Spectral signatures of nonstabilizerness and criticality in infinite matrix product states
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While nonstabilizerness (“magic”) is a key resource for universal quantum computation, its be-
havior in many-body quantum systems, especially near criticality, remains poorly understood. We
develop a spectral transfer-matrix framework for the stabilizer Rényi entropy (SRE) in infinite
matrix product states, showing that its spectrum contains universal subleading information. In
particular, we identify an SRE correlation length — distinct from the standard correlation length —
which diverges at continuous phase transitions and governs the spatial response of the SRE to local
perturbations. We derive exact SRE expressions for the bond dimension x = 2 MPS “skeleton” of
the cluster—Ising model, and we numerically probe its universal scaling along the Z, critical lines in
the phase diagram. These results demonstrate that nonstabilizerness captures signatures of critical-
ity and local perturbations, providing a new lens on the interplay between computational resources
and emergent phenomena in quantum many-body systems.

I. INTRODUCTION

The implementation of a universal quantum gate set
is a major challenge in large-scale, fault-tolerant quan-
tum computation [1]. While only Clifford operations are
typically feasible, forming a subset that admits efficient
classical simulation [2, 3], universal computation can be
achieved by injecting nonstabilizer or “magic” states into
circuits [4-6]. This raises the practical question of how
such special states can be generated and manipulated.
Although significant progress has been made in under-
standing nonstabilizerness in few-qubit systems [5, 7], its
role in many-qubit Hamiltonian and circuit settings re-
mains an active area of investigation [8-18].

At this stage, many basic questions surrounding non-
stabilizerness remain open, such as whether it can play
a similar role to entanglement in characterizing the uni-
versal properties of many-body systems. Indeed, quan-
tum entanglement is now central to the understanding
of exotic phases of matter [19-22], and the dynamics of
interacting quantum systems [23-25] (see Ref. [26] for a
review). Furthermore, low-energy eigenstates of quan-
tum Hamiltonians typically possess a limited amount
of entanglement, making them amenable to variational
ansatze known as matrix product states (MPS) [27, 28]
and powerful numerical algorithms such as the density-
matrix renormalization group (DMRG) [29].

Compared to entanglement, quantifying the nonsta-
bilizerness of many-body wave functions is generally far
more costly. In this work we focus on the stabilizer Rényi
entropy (SRE) [11, 30], a recently proposed measure for
many-qubit wave functions (the related local measures
include the robustness of magic [7, 31, 32] and mana
entropies for qudit systems [33, 34]). While the SRE
is still exponentially hard to evaluate, it admits Monte
Carlo approximations [13, 35, 36], and for MPS with suf-
ficiently low bond dimension it can even be computed in
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Figure 1. Our central result, Eq. (19), for the mixed state
SRE, M (™) of order n. The density matrix p describes an
N-qubit subsystem of an infinite MPS state. M splits into
three boxed terms. The red box is an extensive term oc Nm/(™
due to the dominant eigenvalue p; of the replica transfer ma-
trix. This term is non-universal, as illustrated by its different
behavior for the Ising-spin and Rydberg-atom realizations of
the same Z; critical point upon varying A. The blue box rep-
resents correlations between the subsystem and its boundary,
determined by the dominant eigenvector of the replica trans-
fer matrix (c¢; term) and the Rényi entropy S™. This term
defines the mutual SRE, Lgﬁ), of two adjacent semi-infinite
subsystems, which diverges logarithmically with the correla-
tion length £. Finally, in the green box, f(NN) represents the
subleading, exponentially-decaying contribution to the SRE.
This defines the SRE correlation length, éé?{)]a’ which exhibits
a power-law divergence near criticality.

closed form [12, 37]. These tools have enabled recent in-
sights into nonstabilizerness in a plethora of many-body
settings, e.g., critical systems [13, 33, 38-42], maximally
scrambling models [43-47], different types of quantum
dynamics [48-53] including operator dynamics [54, 55],
and systems of identical particles [56-60].

Despite much progress, a key question remains: what
does the SRE truly reveal about a wave function? The
ground states of many spin-chain models exhibit vary-
ing amounts of nonstabilizerness but rarely appear to
saturate the SRE bound, even at criticality [13]. The
lack of understanding of this behavior underscores the
need for analytically-tractable models where the SRE



enhancement, beyond single qubits, can be rigorously
established [61]. Moreover, by analogy with entangle-
ment in condensed matter [62], it would be desirable
to identify universal properties encoded in nonstabiliz-
erness. Numerical studies of certain models have indeed
reported universal SRE scaling [13, 34, 63, 64], supported
in some cases by conformal field theory (CFT) [40, 65]
and exact calculations for non-interacting systems [66].
However, the general reliability of the SRE as a diag-
nostic of criticality remains unclear. For example, while
the critical Ising model displays non-analytic features in
the SRE [13, 67, 68], a Rydberg-atom model realizing
the same Z critical point shows smooth behavior of the
SRE [61, 69]. These contrasting observations raise doubts
about whether nonstabilizerness alone can serve as a ro-
bust indicator of phase transitions.

In this work, we develop a spectral framework for non-
stabilizerness in infinite matrix product states (iMPS)
using the eigenspectrum of their SRE replica transfer
matrices [12, 70]. We show that the SRE of a subsys-
tem embedded in an infinite chain generally decomposes
into three contributions (Fig. 1): (i) an extensive, model-
dependent term capturing global nonstabilizerness; (ii)
a boundary term corresponding to the mutual SRE be-
tween two semi-infinite subsystems; and (iii) subleading
terms that lead to exponentially-decaying SRE correla-
tions. This decomposition allows us to define an SRE
correlation length that diverges at continuous phase tran-
sitions and governs the spatial response to local pertur-
bations. For the exactly solvable bond dimension y = 2
MPS skeleton of the cluster—Ising model [71, 72], these
quantities can be obtained analytically, offering micro-
scopic insight into the behavior of nonstabilizerness. Ap-
plying the same formalism to the full cluster—Ising model,
we map the SRE across its phase diagram and probe uni-
versal aspects of SRE scaling along the Z, critical line.

The remainder of the paper is organized as follows.
Section II provides an overview of the SRE and its eval-
uation for iMPS. In Sec. III, we derive the three-part
decomposition of the SRE highlighted in Fig. 1, and we
introduce the SRE correlation length. Section IV demon-
strates that this length scale governs the response to local
perturbations. We then illustrate this spectral framework
using the analytically tractable MPS skeleton of the clus-
ter—Ising model in Sec. V, while the full phase diagram
of this model and the universal SRE scaling along its
critical lines are discussed in Sec. VI. Finally, Sec. VII
summarizes our findings, while the Appendices contain
technical details, extensions to non-adjacent subsystems,
comparisons with alternative nonstabilizerness measures,
exact diagonalization benchmarks on finite systems, and
the analysis of a x = 4 skeleton exhibiting a richer spec-
trum of correlations.

II. OVERVIEW OF INFINITE MATRIX
PRODUCT STATES AND STABILIZER RENYI
ENTROPIES

In this section, we introduce the concept of stabilizer
Rényi entropies (SREs), a measure of nonstabilizerness
that can be efficiently computed using a replica trick. We
also review the general theory of correlations in iMPS and
how they can be computed from the associated transfer
matrix. This section does not contain new results, but
sets the notation and background for our main results in
the following Secs. ITI-IV.

A. Scaling of correlations in iMPS

A translationally-invariant iMPS state [¢(A)) is de-
fined on an infinite one-dimensional chain with a d-
dimensional local Hilbert space,

[P(A)) =Y tr(--- AT AT AT {og)), (1)
{o;}

where A% is a set of d matrices with bond dimension
x. Below we will mainly be interested in the case d = 2,
although the derivations hold for any d. Furthermore,
we assume one-site translation invariance for simplicity;
however, the generalization to k-site translationally in-
variant systems is straightforward and merely requires
enlarging the unit cell accordingly.

An important object associated with an iMPS is its
X2 x x? transfer matriz E [28], with the following dia-
grammatic notation and spectral decomposition:

E=Y A"®(A%)"

where the eigenvalues \; are ordered in descending mag-
nitude, and (L;| and |R;) denote the corresponding left
and right eigenvectors. For the tensor A7, to represent a
normalized state, the dominant eigenvalue A; = 1, which
we assume to be unique. The associated left and right
eigenvectors correspond to the infinite contraction of F
from the left and right, respectively, obeying the normal-
ization condition (L1|Ry) = 1.

Every (injective) MPS satisfies an entanglement area
law with exponentially decaying two-point correlation
functions:

SE(LA> < log x, <On0n+m>c ~ e—m/é, (3)
where Sg(L4) is the von Neumann entropy of a subsys-
tem of size L4, {...). denotes the connected correlator
and ¢ is the correlation length [28]. The correlator in
Eq. (3) is evaluated by (m—1) applications of the MPS
transfer matrix, hence its decay is determined by the



spectrum of this matrix. In particular, the slowest decay
is governed by the second-largest eigenvalue in Eq. (2),
-1

= gl

(4)

which defines the MPS correlation length.

In contrast to Eq. (3), quantum critical points in one
dimension generally exhibit logarithmically divergent en-
tanglement entropy and algebraically-decaying correla-
tion functions. For critical points described by a (14 1)-
dimensional CFT [62], those take the form:

SE(LA) ~ <0n0n+m>c ~
where c¢ is the central charge and « is the correspond-
ing operator scaling dimension. Eq. (5) cannot be ex-
actly captured by a finite-bond-dimension iMPS; instead,
the finite bond dimension acts as a relevant perturbation
to the critical ground state, introducing an effective gap
that enforces an entanglement area law and exponentially
decaying correlation functions, as in Eq. (3). As the bond
dimension y increases, this perturbation diminishes, and
the iMPS provides an increasingly accurate approxima-
tion of the true critical ground state.

