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Understanding electron localization in molecules and materials plays a central role in electronic
structure theory—and will increase in importance with the rise of data-driven approaches. The
electron localization function (ELF) is widely used to visualize electron organization in molecules
and materials, and it remains a central ingredient in modern density-functional approximations.
Yet its formulation retains highly empirical elements. Here we introduce a quantum-information
measure of electron localization derived from the concurrence of a correlated two-spin mixed state.
This construction yields a genuine two-point localization indicator grounded in quantum-information
theory, avoiding the heuristic normalization and chosen nonlinear remapping of the ELF. We show
that atomic shells, covalent and ionic bonds, lone pairs, molecular dissociation, and charge-transfer
processes are captured. The method is straightforward to evaluate numerically.

Introduction. The term localization carries many differ-
ent meanings across physics—from Anderson localization
in disordered systems to Wannier localization in periodic
solids and spatial confinement in quantum dots. Here we
focus on a distinct notion: the propensity of electrons to
stay together or apart, as encoded in two-particle correla-
tions within regions associated with bonds, atomic shells,
and lone pairs.

Real-space indicators of electron localization can be
viewed as modern counterparts to Lewis structures [1]
to understand the organization of electrons in atoms,
molecules, and materials. They are also pervasive in both
density-functional and wave-function electronic-structure
methods. Among them, the electron localization func-
tion (ELF) is arguably the most widely used. Ini-
tially introduced by Becke and Edgecombe through the
curvature of the like-spin conditional pair density at
the Hartree–Fock level [2], and later reinterpreted as a
Pauli (Kohn–Sham) kinetic-energy excess relative to its
bosonic von Weizsäcker limit [3, 4], the ELF has proved
invaluable for visualizing bonds and shells.

Yet, despite its success [5–8], its construction includes
empirical ingredients, and its semi-local form [9] can
limit its ability to capture intrinsically nonlocal electronic
features [10]. This empirical content is often accepted
on the grounds that ELF analyses are largely qualita-
tive. However, ELF is also widely used to carefully an-
alyze and compare bonds across different systems and
environments. Elements of the ELF also enter modern
density-functional approximations [11–13], further moti-

vating the need for a more transparent theoretical foun-
dation to support quantitative objectives. Interpretative
challenges for the ELF have been reported as well [14].
Significant efforts have been made over the years to place
the ELF on safer theoretical grounds [15–17], and Ko-
hout’s ELI family of descriptors [18] avoids ad-hoc scal-
ing and normalization by adopting a space-partitioning
approach.

Quantum-information approaches have meanwhile
shown that electronic entanglement is a powerful de-
scriptor of bonding, reactivity, and correlation in
molecules [19–27]. Yet most of these measures are
orbital-resolved and can vary under orbital rotations [28,
29], limiting their suitability as universal real-space indi-
cators.

Along parallel developments, spin entanglement has
been investigated in the non-interacting electron gas [30–
33], suggesting that a real-space, basis-independent lo-
calization indicator may be derived from spin entangle-
ment [32]. This viewpoint offered an alternative rational-
ization of the internal workings of the ELF. However, the
same analysis did not overcome the empirical elements in
the ELF construction.

In the following, we address the longstanding chal-
lenge of formulating electron localization through a well-
defined spin-entanglement indicator. We achieve this by
employing a measure of entanglement derived from the
underlying two-spin correlations. For each pair of spa-
tial points, we construct a properly normalized mixed
two-spin state and quantify its entanglement via the con-
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currence function [34]. As we show below, this procedure
provides a physically grounded measure of localization
in correlated many-electron states and can be applied
straightforwardly, yielding consistent and reliable results.
Formulation. Given an N -electron state Ψ, the corre-

sponding one-body reduced density matrix (1RDM) is

γ1(x1;x
′

1) =N

∫
dx2 . . .

∫
dxN

Ψ(x1,x2 . . .xN )Ψ∗(x′

1,x2 . . .xN ) (1)

with natural orbitals ψi and occupations 0 ≤ ni ≤ 1
defined by

∫
dx′

1 γ1(x1;x
′

1)ψi(x
′

1) = ni ψi(x1). (2)

