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ABSTRACT

Context. In the lower solar atmosphere, the plasma is only weakly ionised, so wave dynamics are governed not only by magnetic
forces but also by ion–neutral interactions and chemical processes.
Aims. This paper investigates how ionisation and recombination influence the propagation and damping of magnetoacoustic waves in
weakly ionised solar plasmas, and how these effects depend on the strength of collisional coupling, the direction of propagation, and
the plasma-β parameter.
Methods. We used a two-fluid model in which charges and neutrals are treated as separate but interacting fluids coupled through col-
lisions, thermal exchange, and ionisation and recombination processes. We analysed linear wave properties by solving the resulting
dispersion relation and investigating the angular dependence of the complex wave frequency using Friedrichs diagrams.
Results. Our results confirm that ionisation non-equilibrium introduces an additional relaxation mechanism that can substantially
modify wave damping and anisotropy. In weakly collisional regimes, chemical coupling allows neutral slow modes to inherit mag-
netic anisotropy even when friction is weak. In strongly collisional regimes, neutral slow modes become strongly damped and can
transition into non-oscillatory, over-damped behaviour, despite the plasma being weakly ionised. The influence of non-equilibrium
effects depends critically on plasma-β. Slow modes are most affected at low β, while at high β the fast mode becomes increasingly
compressive and more susceptible to chemical damping. Our results demonstrate that ionisation non-equilibrium plays a key role in
determining the nature of wave propagation and dissipation in weakly ionised solar plasmas.
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1. Introduction

Magnetoacoustic waves are among the most commonly observed
wave modes in the solar atmosphere, and they are considered
key candidates for the transport and dissipation of the energy
that can contribute to chromospheric and coronal heating. How-
ever, much of the solar atmosphere, particularly regions like
the chromosphere, spicules, and prominences, is only partially
ionised, consisting of ions, electrons, and a significant fraction
of neutral atoms (Vernazza et al. 1981; Avrett & Loeser 2008;
Leenaarts et al. 2011). In these environments, the single-fluid
magnetohydrodynamic (MHD) approximation becomes inade-
quate, necessitating more realistic descriptions that can account
for the decoupling between charged and neutral components.

Two-fluid models, which treat the ion-electron plasma and
the neutral fluid as interacting but distinct components, pro-
vide a more physically accurate framework for investigating
wave dynamics in partially ionised media at frequency ranges
that are comparable with the collisional frequency of particles
(Khomenko et al. 2014). These models capture critical effects
such as ion–neutral collisions, drift velocities, and ambipolar dif-
fusion, all of which can significantly alter the propagation and
damping characteristics of magnetoacoustic waves (Soler et al.
2013; Martínez-Gómez et al. 2017). Collisions between ions
? Corresponding authors: jhalshehri1@sheffield.ac.uk;
ahhrbe@uqu.edu.sa

and neutrals introduce strong damping mechanisms that can
lead to the rapid attenuation of wave energy – an effect espe-
cially pronounced for high-frequency or short-wavelength waves
(Zaqarashvili et al. 2011; Ballester et al. 2018; Niedziela et al.
2024; Martínez-Gómez 2025).

Theoretical studies based on two-fluid descriptions have
shown that the presence of neutrals can lead to the splitting of
wave modes, the modification of dispersion relations, and, in
some cases, the appearance of new wave branches not found
in fully ionised plasmas. Understanding these effects is essen-
tial for interpreting observational data from instruments such
as the Interface Region Imaging Spectrograph (IRIS) and Hin-
ode, which have detected signatures of compressible waves
across a range of atmospheric heights (De Pontieu et al. 2007;
Okamoto & De Pontieu 2011). Moreover, the role of partial ion-
isation in modulating the energy flux carried by magnetoacoustic
waves has direct implications for models of chromospheric heat-
ing (Arber et al. 2016; Snow & Hillier 2021; McMurdo et al.
2023, 2025; Kumar et al. 2024).

Previous two-fluid studies have established much of the the-
oretical framework for magnetoacoustic wave propagation in
partially ionised solar plasmas under the assumption of ionisa-
tion equilibrium. Using a two-fluid approach, Zaqarashvili et al.
(2011) derived the general dispersion relations for MHD waves
in a uniform, partially ionised medium and demonstrated that
the validity of the single-fluid MHD description is limited to
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low-frequency perturbations. Their analysis showed that
ion–neutral collisions introduce strong damping at frequen-
cies comparable to the collision frequency and lead to the
appearance of additional wave branches associated with the
neutral component, particularly for compressive modes. Subse-
quently, Soler et al. (2013) and Popescu Braileanu et al. (2019)
performed detailed parametric studies of magnetoacoustic waves
in a two-fluid plasma, examining the influence of the ionisa-
tion degree, collision frequency, and plasma-β on wave propa-
gation and attenuation. They identified propagation cutoffs for
slow modes, quantified the anisotropic damping of fast and slow
magnetoacoustic waves, and derived analytic approximations
in the strong-coupling limit that clarify the transition between
two-fluid and single-fluid behaviour. While these studies pro-
vide a comprehensive description of wave dynamics in ioni-
sation equilibrium, they neglect the effects of time-dependent
ionisation and recombination. In contrast, the present work
extends the two-fluid framework by incorporating ionisation
non-equilibrium processes, allowing us to assess how chemical
relaxation modifies the dispersion properties, damping rates, and
angular dependence of magnetoacoustic modes. This additional
degree of freedom introduces new damping channels that sig-
nificantly affect slow and neutral modes and lead to qualitative
differences in the structure of Friedrichs diagrams that cannot be
captured within equilibrium models.

Ionisation and recombination effects have also been incor-
porated in multi-fluid studies of partially ionised solar plasmas.
Leake et al. (2012) and Brchnelova et al. (2023) demonstrated,
through time-dependent multi-fluid simulations of chromo-
spheric magnetic reconnection, that ionisation non-equilibrium
strongly affects momentum coupling, heating, and energy dis-
sipation in weakly ionised plasmas. Similarly, using a reactive
multi-fluid model, Maneva et al. (2017) and Ballai (2019) inves-
tigated magnetosonic wave propagation in the chromosphere and
showed that impact ionisation and radiative recombination can
significantly enhance the damping of compressive waves, pro-
viding an additional dissipation mechanism beyond ion–neutral
collisions. While these studies highlight the importance of reac-
tive plasma processes in dynamic chromospheric environments,
they do not address in detail how ionisation and recombina-
tion modify the linear wave spectrum itself. The present work
complements these efforts by analysing magnetoacoustic wave
propagation and damping in a two-fluid plasma with ionisation
non-equilibrium, enabling a direct comparison with equilibrium
models and an assessment of the role of chemical relaxation.

In this work, we adopted a two-fluid MHD approach to study
the behaviour of magnetoacoustic waves in partially ionised
solar plasmas. We analysed how key parameters (such as the ion-
isation fraction, collision frequency, and magnetic field strength)
influence wave propagation, mode coupling, and damping. We
aim to provide new insights into the role of ion–neutral interac-
tions in wave energy dissipation and to contribute to the broader
understanding of energy transport in the lower solar atmosphere.
Although our analysis is not intended to represent a single atmo-
spheric layer, the chosen parameter values were selected to
sample weakly ionised regimes that are consistent with semi-
empirical models of the lower solar atmosphere, such as the
VAL-C model (Vernazza et al. 1981).

2. Physical model and governing equations

In the lower solar atmosphere, the plasma is only weakly ionised,
with neutrals constituting the dominant mass component and the
ionisation fraction remaining small. Under these conditions, the

thermodynamic state of the plasma is largely regulated by ioni-
sation and recombination processes rather than by ion-ion inter-
actions typical of fully ionised plasmas.