At criticality, the correlation length £ and, more gen-
erally, all quantities of the form (log |\;| —log |A;|)~* di-
verge, as they represent inverse length scales of the sys-
tem. Such length scales naturally correspond to the sys-
tem size in finite-size scaling analyses used to extract crit-
ical properties from finite systems. In the MPS context,
however, the control parameter is the bond dimension
rather than the system size, and the corresponding frame-
work is known as finite entanglement scaling [73, 74]. For
a critical iMPS, the entanglement entropy Sg(x) and cor-
relation length £(y) at finite bond dimension are related
via Sg(x) = (¢/6) log&(x), which mirrors the usual rela-
tionship between entanglement entropy and system size,
Eq. (5), with & being an effective system size.

(¢/6)log La, Im|~*, (5)

B. Stabilizer Rényi entropies for iMPS

A convenient monotone of nonstabilizerness is the SRE
of order n [11]. For a pure state |¢) of a system containing
L qubits, the SRE is defined as :

PePr,

M™ () = (1~

where P, denotes the set of all L-strings of Pauli ma-
trices {oc*} = {l,0%,0Y,0%}. The SRE is zero iff |¢) is
a stabilizer state; it is invariant under Clifford unitaries
and additive under tensor product [11]. Since our focus
is on infinite systems, we also define the SRE density
m?) = M®) /L as an intensive measure of nonstabilizer-
ness. Unlike other monotones, the SRE is not a strong
monotone but it is more straightforward to calculate for
many-body systems [75].

For a mixed state described by a density matrix p, we
furthermore define the mixed-state SRE [11]:

M) (p) = M®) () = 5 (), 7
where S(™(p) = log(tr p™)/(1—n) is the n-th order Rényi
entropy. Once again, for an infinite system, we are pri-
marily interested in the associated mixed-state SRE den-
sity, m(™) = M /L. We note that the mixed-state SRE
is generally a poor monotone for mixed-state nonstabi-
lizerness as M (™) (p) # 0 for convex mixtures of stabilizer
states [76]. To combat this, efficient witnesses of mixed-
state nonstabilizerness have been proposed to identify
highly nonstabilizer mixed states [77], which we discuss
in Appendix A.

Direct evaluation of the SRE for a chain of L spins
scales as 4, making it intractable for large systems. This
exponential scaling can be mitigated by approximating
the SRE via Monte Carlo sampling in the Pauli-string ba-
sis [13, 35, 36]. Although this avoids the exponential cost
of a direct computation, it may require a large number of
samples to achieve accurate statistics. Alternatively, for
MPS states, one can compute the SRE using the replica
trick [12]. This approach is exact even for large or infinite
systems, with the computational cost determined solely
by the bond dimension and the number of replicas.

The SRE of an iMPS can be calculated using a trans-
fer matrix approach analogous to that used to evaluate
standard correlation functions [12]. First, we create a 2n-
fold replica of the state [1)®*" with physical dimension
d" = d*" and bond dimension x?". We then define the
tensors:

3
o’ o n 1 « a*x\®n
By = (A7)®*", Afcn) 252(01@ @0 )", (8)
a=0

where ijs is a 2n-fold copy of A, and A,(Cn) encodes the
Pauli matrices operating in replica space on a single site
k. For ease, we will denote A;Cn) as A for a single physical
site. A is then contracted over the physical bond of the
tensor B to create a modified x*"x x*" transfer matrix
E:

2k: ),(51) = ZB AU o Z,ﬂl . (9)

s,s’

Denoting the dominant eigenvalue of E as u1, the SRE
density in the thermodynamic limit is

= (1—n)""log(mm), (10)

which is upper-bounded by log(d) [11].

For our analytical calculations below, we employ the
above replica trick exactly. This is limited to low bond
dimensions as the computation scales as x5". To access
larger values of x in the numerics, we use an equivalent
method based on Pauli-basis conversion [37]. The latter
allows bond-dimension truncation throughout the com-
putation, which improves the scaling, but introduces an

™



approximation. We denote the bond dimension of the un-
derlying MPS by x, and that of the truncated Pauli-MPS
by x: < x2. Since no further truncation or variational
optimization is performed, the bond dimension of the re-
sulting n-th order SRE Pauli-MPS is x}, and the dimen-
sion of the corresponding E is 2", which quickly becomes
prohibitive to evaluate for large numbers of replicas.
The above replica trick for calculating SREs for iMPS
makes it possible to study the nonstabilizerness of 1D
systems directly in the thermodynamic limit. For exam-
ple, Ref. [61] used this approach to understand the origin
of nonstabilizerness in Rydberg atom arrays and its tem-
poral evolution following a quantum quench. Ref. [70]
extracted the SRE for states widely used in quantum in-
formation theory and proposed a new algorithm ‘Bond
DMRG’ for calculating the nonstabilizerness for iMPS.

III. NONSTABILIZERNESS OF FINITE
SUBSYSTEMS

In Sec. II, we introduced the tools for calculating the
SRE of an iMPS and detecting critical points in the ther-
modynamic limit. In particular, we discussed the role of
the dominant eigenvalue of the SRE transfer matrix, E.
Building on this, we now ask: what are the roles of the
subleading eigenvalues and the corresponding eigenvec-
tors of E? As an illustrative example, we begin by con-
sidering the SRE of finite subsystems embedded within
an infinite chain and we analyze the eigendecomposition
of the SRE transfer matrix. This analysis will reveal
that the subleading eigenvalues give rise to a nonsta-
bilizerness correlation length, directly analogous to the
standard correlation length extracted from the conven-
tional MPS transfer matrix. Furthermore, the dominant
eigenvector encodes the mutual SRE shared between two
adjacent subsystems.

A. Subleading corrections to nonstabilizerness

Analogous to the MPS transfer matrix in Eq. (2), the
SRE transfer matrix E can be spectrally decomposed as

K

@) = mEnEr, Ay

where the eigenvalues u; are ordered in descending mag-
nitude and have corresponding left and right SRE eigen-
vectors, (LT"| and |R}") (we use the “magic” super-
script m to distinguish them from those of the ordinary
MPS transfer matrix, E). The key distinction between
Eq. (11) and Eq. (2) is that the leading eigenvalue p
only approaches unity for stabilizer states, for which the
SRE vanishes.

To compute the SRE of a finite subregion embedded
in an infinite system, we restrict the sum over all Pauli
strings L in Eq. (6) to an N-site subset of nontrivial
Pauli strings, Py C Pr. Within this region, each site
contributes one power of the SRE transfer matrix, yield-
ing EV, while outside the region all Pauli operators are
trivial, so that A — I®2?" and the SRE transfer matrix
reduces to the MPS transfer matrix, E — E®?". Con-
sequently, the SRE of an N-site subsystem is obtained
from the contraction

M™(p) = (1—n) " log(LEVR),  (12)

where (L| = (L;|®?" and |R) = |R;)®?" are built from
the dominant eigenvectors of E®?", see Appendix B for
further details.

We can gain additional insight into Eq. (12) by em-
ploying the spectral decomposition of E introduced in
Eq. (11) and write EV as

.
ey (W ORI el
E E i=1

N sites

(13)
The SRE of the N-site subsystem is then obtained by
contracting the boundary vectors (L| and |R) onto the
edges of this region,

an

(LIENR) = > uY (LIRI)(LFIR). (14)

i=1
To simplify notation, we define
e = (LR, (15)

where P/ is a projector onto the eigenspace of p;, to
account for any degeneracies in the spectrum.

For large N, the contribution of the leading eigenvalue
w1 dominates, so it is useful to factor it out:

M N K N
C1+(2) CQ+<3> c3+ ...
H1 M1
(16)

Thus, via Eq. (12), the n-th order SRE of an N-site sub-
region is

(LIENIR) = plY

_ Nlog(u)

1—n

log[ey + f(NV)]

M™(p) —

(17)

)

where we have defined

F(N) = XE (Zl)Nc (18)

4n
=2

In the large-N limit, pi—23... /p1 — 0,80 f(N) < ¢1. We
can then apply the Taylor expansion, log[c; + f(N)] =



log(er) 4+ f(N) /e + (’)(ng)Q/c%)7 and subtract the n-th
order Rényi entropy S(™(p) to obtain the mixed-state
SRE:

f(N)
(1—n)er
(19)

1—n 1—n (p)+

Ignoring higher-order terms in the Taylor expansion,
Eq. (19) can be organized into three distinct contribu-
tions, as advertised in Fig. 1: (i) a dominant O(N) ex-
tensive term determined by the leading eigenvalue uq of
E; (ii) an O(1) term (given by ¢; and the Rényi entropy),
which is controlled by the overlap between the dominant
eigenvectors of the SRE transfer matrix E and the MPS
transfer matrix F; (iii) the correction term f, due to the
subleading eigenvalues of E. In the limit N — oo, (™)
converges to the contribution of the dominant eigenvalue
1, recovering the result in Ref. [12]. Finally, as we will
show in the following Sec. IIIB, the O(1) term can be
identified as the mutual SRE between two equal-sized
adjacent subsystems in the thermodynamic limit.

Since f(N) is determined by the subleading eigenvalues
of E in Eq. (18), it vanishes as N — oco. In this limit,
the dominant contribution to Eq. (18) arises from the
second-largest eigenvalue, giving

" —1
e = —————, (20)

(n)
f(N) — coe™N/ésre, ,
) o Tog (/7))

N—o00

where Sé%)E is the SRE correlation length. This corre-
lation length characterizes the longest-range correlations
present in the SRE of an MPS and is therefore a direct
analog to the standard MPS correlation length, Eq. (4).

