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Abstract

We study black-box vector optimization with Gaussian process bandits, where there is an
incomplete order relation on objective vectors described by a polyhedral convex cone. Ex-
isting black-box vector optimization approaches either suffer from high sample complexity
or lack theoretical guarantees. We propose Vector Optimization with Gaussian Process
(VOGP), an adaptive elimination algorithm that identifies Pareto optimal solutions sample
efficiently by exploiting the smoothness of the objective function. We establish theoreti-
cal guarantees, deriving information gain-based and kernel-specific sample complexity
bounds. Finally, we conduct a thorough empirical evaluation of VOGP and compare it
with the state-of-the-art multi-objective and vector optimization algorithms on several
real-world and synthetic datasets, emphasizing VOGP’s efficiency (e.g., ~ 18x lower
sample complexity on average). We also provide heuristic adaptations of VOGP for cases
where the design space is continuous and where the Gaussian process model lacks access
to the true kernel hyperparameters. This work opens a new frontier in sample-efficient
multi-objective black-box optimization by incorporating preference structures while main-
taining theoretical guarantees and practical efficiency.
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1 Introduction

In diverse fields such as engineering, economics, and computational biology, the problem
of identifying the best set of designs across multiple black-box objectives is a recurrent
challenge. Often, the evaluation of a particular design is both expensive and noisy, lead-
ing to the need for efficient and reliable optimization methods. This issue is exemplified in
fields like aerospace engineering and drug discovery, where each evaluation can involve
costly experiments or simulations (Obayashi et al., 1997; Mukaidaisi et al., 2022). A com-
mon framework for dealing with such multi-objective optimization problems is to focus on
identifying Pareto optimal designs, for which there are no other designs that are better in
all objectives. However, this approach can be restrictive, as it only permits a certain set of
trade-offs between objectives where a disadvantage on one objective cannot be compen-
sated by advantages on other objectives, i.e., the domination relation requires superiority in
all dimensions.

A more comprehensive solution to this issue lies in vector optimization, where the partial
ordering relations induced by convex cones are used. The core idea is to define a “cone”
in the objective space that represents preferred directions of improvement. A solution is
considered better than another if the vector difference between their objectives falls within
this preference cone. The use of ordering cones in this way gives users a framework that can
model a wide range of trade-off preferences (Jahn, 2010).

Consider the challenge of optimizing the reactor parameters for nucleophilic aromatic
substitution (SnAr) reaction, an important process in synthetic chemistry (Takao, 2022;
Grant et al., 2018). In this scenario, the goal is to maximize the space-time yield and mini-
mize the waste-to-product ratio, i.e., the E-factor.! Consider two designs where one of the
designs has slightly less space-time yield and a much lower E-factor. A reasonable prefer-
ence would be to opt for the design that significantly reduces environmental impact, pro-
vided that the loss in space-time yield is not too substantial. Similarly, choosing designs that
offer considerably higher space-time yield, albeit with a slightly increased environmental
footprint, might also be justified. In vector optimization, this preference can be encoded

v

~
S
§ ]
0’ <,
\ ' i¢ PrU Pt
€3] /2
} ' iepr

i€ P\ P

Yield

Fig.1 Vector optimization on nucleophilic aromatic substitution (SnAr) reaction data (Hone et al., 2017).
(Left) The ordering cone. (Right) Cone-specific Pareto front (P*) and its comparison to Pareto front of
the componentwise order (P /2)

'We provide experiments on this optimization task in Section 6.
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with an obtuse cone (Figure 1). The regular Pareto optimality concept falls short in convey-
ing such preferences as it requires superiority in all objectives for domination relations.
In Figure 1, it can be seen that some of the designs (shown in red) in the Pareto front of
traditional multi-objective order are not in the obtuse cone-based Pareto front, i.e., they are
dominated by designs that are much better in one objective and slightly worse in the other.

The example we just discussed demonstrates vector optimization within a two-dimen-
sional objective space, as this lower dimensionality allows for straightforward visualization.
However, when extending to higher dimensions, the structure of the polyhedral cone may
be more intricate with high number of faces. This is exemplified by Figure 2, which shows
a polyhedral cone with six faces in three dimensions. Such cones are not uncommon in the
literature. For example, Hunt et al. (2010) provide a model of relative importance where
allowable trade-offs between pairs of (possibly many) objectives are given. They provide
a complete algebraic characterization of the cones corresponding to these kinds of prefer-
ences and show that they result in highly faceted polyhedral cones.

While there exists previous work addressing Pareto set identification with respect to an
ordering cone in noisy environments with theoretical guarantees (Ararat, 2023; Karagozli
et al., 2024), they tend to require vast amounts of samples from the objective function,
making them impractical in real-world scenarios. In this paper, we address the problem of
identifying the Pareto set with respect to an ordering cone C from a given set of designs with
a minimum number of noisy black-box function queries. We propose Vector Optimization
with Gaussian Process (VOGP), an (¢, §)-probably approximately correct (PAC) adaptive
elimination algorithm that performs black-box vector optimization by utilizing the model-
ing power of Gaussian processes (GPs). In particular, VOGP leverages confidence regions
formed by GPs to perform cone-dependent, probabilistic elimination and Pareto identifica-
tion steps, which adaptively explore the Pareto front with Bayesian optimization (Garnett,
2023). Similar to Pareto Active Learning (PAL) and e-PAL (Zuluaga et al., 2013, 2016) for
the multi-objective case (see next subsection), VOGP operates in a fully exploratory setting,
where the least certain design is queried at each round. When VOGP is considered with
the special case of componentwise order (positive orthant cone in vector optimization), it
can be seen as a variant of PAL and e-PAL that can handle correlated objectives. We prove
strong theoretical guarantees on the convergence of VOGP and derive information gain-
based sample complexity bounds. Our main contributions can be listed as follows:

o We propose VOGP, an (¢, §)-PAC adaptive elimination algorithm that performs vector
optimization by utilizing GPs. This is the first work to provide a theoretical foundation