In such weakly ionised plasmas, the dominant physical pro-
cesses governing wave dynamics are elastic collisions, thermal
energy exchange, and chemical conversion between charged and
neutral particles. Elastic ion–neutral collisions efficiently cou-
ple the velocities of the fluids, while collisional heat exchange
acts to reduce interspecies temperature differences. Ionisation
and recombination introduce additional sinks and sources in
the mass, momentum, and energy equations, modifying the
effective inertia and thermodynamic response of the plasma.
Because recombination continuously removes charged particles,
the magnetic influence on the bulk plasma is reduced, and
magnetoacoustic waves supported by the ion–electron fluid can
experience significant damping through collisional and thermal
coupling to neutrals. The resulting wave behaviour reflects a bal-
ance between magnetic forces acting on a minority charged com-
ponent and non-magnetic processes that dominate the energetics
of the system.

Recombination and ionisation are crucial processes in solar
plasma physics, influencing the evolution and behaviour of plas-
mas. We assumed a pure hydrogen plasma and the hydrogen
atoms with one single energy level (bound level). For simplicity,
we assumed that the ionisation degree of the plasma is affected
by collisional ionisation and radiative recombination. Ionisation
occurs at the collisional encounter of a neutral atom and an elec-
tron, and the rate of ionisation is denoted by KI . Recombination
is the result of a collisional interaction of an electron and an ion,
and the rate of recombination is denoted by KR. The plasma is
assumed to be thin to ionising radiation, so that every ionising
photon emitted during the recombination process can escape.

At this stage, we ought to make two remarks regarding
the ionisation and recombination rates used in the literature.
Currently, these rates are not unique, but their predicted val-
ues are fairly similar. On one hand, Cox & Tucker (1969) and
Moore & Fung (1972) give ionisation and recombination rates
of

KI = 2.34 × 10−14x−1/2e−x (m3s−1),

KR = 5.2 × 10−20x1/2
(
0.4288 +

1
2

ln x + 0.4698x−1/3
)

m3s−1),

(1)

where x = Φ/kBT , with Φ = 13.6 eV is the ionisation potential
of the hydrogen atom with an electron in the bound state, T is the
electron temperature, and kB = 8.6 × 10−5 eV K−1 is the Boltz-
mann constant. On the other hand, Voronov (1997) and Smirnov
(2003) give these rates as

KI =
A

C2 + x
xC1 e−x (m3s−1),

KR = 1.5 × 10−19 1
√

kBT
(m3s−1), (2)

where the constants A = 2.91 × 10−14, C1 = 0.39 and C2 =
0.232 are obtained as fitting parameters to the experimental data.
Although these relations are clearly different, they predict some-
what similar values. The recombination rate given by Eq. (1) is
approximately 2.7 times larger (at T ≈ 7500 K) than the corre-
sponding rate given by Eq. (2), while in the case of the ionisation
rate, the first formula predicts higher rates by 1.13, for the same
value of temperature as before.
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Fig. 1. Variation in the ionisation (KI) and recombination (KR) rates
with temperature in the solar atmosphere.

In our study we employed the rates given by Eq. (1). These
rates do not include photo-ionisation or ionisation from excited
states, which are known to be important in the chromosphere.
Ballai et al. (2024) have shown that, depending on the temper-
ature of particles, these two rates can be rather different. While
for low temperatures the recombination is the dominant process,
for larger values of the temperature, ionisation is the process that
is able to change the chemical composition of the plasma.

Figure 1 shows how the ionisation rate (KI) and recombina-
tion rate (KR) vary with temperature for conditions typical of
the solar atmosphere. The ionisation rate rises steeply as the
temperature increases, reflecting the fact that energetic colli-
sions at higher temperatures are far more effective at remov-
ing electrons from atoms. In comparison, the recombination rate
changes much more gradually and even decreases slightly, since
recombination becomes less efficient when particles carry more
thermal energy. The point where the two curves meet, around
Tx = 1.56 × 104 K, marks the temperature at which ionisa-
tion and recombination act with similar strength. Below this
temperature, recombination dominates, and the plasma tends to
remain weakly ionised, whereas above it, ionisation takes over
and the ion fraction can rise quickly. This transition is highly
relevant to chromospheric and transition-region plasmas, where
small temperature changes can noticeably shift the ionisation
balance, influencing wave propagation and damping. At photo-
spheric and lower-chromospheric temperatures, recombination
generally dominates over ionisation, maintaining a low equilib-
rium charge density despite the presence of magnetic fields. The
high particle densities ensure that collisional timescales between
species are short, leading to strong momentum and thermal cou-
pling between ions, electrons, and neutrals, even though only the
charged component interacts directly with the magnetic field.

Since the lengths we considered are much greater than the
Debye length, we assumed that the condition of quasi-neutrality
is satisfied, i.e. in equilibrium, the number density of positive
ions and electrons is identical. The ionisation reaction takes
place when a neutral hydrogen atom and an electron with energy
larger than the ionisation energy collide, and the ionisation rate
of neutrals is given as

Γion
i = nnneKI = nnniKI , (3)

where nn and ni are the number densities of neutrals and elec-
trons (ions). Similarly, the recombination is understood as the
result of collisions of positive protons and electrons:

Γrec
n = nineKR = n2

i KR. (4)

These terms serve as source and sink terms in the mass conser-
vation equations for ions and neutrals.

We should note, however, that in the real chromosphere,
photo-ionisation is not merely a small correction. Hydrogen ioni-
sation is known to be strongly non-local thermodynamic equilib-
rium, and radiation in the Balmer continuum can make a major
contribution to the hydrogen rate system (Carlsson & Stein
2002; Leenaarts et al. 2007). That is why the present approach,
which includes only collisional ionisation and radiative recom-
bination, should be regarded as an idealised baseline model. The
omission of photo-ionisation is expected to affect the results
quantitatively rather than qualitatively. In particular, it could
increase the effective ionisation rate, shorten the chemical relax-
ation timescales, and shift the precise damping rates and bound-
aries between propagating, non-propagating, and over-damped
regimes. It can also alter the effective ionisation fraction by
increasing the charged component in parts of the chromosphere.
Nevertheless, the central result of the present work should
remain robust even when a more complete radiative treatment
is included.

This regime cannot be adequately described by single-fluid
MHD and instead requires a multi-fluid approach that accounts
explicitly for ionisation-recombination effects and collisional
coupling. We considered a homogeneous magnetic field oriented
along the z-axis and a two-dimensional dynamics in the xz plane.
The plasma was treated as a two-fluid system, where the charged
fluid (denoted by an index i) and the neutral fluid (denoted by an
index n) interact through short-range collisions. In equilibrium,
the plasma was considered to be uni-thermal (all species having
the same temperature). This assumption is very easy to satisfy,
as Alharbi et al. (2021) have shown that the thermalisation of the
plasmas occurs in a few collisional times.

