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Right (and left) coherency and right (and left) weak coherency 
are natural finitary conditions for monoids. Determining 
whether or not a given monoid has any of these properties 
is historically a difficult problem.
This paper has several aims, centering around the well
studied class of right (and dually left) E-Ehresmann monoids, 
being one of the broadest classes of monoids containing a 
semilattice of idempotents. First, we exhibit a particular 
configuration of elements in a monoid subsemigroup of a 
right (respectively, left) E-Ehresmann monoid, relative to 
the Ehresmann structure of the overmonoid, that prohibits 
left (respectively, right) coherence. Second, we apply this 
technique in a number of different situations. We show that 
the free Ehresmann monoid of rank at least 2 is neither left 
nor right coherent, and that the free left Ehresmann monoid is 
not left coherent. We demonstrate the utility of our technique 
in the case where the overmonoid is an E-unitary inverse 
monoid, and apply this to both new situations and to recover 
existing results. Namely, free inverse monoids and free ample 
monoids of rank at least 2 are neither left nor right coherent, 
and free left ample monoids of rank at least 2 are not left 
coherent. Next, in a positive direction, we demonstrate that 
every free left Ehresmann monoid is weakly coherent.
Our final result is of a different nature. Ehresmann monoids 
form a variety of monoids with an enriched signature. 
Viewed as a bi-unary monoid (respectively, unary monoid), 
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a free Ehresmann monoid (respectively, free left Ehresmann 
monoid) does not embed into an inverse monoid. We show that 
viewed as a monoid (the standpoint of this paper) every free 
Ehresmann monoid (and hence also every free left Ehresmann 
monoid) embeds into an E-unitary inverse monoid.

© 2026 The Authors. Published by Elsevier Inc. This is an 
open access article under the CC BY-NC-ND license 

(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

An algebra is coherent if every finitely generated subalgebra has a finite presentation. 
We say that a monoid S is right coherent if every finitely presented right S-act is coherent; 
here an S-act is the non-additive version of an R-module over a ring. This notion was 
motivated by the notion of a coherent theory [22]. It is a finitary condition (in that 
every finite monoid is right coherent), and has subsequently been found to have deep 
connections with properties of right S-acts related to injectivity and algebraic closure, 
and to other finitary properties [5,4]. A monoid S is weakly right coherent if, regarded 
as a right S-act, S is right coherent. The notions of right coherency and weak right 
coherency for monoids both correspond to right coherency for rings; for monoids they 
are distinct conditions. Coherency is a vibrant topic, which in other contexts has seen 
recent breakthroughs, in particular, for groups [12].

Understanding which monoids are right, or dually left, coherent turns out to be hard. 
Disparate techniques have been needed in each case to show that monoids in certain 
classes are right coherent, such as the classes of free (commutative) monoids, of weakly 
right noetherian regular monoids, or of free left ample monoids [7,9,5]. Here we focus 
on providing a tool which quickly rules out coherency for monoids belonging to a wide 
class.

The classes of right, left and two-sided E-Ehresmann monoids are perhaps the broad
est classes of monoids possessing a semilattice of idempotents E and for which useful 
structure results, and descriptions of free algebras, are known [1,8,13,14]. We show that 
a monoid subsemigroup of a right E-Ehresmann monoid containing a certain configura
tion of elements is not left coherent. This reflects the approach of a recent article [2], but 
there the monoid is required to contain an infinite subgroup. The configuration here is 
quite different and has a different range of applications. Most notably, we can apply it 
to certain submonoids of E-unitary (proper) inverse monoids, even if the inverse monoid 
is aperiodic (group free), as is the case for free inverse monoids. We use our techniques 
to show that a free left Ehresmann and a free Ehresmann monoid on a set containing at 
least two distinct elements are not left coherent (and by a dual argument neither is the 
free Ehresmann monoid right coherent). On the positive side we demonstrate that the 
free left Ehresmann monoid is weakly (left and right) coherent.

All E-Ehresmann monoids are possessed with two natural unary operations. Viewed 
as bi-unary monoids, they do not embed into inverse monoids. We prove the somewhat 

http://creativecommons.org/licenses/by-nc-nd/4.0/
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surprising result that a free Ehresmann monoid embeds as a monoid into a semidirect 
product of a group with a semilattice, that is, into an E-unitary inverse monoid.

The paper is structured as follows. In Section 2 we give all the necessary definitions and 
preliminary results required. In Section 3 we provide a survey of the key tools for proving 
non-coherence in the existing literature, giving some useful additions (Lemma 3.3 and 
Corollary 3.8) to this suite of general results. In Section 4 we turn our attention to right 
E-Ehresmann monoids, where we present our main result (Theorem 4.3) demonstrating 
that a submonoid of a right E-Ehresmann monoid containing a particular configuration 
of elements (relative to the right Ehresmann structure of the over monoid) cannot be 
left coherent. We show that certain conditions of our main result simplify significantly in 
the case where the right E-Ehresmann monoid is an inverse monoid of the form Y ⋊G

where Y is a semilattice and G is a group (Corollary 4.10) and in the case where the 
right E-Ehresmann monoid is E-adequate where E is a unitary subset of idempotents 
(Corollary 4.11). We show (in Remark 4.16) that this generalises the negative results 
of [9], and exhibit several further natural situations where our result may be invoked, 
including the Birget-Rhodes expansions (as considered by Szendrei) of certain groups 
(Remark 4.17), the Margolis-Meakin expansions of certain groups (Example 4.19), and 
certain semidirect products of the form 𝒫(M) ⋊ M where M is a monoid acting on 
its power set by left multiplication (Corollary 4.12). In Section 5 we apply our main 
result (and its left-right dual) to show that the free Ehresmann monoid of rank at least 
2 is neither left nor right coherent and that the free left Ehresmann monoid of rank at 
least 2 is not left coherent (Theorem 5.5). In Section 6 we demonstrate that the free left 
Ehresmann monoid is weakly (left and right) coherent (Theorem 6.8). In Section 7 we 
prove that the free Ehresmann monoid embeds (as a monoid) into an inverse monoid of 
the form Y ⋊G, where Y is a semilattice with identity and G is a group acting on Y by 
monoid morphisms (Theorem 7.18) and demonstrate that this gives an alternative proof 
(using a different application of our main result) that the free left Ehresmann monoid 
of rank at least 2 is not left coherent (Remark 7.20). The paper concludes in Section 8
with some open questions.

2. Preliminaries and tools for non-coherence in monoids

We provide a concise summary of essential definitions needed for this paper, followed 
by some of the existing tools used to determine whether a monoid is right or left coher
ent. Throughout the paper, S denotes a monoid with set of idempotents E(S); unless 
otherwise stated we denote the identity of S by 1 or 1S .

Many definitions and results that we give have dual left- and right-handed versions. We 
do not normally give both explicitly, except where it is necessary to establish notation or 
for ease of reference. If a monoid has both left- and right-handed versions of a particular 
property, we drop the adjectives ‘left’ and ‘right’. By ‘dual’ we always mean the left-right 
dual.
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For further details concerning monoids and acts, we refer the reader to the monographs 
[11] and [15], respectively.

2.1. Preliminaries on acts

Definition 2.1. (Right S-acts: subacts, morphisms, and generating sets) A right S-act 
is a set A together with a function A × S → S, (a, s) ↦→ as, with the property that 
(as)t = a(st) and a1 = a for all a ∈ A and all s, t ∈ S. For a set X ⊆ A we write 
XS := {xs : x ∈ X, s ∈ S}. A subset B ⊆ A is a subact of A if BS ⊆ B. A morphism 
between right S-acts A and B is a map ϕ : A → B such that (as)ϕ = (aϕ)s for all a ∈ A

and s ∈ S. The S-act A is said to be generated by a set X ⊆ A if XS = A, finitely 
generated if it is generated by a finite set, and monogenic if it is generated by a single 
element.

If the S-act A is a monoid (in every case in this paper a monoid semilattice), and if 
for each s ∈ S the function a ↦→ as is a monoid morphism, then we say that S acts by 
monoid morphisms.

The monoid S may be regarded as a right S-act over itself and the subacts of S
deserve particular mention: a right ideal of S is a subset I ⊆ S such that

IS := {xs : x ∈ I, s ∈ S} ⊆ I;

thus, right ideals of S are precisely the subacts of the (monogenic) right S-act S.
For a relation ρ ⊆ A×A on a set A, we will use both the notation (x, y) ∈ ρ and x ρ y

to mean that x and y are ρ-related. If ρ is an equivalence relation, we will write aρ to 
denote the equivalence class of an element a ∈ A.

Definition 2.2. (Right S-act congruences, quotients, generating sets and right Y
sequences) A congruence on a right S-act A is an equivalence relation ρ ⊆ A × A

with the property that if a, b ∈ A with a ρ b and s ∈ S, then as ρ bs also holds. If ρ is a 
congruence on a right S-act A, then the quotient A/ρ := {aρ : a ∈ A} is a right S-act 
under (aρ)s = (as)ρ, for all a ∈ A and all s ∈ S. For a set Y ⊆ A × A we denote by 
⟨Y ⟩ the congruence on A generated by Y , which is the smallest congruence that contains 
Y . A congruence ρ is finitely generated if there is a finite set Y such that ρ = ⟨Y ⟩. For 
a, b ∈ A and Y ⊆ A × A we say that there exists a (right) Y -sequence from a to b, if 
there is a sequence of the form

a = c1t1, d1t1 = c2t2, . . . , dmtm = b,

where m ≥ 0, (ci, di) ∈ Y or (di, ci) ∈ Y , ti ∈ S, for i = 1, . . . ,m. We say that m is the 
length of the sequence, and the case m = 0 is interpreted as a = b.
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The congruences on S, regarded as a right S-act, are precisely the right congruences 
of S considered as a monoid. We record the following useful facts concerning finitely 
generated congruences.

Lemma 2.3. Let A be a right S-act, ρ a congruence on A, and Y ⊆ A×A.

(1) The congruence ρ is finitely generated if there is no infinite strictly ascending chain 
of congruences ρ1 ⊂ ρ2 ⊂ · · · such that ρ =

⋃︁
n≥1 ρn.

(2) The element (a, b) ∈ A × A is contained in the congruence generated by Y if and 
only if there exists a Y -sequence from a to b.

Definition 2.4. (Free and finitely presented right S-acts) Since right S-acts form a variety 
of algebras, the free right S-act FS(X) over any set X exists; concretely, FS(X) = X×S

with the action of S given by (x, s) · t = (x, st). A right S-act A is finitely presented if it 
is isomorphic to FS(X)/ρ for some finite set X and finitely generated congruence ρ on 
FS(X).

Definition 2.5. (Right coherence and weak right coherence) A monoid S is right coherent 
if every finitely generated subact of every finitely presented right S-act is finitely pre
sented. A monoid S is weakly right coherent if every finitely generated right ideal of S is 
finitely presented as a right S-act.

Clearly every right coherent monoid is in particular weakly right coherent.

2.2. Preliminaries on monoids

Definition 2.6. (Green’s relations ℒ, ℛ) For a monoid S, Green’s preorder ≤ℒ on S is 
defined by a ≤ℒ b if Sa ⊆ Sb and Green’s equivalence ℒ is the equivalence relation 
induced by the preorder ≤ℒ, that is, a ℒ b if and only if Sa = Sb. The relation ℒ is a 
right congruence. The dual relations to ≤ℒ and ℒ are denoted by ≤ℛ and ℛ, respectively.

Definition 2.7. (Regular, inverse) An element x ∈ S is said to be regular if there exists 
y ∈ S such that xyx = x; then the monoid S is regular if every x ∈ S is regular. 
An equivalent definition of regularity of S is that every ℒ-class (dually, every ℛ-class) 
contains an idempotent. A regular element x ∈ S has an inverse z, that is, z satisfies 
xzx = x and zxz = z. If every element has a unique inverse, then S is said to be inverse 
and in this case we write x−1 to denote the unique inverse of x. Equivalently, a semigroup 
is inverse if it is regular and the idempotents form a semilattice, that is, a commutative 
semigroup of idempotents. The term semilattice is used since the idempotents are then 
partially ordered under e ≤ f if ef = e, with ef being the greatest lower bound of any 
e, f ∈ E(S).
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Inverse monoids feature in several ways in this work by providing important oversemi
groups within which we may embed monoids from wider classes. All of those we consider 
are in fact E-unitary (otherwise known as proper).

Definition 2.8. (Right unitary, E-unitary) A subset F ⊆ E(S) of a monoid S is right 
unitary if e, ae ∈ F implies that a ∈ F . We note that if F = E(S) this is equivalent to 
the dual condition and in this case we say that S is E-unitary.

We occasionally make use of the notion of being E-unitary per se, but more often we 
are interested in E-unitary inverse monoids, which relate to semidirect products via a 
key result of O’Carroll, given as Theorem 2.10 below.

Definition 2.9. (Semidirect product) Let S be a monoid acting on the left of a monoid 
semilattice (Y,∧) by monoid morphisms. Then the semidirect product Y ⋊S := Y ×S is 
a monoid under (y, s)(z, t) = (y∧ sz, st) with identity (1Y , 1S). In the case where S = G

is a group acting by monoid morphisms, note that Y ⋊ G is an inverse monoid with 
(y, g)−1 = (g−1y, g−1), (y, g)(y, g)−1 = (y, 1G), (y, g)−1(y, g) = (g−1y, 1G) and with set 
of idempotents E = {(y, 1G) : y ∈ Y }.

Theorem 2.10. [19] An inverse monoid M is E-unitary if and only if it there is an 
injective morphism of inverse semigroups from M into an inverse semigroup arising as 
a semidirect product Y ⋊ G, where Y is a semilattice with identity and G is a group 
acting by monoid morphisms.

Definition 2.11. (Right annihilator congruences, the relations ℒ∗ and ℛ∗, right abun
dance) For a ∈ S and a right congruence ρ on S, let

r(aρ) := {(u, v) ∈ S × S : au ρ av}.

It is straightforward to check that r(aρ) is a right congruence; we call this the right 
annihilator congruence of a with respect to ρ. In the case where ρ is equality, we will 
simply write r(a) and refer to this as the right annihilator congruence of a. We denote 
by ℒ∗ the equivalence relation on S defined (for all a, b ∈ S) by a ℒ∗ b if r(a) = r(b). 
The relation ℒ∗ is an extension of Green’s ℒ-relation, in the sense that ℒ ⊆ ℒ∗, and is 
a right congruence. We say that S is right abundant if every ℒ∗-class of S contains an 
idempotent. If e ∈ S is idempotent, then (e, 1) ∈ r(e) and hence ae = a for all a ∈ S

with a ℒ∗ e. Moreover, it is easy to see that r(e) = ⟨(1, e)⟩. The dual of ℒ∗ is denoted 
by ℛ∗.

If the set of idempotents E(S) of any monoid S is a semilattice, then (as for ℒ) it is 
not hard to see that each ℒ∗-class contains at most one idempotent.

We present the first of several extensions of the class of inverse monoids. In each case, 
we retain a semilattice of idempotents, but weaken the condition of regularity.
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Definition 2.12. (Right ample monoids) A monoid S is said to be right ample if the 
idempotents form a semilattice, for each a ∈ S the ℒ∗-class of a contains a unique 
idempotent a∗ and the right ample identity ea = a(ea)∗ holds for all a ∈ S and e ∈ E(S). 
Dually, S is said to be left ample if the idempotents form a semilattice, for each a ∈ S the 
ℛ∗-class of a contains a unique idempotent a+ and the left ample identity ae = (ae)+a
holds for all a ∈ S and all e ∈ E(S). A semigroup is ample if it is both left and right 
ample.

Right ample monoids may also be defined as quasi-varieties of unary monoids (that 
is, monoids equipped with an additional basic unary operation) and dually for left ample 
monoids. Similarly ample monoids may be defined as quasi-varieties of bi-unary monoids 
(that is, monoids equipped with two additional basic unary operations). In this article 
it is convenient to treat right (left, two-sided) ample monoids as monoids.

If S is inverse, then S is ample with ℛ = ℛ∗, ℒ = ℒ∗, a∗ = a−1a and a+ = aa−1.

2.3. Necessary and sufficient conditions for (weak) right coherency

In this subsection we focus on stating results for (weak) right coherence. In each case 
there is a corresponding left-right dual result for (weak) left coherence.