Fig.2 A 3D cone
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for vector optimization within the framework of GP bandits.

o When the design set is finite, we theoretically prove that VOGP returns an (e, §)-PAC
Pareto set with a cone-dependent sample complexity bound in terms of the maximum
information gain. We also provide explicit kernel-specific sample complexity bounds.

o We empirically show that VOGP satisfies the theoretical guarantees across different
datasets and ordering cones. We also demonstrate that VOGP outperforms existing
methods on vector optimization and its special case, multi-objective optimization.

e We extend VOGP to work on continuous design sets by using tree-based adaptive dis-
cretization techniques. We empirically evaluate this extension in continuous design sets.
We also study a heuristic variant of VOGP to handle the case of unknown GP kernel
hyperparameters.

2 Related Work

There is considerable existing work on Pareto set identification that utilizes GPs (Lyu et al.,
2018; Suzuki et al., 2020; Shu et al., 2020; Mathern et al., 2021; Picheny, 2013; Emmerich
et al., 2011; Svenson & Santner, 2016; Candelieri et al., 2024). Some of these works use
information-theoretic acquisition functions. For instance, PESMO tries to sample designs
that optimize the mutual information between the observation and the Pareto set, given the
dataset (Hernandez-Lobato et al., 2016). MESMO tries to sample designs that maximize
the mutual information between observations and the Pareto front (Belakaria et al., 2019).
JES tries to sample designs that maximize the mutual information between observations
and the joint distribution of the Pareto set and Pareto front (Tu et al., 2022). Different from
entropy search-based methods, some other methods utilize high-probability confidence
regions formed by the GP posterior. For instance, PALS (Barracosa et al., 2022), PAL and €
-PAL are confidence region-based adaptive elimination algorithms that aim to categorize the
input data points into three groups using the models they have learned: those that are Pareto
optimal, those that are not Pareto optimal, and those whose statuses are uncertain (Zuluaga
etal., 2013, 2016). In every iteration, these algorithms choose a potential design for evalu-
ation with the aim of reducing the quantity of data points in the uncertain category. Thanks
to GP-based modeling, a substantial number of designs can be explored by a single query.
Assuming independent objectives, PAL and e-PAL work in the fixed confidence setting and
have a variable sampling budget. On the other hand, entropy search-based methods are often
investigated in fixed-budget setting without any theoretical guarantees on the accuracy of
Pareto set identification. However, all the algorithms mentioned above try to identify the
Pareto set with respect to the componentwise order. They are not able to incorporate user
preferences encoded by ordering cones.

In the context of multi-objective Bayesian optimization, there is a limited amount of work
that incorporates user preferences. Abdolshah et al. (2019) propose MOBO-PC, a multi-
objective Bayesian optimization algorithm which incorporates user preferences in the form
of preference-order constraints. MOBO-PC uses expected Pareto hypervolume improve-
ment weighted by the probability of obeying preference-order constraints as its acquisition
function. Yang et al. (2016a) propose a method that uses truncated expected hypervolume
improvement and considers the predictive mean, variance, and the preferred region in the
objective space. Some works employ preference learning (Chu, a; Hakanen, 2017; Taylor et
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al., 2021; Ungredda, 2023; Ignatenko et al., 2021; Bemporad & Piga, 2021), where the user
interacts sequentially with the algorithm to learn the user preference (Astudillo, 2019; Lin
etal., 2022). Astudillo (2019) employ Bayesian preference learning where the user’s prefer-
ences are modeled as a utility function and they propose two novel acquisition functions that
are robust to utility uncertainty. Lin et al. (2022) consider various preference exploration
methods while also representing user preferences with a utility function which is modeled
with a GP. Ahmadianshalchi et al. (2024) propose PAC-MOO, a constrained multi-objective
Bayesian optimization algorithm which incorporates preferences in the form of weights
that add up to one. PAC-MOO uses the information gained about the optimal constrained
Pareto front weighted by preference weights as its acquisition function. Khan et al. (2022)
propose a method that learns a utility function offline by using expert knowledge to avoid
the repeated and expensive expert involvement.

In the broader context of gradient-free optimization, zeroth-order optimization tech-
niques have been explored to handle optimization problems where gradient information
is unavailable (Dang et al., 2024). In the multi-objective case, numerous studies employ
evolutionary algorithms in order to estimate the Pareto front, thereby accomplishing this
task through the iterative development of a population of evaluated designs (Seada, 2015;
Deb et al., 2002; Knowles, 2006; Zhang & Li, 2007; Dang et al., 2023, 2024). Some of these
methods use hypervolume calculation to guide their method (Yang et al., 2016b; Beume et
al., 2007; Bader & Zitzler, 2011). Dang et al. (2024) incorporates generative adversarial
networks into evolutionary algorithms to improve offspring diversity in the context of mul-
timodal multi-objective optimization. Dang et al. (2023) uses multi-objective evolutionary
algorithms in federated learning for device selection, where multi-objective formulation
helps balance resource efficiency and test accuracy. There is a significant body of research
that deals with the integration of user preferences into multi-objective evolutionary algo-
rithms (Branke, 2005; Coello, 2000; Li, 2008; Phelps & Kdksalan, 2003; Sinha et al., 2010;
Zhou et al., 2011). Using evolutionary algorithms, preferences can be articulated a priori,
a posteriori, or interactively. Various methods for expressing preferences have been sug-
gested, primarily encompassing techniques based on objective comparisons, solution rank-
ing, and expectation-based approaches (Zhou et al., 2011). There are also works that employ
preference cones in multi-objective evolutionary algorithms. Batista et al. (2011) utilize
polyhedral cones as a method of managing the resolution of the estimated Pareto front. Fer-
reira et al. (2020) apply preference cone-based multi-objective evolutionary algorithm to
optimize distributed energy resources in microgrids.

