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Precise and autonomous clocks are of fundamental interest and central importance to both foun-
dational studies and practical applications. Here, we construct a blueprint for a quantum clock
governed by time-independent interactions. By carefully-engineered coherent transport in dissipa-
tive spin chains, we achieve a scaling exponent at the precision—resolution trade-off fundamental
bound, bringing this within reach of physically realistic and experimentally accessible systems. We
further introduce a sudden-quench protocol that enables repeated operation through a simple ini-
tialization and detachment mechanism. Remarkably, the protocol is robust to imprecise detachment
timing, implying that high-precision timekeeping can be achieved even when driven by a clock with

much lower precision.

Keywords: clocks, precision, resolution, spin chains, quantum technologies, quantum information processing

Throughout human history, precise timekeeping has
been a central scientific and technical objective [I].
Atomic clocks [2] currently reach such extraordinary lev-
els of precision that, if one had been operating since the
first moments of the Big Bang, it would have accumu-
lated an error of only about 1 second today [3]. Such per-
formance naturally raises a fundamental question: what
ultimately limits the performance of a physical clock?
The task of clocks is to provide a temporal reference.
To achieve this, they must generate a signal without re-
quiring any external control or timing, since this would
presuppose prior knowledge about time and thus access
to another clock [4H7]. To achieve this, clocks necessar-
ily have to feature a spontaneous, irreversible process.
Assuming that the time signal comes in discrete packets
called “ticks”, the above implies that the tick events are
inherently stochastic and thus subject to fluctuations.

In turn, the magnitude of these fluctuations limits
the performance of clocks, in particular their stability
over time, i.e., their precision (in the literature also re-
ferred to as accuracy [8]). Whilst fluctuations can be
suppressed through careful engineering of the underly-
ing quantum system [7, [9], they cannot be eliminated:
thermodynamic constraints akin to the thermodynamic
uncertainty relations (TUR) [10] impose a fundamental
lower bound on tick fluctuations [I1I], as also demon-
strated experimentally on a double quantum dot [I2].
Beyond this, any memory-less “ticking clock” is subject
to implementation-independent limitations, namely the
fundamental precision-resolution trade-off (PRT), which
bounds the maximally achievable precision of a clock for
a given resolution (tick rate), where the precision scales
inversely with the square of the resolution [g].

* Contact author: c.nelmes@york.ac.uk

Recent progress has clarified the precise mechanisms
that allow us to improve clock performance, including
the precise engineering of the systems’ constituent cou-
plings [9] and the utilization of temporal correlations in
between ticks [13]. However, to date, it is unclear how
close one can realistically get to the fundamental PRT.
Here, we show that, by exploiting carefully-engineered
coherent transport in a dissipative spin chain, the PRT
bound can indeed be saturated: our model exhibits a pre-
cision which scales as the inverse square of the resolution.
Remarkably, the proposed model is also physically imple-
mentable and experimentally feasible, entailing that the
PRT is realistically achievable.

Spin chains are a natural platform for such transport
dynamics, with a long history in quantum information
processing as architectures for quantum state transfer
and information transport [I4H21]. Recently, modulated
1-D spin chains with dissipation have also been proposed
as autonomous quantum clocks [9, [I3]. Here, we offer an
alternative configuration, leveraging perfect state trans-
fer (PST) to optimize coherent transport, which brings
us significantly closer to, and indeed allows us to reach,
the theoretical upper-bound scaling of the PRT.

Beyond the theoretical improvement upon previously
achievable PRT curves, our approach remains experimen-
tally accessible: it can reasonably be implemented in
platforms capable of realizing the original set of tuned
mirror-symmetric couplings for the implementation of
PST, which have already been demonstrated in several
physical platforms, from superconducting qubits to opti-
cal waveguides [22H26]. Our numerical simulations show
the protocol performance for system sizes ranging from
currently accessible chains of ~ 10 to ~ 10 qubits, pro-
viding a realistic outlook for both present and near-term
experimental realizations.