Theorem 2.13. [7, Corollary 3.4] Let S be a monoid. The following are equivalent:

(1) S is right coherent;
(2) for any finitely generated right congruence ρ on S and any elements a, b ∈ S:

(i) the subact (aρ)S ∩ (bρ)S of the right S-act S/ρ is finitely generated;
(ii) r(aρ) is a finitely generated right congruence on S.

In the case where S is regular, there is a sufficient condition for right coherency, 
phrased simply in terms of the right ideal structure of S. For a right ideal I of S, ρ a 
right congruence on S and x ∈ I, let us write Iρ := {s ∈ S : s ρ a for some a ∈ I} and 
[I, x] := {s ∈ S : xs ∈ I}; it is easy to see that these are also right ideals of S.

Proposition 2.14. [5, Theorem 3.2] Let S be a regular monoid. If for every finitely gen
erated right congruence ρ and all a, b, x, y ∈ S the right ideals (aS)ρ ∩ (bS)ρ and 
[aS, x] ∩ [bS, y] are finitely generated, then S is right coherent.

Theorem 2.15. [7, Corollary 3.3] Let S be a monoid. The following are equivalent:

(1) S is weakly right coherent;
(2) for all a, b ∈ S:

(i) aS ∩ bS is finitely generated;
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(ii) r(a) is a finitely generated right congruence on S.

It will be convenient to have some terminology corresponding to the conditions of the 
previous theorem.

Definition 2.16. (Right ideal Howson and finitely right equated monoids) A monoid with 
the property that the intersection of any two principal (or equivalently two finitely gen
erated) right ideals is finitely generated is said to be right ideal Howson. A monoid S
with the property that each right annihilator congruence of the form r(a) where a ∈ S

is finitely generated is said to be finitely right equated.

We note that the term ‘finitely (right) aligned’ used elsewhere in the literature coin
cides with the property of being right ideal Howson for monoids. (Right ideal Howson 
semigroups need not be finitely aligned, however [3].)

For regular monoids, each right annihilator r(a) is generated by (1, ba), where b is any 
inverse of a, and so the notions of weak right coherence and right ideal Howson coincide.

Proposition 2.17. [2, Corollary 3.3] Let S be a regular monoid. Then S is weakly right 
coherent if and only if aS ∩ bS is finitely generated for all a, b ∈ S.

Remark 2.18. Note that Proposition 2.17 in particular gives that every inverse monoid 
S is both weakly right coherent, since aS ∩ bS = aa−1bb−1S, and dually weakly left 
coherent. More generally, if S possesses an involution ◦ satisfying (ab)◦ = b◦a◦, then S
is (weakly) right coherent if and only if S is (weakly) left coherent.

In a similar vein, using Theorem 2.13 ([7, Corollary 3.4]) we have the following:

Proposition 2.19. [7, Lemma 3.5] Let S be a right abundant monoid. Then S is finitely 
right equated. Consequently, S is weakly right coherent if and only if S is right ideal 
Howson.

Another useful technique is that coherence behaves well with respect to retraction. 
Recall that a submonoid S of a monoid M is a retract of M if there exists a surjective 
monoid homomorphism φ : M → S such that φ2 = φ.

Theorem 2.20. [6, Corollary 3.5, Corollary 4.12, Theorem 5.5] and [9, Theorem 6.2] The 
class of right ideal Howson (finitely right equated, weakly right coherent, right coherent) 
monoids is closed under retract.

3. Forbidden configurations

Other than the result concerning retracts mentioned above, there is not a particularly 
‘neat’ relationship between coherency and more general submonoids. Clearly, every non
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coherent monoid will contain coherent submonoids (e.g. the trivial submonoid {1} is 
finite and so, in particular, coherent). On the other hand, a coherent monoid can contain 
non-coherent submonoids (e.g. if |X| ≥ 3, then it has been shown in [5, Example 6.2] 
that the monoid formed as the direct product of two copies of the free monoid over X, 
that is, X∗×X∗, is not coherent, however, this monoid clearly embeds into a group, and 
by [7] all groups are coherent as monoids). Nevertheless, it can be shown that certain 
configurations of elements are a barrier to left (or right) coherence. The development of 
such configurations was initiated in [2].

Throughout the paper we use the following notations and definitions.

Definition 3.1. (Special annihilators) Let S be a monoid and a, b ∈ S and let la (and 
ra) denote the left (and respectively right) congruence on S generated by the pair (a, 1). 
Consider the left congruence

λa,b = l(bla) = {(u, v) ∈ S × S : ub la vb}

and dually the right congruence

ρa,b = r(bra) = {(u, v) ∈ S × S : bu ra bv}.

These congruences are particularly nice to work with, due to the following:

Lemma 3.2. (See for example [9, Lemma 7.1 and Lemma 7.2] and [2, Lemma 3.1].) 
In the notation above, we have

la = {(u, v) : uam = van, for some m,n ≥ 0},
λa,b = {(u, v) : ubam = vban, for some m,n ≥ 0}.

It follows immediately from Theorem 2.13 that if there exist a, b ∈ S such that λa,b is 
not finitely generated, then we may conclude that S is not left coherent. The following 
observation demonstrates a certain ‘forbidden configuration’ of elements for left coherent 
monoids.

Lemma 3.3. Let M be a monoid containing elements a and b such that

(1) for all u, v ∈ M , if uban = vbam holds for some m,n ≥ 0 then uban = vban also 
holds;

(2) for each i ≥ 1 there exist ui, vi ∈ M such that uiba
i = viba

i, but uiba
i−1 ̸= viba

i−1.

Then M is not left coherent.

Proof. With la and λa,b defined as above, by Lemma 3.2 and condition (1) we have that

λa,b = {(u, v) ∈ M ×M : uban = vbam, for some m,n ≥ 0},
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= {(u, v) : ubai = vbai, for some i ≥ 0},
=

⋃︂
i≥0

λi where λi = {(u, v) : ubai = vbai}.

Clearly λi = l(bai) is a left congruence and λi−1 ⊆ λi for all i ≥ 1. By condition (2) we 
see that (ui, vi) ∈ λi \ λi−1, and then Lemma 2.3 (1) gives that the congruence λa,b on 
M is not finitely generated. □

Recall that for a non-empty set X and R a relation on X∗, the monoid presentation 
⟨X | R⟩ defines the quotient monoid X∗/R#, where R# denotes the two-sided congruence 
generated by R. If X and R are countable sets, say X = {x0, x1, x2, . . .} and R =
{(u1, v1), (u2, v2), . . .}, it is customary to write simply ⟨xi, i ≥ 0 | ui = vi, i ≥ 0⟩.

Example 3.4. Consider the monoid M with presentation

M = ⟨a, b, ui, vi, i ≥ 0 | uiba
i = viba

i, i ≥ 0⟩.

Suppose that uban = vbam for some u, v ∈ M ; as all the relations preserve the number 
of a’s following the last b in a word, it follows that m = n. Then it is easy to see that 
uiba

i−1 ̸= viba
i−1 for all i ≥ 0 and so M is not left coherent. Along the same lines,

N = ⟨a, b, c, d, ui, vi, si, ti, i ≥ 0 | uiba
i = viba

i, cidsi = cidti, i ≥ 0⟩

is neither left nor right coherent.

The approach of looking for forbidden configurations was introduced in [2] to prove 
the following result, which transpires to have many applications.

Theorem 3.5. [2, Theorem 4.3] Let S be a monoid, and suppose that g, h, e ∈ S are 
elements satisfying all the following conditions.

(0) e2 = e, gh = hg, ghg = g, hgh = h.
(1) hge = e = ehg.
(2) For all n > 0, egnehn = gnehne and ehnegn = hnegne.
(3) (i) For all m,n > 0, gmehm ̸= gmehmhnegn ̸= hnegn.

(ii) For all m ̸= n ≥ 0, gmehm ̸= gmehmgnehn and hmegm ̸= hmegmhnegn.
(4) (i) For all 0 < k < n, egnehn ̸= egnehngkehk.

(ii) For all 0 < k ≤ n, egnehn ̸= egnehnhkegk.

Then S is neither right nor left coherent.

In [2] it is shown that if S is any monoid satisfying the conditions of Theorem 3.5, 
then taking a = g and b = e will yield that λa,b and ρa,b are not finitely generated. 
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Any monoid satisfying the conditions of Theorem 3.5 must be a quotient of a special 
semidirect product, as we shall now explain.

Definition 3.6. (Special semidirect products) Let M be a monoid and denote by 𝒫(M)
the power set of M viewed as a monoid (indeed, a semilattice), with identity ∅, with 
respect to the operation of union. It is clear that M acts by monoid morphisms on the 
left of 𝒫(M) via (m,X) ↦→ mX = {mx : x ∈ X} for all X ∈ 𝒫(M) and all m ∈ M . 
The semidirect product 𝒫(M)⋊M with respect to this action is then the monoid whose 
elements lie in 𝒫(M) × M , with product given by (X,x)(Y, y) = (X ∪ xY, xy), and 
with identity element (∅, 1), where 1 is the identity element of M . Writing 𝒫fin(M) to 
denote the subset of 𝒫(M) whose elements are finite subsets of M , it is then easy to see 
that 𝒫fin(M) ⋊ M is a submonoid of 𝒫(M) ⋊ M . Throughout the paper we will write 
𝒮(M) = 𝒫(M)⋊M and 𝒮fin(M) = 𝒫fin(M)⋊M and refer to them as special semidirect 
products.

We will see that special semidirect products form a very broad class of monoids. In 
the case where M is a group, 𝒮(M) is inverse, and such monoids contain many important 
E-unitary inverse monoids.

Remark 3.7. Let P (g, h, e) be the semigroup considered in [2] with presentation 
P (g, h, e) := ⟨g, h, e | R⟩ where R is the set of relations given by conditions (0), (1) 
and (2) of Theorem 3.5. As remarked in [2], the monoid P (g, h, e) is isomorphic to the 
semidirect product 𝒮fin(ℤ) with the integers here considered as a group under addition. 
We now complete the argument, following on from [2, Proposition 4.1]. From the relations 
in conditions (0) and (1) one sees that: P (g, h, e) is a monoid with identity element gh; 
and g lies in the group of units of P (g, h, e) with inverse h. Writing g−1 = h and g0 = gh

each element of P (g, h, e) is then equal to a product of the form gk1egk2e · · · gkn−1egkn

where n ≥ 1, and k1, . . . , kn ∈ ℤ. The elements of the form gjeg−j where j ∈ ℤ are all 
distinct pairwise commuting (using relations from (2)) idempotents. For each finite sub
set J of the integers, let us denote by eJ the product (in any order) of the idempotents 
gjeg−j for all j ∈ J (where if J = ∅, we set eJ = g0). Distinct subsets of ℤ yield distinct 
idempotents. It is readily verified that each γ ∈ P (g, h, e) can be uniquely rewritten as 
γ = eJg

k for some finite subset J of the integers and some integer k. The product of two 
such elements eJ1g

k1 and eJ2g
k2 (where J1, J2 are finite subsets of ℤ and k1, k2 ∈ ℤ) can 

be expressed as follows:

eJ1g
k1eJ2g

k2 = eJ1∪(k1+J2)g
k1+k2 . (3.1)

To see this: note that for all integers s, k we have

gk(gseg−s) = (gk+seg−s)gk−k = (gk+seg−(k+s))gk.
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Thus the gk1 in the middle of the left-hand side of (3.1) can be pushed past each idem
potent gseg−s to the right of it at the expense of adding k1 to the exponent s. The 
formula (3.1) then follows by induction. Due to the uniqueness of expression of ele
ments of P (g, h, e) in the form eJgk, it is then clear that there is a well-defined map 
Ψ : P (g, h, e) → 𝒮fin(ℤ) given by Ψ(eJgk) = (J, k) and moreover, it follows easily from 
equation (3.1) that this is a monoid isomorphism. Notice that under this map we have 
gΨ = (∅, 1), hΨ = (∅,−1) and eΨ = ({0}, 0), respectively. It then follows from [2, Propo
sition 4.2], that g = (∅, 1), h = (∅,−1), e = ({0}, 0) are elements of 𝒮(ℤ) satisfying the 
conditions of [2, Theorem 4.3], and hence taking α = g and β = e yields that λα,β and 
ρα,β are not finitely generated.

With this point of view in mind, we give the following rephrasing of Theorem 3.5:

Corollary 3.8. Let M be a monoid containing a subgroup {xk : k ∈ ℤ} isomorphic to ℤ. 
Suppose that ρ is a congruence on 𝒮(M) satisfying the following conditions.

(1) For all m,n ∈ ℤ with m ̸= n, the pair ({xm}, x0) is not ρ-related to ({xn}, x0).
(2) For all m,n > 0, the pair ({xm, x−n}, x0) is not ρ related to ({xm}, x0) or 

({x−n}, x0).
(3) For all m ̸= n ≥ 0, the pair ({xm, xn}, x0) is not ρ related to ({xm}, x0) and the 

pair ({x−m, x−n}, x0) is not ρ related to ({x−m}, x0).
(4) For all 0 < k < n, the pair ({x0, xn}, x0) is not ρ related to ({xk}, x0) or to 

({x0, xk, xn}, x0).
(5) For all 0 < k ≤ n, the pair ({x0, xn}, x0) is not related to ({x−k}, x0) or to 

({x−k, x0, xn}, x0).

Then any monoid S containing the quotient Q = 𝒮(M)/ρ as a subsemigroup is not right 
or left coherent.

Proof. We have observed, in different notation that g = (∅, x), h = (∅, x−1) and e =
({x0}, x0) are elements of 𝒮(M) satisfying the conditions of Theorem 3.5. Now if ρ
satisfies conditions (1) and (2) above, then the corresponding inequalities of condition 
(3)(i) of the Theorem will still hold in the quotient Q. Likewise, conditions (3), (4) and 
(5) will ensure that conditions (3)(ii), (4)(i) and (4)(ii) also hold in Q. □
Example 3.9. For a group G and a natural number n ≥ 1 let

Qn(G) = {(X,x) : X ⊆ G, |X| < n or X = G, x ∈ G},

with product

(X,x)(Y, y) =
{︄

(X ∪ xY, xy) if |X ∪ xY | < n

(G, xy) else.
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Notice that Qn(G) is the quotient of 𝒮(G) by the congruence ρn defined by (X,x) ρn (Y, y)
if and only if x = y and either (i) X = Y or (ii) |X| ≥ n and |Y | ≥ n. It is clear that each 
such monoid is inverse; if (X,x) ∈ Qn(G), then (x−1X,x−1) ∈ Qn(G) is the unique gen
eralised inverse of (X,x). Then by Remark 2.18 we have that Qn(G) is weakly coherent. 
For n = 1 it is easy to see that monoid Q1(G) = {(∅, x), (G, x) : x ∈ G} is isomorphic 
to the direct product 𝒫({1}) × G and has the property that each right ideal is finitely 
generated, and so it follows from [5, Corollary 3.3] together with the fact that Q1(G) is 
inverse that Q1(G) is coherent. On the other hand, if G is infinite then for each n ≥ 2
the monoid Qn(G) contains nonfinitely generated right ideals (e.g. for any subset X of 
G, the right ideal generated by the elements {({x}, 1) : x ∈ X} has no fewer than |X|
generators). Moreover, if G contains an element of infinite order, then by Corollary 3.8
any monoid containing Qn(G) as a subsemigroup for some n ≥ 3 is neither left or right 
coherent.

In [2, Proposition 4.1 and Proposition 4.2], it is observed that the maps g : x ↦→ x+ 1
for all x ∈ ℤ, h : x ↦→ x − 1 for all x ∈ ℤ, and e : x ↦→ x for all x ̸= 0 are elements 
of the symmetric inverse monoid ℐℤ satisfying the conditions of Theorem 3.5. Thus 
ℐℤ, or indeed, any monoid containing as a subsemigroup a monoid isomorphic to the 
submonoid generated by these three maps, such as: the full transformation monoid 𝒯X , 
partial transformation monoid 𝒫𝒯 X , symmetric inverse monoid ℐX , or partition monoid 
𝒫X on any infinite set X [2, Theorem 5.1] will be neither left nor right coherent. Notice 
that since g, h, e are order preserving and injective, it also follows that the monoid of 
order preserving injective partial transformations on ℤ is neither left nor right coherent. 
Similarly, the triple g : x ↦→ x+1 for all x ∈ ℤ, h : x ↦→ x−1 for all x ∈ ℤ, and e : x ↦→ x

for all x ̸= 0 and e : 0 ↦→ 1 is easily seen to satisfy the conditions of the theorem, hence 
showing that the monoid of all order preserving (full) transformations on ℤ is neither 
left nor right coherent.