There are techniques that transform a multi-objective optimization problem into a single-
objective problem by assigning weights to the objectives (Knowles, 2006; Ponweiser et al.,
2008). The transformed problem can be solved using standard single-objective optimization
methods. ParEGO introduced in Knowles (2006) transforms the multi-objective optimiza-
tion problem into a single-objective one by using Tchebycheff scalarization and solves it by
Efficient Global Optimization (EGO) algorithm, which was designed for single-objective
expensive optimization problems.

There are existing works that incorporate polyhedral structures to guide the design iden-
tification task. As an example, Katz-Samuels (2018) introduce the concept of feasible arm
identification. Their objective is to identify arms whose average rewards fall within a speci-
fied polyhedron, using evaluations that are subject to noise. Ararat (2023) propose a Naive
Elimination (NE) algorithm for Pareto set identification with polyhedral ordering cones.
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They provide sample complexity bounds on the (¢,§)-PAC Pareto set identification perfor-
mance of this algorithm. However, their algorithm assumes independent arms and does not
perform adaptive elimination. As a result, they only have worst-case sample complexity
bounds for this algorithm. Experiments show that identification requires a large sampling
budget which renders NE impractical in real-world problems of interest. Karagozlii et al.
(2024) introduce the PaVeBa algorithm, designed for identifying Pareto sets using polyhe-
dral ordering cones. They also establish sample complexity bounds for the (¢,5)-PAC Pareto
set identification task within bandit settings. However, their analysis lacks theoretical guar-
antees when Gaussian processes are employed.

Table 1 compares our work with the most closely related prior works in terms of key
aspects. An important distinction is that our method supports cone-based preferences while
also offering theoretical sample complexity guarantees in PAC framework. While Karag6zlii
et al. (2024) and Ararat (2023) also incorporate cone-based preferences and provide sample
complexity bounds, they do not utilize Gaussian processes and are restricted to discrete
domains. In contrast, information theoretic methods such as PESMO (Hernandez-Lobato
et al., 2016), MESMO (Belakaria et al., 2019), and JES (Tu et al., 2022) use Gaussian pro-
cesses and operate in continuous domains but do not offer sample complexity guarantees,
nor do they incorporate cone-based preferences. Zuluaga et al. (2013) employs Gaussian
processes but does not incorporate cone-based preferences, and is also restricted to discrete
domains.

3 Background and Problem Definition

The aim of this work is to incorporate polyhedral cones as preference structures to guide
the multi-objective optimization, while maintaining theoretical guarantees and practical
efficiency. Formally, we consider the problem of sequentially maximizing a vector-valued
function f : X — RM over a finite set of designs’ X C RP with respect to a polyhedral
ordering cone C' C RM . In each iteration ¢, a design point z; is selected, and a noisy obser-
vation is recorded as y; = f(z;) + v;. Here, the noise component v, has the multivariate
Gaussian distribution N (0, s BV M), where o2 denotes the variance of the noise. To
define the optimality of designs, we use the partial order induced by C. A detailed table of
notations can be found in Appendix A.

Table 1 Comparison with Related Works

Paper Cone-based Sample (€,0)-PAC Utilizes  Con-

preferences complexity GPs tinuous
bounds domain

This work Yes Yes Yes Yes Yes

Karagozlii et al. (2024) Yes Yes Yes No No

Ararat (2023) Yes Yes Yes No No

Tu et al. (2022) No No No Yes Yes

Belakaria et al. (2019) No No No Yes Yes

Hernandez-Lobato et al. No No No Yes Yes

(2016)

Zuluaga et al. (2016) No Yes Yes Yes No

2 Extension to continuous case is discussed in Section 6.
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3.1 Partial Order Induced by a Cone

The partial order among designs is induced by a known polyhedral ordering cone C C RM
that is, a polyhedral closed convex cone whose interior, denoted by int (C'), is nonempty
with C' N —C = {0}. Such a cone can be written as C' = {a: ERM | Wz > 0}, where W
isa N x M matrix, N is the number of halfspaces that define C,and N > M. Without loss of
generality, the rows wi'—, ceey w;\r] are assumed to be unit normal vectors of these halfspaces
with respect to the Euclidean norm || - ||o. Forr > 0, we write B(r):={y € RM | ||ly||» < r}.
We say that y € R weakly dominates ¢y’ € RM with respect to C if their difference lies in
C:y' <c y & y—1vy € C. By the structure of C, an equivalent expression is:

v <cyew (y—y)>0Vne [N :={1,...,N}. (1)

Moreover, we say thaty strictly dominates y’ withrespectto Ciftheir difference liesin int (C):
Yy <oy < y— vy € int (C).Thisisequivalentto:y’ <c y < w,) (y —y') > 0,V¥n € [N].
Similarly, we write ¥’ <c\j0} ¥ & ¥y — ¥y’ € C'\ {0} to exclude the case where the two
vectors coincide. The Pareto set with respect to cone C is the set of designs that are not
weakly dominated by any other design with respect to C given as

P* =P :={oxeX|A € X: f(zx)Ic\(o} fF(z')}.

Example 1 Consider a scenario with two objectives (M = 2), denoted by f; and fs. In this
example, we assume that f5 is prioritized over f1, meaning the user is willing to trade off
some amount of f; for a sufficient gain in fo. Figure 3 illustrates the corresponding prefer-
ence cone, where the red square is preferred over the blue circle. This preference structure
differs from the componentwise order, under which these designs would be incomparable.