From γ1, we may form the anti-symmetrized two-body
correlation function

γ̃2(x1,x2;x
′

1,x
′

2) = [γ1 ∧ γ1] (x1,x2;x
′

1,x
′

2) (3)

where “∧” stands for the wedge product [35].
The correlation function γ̃2 is significant for three

main reasons: (i) it naturally generalizes the conven-
tional Hartree and Fock terms to the correlated γ1 [36];
(ii) as the seminal works by Bader [37, 38], Becke [2],
Savin [3], and collaborators have demonstrated, γ̃2 en-
codes key elements of the physics that underlies electron
localization; and (iii) the auxiliary object γ̃2 can encode
singlet–triplet mixing that is not visible when the con-
currence is extracted directly from the pure-state 2RDM
γ2 [39].
Here we exploit the singlet–triplet mixing in γ̃2 to

introduce a measure of electron localization based on
spin entanglement. The underlying physical picture is
straightforward: when two electrons share a sufficiently
small region of space, the antisymmetry of the total
state forces them into a singlet—and thus maximally
entangled—spin configuration. As the two electrons
move apart, the weights of the triplet components tend
to increase, and the two-spin state becomes less entan-
gled. Thus, γ̃2 provides a connection between electron
localization and spin entanglement that can be used to
analyze both.
We stress that γ̃2 is not used here as an approximation

to γ2, but as an auxiliary quantity: γ2 and γ̃2 encode dif-
ferent information, with γ2 determining the two-particle
probability of the state under consideration and γ̃2 car-
rying the local singlet–triplet structure relevant for the
localization analysis developed here. We also note that
the triplet (antisymmetric) component of the 2RDM has
been used previously in localization-related analyses [40].
The focus is thus on the state described by γ̃2, while the
full two-body cumulant [41]—i.e., (γ2 − γ̃2)—is neither
required nor employed.
The properties of γ̃2 deserve further comments.

When γ1 is idempotent, as in Restricted Hartree-Fock

(RHF)[42], γ̃2 coincides with γ2, while when γ1 car-
ries fractional occupation numbers—as for a multi-
configurational state—γ̃2 need not satisfy pure-state N -
representability conditions. In order to stress this point
and avoid any confusion, in this paper γ2 denotes the
pure-state 2RDM defined above.
To estimate the entanglement of the spin pairs, we con-

sider the spatially-dependent 4×4 spin matrix γ̃2, whose
“hyper-diagonal” (r1 = r

′

1, r2 = r
′

2) provides a bona-fide

two-qubit state:

Λ̃(r1, r2) =
γ̃2(r1, r2)

Tr [γ̃2(r1, r2)]
, (4)

where Tr denotes a trace in the two-spin space. This step
involves a non-empirical trace normalization and yields
a proper density operator (unit trace, positive semidefi-
nite). In systems with spin-rotational symmetry, Λ̃ as-
sumes the Werner form [43]

Λ̃(r1, r2) = p(r1, r2) |Ψ
−⟩⟨Ψ−|+

[
1− p(r1, r2)

]
I/4.

(5)
Here, |Ψ−⟩ is the singlet state, I is the two-spin identity,
p(r1, r2) = |γ1(r1, r2)|

2/
[
2n(r1)n(r2)− |γ1(r1, r2)|

2
]
is

the excess singlet probability determined by the spin co-
herence in γ̃2, and n(r) = γ1(r, r) is the electron density.
We quantify the spin entanglement encoded in Λ̃

through the concurrence,

C̃(r1, r2) = max

{
0, 2λ̃max(r1, r2)−

4∑

i=1

λ̃i(r1, r2)

}
,

(6)

where {λ̃i} are the eigenvalues of the Wootters matrix

R =

√√
Λ̃ Λ̃SF

√
Λ̃, with spin-flipped (SF) density ma-

trix Λ̃SF = (σy ⊗σy)Λ̃
∗

(σy ⊗σy) [34]. For the states

considered here Λ̃SF = Λ̃, so that R = Λ̃ and {λ̃i} re-
duce to the eigenvalues of Λ̃ itself. For a Werner state
this gives

C̃(r1, r2) = max

{
3p(r1, r2)− 1

2
, 0

}
, (7)

so that C̃ = 0 for p ≤ 1/3 and C̃ = 1 when Λ̃ coin-
cides with a pure singlet state (p = 1). The level at
which γ1 is determined (e.g., RHF, or beyond) propagates
through Eqs. (3)–(7) and thus influences the degree of en-
tanglement given by C̃. Again, the notation underlines
that the concurrence computed for estimating the local-
ization uses γ̃2 [see Eq. (3)] rather than the pure-state
representable γ2. Because γ̃2 is generally not pure-state
N -representable, Λ̃ naturally incorporates singlet–triplet
mixing that emerges in strongly correlated regimes.
This construction has three immediate consequences:

(i) it associates maximum localization with singlet con-
figurations rather than with fermions endowed with a
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FIG. 1. C̃(z1, z2) for H2 at the CASSCF(2,2) level. The co-
ordinates z1 and z2 are along the internuclear axis so that
nuclei are at corners. Positions z1 and z2 are sampled along
the internuclear axis between the nuclei. Left: compressed ge-
ometry (R = 0.5 Å). Right: stretched configuration (R = 4.0
Å).

bosonic kinetic-energy form [3, 4, 44] — an interpretation
which, if taken too far, would contradict the fermionic
origin of chemical bonding, underscoring that full nonlo-
cality is conceptually essential; (ii) consistent with this,

it predicts C̃ = 0 whenever the exchange term is small
compared to the Hartree term in Eq. (3) [see Eq. (7)];

and (iii) C̃ is rigorously bounded in [0, 1] with a direct
quantum-information meaning, requiring neither heuris-
tic normalization nor ad hoc non-linear remapping (see
below).