In separate work [9], the free inverse monoid, free ample monoid, and free left ample 
monoid on at least two generators have each been shown not to be left coherent (with 
the free inverse monoid and free ample monoid also not right coherent). The technical 
details of these proofs are overall quite different to those from [2]. A careful analysis of 
the proof reveals it hinges on elements with certain particular properties; one of our aims 
subsequently is to extract such properties to develop a forbidden configuration. Moreover, 
elements of special semidirect products 𝒮(G) for a group G also make an appearance. 
Indeed, let FX be the free group on a set X with identity element 1 and recall from [20] 
that one can view the free inverse monoid FI(X), the free ample monoid FA(X), and the 
free left ample monoid FLA(X) on X as monoid subsemigroups of 𝒮fin(FX) as follows:

FI(X) := {(A, a) : A ∈ 𝒫fin(FX) is non-empty and prefix closed, a ∈ A},

FA(X) := {(A, a) ∈ FI(X) : a ∈ X∗} ⊆ FI(X),

FLA(X) := {(A, a) ∈ FI(X) : A ⊆ X∗} ⊆ FA(X).
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Notice that elements (A, a) of each of these monoids satisfy: (i) the set A is non-empty 
and prefix closed, and (ii) a ∈ A, and so these subsemigroups do not contain the identity 
element (∅, 1) of 𝒮fin(FX) and moreover we are also immediately prevented from working 
with special annihilators using the elements (∅, x) and ({1}, 1), as we do in Remark 3.7. 
The proof given in [9] instead proceeds by taking the elements ({1, x}, x) and ({1, y}, y), 
where x, y are distinct elements of X, and relies heavily on the fact that every element 
(A, a) of the monoids in question has the property that A is prefix-closed and contains a.

The results discussed above cover the large majority of known examples of non
coherent monoids.

4. Forbidden configurations in right E-Ehresmann monoids

Right E-Ehresmann monoids form a broad class of monoids including several well
known classes we have mentioned above, such as inverse monoids. In this section we 
consider forbidden configurations for coherency in such monoids, arriving at a result 
with wide applicability. We give a brief introduction to Ehresmann monoids below; for 
more information, we refer the reader to [16,1].

Definition 4.1. (The relations ≤ ˜︁ℒE
, ≤ ˜︁ℛE

, ˜︁ℒE and ˜︁ℛE) Let S be a monoid and let E be 
a subset of E(S). We recall that ≤ ˜︁ℒE

denotes the pre-order on S defined by the rule 
that for all a, b ∈ S we have that

a ≤ ˜︁ℒE
b if and only if {e ∈ E : be = b} ⊆ {e ∈ E : ae = a}.

The associated equivalence relation is denoted by ˜︁ℒE. Thus, a ˜︁ℒE b if and only if a and 
b have the same right identities from E. The relations ≤ ˜︁ℛE

and ˜︁ℛE are defined dually.

The relation ˜︁ℒE is a generalisation of both Green’s ℒ-relation and the relation ℒ∗. 
Indeed, we have that ℒ ⊆ ℒ∗ ⊆ ˜︁ℒE , and if S is regular we have ℒ = ˜︁ℒE(S). In general, 
however, unlike the relations ℒ and ℒ∗, the relation ˜︁ℒE need not be a right congruence. 
In the case where E is a semilattice it is however easy to see that each ˜︁ℒE-class contains 
at most one idempotent of E.

Definition 4.2. (Right E-Ehresmann) Let E ⊆ E(S) be a semilattice. We say that S is 
right E-Ehresmann if every ˜︁ℒE-class of S contains exactly one element of E and ℒ̃E is 
a right congruence. In the case where E = E(S) we abbreviate right E-Ehresmann to 
right Ehresmann. We denote by a∗ the idempotent of E in the ˜︁ℒE-class of a. (Dually, 
in a left E-Ehresmann monoid, we denote by a+ the idempotent of E in the ˜︁ℛE-class 
of a.)

If E(S) is a semilattice, then since each ˜︁ℒE(S)-class contains at most one idempotent 
and ℒ ⊆ ℒ∗ ⊆ ˜︁ℒE(S), it immediately follows that if S is inverse or right ample, then S
is right Ehresmann. In the case where S is inverse, a+ = aa−1 and a∗ = a−1a.



156 V. Gould, M. Johnson / Journal of Algebra 709 (2027) 142--189 

There is another approach to right E-Ehresmann monoids that we should mention, 
which corresponds to an earlier remark made in the context of right ample monoids. In 
a right E-Ehresmann monoid there is a unary operation determined by a ↦→ a∗. Right 
E-Ehresmann monoids then form a variety of unary monoids. If regarded in this way we 
may refer to E as the semilattice of projections. The present approach, regarding right 
E-Ehresmann monoids as plain monoids rather than unary monoids, is the most useful 
for potential applications.

Our first main result, Theorem 4.3, gives an obstruction to left coherence for certain 
monoid subsemigroups of a right E-Ehresmann monoid F . Whilst the conditions of this 
theorem are technical, we shall see (in this and subsequent sections) that there are 
many natural circumstances in which they are satisfied, and in which they simplify. This 
includes in particular the case where F is taken to be a free inverse monoid. Our result 
can be applied to some interesting submonoids of the free inverse monoid, in particular, 
recovering the negative results from [9, Theorem 7.5].

Theorem 4.3. Let F be a right E-Ehresmann monoid and let M be a monoid subsemi
group of F such that:

(1) there exists a unary operation t ↦→ t+ ∈ E on F such that if e = tx = e2 ∈ E, where 
t, x ∈ M then e = t+x∗;

(2) if tx ∈ E and xw = yw where t, x, y, w ∈ M , then ty ∈ E;
(3) there exist elements a, b ∈ M such that

(i) b, ba, ba2, . . . are all pairwise incomparable under the ≤ ˜︁ℒE
-order of F ,

(ii) for each i ≥ 0, we have M ∩ (Ei+1 \Ei) ̸= ∅ where Ei := {f ∈ E : fbai = bai},
(iii) for each i ≥ 0 and x, y ∈ M , if xbai = ybai and x∗bai = bai, then y∗bai = bai.

Then M is not left coherent.

Proof. Let la be the left congruence on M generated by (1, a), where 1 is the identity of 
M , and consider the left congruence λa,b = l(bla) on M . By Lemma 3.2 we know that

u λa,b v ⇔ ubai = vbaj

for some i, j ≥ 0. It follows that 1 λa,b e for all e ∈ M ∩
⋃︁

i≥0 Ei. For each x ∈ F let 
d(x) be defined as follows: if x∗ ∈

⋃︁
i≥0 Ei, set d(x) = min{k : x∗ ∈ Ek}, and d(x) = −1

otherwise. Suppose for contradiction that X ⊆ M ×M is a finite symmetric generating 
set for λa,b (symmetric here meaning that (x, y) ∈ X if and only if (y, x) ∈ X). Since X
is finite, there exists i ∈ ℕ such that i > d(x) holds for all (x, y) ∈ X. For the remainder 
of the proof we fix such a natural number i ≥ 1.

For any e ∈ M ∩ Ei ⊆ E, we have observed that e λa,b 1 and there is therefore an X
sequence from e to 1 and by condition (3)(ii), M∩(Ei\Ei−1) ̸= ∅. Let e ∈ M∩(Ei\Ei−1)
be such that there is an X-sequence of length ℓ from e to 1,
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e = t1x1, t1y1 = t2x2, . . . , tℓyℓ = 1

whilst for each element e′ of M ∩ (Ei \ Ei−1) there is no X-sequence of length strictly 
less than ℓ from e′ to 1.

Since e is an idempotent in M and e = t1x1 where t1, x1 ∈ M , it follows from (1) that

e = t+1 x
∗
1 (4.1)

giving e = t+1 e and (using the fact that idempotents of E commute) e = x∗
1e. Since 

e ∈ Ei it is easy to see that t+1 , x∗
1 ∈ Ei also. Since (x1, y1) ∈ X, by our choice of i we 

have i > d(x1), giving x∗
1 ∈ Ei−1. But then, since Ei−1 is a semigroup and e ̸∈ Ei−1, it 

follows from (4.1) that t+1 ∈ Ei \ Ei−1. Now, since (x1, y1) ∈ X we also have

x1ba
m = y1ba

n (4.2)

for some m,n ≥ 0 and (by right multiplying by a as necessary) we may assume that 
both m and n are greater than i. By our assumptions on i,m and n we note that 
x∗

1 ∈ Ei−1 ⊆ Em. Since F is right Ehresmann we have x ˜︁ℒE x∗, and as ˜︁ℒE is a right 
congruence we deduce

y1ba
n = x1ba

m ˜︁ℒE x∗
1ba

m = bam.

It follows that bam ≤ ˜︁ℒE
ban and hence m = n, by condition (3)(i). Thus by condition 

(2) we have that t1y1 ∈ E, whilst by (3)(iii), y∗1ban = ban.
But then, as t1, y1 ∈ M , condition (1) gives t1y1 = t+1 y

∗
1 , where (by our previous 

observations) t+1 ∈ Ei \ Ei−1 and y∗1 ∈ Ei−1, and so we find that t1y1 ∈ Ei \ Ei−1. But, 
since t1, y1 ∈ M , this contradicts the choice of e having X-sequence to 1 of shortest 
length amongst all elements of M ∩ (Ei \Ei−1). Thus λa,b is not finitely generated, and 
M is not left coherent. □

We state below for future convenience the left-right dual to Theorem 4.3.

Theorem 4.4. Let F be a left E-Ehresmann monoid and let M be a monoid subsemigroup 
of F such that:

(1) there exists a unary operation t ↦→ t∗ ∈ E on F such that if e = xt = e2 ∈ E, where 
x, t ∈ M then e = x+t∗;

(2) if xt ∈ E and wx = wy where t, x, y, w ∈ M , then yt ∈ E;
(3) there exist elements a, b ∈ M such that

(i) b, ab, a2b, . . . are all pairwise incomparable under the ≤ ˜︁ℛE
-order of F ;

(ii) for each i ≥ 0, M ∩ (Ei+1 \ Ei) ̸= ∅ where Ei := {f ∈ E : aibf = aib};
(iii) for each i ≥ 0 and x, y ∈ M , if aibx = aiby and aibx+ = aib, then aiby+ = aib.
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Then M is not right coherent.

Remark 4.5. We have not said so explicitly, but if F is a (two-sided) Ehresmann semi
group with respect to E, then a natural choice for t+ in Theorem 4.3 is the idempotent 
in the ˜︁ℛE-class of t; likewise, a natural choice for x∗ in Theorem 4.4 is the idempotent 
in the ˜︁ℒE-class of x. In all applications of Theorem 4.3 (respectively of Theorem 4.4) 
in this paper we will assume that we are taking this natural choice of t+ (respectively, 
x∗). However, we caution that, with respect to this choice, condition (1) need not hold 
in an arbitrary Ehresmann (or even inverse) monoid, as may be seen by considering a 
symmetric inverse monoid on a non-trivial set.

On the positive side, we now consider some natural circumstances in which the indi
vidual conditions of the Theorem 4.3 hold.

Lemma 4.6. Condition (1) of Theorem 4.3 (and Theorem 4.4) holds for any monoid 
subsemigroup M of F = Y ⋊G, where Y is a monoid semilattice and G is a group.

Proof. It suffices to prove the statement in the case where M = F . If (e, 1G) =
(t, gt)(x, gx), then e = t ∧ gtx and g−1

x = gt, so (t, gt)+(x, gx)∗ = (t, 1G)(g−1
x x, 1G) =

(t ∧ gtx, 1G) = (e, 1G), as required. □
That conditions (2) and (3)(iii) also hold for any submonoid M of an inverse sub

semigroup F of the semidirect product Y ⋊G follows from Lemma 4.9 below. To see this 
we first introduce some further terminology.

Definition 4.7. (Left E-adequate monoid) We say that S is left E-adequate if E is a 
semilattice of idempotents and each ℛ∗-class of S contains a (necessarily, unique) idem
potent of E; we denote the idempotent in the ℛ∗-class of a by a+. Equivalently, S is left 
E-adequate if it is left E-Ehresmann and ℛ∗ = ˜︁ℛE . In the case where E = E(S) we 
abbreviate right E-adequate to left adequate.

Recall from Section 2 that F is said to be left abundant if every ℛ∗-class of F contains 
an idempotent; left adequacy is therefore a strengthening of this condition.

Remark 4.8. The ample identity has a strong influence on the structure of a semigroup, 
allowing idempotents to move to one side of a product. From the above if S is left 
ample, then it is left adequate, and also left E-adequate monoids are left E-Ehresmann. 
However, left E-Ehresmann semigroups and in particular left adequate semigroups do 
not, in general, satisfy the ample identity.

Lemma 4.9. Let F be a right E-Ehresmann, left E-adequate monoid and M a monoid 
subsemigroup of F .
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(1) If E is a right unitary subset, then condition (2) of Theorem 4.3 holds.
(2) If F is E-adequate, then condition (3)(iii) of Theorem 4.3 holds.

Proof. (1) Let e, t, x, y, w ∈ F be such that e = tx = e2 ∈ E and xw = yw. Since F
is left E-adequate we have xw+ = yw+ giving that ew+ = txw+ = tyw+ and it 
follows from unitariness that ty ∈ E also.

(2) For any x, y, w ∈ F with xw = yw and x∗w = w, we have xw+ = yw+. Using 
the fact that x ℒ∗ x∗, y ℒ∗ y∗ and ℒ∗ is a right congruence gives x∗w+ ℒ∗ xw+ =
yw+ ℒ∗ y∗w+. Since each ℒ∗-class contains a unique idempotent, we must then have 
x∗w+ = y∗w+. Since a+a = a for all a ∈ F we now deduce w = x∗w = x∗w+w =
y∗w+w = y∗w. □

From Theorems 2.10 and 4.3, and Lemmas 4.6 and 4.9, we can now deduce the fol
lowing.

Corollary 4.10. Let M be a monoid subsemigroup of an E-unitary inverse monoid F
(equivalently, of any semidirect product Y ⋊G where Y is a monoid semilattice and G a 
group). Then M satisfies conditions (1), (2) and (3)(iii) of Theorem 4.3. 
Consequently, if M contains elements a, b ∈ M and ei ∈ E(M) for i ≥ 1 satisfying:

(i) b, ba, ba2, . . . are all pairwise incomparable under the ≤ℒ-order of F ,
(ii) for each i ≥ 1, eibai = bai and eibai−1 ̸= bai−1,

then M is not left coherent.

As another consequence of Theorem 4.3 and Lemma 4.9 we have the following.

Corollary 4.11. Let F be an E-adequate monoid where E ⊆ E(F ) is a right unitary 
subset, and let M be a submonoid of F such that:

(1) if e = tx = e2 ∈ E, where t, x ∈ M then e = t+x∗;
(2) there exist elements a, b ∈ M such that

(i) b, ba, ba2, . . . are all pairwise incomparable under the ≤ ˜︁ℒE
-order of F ,

(ii) for each i ≥ 0, we have M ∩ (Ei+1 \Ei) ̸= ∅ where Ei := {f ∈ E : fbai = bai},

Then M is not left coherent.

We will give an application of Corollary 4.11 in the next section. We conclude this 
section by applying Corollary 4.10 to E-unitary monoids of the form 𝒮(G) and to 
Margolis-Meakin expansions M(G,X) (defined below) under certain assumptions on 
the group G, recovering several results from the literature along the way.
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Example 4.12. Let G be a group containing an element x of infinite order, and let D(x) be 
the subsemigroup of 𝒮(G) generated by a = ({1, x2}, x2), b = ({x}, 1) and ei = ({x2i}, 1)
for i ≥ 1. The elements b, ba, ba2, . . . are ≤ℒ-incomparable in 𝒮(G) since (bai)∗ = (Pi, 1)
where P0 = {x} and for i ≥ 1, Pi = {x−2i+1} ∪ {x2(k−i) : 0 ≤ k ≤ i} are incomparable. 
The elements ei satisfy eibai = bai but eibai−1 ̸= bai−1. Thus, Corollary 4.10 applies to 
show that any monoid subsemigroup of 𝒮(G) containing D(x) is not left coherent.