Remark 1 The relation <¢ induced by the cone C is a vector preorder on RY that is non-
total (incomplete). The choice C' = Rf corresponds to the usual componentwise order in
multi-objective optimization. In general, using a larger cones results in a smaller Pareto
set; we refer the reader to Ararat and Tekin (2023, Remark 2.3) for possible uses of larger
cones in small molecule drug discovery problem. In multi-asset markets with proportional
transaction costs in finance, C can be chosen as the so-called solvency cone determined by

Fig. 3 Visualization of a two-dimensional cone that priori- f2 (Priority objective)
tizes the fo objective. Unlike the componentwise order, the
cone order establishes a domination relation by prioritizing
f2. The dominance relation under the preference cone is
evident, as the difference of red square from blue circle lies
inside the cone, confirming that the red square is preferred
according to this ordering

<cl
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the transaction costs rates; see Kabanov (1999). Cone-induced preorders form an important
special class of preorders. The underlying scaling property, encoded by C being a cone, is
a strong assumption whose suitability should be justified in the particular application. For
instance, in the case of solvency cones, the assumption that the transaction costs are incurred
in proportion to the volume at a fixed rate justifies the use of a cone naturally.

Remark 2 In this paper, we assume that the non-total order relation <¢ is given a priori and
the optimization task is performed with respect to it. A different strand of literature focuses
on the problem of learning the underlying order relation from data; see, e.g., Chu (b); Chau
et al. (2022); Audiffren (2017); Yue et al. (2012). Since the focus of the current paper is
optimization with respect to a known vector preorder, the approach of these references is
orthogonal to our work.

3.2 (€, 0)-PAC Pareto Set

We use the cone-dependent, direction-free suboptimality gaps defined in Ararat (2023). The
gap between designs =, 7’ € X is given as

m(x,z’) :=inf{s >0|3Ju e B(1)NC: f(z)+su ¢ f(z') — int (C)},

the — operation on sets is the Minkowski difference (vectors being treated as singletons).
The suboptimality gap of design x is defined as A% := max, cp- m(x,a’).

Definition1 Lete > 0,6 € (0,1). Arandom set P C X is called an (¢, §)-PAC Pareto set if
the subsequent conditions are satisfied at least with probability 1 — §:

@) U,ep (f(2) +B()NC = C) D U,ep. (F(x) = C); (i) Va € P\ P*: A% < 2e.

Remark 3 Condition (i) of Definition 1 is equivalent to the following: For every x* € P*,
there exist € P and u € B(e) N C such that f(z*) <¢ f(x) + u. Even though certain
designs in P may not be optimal, condition (ii) of Definition 1 limits the extent of the inad-
equacies in these designs. Consequently, it ensures the overall quality of all the designs
produced.

Our aim is to design an algorithm that returns an (e, §)-PAC Pareto set P C X with as little
sampling from the expensive objective function f as possible.

3.3 Modeling of the Objective Function

We model the objective function f as a realization of an M-output GP with zero mean
and a positive definite covariance function k with bounded variance: k%% (z,x) <1
for every z € X and j € [M]. Let &; be the ith design observed and y; the corre-
sponding observation. The posterior distribution of f conditioned on the first ¢ obser-
vations is that of an M-output GP with mean (x;) and covariance (k;) functions given

below, where k() = [k (z,21) ...,k (2, 2)] € RM*Mt g — [y gT]",

K = (k(x4,75))i je[, and I pr¢ is the Mt x Mt identity matrix:
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pe(x) = k() (Ko +0°Iare) "y, @

ki (,2") =k (z,2") — k(2) (K, + UQIJV[t)il ke (2)" 3)

Our sample complexity results will depend on the difficulty of learning f, which is charac-
terized by its maximum information gain.

Definition 2 The maximum information gain at round ¢ is defined as
Ye:=maxacx:a|—t [(y4; fa), where y 4 is the collection of observations corresponding
to the designs in 4, f 4 is the collection of the corresponding function values, and I(y 4; f )
is the mutual information between the two.

4 Method

We propose Vector Optimization with Gaussian Process (VOGP), an (¢, §)-PAC adaptive
elimination algorithm that performs vector optimization by utilizing the modeling power of
GPs (see Algortihm 1). VOGP takes as input the design set X', cone C, accuracy parameter
¢, and confidence parameter §. VOGP adaptively classifies designs as suboptimal, Pareto
optimal, and uncertain. Initially, all designs are put in the set of uncertain designs, denoted
by S;. Designs that are classified as suboptimal are discarded and never considered again
in comparisons, making it sample-efficient. Designs that are classified as Pareto optimal are
moved to the predicted Pareto set P;. VOGP tracks the set of active designs by assigning
them to A; before discarding and W; afterwards. VOGP terminates and returns P = ’ﬁt
when the set of uncertain designs becomes empty. Decision-making in each round is divided
into four phases named modeling, discarding, Pareto identification, evaluating. Below, we
describe each phase in detail.

Input: Design set X, € > 0, § € (0,1), polyhedral ordering cone C, kernel k
Initialize: Predicted Pareto set P; = (), set of uncertain designs S; = X, sets of
active designs A; = ) and W) = 0, Ro(z) = RM foreach z € 81, t =1
Compute: Accuracy vector u* € C given in Definition 4
while S; # 0 do

Run MODELING(S;, P) in Algorithm 2

Run DISCARDING(S;, A;) in Algorithm 3

Run PARETOIDENTIFICATION(S;, P;) in Algorithm 4

Run EVALUATING(S;, W;) in Algorithm 5

Pir1 =Py, St11 =S

t=t+1
end while
return Predicted Pareto set P = P,

Algorithm 1 VOGP

Remark 4 Our theoretical results, similar to other theoretical works related to ours (Srinivas
et al., 2012; Zuluaga et al., 2013), assume that the kernel is known and fixed. In practice,
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however, the kernel may be unknown and must be estimated from data concurrently with
the decision-making process; see, e.g., Berkenkamp et al. (2019); Ziomek et al. (2024).
We discuss this practical case in Section 6.5, where we provide an empirical adaptation of
Algorithm 1 for unknown hyperparameters.