Quantum state transfer and tick probability- In this
Letter, we use the PST protocol proposed in Refs. [18,[27]
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within the autonomous clock scenario: this way we
achieve a PRT scaling equivalent to the theoretical up-
per bound. The PST protocol is implemented in one-
dimensional, open-ended spin—% chains modeled by the
so-called XX-Hamiltonian

R N-1 7,
Hyxx =) 5 (0fofa +otel,) . (1)
i=1

Here, N is the number of sites, and J; describes cou-
plings between adjacent qubits. The figure of merit for
the efficiency of the state transfer, setting i = 1, is the
fidelity

Aﬂﬂ:MNk4m“mwa 0<F() <1, (2)

where the states are described in the single-particle ba-
sis |¢) = [000...1;...000). By setting the inter-qubit
couplings as

J; = Jov/i(N — 1), (3)

where Jj sets the scale for the coupling amplitudes, PST,
that is F(t) = 1, is obtained at time tpsy = ﬁ, which
sets the speed limit for perfect end-to-end quantum com-
munications within nearest-neighbor (NN) spin chains
[28].

We now wish to exploit the PST features of this chain
to construct a clock approaching the PRT bound. To
this aim, we couple the last site N of the XX-model in
Eq. [1] to a memoryless, dissipative environment at zero
temperature. This open quantum system is effectively
described by the Lindblad master equation

b= ilHxx, ol +TUpI — LI, (@)

where J = \E&N is the jump operator, and {e, e} is
the anticommutator. The quantum jump unraveling of
the master equation allows us to define an effective, non-
Hermitian Hamiltonian governing the dynamics of the
system between consecutive jumps

Han = Hxx — S o5y, (5)

where I' > 0 is the decay rate associated with the sink [8]
9,129,[30]. Hence, as shown in Ref. [9], the tick probability
distribution function (PDF) is given by

- 2 t2
paen(®) = T [V et 1) o< [ at pua(®) < 1
ty
(6)

Although Eq.[2and Eq. [f]represent conceptually distinct
quantities, their formal analogy is striking and we show
in the following that the dynamics allowing PST can be
leveraged for enhancing clocks’ figures of merit. Exploit-
ing the spectral properties of Hyx, which result from

2

the Hamiltonian being both symmetric (Hxx = fIg;X)
and persymmetric, and possessing chiral symmetry, we
can recast the fidelity in Eq. 2] as
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where {wg, |vi)} are, respectively, the eigenvalues and
eigenvectors of Hyx x. From these equations we conclude
that, in order to reach unit fidelity, the eigenvectors |vy)
need to have support both on the first and the last site,
and their evolution should realize fully constructive in-
terference at time tpgp, which is ensured by the linear
spectrum wy, yielding a dispersionless wave packet prop-
agation along the chain. Similarly, the tick PDF in Eq.[]
can be expanded in terms of the spectral_ decomposition
of Heg. The effective Hamiltonian in Eq. is symmetric,
which entails that the left eigenvectors are the transpose
of the right eigenvectors, (Iz| = (|rx))", and possesses
chiral symmetry. Hence, its complex eigenvalues satisfy
€, = —€* ., and its right eigenvectors Re [ry;]+iIm [r,] =
(=) gy ]+i (=1)" Im [r_y;]. As a consequence,
the tick PDF in Eq.[6]can be cast as (see the End Matter)
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k=1
where € (el) is the real (imaginary) part of ;. From
Eq. |8l we can set the analytic requirements for a clock
based on our model to approach the PRT bound. That
is, in order for the tick PDF to exhibit a pronounced
peak (high precision) within a short time (high reso-
lution), similar conditions as for PST apply: the right
eigenvectors |r) need to have support both on the first
and last site, and the real components of the eigenval-
ues must enable constructive interference quickly enough,
before their imaginary components have suppressed the
initial overlap |ry n7g,1|. Clearly, the argument of the
square modulus of Eq. [§ reduces to Eq. 2] for I' = 0 as
H.g = Hxx.