The spatio-temporal evolution of the plasma and its interac-
tion with the magnetic field can be described by the system of
two-fluid MHD equations:

∂ρi

∂t
+ ∇ · (ρivi) = mi(Γion

i + Γrec
i ), (5)

∂ρn

∂t
+ ∇ · (ρnvn) = mn(Γion

n + Γrec
n ), (6)

ρi
∂vi

∂t
+ ∇ · (ρivi · vi + pi) =

[(∇ × B) × B]
µ0

+ mivnΓion
i

− miviΓ
rec
n + Rin, (7)

ρn
∂vn

∂t
+ ∇ · (ρnvn · vn + pn) = miviΓ

rec
n − mivnΓion

i − Rin, (8)

∂B
∂t

= ∇ × (vi × B), ∇ · B = 0, (9)

∂εi

∂t
+ ∇ · (εivi + vi pi) = j · E + vi · Rin

i + Qin
i −

1
2

miv
2
i Γrec

n − Qrec
n

+ Γion
i

(
1
2

miv
2
n − Φ

)
+ Qion

i , (10)

∂εn

∂t
+ ∇ · (εnvn + vn pn) = −vn · Rin

i + Qni
n −

1
2

miv
2
nΓion

i − Qion
i +

+
1
2

miv
2
i Γrec

n + Qrec
n , (11)

with Γion
i = −Γion

n and Γrec
i = −Γrec

n , εα = ραv
2
α/2 + pα/(γ − 1)

is the internal energy density of fluid α, with γ = 5/3 being the
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adiabatic index, Rin is the momentum exchange between collid-
ing ions and neutrals that preserves the identity of particles and
it is given as

Rin = minniνin(vn − vi),

with min = mimn/(mi + mn) ≈ mi/2 is the centre of momentum
mass. In the above equations Qαβ

α is the frictional and thermal
heating of species α due to the interaction with species β and it
is given by

Qαβ
α = Rαβ

α · (vβ − vα) +
3
2
ναβnαkB(Tβ − Tα).

The terms Qion
i = 3/2kBTnΓion

i and Qrec
n = 3/2kBTiΓ

rec
n are the

thermal energy gains of ions and neutrals due to ionisation and
recombination, respectively. Ti = pi/nikB, Tn = pn/nnkB are the
temperatures of ions and neutrals. The term containing the ioni-
sation energy of the hydrogen, Φ, denotes the loss of the internal
energy of charged particles due to the radiation generated in the
process of ionisation. The above system of equations is closed
by the relevant Maxwell equations:

j = ∇ × B, E = −v × B, ∇E = −
∂B
∂t
.

In the induction equation, Eq. (9), we neglected resistive effects
as these are less relevant when compared to the collisional trans-
fer of momentum. The validity of this statement should be revis-
ited if transversal inhomogeneities in the plasma are assumed,
and the existence of large field gradients that can enhance the
importance of resistive terms in the induction equation.

The complexity of the above system of equations can be
considerably reduced by assuming small amplitude changes of
the equilibrium (linear approximation); therefore, we write all
physical quantities as the sum between their equilibrium values
(denoted by an index 0) and perturbations such that perturbations
are considered to be much smaller than their equilibrium values.
As a consequence, terms containing squares or products of per-
turbations can be neglected. The equilibrium is assumed to be
homogeneous, stationary and static (v0i = v0n = 0). In addition,
we considered that the equilibrium state is in ionisation equilib-
rium; therefore, from Eqs. (5) and (6) we can write

n0n

n0i
=

KR

KI
= χ, (12)

which constitutes the ionisation factor of the system. The param-
eter χ is going to play a key role in our discussion, as its value
relative to one would help us classify the nature of the plasma
and the dominant process that acts to change the chemical com-
position of the plasma. Since our study deals with weakly ionised
plasmas, in the remaining part of our study we focused on the
case when χ > 1. This particular choice also implies that recom-
bination is dominant.

As a result of the linearisation, the system of governing equa-
tions transforms into(
∂

∂t
− n0nKI + 2n0iKR

)
ni + n0i∇ · vi − n0innKI = 0, (13)(

∂

∂t
+ n0iKI

)
nn + n0n∇ · vn − (2n0iKR − n0nKI) ni = 0, (14)(

∂

∂t
+
νin

2
+ n0iKR

)
vi −

(
νin

2
+ n0nKI

)
vn

+
1

min0i

[
∇pi −

(∇ × b) × B0

µ0

]
= 0, (15)

(
∂

∂t
+
νin

2χ
+ n0iKI

)
vn −

(
νin

2χ
+

KRn0i

χ

)
vi +

∇pn

min0n
= 0, (16)

∂b
∂t
− ∇ × (vi × B0) = 0, (17)

1
γ − 1

(
∂pi

∂t
+ ρ0ic2

S i∇ · vi

)
=

3
2

n0ikBνin(Tn − Ti) − ΦKIn0i(nn + χni)

+
3
2

kBT0n0i(nnKI − niKR) +
3
2

kBn2
0i(χKITn − KRTi),

(18)

1
γ − 1

(
∂pn

∂t
+ ρ0nc2

S n∇ · vn

)
=

3
2

n0ikBνin(Ti − Tn)

+
3
2

kBT0n0i(niKR − nnKI) +
3
2

kBn2
0i(KRTi − χKITn),

(19)

together with the perturbations of temperatures (derived from the
linearised ideal gas law for ions and neutrals)

Ti =
pi

n0ikB
−

ni

n0i
T0, Tn =

pn

n0nkB
−

nn

n0n
T0, T0 =

mic2
S i

γkB
.

Since our aim was to investigate waves propagating in partially
ionised plasmas in ionisation non-equilibrium, we took all vari-
ables to be proportional to the exponential factor ei(ωt−kx x−kzz),
where k = (kx, 0, kz) is the wavevector and ω is the complex
frequency. The real part of ω describes the frequency of waves,
while the imaginary part denotes the damping rate of waves. As
a consequence of this ansatz, the temporal and spatial deriva-
tives in the linearised system of equations will be replaced as
∂/∂t → iω and ∇ → −ik. The above setup describes a magne-
toacoustic mode propagating at an arbitrary angle with respect
to the ambient magnetic field. To assess the consequences of
various propagation directions, we write the wavevector as k =
(k sinα, 0, k cosα), where now α is the angle between the propa-
gation direction and the equilibrium magnetic field.

3. Dispersion relation

After Fourier analysing the perturbations that appear in Eqs.
(13)–(19), the MHD equations can be reduced to a system of
equations of the form

8∑
j=1

Ai j(ω,k) Y j = 0, i = 1, . . . , 8, (20)

where the eigenfunction vector, Y is defined in terms of the
dimensionless quantities

Y =
(
ñi ñn uix unx uiz unz p̃i p̃n

)
. (21)

The dimensionless quantities that appear in the expression of Y
are defined as

ñi =
ni

n0i
, ñn =

nn

n0n
, uix =

vix

vA
, uiz =

viz

vA
,

unx =
vnx

vA
, unz =

vnz

vA
, p̃i =

pi

p0i
, p̃n =

pn

p0n
.

The explicit expressions of the matrix elements Ai j, together with
a brief derivation sketch linking each matrix row to the Fourier-
analysed linearised equations, are given in the appendix.
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The homogeneous system of equations, Eq. (20), will admit
solutions provided the determinant of the matrix Ai j is zero,
which constitutes the dispersion relation of our problem. Due
to the collisions between particles as well as thermal exchange
between species, the roots of this dispersion relation are com-
plex. The dispersion relation describes three forward and back-
ward propagating waves and two so-called entropy modes. The
entropy mode is a mode whose frequency is purely imagi-
nary and describes a non-propagating, evanescent mode. In the
dimensionless system of equations, we write the dimensionless
frequency and collisional frequency in terms of the Alfvén fre-
quency, kvA, i.e.

Ω =
ω

kvA
, X =

νin

kvA
. (22)

In addition, we used the following dimensionless quantities:

P =
n0iKI

kvA
, β =

2c2
S i

γv2
A

, Φ̂ =
Φ

mic2
S i

. (23)

The obtained dispersion relation will be analysed in the next
section by finding roots of the dispersion relation using a numer-
ical approach.

The parameter values considered in our study are not meant
to correspond to one specific height in the solar atmosphere, but
rather to represent a range of physical regimes that can occur
in weakly ionised chromospheric plasma. In the context of the
VAL-C quiet-Sun model, χ = 2 can be regarded as a repre-
sentative weakly ionised state in which neutrals still dominate
the inertia, while the charged component remains dynamically
important. The values β = 0.1 and β = 10 are chosen to bracket
magnetically dominated and gas-pressure-dominated conditions,
respectively. Similarly, the dimensionless quantity X measures
the relative importance of collisions and wave dynamics, so that
X = 0.1 and 5 represent weakly and strongly coupled regimes.
Since X depends not only on the local plasma conditions but also
on the wave scale, these values should be interpreted as represen-
tative chromospheric dynamical regimes rather than as values
tied uniquely to a single VAL-C height.