4.1 Modeling

This phase is summarized in Algorithm 2. VOGP uses the GP posterior means and vari-
ances of designs to define confidence regions in the form of M-dimensional hyperrectangles
which are scaled by /¢, a function of the confidence parameter §. The probability that these
hyperrectangles include the true objective values of the designs is at least 1 — §. Using these
confidence hyperrectangles allows for the formulation of probabilistic success criteria and
the quantification of uncertainty with designs. At each round ¢, the hyperrectangle

Q.(x) = {y e RM | 1 (x) — 8, %0} (x) <o/ < pl(x) + B, 0] (x),Vj € [M]} (4

is computed for design x, where 8; = 2In(M72|X[t?/(35)).

Compute: Set of active designs A; = S; U Py;

for z € A; do
Obtain GP posterior for z: p,(z) and o(z) given in Equation 2;
Construct confidence hyperrectangle Q,(z) given in Equation 4;
Ry(z) = Ri—1(2) N Q,(2);

end for

Algorithm 2 Modeling Subroutine

Moreover, all the calculated hyperrectangles up to round ¢ are intersected cumulatively to
obtain the cumulative confidence hyperrectangle R, (x) of design x.

4.2 Discarding

This phase is summarized in Algorithm 3. VOGP discards undecided designs that are domi-
nated with respect to C with high probability. The designs that are to be discarded with low

probability are identified and are used to form the pessimistic Pareto set P}()Ss)syt(At) as

defined below. The illustration of discarding phase can be seen in Figure 4(Left, Middle).

Definition 3 (Pessimistic Pareto Set) Lett > 1 and let D C A; be a nonempty set of nodes.
The pessimistic Pareto set of D with respect to C at round ¢, denoted by 2 (D), is the set

pess,t

of all nodes = € D for which there is no node 2’ € D such that R;(2’) + C C R(x) + C.

Compute: Ppesst = Péfs)sﬁt(At) as in Definition 3
for x € S \Ppess,t do
if 32’ € Ppesst Yy € Ri(z) : Ri(2') + eu* C y + C then
Sp = S\ {z};
end if
end for

Algorithm 3 Discarding Subroutine

@ Springer



Machine Learning (2026) 115:75 Page 11 of 46 75

21 & Ppessi- 21 is discarded. 29 is not identified as Pareto.
3 is identified as Pareto.
f2 f2 f2

—_—

h

Fig.4 (Left, Middle) Visualization of discarding, and (Right) Pareto identification phases of VOGP in two
dimensional objective space. Note that all boxes correspond to the R¢(x;) for corresponding true objec-
tive values f(x;) for ¢ = 1, 2, 3. In this simple case, in the middle plot, the intersection of the two cones
are equivalent to the intersection of all cones coming out of R¢(x1)

Remark 5 In the setting of Definition 3, Pl()gs)s’t
yield maximal elements of a certain partial order relation on sets. Indeed, for A, A’ C RM et
us write A’ <¢ A ifand only if A’ C A + C, which holds if and only if A’ + C C A+ C.
Then, it is easy to check that the set relation < is a preorder, i.e., a reflexive and transi-
tive binary relation, on the power set of RM. Let ~¢ denote the symmetric part of this
relation, i.e., A’ ~c A if and only if A’ <¢ A and A < A’, which holds if and only if
A"+ C = A+ C. Then, ~( is an equivalence relation on the power set of RM and the set
of equivalence classes can be identified by the collection M := {A CRM | A= A+ C}.
Then, M is a partially ordered set with respect to <¢ and the relation <¢ coincides with

the usual C relation on M. It then follows that P(C) (D) is the set of all nodes x € D

pess,t
for which R;(x) 4+ C'is a maximal element of { R;(z) + C' | #’ € A;} with respect to <¢.

In particular, since every finite nonempty partially ordered set has a maximal element, we

have PIESQSJ (D) # 0. The reader is referred to Hamel, Heyde, Lohne, Rudloff, and Schrage

(2015, Section 2.1) for more details on set relations.

(D) can be seen as the set of all nodes that

VOGP computes pessimistic Pareto set of .4; by checking for each design in .A; whether
there is another design that prevents it from being in the pessimistic Pareto set. To see if
design x prevents design 2’ from being in the pessimistic Pareto set, by solving a convex
optimization problem, VOGP checks if every vertex of R;(x’) can be expressed as the sum
of a vector in C and a vector in R;(z). VOGP refines the undecided set by utilizing the pes-
simistic Pareto set. It eliminates designs based on the following criteria: for a given design x,
if all values inside its confidence hyperrectangle, when added to an "accuracy vector" eu*,
are dominated with respect to C by all values in the confidence hyperrectangle of another
design 2, then the dominated design x is discarded. The dominating design x’ should be a
member of the pessimistic Pareto set.

Definition 4 Let Ac:=[,cgm—1(u+C) and do:=inf{|z[]2 | z € Ac}. Then, there

exists a unique vector z* € A¢ such that do = ||z*||2 and we define uh==.

Lemmal Lety,z € RM and p € B().

1. Ify+pP=c z theny <S¢ z+ eu*.
2. Ifpe€ int(B(F)) andy + P <c z, theny <c z + eu’.
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Due to its technical nature, the proof of Lemma 1 is given in Section 5.1 along with the
proofs of several other technical lemmas.