Remark 4.13. Taking G as in the previous example and N a submonoid of G containing 
x, we find that the monoids 𝒮(N) and 𝒮fin(N) are not left coherent. This in particular 
recovers that fact proven in [2] that 𝒮fin(ℤ) is not left coherent. Of course the main result 
of [2] is much stronger: there any monoid containing 𝒮fin(ℤ) as a subsemigroup is shown 
to be neither left nor right coherent. Thus if M is any monoid containing a subgroup 
isomorphic to ℤ then it follows from [2] that 𝒮(M) is neither left nor right coherent. 
Example 4.12 allows us to show that 𝒮(N) is not left coherent in further situations, such 
as the case where N is a free monoid.

Since for any monoid M we have that M is a retract of 𝒮(M), it follows from [9, 
Theorem 6.2] (see Theorem 2.20 above) that if M is not right (respectively left) coherent, 
then neither is 𝒮(M). On the other hand, we have seen that coherence of M is not 
sufficient to guarantee coherence of 𝒮(M): if M is a free group or a free monoid, then M
is coherent but 𝒮(M) is not left coherent. It follows from the results of [2] that 𝒮(FX)
is not right coherent either. We show, by a slightly different method, using the left-right 
dual of Lemma 3.3, that 𝒮(X∗) is not right coherent.

Proposition 4.14. Let M be a monoid containing an element x such that the elements 
1, x, x2, . . . form a strictly descending chain in the ℛ-order on M . Then 𝒮(M) is not 
right coherent. In particular 𝒮(X∗) is not right coherent.

Proof. Let T be the subset of M containing all elements of the form xt where t is an 
odd triangular number ; that is

T = {xt : t = n(n + 1)
2 

where n ≡ 1, 2 mod 4}.

We show that the pair a = (T, x2) and b = ({1}, x) satisfies the conditions of the left
right dual of Lemma 3.3, and hence 𝒮(M) is not right coherent. For each m ≥ 0 let us 
write Tm =

⋃︁
0≤i<m x2iT , where ∅ = T0 ⊊ T1 = T ⊊ T2 ⊊ · · · are sets of odd powers of 

x, with amb = (Tm ∪ {x2m}, x2m+1). It is then clear that (U, u), (V, v) ∈ 𝒮(M) satisfy 
anb(U, u) = amb(V, v) for some m,n ≥ 0 if and only if x2n+1u = x2m+1v and

Tn ∪ {x2n} ∪ x2n+1U = Tm ∪ {x2m} ∪ x2m+1V. (4.3)

If (U, u) and (V, v) satisfy this condition, then it follows from (4.3) that m = n (if n < m, 
then by the assumption on x and the fact that Tm contains only odd powers of x we 
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see that x2n is contained in the left-hand set, but not the right-hand set, and dually if 
m < n), and so the first condition of the dual of Lemma 3.3 holds.

For the second condition, as the set of distances between the elements of T is un
bounded we have that the sets T0 ⊊ T1 ⊊ · · · of odd powers of x are such that for each 
fixed i ≥ 1 there exist (infinitely many) odd triangular numbers t such that xt−2 is not 
contained in Ti−1. In particular, writing ti to denote the ith odd triangular number, it 
is straightforward to check that the t2i+1 for i ≥ 1 satisfy xt2i+1 ∈ Ti, t2i+1 ≥ 2i+1+ t2i
and xt2i+1−2 ̸∈ Ti−1. Then, for ui = ({xt2i+1−2i−1}, 1) and vi = (∅, 1) we see (using (4.3)) 
that aibui = aibvi. However, since t2i+1 − 2 is odd (so in particular not equal to 2i− 2), 
and xt2i+1−2 is not contained in Ti−1, we have that

Ti−1 ∪ {x2(i−1)} ∪ x2(i−1)+1{xt2i+1−2i−1}

= Ti−1 ∪ {x2i−2} ∪ {xt2i+1−2} ̸= Ti−1 ∪ {x2i−2},

from which it follows (by using (4.3) once more) that ai−1bui ̸= ai−1bvi. Thus for all 
i ≥ 1 the elements ui = ({xt2i+1−2i−1}, 1), vi = (∅, 1) satisfy condition (2) of the dual of 
Lemma 3.3. Thus 𝒮(M) is not right coherent. □

There are many interesting monoid subsemigroups of semigroups 𝒮(G) where G is 
a group to which we cannot apply Example 4.12. Our next example is designed to be 
applied in some such situations, and recovers some known results.

Example 4.15. Let G be a group with g, h ∈ G where g has infinite order and h ̸∈ ⟨g⟩, and 
let D(g, h) be the subsemigroup of 𝒮(G) generated by a = ({1, g}, g), b = ({1, h}, h) and 
ei = ({1, h, hg, . . . , hgi}, 1) for i ≥ 1. The elements b, ba, ba2, . . . are ≤ℒ-incomparable in 
𝒮(G) since (bai)∗ = (Pi, 1) where Pi = {g−ih−1} ∪ {gk : −i ≤ k ≤ 0} are incomparable. 
The elements ei satisfy eibai = bai but eibai−1 ̸= bai−1. Thus, Corollary 4.10 applies to 
show that any monoid subsemigroup of 𝒮(G) containing D(g, h) is not left coherent.

Remark 4.16. Recalling that FI(X), FA(X) and FLA(X) can each be viewed as a sub
semigroup of 𝒮(FX), taking g and h to be distinct free generators of FX in Example 4.15
recovers the negative results of [9, Theorem 7.5], that is, each of these monoids is not 
left coherent for |X| ≥ 2.

Remark 4.17. For any group G, the expansion

Sz(G) := {(A, g) : 1, g ∈ A,A ⊆ G, |A| < ∞}

is an inverse monoid subsemigroup of 𝒮(G), with identity element ({1}, 1). This monoid 
is the Birget-Rhodes expansion of G considered by Szendrei in [21]. In the case where G
contains elements g, h where g has infinite order and h ̸∈ ⟨g⟩, it follows from Example 4.15
that Sz(G) is not left coherent. Since Sz(G) is inverse, neither is it right coherent.
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Another interesting class of E-unitary inverse monoids arises from the Margolis
Meakin expansion of groups; we give a brief definition and refer to [17] for any un
explained terminology.

Definition 4.18. (Margolis-Meakin expansion) Let G be a group with generating set X
and Cay(G,X) the (right) Cayley graph of G with respect to X, that is, the directed 
edge-labelled graph with set of vertices G and a labelled directed edge (h, x, hx) from h
to hx with label x for all h ∈ G and all x ∈ X. There is a natural left action of G on 
the set of edges of Cay(G,X) and this lifts to give an action by automorphisms on the 
monoid semilattice (Y,∪) of all finite subgraphs of Cay(G,X) where the identity element 
of (Y,∪) is the empty subgraph. By Theorem 2.10 the semidirect product Y ⋊ G is an 
inverse monoid. The Margolis-Meakin expansion of G is then the subsemigroup of Y ⋊G

given by:

M(G,X) := {(P, g) : P ∈ C, g ∈ VP },

where C ⊆ Y consists precisely of those finite subgraphs that are connected and contain 
1 as a vertex. It is not hard to see that M(G,X) is a monoid with identity element 
(1C , 1), where 1C denotes the graph with single vertex 1 and no edges, and moreover 
that M(G,X) is an inverse subsemigroup of Y ⋊ G. (In the case where G = FX is the 
free group on this generating set, M(G,X) is the free inverse monoid on X.)

Example 4.19. Let X be a generating set for G and suppose that x, y ∈ X generate a free 
submonoid of G. For each z ∈ {x, y}∗, denote by Pz the directed graph whose vertices 
and edges are precisely those encountered on the unique path {x, y}-labelled path from 
1 to z. Then, by taking a = (Px, x), b = (Py, y) and ei = (Pyxi , 1) it is easy to see that 
Corollary 4.10 can once again be applied in a similar manner to Example 4.15 to show 
that M(G,X) is not left coherent (and hence by duality not right coherent either).

5. Free Ehresmann monoids

In view of Remark 4.16 several natural questions now arise. First, can our results 
(Theorem 4.3, its corollaries, and their duals), be applied to determine non-(left/right) 
coherence of the free objects in the variety of (right/left/two-sided) Ehresmann monoids? 
Second, if any of these monoids are not left (respectively, right) coherent, do they satisfy 
any of the weaker conditions (e.g. weak left coherence, finitely left equated, left ideal 
Howson) discussed in Section 2? Coherence for free (left/right/two-sided) Ehresmann 
monoids will be the focus of the present section, and weak coherence will be considered 
in Section 6.

We shall apply Corollary 4.11 and its left-right dual to demonstrate that the free 
Ehresmann monoid of rank at least 2 is neither left nor right coherent. Moreover, we show 
that the free left Ehresmann monoid of rank at least 2 is not left coherent. We note that 
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the free objects in question, although considered here purely as monoids, are actually free 
algebras in varieties with augmented signature. Further, free (left) Ehresmann monoids 
coincide precisely with free (left) adequate monoids. We arrive at our results by using 
the structure of the free (left) Ehresmann monoid given in [13] and [14]. Specifically, we 
may view the free (left) Ehresmann monoid on a set X as the set of (isomorphism types 
of) pruned (left-Ehresmann) X-trees with respect to the pruned operations: we recap 
the main notions here.

Definition 5.1. (Pruned (left Ehresmann) trees and trunks) An X-tree is a tree T with 
directed edges labelled by elements of X, and with two distinguished vertices (the start 
vertex and the end vertex) such that there is a (possibly empty) directed path from the 
start vertex to the end vertex; this directed path is called the trunk of the tree (we will 
sometimes also refer to the element of X∗ labelling this path as the trunk). The graph 
with a single vertex marked as the start and end but with no edges is called the trivial 
X-tree, and is denoted by 1. A morphism between X-trees is a map taking edges to edges 
and vertices to vertices such that the orientation and label of each edge is preserved, and 
also the start and end vertex of the domain are mapped to the start vertex and end 
vertex of the co-domain. A retraction of a tree T is an idempotent morphism from T to 
itself; the image is a retract of T . A tree T is said to be pruned if it does not admit a 
(non-identity) retraction. An X-tree T is said to be left Ehresmann if for each vertex v
of T there is a directed path from the start vertex to v.

Remark 5.2. Notice that a morphism maps the trunk edges of its domain bijectively onto 
the trunk edges of its image, and hence also that every retraction fixes all trunk edges.

In what follows, we will write simply ‘tree’ in place of X-tree. Moreover, trees will 
be viewed up to isomorphism: the set of all isomorphism types of X-trees is denoted 
by UT1(X), the set of all isomorphism types of left Ehresmann X-trees is denoted by 
LUT1(X), the set of all isomorphism types of pruned X-trees is denoted by FE(X), 
and the set of all isomorphism types of pruned left Ehresmann X-trees is denoted by 
FLE(X).

Remark 5.3. (Branches and pruning) A ‘branch’ of T is a subgraph that contains no 
trunk edges and contains all the vertices and edges on the non-trunkward side of a fixed 
edge. For each T ∈ UT1(X) there is a unique up to isomorphism pruned tree T -- called 
the pruning of T-- that is a retraction of T . The ‘pruning’ process can be viewed as a 
process of pruning branches: if there is a branch of T which can be ‘retracted into’ (i.e. 
mapped by a retraction which fixes everything except the given branch) the rest of the 
tree, we can remove it, and moreover, repeating this process until no such branches exist 
will give T .

Definition 5.4. (Unpruned and pruned operations) Let S, T ∈ UT1(X). The unpruned 
product of S and T denoted by S × T is (the isomorphism type of) the tree obtained by 
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glueing together S and T by identifying the end vertex of S with the start vertex of T
and keeping all other vertices and all edges distinct. For each T ∈ UT1(X), T (+) is (the 
isomorphism type of) the tree with the same labelled graph and start vertex as T , but 
with end vertex equal to the start vertex of T , whilst T (∗) is (the isomorphism type of) 
the tree with the same labelled graph and end vertex as T , but with start vertex equal 
to the end vertex of T . For pruned trees S, T ∈ FE(X) there are corresponding pruned 
operations defined by ST = S × T , T+ = T (+) and T ∗ = T (∗).

We summarise some further key points from [13] and [14] concerning these definitions:

• unpruned multiplication is an associative binary operation on UT1(X) with identity 
element given by the tree with single vertex, making UT1(X) a bi-unary monoid with 
respect to the two unary operations T ↦→ T (+) and T ↦→ T (∗);

• pruned multiplication is an associative binary operation on FE(X) with identity el
ement given by the tree with single vertex, making FE(X) a bi-unary monoid, with 
respect to the unary operations T ↦→ T+ and T ↦→ T ∗, and the map T ↦→ T is a 
surjective morphism of bi-unary monoids;

• FE(X) is the free Ehresmann monoid on X, where each a ∈ X is identified with the 
tree with a single edge from start vertex to end vertex labelled by a;

• the relevant multiplication and ‘plus’ operations restrict to LUT1(X) and FLE(X), 
making them unary monoids, and moreover FLE(X) is the free left Ehresmann monoid 
on X;

• the idempotents of FE(X) and FLE(X) are precisely those pruned trees whose start 
and end vertices are equal.

We now state the main result of this section.

Theorem 5.5. Let |X| > 1. Then the free Ehresmann monoid FE(X) is neither left nor 
right coherent. The free left Ehresmann monoid FLE(X) is not left coherent.

Proof. Since FE(X) is also the free object in the quasi-variety of adequate monoids it is 
in particular adequate. Moreover, it is easy to see that the set of idempotents of FE(X)
is unitary. Thus, our aim is to apply Corollary 4.11 in the case where F is the free 
Ehresmann monoid FE(X) and M is either the free Ehresmann monoid FE(X) or the 
free left Ehresmann monoid FLE(X); that the latter may be viewed as a submonoid 
of FE(X) follows from [14, Theorem 3.18]. We show that conditions (1) and (2) of 
Corollary 4.11 hold.

If t, x, e are pruned X-trees such that tx = e = e2 in the free Ehresmann monoid it 
then follows that there is a morphism ϕ from the unpruned tree t× x to e. Notice that 
by construction every trunk edge of t is also a trunk edge of t × x, and likewise, every 
trunk edge of x is a trunk edge of t × x. Since any morphism of X-trees maps trunk 
edges of its domain bijectively onto the trunk edges of its image, we now see that t and 
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x have no trunk edges, in other words t and x are idempotent. But then t = t+ and 
x = x∗, giving that condition (1) of Corollary 4.11 holds when taking F to be the free 
Ehresmann monoid and M any submonoid of F .

Now, suppose X = {a, b, . . .} and identify the generator a with the pruned tree con
sisting of a single directed edge labelled by a, with start and end vertex marked to agree 
with the orientation of the edge, and likewise for b. It is clear that for any i ≥ 0 the 
pruned tree obtained from bai is a directed path labelled by the word bai, and by con
struction (bai)∗ is a right identity for bai. However, it is straightforward to check that 
for any j such that i ̸= j ≥ 0, (baj)∗ is not a right identity for bai, demonstrating that 
the elements b, ba, ba2, . . . are incomparable in the ≤ ˜︁ℒ-order of F . Thus (2)(i) holds for 
F = FE(X) = M . Similarly, for any i ≥ 0, (bai+1)+ is a left identity for bai+1, but not a 
left identity for bai, demonstrating that condition (2)(ii) also holds for F = FE(X) = M , 
and hence FE(X) is not left coherent. By similar reasoning, one finds that the left-right 
dual of Corollary 4.11 may be applied to demonstrate that FE(X) is not right coherent 
either.

Finally, we note that since each of the elements bai and (bai+1)+ for i ≥ 0 also lie 
in the free left Ehresmann monoid FLE(X), exactly the same argument applies to show 
that conditions (2)(i) and (2)(ii) hold for F = FE(X) and M = FLE(X), and hence the 
free left Ehresmann monoid FLE(X) is not left coherent either. □

The above result is a neat application of Corollary 4.11; a very natural question at 
this point is whether the result can be obtained by other means. We show next that 
this result cannot be obtained by a straightforward application of existing results from 
the literature concerning subsemigroups and retracts. First, note that [2, Theorem 4] 
(detailed above as Theorem 3.5) does not apply in this situation, since the elements 
g, h specified in the set-up of that theorem generate a group, whilst the free Ehresmann 
monoid (and the free left Ehresmann monoid) does not contain any non-trivial groups. 
Next, we note that the free left ample monoid (and hence also the free ample monoid) 
of any rank is not isomorphic to a submonoid of any free Ehresmann monoid (as we 
show below) and so in particular is not a retract of the free Ehresmann monoid. Thus 
Theorem 5.5 cannot be obtained from the existing negative results for left coherency 
of the free (left) ample monoid [9, Theorem 7.5] together with the fact that retraction 
respects coherency [9, Theorem 6.3].