Increasing internuclear separation in molecules en-
hances static correlation and leads to a gradual disen-
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FIG. 2. C̃(z1, z2) for F2. The coordinates z1 and z2 are along
the internuclear axis so that nuclei are at corners. Top: RHF;
bottom: CASSCF(2,2). Left: near the equilibrium geometry
(R = 1.5 Å). Right: stretched configuration (R = 5.0 Å).

tanglement of the spin pairs (see below).

Next, it is instructive to see how the conven-
tional ELF is related to C̃. To recover the ELF
from our formulation, four reductions must be im-
posed: (i) One first replaces γ̃2(r, r + u) with its an-
gular average over u, thereby discarding directional
information; (ii) one then expands the concurrence
for small inter-electronic separations u, keeping the

leading term, C̃(r, u) ≈ max
{
0, 1− [u/lE(r)]

2
+ . . .

}
,

where (assuming real-valued natural orbitals) lE(r) ∝{
τ(r)/n(r)− |∇n(r)|2/4n2(r)

}
−1/2

is a characteristic
entanglement length, expressed in terms of the par-
ticle density n(r) =

∑
i ni|ψi(r)|

2 and semi-local
quantities: the kinetic-energy density τ(r) = ∇ ·
∇′γ1(r, r

′)|r′=r =
∑

i ni|∇ψi(r)|
2 and the density gra-

dient ∇n(r); (iii) one may normalize lE(r) to its
homogeneous-electron-gas value lunifE (r) ∝ n(r)−1/3; and
(iv) finally, one may apply a nonlinear logistic-like map-
ping that is not dictated by any known physical principle,
ELF(r) = 1/ {1 + [ lunifE (r)/lE(r) ]

2} , which reproduces
the Becke–Edgecombe ELF when γ̃2 is evaluated at the
RHF level. By contrast, the concurrence itself retains
full two-point information and requires no heuristic nor-
malization or empirical logistic-like mapping.

The above analysis provides a unified perspective to
view both the traditional RHF-based ELF and its corre-
lated extensions [18, 44, 45] as different instances of the
same reduction. Furthermore, it highlights the empirical
elements in the previous ELF constructions.
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FIG. 3. C̃(z1, z2) for N2. The coordinates z1 and z2 are along
the internuclear axis so that nuclei are at corners. Top: RHF;
bottom: CASSCF(6,6). Left: near equilibrium (R = 1.0 Å).
Right: stretched geometry (R = 5.0 Å). Sampling along the
internuclear axis.
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FIG. 4. C̃(z1, z2) for N2 at R = 2 Å. Nuclei are at z = −1
and z = 1 Å. Sampling extends across and beyond the atomic
regions Left: RHF; right: CASSCF(6,6).

We emphasize that the reduction from C̃(r1, r2) to the
ELF(r) yields lE(r), a natural three-dimensional indi-
cator that assigns a quantum-information meaning to a
key ingredient of the ELF—the Pauli kinetic energy ex-
cess (here divided by the particle density). This obser-
vation was already made at the HF/Kohn–Sham level
in Ref. [32]; the present work extends it to correlated

1RDMs and identifies the full six-dimensional C̃(r1, r2)
as the underlying nonlocal parent quantity encoding elec-
tron localization from the outset. Conversely, this per-
spective also suggests that C̃(r1, r2) can serve as a start-
ing point for constructing other, quantum-information
based, lower-dimensional projections.

Applications. We examine the dissociation of
closed-shell diatomic molecules into open-shell atomic
fragments, including both covalent and ionic bonds as
well as a representative singlet excitation. We per-
form RHF and complete active space self-consistent
field (CASSCF) [46] calculations [47]. In the following,
CASSCF(n,m) indicates a CASSCF calculation with n
active electrons distributed within m active orbitals.

All figures show a projection C̃(z1, z2) onto the inter-
nuclear z-axis, with the two atoms appearing in oppo-
site corners of each panel, except in Fig. 4 where a wider
window is shown. Each value C̃(z1, z2) gives the entangle-
ment of the two-spin state extracted from γ̃2 [see Eq. (4)].

Regions with C̃ > 0 contain entangled pairs, with larger
values indicating stronger singlet character. Along the
diagonal (z1 = z2), antisymmetry enforces C̃ = 1, while
along the anti-diagonal (z1 = −z2) the electrons occupy
opposite sides of the bond midpoint.