In the following we will set I' = 1 such that the sink
rate is our characteristic energy and time scale, as well as
for consistency with prior works [9, [I3]. A schematic of
the system is shown in Fig.[ll Due to the non-Hermitian
Hamiltonian, the state vector norm is not conserved, and
therefore we instantiate a “survival probability” given by

S(t) = (1] eeuteHenrt 1), 9)
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FIG. 1: Clock set-up for an N = 6-site chain. Red
arrows indicate initial state |1), i.e. a localized
excitation on the first site of a nearest-neighbor,
time-independent Hamiltonian, with a sink
(zero-temperature bath, blue sphere) on the final site.

This survival probability (Eq. (9)) quantifies how much
population remains in the “no tick” subspace (i.e., not
absorbed by the sink).

Clocks: Figures of Merit- There are key aspects of a
clock, whether it is classical or quantum, by which we
may grade its performance. Here, we focus on the res-
olution v = p~!, which is given by the inverse average
time between ticks u, and the precision (or accuracy)
N, which quantifies the clock’s stability over time. The
survival probability S(t) (Eq. @) plays the role of a cu-
mulative non-tick probability and induces a well-defined
tick probability density via pek(t) = —S(¢); hence, we
may express its n-th moment as

ty = n/ dt "1 S(t)
0

N (10)
(1) (Ul Xriere) (e [1)
— !k,kzzl [(ef +ef) +ileff — e’

where (I and |rg) are the left and right eigenvectors of
Eq. (f)), such that (lp|rpr) = Opper-

Using Eq. (| we may calculate p = ¢1, and the vari-
ance 02 =ty — 2 Detailed derivations of Eqgs. . b
and ty are prov1ded in the End Matter. For a given clock
architecture, we may now quantify the precision as

N (E)Q_ (11)

g

Assuming that the ticks are independently and identi-
cally distributed (i.i.d.), we can interpret A as the aver-
age number of time units our clock ticks, until it is “off”
by exactly one tick. The region

—<N<— (12)

is still allowed by the PRT upper bound [6l 8, [0], but can-
not be achieved by classically averaging a rate I' stochas-
tic process, as averaging M independent events yields a

maximal precision of N'= M and v = T'/M [§], yielding
thus the LHS bound in Eq. . For a very good clock
we require, with respect to the bound of Eq. , both
high resolution and high precision.

Results- Our findings emerge from a combined analyti-
cal-numerical approach, leveraging a well-known perfect-
state-transfer solution (Eq. (B))) together with evolution-
ary computation. We use Differential Evolution (DE), a
population-based stochastic optimization algorithm de-
signed for continuous parameter spaces [31]. It is partic-
ularly effective for cost functionals of highly non-convex
functions, such as the survival probability in dissipative
quantum spin chains. DE maintains a population of M
candidate solutions {x;}},, each representing a vector of
parameters. The algorithm is used to sustain and then
minimize the survival probability, as defined in Eq. @D
over a finite time window T (in units of I'"1) for a given
chain length N. We define the dynamical cost function

D A=S®)*A Y S(1)?
t<T/2 t>T/2
(13)
where A > 0 penalizes survival after the target tick time
T'/2, thus optimizing the precision of the clock within a
finite window. The total simulation time window T was
chosen to scale as ~ 10v/N, such that it safely encom-
passes the speed limit for NN chains [2§].

Using a DE approach with the cost function Eq. ,
two parameters were optimized for each system size: the
final four couplings up to the final site, and the global
scaling factor Jy defining the coupling profile in Eq. .
For a given N-site solution, as illustrated in Fig. [2] we
find that for the survival probability to decay to zero the
final coupling Jx_1 must be enhanced relative to the pre-
ceding bond Jy_o. This effectively increases the rate at
which the excitation is transferred from the penultimate
site to the terminal site connected to the sink. This find-
ing is consistent with previous work [0, [I3], which also
presented chain-end apodization.