4. Results

To investigate the behaviour of magnetoacoustic waves in par-
tially ionised solar plasmas, it is essential to employ a diagnostic
tool capable of simultaneously visualising the angular depen-
dence of the wave frequency and the influence of dissipative
processes introduced by the collisional damping, as well as the
effects of ionisation–recombination and the dynamics of waves.
For this purpose, Friedrichs diagrams (also known as polar phase
speed diagrams) provide a particularly powerful and intuitive
method of representation. Unlike traditional dispersion plots that
illustrate the variation of frequency with wavenumber along a
single propagation direction, Friedrichs diagrams map the real
and imaginary parts of the wave frequency as a function of the
propagation angle relative to the magnetic field. This allows the
complete directional propagation properties of individual MHD
modes to be assessed in a single figure.

The value of Friedrichs diagrams becomes especially clear in
partially ionised media, where ion–neutral coupling, collisional
damping, and dynamic ionisation and recombination can signifi-
cantly modify wave behaviour. These mechanisms can introduce
angular cutoffs, change the effective phase speed of slow and fast
modes, or shift the dominant restoring force from magnetic ten-
sion to gas pressure, depending on plasma parameters. Friedrichs

diagrams provide a direct visual means to identify such transi-
tions, showing where the real part of the frequency decreases
to zero (signalling a change from propagating to evanescent
behaviour) and how damping rates vary with angle.

In this context, Friedrichs diagrams therefore serve not only
as a presentation tool, but as an interpretative framework through
which the effects of ionisation fraction, collisional frequency,
modification of the chemical composition of the plasma, and
plasma-β on magnetoacoustic wave propagation can be anal-
ysed. They allow the slow and fast branches to be followed
continuously from parallel to perpendicular propagation, mak-
ing angular cutoffs and the evolution of mode character explicit.

Given the large number of parameters that can influence the
properties of waves, we are going to discuss several cases rele-
vant to the partially ionised solar atmospheric plasma. Accord-
ingly, we discuss the cases for weakly and strongly collisional
plasmas separately, as well as the cases where plasma-β is less
than or greater than 1. To make the distinction between oscilla-
tory and strongly damped behaviour more precise, we used the
ratio R = Im(Ω)/Re(Ω). When R < 1, the mode remains oscilla-
tory, whereas R > 1 indicates that damping dominates over oscil-
lation and the mode can be regarded as effectively over-damped.
In the limiting case Re(Ω) = 0, the mode becomes purely non-
propagating.

4.1. Weakly collisional plasma

The real (top panel) and imaginary (bottom panel) values of
the dimensionless frequency, Ω, with respect to the propaga-
tion angle are shown in Fig. 2. We considered a weakly colli-
sional plasma (X = 0.1 as a representative value) and β = 0.1.
Here, and in all subsequent plots, the fast magnetoacoustic mode
is represented by blue lines, the neutral slow mode (acoustic
mode) is indicated by green, while the ion slow mode is shown
in orange. The results shown in this figure were obtained assum-
ing that the plasma is in ionisation equilibrium, i.e. the ionisation
and recombination rates are set to zero. These results will serve
as a benchmark to all subsequent results, evidencing the effects
of ionisation and recombination processes on wave propagation
and damping.

For this set of parameters, the dispersion relation exhibits
three clearly separated branches reflecting weak ion–neutral cou-
pling. The real part of the solutions shows that in the par-
tially ionised solar plasma discussed here, fast waves propagate
with the largest speed (or frequency) and their propagation is
isotropic. This result is easy to understand, as for low values
of plasma-β fast magnetoacoustic waves propagate at roughly
the Alfvén speed and are only weakly angle-dependent. These
waves are mostly driven by magnetic tension.

The two other modes (ion and neutral slow modes) propa-
gate with much lower speeds. While the neutral slow mode (or
acoustic mode) shows, again, an isotropic angular variation, the
ion slow mode behaves like an ordinary MHD mode, i.e. the
largest speed is attained for parallel propagation (α = 0, π), and
these waves cannot propagate across the field.

The damping rate of waves shown in the right-hand side
panel of Fig. 2 follows the angular pattern of the real part of solu-
tions, and all three waves undergo a weak damping in the sense
that Im(Ω) < Re(Ω). Fast waves have a very isotropic damp-
ing rate and, in terms of the magnitude, fast waves survive for a
longer time than ion slow modes. The ion slow modes have the
largest damping rate, and it is very angle-dependent, similar to
the real part of the solutions corresponding to this mode. This
pattern is rather intuitive for slow modes propagating in a low-β
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Fig. 2. Friedrichs diagrams corresponding to real (top) and imaginary
(bottom) part of the dimensionless frequency of waves (in units of the
Alfvén frequency) for fast waves (blue), ion slow modes (amber), and
neutral slow modes (green) with the propagation angle, α. The values of
the parameters used for these plots are shown on each diagram. These
plots are valid for a plasma in ionisation equilibrium.

plasma. Now, the ion slow mode is essentially an acoustic-like
compressive mode guided along the magnetic field. In weakly
collisional plasma, the coupling between ions and neutrals is
not perfect, so the slow wave drives significant ion–neutral drift
and frictional heating, resulting in strong damping. The neutral
slow mode has the smallest damping rate, a result that is easy
to understand given the weakly ionised character of the plasma.
The angular variation of the damping rate of this mode shows
a small four-lobed pattern, which is a result of how the neu-
trals and ions are coupled in the plasma we investigated, as well
as how efficiently a neutral acoustic motion excites ion motion
along and across the magnetic field. The damping rate of neutral
waves comes from the ion–neutral friction term, in which the ion
velocity perturbation induced by a neutral wave is small, but it is
strongly anisotropic. The way these velocity perturbations cou-
ple when waves propagate along and across the field gives rise
to an observable difference in the damping rate of these waves in
the parallel and perpendicular directions. The four minima that
appear in the damping rate of neutral waves at intermediate prop-
agation angles are the results of parallel and perpendicular ion
responses partially cancelling the ion–neutral drift, minimising
frictional dissipation.

When ionisation and recombination processes are taken into
account, the angular variation of the real (top panel) and imag-
inary (bottom panel) parts of the frequency is shown in Fig. 3.

Fig. 3. Same as Fig. 2 but including the angular variation of the dimen-
sionless frequency and damping rate of magnetoacoustic modes in the
case of non-equilibrium ionisation in a weakly collisional plasma.

First of all, we should note that the frequency of all waves is
reduced by the modifications in the chemical composition of the
plasma, which serves as an additional channel for momentum
transfer between species. As expected, the angular dependence
of the dimensionless frequency of fast waves is not modified
by the presence of changes in the chemical composition of the
plasma. In the low plasma-β regime, these waves are driven
mostly by magnetic tension, and they are not as sensitive to com-
pressibility and chemical composition of the plasma as slow and
acoustic modes. Slow magnetoacoustic modes attached to the
charged species have a similar behaviour as in the case of ioni-
sation equilibrium, i.e. they are anisotropic, showing the largest
frequency when propagating along the field, while the propaga-
tion across the field is completely suppressed. On the other hand,
neutral slow waves display a very different variation of their
dimensionless frequency. In contrast to the result we obtained in
equilibrium, the variation of the frequency is no longer isotropic
and to a large extent it mimics the variation of the ion slow
waves. Although the collisional coupling is weak, ionisation
and recombination couple the neutral density and pressure per-
turbations to the charged component’s compressions, and the
charged compressions are anisotropic because of the magnetic
field. As a result, the neutral slow mode inherits anisotropy
from the magnetised component through chemistry, not through
friction. Other than perpendicular propagation, the green and
orange radii are very close (nearly the same phase speed), which
means that the two slow branches become more mixed, and these

A195, page 6 of 12



Alshehri, J., et al.: A&A, 710, A195 (2026)

are less purely species-separated when chemical variations are
allowed.