In general, fé%)E and the conventional MPS correlation
length & can differ quantitatively from one another, re-
flecting the distinct structure of nonstabilizer correla-
tions. However, as we will demonstrate in Sec. V and
Sec. VI, Eé%)E exhibits diverging behavior similar to the
ordinary correlation length at quantum critical points,
suggesting that it may serve as a universal indicator of
criticality in quantum many-body systems. Finally, é?%)}a
also governs the decay of the SRE when a state is per-
turbed on two spatially separated sites, as we will demon-
strate in Sec. I'V.

B. Mutual SRE

Having clarified the physical interpretation of the
extensive and exponentially decaying components of
Eq. (19), we now turn to its O(1) term. We will show
that this contribution is directly related to the mutual
SRE between two adjacent subsystems A and B [13, 40],

L™(A:B) = M™ (pa) + M™ (pp) = M™ (pap). (21)

The quantity L(™ (A: B) measures the degree of nonsta-
bilizerness in the correlations between the two subsys-
tems, analogous to the mutual information [1, 62, 78-81].

Moreover, it quantifies the nonstabilizerness that cannot
be removed by local unitary rotations [82]. Owing to
the additive nature of the SRE, the mutual SRE van-
ishes when p = p4 ® pp is a product state, although it
does not generally satisfy the additivity property of the
mutual information. Related quantities have also been
introduced for other measures of nonstabilizerness, such
as the robustness of magic [32, 83] and the mana [82, 84].
The mutual SRE is defined using the mixed state SRE
in Eq. (7), therefore it can be decomposed according to
LM(A:B) =W (A:B) — I™(A: B), where

W (A:B) = M™ (pa)+M™ (pp) =M™ (pap) (22)
is the pure state mutual SRE, and
I0(A: B) = S (pa) + 5™ o) = S (pan)  (23)

is the mutual information between the two subsystems.
We now consider the SRE of two adjacent subsystems,
both of size £. Since the MPS is translation-invariant, we
know that M (ps) = M (pp), therefore the mutual
SRE will be W (A:B) = 2M ™) (p4) — M (pap) and
IM(A:B) =25 (ps)—S™ (pap). Using Eq. (17), the
extensive terms cancel, so the mutual SRE becomes:

2logler + f(4)]  logler + f(%)].

W(")(A:B): 1-—n 1—-n

(24)

As ¢ — oo and the two subsystems are grown toward the
thermodynamic limit, we have f(¢) — 0 and f(2¢) — 0,
since these terms encode the exponentially-decaying cor-
relations identified in Eq. (20). Moreover, because [(A))
is an MPS and therefore obeys an entanglement area law,
it follows that the Rényi entropy of pap saturates to a
boundary contribution identical to that of a single semi-
infinite region. Hence, S (paB) — S(”)(pA/B) and
I™(A:B) — S™(p4) as £ — oco. In this limit, the
mutual SRE simplifies to

1 _ log(er)

= S8 pa) = WL =S (pa). (25)

This expression corresponds precisely to the O(1) term

identified in Eq. (19). Note that L% is not required to be
strictly positive, as the mutual SRE — unlike the mutual
information 7™ (A : B) — does not obey the subadditivity
condition.

C. Relation to boundary CFT results

A natural question is how our iIMPS expressions
derived above relate to the universal content of the
SRE predicted by the boundary conformal field theory
(BCFT) analysis of Ref. [40] and the exact microscopic
result available for free fermions [66]. The BCFT formal-
ism assumes that the system is at a conformally-invariant
fixed point and derives the size dependence of the SRE



directly from the replicated boundary theory. In this ap-
proach, the SRE of an L-site critical pure state on a ring
with periodic boundary conditions takes the form

M™ (L) =m™L — ¢, +o(1), (26)

where the extensive coefficient m(™ is nonuniversal, while
the O(1) term ¢, is universal and determined by the g-
factor of the 2n-replicated BCFT. For open boundary
conditions, there is an additional log L contribution to
Eq. (26) [66]. Likewise, the mutual SRE of a subsystem
of ¢ spins exhibits the universal logarithmic scaling

4A
W (0) = ﬁ log . , (27)

with As, the scaling dimension of the relevant
boundary-condition—changing operator [40] and ¢. =
(L/m)sin(nl/L) the associated chord length. In special
cases, such as the transverse-field Ising chain, W) (¢) can
obey scaling identical to the mutual information 1(?)(¢),
leading to no logarithmic dependence of L()(¢) [40].

Our iMPS framework arrives at expressions with the
same structure via a microscopic route. The spectral
decomposition of the SRE transfer matrix leads to the
three-term structure in Eq. (19): an extensive contribu-
tion proportional to log uy, an O(1) term controlled by
the overlap ¢; of the dominant eigenvectors, and sublead-
ing corrections f(N) that decay with the SRE correlation

length fé%)E. This decomposition is the lattice analog of
the BCFT result, Eq. (26). Because the replica transfer
matrix is built from 2n copies of the MPS tensor, both ¢;
and the prefactor (1 —n)~! carry explicit n-dependence,
mirroring the n-dependence of the BCFT boundary con-
stant ¢,. The correspondence becomes especially trans-
parent for the mutual SRE. Our thermodynamic-limit ex-
pression in Eq. (25) isolates the O(1) boundary contribu-
tion, directly analogous to the BCFT result in Eq. (27),
where W, (¢) is governed by the two-point function of
boundary-condition—changing operators and acquires a
universal logarithmic dependence on subsystem size with
coefficient fixed by As,. In the iMPS setting, the same
behavior emerges on length scales 5&?1)]3 < f, where the
finite-bond-dimension state faithfully approximates the
conformal fixed point.

Finally, Ref. [40] did not discuss the subleading cor-
rections to Eq. (26) which, according to our analysis, are
crucial for defining the SRE correlation length, fé%)E. As
we will further demonstrate in the following sections, the
conventional correlation length £ and the SRE correla-
tion length Eérﬁ)E may diverge with different exponents at
a critical point. This is unsurprising since, from the field-
theoretical perspective, £ and 5&% correspond to inverse
gaps of different operators in distinct replicated theories
and therefore are not a priori expected to share the same
critical exponent.

IV. NONSTABILIZER CORRELATIONS DUE
TO LOCAL PERTURBATIONS

In Sec. III, we showed that the approach of the SRE
of a finite N-site subsystem to its thermodynamic limit
value is determined by exponentially-decaying sublead-
ing terms governed by the SRE correlation length gé’;@E,
which closely resembles the standard MPS correlation
length £. The latter governs the decay of connected cor-

relators, Eq. (3), as the distance r between observables

is varied. In this section, we argue that 5&% quantifies
how the SRE changes when a wave function is perturbed
on two spatially separated sites.

We begin by considering the effect of locally perturbing
an MPS wave function on a single site. We apply an arbi-
trary unitary matrix U; to the site i of a translationally-
invariant iMPS, |¢(A)) — U;|¥(A)), which corresponds
to a modification of the MPS tensor A% at that site:

’

(Av)gly =D UTT AT 5. (28)

The modified tensor Ay can be projected into the
replica space by constructing a 2n-fold tensor product,
(Bu)gis = ((Au)75)®*", with bond dimension x*",
physical dimension d?", and an associated transfer ma-
trix Eyy by analogy with E in Eq. (9).

The effect of a local perturbation on the SRE can be
captured by replacing the E transfer matrix on site ¢ with
the modified SRE transfer matrix Ey, while leaving E
unchanged elsewhere:

(29)

This contraction can be evaluated by replacing the infi-
nite environment of E with its dominant left and right
eigenvectors, (L7*| and |R]"), and including the leading
eigenvalue uq as a prefactor:

i (L1 [Eu|RY") = pi®

Since we are considering iMPS, the total SRE contains
an extensive (and hence divergent) contribution from the
dominant eigenvalue p1. However, we are interested only
in the change in SRE due to the perturbation:

SMEY = MO (T;]p)) — M™ (|p)), (31)

for which this extensive contribution cancels. To isolate
this finite difference, we rescale E and Eyy by the domi-
nant eigenvalue p;, defining E = E/uy and Ey = Ey /s,



such that (L7"|E = (L"| and E|R}") = |R}*). The result-

ing change in the SRE is then

log (LY'|Eu|R") _ log (LT"[Eu|RY") — log i
1—n '

(n) _
oMy = 1—n
(32)
Having found the change in the SRE under a single lo-
cal perturbation, we now consider the effect of two spa-
tially separated local perturbations on the SRE as we
apply local unitary operators U; and U;y, to the state,
[h(A)) = UiU;sr|tp(A)). Similar to the above, we wish
to compute the relative change in the SRE:

SMUY = MO (0,04, 0)) — MP(18)).  (33)

Analogous to Eq. (29) and Eq. (30), this quantity can be
evaluated by the following contraction:

(LY'|EvE"'Eu|RY"). (34)
To evaluate this, we separate the dominant eigenvalue
component of the modified transfer matrix E from the
subleading, exponentially decaying terms, writing E =
\RPY(LY] + (E - |R{”)(L’1”|). Substituting this decom-
position gives
(L{'|[EvE™'Eu|R{") = (L{'|Ev|R{") (LT [Ev| RT")

X" i r—1 ) . (35)
+Z(m) (L7 Eu | R (L Eu | RY),

which contains a constant term, equal to the square of

Eq. (30), and an exponentially-decaying correction. This

structure is directly analogous to the behavior of two-

point correlators in iMPS, although here the logarithmic

definition of the SRE modifies the dependence slightly.
Introducing the notation

d; = (L{'|Ev|R") (LY |Ev |RY"), (36)
and assuming that r is large enough that 1 > uo/pu >
s/ 1, we obtain
1

—-nNn

log (d1 + d267r/§é71;)E>

(n)
5MU,U ~ 1

(n)
logdy _ (da/dy)e /R (37
1—n 1—n
d (n)
= 25M(n) 2 or/&she .
vt aia=n"

Hence, the change in the SRE due to two spatially-
separated unitary perturbations consists of two distinct
contributions: (i) a disconnected term equal to twice the
single-unitary result of Eq. (32), and (ii) an exponentially
decaying term controlled by the SRE correlation length

é%)E. Now it becomes transparent why fgl;)E can gener-
ally differ from the conventional MPS correlation length:
applying a local unitary affects not only the expectation
values of nearby single-site Pauli operators but also those
of multi-site Pauli strings. The emergent nonlocal corre-
lations among these operators are precisely captured by

the SRE correlation length fé%)E.