Remark 6 d¢ corresponds to the magnitude of the smallest translation of a unit sphere so
that the whole unit sphere is inside the cone C (i.e., so that the origin dominates the unit
sphere). w* is the direction of this smallest translation. d¢ quantifies how hard it is to reach
to a domination relation when using a specific ordering cone. We call this term the ordering
hardness of cone C.

4.2.1 Computation of the Pessimistic Pareto Set

Let t € N. According to Definition 3, to check if a design = € A; is included in Ppess,,
the condition R;(z’) + C C R;(x) + C needs to be checked for every =’ € A;. We first
formulate this condition in terms of convex feasibility problems. These problems can also
be expressed as convex optimization problems whose objective functions are zero and we
solve them numerically using the CVXPY library (Agrawal et al., 2018; Diamond & Boyd,
2016).

Let z, ' € A;. Since R:(x') is a convex polytope, we have

< Vv’ € vert (Ry(z')) :v' € Ry(z) +C
< Vv’ € vert (Ry(2')) Jy € Ry(z) : y ¢ v'.

Hence, for each v’ € vert (R:(z')), we check the condition Jy € R:(z) : y <¢ v’ by
solving the following convex feasibility problem:

minimize 0

subjztlect to ye€RM,
Y 2 () = B 2ol(w), Ve [MVself] (Fi(z,v)
v < pl(x)+ B %ol(w), Vi€ [M]Vse ]
wly <wlv', Vne[N].

Moreover, under the condition R:(z') + C C R:(z) + C, we have

< FJv € vert (Ry(z)):v ¢ Ry(x')+C
< Jv € vert (Ri(x)) Ay’ € Ri(2) : ¥y <¢c v.
Hence, for each v € vert (R¢(z)), we check the condition 3y’ € R:(2') : ¥y’ <¢ v by
solving (F;(z', v)) defined in the same way:
minimize 0
y/
subject to gy’ € RM,
') = pl(z {(z
() < pi(@') + B %ol(a’), Vj € [M]Vs € [f
wly <wlv, Vnel[N].
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Hence, if there exists 2’ € A; such that (F;(z, v")) is feasible for every v’ € vert (R;(2))
and (F; (', v)) is infeasible for at least one v € vert (R (z)), then x is not added to Ppess ¢
Otherwise, x is added to Ppess, -

4.2.2 Computation of Discarded Designs

In its original form, the discarding criteria of VOGP (see Algorithm 3) requires checking
domination relations between infinitely many point pairs from two confidence hyperrect-
angles. In this section, we show that the sufficient number of checks can be reduced signifi-
cantly by considering only the vertex pairs of the hyperrectangles, allowing for an efficient
implementation. This is achieved thanks to the next lemma. For a nonempty convex poly-
tope A C RM we denote by vert (A) its set of all vertices.

Lemma2 Let 2,2’ € X and t € N. For the cumulative confidence hyperrectangles R (),
R ('), the following statements are equivalent.

(i) Yye Ry(x)Vy' € Ri(2) :y ¢ V.
(ii) Vv € vert (Ri(z)) Vo' € vert (R (2')) : v K¢ v

Proof Ttisclearthat(i)implies (ii) since vert (R;(z)) C R;(x)and vert (R;(z')) C Ry(z').
To show the reverse implication, suppose that (ii) holds; let y € R:(z) and y' € R:(z').
We proceed in two steps.

First, let us further assume that y € vert (R:(x)). Moreover, since y’ € R:(z’) and
R, (z') is a convex polytope, we may write
y/ = Z /\v"U/;
v’ e vert (R (z'))

where A,y > 0 for each v’ € vert (R:(z')) such that

Z Ay = 1.

v’ e vert (R (z'))
Note that (ii) implies that

Yo' € vert (Ry(2)) 1y <c v/,

which implies that

Vo' € vert (Ry(z')) : Ay < A0

Then, summing over all v’ € vert (R;(z')) yields

Y= Z MY SO Z A¥ =19,

v’ e vert (R (z')) v’ e vert (R¢(z’))
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Hence, (i) holds in this step.
Next, we consider the general case, where y € R;(z). Since R;(x) is a convex polytope,
we may write

Y= Z GV,

ve vert (R (x))

where a,, > 0 for each v € vert (R;(z)) such that

Z Qg = 1.

ve vert (R (x))
By the first step, we have

/

Vv € vert (Ri(z)) :v <c ¥y’

Then, we obtain

Yo € vert (Ry(7)) : apv <¢ .

Finally, summing over all v € vert (R;(x)) yields

y= Y. mv<c > ay =y

ve vert (R (x)) ve vert (R (x))

Hence, (i) holds in the general case too. [
Let ¢t € N. In Algorithm 3, to decide if a design =z € S; is going to be discarded, the
condition

32’ € Ppess,t Yy € Ri(z) : Ry(2') + eu* Cy+C

needs to be checked, which requires enumerating all designs in Ppess,¢. Given z e Press,ts
observe that

Vy € Ry(z): Ry(2') +eu* Cy+C <= Vy e Ry(x) Vy € Ry(2)) 1y <c ¥ + eu*

— VyeR(z)Vye Ry(2') +eu” :y<cy.
Hence, the last condition can be checked equivalently instead of the original condition.
Notice that R;(z’) 4+ eu* is a shifted hyperrectangle, which is also a hyperrectangle. There-

fore, by Lemma 2, the above conditions are also equivalent to the following:

Yo € vert (Ry(7)),Vv' € vert (Ry(z')) : v <¢ v/ + eu™ . ®)

Hence, in the implementation of VOGP, to determine if z € S; is going to be discarded, we
check if there exists 2’ € Ppess,+ such that Equation (5) holds.
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4.3 Pareto Identification

VOGP aims to identify the designs that are not dominated by any other design with high
probability with respect to the ordering cone C. It does so by pinpointing designs that, after
adding the accuracy vector to the values in their confidence hyperrectangles, remain non-
dominated with respect to C when compared to the values in the confidence hyperrectangle
of any other design. The identified designs are moved from the set of undecided designs to
the predicted Pareto set. It is important to note that, once a design becomes a member of the
predicted Pareto set, it remains a permanent member of that set. The illustration of Pareto
identification phase can be seen in Fig. 4 (Right).