The damping rates of the three modes in the presence of
ionisation and recombination show a different pattern compared
to the equilibrium case. In the case of fast waves, the damping
rate of these waves is isotropic, but its magnitude is somewhat
smaller than the equilibrium one, which means that ionisation
and recombination slightly reduces fast-mode damping in this
weak-coupling regime. Slow waves associated with ions dis-
play the largest damping rate, and it is clear that ionisation and
recombination processes introduce an additional coupling and
relaxation timescale that makes the damping rate of ion slow
modes have a sharper angular cutoff. The damping rate of neu-
tral slow modes shows the most different behaviour compared to
the equilibrium case. First of all, the damping rate stays rather
anisotropic, with waves propagating in a perpendicular direction
to the ambient magnetic field having the largest damping rate,
and this change is due solely to the modifications in the chemi-
cal composition of the plasma. In non-equilibrium, the damping
of the neutral mode becomes controlled less by pure ion–neutral
friction and more by how strongly the mode drives composition
changes at a given angle. For parallel propagation, the neutral
slow mode excites the ion slow mode, which propagates effi-
ciently along the magnetic field and allows a partial co-motion
of ions and neutrals. This reduces ion–neutral drift and hence
frictional damping. For perpendicular propagation, the ion slow
mode is non-propagating, ions remain nearly stationary, and neu-
tral motion produces maximal drift and damping. We should
also note that modifications in the chemical composition of the
plasma are changing the damping character of waves. While
fast waves remain weakly damped (as in the case of ionisa-
tion equilibrium), slow waves associated with charges and neu-
trals undergo over-damping, so these modes are very effectively
damped. For this set of parameters, the inclusion of ionisation
and recombination increases the damping of the slow branches
to the point where R > 1, whereas in ionisation equilibrium these
modes remain oscillatory. This shows that chemical relaxation
can itself drive the system into an over-damped regime.

To provide a rough connection with observables, the dimen-
sionless damping rates can be converted into physical damp-
ing times using τD = 1/Im(ΩkvA), and into damping lengths
through Ld = vphτD = Re(Ω)/k Im(Ω). For the representative
non-equilibrium case shown in Fig. 3, namely χ = 2, β = 0.1 and
X = 0.1, and adopting the chromospheric values vA = 100 km
s−1 and λ = 500 km, we obtain kvA = 1.26 s−1. From Fig.3 we
see that weakly damped fast waves have Im(Ω) = 0.01 − 0.03,
which corresponds to damping times of the order of 25–80 s,
and damping lengths of the order of (2.5−8)× 103 km. For these
values P/τD ∼ 5−15, where P is the period of waves. In con-
trast, the slow branches are much more strongly damped and can
become effectively over-damped, suggesting that they would be
considerably more difficult to detect directly. These values are
consistent with chromospheric wave observations: compressive
chromospheric disturbances with phase speeds of the order of
48–270 km s−1 and periods of the order of a few minutes have
been reported (Morton et al. 2012). Finally, the damping times
predicted by our analysis are of the same order as the values
determined from IRIS observations (Yuan et al. 2026).

4.2. Strongly collisional plasma

As an illustrative figure, in this section, we consider X = 5 to rep-
resent a strongly collisional plasma. Figure 4 shows the real and
imaginary parts of the solutions of the dispersion relation when

Fig. 4. Same as Fig. 2 but for a strongly collisional plasma. The mag-
nitude of the imaginary part corresponding to ion slow waves has been
magnified four-fold for visualisation purposes.

the collisional rate is high, and ionisation and recombination pro-
cesses are not taken into account. In contrast to the weakly colli-
sional case, in this case, the frequent collisions between charges
and neutrals efficiently couple the two species, resulting in sup-
pressed relative drift. As a result, independent neutral acoustic
motion is no longer possible, as this is absorbed into a collec-
tive compressive mode of the combined charged fluid. It is clear
that the frequencies of the waves are smaller compared to the
weakly collisional case, a result that confirms the earlier find-
ings by Soler et al. (2013). Fast modes continue to be dominated
by magnetic tension; they have a large phase speed (∼vA) and
involve relatively small compressive density perturbations. That
is why, for these modes, collisions between particles mostly act
to slightly re-normalise inertia; however, they do not introduce
anisotropy. Secondly, the damping rate of fast waves is larger
when they propagate parallel to the magnetic field, i.e. in the
direction where the propagation speed of slow waves takes its
maximum value. In the case of parallel propagation, the Lorentz
force does not provide a restoring force that can deflect the
motion. That is why the fast branch becomes more like a longi-
tudinal magnetosonic oscillation, so the velocity tends to line up
more with k. This makes the compressibility (∇ · v) and density
perturbations stronger. In the case of perpendicular propagation,
the fast wave is more strongly associated with field-line bending
and transverse motion, as well as a smaller compressive part.
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Fig. 5. Angular dependence of wave modes in ionisation non-
equilibrium (similar to Fig. 4).

The damping rate of all modes shows that these waves are
weakly damped. The damping rate of ion slow mode (or collec-
tive mode) is very low, and for illustration, this quantity has been
magnified uniformly by a factor of 4 (see the lower panel of Fig.
4). As the collisions are rather strong, the drift velocity of the
two species is small; the damping now is provided mainly by the
collisional thermal exchange between species. For slow modes
propagating parallel to the ambient magnetic field for small val-
ues of plasma-β, the effect of compressions is strong in both
fluids, but ions and neutrals are tightly locked; therefore, their
temperature perturbations tend to be similar, resulting in a weak
thermal exchange damping.

In the case of perpendicular propagation, although the two
species are tightly coupled, the presence of the magnetic field
will prevent slow modes from propagating across the field. At
intermediate angles, we obtain the largest mismatch in the parti-
tioning of compression and heating between the ion and neutral
internal energies, because the slow wave has a mix of magnetic
and acoustic character that can lead to a maximum mismatch
between the temperatures of ions and neutrals, i.e. a maximised
damping rate.

The two panels of Fig. 5 display the real and imaginary parts
of possible waves propagating in a partially ionised, collisionally
dominated plasma when ionisation and recombination effects
are taken into account. In the strong collisional limit, the tradi-
tional damping mechanism that is proportional to the drift veloc-
ity is very small and ionisation and recombination introduces

a new irreversible dissipation mechanism that does not require
a large drift to dissipate energy. The upper panel shows that,
despite changes in the chemical composition of the plasma being
taken into account, the frequency of waves is not modified, sug-
gesting that ionisation and recombination are just second-order
effects compared to collisions. All modes are dampened with
weak damping, and the damping rates are somewhat lower than
in the ionisation equilibrium. The damping rate of fast waves is
not modified by the changes in the chemical composition of the
plasma; however, as in the case of ionisation equilibrium, the
damping rate is larger in the parallel direction. This confirms the
fact that the damping of fast waves is primarily due to the col-
lisional thermal damping and not because of the changes in the
chemical composition of the plasma.