V. NONSTABILIZERNESS OF THE MPS
SKELETON

As an analytically tractable example, we apply the for-
malism developed in the previous sections to a simple,
low bond-dimension MPS ansatz that contains a quan-
tum phase transition between a product phase and a
symmetry-protected topological phase (SPT). We choose
a single-parameter path through the spin-1/2 cluster-
Ising model whose ground state can be exactly repre-
sented by an MPS [71, 72]:

Hskeleton = Z(g - 1)2Ufgf+105+2 + 2(92 - 1)0?0;-11
%

— (1 +g)%07, (38)

where g = —1 reduces to the pure cluster Hamiltonian
and g = 1 corresponds to the free paramagnet. As we will
see below, g = 0 is special — it represents a “multicritical”
point where a trivial paramagnet, symmetry-broken Ising
phase, and an SPT (cluster) phase meet.

The path traced out by g in Eq. (38) is contained in a
larger family of solvable models dubbed the “MPS skele-
ton”, which describe a class of SPT phases whose ground
states are exactly represented by a finite bond dimension
MPS [85]. The x = 2 skeleton that captures the ground
state of the Hamiltonian in Eq. (38) is given by matrices:

AT = ((1) ?) Ab = ((1) g) (39)

It is curious that this MPS skeleton describes exactly the
ground state even at the critical point g = 0, despite
the fact that the entanglement entropy there is strictly
bounded by log 2. This is because g = 0 is a multicritical
point at which the entanglement entropy does not diverge
with subsystem size, unlike in second-order transitions.
The latter are also present in the full cluster-Ising model
for other choices of couplings and will be the subject
of Sec. VI. In Appendix C, we study an example of a
higher order MPS skeleton with xy = 4, showing that our
approach directly generalizes to that case.

A. Nonstabilizer properties

Since the MPS skeleton in Eq. (39) has a small bond
dimension x = 2, it is possible to analytically understand
the behavior of its nonstabilizerness for n = 2 replicas
using Mathematica. The (unnormalized) eigenvalues of
the standard transfer matrix, Eq. (2), are given by: A\ =
1+g, Ao =1—g, A34 = 0. Moreover, the eigenvalues of
the n = 2 SRE transfer matrix E in Eq. (9) are:

N1:1+14g2+g4 o= 1—g*
(T+lght "7 A+ g (40
(" 1" !

H10,...,16 = y M17,....256 = 0.
( )4

1+ g]
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Figure 2. Nonstabilizer properties of the MPS skeleton in Eq. (39). (a) The mixed-state SRE density m® over a subsystem
of increasing size N, illustrating convergence to the thermodynamic limit value in Eq. (41) (black line labeled m?). (b) The
mutual SRE, L (A: B) in Eq. (21), between two connected subsystems A and B of size N. Black line shows the thermodynamic
limit value, L2 [Eq. (25) with Eqs. (46)-(47)]. Inset: Correction coefficients ¢; in the decomposition of the nonstabilizerness.

(c): The maximum change in the SRE, (5Ml(]2)7 caused by an application of a single-qubit unitary. The optimal angles 6, ¢, A
were found by numerical optimization of Eq. (32). The finite-size results in panels (a)-(b) were obtained by numerical evaluation

of Eq. (7) and Eq. (21).

In the thermodynamic limit, the SRE density is deter-
mined by the dominant eigenvalue 1 and takes the closed
form expression:

1+ 14g% + ¢*
(1+1g))*

We note that this formula for g > 0 is equivalent to the
SRE of the ground state of the 1D stochastic mean-field
Ising model using the substitution g=e=2% [17].

In Fig. 2(a) we evaluate the mixed-state SRE den-
sity m(®)(p) for a subsystem of size N of the MPS
skeleton and study how it approaches the SRE value
in the thermodynamic limit, Eq. (41). To calculate the
S@)(p) contribution for finite subsystems, we utilize swap
tricks [86, 87] between two replicas of the subsystem ten-
sors. In the SPT phase (¢ < 0), we find that m(?(p)
converges more slowly than in the paramagnet phase,
and Eq. (41) serves as an upper bound. This is because
the SPT ground state is entangled, allowing the S (p)
term to dominate and lowering m?)(p) below the ther-
modynamic limit value in Eq. (41).

Furthermore, in Fig. 2(a) we see that for ¢ = —1,0, 1,
the SRE vanishes, implying the ground state at these
points is a stabilizer state. Indeed, for ¢ = —1, the
ground state is the cluster state, which we know can be
represented as a graph state and hence a stabilizer state.
For g = +1, the paramagnet ground state is a product
state, hence also a stabilizer state. Finally, at the mul-
ticritical point g = 0 the ground state is a Greenberger-
Horne-Zeilinger (GHZ) state [71], which is also a stabi-
lizer state since it can be prepared using only Clifford
gates.

A surprising feature of Fig. 2(a) is the peak of nonsta-
bilizerness. From Eq. (41), it is easy to show that the
peak occurs at

m® = —log (41)

g. = +(3-2v2), m® ~0.28, (42)

which is comparable to the SRE of the Ising model at
its critical point [13, 36]. To explain this SRE peak, we
follow the approach in Ref. [61] and consider the unitary
which prepares the MPS skeleton state by acting on the
reference state |0). Ref. [72] showed that this MPS can
be embedded into a 2-qubit unitary, with one site acting
on |0), and decomposed into the quantum circuit:

T (x|

|0)— U(w) 7 U(60)

(43)

where the unitaries U(6),

U(e)_(sine cos0>7 (44)

cos § —sin 6

are parametrized by angles

f, = arcsin <\/|?> 0., = arccos <M> .
’ Vitlgl) " V1419l

(15)
The quantum circuit above only has two non-Clifford
gates, hence the maximum nonstabilizerness is achieved
ifft U(6,) and U(f,,) are maximally non-Clifford. This
occurs when 0, = £7/8 and 6, = £37/8, i.e., precisely
at g. given by Eq. (42).

To evaluate the mutual SRE, we require the Rényi en-
tropy from outside the two embedded subsystems, which
we can extract from the canonicalized dominant right
eigenvector [72]:

2(1+g)2 .
5(2) (p) — QlOg 1-&(-6gj-)g2 if g > 07 (46)
log(4) if g<O.




The coefficient given by the overlap of the boundary vec-
tors with (LT*| and |RY"), Eq. (15), used for the calcula-

tion of Lg) is:

4(1+g)*(1+14g%+g%) =
(=1+g)* (47)
1+14g2+g*

In Fig. 2(b) we plot the mutual SRE, L) (A: B) de-
fined in Eq. (21), of two semi-infinite adjacent subsys-
tems. We compare L(®)(A:B) of various system sizes
to the analytic prediction given in Eq. (25). Far away
from the multicritical point (¢ = 0) we obtain perfect
agreement with L(oi). As we approach the multicritical
point, the mutual SRE deviates heavily from the analyt-
ical prediction, implying a strong dependence on system
size. As we will see below, this is due to the diverging

{ (Ltg(dtg(2249(4+0))) 3¢ >
Cc1 =

if g <0.

correlation length fSRE — oo at the multicritical point.

In the product phase, L(oo) is positive whereas in the SPT
phase it is negative. The negativity is due to the SPT
phase being entanglement-dominated, with entanglement
entropy saturating the upper bound S®(p) = log(2),
while the product phase has lower entanglement (vanish-
ing as g — 1) and allowing the magic to dominate.

In the inset of Fig. 2(b) we illustrate the behavior of
¢i, Eq. (15), for the MPS skeleton. The trivial phase ex-
hibits strong dependence on ¢;, up to the multicritical
point g = 0 where ¢; and c3 become degenerate. Along
the entire trajectory, we find that there is no dependence
on ¢y for this choice of boundary vectors. In the SPT
phase, c3 diverges while ¢; — 0.25 as ¢ — —1. These
divergences are acceptable because the coefficients ¢; are
weighted with the corresponding eigenvalue, which pro-
vides an effective regularization.

Finally, it is possible to calculate analytically the
change in SRE, (5M(2 due to the application of a ro-
tation gate along a smgle axis. Using the standard spin
rotation matrix R, (0) = exp(—ifo,/2) (and similarly for
y and z-rotations), the change in the SRE of the MPS
skeleton after applying a rotation by 6 along the y or
z-axis is given by:

M) (6)

= oM () = log (48)

7+ cos(460) ’

while the rotation along the x-axis yields the following
lengthy expression:

SM) (8, 9) = log(8) + 2log(1 + 14¢% + ¢*)
— log [7 1 212¢2 + 64g% + 1482¢* + 644°
+ 2126 + 7¢% + (1 +12¢2 — 6448

+ 1026 — 649 + 126° + ¢ ) cos(46) | (49)

Now it is important to ask: what is the maximum amount
of nonstabilizerness we can inject into the MPS skele-
ton solely by single-qubit unitary operations? This ques-
tion can be answered by maximizing the change in SRE

for different single-qubit rotation matrices. This basis-
invariant perspective is closely related to recent efforts to
isolate the genuinely non-local component of nonstabiliz-
erness by removing local unitary contributions [63, 88—
90].