The ground state of H2 is a pure singlet with only
two electrons. Hence, the concurrence computed directly
from the corresponding pure-state 2RDM equals one ev-
erywhere, independently of whether the underlying wave-
function is RHF, CASSCF(2,2), or exact. Thus, a visu-
alization based solely on γ2 cannot reveal whether an ap-
proximate wavefunction correctly describes dissociation.

Figure 1 shows that this limitation is resolved by re-
sorting to the auxiliary γ̃2. At the RHF level, C̃ remains

equal to one, consistent with the fact that RHF does
not describe bond breaking. At the CASSCF level, how-
ever, triplet components mix in as the bond is stretched,
and C̃ decreases accordingly. Near equilibrium (left),
the entanglement is only mildly reduced upon moving
the electrons toward opposite atoms; beyond the Coul-
son–Fischer point [48] (right), the collapse of C̃ clearly
renders the idea of a stretched bond and the emergence
of two separate fragments.

For multi-electron systems, F2 in Fig. 2 and N2 in
Fig. 3, the concurrence maps encode both bonding and
shells. Bonding information resides in the regions where
z1 and z2 lie on opposite sides of the diagonal: a cen-
tral bright island connecting the two atoms indicates
inter-atomic singlet entanglement, while its collapse into
a thin bridge (a size to be intended relative to the inter-
nuclear distance) signals dissociation. Thus, the effect of
static correlations as compared to a mean-field solution
is made apparent. We notice that the narrow dip at the
equilibrium distance, previously reported in ELF studies
of F2 [49], is also visible in the fully non-local concur-
rence. Bright rectangular blocks close to each nucleus—
where both electrons reside on the same atom—reflect
the atomic shell structure: within a given shell, C̃ remains
high, whereas dark channels mark the shell boundaries
(see Figs. 2 and 3).

Energetically, RHF is an acceptable approximation
near equilibrium but fails in stretched geometries, where
static correlation becomes essential. Consistently, at
the RHF level the concurrence spuriously increases away
from the bond center in stretched regimes, artificially
suggesting a reinforcement of the bond (upper right panel
of Figs. 2 and 3). At the CASSCF level, by contrast, the

collapse of C̃ between the bright atomic blocks (bottom
right panel) is the real-space signature of bond breaking
and the emergence of two independent fragments.

Figure 4 provides a zoomed-out visualization for N2 in
a slightly stretched geometry, making lone pairs visible
through C̃. It is also clear that, at this distance, corre-
lation effects are minor, and yet not entirely negligible
along the stretched bond.

We next examine LiF, which passing through an
avoided crossing undergoes an ionic–to–neutral charge
transfer upon dissociation—a regime beyond the capabil-
ities of RHF. Equal-weight SA-CASSCF(2,2) calculations
for the S0 and S1 singlets correctly resolve the avoided
crossing near R ≈ 4.3 Å. Figure 5 shows C̃ at internuclear
distances about 0.5 Å before and 0.5 Å after this cross-
ing. Before the crossing (top row), S0 is ionic, with C̃ dis-
playing two disconnected blocks centered on the atoms,
while S1 is covalent, featuring a bright diagonal island
(z1≈ z2) between the atomic regions. After the crossing

(bottom row), S0 becomes covalent and its C̃ develops a

clear bridging island, while S1 becomes ionic and its C̃
shows separated blocks that merge into a broader region.
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The key diagnostic feature is thus the presence (covalent)
or absence (ionic) of a distinct diagonal bridging island;
after the crossing, the covalent island shrinks and merges
into the wider ionic pattern.
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FIG. 5. C̃(z1, z2) for LiF from SA-CASSCF(2,2). The coordi-
nates z1 and z2 are along the internuclear axis so that nuclei
are at corners (Li on the left, F on the right). Left: ground
state S0. Right: first excited singlet S1. Top: R = 3.8 Å;
bottom: R = 4.8 Å. z1 and z2 are sampled along the internu-
clear axis. The avoided crossing occurs at SA-CASSCF(2,2)
near R ≈ 4.3 Å.

Conclusions. We have introduced a quantum-
information-based measure of electron localization de-
rived from the spin entanglement encoded in a nor-
malized two-spin state built from the γ1-derived Fock–
Dirac two-body object. By extracting a spatially
resolved two-spin state and evaluating its concur-
rence, the method captures both local and non-local
aspects of electronic structure, dispensing with the
short-range assumptions and empirical elements of tradi-
tional localization functions. This establishes a rigorous
quantum-information foundation for next-generation lo-
calization indicators relevant to both density-functional
and wave-function methodologies.
Notably, the calculation involves the one-body reduced

density matrix while still reflecting non-local correlations.
This feature enables a computationally efficient measure
of quantum correlations that can be evaluated with ex-
isting software and readily integrated into data-driven
workflows [50, 51] for enhanced electronic-structure mod-
eling.
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