The damping rate of the charged fluid shows a distinctively
different pattern compared to the equilibrium case. First of all,
the magnitude of the damping rate is approximately four times
larger, and this can be attributed solely to the ionisation and
recombination processes that add a strong energy sink that acts
efficiently on compressions. Parallel to this, chemical changes in
the plasma tend to smooth the strong anisotropy in the damping
rate of slow waves. The increase in the number of neutrals at the
expense of ions increases the compressibility of the plasma. For
parallel propagation, the slow mode is essentially a field-aligned
acoustic oscillation of the coupled mixture. In the presence of a
relatively small drift, the damping of waves is small. As the prop-
agation angle increases, the slow mode acquires additional mag-
netic pressure coupling, producing stronger phase lags between
species, which slightly increases the friction, as well as the ther-
mal and chemical relaxation, leading to an increase in the damp-
ing rate. Near α = π/2, the slow mode loses its propagating
nature, and the oscillatory driver for damping vanishes.

4.3. The effect of plasma-β

We next investigated the effect of plasma-β on the propagation
and damping of waves in a partially ionised plasma. By increas-
ing β, the plasma changes from a magnetically dominated regime
to one in which thermal pressure plays a central role, leading
to a qualitative change in the nature of magnetoacoustic modes.
In this case, the fast mode becomes increasingly acoustic and
nearly isotropic, while the slow mode remains strongly guided
by the magnetic field. These changes modify the relative impor-
tance of ion–neutral coupling, compressibility, and dissipative
processes, and therefore have a direct impact on the angular
dependence of wave propagation and damping.

Figure 6 shows the real and imaginary parts of the solu-
tions of the dispersion relation in ionisation equilibrium. For
β = 10 and weak collisional coupling (X = 0.1), the mag-
netoacoustic spectrum undergoes a clear reorganisation. The
fast mode becomes predominantly acoustic and nearly isotropic,
while the ion slow mode remains strongly field-aligned with
a reduced phase speed. A distinct neutral acoustic mode per-
sists, reflecting the weak coupling between species. Compared to
the low plasma-β case, the frequency of waves is larger thanks
to the stronger compressional character of the plasma. Damp-
ing is dominated by neutral–ion friction acting on the neutral
slow mode, which exhibits the largest attenuation and only weak
angular dependence. In contrast, both fast and ion slow modes
remain weakly damped, highlighting that compressibility alone
is insufficient to produce strong dissipation in the absence of effi-
cient collisional or chemical coupling.

In the presence of ionisation and recombination, the fre-
quency of waves is smaller, suggesting that changes of the
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Fig. 6. Angular variation of the real (top) and imaginary (bottom) parts
of the dimensionless frequency of magnetoacoustic modes propagating
in a weakly ionised and weakly collisional plasma for β = 10. An ele-
vated value of β means an enhanced compressibility of the plasma.

chemical composition of the plasma act to reduce these val-
ues, i.e. they act as dissipation channels (bottom panel of Fig.
7). The damping of these waves undergoes a clear modification
(top panel of Fig. 7). The neutral slow mode continues to have
the largest damping rate; however, compared to the equilibrium
case, the damping rate of these modes shows that they undergo
heavier damping when they propagate along the magnetic field.
Although the neutral slow mode is not directly constrained by
the magnetic field, its damping depends on the response of the
ionised component through collisions and chemical relaxation.
For field-aligned propagation, ions can follow the compres-
sive motion more efficiently, leading to enhanced momentum
and energy exchange with neutrals and, consequently, slightly
stronger damping. In contrast, for perpendicular propagation, the
ion response is magnetically inhibited, reducing the efficiency of
these dissipative processes.

In the equilibrium case, the ion slow mode had a damping
rate that was larger than the damping rate of fast waves. In
the presence of ionisation and recombination, these two rates
become comparable, in the sense that the damping rate of ion
slow modes is reduced, while the damping rate of fast waves
is increased. In the non-equilibrium case, the ionisation and
recombination processes seem to redistribute which mode car-
ries the compressive or thermodynamic perturbations that chem-
istry can damp. In the investigated high-β plasma, the fast mode
is the main compressive (acoustic-like) branch, while the slow
mode becomes more magnetic or field-guided. The change in

Fig. 7. Same as Fig. 6 but with the effects of ionisation and recombina-
tion taken into account.

the chemical composition of the plasma therefore damps the fast
branch more efficiently, but it can reduce the slow-mode damp-
ing by reducing ion–neutral drift and weakening the frictional
damping that dominated in equilibrium. When comparing these
results with the ones obtained for small β (see Fig. 3), it is clear
that increasing the value of β shifts the chemical sensitivity of
the system from the slow modes to the fast mode.

Finally, let us assess the effect of collisions on the properties
of waves that can propagate in the partially ionised plasmas in
the presence of chemical changes. Figure 8 shows the solutions
of the dispersion relation for waves propagating in a collision-
dominated plasma in ionisation equilibrium. For this case, we
considered β = 10 and X = 5. The real part of the solutions
shown in the upper panel reveals, first of all, that overall, col-
lisions act to reduce the frequency of waves, a similar result as
in the previous case. Fast waves show an isotropic behaviour,
propagating at the combined sound speed of the ion–neutral mix-
ture. The ion slow mode displays a clear two-lobed structure,
with propagation confined to field-aligned directions. Its phase
speed remains small compared to the fast mode, scaling roughly
as cosα, suggesting that even in a pressure-dominated plasma,
the slow mode remains magnetically guided and controlled by
the Alfvénic response of the mixture. The neutral slow mode,
having an intermediate propagation speed, shows a rather pecu-
liar anisotropy, with waves propagating faster in the perpendic-
ular direction. Since ion slow modes do not propagate across
the field, ions provide limited magnetic resistance to compres-
sions. Neutrals therefore oscillate closer to their natural acoustic
speed. For parallel propagation, ions respond strongly along the
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Fig. 8. Top: Same as Fig. 6 but for a strongly collisional plasma. Bottom:
Damping rates of the fast and slow ion modes, magnified by a factor of
10 for clarity.

field and participate in slow-mode dynamics. In this situation,
magnetic tension and pressure now oppose compressions. Since
the plasma is strongly collisional, this magnetic stiffness is trans-
ferred to neutrals, resulting in a reduced phase speed.

The lower panel of Fig. 8 shows that despite the anisotropic
behaviour of the phase speed, the damping rate of neutral slow
modes is isotropic and has, by far, the largest damping rate. In
the limit of strong collisional coupling, neutral acoustic energy
is rapidly dissipated via ion–neutral friction and collisional ther-
mal damping. Comparing the real and imaginary parts of the
solutions for these modes, it is clear that neutral slow modes
are over-damped, and the collisions act as a very effective damp-
ing mechanism. Since we are dealing with a strongly collisional
plasma, the drift velocities are rather small, leading to a very
low damping rate of fast and ion slow mode (for visualisation
purposes, the rates of these two modes are magnified by a factor
of 10). While the damping rate of ion slow modes preserves the
anisotropy observed in the real part of this mode, the damping
rate of fast modes is also anisotropic, showing a much larger
damping rate when they are propagating perpendicular to the
ambient magnetic field. This behaviour can be easily understood
as the little dissipation this wave encounters is controlled by the
small ion–neutral slippage, which is highly geometry-dependent,
leading to the damping becoming strongly anisotropic.