Proposition 5.6. Let X and Y be arbitrary non-empty sets. The free left ample monoid 
FLA(X) does not embed into the free Ehresmann monoid FE(Y ).

We emphasise that we are regarding FLA(X) and FE(Y ) as monoids, not as unary 
monoids; the argument for unary monoids would be somewhat more straightforward 
than that given below.

Proof. Suppose that FLA(X) embeds into FE(Y ) via θ. Fix x ∈ X; it is clear that the 
image of x under this embedding is not idempotent and hence has trunk containing an 
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edge labelled by some generator of Y . For each T ∈ FE(Y ), let d(T ) be the maximal 
length of any undirected path beginning at the start vertex of T and let c(T ) ⊆ Y be 
the set of edge labels of T .

Let W = xθ and for each i ≥ 0 let Fi = (xi)+θ. Since x(xi)+ = (xi+1)+x and 
(xi+1)+(xi)+ = (xi+1)+ hold in FLA(X) for all i ≥ 0 we must have WFi = Fi+1W and 
Fi+1Fi = Fi+1 for all i ≥ 0. In particular, each idempotent Fi is a subtree of Fi+1 and 
hence satisfies d(Fi) ≤ d(Fi+1) and c(Fi) ⊆ c(Fi+1).

Suppose first that 
⋃︁

i≥0 c(Fi) is infinite. Then there must be an N ≥ 1 such that 
c(FN ) ∪ c(W ) ⊊ c(FN+1) ∪ c(W ). This clearly contradicts WFN = FN+1W .

Now assume that 
⋃︁

i≥0 c(Fi) = Z, where Z is finite. For each ℓ ≥ 0 the number of 
pruned trees T ∈ FE(Z) with the property that d(T ) = ℓ is finite. It follows that there 
exists an infinite subsequence of the idempotents Fi such that 0 < d(Fi1) < d(Fi2) < · · · . 
Thus we may choose N > 0 such that d(W ) < d(FN ) < d(FN+1). Consider the product 
FN+1W . Since FN+1 is idempotent and d(W ) < d(FN+1) there exists an undirected 
path p of length d(FN+1) from the start vertex of FN+1 that cannot be pruned in the 
product FN+1W . Thus we may view p as a path in FN+1W . Notice that, since FN+1
is idempotent, p does not intersect the trunk of FN+1W . Now consider the product 
WFN and let q be a path from the start vertex that does not intersect the trunk. Since 
q does not intersect the trunk, it follows that q visits only the vertices of W giving 
|q| ≤ d(W ) < d(FN+1) = |p| hence contradicting that WFN = FN+1W . Thus no such θ
exists. □
6. Weak coherence in free left Ehresmann monoids

The aim of this subsection is to demonstrate that the free left Ehresmann monoid of 
any rank is weakly coherent. To prove this we make use of an alternative description of 
the free left Ehresmann monoid given in [1] and [8].

Definition 6.1. (Normal forms) Let T ∈ FLE(X). Then T can be uniquely written in the 
form

T = t0e1t1 · · · emtm,

where m ≥ 0, e1, . . . , em are non-trivial idempotents (i.e. non-identity idempotents; the 
corresponding pruned tree contains at least one edge), t1, . . . , tm−1 ∈ X+, t0, tm ∈ X∗

and for 1 ≤ i ≤ n, ei < (tiei+1 · · · entm)+. We call this unique expression the normal 
form of T .

Remark 6.2. In the proof of [1, Lemma 3.1] an algorithm is provided to convert an 
element of FLE(X) written as a word over the alphabet BX := X∗ ∪ ℰX , where ℰX
denotes the set of non-trivial idempotents of FLE(X), into normal form. The procedure 
to convert d1 · · · dℓ ∈ B∗

X to its normal form is as follows.
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(0) Remove any dj = 1X∗ with 0 < j < ℓ from d1 . . . dℓ and relabel the word as c1 · · · ck.
(I) If ct−1 = u′ and ct = u′′ for some t ≥ 1 and u′, u′′ in X∗, or in ℰX , replace ct−1ct

by u ∈ BX where u = u′u′′. After all such replacements we arrive at a word

v0f1v1f2 · · · fnvn ∈ B∗
X ,

where n ≥ 0 and v0, vn ∈ X∗, v1, . . . , vn−1 ∈ X+, and ft ∈ ℰX for 1 ≤ t ≤ n.
(II) For each idempotent f in the current expression, let bf ∈ B∗

X denote the suffix sitting 
to the immediate right of f . Then working from right to left, if fb+f = b+f then we 
may remove f , otherwise we may replace f by fb+f ; notice that after this adjustment 
we arrive at a word of the same overall form, but containing fewer idempotents f ′

with f ′bf ′ ̸= f ′. Thus working from right to left we will produce a normal form.

The recipe to obtain a normal form from a pruned tree T may be described visually 
as follows. Take the factors lying in X∗ to be the trunk of T , factored according to 
the position of any branches of T that cannot be pruned, and iteratively define the 
idempotents ei (working from right to left) to be the maximal pruned tree that can be 
placed in this position and still yield the same pruned tree after composition with the 
existing right factor.

Lemma 6.3. Let A, T ∈ FLE(X) with normal forms given by A = a0e1a1 · · · an−1enan
and T = t0f1t1 · · · tm−1fmtm.

(A1) If ant0 ̸= 1, then the normal form of AT is p0g1p1 · · · pkgkwf1t1 · · · fmtm for some 
p1, . . . pk, w ∈ X+, p0 ∈ X∗, and non-trivial idempotents g1, . . . , gk where t0 is a 
right factor of w.

(A2) If ant0 = 1, the normal form of AT is p0g1p1 · · · gk−1pkdt1 · · · fmtm for some 
p1, . . . pk ∈ X+, p0 ∈ X∗, and non-trivial idempotents d, g1, . . . , gk−1, where the 
idempotent f1 ≥ d.

Proof. (1) Suppose first that ant0 ̸= 1. Let k be minimal such that ek is not deleted in 
the rewriting algorithm applied to AT . Then completing the process we will obtain

AT = p0g1p1 · · · pkgkwf1t1 · · · fmtm,

where w = ak · · · ant0 and gk = ek(ak · · · ant0f1 · · · fmtm)+ = ek(wf1 · · · fmtm)+.
(2) If ant0 = 1, then an = t0 = 1 and applying the rewriting algorithm above gives:

AT = p0g1p1 · · · pkdt1 · · · fmtm,

where d = enf1, noting that enf1 ≤ f1 < (t1f2 · · · fmtm)+. □
Proposition 6.4. The free left Ehresmann monoid FLE(X) is left ideal Howson.
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Proof. We show that the intersection of any two principal left ideals of the free left 
Ehresmann monoid FLE(X) is either empty or principal. Let M = FLE(X) and let 
T, S ∈ M have normal forms T = t0f1t1 · · · tm−1fmtm and S = s0e1s1 · · · sn−1ensn, and 
suppose that MS ∩MT is not empty. We consider three cases:

Case (i): Suppose that there exist A,B ∈ M such that AT = BS and the normal 
forms of AT and BS are

AT = p0g1p1 · · · pkgkwf1t1 · · · fmtm

BS = q0h1q1 · · · qlhlve1s1 · · · ensn,

where w = w′t0 and v = v′s0. Without loss of generality, assume that m ≤ n and write 
n = m + r for some r ≥ 0. If r > 0 then (by uniqueness of normal forms) looking from 
right to left we have sr = w, er+1 = f1, sr+1 = t1, . . . , en = fm and sn = tm. But then

S = s0e1s1 · · · sn−1ensn = s0e1s1 · · · erw′T,

and so MS ∩MT = MS. On the other hand, if r = 0 then m = n and w = v, f1 = e1, 
t1 = s1, . . . , fm = en, tm = sn. Since w′t0 = v′s0 there exists u ∈ X∗ such that either 
t0 = us0, in which case T = uS, and so MS ∩MT = MT - or else s0 = ut0, in which 
case S = uT , and so MS ∩MT = MS.

Case (ii) Suppose that there exist A,B ∈ M such that AT = BS and the normal 
forms of AT and BS are

AT = p0g1p1 · · · pkgkwf1t1 · · · fmtm

BS = q0h1q1 · · ·hl−1qlds1 · · · ensn,

where w = w′t0 and d ≤ e1. Recall in this case that we must have s0 = 1. If m = n

then by uniqueness of normal forms we have ql = w, d = f1, s1 = t1, . . . , en = fn and 
sn = tn. But then

T = t0f1t1 · · · tn−1fntn = t0ds1 · · · ensn = t0de1s1 · · · ensn = t0dS,

and so MS ∩MT = MT . If n = m + r for some r > 0 then sr = w, er+1 = f1, sr+1 =
t1, . . . , en = fm, sn = tm, giving S = e1s1 · · · sr−1erw

′T and hence MS ∩ MT = MS. 
Finally, if m = n+ r for some r > 0, we have fr+1 = d, tr+1 = s1, . . . , fm = en, tm = sn, 
giving T = t0f1t1 · · · trdS, and so MS ∩MT = MT .

Case (iii): Suppose that whenever U = AT = BS, we have the following normal forms

AT = p0g1p1 · · · gk−1pkdAt1 · · · fmtm

BS = q0h1q1 · · ·hl−1qldBs1 · · · ensn,

where dA ≤ f1 and dB ≤ e1. Recall that in this case we must have t0 = s0 = 1. Without 
loss of generality, we may assume that m ≤ n and write n = m + r for some r ≥ 0. If 
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r > 0 then by uniqueness of normal forms we have er+1 = dA, sr+1 = t1, . . . , en = fm
and sn = tm. But then

S = e1s1 · · · srdAt1 · · · fmtm = e1s1 · · · srdAf1t1 · · · fmtm = e1s1 · · · srdAT,

and so MS ∩MT = MS.
Suppose now that r = 0. Then m = n, l = k, and we have pi = qi, si = ti and gi = hi

for all i, dA = dB and ei = fi for all i > 1. Set e = e1f1. We show that MS∩MT = MeT . 
To see this, first note that since dA = dB we have dA ≤ e1 and hence dA ≤ e. By the 
assumption of this case, for each U = AT = BS ∈ MS ∩MT we may therefore write

U =p0g1p1 · · · gl−1pldAt1 · · · fmtm

=p0g1p1 · · · gl−1pldAee1t1 · · · fmtm = p0g1p1 · · · gl−1pldAeT

demonstrating that MS ∩MT ⊆ MeT . Finally, recalling that s0 = t0 = 1 we have

eT = e1f1(f1t1 · · · tm−1fmtm) = e1f1(t1 · · · tm−1fmtm)

= e1f1(s1 · · · sm−1emsm) = e1f1(e1s1 · · · sm−1emsm) = eS,

from which it follows that MeT = MeS ⊆ MS ∩MT . Thus MS ∩MT = MeT . □
That the free left Ehresmann monoid is finitely right equated can also be shown by 

working with normal forms.

Proposition 6.5. The free left Ehresmann monoid FLE(X) is finitely right equated.

Proof. Let T = t0f1 · · · fmtm be in normal form and suppose that (U, V ) ∈ r(T ) i.e. 
TU = TV . It follows from the discussion above that U and V must have ‘a large amount 
of agreement’ in their normal forms; we utilise this to show that r(T ) is finitely generated.

If m = 0 then we have T = t0 and a trivial calculation reveals that U = V from which 
it is immediate that r(T ) = r(1) is finitely generated.

Suppose from now on that m ≥ 1. In what follows, let us write U = u0e1 · · · enun and 
V = v0e

′
1 · · · e′lvl in normal form and assume that n ≥ l writing n = l+ r for some r ≥ 0. 

Proceeding as before, the normal forms of TU and TV may be written as:

TU = wkgk · · ·w1g1w0g0u1e2 · · · enun

TV = zjhj · · · z1h1z0h0v1e
′
2 · · · e′lvl,

where k, j ≥ 0, each gi, hi is a non-trivial idempotent, all wi, zi ∈ X∗ with only wk, zj
possibly equal to 1, and further:

(I) if tmu0 ̸= 1, then g0 = e1 and w0 = ta · · · tmu0 for some 0 ≤ a ≤ m;



170 V. Gould, M. Johnson / Journal of Algebra 709 (2027) 142--189 

(II) if tmu0 = 1, then g0 = fme1 and w0 = ta · · · tm for some 0 ≤ a ≤ m;
(I′) if tmv0 ̸= 1, then h0 = e′1 and z0 = tb · · · tmv0 for some 0 ≤ b ≤ m;

(II′) if tmv0 = 1, then h0 = fme′1 and z0 = tb · · · tm for some 0 ≤ b ≤ m.

By uniqueness of normal forms, it follows immediately that (in all cases) we have:

(1) t0 · · · tmu0u1 · · ·un = wk · · ·w1w0u1 · · ·un = zj · · · z1z0v1 · · · vl = t0 · · · tmv0v1 · · · vl
(by comparing the ‘trunks’ of the two expressions) and

(2) un = vl, . . . , ur+2 = v2, ur+1 = v1, and en = e′l, . . . , er+2 = e′2 (by reading both 
expressions from right to left and comparing the first few factors),

(3) v0 = u0u1 · · ·ur (by cancellation, using (2) and the equality between the first and 
last expressions in (1)).

If tm ̸= 1, we show that U = V . Indeed, in this case we have that tmu0 ̸= 1 ̸= tmv0, and 
it follows from (I) and (I′) above that we have g0 = e1, h0 = e′1, and w0 = ta · · · tmu0 and 
z0 = tb · · · tmv0 for some 0 ≤ a, b ≤ m. Thus continuing the comparison of factors begun 
in (2), we immediately obtain un = vl, . . . , ur+2 = v2, ur+1 = v1, en = e′l, . . . , er+2 =
e′2 and er+1 = e′1. Notice that if r = 0, then by (3) u0 = v0 and hence U = V . 
Suppose then for contradiction that r > 0. Then continuing our comparison of factors, 
we must also have z0 = ur, giving tb · · · tmv0 = ur. But then substituting v0 = u0u1 · · ·ur

gives tb · · · tmu0u1 · · ·ur = ur, and by cancellation we obtain tb · · · tmu0u1 · · ·ur−1 = 1, 
contradicting that tm ̸= 1. Thus if m ≥ 1 and tm ̸= 1 we have shown that TU = TV

implies U = V , from which it again follows that r(T ) = r(1) is finitely generated.
From now on we suppose that m ≥ 1 and tm = 1, aiming to show that in this case 

r(T ) is finitely generated. Suppose that U and V are as above with TU = TV . We now 
divide into cases based on whether u0 = 1 or not and whether v0 = 1 or not. Notice that 
if v0 = 1 ̸= u0, we obtain an immediate contradiction to (3), so this situation cannot 
occur. This leaves three possibilities to explore.

If u0 ̸= 1 ̸= v0, then arguing exactly as in the case where tm ̸= 1 using (I) and (I′), 
we obtain un = vl, . . . , ur+2 = v2, ur+1 = v1, en = e′l, . . . , er+2 = e′2 and er+1 = e′1. If 
r > 0 we again obtain tb · · · tmu0u1 · · ·ur−1 = 1, contradicting that u0 ̸= 1. Thus r = 0, 
u0 = v0 by (3), and hence U = V .

If u0 = 1 ̸= v0, then in this case by (II) and (I′) we have g0 = fme1, h0 = e′1, 
w0 = ta · · · tm, and z0 = tb · · · tmv0, for some 0 ≤ a, b ≤ m. Notice also that it follows 
immediately from (3) that r > 0, since u0 ̸= v0. Continuing our comparison of factors 
from (2) we have er+1 = h0 = e′1 and z0 = ur = tb · · · tmv0 which by (3) gives ur =
tb · · · tmu0 · · ·ur. Since r > 0 and ui ̸= 1 for all 0 < i < r ≤ n, it follows from the last 
equation that r = 1, giving tb · · · tmu0 = 1 = tb · · · tm and z0 = v0. Consequently, either 
b = m, or b = 0, m = 1 and T = fm. Further, note that (by comparisons of factors in 
the normal forms) we must also have g0 = h1, u1 = z0 = v0 and e2 = h0 = e′1. By (2), 
(3) and the previous lines we then have ui = vi−1 for all 1 ≤ i ≤ n = l + 1, ei = e′i−1 for 
all 2 ≤ i ≤ n = l + 1. In particular, recalling that u0 = 1 in this case, we have shown 
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that U = e1V . Since z0 = v0 and b = m or m = 1 and T = fm, we must have that 
h1 = fmV +. Hence, fme1V

+ = g0V
+ = h1V

+ = fmV +. Since V +ℛ∗V the latter gives 
fmU = fme1V = fmV .

