S. Chandrasekhar, The Mathematical Theory of Black Holes
(Oxford University Press, Oxford, 1983).

[24] S. Chandrasekhar, On the equations governing the pertur-
bations of the Schwarzschild black hole, Proc. R. Soc. A
343, 289 (1975).

[25] J. L. Friedman, Generic instability of rotating relativistic
stars, Commun. Math. Phys. 62, 247 (1978).

[26] R.M. Wald and A. Zoupas, A General definition of
“conserved quantities” in general relativity and other the-
ories of gravity, Phys. Rev. D 61, 084027 (2000).

[27] D. G. Boulware, Quantum field theory in Schwarzschild and
Rindler spaces, Phys. Rev. D 11, 1404 (1975).

[28] D. G. Boulware, Spin-% quantum field theory in Schwarzs-
child space, Phys. Rev. D 12, 350 (1975).

[29] L. C. B. Crispino, A. Higuchi, and G. E. A. Matsas, Inter-
action of Hawking radiation and a static electric charge,
Phys. Rev. D 58, 084027 (1998).

[30] A. Higuchi, G.E. A. Matsas, and D. Sudarsky, Do static
sources outside a Schwarzschild black hole radiate?, Phys.
Rev. D 56, R6071(R) (1997).

[31] A.Higuchi, G. E. A. Matsas, and D. Sudarsky, Interaction of
Hawking radiation with static sources outside a Schwarzs-
child black hole, Phys. Rev. D 58, 104021 (1998).

[32] L. C. B. Crispino, A. Higuchi, and G. E. A. Matsas, Quan-
tization of the electromagnetic field outside static black
holes and its application to low-energy phenomena, Phys.
Rev. D 63, 124008 (2001).

[33] I. S. Gradshteyn and 1. M. Ryzhik, Table of Integrals,
Series, and Products—Seventh Edition (Academic Press,
Amsterdam, 2007).

[34] H. Ren and E. J. Weinberg, Radiation from a moving scalar
source, Phys. Rev. D 49, 6526 (1994).

[35] A. Higuchi, G. E. A. Matsas, and D. Sudarsky, Bremsstrah-
lung and zero-energy Rindler photons, Phys. Rev. D 45,
R3308 (1992).

[36] A. Higuchi, G. E. A. Matsas, and D. Sudarsky, Bremsstrah-
lung and Fulling-Davies-Unruh thermal bath, Phys. Rev. D
46, 3450 (1992).

[37] J. Castifieiras, E.B.S. Corréa, L.C.B. Crispino, and
G.E. A. Matsas, Quantization of the Proca field in the
Rindler wedge and the interaction of uniformly accelerated
currents with massive vector bosons from the Unruh thermal
bath, Phys. Rev. D 84, 025010 (2011).

[38] J. Castineiras, 1. P. Costa e Silva, and G. E. A. Matsas,
Do static sources respond to massive scalar particles
from the Hawking radiation as uniformly accelerated
ones do in the inertial vacuum?, Phys. Rev. D 67,
067502 (2003).