The properties of the three waves when ionisation and
recombination effects are taken into account are shown in Fig.
(9). The angular variation of the real part of waves reveals that
the ionisation non-equilibrium has no noticeable effect on the
frequency of waves. Instead, the lower panel suggests that the

Fig. 9. Similar to Fig. 8 but also taking ionisation and recombination
processes into consideration.

ionisation non-equilibrium affects mainly the damping of waves.
For fast waves, damping stays small (note the 10-fold magni-
fication factor), but it is anisotropic with a clear enhancement
towards more transverse directions. Compared to equilibrium,
this is qualitatively similar in the sense that the damping of fast
modes remains small, but the anisotropy tends to be more ‘struc-
tured’ once chemistry is included, since compressions now also
perturb composition and temperature. For ion slow modes, the
damping is also small in absolute terms (also needs a 10-fold
magnification), but there is a region near the angles where the
real part of the solutions is very small (approaching the per-
pendicular direction), where the mode is susceptible to becom-
ing non-propagating (evanescent). The neutral slow mode shows
an isotropic damping rate with the propagation angle, but more
importantly, these waves are over-damped, and their lifetime is
very short. The over-damping of the neutral slow mode does not
contradict the weakly ionised nature of the plasma. Although
neutrals dominate the mass density, the timescales associated
with ion–neutral momentum and thermal exchange, and – when
included – ionisation and recombination relaxation, are com-
parable to or shorter than the acoustic period of the neutral
fluid. As a result, pressure perturbations cannot sustain oscil-
latory behaviour, and the neutral slow branch transitions into
a strongly damped relaxation-type mode in both equilibrium
and non-equilibrium regimes, with the latter further enhancing
this effect through recombination-driven pressure loss. Com-
paring the real and imaginary parts of the neutral slow branch
shows that R > 1 over the full angular range, both in ionisa-
tion equilibrium and in ionisation non-equilibrium. Therefore,
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this mode is already effectively over-damped in the strongly col-
lisional regime, and the inclusion of ionisation and recombina-
tion does not create the over-damped state, but instead modifies
the detailed damping properties of an already strongly damped
branch.

5. Conclusion

We have investigated the propagation and damping of magnetoa-
coustic waves in weakly ionised solar atmospheric plasmas using
a two-fluid framework that explicitly accounts for ion–neutral
collisions as well as ionisation and recombination processes.
By extending previous equilibrium studies (e.g. Soler et al.
2013) to include ionisation non-equilibrium, we have shown
that chemical relaxation introduces qualitatively new effects
that cannot be captured by standard two-fluid or single-fluid
descriptions.

Our analysis demonstrates that ionisation and recombina-
tion act as an additional dissipation channel that redistributes
wave energy between species and modifies the relative damp-
ing efficiency of different wave branches. In weakly col-
lisional plasmas, non-equilibrium effects primarily alter the
slow and neutral acoustic modes, introducing anisotropy in
their damping and coupling neutral dynamics more strongly
to the magnetised ion component. In particular, neutral slow
modes inherit magnetic anisotropy through chemistry rather
than friction, while ion slow modes experience enhanced
or suppressed damping depending on the propagation angle
and plasma-β. Fast magnetoacoustic waves remain weakly
damped in this regime, but their damping can be modified
once chemical relaxation becomes comparable to collisional
timescales.

In the strongly collisional limit, collisions efficiently lock
ions and neutrals together, suppressing relative drift and elim-
inating independent neutral acoustic propagation in equilib-
rium. When ionisation and recombination are included, however,
neutral slow modes persist as heavily damped, non-oscillatory
relaxation modes. We find that these modes can become over-
damped in both equilibrium and non-equilibrium cases, despite
the plasma being weakly ionised. This behaviour arises because
the combined effects of momentum exchange, thermal coupling,
and chemical relaxation operate on timescales shorter than the
neutral acoustic period, preventing sustained oscillations. Impor-
tantly, non-equilibrium chemistry further enhances this over-
damping by introducing pressure and energy sinks associated
with recombination.

The role of plasma-β is shown to be central in determin-
ing which wave branch is most affected by non-equilibrium
processes. At low β, chemical effects primarily influence slow
modes, while at high β the fast mode becomes increasingly
compressive and therefore more susceptible to damping through
ionisation recombination. This shift explains why fast-mode
damping increases in high-β plasmas when non-equilibrium
effects are included, while slow-mode damping can be reduced
compared to equilibrium predictions.

Our results demonstrate that ionisation non-equilibrium fun-
damentally alters the angular dependence, damping hierarchy,
and even the qualitative nature of magnetoacoustic modes in par-
tially ionised plasmas. These findings highlight the importance
of incorporating modifications of chemistry when modelling
wave propagation and energy dissipation in the solar chromo-
sphere and other weakly ionised astrophysical environments. In
a subsequent study, we will focus on the strongly ionised plasma
(the upper part of the chromosphere), where the process of ioni-
sation is dominant.
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A&A, 681, A60
Leake, J. E., Lukin, V. S., Linton, M. G., & Meier, E. T. 2012, ApJ, 760, 109
Leenaarts, J., Carlsson, M., Hansteen, V., & Rutten, R. J. 2007, A&A, 473, 625
Leenaarts, J., Carlsson, M., Hansteen, V., & Gudiksen, B. V. 2011, A&A, 530,

A124
Maneva, Y. G., Alvarez Laguna, A., Lani, A., & Poedts, S. 2017, ApJ, 836, 197
Martínez-Gómez, D. 2025, Phys. Plasmas, 32, 112101
Martínez-Gómez, D., Soler, R., & Terradas, J. 2017, ApJ, 837, 80
McMurdo, M., Ballai, I., Verth, G., Alharbi, A., & Fedun, V. 2023, ApJ, 958, 81
McMurdo, M., Ballai, I., Verth, G., & Fedun, V. 2025, ApJ, 988, 50
Moore, R. L., & Fung, P. C. W. 1972, Sol. Phys., 23, 78
Morton, R. J., Verth, G., Jess, D. B., et al. 2012, Nat. Commun., 3, 1315
Niedziela, R., Murawski, K., & Poedts, S. 2024, A&A, 691, A254
Okamoto, T. J., & De Pontieu, B. 2011, ApJ, 736, L24
Popescu Braileanu, B., Lukin, V. S., Khomenko, E., & de Vicente, Á. 2019,

A&A, 630, A79
Smirnov, B. M. 2003, Physics of atoms and ions
Snow, B., & Hillier, A. 2021, A&A, 645, A81
Soler, R., Carbonell, M., & Ballester, J. L. 2013, ApJ, 209, 16
Vernazza, J. E., Avrett, E. H., & Loeser, R. 1981, ApJ, 45, 635
Voronov, G. S. 1997, Atomic Data Nucl. Data Tables, 65, 1
Yuan, D., Sadeghi, R., & Tavabi, E. 2026, Sol. Syst. Res., 60, 11
Zaqarashvili, T. V., Khodachenko, M. L., & Rucker, H. O. 2011, A&A, 529, A82

A195, page 11 of 12

http://linker.aanda.org/10.1051/0004-6361/202659197/1
http://linker.aanda.org/10.1051/0004-6361/202659197/2
http://linker.aanda.org/10.1051/0004-6361/202659197/3
http://linker.aanda.org/10.1051/0004-6361/202659197/4
http://linker.aanda.org/10.1051/0004-6361/202659197/5
http://linker.aanda.org/10.1051/0004-6361/202659197/5
http://linker.aanda.org/10.1051/0004-6361/202659197/6
http://linker.aanda.org/10.1051/0004-6361/202659197/7
http://linker.aanda.org/10.1051/0004-6361/202659197/7
http://linker.aanda.org/10.1051/0004-6361/202659197/8
http://linker.aanda.org/10.1051/0004-6361/202659197/9
http://linker.aanda.org/10.1051/0004-6361/202659197/10
http://linker.aanda.org/10.1051/0004-6361/202659197/11
http://linker.aanda.org/10.1051/0004-6361/202659197/11
http://linker.aanda.org/10.1051/0004-6361/202659197/12
http://linker.aanda.org/10.1051/0004-6361/202659197/13
http://linker.aanda.org/10.1051/0004-6361/202659197/14
http://linker.aanda.org/10.1051/0004-6361/202659197/15
http://linker.aanda.org/10.1051/0004-6361/202659197/15
http://linker.aanda.org/10.1051/0004-6361/202659197/16
http://linker.aanda.org/10.1051/0004-6361/202659197/17
http://linker.aanda.org/10.1051/0004-6361/202659197/18
http://linker.aanda.org/10.1051/0004-6361/202659197/19
http://linker.aanda.org/10.1051/0004-6361/202659197/20
http://linker.aanda.org/10.1051/0004-6361/202659197/21
http://linker.aanda.org/10.1051/0004-6361/202659197/22
http://linker.aanda.org/10.1051/0004-6361/202659197/23
http://linker.aanda.org/10.1051/0004-6361/202659197/24
http://linker.aanda.org/10.1051/0004-6361/202659197/25
http://linker.aanda.org/10.1051/0004-6361/202659197/26
http://linker.aanda.org/10.1051/0004-6361/202659197/27
http://linker.aanda.org/10.1051/0004-6361/202659197/28
http://linker.aanda.org/10.1051/0004-6361/202659197/29
http://linker.aanda.org/10.1051/0004-6361/202659197/30
http://linker.aanda.org/10.1051/0004-6361/202659197/31
http://linker.aanda.org/10.1051/0004-6361/202659197/32