In Fig. 2(c) we plot the maximum change in the
SRE, § M, [(JQ), obtained by applying an arbitrary rotation
U(f,6,\) = R.(¢)R,(0)R.(\). We calculate the maxi-
mum 5M[(]) by numerically optimizing Eq. (32) to find
the optimal angles {Oopt, Popt, Aopt - For an R, . () rota-

tion we find, consistent with Eq. (48), that 5M[(]2) is inde-
pendent of g and therefore maximized when 0.,y = 37/4

to give 5M§§z) = log(4/3) for all g. For an R,() ro-

tation, from Eq. (49), we find that M, () is maximized
when cos(46) = —1 s0 Oopy = 7/4. In the cluster phase,

we observe a noticeable dip in 5M1(%2) at the location of
maximal SRE, Eq. (42), due to the MPS ground state
already containing intrinsic nonstabilizerness in its con-
struction. As g — 1 we find that §M(2) — 0 due to the
iMPS state becoming the ground state ‘of H = > X
Finally, the results for arbitrary single-qubit rotation
U(6, ¢, \) are remarkably similar to z-rotations. For ex-

ample, 5M£,2) reaches a maximum of ~ 0.59 in the cluster
phase, which occurs when the iMPS tensor becomes the
IT) = (|0) 4 €™/4|1))/+/2 state [11]. Consistent with
oM R, ), there is a noticeable dip at the point of maximal
SRE. In the product phase, we observe a noticeable drop

as g — 1 to a constant value of 5M((]2 ~ 0.41 corre-
sponding to the nonstabilizer state |M) = cos(5/2)|0) +
e/t sin(8/2)|1) with g = arccos(1/v/3). Thus, the in-
jection of nonstabilizerness by single-site unitaries distin-
guishes the entangled SPT phase beyond its global SRE
signatures.

B. Nonstabilizer correlations near criticality

We now turn our attention to the SRE correlation
length as a detector of the phase transition in the MPS
skeleton. Using the analytically obtained eigenvalues of
F and E, we obtain the following closed form expressions
for the correlation lengths:

-1 2) —1
T 1-gly’ SRE — P N . (50)
Epd T

10g| log|

Expanding these correlation length expressions around
the critical point g. = 0:

1 (2) 1
~ — . 51
f 2‘g| ’ SRE 1492 ( )

This shows that the standard and SRE correlation
lengths can have parametrically different bcaling at crit-

icality, with ¢ diverging as |g|~!, while §SRE diverges as
|g|=2 at the MPS skeleton multicritical point.
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Figure 3. The SRE correlation length and response to per-
turbations of the MPS skeleton. (a): Correlation lengths of
the standard transfer matrix E and of the nth order SRE
transfer matrix E for different numbers of replicas n < 5. All
correlation lengths diverge at the multicritical point, g. = 0.
(b): Same data plotted on a log-log scale close to the critical
point g. = 0. The ratio of the slopes of the blue and orange
curves is 2, consistent with Eq. (51). Different correlation
lengths generally diverge at different rates. (c): SRE correla-
tions between two applied v/T gates for two values of g close
to g = 0. The dashed lines are fits to the exponential decay
with the SRE correlation length, which accurately describes
the behavior of the correlators at large distances r (see text).

In Fig. 3(a) we plot the correlation length fé%)E ob-
tained by numerically diagonalizing the transfer matrix
E for SRE orders n < 5, alongside the standard correla-
tion length £. Both types of correlation length diverge
at the critical point, albeit with different rates and this
rate moreover depends on the SRE order. This is demon-
strated more transparently in Fig. 3(b), which shows the
correlation lengths in the vicinity of g. = 0 plotted on
a log-log scale. While all curves are linear, their slope
clearly varies with n, consistent with Eq. (51).

To confirm our prediction that nonstabilizer correla-
tions between separated single qubit unitaries decay ex-
ponentially with respect to the SRE correlation length,
we study JM[(J?UHT — 26M((i) to isolate the exponen-

tial decay. For the unitary, we choose the U = /T =
diag(1, e'™/®) gate, a single qubit gate that applies a 7/8
phase rotation. Figure 3(c) shows the effect of separation
distance r on 5M1(12i?U7~,+r — 25M[(]2i) for two values of g close
to the critical point. For both values of g, the correlation
function approaches an exponential decay at large dis-
tances, which can be accurately fitted using the function

Aexp(—r/ﬁéﬂE) where A is the fitting parameter and
féQE is fixed by Eq. (50). Therefore, the SRE correla-
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tion length can detect nonstabilizer correlations between
spatially-separated unitary operations.

VI. NONSTABILIZERNESS IN THE
CLUSTER-ISING MODEL

The MPS skeleton discussed previously traces a single-
parameter trajectory through the phase diagram of the
following spin—% cluster-Ising model:

HCI = Gzxz Z O’f(f‘;&_’_lgf_‘_Q — G2z Z Ufgf+1 — Gz Z Ul'w-
1 1 K3

(52)
Here, the first three-body term is the cluster term that
is added to the familiar Ising model in a transverse field
(the last two terms). While the model in Eq. (52) is ana-
lytically solvable for general values of the couplings [91],
the ground state is a simple MPS only along the special
trajectory given by Eq. (38).

The Hamiltonian in Eq. (52) is symmetric under global
spin flip generated by [],of and under time-reversal
symmetry. Furthermore, it is invariant under a Clifford
control-Z unitary, Ucz = Hi\[:l CZ,,, which transforms
of <> 0f_j0fof,, and leaves 0707, | invariant. The phase
diagram contains three phases: a symmetry-broken Ising
phase, a trivial phase with a product ground state, and
an SPT phase. These phases meet at the multicritical
point that was studied in Sec. V, and here we investigate
the behavior of nonstabilizerness across the entire phase
diagram.

A. The phase diagram of nonstabilizerness

For each choice of couplings (g.4z, 9z, 9-2), We com-
pute the ground state of the model in Eq. (52) using the
VUMPS algorithm [92]. From the obtained iMPS ma-
trices A%, we construct the corresponding Pauli-basis
tensors B?¢, which are truncated to a computationally-
manageable bond dimension x; in order to build the
n = 2 SRE replica transfer matrix of dimension y;.

In Fig. 4(a) we show the resulting SRE density m(?
for x = 50 and x; = 60. The diagram cleanly separates
into three regions corresponding to the known phases
of the model: the cluster-SPT phase (bottom left), the
Ising paramagnetic phase (bottom right), and the or-
dered Ising phase (top). Because the unitary Ucy is
Clifford and acts as a reflection about the vertical axis
of the phase diagram, m(® is symmetric about g, = 2.
Along the vertical critical line separating the SPT and
Ising paramagnetic phases, m? exhibits a local maxi-
mum. This behavior contrasts sharply with that on the
horizontal critical line, where m(?) interpolates from a
local maximum at each endpoint to a pronounced local
minimum at the central multicritical point.

Figure 4(b) shows the mutual SRE of two arbitrarily

large neighboring blocks A and B, L(()?, as defined in
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Figure 4. Phase diagram of nonstabilizerness in the cluster Ising model, Eq. (52), in the thermodynamic limit. (a) The SRE

density, m®. (b) The mutual SRE, LY. (c) The SRE correlation length, §SRE All results are for iMPS with xy = 50 and
xt+ = 60. The magenta line indicates the trajectory of the MPS skeleton, Eq. (38).

Eq. (25
quantity is not required to be positive.

). Since Rényi entropies are not subadditive, this
Indeed, while
Lg)) is positive throughout most of the phase diagram,
it becomes negative across the SPT phase, particularly
near the phase boundaries. Unlike m(?) in Fig. 4(a), the
mutual SRE is not vertically symmetric. Small regions of
positive Lg)) re-emerge near the phase boundary on the
Ising—paramagnetic side.

Finally, the SRE correlation length, fézng, shown in
Fig. 4(c), diverges along both critical lines, including at
the multicritical point. Hence, its behavior is indepen-
dent of either m? or Lg;). This divergence highlights
the usefulness of fé?E as a diagnostic of critical nonsta-
bilizerness and is discussed in more detail in the following
subsection.

B. Universal SRE scaling at criticality

The numerical results in Fig. 4 were obtained with
bond dimensions y = 50 and x; = 60, which are sufficient
to produce well-converged results throughout most of the
phase diagram. Even at criticality, the SRE density m(?)
shows little sensitivity to either y or yx; and converges
rapidly to a fixed value. In contrast, both the mutual

SRE L((fol) (and therefore also Wég )) and the SRE corre-

lation length 5&7&)}3 grow systematically as y and y; are
increased, reflecting the increasing accuracy with which
the critical ground state is approximated as the effective
length scale of the system increases.

Ref. [40] proposed that, for a finite subregion of a peri-
odic chain, the mutual SRE exhibits universal scaling,
Eq. (27), at a continuous transition in the Ising uni-
versality class. By contrast, the infinite, translation-
invariant VUMPS solutions considered here directly com-
putes Wéﬁ) for two semi-infinite subsystems sharing a
single boundary. Although these subsystems are infinite,
finite y and y; induce a finite effective correlation length.
By analogy with the finite-£.. scaling in Eq. (27), we there-

fore propose the asymptotic scaling form

N 2A
W) = =2 log s + (53)

which is expected to hold in the regime y,x: > 1, up
to a non-universal constant b. Note the factor-of-two
difference compared to the periodic-boundary result in
Eq. (27), reflecting the single boundary between the two
semi-infinite subsystems.