Finally, if tm = u0 = v0 = 1, then by (II) and (II′) we immediately have g0 = fme1, 
h0 = fme′1, w0 = ta · · · tm, and z0 = tb · · · tm, for some 0 ≤ a, b ≤ m. Recalling that r ≥ 0
and ui ̸= 1 for all 0 < i < n, we also deduce from (3) that either r = 0 or else r = n = 1
and u0 = u1 = 1. Suppose first that r = 0. Then by the assumption of this case and (2) 
we have ui = vi for 0 ≤ i ≤ n = l and ei = e′i for 2 ≤ i ≤ n = l. Thus u1e2 · · · enun =
v1e

′
2 · · · e′nvn. Calling this element β and continuing our comparison of factors of the 

normal form, we have that fme1 = g0 = h0 = fme′1. Thus U = e1β and V = e′1β, where 
fme1β

+ = fme′1β
+. Since β+ℛ∗β the latter gives fmU = fme1β = fme′1β = fmV . On 

the other hand, if r = n = 1 and u0 = un = 1, then we find that l = 0, V = 1, U = e1
and hence t0f1t1 · · · tm−1fm = T = TV = TU = Te1 = t0f1t1 · · · tm−1fme1. Since the 
expression for T is in normal form it follows that fme1 = fm and then fmV = fm =
fme1 = fmU .

Now, notice that for tm = 1 we have in all cases deduced that either U = V or else that 
fmU = fmV , from which it follows that r(T ) ⊆ r(fm). Conversely, if (P,Q) ∈ r(fm), then 
we have fmP = fmQ, and since tm = 1 this gives TP = t0f1 · · · fmtmP = t0f1 · · · fmP =
t0f1 · · · fmQ = t0f1 · · · fmtmQ = TQ, showing that r(T ) = r(fm). Moreover, since fm
is idempotent, we have that r(T ) = ⟨(1, fm)⟩, using a comment in Definition 2.11 and 
consequently T ℒ∗ fm. □
Corollary 6.6. The free left Ehresmann monoid FLE(X) is adequate, hence Ehresmann.

Proof. We have shown that every element of FLE(X) is ℒ∗-related to an idempotent. 
Since the idempotents of FLE(X) form a semilattice we conclude that FLE(X) is right 
abundant and hence right adequate. It follows that FLE(X) is adequate (and so certainly 
Ehresmann). □
Proposition 6.7. The free left Ehresmann monoid FLE(X) is right ideal Howson.

Proof. Let M := FLE(X) where elements of FLE(X) are viewed once more as pruned 
trees, and let ℰ1

X denote the set of all idempotents of M (including 1). For each pruned 
tree U ∈ M let us write let d(U) to denote the maximal length of a directed path from 
the start vertex in the pruned tree U . Then we may write down a unique factorisation 
of U over the alphabet X ∪ ℰ1

X as follows:

eU,0xU,1eU,1 · · · eU,l−1xU,leU,l (6.1)

where d(U) ≥ l ≥ 0, for each i ≥ 1, xU,i ∈ X are such that xU,1 · · ·xU,l is the trunk of U , 
and eU,i is the idempotent corresponding to the unprunable branches (if any) at position 
i along the trunk. Colour the edges of U as follows: if there exists a tree U ′ such that 
edge e of U can be pruned in the computation of the product UU ′, then colour e blue. 
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Otherwise, colour e red. Notice that the trunk of U is red and moreover each branch of 
U is either completely blue or completely red. From the colouring of U we may further 
factorise each eU,k as a product of incomparable idempotents

eU,k = rU,kΠi∈IkbU,k,i

where rU,k is the idempotent corresponding to the (unprunable in every UU ′) red tree 
at position k along the trunk and the bU,k,j are the individual (unprunable in U , but 
prunable in some UU ′) blue branches connected at position i along the trunk and indexed 
by a finite set Ik. Notice that all branches of the final idempotent eU,l will be coloured 
blue, since these edges can all be pruned in the computation of the product UeU,l, and 
so rU,l = 1.

Now suppose that S and T are two pruned trees in M and that TM∩SM is non-empty. 
It follows immediately that the trunks of S and T must be comparable in the ℛ-order on 
X∗. Without loss of generality, let us suppose that the trunk of T is t = x1 · · ·xn · · ·xm

and the trunk of S is s = x1 · · ·xn where m ≥ n ≥ 0 and xi ∈ X for all 1 ≤ i ≤ m. By 
the previous paragraph we may factorise T and S as:

T = (rT,0Πi∈I0bT,0,i)x1(rT,1Πi∈I1bT,1,i)x2 · · ·xn(rT,nΠi∈InbT,n,i) · · ·xm(Πi∈ImbT,m,i),

S = (rS,0Πi∈J0bS,0,i)x1(rS,1Πi∈J1bS,1,i)x2 · · ·xn(Πi∈Jn
bS,n,i),

where each bracketed expression gives a factorisation of the unique idempotent at the 
corresponding position along the trunk according to the colouring of its branches.

Let U ∈ TM ∩SM , with unique factorisation over X ∪ℰ1
X as given in equation (6.1). 

Since U = TT ′ = SS′ for some T ′, S′ ∈ M , from the pruning process we may write

U = e0x1e1 · · · eqxq+1 · · · em−1xmA, where q = min(n,m− 1) and (6.2)

(a) A ∈ M with eT,mA = A and if m = n also eS,nA = A,
(b) for 0 ≤ k ≤ m − 1, ek = rT,kΠi∈Pk

bT,k,i where Pk is the set of all i ∈ Ik such that 
bT,k,i ≱ (xk+1ek+1 · · ·xmA)+,

(c) for 0 ≤ k ≤ q, ek = gkΠi∈Qk
bS,k,i, where Qk is the set of all those i ∈ Jk such 

that bS,k,i ≱ (xk+1ek+1 · · ·xmA)+ and where gk = rS,k if k < n whilst if k =
n ≤ m − 1 then either gn = 1 or gn is incomparable to Πi∈Qn

bS,n,i and satisfies 
gn ≱ (xn+1en+1 · · ·xmA)+.

Conversely, suppose that U is as in equation (6.2) with factors satisfying conditions 
(a)-(c) above. Then from the factorisation of T and the fact that eT,mA = A we see that 
the (unpruned) product of T and A may be written as:

TA = eT,0 x1eT,1 · · ·xneT,n · · ·xmeT,mA

= e0e
′
0 x1e1e

′
1 · · ·xqeqe

′
q · · · em−1e

′
m−1xmA,
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where for k = 0, . . . ,m−1, e′k = Πi∈Ik\Pk
bT,k,i, so that eT,k = eke

′
k. From the definition of 

Pk, each e′k satisfies e′k(xk+1ek+1 · · ·xmA)+ = (xk+1ek+1 · · ·xmA)+. Thus after pruning 
these idempotents we obtain:

TA = e0x1e1 · · ·xqeq · · ·xmA = U ∈ TM.

By a similar argument, writing e′′k = Πi∈Jk\Qk
bS,k,i so that eS,k = eke

′′
k for all 0 ≤ k ≤ q, 

we find that if n < m, then gnen = en and hence

Sgnxn+1en+1 · · ·xmA = e0e
′′
0x1e1e

′′
1x2 · · ·xnene

′′
ngnxn+1 · · ·xmA

= e0x1e1x2 · · ·xnenxn+1 · · ·xmemA = U ∈ SM,

whilst if n = m we have eS,nA = A and hence

SA = e0e
′′
0x1e1e

′′
1x2 · · ·xn−1en−1e

′′
n−1xneS,nA

= e0x1e1x2 · · ·xmemA = U ∈ SM.

Let us write C = gnxn+1 · · ·xm if n < m and C = 1 if n = m, so that in all cases 
SCA = U .

Now let Y ⊆ X be the finite set of elements that label an edge in either T or S, 
let MY denote the subset of M consisting of all pruned trees whose labels are drawn 
from the set Y , and, as before, for each V ∈ MY let d(V ) denote the maximal length 
of a directed path from the start vertex in the pruned tree V . Then MY

∼ = FLE(Y )
and for each d ≥ 0 the set Bd = {V ∈ MY : d(V ) ≤ d} is finite. In particular, the 
set Zℓ = TM ∩ SM ∩ Bℓ, where ℓ = max(d(T ), d(S)) is finite. We claim that for each 
U ∈ TM ∩ SM , there exist U ′ ∈ Zℓ and U ′′ ∈ M , such that U = U ′U ′′, giving that 
Zℓ is a finite generating set for TM ∩ SM , and thus that M is right ideal Howson. To 
see this, let U be as in (6.2), so that in particular U = TA = SCA, with A and C as 
defined above, and let f be the idempotent subtree of A+ consisting of those edges that 
either some edge of T can retract onto in the computation of the product TA+ or some 
edge of S can retract onto in the computation of the product SCA+. Note that the blue 
edges of T that are pruned in the product Tf are precisely the same as the blue edges 
of T that are pruned in the product TA+, which in turn are precisely the blue edges of 
T that are pruned in the product TA. Likewise, the blue edges of S that are pruned in 
the product SCf are precisely the same as the blue edges of S that are pruned in the 
product SCA+, which in turn are precisely the blue edges of S pruned in the product 
SCA. Moreover, by construction,

fA = fA+A = A+A = A,

and hence U = TA = TfA and U = SCA = SCfA. Then setting U ′ = e0x1e1x2 · · ·xmf

we see that U ′ ∈ MY , d(U ′) ≤ ℓ and U ′ = Tf = SCf ∈ TM ∩ SM , giving U = U ′U ′′

for U ′ ∈ ZL and U ′′ = A ∈ M . □
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Theorem 6.8. The free left Ehresmann monoid FLE(X) is weakly coherent, that is, it is 
weakly left and weakly right coherent.

Proof. Since FLE(X) is the free object on X in the quasi-variety of left adequate 
monoids, it is in particular left adequate, and hence also left abundant. By the dual 
of Proposition 2.19, FLE(X) is finitely left equated. Proposition 6.4 now gives that 
FLE(X) is weakly left coherent. The result for weak right coherence follows similarly 
from Propositions 6.5 and 6.7. □
7. An embedding of the free Ehresmann monoid

In this section we show that the free Ehresmann monoid FE(X) embeds into an 
inverse monoid of the form Y ⋊G, where Y is a semilattice and G is a group acting by 
automorphisms. Subsequently, Corollary 4.10 and its left-right dual can also be applied 
to show that FE(X) is neither left nor right coherent. Since FLE(X) is a submonoid of 
FE(X), this also gives an alternative proof that FLE(X) is not left coherent. We begin 
with an important remark. Since FE(X) is not ample, it cannot embed into a monoid of 
the form Y ⋊G (nor, indeed, into any inverse or ample monoid) in a way that preserves 
the two unary operations (+ and ∗) since this would force the ample identities to hold in 
FE(X). In other words, FE(X) does not embed into any Y ⋊ G as a bi-unary monoid. 
Similarly, FLE(X) does not embed into any Y ⋊ G as a unary monoid since FLE(X)
does not satisfy the left ample identity. It is perhaps surprising that FE(X) embeds into 
some Y ⋊G as a monoid. Our approach makes use of the fact that FE(X) is isomorphic 
to a particular quotient of the monoid free product of the free monoid generated by X
with the semilattice of idempotents FE(X).

Definition 7.1. (Left and right actions on the semilattice of idempotents) Let E(X) de
note the semilattice of idempotents of FE(X). Note that E(X) acts (by multiplication) 
on the left and right of E(X). Viewing E(X) and X∗ as submonoids of FE(X) in the 
obvious way, we may also define left and right actions of X∗ on E(X) by utilising the 
operations of FE(X): for a word w ∈ X∗ and an idempotent f ∈ E(X) we define 
w · f = (wf)+ and f ◦ w = (fw)∗.

Definition 7.2. (Construction of Branco, Gomes and Gould) Now viewing X∗ ∪ E(X)
as a union of two disjoint monoids (which we call parts for short) the semigroup free 
product of X∗ and E(X), denoted by X∗ ∗ E(X) is the set

{a1 · · · am : m ≥ 1 and ∀i, ai ∈ X∗ ∪ E(X) and ai, ai+1 not in the same part},

where the product of elements u = a1 · · · am and v = b1 · · · bk is given by a1 · · · amb1 · · · bk
if am and b1 are in different parts, or by a1 · · · am−1cb2 · · · bk, where c = amb1 if am and 
bk are in the same part. The (left and right) actions of X∗ and E(X) on E(X) extend 
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to give left and right) actions of X∗ ∗ E(X) on E(X), also denoted by · and ◦. Let 
1X∗ and 1E(X) denote the identity elements of X∗ and E(X) respectively, and for each 
u ∈ X∗ ∗ E(X) write u+ = u · 1E(X) and u∗ = 1E(X) ◦ u. By [1, Theorem 6.1] the free 
Ehresmann monoid is then isomorphic to the quotient

P (X∗, E(X)) := (X∗ ∗ E(X))/H♯,

where H := {(u+u, u), (uu∗, u) : u ∈ X∗ ∗E(X)} ∪ {(1∗X , 1E(X))} and H♯ is the congru
ence generated by H.

Remark 7.3. (The free Ehresmann monoid via a monoid free product) The monoid free 
product of X∗ and E(X) is by definition the quotient CX := (X∗∗E(X))/{(1∗X , 1E(X))}♯. 
For each u ∈ X∗ ∗E(X), we write [u]C to denote the corresponding element of CX . Let 
ℰX = E(X) \ {1E(X)}. Writing

Ct,t := {a1a2 · · · a2m+1 : m ≥ 0, ai ∈ X+ if i is odd, ai ∈ ℰX if i is even}

Ct,f := {a1a2 · · · a2m : m ≥ 1, ai ∈ X+ if i is odd, ai ∈ ℰX if i is even}

Cf,t := {a1a2 · · · a2m : m ≥ 1, ai ∈ ℰX if i is odd, ai ∈ X+ if i is even}

Cf,f := {a1a2 · · · a2m+1 : m ≥ 0, ai ∈ ℰX if i is odd, ai ∈ X+ if i is even},

we see that {1E(X)} ∪Ct,t ∪Ct,f ∪Cf,t ∪Cf,f is a transversal of the congruence classes. 
For each element γ ∈ CX there is a unique word t ∈ X∗ formed by omitting all interior 
factors in E(X)∪{1X∗} from any alternating product u ∈ X∗ ∗E(X) with γ = [u]C ; we 
shall call this the trunk word of γ and we will denote the empty trunk by 1. Note that 
we may also define unary operations on CX as follows:

[u]+C = [u · 1E(X)]C and [u]∗C = [1E(X) ◦ u]C ,

and by construction both [u]+C and [u]∗C have trunk word 1. The free Ehresmann monoid 
is then isomorphic to the quotient CX/J♯, where

J := {(γ+γ, γ), (γγ∗, γ) : γ ∈ CX}.

For γ ∈ CX we write [γ]F for the corresponding congruence class.

We shall need some technicalities to introduce the semilattice YX we use to exhibit our 
embedding. To this end, we next define a morphism θ from the monoid free product CX

to an auxiliary semidirect product ZX ⋊ FX , where FX is the free group on X and ZX

is a semilattice; ultimately, our intended semilattice YX will be defined as a quotient of 
ZX determined by θ. We begin with the definition of ZX and a technical lemma required 
to define the morphism θ.
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Definition 7.4. (The semilattice ZX and elements τ) Let SX denote the free (monoid) 
semilattice generated by yx,h and ef,h where x ∈ X, f ∈ ℰX , h ∈ FX and let ZX denote 
the quotient SX/Q♯ where Q = {(ef ′,hef ′′,h, ef ′f ′′,h) : f ′, f ′′ ∈ ℰX , h ∈ FX}. For a word 
w = x1x2 · · ·xn ∈ X+ and h ∈ FX , write:

τw,h := yx1,hyx2,hx1 · · · yxn,hx1x2···xn−1 ∈ ZX .