Compute: Set of active designs Wy = S; U Py;
for z € S; do
if A2’ € Wi (Ry(2) + eu* + C) N Ry(a') # () then
St = St \ {LK}, P{; = Pt (@] {l‘}
end if
end for

Algorithm 4 Pareto Identification Subroutine

4.3.1 Computation of the Pareto Identification Subroutine

Let t € N. According to Algorithm 4, to determine if a design x € S; is going to be added
to P, the condition

(Ri(z) + eu™ + C)N Ry(2') # 0

needs to be checked for every 2’ € W,, which can be rewritten as
Jy' € Ri(z') Iy e Re(z) :y +eu* <0y - (6)

We first restate (6) as a convex feasibility problem. Then, in the implementation of VOGP,
this convex feasibility problem is solved using the CVXPY library (Agrawal et al., 2018;
Diamond & Boyd, 2016).

Note that (6) can be checked by solving the following feasibility problem:

minimize 0
v,y

subject to ¥,y € RM,
Y > (@) - B 20d(z), V)€ [M],Vs € [t]
yf<w<m>+5/ g<m>, Vj € [M], Vs € [1
(') > pd(a') — B %0l(a’), Vje[M]Vs e [t]
() < pd(a') + B %0l(a'), Vje[M]Vs e [t]

%o
wl(y —y—eu* ) 0, Vnel[N].

If this problem turns out to be infeasible for all ' € W, then x is added to P;. Otherwise,
x is not added to Ps.
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4.4 Evaluating

VOGP selects the design whose confidence hyperrectangle has the widest diagonal. The
diagonal of the hyperrectangle R;(x) is given by w:(z) = maxy yer, (2) ||Y — y’Hg The
motivation behind this step is to acquire as much information about the objective space as
possible, so that the distinction between Pareto and non-Pareto designs can be made fast
with high probability.

if S; # () then
Select design x; € arg max wy(x);
TEW,
Observe y, = f(zy) + vy;
end if

Algorithm 5 Evaluating Subroutine

5 Main Theoretical Results and Analysis
In this section, we provide theoretical guarantees for VOGP. We first state the main theorems.

Theorem 1 Let n:=0"?/In(1 + o~ ?). When VOGP is run, at least with probability
1 — 9, an (¢, 0)-Pareto set can be identified with no more than T function evaluations, where

/ 2
T::min{tGN: M<i}. @)
t do

This theorem provides an implicit bound on the sample complexity in terms of the
maximum information gain ~,. Given a specific kernel, one can numerically solve (7) to
compute 7. It is obvious that when the slackness term e gets smaller, sample complexity
increases. Similarly, as the cone-specific ordering hardness d¢ gets larger, sample complex-
ity increases.

Here, we sketch the idea behind the proof of Theorem 1. We first define E to be the event
that the confidence hyperrectangles of designs include their true objective values and prove
that P(E) > 1 — §. Then, we define d¢(-) and Ac(+) and show that they have the homo-
geneity property (see Lemma 4). Using this result, we establish the stopping criterion for
VOGP by demonstrating that the algorithm concludes when the diagonals of the confidence
hyperrectangles are less than = (see Lemmata 7, 8). Finally, by bounding the diagonals
using the maximum information gain and noting their monotonic decrease, we determine
the sample complexity. The resulting sample complexity is the smallest number of samples
needed for the upper bound of the diagonals to drop below 7= (see Lemma 9).

The next theorem provides a more explicit bound on the sample complexity for a specific
choice of the kernel.

Theorem 2 Let the GP kernel k  have the  multiplicative  form
k(z,2') = [k(z,2')k*(p, Q)] p,qc(m), where k : X x X — Ris a kernel for the design space
and k* : [M] x [M] — R is a kernel for the objective space. Assume that k is a squared
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exponential kernel. Then, with at least 1 — § probability, the sample complexity of VOGP
. 5 ( dZ
isgivenby T = O <570>

To prove Theorem 2, we use the bound on maximum information gain for single output
GPs given in Vakili et al. (2021) to bound the maximum information gain of an M-output GP
(see Lemma 11). Then, by algebraic manipulations, we establish that the proposed sampling
budget satisfies the inequality in (7). The sample complexity of VOGP when using Matérn
kernel was also established using a similar approach and can be found in Appendix B. Theo-
rems 1 and 2 provide sample complexity analysis of VOGP in terms of ordering hardness
de.

Theorem 1 provides a bound that is applicable in a very general context where the kernel
k can be any bounded positive definite kernel. Theorem 2 provides a more explicit and
practical formulation of sample complexity. The following remark compares the established
bounds with the bounds in prior work.

Remark7 The sample complexity bounds of VOGP established in Theorems 1 and 2 exactly
match the sample complexity bounds of previous works in multi-objective Bayesian optimi-
zation literature, namely PAL (Zuluaga et al., 2013), e-PAL (Zuluaga et al., 2016) in terms
of €. These works present bounds of (9(62%,) for any p > 0. Additionally, some studies
focusing on Pareto identification in the multi-objective multi-armed bandit setting, which
do not utilize GPs, also provide sample complexity bounds (Ararat, 2023; Auer et al., 2016;

Drugan, 2017) that matches those of VOGP up to logarithmic terms with @(5% ). In contrast,
other baseline methods in this study that employ GPs-such as JES, MESMO, and EHVI- do
not provide sample complexity bounds.