The key result of this work is shown in Fig. B} we
find a scaling in the precision of our all-but-four PST-
coupled chains A" oc v»~2: this is equivalent in scaling
to the PRT upper bound and significantly closer than
the known results to-date for stochastic clocks with i.i.d.
ticks [9]. Previous results yield a scaling of approximately
N o v~3. This scaling avoids finite-size effects by con-
sidering large enough N (N > 10, see lower-left inset
of Fig. [3) which yield the overall trend of NV o v—2.
The couplings of the numerically optimized chains ex-
hibit a systematic scaling with the system size. Consid-
ering N > 10, the global coupling scales as Jy ~ N 949,
and the terminal coupling, which is always larger than
the prior three optimized couplings, follows the scaling
‘]N L~ N7959 with Jyax the chain largest coupling,
mdlcatlng that its difference with respect to the adjacent
coupling Jy_1 decreases with increasing chain size. Fig.7
in the End Matter shows the reported scaling.

Coupling configurations, such as homogeneous or fully

CHIN=4,---,INn=1,J0}) =
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FIG. 2: Survival probability S(t) (red, left y-axis) and
tick PDF pyick(t) (blue dashed, right y-axis) for an
N = 50 chain with an all-but-four PST coupling (inset).
Couplings are globally scaled with Jy = 0.0172, and the
final couplings up to the last site in the chain are
JN—aN—1] € [0.245,0.243,0.255,0.367]. The inset shows
the corresponding NN couplings J; /T". This solution
yields figures of merit of v = 1.22-1072 and N = 361.62
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FIG. 3: Log—log representation of the full optimization
dataset (blue circles) spanning N = 10-2000, with a
direct comparison to the previous results (red squares)
of [9], at commensurate system sizes. By removing
finite-size effects (i.e. taking N > 10) a scaling of
N o« v~2 emerges. Fits are for N > 10. Convergency to
-2 of the exponent b in N o ¢® is shown in the inset,
(left y-axis), as lower— N contributions are progressively
removed. The right y-axis tracks the convergence of the
intrinsic decay rate T'.

PST-coupled chains with a sink on the final site, yield
significantly lower precision than the optimized couplings
shown in Fig. [2| motivating the need for the additional
site-dependent optimization. We find that the number o
of optimized couplings required from the sink-site, while
still enforcing the PST-coupling scheme throughout the
rest of the chain, seems to reach optimality at four cou-
plings, as the scaling of the PRT bound is achieved
(Fig. [3)). By increasing the number of optimized cou-
plings o from 1 to 4, (see Fig. , the survival probability
drops more decisively to zero and an increase in the pre-

fo=1, N=11.2, v=0.0165
i 0=2, N=70.2, v=0.0148
£): 0=3, N=204.9, v=0.0126
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FIG. 4: Survival probability dynamics trends due to
increased engineering via the number of couplings
adjusted o, on the end of the chain for an optimized
N = 40—site XX chain with dissipation.

cision for approximately the same resolution can be seen
from three to four optimized couplings.

—— N=11
—a— N=20

200

N?e[['

100

10 15 20 25 30 35 20
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FIG. 5: Effective clock precision as a function of
decoupling time. The effective precision N°f (Eq. )7
extracted from the survival probability over the time at

which the tick occurred for the optimized N —site

solution, is shown as a function of the decoupling time
Tphc in units of T ™1, Vertical dotted lines guide the eye
to the points (z-markers) where the plateau of maximal
accuracy attains 99% of its original value,
corresponding to particular even and odd N-solutions.

Experimental Feasibility and Clock Set-up -Spin-chains
with tunable coupling as described in the previous sec-
tions can be achieved via several quantum hardware, such
as waveguide arrays through physical spacing [22] or su-
perconductors, where the effective inter-qubit coupling
may be tuned by applying an alternating-current mag-
netic flux to modulate qubit frequencies [25]. Waveguides
coupled to superconducting qubits may also effectively
serve as a thermal bath, with their temperature modu-
lated through the spectral density of microwave photons
within the channel [32H34]. While results of previous sec-
tions combined with these hardware tunabilities may sup-
port the autonomous-clock ring-implementation-scheme
proposed in [9], we now demonstrate a more-flexible pro-
tocol by which our system may be configured (and recon-
figured) for continuous use. This protocol would allow to
experimentally achieve the precision-vs-accuracy previ-
ously described, while departing from the autonomous-
clock framework by using a “low-precision clock” to sup-
port its practical experimental implementation.