Lemma 7.5. Let w, v ∈ X+ and h ∈ FX . Then τv,h is a factor of τw,1 in ZX if and 
only if h ∈ X∗ and there exists u ∈ X∗ such that w = hvu. Moreover, if h = 1 then 
τw,1 = τv,1τu,v, whilst if h ∈ X+ then τw,1 = τh,1τv,hτu,hv.

Proof. Let w = x1 · · ·xj and v = x′
1 · · ·x′

k where xi, x
′
ℓ ∈ X for 1 ≤ i ≤ j and 1 ≤ ℓ ≤ k. 

Let pi denote the length i prefix of w for 0 ≤ i ≤ j − 1, and let p′ℓ denote the length ℓ
prefix of v for 0 ≤ ℓ ≤ k − 1. Then

τw,1 = yx1,p0yx2,p1 · · · yxj ,pj−1 and τv,h = yx′
1,hp

′
0
yx′

2,hp
′
1
· · · yx′

k,hp
′
k−1

.

A factor z of τw,1 is then precisely a product z = Πi∈Iyxi,pi−1 for some I ⊆ {1, . . . , j}. 
Thus we see that z = τv,h is a factor of τw,1 if and only if for some such I we have

Πk
ℓ=1yx′

ℓ,hp
′
ℓ−1

= Πi∈Iyxi,pi−1 .

By comparing subscripts of the y’s it follows that this can only happen if we have 
I = {i, i+1, . . . , i+k− 1}, v = xi · · ·xi+k−1 and h = pi−1 ∈ X∗. That is, τv,h is a factor 
of τw,1 if and only if h is a proper prefix of w ∈ X+ and there exists u ∈ X∗ such that 
w = hvu. If h = 1 it is straightforward to verify that τw,1 = τv,1τu,v, and similarly if 
h ∈ X+ one finds that τw,1 = τh,1τv,hτu,hv. □
Definition 7.6. (The semidirect product ZX ⋊ FX) The free group FX acts on the left 
of SX by morphisms as follows: g · yx,h = yx,gh and g · ef,h = ef,gh. In particular, 
g·τw,h = τw,gh for all w ∈ X+ and all g, h ∈ FX . For each relation (ef ′,hef ′′,h, ef ′f ′′,h) ∈ Q

we also have (g · ef ′,hg · ef ′′,h, g · ef ′f ′′,h) ∈ Q, and so we then have an induced action 
of FX by monoid morphisms on ZX . Thus ZX ⋊ FX is an inverse monoid with identity 
element (1ZX

, 1).

Observe that for any w,w′ ∈ X+ we have

(τw,1, w)(τw′,1, w
′) = (τw,1 w · τw′1, ww

′) = (τw,1τw′,w, ww
′) = (τww′,1, ww

′),

and for any f, f ′ ∈ ℰX

(ef,1, 1)(ef ′,1, 1) = (ef,1ef ′,1, 1) = (eff ′,1, 1).
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It follows (with adjustment for the identity) that we have monoid morphisms from X∗ =
X+ ∪ 1X∗ and E(X) = ℰX ∪ 1E(X) to ZX ⋊FX . Using the properties of the monoid free 
product, we may now define a morphism from CX to ZX ⋊ FX .

Definition 7.7. (The morphism θ) The morphism θ : CX → ZX ⋊ FX is determined by 
extending the mapping:

[1E(X)]C ↦→ (1ZX
, 1),

[w]C ↦→ (τw,1, w) for all w ∈ X+,

[f ]C ↦→ (ef,1, 1) for all f ∈ ℰX .

Lemma 7.8. Let ti ∈ X+ and fi ∈ ℰX for 1 ≤ i ≤ k. Then

(1) [t1f1 · · · tkfk]Cθ = (τt,1Πk
i=1efi,t1···ti , t), where t = t1 · · · tk.

(2) [t1f1 · · · tkfktk+1]Cθ = (τt′,1Πk
i=1efi,t1···ti , t

′), where t′ = t1 · · · tk+1.
(3) [f0t1f1 · · · tkfktk+1]Cθ = (τt′,1Πk

i=0efi,t1···ti , t
′), where t′ = t1 · · · tk+1.

(4) [f0t1f1 · · · tkfk]Cθ = (τt,1Πk
i=0efi,t1···ti , t), where t = t1 · · · tk.

Proof. (1) For k = 1 we have

[u]Cθ = (τt1,1, t1)(ef1,1, 1) = (τt1,1ef1,t1 , t1),

as required. Suppose for some k ≥ 1 we have [t1f1 · · · tkfk]Cθ = (τt,1Πk
i=1efi,t1···ti , t), 

where t = t1 · · · tk. Then since θ is a morphism

[t1f1 · · · tkfktk+1fk+1]Cθ = [t1f1 · · · tkfk]Cθ[tk+1fk+1]Cθ

= (τt,1Πk
i=1efi,t1···ti , t)(τtk+1,1efk+1,tk+1 , tk+1)

= (τt,1Πk
i=1efi,t1···tiτtk+1,tefk+1,ttk+1 , ttk+1)

= (τt′,1Πk+1
i=1 efi,t1···ti , t

′),

where t′ = t1 · · · tk+1, and the equality in the final line follows from the previous lemma.
(2) Since θ is a morphism, part (1) and the previous lemma together now give

[t1f1 · · · tkfktk+1]Cθ = [t1f1 · · · tkfk]Cθ[tk+1]Cθ = (τt,1Πk
i=1efi,t1···ti , t)(τtk+1,1, tk+1)

= (τttk+1,1Πk
i=1efi,t1···ti , ttk+1) = (τt′,1Πk

i=1efi,t1···ti , t
′),

where t′ = t1 · · · tk+1.
(3) Since θ is a morphism, we have by part (2):

[f0t1f1 · · · tkfktk+1]Cθ = [f0]Cθ[t1f1 · · · tkfktk+1]Cθ = (ef0,1, 1)(τt′,1Πk
i=1efi,t1···ti , t

′)

= (τt′,1Πk
i=0efi,t1···ti , t

′)
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where again t′ = t1 · · · tk+1.
(4) Since θ is a morphism, we have by part (1):

[f0t1f1 · · · tkfk]Cθ = [f0]Cθ[t1f1 · · · tkfk]Cθ = (ef0,1, 1)(τt,1Πk
i=1efi,t1···ti , t)

= (τt,1Πk
i=0efi,t1···ti , t). □

Remark 7.9. For [u]C ∈ CX write [u]Cθ = ([u]Cθ1, [u]Cθ2). By the previous lemma 
we have, in all cases, that [u]Cθ2 is the trunk word of [u]C , and moreover θ2 is the 
morphism from CX to FX that maps each element to its trunk word. The function θ1

is not a morphism however: for example, if t1, t2 ∈ X+ then [t1t2]Cθ1 = τt1t2,1 and 
[t1]Cθ1[t2]Cθ1 = τt1,1τt2,1, and by Lemma 7.5 τt2,1 is not a factor of τt1t2,1.

Definition 7.10. (Left-split at a prefix of the trunk) Let γ ∈ CX have trunk word t, let 
p be a prefix of t and let f ∈ ℰX . We say that f left-splits γ at p if there exists a 
factorisation γ = γ′[f ]Cγ′′ in CX where γ′ = [u′]C for some u′ ∈ Ct,t ∪ Cf,t ∪ {1X∗}
with trunk word p, and γ′′ = [u′′]C for some u′′ ∈ Ct,t ∪ Ct,f ∪ {1X∗}. Note that if such 
a factorisation exists, the idempotent f ∈ ℰX is unique. We write P (γ) for the set of 
prefixes p of t for which there exists an idempotent that left-splits γ at p, and we write 
l(p, γ) to denote this unique idempotent.

The next remark follows from Remark 7.9 and Definition 7.10.

Remark 7.11. For γ ∈ CX we have

γθ1 = τc,1Πp∈P (γ)el(p,γ),p.

Lemma 7.12. Let γ, δ ∈ CX . Then

(γδ)θ1 = γθ1 (γθ2 · (δθ1)).

Consequently, (γ+γ)θ1 = γ+θ1 γθ1.

Proof. Let c be the trunk of γ and d the trunk of δ. In view of Remark 7.11, we have

γθ1 = τc,1Πp∈P (γ)el(p,γ),p

δθ1 = τd,1Πp∈P (δ)el(p,δ),p

(γδ)θ1 = τcd,1Πp∈P (γδ)el(p,γδ),p.

Note that P (γδ) = P (γ)∪cP (δ) and for all p ∈ P (δ) we have l(p, δ) = l(cp, γδ). Together, 
Lemma 7.5, the commutativity in ZX and Remark 7.9, give:



V. Gould, M. Johnson / Journal of Algebra 709 (2027) 142--189 179

(γδ)θ1 = τcd,1Πp∈P (γδ)el(p,γδ),p

= τc,1τd,cΠp∈P (γ)el(p,γ),pΠp∈P (δ)el(p,δ),cp

= (τc,1Πp∈P (γ)el(p,γ),p) (c · (τd,1Πp∈P (δ)el(p,δ),p))

= γθ1 (γθ2 · (δθ1)).

The final statement follows from the fact that γ+θ2 = 1. □
In what follows, we aim to determine a set of relations R to be imposed on ZX , giving 

a quotient YX := ZX/R♯ with the property that the morphism θ : CX → ZX ⋊ FX

induces a morphism θ̂ : CX/J♯ → YX ⋊ FX .

Definition 7.13. (The semilattice YX) Define YX to be the quotient ZX/R♯ where R =
R1 ∪R2 and

R1 := {(h · (γ+θ1γθ1), h · (γθ1)) : γ ∈ CX , h ∈ FX}
R2 := {(h · (γθ1(γθ2 · γ∗θ1)), h · (γθ1)) : γ ∈ CX , h ∈ FX}.

For z ∈ ZX we write [z]Y for the corresponding congruence class.

Note that from the form of the relations in R, the action of FX on ZX induces an 
action of FX on YX .

Proposition 7.14. For all γ ∈ CX , let

γθ̂ = ([γθ1]Y , γθ2) ∈ YX ⋊ FX .

Then θ̂ induces a monoid morphism θ̂ : FE(X) → YX ⋊ FX .

Proof. By Remark 7.3, we may view FE(X) as the quotient CX/J♯ and write elements 
in the form [γ]F where γ ∈ CX . We claim that

[γ]F θ̂ = ([γθ1]Y , γθ2)

is a well-defined monoid morphism.
Suppose that γ1, γ2 ∈ CX with [γ1]F = [γ2]F ; we aim to show ([γ1θ1]Y , γ1θ2) =

([γ2θ1]Y , γ2θ2). By induction, it suffices to show that this is the case when γ2 is obtained 
by applying a single relation from J to γ1. Suppose first that γ1 = δγδ′ and γ2 = δγ+γδ′. 
Since θ2 is a morphism and γ+θ2 = 1 we have

γ2θ2 = δθ2γ
+θ2γθ2δ

′θ2 = δθ2γθ2δ
′θ2 = γ1θ2.

Let d be the trunk word of δ, c the trunk word of γ, d′ the trunk word of δ′ and g ∈ E(X)
be such that [g]C = γ+. Then by Lemma 7.12
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γ2θ1 = (δγ+γδ′)θ1 = (δγ+γ)θ1(dc · δ′θ1)

= δθ1 (d · (γ+γθ1)) (dc · (δ′θ1)),

= δθ1 (d · (γ+θ1γθ1)) (dc · (δ′θ1)),

and likewise

γ1θ1 = δθ1 (d · (γθ1)) (dc · (δ′θ1)).

Hence, by using a relation from R1 we have

[γ2θ1]Y = [δθ1 (d · (γ+θ1γθ1)) (dc · (δ′θ1))]Y
= [δθ1 (d · (γθ1)) (dc · (δ′θ1))]Y
= [γ1θ1]Y .

Similarly, if γ1 = δγδ′ and γ2 = δγγ∗δ′, we again find that γ2θ2 = γ1θ2. Let d be the 
trunk word of δ, c the trunk word of γ, d′ the trunk word of δ′ and g ∈ E(X) be such 
that [g]C = γ∗. Then using Lemma 7.12 again we find

γ1θ1 = δθ1(d · (γθ1))(dc · (δ′θ1))

γ2θ1 = δθ1 (d · (γθ1 (c · (γ∗θ1))) (dc · (δ′θ1)).

Hence, by using a relation from R2 (noting that c = γθ2) we have

[γ2θ1]Y = [δθ1 (d · (γθ1 (c · (γ∗θ1))) (dc · (δ′θ1))]Y
= [δθ1 (d · (γθ1)) (dc · (δ′θ1))]Y
= [γ1θ1]Y .

This shows that θ̂ is well-defined. To see that θ̂ is a monoid morphism, let γ, δ ∈ CX . 
Then by Lemma 7.12 we have:

[γ]F θ̂[δ]F θ̂ = ([γθ1]Y , γθ2)([δθ1]Y , δθ2)

= ([γθ1]Y (γθ2 · [δθ1]Y ), γθ2δθ2)

= ([γθ1 (γθ2 · (δθ1))]Y , (γδ)θ2)

= ([(γδ)θ1]Y , γδθ2)

= [γδ]F θ̂.

It is also clear from definition that the identity element of CX/J♯ is mapped under θ̂ to 
([1]Y , 1). □
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It remains to show that θ̂ is an embedding. Before proceeding to the proof, we record, 
for ease of reference, some well-known properties of left Ehresmann monoids (see for 
example [8]) that we will need. We omit the left-right dual statements that hold for right 
Ehresmann monoids.

Lemma 7.15. Let M be a left Ehresmann monoid. Then for all x, y ∈ M and e ∈ E(M)
we have:

(xy)+ = (xy+)+ (7.1)

(xy)+ ≤ x+. (7.2)

Lemma 7.16. Let S be a left E-Ehresmann monoid. Then for any a, b ∈ S and e, f ∈ E

with e ≤ f we have that (aeb)+ ≤ (afb)+. In particular, (aeb)+ ≤ (ab)+.

Proof. We calculate

(afb)+(aeb)+ = (afb+)+(aeb+)+ by (7.1)
= (afb+)+(afb+e)+ as e ≤ f

= (afb+e)+ by (7.2)
= (aeb)+ by (7.1). □

Lemma 7.17. For any γ1, γ2 ∈ CX , if [γ1θ1]Y = [γ2θ1]Y , then [γ1]F = [γ2]F .

Proof. We first show that if γ ∈ CX and γθ1 is related to β ∈ ZX via a single application 
of a relation in R, then β = αθ1 for some α ∈ CX with [γ]F = [α]F . The proof then 
follows from induction on the number of applications of relations from R that we need 
to obtain γ1θ2 from γ2θ2.

We denote the trunk of γ by t, so that by Remark 7.11 we have

γθ1 = τt,1Πp∈P (γ)el(p,γ),p.

There are four cases to consider, corresponding to the two types of relation that can be 
applied and the direction of their application, and recalling that Im θ1 is contained in 
the semilattice ZX .

Case (i) γθ1 = μ(h · δθ1) and μ(h · (δ+θ1δθ1)) = γθ1(h · δ+θ1) = β for some h ∈
FX , δ ∈ CX and μ ∈ ZX . From Remark 7.11 again we have that

δθ1 = τd,1Πp∈P (δ)el(p,δ),p

where d is the trunk of δ, so that in ZX we have

γθ1 = τt,1Πp∈P (γ)el(p,γ),p = μτd,hΠp∈P (δ)el(p,δ),hp = μ(h · δθ1).
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Since τd,h is a factor of τt,1, we call upon Lemma 7.5 to deduce that h ∈ X∗ and there 
exists u ∈ X∗ such that t = hdu and τt,1 = τh,1τd,hτu,hd where τh,1 is interpreted as 
empty if h = 1. We may therefore factor γ as γ = η1δ̄η2, where the trunks of η1, δ̄

and η2 ∈ CX are h, d and u respectively; if h = 1 (respectively, u = 1) we take η1
(respectively, η2) to be empty and we also insist that η1 (if non-empty) finishes with an 
element of X+ and η2 (if non-empty) starts with an element of X+.

Given the relations in Q that determine ZX , we may assume μ = τh,1τu,hdΠp∈P ef,p
where P ⊆ P (γ). Further, for p ∈ P (γ) we have:

if |p| < |h| or |p| > |hd| then l(p, γ) = f where ef,p is a factor of μ

if p = hq, |q| ≤ |d| then l(p, γ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

f where ef,p is a factor of μ
and q / ∈ P (δ)

l(q, δ) where ef,p not a factor of μ
and q ∈ P (δ)

fl(q, δ) where ef,p is a factor of μ
and q ∈ P (δ).