124084-17


https://doi.org/10.1142/S0219887808002679
https://doi.org/10.1142/S0219887808002679
https://doi.org/10.1038/248030a0
https://doi.org/10.1038/248030a0
https://doi.org/10.1007/BF02345020
https://doi.org/10.1007/BF02345020
https://doi.org/10.1007/BF01608497
https://doi.org/10.1103/PhysRevD.7.2850
https://doi.org/10.1103/PhysRevD.7.2850
https://doi.org/10.1088/0305-4470/8/4/022
https://doi.org/10.1103/PhysRevD.14.870
https://doi.org/10.1103/PhysRevD.14.870
https://doi.org/10.1103/RevModPhys.80.787
https://doi.org/10.1103/RevModPhys.80.787
https://doi.org/10.1103/PhysRevD.29.1047
https://doi.org/10.1103/PhysRevD.29.1047
https://doi.org/10.1103/494h-9r4d
https://doi.org/10.1103/494h-9r4d
https://doi.org/10.1063/1.522605
https://doi.org/10.1063/1.522605
https://doi.org/10.1063/1.522898
https://doi.org/10.1063/1.522898
https://doi.org/10.1016/0003-4916(82)90285-8
https://doi.org/10.1016/0003-4916(82)90285-8
https://doi.org/10.1103/PhysRevD.70.048701
https://doi.org/10.1103/PhysRevD.70.048701
https://doi.org/10.1103/PhysRevD.109.064080
https://doi.org/10.1103/PhysRevD.109.045006
https://doi.org/10.1103/PhysRevD.109.045006
https://doi.org/10.1103/PhysRevD.13.2188
https://doi.org/10.1103/PhysRevD.13.2188
https://doi.org/10.1103/PhysRevD.62.064022
https://doi.org/10.1143/PTP.110.701
https://doi.org/10.1143/PTP.110.701
https://doi.org/10.1103/PhysRevD.95.064042
https://doi.org/10.1103/PhysRevD.95.064042
https://dlmf.nist.gov/
https://dlmf.nist.gov/
https://dlmf.nist.gov/
https://doi.org/10.1088/0264-9381/4/3/029
https://doi.org/10.1063/1.527513
https://doi.org/10.1063/1.1515382
https://doi.org/10.1063/1.1515382
https://doi.org/10.1098/rspa.1975.0066
https://doi.org/10.1098/rspa.1975.0066
https://doi.org/10.1007/BF01202527
https://doi.org/10.1103/PhysRevD.61.084027
https://doi.org/10.1103/PhysRevD.11.1404
https://doi.org/10.1103/PhysRevD.12.350
https://doi.org/10.1103/PhysRevD.58.084027
https://doi.org/10.1103/PhysRevD.56.R6071
https://doi.org/10.1103/PhysRevD.56.R6071
https://doi.org/10.1103/PhysRevD.58.104021
https://doi.org/10.1103/PhysRevD.63.124008
https://doi.org/10.1103/PhysRevD.63.124008
https://doi.org/10.1103/PhysRevD.49.6526
https://doi.org/10.1103/PhysRevD.45.R3308
https://doi.org/10.1103/PhysRevD.45.R3308
https://doi.org/10.1103/PhysRevD.46.3450
https://doi.org/10.1103/PhysRevD.46.3450
https://doi.org/10.1103/PhysRevD.84.025010
https://doi.org/10.1103/PhysRevD.67.067502
https://doi.org/10.1103/PhysRevD.67.067502

BRITO, HIGUCHI, and CRISPINO

PHYS. REV. D 113, 124084 (2026)

[39] L. C. B. Crispino, A. Higuchi, and G. E. A. Matsas, Is the
equivalence for the response of static scalar sources in the
Schwarzschild and Rindler spacetimes valid only in four
dimensions?, Phys. Rev. D 70, 127504 (2004).

[40] J. Castifieiras and G.E.A. Matsas, Low-energy sector
quantization of a massless scalar field outside a Reissner-

Nordstrom black hole and static sources, Phys. Rev. D 62,
064001 (2000).

[41] J. Castifieiras, I.P. Costa e Silva, and G.E.A. Matsas,
Interaction of Hawking radiation with static sources in de
Sitter and Schwarzschild-de Sitter spacetimes, Phys. Rev. D
68, 084022 (2003).

124084-18


https://doi.org/10.1103/PhysRevD.70.127504
https://doi.org/10.1103/PhysRevD.62.064001
https://doi.org/10.1103/PhysRevD.62.064001
https://doi.org/10.1103/PhysRevD.68.084022
https://doi.org/10.1103/PhysRevD.68.084022

	Interaction of the gravitational Hawking radiation and a static point mass
	I. INTRODUCTION
	II. CONSERVED STRESS-ENERGY TENSOR
	III. GRAVITATIONAL PERTURBATIONS IN SCHWARZSCHILD SPACETIME AND THEIR QUANTIZATION
	A. Scalar-type and vector-type gravitational perturbations
	B. Low-frequency regime of the vector-type and scalar-type gravitational modes
	C. Quantization of the gravitational perturbations

	IV. INTERACTION OF HAWKING RADIATION WITH THE STATIC STRESS-ENERGY TENSOR
	A. One-graviton transition amplitudes
	B. Response rate in the Unruh state
	C. Response rate in the Hartle-Hawking state

	V. FINAL REMARKS
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	APPENDIX A: DERIVATION OF EQ. (94)
	APPENDIX B: A SUMMATION FORMULA FOR THE LEGENDRE FUNCTIONS OF THE SECOND KIND
	APPENDIX C: ALTERNATIVE STRESS-ENERGY TENSOR AND THE RESPONSE RATE
	APPENDIX D: TOTAL RESPONSE RATES FOR STATIC CLASSICAL POINT PARTICLE SYSTEMS IN STATIC SPACETIMES
	References