Let us encode the first site with a “spin-flip” and wit-



ness the natural dynamics generated by Eq. with
the coupling configuration from Fig. with 0 = 4:
Fig. [5] shows that there is a wide plateau of decou-
pling times Tpc, Tpc <K T2q, when we may suddenly
quench the Hamiltonian to decouple the first site from
the rest of the chain without affecting the precision of
the clock. From data in Fig. [f] we find that the mini-
mum Tpc approximately follows the advantageous scal-
ing of Tpc/p ~ 1/v/N. This property can be used to
re-initialize-with-ease the clock, by coarse control over
the decoupling time and without affecting the absorp-
tion of the excitation within the sink. Experimentally,
within superconducting qubit arrays, for example, the
first site can be detached from the rest of the chain using
dynamical decoupling techniques [35H37]. The tick itself
may be detected from the waveguides via single-photon
detection methods [38] [39], or through non-demolitionist
continuous measurements of an eigenstate of the system
[40, [41]. Subsequent re-coupling of the first site to the
rest of the chain can be triggered by positive detection
of the tick.

Conclusions and Outlook- We have presented a linear
spin chain protocol for timekeeping which exploits a mod-
ification to a well-known and experimentally achievable
PST coupling profile. With a scaling exponent of -2,
this configuration succeeds in achieving the PRT upper-
bound scaling for i.i.d. ticks and presents a marked
improvement to prior approaches. Furthermore, this
scheme demonstrates robustness to sudden quenches of
the system. Experimental platforms capable of realizing
an effectively PST-coupled chain would provide a mul-

tifunctional resource, enabling both high-fidelity state
transfer and precision timekeeping within a single archi-
tecture, provided the final qubit in the open-ended chain
can also be coupled to a zero-temperature thermal bath.
We have illustrated how this can be done within a super-
conducting platform coupled to waveguides.

Future work will explore alternative spin-network en-
gineering schemes, hardware-specific energy landscapes,
and varying topologies beyond NN couplings, with the
aim of enabling precise timekeeping within more complex
quantum hardware. Other schemes with very high state
transfer fidelity [42-45] have been reported, both within
spin chains and networks, which may also be investigated
for the purposes of high-performance timekeeping. Inter-
estingly, very recent clock based research [I3] has found
that if ticks are correlated, i.e., not i.i.d. as in our setup,
then an exponential gain in the precision is found across
ticks, so long as the chain is engineered appropriately.
Expanding the results presented here, using a similar ap-
proach, will serve as the foundation of future work in sup-
port of the establishment of correlated quantum clocks.
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END MATTER

Deriwation of expressions for the moments of the tick
probability distribution-In the following we will derive the
first and second moments of the tick probability den-
sity. These can be calculated analytically via the survival
probability [8]

S(t) = Tl )Xy (1] =

as follows:
uz/ S(t)dt (15)
0

ty = 2/0@ tS(t)dt (16)
0

The system is initialized in the state |¢(0)) = |1) in the
site basis, meaning that there is one excitation at the
first site only. It evolves according to the non-Hermitian
effective Hamiltonian H.g as

[9(t)) = e et [(0)) (17)

which can be decomposed as Heg = Y ;. €x|rr)(lk|, where
(lg] and |rg) are the left and right eigenvectors, s.t.
(lg|}.) = Ok (note that in general )T % (ri] and
(lk|lg) # Okir). The survival probability can now ex-
plicitly be given as

(W@l ()) (14)

S(t) = Tr(e™ et [1)(1]e Hirt) = Ty (et Hort 1)1

(18)
N
= 3 il et e et 11 (19)
i=1
N
= Y e e D (1l i 1)
k.k'=1
(20)

where the complex eigenvalues ¢; are decomposed into
their real and imaginary parts eZ and €. . Here, the first
equality comes from the circularity of the trace. The last
equality is due to the orthogonality of the position ba-
sis and substitution of the decomposed effective Hamilto-
nian. With this we can now calculate the first and second
moments:

oo N
u:/O Stydt=— Y

kk'=1

(L[ lg) (e [ ) (e | 1)
(e +eb) +i(ef — )
(21)
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and