We next test Eq. (53) numerically at different critical
points in the cluster-Ising phase diagram, all belonging
to the Zs universality class where Ao, is expected to take
the universal value 1/16. In fact, for n = 2 and the Z;

universality class, Wéﬁ ) and I® are predicted to obey the

same scaling and therefore in Lg) the logarithmic scaling
should cancel. Hence, we focus on Wég) and study its
behavior along the horizontal critical line of the cluster-
Ising model (52), parametrized as (g, 2 — ge, 2) with g. €
[0,2]. Here g. = 0 corresponds to the Ising point studied
in Refs. [40, 66], while g. = 1 is the multicritical point
analyzed in Sec. V.

As we previously demonstrated for g. = 1 in Eq. (51),
the standard correlation length £ and the SRE correlation

length §é2F2E both diverge near criticality, albeit possibly

with different exponents. Thus, we expect log fézsz to be
proportional to log & for other values of g. along the criti-
cal line. We explicitly check this in Fig. 5(a), which shows
the proportionality holds in a relatively narrow window
of ¢ that we are able to access with bond dimensions
x¢ < 64. Within this window, one may expect the iMPS
results to be well-converged; outside of it, féQE saturates,
meaning that y; is not large enough to fully capture the
SRE correlations. The size of this window grows with x,
although this comes with high computational cost.
Despite these limitations, it is worth exploring the scal-
ing of Wég ), Figure 5(b) confirms that we approximately
recover the expected scaling at the endpoints of the crit-
ical line, g. = 0 and g. = 2: the red dashed lines show
linear fits based on Eq. (53) to iMPS data, yielding slopes
in good agreement with the expected value 1/8 (black
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Figure 5. (a): The logarithm of the SRE correlation length log .fng, plotted as a function of the standard MPS correlation
length log &, at g. = 0,0.25,0.5 along the horizontal cluster-Ising critical line for a few x: values indicated in the legend. The
gray shaded area is the range where these two quantities are proportional to one another for the given values of x:. (b): The
mutual SRE density Wéf) at the points g. = 0 and g. = 2 on the horizontal cluster-Ising critical line, plotted as a function of
log 5:%@ The linear fit to the data is shown in red dashed lines, with the expected value 1/8 shown in black, demonstrating
good agreement. (c): Analogous results for the points g. = 0.1,0.25,0.5 along the horizontal critical line, where the numerical
data shows a visible deviation from the 1/8 scaling. In (b) and (c), the noticeable upturn of W 2 and departure from linear

dependence is due to the saturation of the SRE correlation length 5:%%)13 in panel (a) for finite values of x:.

dashed lines). Away from these endpoints, however, the
approach to the asymptotic scaling regime is slower. For
ge = 0.1, 0.25, 0.5, the extracted slopes are visibly larger
than 1/8, as seen in Fig. 5(c). While a residual depen-
dence on x; cannot be excluded, the systematic bend-
ing of the curves suggests that the accessible range of £
is insufficient to exceed microscopic (ultraviolet) length
scales, placing these data in a pre-asymptotic crossover
regime.

A few comments are in order. A similar overshoot of
the slope for g. € [0.1,0.5] (as well as g. € [1.1,1.5]) is
also observed in exact diagonalization studies of finite pe-
riodic systems, presented in Appendix D. This shows that
the overshoot is not an artefact of the iMPS approach,
but reflects the intrinsic difficulty of accessing the asymp-
totic scaling regime. Indeed, the standard properties of
the underlying iMPS states, such as their entanglement
entropy and correlation functions, are well converged at
these bond dimensions for all values of g.. Curiously,
plotting Wég) as a function of log¢ instead of log fé?{)E
yields a linear behavior over a broader range, as shown
in Appendix E; e.g., compare the data for the converged
cases, g. = 0,2, in Fig. 5(b) with Fig. 9(a). We attribute
this behavior to the different convergent properties of ¢y
(which determines Wég)), & and féQE: the first is deter-
mined by the leading eigenvalue and eigenvector of E,
while the last two stem from the subleading eigenvalue
of E and E respectively, with the latter expected to con-
verge more slowly. Thus, our data appear to be in the
regime where ¢ and § are relatively well-converged, while

féQE is not. Nevertheless, by analyzing the dependence

of Wg) on log¢ and extracting its slope, we find indi-

cations that the slope indeed approaches the universal
value 1/8 as we increase &, see Appendix E for further de-
tails. These results illustrate the challenges in accessing
the universal scaling regime of the mutual SRE. For the
model considered here, Eq. (52), which can be mapped
to free fermions, further insights could in principle be ob-
tained using Gaussian state methods as in Refs. [56, 66],
although our results suggest that the required system
sizes may exceed thousands of sites.

VII. CONCLUSIONS

In this work, we introduced a spectral framework for
characterizing nonstabilizerness based on the eigenspec-
trum of the SRE transfer matrix of iMPS states. By
analyzing this spectrum, we showed that the SRE of fi-
nite subsystems embedded in an infinite system admits
a natural decomposition into an extensive bulk contribu-
tion, a boundary term identified with the mutual SRE,
and subleading corrections governed by an emergent SRE
correlation length. This decomposition allows one to ex-
tract universal information contained in nonstabilizerness
directly in the thermodynamic limit.

Applying this framework to the cluster-Ising model, we
argued that the mutual SRE encodes universal informa-
tion along critical lines, despite the nonuniversal behavior
(at leading order) of the SRE density itself. Moreover, we
showed that the SRE correlation length diverges at con-
tinuous phase transitions, providing a robust diagnostic
of criticality even in situations where the SRE exhibits
smooth or weakly nonanalytic behavior. Importantly,
this correlation length is generally distinct from the con-



ventional MPS correlation length and may diverge with
a different critical exponent, highlighting that nonsta-
bilizer correlations probe operator content beyond that
captured by standard two-point functions.

A natural question posed by our results concerns the
renormalization-group interpretation of finite bond di-
mension in the replicated theory underlying the SRE.
While finite-y scaling in conventional iMPS is well un-
derstood as an RG flow away from a critical fixed point
in the physical CFT, our findings suggest that finite y in-
duces a more intricate flow in the 2n-replica theory that
controls nonstabilizerness. Developing a systematic CFT
description of this flow would provide a deeper under-
standing of pre-asymptotic scaling regimes numerically
observed in the mutual SRE and clarify how universal
behavior emerges as x is increased.

A key limitation of the present approach is the un-
favorable scaling of the SRE transfer matrix with bond
dimension, which makes numerically converged calcula-
tions increasingly costly at large x. One promising direc-
tion is to represent the boundary vectors themselves as
finite 2n-site MPS and to compute dominant eigenvalues
using finite DMRG-type techniques, which may poten-
tially enable access to larger effective bond dimensions.
For models admitting a mapping to free fermions, such
as the ones considered here, some nonstabilizer quantities
(e.g., M) can be evaluated with complexity scaling lin-
early in system size [66]. Although such methods would
need to be generalized to the mixed-state or mutual SRE
studied here, they may provide an exact finite-size bench-
mark for how our transfer-matrix expressions approach
the thermodynamic limit. It would also be interesting
to explore whether suitably generalized real-space RG
methods [93] can access the replicated transfer-matrix
spectrum underlying fé%ZE.

While the behavior of nonstabilizerness at the Ising
critical point has now been studied in several works,
many other critical regimes remain poorly understood.
Our framework can be directly applied to other types
of 1D critical behaviors, such as the XY critical line of
the spin—% XXZ chain or frustrated systems like the J;-
Jo chain. Furthermore, measures of nonstabilizerness for
higher-spin systems, such as the mana, could be formu-
lated in terms of mana entropies with a structure closely
analogous to the SRE. Beyond free-fermion models, nat-
ural targets for future investigations include other classes
of tensor network skeletons, such as Onsager-integrable
spin chains [94] and two-dimensional Abelian string-net
models [95]. In this context, an important direction is
the extension of these ideas to projected entangled-pair
states (PEPS), which may shed light on how nonstabiliz-
erness manifests in two-dimensional critical systems, for
example in the Kitaev honeycomb lattice model or other
types of two-dimensional lattice gauge theories. Beyond
ground-state properties, our approach can be extended
to dynamical settings described by time-evolving iMPS.
The SRE correlation length introduced here offers a nat-
ural length scale for characterizing the spatial spreading
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of nonstabilizerness [96, 97], while the mutual SRE may
encode universal dynamical scaling laws.

Note added.—During the completion of this work,
Ref. [98] reported a complementary study of nonstabiliz-
erness in ground states of Hamiltonians with SPT phases,
for finite systems and uniformly doped with T-gates.
While our paper focuses on infinite systems and local
perturbations, our results are consistent with theirs in
comparable parameter regimes.
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Appendix A: Witnessing nonstabilizerness in iMPS

As briefly discussed in Sec. II, the mixed-state SRE is
considered a poor measure of mixed-state nonstabilizer-
ness while still being a genuine monotone for mixed-state
nonstabilizer resources. Recent works have pivoted to us-
ing efficient witnesses to classify the nonstabilizerness of
mixed states. In this Appendix, we consider the N-qubit
witness for a mixed state p [76] :

Tr(pP)*™  1-2n_,
tog 30 ORI 1220 g )
PePnN

1
W (p) = —

(A1)
which is related to the mixed-state nonstabilizerness via
W = M) — 280 thus allowing for easy calculation
by nonstabilizerness replica tricks [12, 37]. Importantly,
W) (p) is not a nonstabilizer monotone as it can be
negative for some mixed states and may increase under
applications of Clifford circuits. However, it can iden-
tify mixed stabilizer states and provides a lower bound
for other genuine monotones, like the log-free robust-
ness of magic [7, 10] and the mixed-state stabilizer fi-
delity [100, 101]. Moreover, it is easy to express Eq. (19)
and any other derivations in the main text using this
witness by replacing the Rényi entropy with the rescaled
Rényi entropy given in Eq. (Al). For our iMPS calcu-
lations, we will focus on an associated witness density,
W) (p)/N, which facilitates comparison to SREs in the
thermodynamic limit.
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Figure 6. The witness of non-stabilizerness, Eq. (A1) for

n = 2, for the skeleton iMPS and different subsystem sizes.
WP (p)/N was calculated via the replica trick given in
Eq. (9). The black dashed line is the pure state SRE den-

sity m®.