Alshehri, J., et al.: A&A, 710, A195 (2026)

Appendix A: The elements of the matrix given by
Eq. (20)

The coefficients Ai, j were obtained by substituting the Fourier
ansatz ∼ exp[i(ωt− kxx− kzz)] into the linearised equations, Eqs.
(13)-(19), with ∂/∂t → iω and ∇ → −ik, and then expressing the
perturbations in terms of the dimensionless variables collected in
Eq. (21).

For illustration, let us write the x-components of the ion and
neutral momentum equations in the dimensionless form that is
used in the dispersion relation; all the remaining equations can
be rewritten in a similar fashion. Writing kx = k sinα and kz =
k cosα (with α being the direction of propagation with respect to
the direction of the ambient magnetic field), the components of
the induction equation, Eq. (17), can be written as

bx = −
kB0 cosα

ω
vix, bz =

kB0 sinα
ω

vix

The x-component of the ion momentum equation, Eq. (15), can
be written as(
iω +

νin

2
+ n0iKR

)
vix −

(
νin

2
+ n0nKI

)
vnx−

−
ik sinα
min0i

pi +
ikB0

min0iµ0ω
(bx cosα − bz sinα) = 0,

After introducing the expressions of the magnetic field perturba-
tions, the above equation transforms into(
iω +

νin

2
+ n0iKR

)
vix −

(
νin

2
+ n0nKI

)
vnx−

−
ik sinα
min0i

pi −
ik2v2

A

ω
vix = 0,

Let us now divide the whole equation by the Alfvén frequency,
kvA and use the dimensionless quantities introduced earlier (see
Eqs. 22 and 23). As a result, the x-component of the ion momen-
tum equation becomes

(iΩ + X/2 + χP)vix − (X/2 + χP)vnx −
i sinαpi

ρ0ivA
−

i
Ω
vix = 0,

Next, we divided the whole equation by the Alfvén speed and
introduced the dimensionless eigenvectors so that the above
equation becomes

(iΩ + X/2 + χP)uix − (X/2 + χP)unx −
i sinαpi

ρ0iv
2
A

−
i
Ω

uix = 0.

Let us now concentrate on the pressure form term. The ion pres-
sure perturbation can be written in dimensionless form in terms
of the equilibrium ion pressure, so we write

i sinαpi

ρ0iv
2
A

=
i sinαpi0

ρiv
2
A

p̃i =
i sinαc2

S i

γv2
A

p̃i =
i sinαβ

2
p̃i

As a result, the x-component of the ion momentum equation
becomes(
iΩ(1 − 1/Ω2) + X/2 + χP

)
uix − (X/2 +χP)unx −

i sinαβ
2

p̃i = 0.

These coefficients form the third row of the matrix A.
In a similar fashion, from Eq. (16) we can write for the x-

component of the neutral momentum equation that(
iω +

νin

2χ
+ n0iKI

)
vnx −

(
νin

2χ
+

KRn0i

χ

)
vix −

ik sinαpn

min0n
= 0,

Again, the coefficients multiplying the perturbations can be writ-
ten in dimensionless form by dividing the whole equation by the
Alfvén frequency, kvA, so(
iΩ +

X
2χ

+ P
)
vnx −

(
X
2χ

+ P
)
vix −

i sinαpn

min0nvA
= 0.

Perturbations are written in dimensionless form as a result of the
division of the whole equation by the Alfvén speed, so we have(
iΩ +

X
2χ

+ P
)

unx −

(
X
2χ

+ P
)

uix −
i sinαpn

min0nv
2
A

= 0.

Let us treat the last term separately. We can write

i sinαp0n

ρ0nv
2
A

p̃n =
i sinαc2

S n

γv2
A

p̃n =
i sinαc2

S i

2γv2
A

p̃n =
i sinαβ

4
p̃n,

where we used the identity that c2
S i = 2c2

S n. As a result, the x-
component of the neutral momentum equation becomes(
iΩ +

X
2χ

+ P
)

unx −

(
X
2χ

+ P
)

uix −
i sinαβ

4
p̃n = 0.

The coefficients that appear in the above equation are given as
the entries on the fifth row of the matrix A.

After Fourier analysing the linearised equations and express-
ing all perturbations in terms of the dimensionless variables col-
lected in Eq. (21), the system can be written in the compact
matrix form as

∑8
j=1 Ai jY j = 0, i = 1 . . . 8. Rows 1 and 2 fol-

low from the ion and neutral continuity equations, rows 3 and 4
from the x- and z-components of the ion momentum equation,
rows 5 and 6 from the corresponding components of the neutral
momentum equation, and rows 7 and 8 from the ion and neutral
energy equations. The non-trivial solutions of this homogeneous
system are obtained by setting det(A) = 0, which yields the dis-
persion relation analysed in the main text. The determinant A is
given as

A =



A1,1 A1,2 A1,3 0 A1,5 0 0 0
A2,1 A2,2 0 A2,4 0 A2,6 0 0

0 0 A3,3 A3,4 0 0 A3,7 0
0 0 0 0 A4,5 A4,6 A4,7 0
0 0 A5,3 A5,4 0 0 0 A5,8
0 0 0 0 A6,5 A6,6 0 A6,8

A7,1 A7,2 A7,3 0 A7,5 0 A7,7 A7,8
A8,1 A8,2 0 A8,4 0 A8,6 A8,7 A8,8


Each element Ai, j is presented in the dimensionless form and is
defined as follows:

A1,1 = iΩ+Pχ, A1,2 = −Pχ, A1,3 = −i sinα, A1,5 = −i cosα
A2,1 = −P, A2,2 = iΩ + P, A2,4 = −i sinα, A2,6 = −i cosα
A3,3 = iΩ(1 − 1/Ω2) + X/2 + Pχ, A3,4 = −(X/2 + Pχ),
A3,7 = −i sinαβ/2,
A4,5 = iΩ+X/2+Pχ, A4,6 = −(X/2 + Pχ), A4,7 = −i cosαβ/2,
A5,3 = −(X/2χ+P), A5,4 = iΩ+X/2χ+P, A5,8 = −i sinαβ/4,
A6,5 = −(X/2χ+P), A6,6 = iΩ+X/2χ+P, A6,8 = −i cosαβ/4,
A7,1 = −(3X/2 + Φ̂Pχγ), A7,2 = 3X/2 + Φ̂Pγχ,
A7,3 = −i sinαγ/(γ − 1),
A7,5 = −i cosαγ/(γ − 1), A7,7 = iΩ/(γ − 1) + 3X/2 + 3χP/2,
A7,8 = −3/4(X + Pχ)
A8,1 = 3X/χ, A8,2 = −3X/χ, A8,4 = −i sinαγ/(γ − 1),

A8,6 = −i cosαγ/(γ − 1), A8,7 = −3(X/χ + P),
A8,8 = iΩ/(γ − 1) + 3X/2χ + 3P/2.
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