With the factorisation γ = η1δ̄η2 (and recalling that η1 has trunk h and δ̄ has trunk 
d) Lemma 7.12 gives

μτd,hΠp∈P (δ)el(p,δ),hp = γθ1
= (η1θ1)(h · δ̄θ1)(hd · η2θ1)
= (ηθ1)(τd,hΠp∈P (δ̄)el(p,δ̄),hp)(hd · η2θ1).

From the remarks above we see δ and δ̄ share the same trunk, and if δ has an idempotent 
l(p, δ) at position p, then so does δ̄ (and it is the idempotent l(hp, γ)) and it follows that 
l(p, δ̄) ≤ l(p, δ). The fact that [δ̄+]F ≤ [δ+]F follows from application of Lemma 7.16. 
Notice also that

ηθ1(hd · η2θ1) = τh,1τu,hdΠp∈P ′(γ)el(p,γ),p,

where P ′(γ) = {p ∈ P (γ) : |p| < |h| or |hd| < |p|}.
Now let α = η1δ

+δ̄η2 ∈ CX . We have that

[α]F = [η1δ
+δ̄η2]F = [η1δ

+δ̄+δ̄η2]F = [η1δ̄
+δ̄η2]F = [η1δ̄η2]F = [γ]F .

Further, making use of Lemma 7.12 and commutativity of ZX we have

αθ1 = (η1θ1)(h · (δ+δ̄)θ1)(hd · η2θ1)
= (η1θ1)(h · δ+θ1)(h · δ̄θ1)(hd · η2θ1)
= (η1δ̄η2)θ1(h · δ+θ1)
= (γθ1)(h · δ+θ1)
= β.
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Case (ii) γθ1 = μ(h · δθ1) and μ(h · (δθ1(δθ2 · δ∗θ1))) = μ(h · δθ1)(h δθ2 · δ∗θ1))) = β

for some h ∈ FX , δ ∈ CX and μ ∈ ZX . Arguing exactly as in Case (i), we may factorise 
γ as γ = η1δ̄η2, where δ and δ̄ share the same trunk and if δ has an idempotent l(p, δ)
at position p, then δ̄ has an idempotent l(p, δ̄) at position p with l(p, δ̄) ≤ l(p, δ). By the 
dual to Lemma 7.16 we have [δ̄∗]F ≤ [δ∗]F . Then setting α = η1δ̄δ

∗η2, yields

[α]F = [η1δ̄δ
∗η2]F = [η1δ̄δ̄

∗δ∗η2]F = [η1δ̄δ̄
∗η2]F = [η1δ̄η2]F = [γ]F ,

and

αθ1 = (η1θ1)(h · (δ̄δ∗)θ1)(hd · η2θ1)
= (η1θ1)(h · (δ̄θ1(δ̄θ2 · δ∗θ1)(hd · η2θ1)
= (η1θ1)(h · (δ̄θ1)(h · δθ2 · δ∗θ1)(hd · η2θ1)
= (η1δ̄η1)θ1(h δθ2 · δ∗θ1)
= γθ1(h δθ2 · δ∗θ1)
= β.

Case (iii) γθ1 = μ(h · (δ+θ1δθ1)) = μ(h · ((δ+δ)θ1)) and μ(h · δθ1) = β for some 
h ∈ FX , δ ∈ CX and μ ∈ ZX . The argument here is similar to that in Case (i), but we 
need slightly more care. As before

δθ1 = τd,1Πp∈P (δ)el(p,δ),p

where d is the trunk of δ, so that in ZX

γθ1 = τt,1Πp∈P (γ)el(p,γ),p = μeδ+,hτd,hΠp∈P (δ)el(p,δ),hp = μ(h · (δ+θ1δθ1)).

We again call upon Lemma 7.5 to deduce that h ∈ X∗ and there exists u ∈ X∗ such that 
t = hdu. Again we may factor γ as γ = η1δ̄η2, where the trunks of η1, δ̄ and η2 ∈ CX

are h, d and u respectively; if h = 1 (respectively, u = 1) we take η1 (respectively, η2) to 
be empty and we also insist that η1 (if non-empty) finishes with an element of X+ and 
η2 (if non-empty) starts with an element of X+. In this case note that the first term of 
δ̄ is in ℰX , that is, 1 ∈ P (δ̄) and δ+l(1, δ̄) = l(1, δ̄).

Given the relations in Q that determine ZX , we may assume μ = τh,1τu,hdΠp∈P ef,p
where P ⊆ P (γ). Further, for p ∈ P (γ) we have:
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if |p| < |h| or |p| > |hd| then l(p, γ) = f where ef,p is a factor of μ

l(h, γ) = l(1, δ̄) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

δ+ where no ef,h is a factor of μ
and 1 / ∈ P (δ)

δ+f where ef,h is a factor of μ
and 1 / ∈ P (δ)

δ+l(1, δ) where no ef,h is a factor of μ
and 1 ∈ P (δ)

δ+fl(1, δ) where ef,h is a factor of μ
and 1 ∈ P (δ)

if p = hq, 1 < |q| ≤ |d| then l(p, γ) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
f where ef,p is a factor of μ

and q / ∈ P (δ)
l(q, δ) where no ef,p is a factor of μ

and q ∈ P (δ)
fl(q, δ) where ef,p is a factor of μ

and q ∈ P (δ).

With the factorisation, γ = η1δ̄η2 Lemma 7.12 gives

μeδ+,hτd,hΠp∈P (δ)el(p,δ),hp = γθ1
= (η1θ1)(h · δ̄θ1)(hd · η2θ1)
= (ηθ1)(τd,hΠp∈P (δ̄)el(p,δ̄),hp)(hd · η2θ1).

Recalling that 1 ∈ P (δ̄) and δ+l(1, δ̄) = l(1, δ̄) we now let δ̄0 ∈ CX be the same element 
as δ̄ with the exception that the first idempotent l(1, δ̄) = l(h, γ) is replaced by l(1, δ̄0)
defined as follows:

l(1, δ̄0) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 where no ef,h is a factor of μ
and 1 / ∈ P (δ)

f where ef,h is a factor of μ
and 1 / ∈ P (δ)

l(1, δ) where no ef,h is a factor of μ
and 1 ∈ P (δ)

fl(1, δ) where ef,h is a factor of μ
and 1 ∈ P (δ).

.

In particular, notice that δ+δ̄0 = δ̄. From the remarks above if δ has an idempotent 
l(p, δ) at position p, then so does δ̄0 and l(p, δ̄0) ≤ l(p, δ). The fact that [δ̄+

0 ]F ≤ [δ+]F
follows from application of Lemma 7.16. Notice as in Case (i) that

ηθ1(hd · η2θ1) = τh,1τu,hdΠp∈P ′(γ)el(p,γ),p,

where P ′(γ) = {p ∈ P (γ) : |h| < |p| or |hd| < |p|}. Now let α = η1δ0η2 ∈ CX . We have 
that

[α]F = [η1δ̄0η2]F = [η1δ̄
+
0 δ̄0η2]F = [η1δ

+δ̄+
0 δ̄0η2]F = [η1δ

+δ̄0η2]F = [η1δ̄η2]F = [γ]F .
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Further, making use of Lemma 7.12 we have

αθ1 = (η1θ1)(h · δ̄0θ1)(hd · η2θ1).

We claim that

(η1θ1)(h · δ̄0θ1)(hd · η2θ1) = μ(h · δθ1)

so that αθ1 = β. First, note that since α = η1δ̄0η2 and γ = η1δ̄η2, where η1 has trunk 
word h and l(δ̄0, p) = l(δ̄, p) for all p ̸= 1, we have that αθ1 and γθ1 have the same 
factors of the form yx,k and, with the possible exception of k = h, of the form eg,k. 
Moreover, since γθ1 = μ(h · (δ+θ1δθ1)) these factors are the same as those of μ(h · δθ1). 
It remains only to examine any factors of αθ1 and of μ(h · δθ1) of the form eg,h. From 
the definition of α we see that if αθ1 has a factor eg,h, then this is unique, and it exists 
if and only if the element δ0 of CX begins with a non-identity idempotent, that is, it 
begins with an element of ℰX . This is the case if and only if μ has a factor of the form 
ef,h or 1 ∈ P (δ), and these are precisely the conditions which give that μ(h · δθ1) has a 
factor of the form eg,h. Under this assumption, the factor eg,h of αθ1 is such that g = f

(g = l(1, δ), g = fl(1, δ), respectively) where ef,h is a factor of μ and 1 / ∈ P (δ) (no ef,h
is a factor of μ and 1 ∈ P (δ), ef,h is a factor of μ and 1 ∈ P (δ), respectively). But then, 
after potentially applying relations from Q, we have that g is precisely the idempotent 
such that eg,h is the unique factor of μ(h · δθ1) of the form eg′,h.

Case (iv) γθ1 = μ(h · (δθ1(δθ2 · δ∗θ1))) and β = μ(h · δθ1) for some h ∈ FX , δ ∈ CX

and μ ∈ ZX . This is dual to Case (iii). (Briefly, letting d be the trunk of δ, we find 
that γ may be factored as γ = η1δ̄η2 for some δ̄ with trunk d and such that d ∈ P (δ̄)
and l(d, δ̄)δ∗ = l(d, δ̄). Then taking δ̄0 ∈ CX to be the element obtained from δ̄ by 
‘removing’ the factor δ∗ we have δ̄0δ∗ = δ̄. Moreover, by construction we find that if 
δ has an idempotent l(p, δ) at position p, then δ̄0 has an idempotent l(p, δ̄0) at this 
position where l(p, δ̄0) ≤ l(p, δ), from which we deduce (using the dual to Lemma 7.16) 
that [δ∗0 ]F ≤ [δ∗]F . Then taking α = η1δ̄0η2 ∈ CX , one finds that [α]F = [γ]F and 
αθ1 = β.) □
Theorem 7.18. The free Ehresmann monoid embeds (as a monoid) into the semidirect 
product YX ⋊ FX .

Proof. It suffices to show that θ̂ : CX/J♯ → YX ⋊ FX is injective. To this end, suppose 
that γ1, γ2 ∈ CX and [γ1]F θ̂ = [γ2]F θ̂. By definition of θ̂ we have

([γ1θ1]Y , γ1θ2) = ([γ2θ1]Y , γ2θ2),

so that immediately from Lemma 7.17 we obtain [γ1]F = [γ2]F . □
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Remark 7.19. Notice that with the above embedding, for x ∈ X we have that

([x]F θ̂)+ = ([yx,1]Y , x)+ = ([yx,1]Y , 1)

whereas

([x]+F )θ̂ = ([x+]F )θ̂ = ([ex+,1]Y , 1)

so that we see explicitly that

([x]F θ̂)+ ̸= ([x]+F )θ̂,

and hence θ̂ is not an embedding of bi-unary monoids.

Remark 7.20. Note that the embedding given by Theorem 7.18 allows us to give an alter
native proof that FE(X) (or indeed, FLE(X)) is not left coherent for X = {x1, x2, . . .}, 
by appealing to Corollary 4.10, taking Y = YX , G = FX , M = FE(X) viewed now as 
a submonoid of YX ⋊ FX , with a = (yx1,1, x1), b = (yx2,1, x2), ei = (efi,1, 1) ∈ M for 
fi := (x2x

i
1)+ ∈ ℰX .

8. Questions

We have exhibited several examples of E-unitary inverse monoids constructed from 
groups where our technique may be applied. Notably we have seen that the Szendrei 
and Margolis-Meakin expansions of certain groups are not (left or right) coherent. This 
leaves open the following question:

Question 8.1. Which Szendrei expansions Sz(G) are coherent? Which Margolis-Meakin 
expansions M(G,X) are coherent?

Our result also applies to show that the free objects in certain (quasi-)varieties are 
not coherent as monoids. We summarise the situation for left and right coherency of 
free objects in the (quasi-) varieties of monoids considered here and elsewhere in the 
literature.

Left coherent Right coherent 
free group yes [7] yes [7] 
free monoid yes [10] yes [10] 
free inverse for rank > 1, no [9, Theorem 7.5] for rank > 1, no [9, Theorem 7.5] 
free ample for rank > 1, no [9, Theorem 7.5] for rank > 1, no [9, Theorem 7.5] 
free left ample for rank > 1, no [9, Theorem 7.5] for all ranks, yes [9, Theorem 5.7] 
free Ehresmann for rank > 1, no Theorem 5.5 for rank > 1, no Theorem 5.5
free left Ehresmann for rank > 1, no Theorem 5.5 ? 

(see also Remark 7.20) 
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Given the positive result for the free left ample monoid, one is immediately drawn to 
ask whether a similar result may hold for the free left Ehresmann monoid.

Question 8.2. Is the free left Ehresmann monoid right coherent in all ranks?

We remark that a positive answer to Question 8.2 is likely to be technically challenging, 
given the nature of the existing proof of the fact that free left ample monoids are right 
coherent.

Coherency of the monogenic free objects in the table above has not been explic
itly considered in the literature. However, by appealing to several known results, it is 
straightforward to show that the free monogenic inverse monoid is coherent:

Example 8.3. We show that the free monogenic inverse monoid, F := FI(x), is right (and 
hence also left) coherent. By an abuse of notation, for integers l, r with l ≤ r let us write 
[xl, xr] to denote the set of elements {xi : l ≤ i ≤ r}. The elements of F are then the pairs 
of the form ([xl, xr], xm), where l ≤ m ≤ r and −l, r ≥ 0, and the idempotents are the 
elements with m = 0. Recall that the natural partial order on idempotents is determined 
by e ≤ f if and only if ef = e. Thus for e = ([xl, xr], 1) and f = ([xp, xq], 1) we see 
that e ≤ f if and only if [p, q] ⊆ [l, r]. Clearly the poset (E(F ),≤) satisfies the ascending 
chain condition. Notice also that there are no infinite antichains of idempotents in this 
partial order (for an idempotent e = ([xl, xr], 1) any element incomparable to e must lie 
in exactly one of the following (finitely many) sets:

• Li = {f : f = ([xi, xq], 1) for some q > r} for l < i ≤ 0 and
• Rj = {f : f = [xp, xj ] for some p < l} for 0 ≤ j < r,

but notice that any two elements of Li are comparable, and any two elements of Ri are 
comparable, so there is no infinite antichain containing e). Since F is inverse we see that 
the principal right ideals of F are precisely the sets eF where e ∈ E(F ), and it is easy 
to see that if e, f ∈ E(F ), we have eF ⊆ fF if and only if e ≤ f , from which it is 
then clear that the set of principal right ideals satisfies the ascending chain condition. It 
now follows from [18, Theorem 3.2] that F is weakly right Noetherian, and since by [5, 
Corollary 3.3] any weakly right noetherian regular monoid is right coherent, we obtain 
that F is right coherent.

This leaves the remaining questions:

Question 8.4. Is the free ample/left ample/Ehresmann/left Ehresmann monoid of rank 
1 left or right coherent?

Where a ‘no’ answer is obtained in the previous table above, a natural question is 
whether the corresponding monoid satisfies a weaker finiteness condition, such as weakly 
left or right coherent. We summarise what is known in this regard in the table below:
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Weakly left coherent Weakly right coherent 
free inverse yes by [2, Corollary 3.3] yes by [2, Corollary 3.3] 
free ample yes by [3, Corollary 3.12] and 2.19 yes by [3, Corollary 3.12] and 2.19

free left ample yes by [3, Corollary 3.12] and 2.19 yes [it is right coherent] 
free left Ehresmann yes by Theorem 6.8 yes by Theorem 6.8

free Ehresmann ? ? 
(finitely left equated by 2.19) (finitely right equated by 2.19) 

This leaves open the following question:

Question 8.5. Is the free Ehresmann monoid weakly left or weakly right coherent?

Finally, in a different direction, given the role of special semidirect products of the form 
𝒮(G) where G is a group in many of the aforementioned results, we propose a general 
study of coherence properties of monoids of the form 𝒮(M) where M is a monoid.

Question 8.6. For which monoids M is 𝒮(M) (weakly) left/right coherent?

Question 8.7. Can a monoid containing a non-coherent monoid 𝒮(M) as a subsemigroup 
be left or right coherent?
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