N
> (1] 1) (rie | ) (e | 1)

ty=2 ] tS(t)dt=2 5
/ 2 T v eh) i (ef—ef)]

(22)

More generally, the n-th moment can be expressed as

0 N
by = n/ dt "' S(t) = (i gr—LeiHnt e=iHert|1Y(1|5)
0 i=1
(23)
N

—n S0 [ et D ) ()
0

k=1
(24)
N

=(-1)"n! Y

kk/=1

(Ll Xrelrer) (e (1)
[(ef + ep) +i(eff — )]

(25)

To demonstrate that these are indeed real numbers, note
that the following holds for conjugation:

(1) = | 1), (26)
(rie | )™ = (rae | 72) (27)
(I 1 1)" = (1| lr) (28)

For the denominator:

[k +el) i (e = )] = ek k) = (e = k).

(29)
Thus, it follows that
N
. (e | 1) {rar [ i) (1| L)
pr= : : (30)
2 ) i)

Now we just swap the indices k <> k' in the sum for p*.
Since we sum over all k, k', relabeling doesn not change
the value:

N
=

(U 1 1) (e | i) (1] L)

: : (31)
k,k'=1 (Gé' + Gé) -1 (65} - 6Ilj)
Now, noting that
(er +er) = (ef +er), (32)
— (e — ) = (e — k) s (33)

and that the three scalar factors commute (as these are
just complex numbers), so

(U 1 1) (rig L) (U ) = (UL L) Crie | rwe) (e | 1)

(34)
this becomes
N
. () (e [ ) (e [ 1)
pr= : : (35)
Ic,kz’:l (er +ep) +i(ef —€ff)

This demonstrates that

W= p (36)

and thus g is real. Similar analysis can be made for the
second moment.

Overview of the Algorithm-The DE algorithm evolves
the population over G generations using three main op-
erations:

1. Mutation: For each target vector x;, three dis-
tinct population members x,, X, X, are randomly
selected. A mutant vector v; is constructed as

Vi = Xq + F<Xb - Xc)a (37)

where F' € [0, 2] is a mutation factor controlling the
scale of perturbations.

2. Crossover: To increase diversity, a trial vector u;
is formed by combining the mutant vector v; and
the target vector x; element-wise:

Vi j
wig =4
l’i,jv

where CR € [0,1] is the crossover probability and
r; are independent random numbers drawn uni-
formly from [0, 1].

if’l“j < CR

38
otherwise, (38)

3. Selection: The trial vector u; replaces the target
x; if it yields a lower value of the cost function:

X?ew _ u;,
Xi,

The best solution in the population is tracked at
each generation.

if f(ui) < f(x:)

39
otherwise. (39)

Log-log Plot of the Full Data within PRT-Fig. [6] shows
the full dataset from 2-2000 sites for our chain described
in the main text.
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FIG. 6: Full dataset within the bounds of the PRT
presented in Fig[3]



Scaling of Jy and Jy_1-As reported in the main text,
Fig. [7] reports the values of global scaling factor Jy and
the ration % for varying lengths N of the chain. Both
values follovzfmgpproximately an inverse-square-root scal-

ing with N.
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FIG. 7: Log-log scaling of the bulk coupling Jy with
system size N. Ratio Jy_1/Jmax illustrating the
systematic enhancement of the boundary coupling

required for efficient extraction as N increases. The
dotted line indicates fitting to the numerical data.