In Fig. 6 we plot the witness density W) (p)/N of
the x = 2 MPS skeleton, Eq. (39), for different subsys-
tem sizes using direct computation, as done in Fig. 2.
For comparison, we also include the pure state SRE den-
sity m(?), which is the pure-state nonstabilizerness of the
MPS tensor in the thermodynamic limit. In the product
state phase, we do not observe much change with subsys-
tem size due to this phase mainly being dominated by the
nonstabilizerness rather than entanglement, but we do
see the limited amount of entanglement pushing W) (p)
to be more negative. In the SPT phase, the entangle-
ment entropy has a larger effect and pushes W) (p) to
be negative, especially in the low nonstabilizer regime.
By comparing with Fig. 2(a), we can see that the SRE
density m(® gives an upper bound to the witness but
does not serve the same function for m(?. Finally we
observe good convergence to m(? with respect to sub-
system size, indicating that our formalism can be easily
extended to other measures of nonstabilizerness.

Appendix B: SRE correlations between subsystems

In Sec. III, we obtained closed form relations for
the nonstabilizerness of finite subsystems embedded in
an infinite lattice, by considering the eigenspectrum of
SRE replicated transfer matrices. While the nonstabi-
lizerness of adjacent subsystems has been discussed in
Refs. [13, 40], usual studies of correlations in MPS are un-
dertaken for separated subsystems. In this appendix, we
show that our formalism can be extended to non-adjacent
subsystems, and we show that nonstabilizer correlations
decay with respect to the standard correlation length of
the unreplicated iIMPS [70].

We begin by extending the standard transfer matrix
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E, Eq. (2), to the replica space:

2n
E®2n _ Z (H Am) |Riy ®...QR;,, )(Li; ®...QLj,, |
1

1,..., ion m=

(B1)
Since A; = 1 (due to normalization), it is also the dom-
inant eigenvalue of E®2". Similarly, we can also iden-
tify the dominant eigenvectors as (L1 ® ... ® Lq| and
|R1®...®Ry) which are just (L|, |R), respectively. Finally,
the second dominant eigenvalue will also be given by Ao
implying that the correlation length defined in Eq. (4)
is the same as in the replicated space. For ease, we will
denote the eigen—decorilposition of the replicated transfer
matrix as B = > )\En)|Li)(Ri|.
To calculate the SRE of two subsystems A and B of
equal length N and separated by a distance r, we modify
Eq. (14) by inserting the eigendecomposition of E®%":

(AM.NANrontr) = (LIEN(E®*)1EN|R)

4n

= XZ(AE’”)T-I<L\EN|LZ-><RZ-|EN|R>.

(B2)
As in Sec. IT A, we can more easily observe the impact of
individual terms if we write out the summation explicitly:

(AN Ansronir) = (LIEN L) (R [EN R)+

A" (LIEN|Ls) (Ro[EN|R) 4 ... (B3)

where we have set )\gn) = 1 due to normalization. We
can easily see that the first term is just the expectation
value of the two individual subsystems given in Eq. (14)
and for convenience we set h; = (L|EV|L;)(R;|EV|R).

The correlations between the subsystems A and B are
given as:

(A:NANsron4r) = (An)® + ()\én))r_lfm +... (B4)
and hence the pure-state SRE as:

_ log(A1:NAN 42N 4r)
1—n

_ log[{Arn)? + £(r)]
1—n

M™ (PAB)

, fr) = XZ(AW%.

i=2
(B5)
As in Sec. IT A, since f(r) < 1, we use Taylor expansion
to first order, leading to mixed-state SRE in our formal-
ism:

_ 2log((A1:n)) f(r)
l-n (1 —n){Axnn)

If required, this can be further broken down using
Eq. (17) to study the effect of subsystem size on the

M™ (pap) 5 — 9P (pan)

(B6)



mixed-state SRE. However, since we are focusing on the
behavior as a function of separation distance, we will
refrain from decomposing the mixed state SRE further.
Moreover, we can identify a leading term which is domi-
nated by the SRE of the subsystems that are independent
of each other and only depend on the size of each sub-
system followed by lower-order terms which encode the
SRE correlations between them.

By keeping Eq. (B6) in this form, we can easily express
the relationship between the mutual SRE and the separa-
tion of two finite subsystems. Recall the definition of the
mutual SRE in Eq. (21), which we know can be rewrit-
ten as L™ = 20/ (pa)— M®™ (pap) as the subsystems
are of equal size. Using Eq. (17) and (B6), the dominant
terms cancel out and we can identify the mutual SRE:

LWMA:B):(1_£§2Mw2—I@NA:B)

Finally, it is well-known that the dominant correlations
in mutual information decay exponentially according to
the correlation length £ [102], thus we can easily see that
f(r) also decays according to £. Ignoring any lower-order
correlations, f(r) ~ ()\gn))rhg = e~ "/¢hy since )\gn) = Xo.
Therefore, since (A;.x) is independent of » and both f(r)
and I® (A : B) decay exponentially with respect to & we
infer that L(™ (A : B) should also decay exponentially,
consistent with Ref. [70].

(B7)

Appendix C: Higher order MPS skeletons

In Sec. VI we introduced the cluster-Ising model and
its x = 2 MPS skeleton — a minimal model of a topo-
logical quantum phase transition. This model is a mem-
ber of a family of Hamiltonians that contain more com-
plex transitions between SPT phases. Here we introduce
the generalized cluster Hamiltonian and briefly review its
connection to higher-order MPS skeletons via a Laurent
polynomial encoding [85]. We then use this encoding to
verify our results from the main text using a x = 4 MPS
skeleton that exhibits phase transitions between a prod-
uct phase and two distinct SPT phases.

We start from a free-fermion Hamiltonian [103]:

1 .
H= 5 ;tal'Yn'Wr#ou (Cl)

J

1 ut
H=—
22;(u+1y

2

pt1 o (p+1)?

+ <,U + 2,“/) XnZn+1Zn+2Xn+3 - XnZn+1Zn+ZZn+3Xn+4~

+1

2u3 2u3 41,2
Zn"’( a + a >Xan+1_ (,U,Z—l- a + K
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where v, (%,,) are real (imaginary) Majorana operators,
with real coefficients ¢,,. It is easily seen that this Hamil-
tonian involves generalized cluster terms after performing
the Jordan-Wigner transformation:

7XnZn+1~'~Zn+a—1Xn+oc if > O,
i’fn’)’nJra = { Zn if a= 0,
_Yn+ocZn+O¢+l-'-Zn—1Yn if a < 0.

(C2)

The couplings t,, of the Hamiltonian can be encoded into
a Laurent polynomial [104, 105],

f(z)= Ztazo‘, (C3)

which allows us to extract physical properties of the
model, including its single particle spectrum eg, the cor-
relation length ¢ and the winding number w. Further-
more, the ground state of Eq. (C1) can be represented as
an MPS with finite bond dimension y if

(C4)

d 2
f(z)=2P (Z skzk> ,
k=0

for some integers p and d and real coefficients s, [85]. As
an example, the y = 2 skeleton in Eq. (39), up to a gauge
transformation, is generated by d = 1, p = 0 polynomial.

To obtain a phase diagram with transitions to higher
order SPT phases beyond the cluster-Ising model, we
consider MPS skeletons that contains transitions between
the w = 0,2,4 SPT phases that are protected by the
Z, x ZT symmetry that is generated by parity and com-
plex conjugation operators. There exist three trajectories
that can be expressed as a finite-y MPS skeleton [85]. For
illustration, we consider the path described by the d = 2,
p = 0 polynomial:

£0) = = (5 ui1> (c5)

which describes the skeleton’s trajectory through the 5-
body generalized cluster model given by the Hamiltonian:

2

> XnZn-l—an-i-Q

pt+1 o (p+1)?

(C6)
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Figure 7. Nonstabilizerness of the x = 4 MPS skeleton in Eq. (C7). (a): The SRE density m® calculated via the dominant
eigenvalue p1 of the transfer matrix E. (b): The n = 2 mutual SRE for two semi-infinite subsystems embedded in an infinite,
translationally-invariant chain. The vertical blue and red dashed lines in panels (a)-(b) denote points where |bi| = 1 and
|b2| = 1, respectively. (c): The correlation length and the n = 2 SRE correlation length. (d): The same data as (c) plotted
on a log-log scale close to the critical points yu. = —1, —%, 1 given as the blue, red and orange lines, respectively. The solid
lines represent the standard correlation length, obtained from the transfer matrix E, while the dashed lines are the n = 2 SRE
correlation length, obtained from the SRE transfer matrix E. Similar to the x = 2 MPS skeleton in Fig. 3, we find that the

SRE correlation length ééQR).E diverges faster than the ordinary correlation length &.

The ground state along this trajectory is exactly described by the x = 4 MPS with spin matrices:

0 um 1 0 ay 0 0

T a2 0 0 —a10a2 L 0 a1 1
Al = a1 0 0 1 ’ At = 0 —a2 a1a9

0 —a2 a1a9 0 al 0 0

This model contains two sets of interesting points that
correspond to |by|] = 1 or |bo| = 1. When p €
{-1, f%, 1}, then |b1| = 1, which represents the locations
of the phase transitions that will be of main interest to
us. However, when p = (1 +1/5)/2 and |by] = 1, we
obtain the cluster state which allows us to draw paral-
lels between the skeleton in Eq. (C7) and the skeleton we
previously studied in Eq. (39).