Deriwvation of the tick probability- The aim of this ap-
pendix is to show that the tick probability can be written
as

vz
o

prick (t) =T e M NTR (40)

— N
k=—%

eeit|rk,Nrk71\ sin (eth — Arg [rkwrk,l])

(41)

The survival probability given by Eq. [J] gives rise to

tick PDF via

d d » »
Prick(t) = —%S(t) =T Trle Hefftp(()) 220 ] (42)
— Tr[iHcﬁefiHcfftp(O) 7zHe“ _ efiHcfftp(O)ng *’Heff }
(43)
= —i Te[(Hor — Hlg)e™ et p(0)e~ o] (44)

Noting that

i .
Hyg = H — ?|n><n| — Heg — Hlg = —il|n)(n| (45)

and that the initial state is p(0) =
basis, it follows that

|1X1] in the position

= T Tx[|n)(nle~"Hert|1)(1]eHeut)  (46)
— T|(n| e~ #Hert 1) (47)

ptick(t)

We will set I' = 1 for simplicity. Decomposing the effec-
tive Hamiltonian as Heg = Zszl ex|ri)lk| where |ry)
is and (lx| are the right and left eigenvectors, fulfill-
ing (lx|ry) = dkq and assuming the eigenvalues are non-
degenerate, we can write the tick PDF as

N 2
pucelt) = |3 e (N 1) (1)
k=1
N 2 N 2
Z RN XrE )| = Ze‘“’“trN,erk
=1 k=1
(49)

In the second equality we used the fact that |ry) = (I|"
(coming from Heg = HZL) and thus (I = |15)" = (7] .
Furthermore, He.g is pseudo-Hermitian, meaning that its
eigenvalues € come in pairs

e = € + i€, (50)
€ p = —€f +ier (51)

where the we shifted the index by N/2, such that paired
indices, {—k, k}, correspond to sign flips of the real com-
ponent of their corresponding eigenvalues (assuming an
even number for N). The superscripts R and I denote the
real and imaginary part. This pairing of eigenvalues im-
plies a corresponding pairing of eigenvector components,
which we show now.
First, we define the operator

N
T = (=1)"n)(n|. (52)

applied to Heg it gives TH3T = —H.s due to the
pseudo-hermiticity of the effective Hamiltonian. Start-
ing from the right-eigenvalue equation Heg|ry) = €x|ri),
take the complex conjugate:

oft| 7)) = €klTE)- (53)



Multiplying on the left by 7~ and inserting 72 = 1,
(THT)(Tlry)) = e (Tlri))- (54)
Thus we get
Hegr(Try)) = —€i(Tlry)) = e-x(Tlri)).  (55)

Thus 7|r}) is aright eigenvector with eigenvalue e_j,, and
assuming non-degeneracy, which restricts its eigenvectors
to lie on the same one dimensional eigenspace, it must
be proportional to |r_g):

Ir—x) = sk Tlrg), (56)

for some nonzero s; € C. By using (r*,|r_x) = 1 it
follows (from (r* | = (Ir—i)")*) that

(re TseT k) = sk =1, (57)

so s = =£1. Taking the overlap with (n| and using
(n|T = (=1)"(n|, gives

To,—k = SE(—1)"77 . (58)

Setting n = N and n = 1 respectively gives the two
identities needed below:

TN,k = sk(fl)N TNE> T1,—k = —Sk i) (59)

Now we can reduce this back to positive indices. Using
these identities and Eq. the product of components
for the paired mode —k is

TN, —kT1,—k = *Si(*l)N TNET1E (60)
= (—1)N71(?"N1k Tl,k)*~ (61)

For a chain of even length N one has (—1)V~! = —1, so
writing Ay :=rn .k Tk,

A,k = TN,fk 7’17,k = —AZ (62)

The contribution of the pair {k, —k} to the amplitude
is then

e—iektAk 4 €_i67ktA,k _ €€£t<€_i€’§tAk _ e+i€f’tAz>
= —2ietIm (a*“?tAk) . (64)
Writing Ay, = |Ay|e? ArelAx]

Im(e*“i?tAk) = |Ay| sin(Arg[Ax] — €ft)  (65)
= —|Ay|sin(efit — Arg[Ay]) (66)

so each pair contributes 2i e[ Ay| sin(efit — Arg[A4y]) to
the amplitude. Summing over all N which corresponds
to summing over all N/2 positive-index pairs, taking the
modulus squared as per Eq. and inserting Ay gives

N/2 2
I .
Drick (t) = 4 Z ey 1] sin(efft — Arglry g rig])|
k=1
(67)

which, restoring I', yields the desired result. B
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