In Fig. 7(a) we plot the n = 2 SRE of the y = 4 MPS
skeleton obtained from the dominant eigenvalue of its
replica transfer matrix. First, for both values of y where
|ba| = 1, m® = 0 which is consistent with this MPS rep-
resenting the cluster state—a well-known stabilizer state.
Interestingly, when |b;| = 1, we only see m(?) = 0 for
1 = —1 due to it being at the phase transition between
the w = 0 and w = 2 SPT phases, which we know is the
GHZ state and hence a stabilizer state. For = —1/2,1
which represents the w = 2 — w = 4 phase transition
(and vice versa), we observe m(?) ~ 0.20. The generat-
ing Laurent polynomials for the two phase transitions are
f(z) =2(z+1/2)% and f(2) = —2(2—1/2) for p = —1/2
and p = 1, respectively, which are just the Laurent poly-
nomials of the x = 2 skeleton for ¢ = 1/3 and g = 3.
During the construction of the MPS the extra z terms
in the polynomials represent the application of a ‘SPT
Entangler’ [85], which is a stabilizer operation and does
not affect the SRE. Therefore, by Eq. (41), we see that
m® = —log(13/16) ~ 0.20 implies that these topologi-
cal phase transitions can also be described by considering
skeletons of lower order. Finally, located at y = 0 is an-

—a1a2
0 o — b blz_u(u+1) 2:u+1
(1) ’ 1+/1-b7 p+p+ 1 I

(C7)

(

other stabilizer state as it is the ground state of the par-
ent Hamiltonian H = —1/2%" X, Z, 112, 12Zn4+3Xn+4,
which is a 5-body stabilizer code.

In Fig. 7(b) we plot the mutual SRE obtained from the
overlap between the dominant eigenvectors of the SRE
transfer matrix E and the replicated dominant eigenvec-
tors of the standard transfer matrix E for the x = 4
skeleton. For the w = 0 — w = 2 transitions we ob-
serve behavior consistent with Fig. 2(b). In the w = 4

SPT phase, Lg)) ~ —0.85, indicating that entanglement
heavily dominates the SRE term, which is due to the en-
tanglement in that region saturating the upper bound
of S@(p) = 2log2. Tt is also notable that for the
w = 2 — w = 4 phase transition, we obtain a non-zero
mutual SRE. For this transition, Lg) ~ —0.38 and can
be explained similarly by considering that the generating
Laurent polynomial is equal to that of the x = 2 MPS,
with the only difference being the larger entanglement
entropy at the phase transition.

In Fig. 7(c) we plot the correlation lengths obtained
from the standard transfer matrix £ and from the n = 2
SRE transfer matrix E. We find that §é2IgE clearly iden-
tifies the three phase transitions alongside the standard
correlation length. We also observe consistent behav-
ior in the correlation lengths compared to Fig. 3(a) with

§ggE diverging much faster compared to £. This is further
demonstrated by Fig. 7(d) where the correlation lengths
are plotted on a log-log scale close to the critical points
e = —1, —%7 1. As observed for the y = 2 MPS skeleton
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Figure 8. (a)-(b): The n = 2 mutual SRE for multiple system
sizes L with PBCs and all admissible subsystem sizes ¢. Panel
(a) is for g. = 0, while panel (b) is for g. = 0.7. The black
dashed lines are the linear fits to extract the slope 4A4 accord-
ing to Eq. (27). (c): The extracted 4A4 across the critical line
for different system sizes L, along with their extrapolation to
the thermodynamic limit (black line). The gray dashed line
is the exact asymptotic value of 4A4 = 1/4 [40, 66].

in Sec. V, all curves are linear with the ratios between

the slopes £ and fézsz being approximately equal to 2 for
all three critical points.

Appendix D: Exact diagonalization study of finite
systems with periodic boundary conditions

In Sec. VIB we probed the universal scaling of mu-
tual SRE in the thermodynamic limit along the Z, crit-
ical line of the model in Eq. (52). At the Ising point
(g = 0) and the cluster Ising point (g. = 2), the re-
sults were found to be consistent with the formula (27)
in the limit x — oo [40, 66]. However, in the vicinity of
the multicritical point g. = 1, the iMPS result based on
Eq. (53) overshoots the exact asymptotic value. Here we
attempt to reconcile these results by studying finite sys-
tems with periodic boundary conditions (PBCs) using ex-
act diagonalization. In computing the SRE, we perform
a brute force numerical evaluation of all Zs-preserving
Pauli strings [13].

In Fig. 8(a)-(b) we show the n = 2 pure state mutual
SRE as a function of subsystem size for the critical Ising
model, ie., g. = 0 in Eq. (52). We collect the data
for system sizes L = 6 — 10 and fit them according to
Eq. (27) to extract 4A4, which is shown by the black
dashed line. We obtain excellent agreement between the
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extracted value 4A4 = 0.26 and the predicted 4A4 = 1/4
for g. = 0 [Fig. 8(a)]. On the other hand, Fig. 8(b)
repeats the same analysis closer to the multicritical point
at g. = 0.7, where the linear scaling still appears to hold,
but the extracted slope 4A4 = 0.30 is much further away
from the predicted scaling.

The mutual SRE dependence on g. along the critical
line is summarized in Fig.8(c), where the black line is
the fit to L — oco. As noted previously, we obtain good
agreement near the Ising point g. = 0. Moreover, the
ground state at the multicritical point g. = 1 is the GHZ
state, hence the mutual SRE should be zero, as indeed
reproduced by the numerical data. However, in between
these points, we observe significant deviations from the
expected value of 4A4. For example, at the cluster-Ising
point g. = 2, the extrapolated slope is 4A, ~ 0.31, al-
though the data trend (decrease with L) is consistent
with convergence towards the asymptotic slope 1/4 in
larger systems. On the other hand, the largest deviation
from the exact scaling is at g. = 1.4, where the extracted
coefficient is 4A4 = 0.34. Moreover, in this case (similar
to g. ~ 0.7) the data drifts away from the BCFT pre-
diction with increasing L. This suggests that there is an
emergent (ultraviolet) length scale around g, &~ 1 which
is larger than the values of L in Fig. 8, preventing the
observation of universal scaling. We note that our iMPS
results in the main text are qualitatively consistent with
exact results in Fig. 8, in particular the iMPS also over-
shoots the predicted slope in the regime 0.5 < g. < 1.

Appendix E: Extracting universal critical behavior
of nonstabilizerness

In the main text, we proposed that ch) satisfies the
scaling form of Eq. (53), with fé?E effectively playing
the role of system size. However, in practice, obtaining
well-converged fé?sz is computationally demanding due
to its pronounced sensitivity to x;, as seen in Fig. 5 for
values 0 < g. < 1. Since féQE is extracted from the
subleading eigenvalues of the n = 2 SRE transfer matrix,
it is expected to be substantially more sensitive to x;
compared to Wég ), as the latter depends on the dominant
eigenvector of the same transfer matrix.

Motivated by this observation, here we make an at-
tempt at interpreting Fig. 5 using a modified scaling form

20,
win = n—_zl log & + b, (E1)

where §é7§)E is replaced by the standard MPS correlation
length £. Figure 9(a) demonstrates that this formula
describes well the cases g. = 0 and g. = 2, where linear

dependence Wg) x log & is essentially observed over the
full data range, i.e., not just in the regime where the two

length scales are proportional to each other, fé?E ~ &P

but also where fé%rgE appeared to saturate in Fig. 5(a).
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Figure 9. (a): The mutual SRE density W2 at the points ge = 0 and g. = 2 on the horizontal cluster-Ising critical line,
plotted as a function of log&. The linear fit to the data is shown in red dashed lines, with the expected value 1/8 shown in
black, demonstrating good agreement. (b): Analogous results for the points g. = 0.1,0.25,0.5 along the horizontal critical line,
where the numerical data shows a visible deviation from the 1/8 scaling. Nevertheless, we also observe the bending of curves
at large values of &, indicating that the data may be in a pre-asymptotic regime. (c): The instantaneous numerical estimate of

the gradient of Wo(f) against log & using the results presented in (b)-(c) for x+ = 64. Despite large fluctuations in the data, all
values of g. are consistent with an approach to the 1/8 scaling at large €. The solid lines are a spline interpolation of the data
points and serve as a guide to the eye. All results were obtained for iMPS with x € [2,120] and x: = 56, 60, 64.

Away from the endpoints, the dependence Wég ) log &
still approximately holds over a relatively broad range, as
seen in Fig. 9(b). Nevertheless, there are clear system-
atic deviations from the universal 1/8 slope, shown by
dashed black lines. The deviations become more pro-
nounced as g. approaches 0.5, consistent with our analy-
sis in Fig. 5(c). The deviations are explored more system-
atically in Fig. 9(c), where we compute the instantaneous

slope of Wég ) with respect to log£. Although the numer-
ical derivative is noisy, spline interpolation reveals a clear
trend. For g. = 0 and g. = 2, the slope remains close to
1/8 and approaches it more closely as £ increases. For in-

termediate values of g., the slope consistently overshoots
1/8, but exhibits a systematic downward drift toward this
value with increasing &, consistent with a crossover to-
ward the expected universal Ising scaling. Thus, the ob-
served deviations likely reflect a pre-asymptotic regime,
with the true universal scaling emerging only at larger &.
However, one must keep in mind that the SRE correlation
length §é§)E is not fully converged for the largest values
of x in Fig. 9, leaving some uncertainty as to whether
the behavior of Wéoz) in this regime can be regarded as
quantitatively reliable.
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