The following two subsections are dedicated to the proofs of Theorems 1 and 2 .
5.1 Proof of Theorem 1

Let accuracy parameter ¢ >0 and confidence parameter § € (0,1) be given. Let
N:={1,2,...}.

Lemma 3 Let us define the event that confidence hyperrectangles include the true objective
values of designs as

E:{WG[M]VtENVfEGX:Ifj( ) — i (2)] < B %0l (a )},

where

M7T2|X|t2

fr=In(———).

Then, P(E) > 1 — 4.
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Proof For an event E’, we denote by I(E’) its probabilistic indicator function, i.e.,
{I(E") =1} = E' and {I(E’) =0} = Q\ E’, where Q is the underlying sample space.
Note that

17P(E):]E[H({3j€[ |3 eNTred: |fi(z) - 1(2)> B0 (x )})]

<El§ji r({1#@ - <>|>61/“<>})1 ®
B[ ({176 - @1 > 5701w} ]|

S S S Ep ({1960 - > Aol )]

I
NE
=

o0
=2M|X|) e P/ ©

t=1

M) !

where (8) uses the tower rule and linearity of expectation and (9) uses Gaussian tail bound;
here note that, given y[;_1), the conditional distribution of f7(z) is N/ (1 (z), 0l (x)). O

For each s > 0, let us introduce the set Ac(s), which consists of vectors that dominate
all points on a sphere of radius s centered at the origin. We define d¢(s) as the infimum of
the norms of the elements in this set. These concepts are formally expressed as follows:

Ac(s):= ﬂ (su+C), de(s):=inf{]|z|2 |z € Ac(s)}.

uesSM—1
When s = 1, we recover the quantities in Definition 4, since d¢ (1) = d¢, Ac(1) = Ac.
Lemma4 Let s > 0. Then,

Ac(s)={zeRM |w z>s, Vne[N]} .
In particular, Ac(s) = sAc(1):={sy |y € Ac(1)} and dc(s) = sdc(1). Moreover,

there exists a unique z° € Ac(s) such that dc(s) = ||z°|| 2, where the superscript denotes
dependence on s (not exponentiation,).
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Proof Let s > 0. Then, it can be shown that

ycAc(s) eycsutC, YueSY!

sy—suel, YuesSM! (10)
S w] (y—su) >0, ¥n e [N], Vu e SV

s w!y>sw u, Vn e [N], YuesSM!
Swyy>s sup (w,u), ¥ne[N], (11
ueSM~—1

where (10) follows from (1). Let n € [N]. By the definition of w,,, we have

sup wyu= sup w)u=|lwy,|>=1.

uesM -1 ueB(1) (12)

Combining (11) and (12), we get
yeAc(s) e w y>s, Vne[N].

Therefore, ~ Ac(s)={z€RM |w)z>s, Vne€[N]}, which implies that
Ac(s) = sAc(1) and hence deo(s) = sdeo(1).

The existence and uniqueness of z° is a direct consequence of the strict convexity and
continuity of the ¢3-norm || - ||2 together with the closedness and convexity of A¢(s). O

Remark 8 The last part of Lemma 4 justifies the definition of u* (see Definition 4).
In what follows, we denote by SM~1(r) the boundary of B(r), where r > 0; in par-
ticular, S¥~1(1) = SM~1 is the unit sphere. We next prove Lemma 1 as a consequence of

Lemma 4.

Proof of Lemma 1 (i) Suppose that vy + P <c z. Equivalently, we have
z € y+ p+ C. Then, by (1), we have

vn € [N]: wr(z —y —p) > 0. (13)
Since p € B(), by Cauchy-Schwarz inequality, we have

- - €
lw) Bl < Jlwyll, 5], < i (14)

for every n € [N]. Moreover, by Lemma 4 and Definition 4, we have

T « WyZ 1
w.-u" = > — 15
" do de (1)
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for every n € [N]. Note that w}2* > 1 follows from the definition of Ac and that
z* € Ac. Hence, by (13), (14), and (15), we get

wl(z+eu” —y) > wlp+ewlut > —— 4 — >0
de ' de

for every n € [N]. This shows that z + eu* —y € C, i.e.,y <¢c z + eu*.
(i) Suppose that p € int (B(i)) and y + P <¢ z. In particular, (13) and (15) still hold.
Since p € int (B(;)), by Cauchy-Schwarz inequality, we have

- - €
[wy Bl < [[wall, 1B, < o (16)

for every n € [N]. Hence, by (13), (15), and (16), we get

wl(z+eu” —y) > wip+ewlut > —— 4 — >0
de ' de

for every n € [N]. This shows that z + eu* — y € int (C), i.e., y <¢ z + eu*.0]

In the following lemma, we show that the predicted Pareto set returned by VOGP satis-
fies the first success condition. The proof establishes that under event E, every Pareto opti-
mal design = € P* has a corresponding design z € P such that f(z) <¢ f(z) + eu*. If x
is not directly in P, it must have been discarded at some round. In that case, the discarding
subroutine ensures the existence of a design z; in the pessimistic Pareto set that caused x
to be discarded. If 27 is in 75, the success condition holds. Otherwise, z; must have been
excluded from the pessimistic Pareto set by another design z. If 29 € P, the success condi-
tion holds and if it does not, some design z3 must have excluded z from the pessimistic
Pareto set, continuing this process iteratively. The chain eventually leads to a design that is
included in P, ensuring that the success condition holds.

Lemma5 Under event E, the set P returned by VOGP satisfies condition (i) in Definition 1.

Proof We assume that event E occurs and claim that for every x € P*, there exists
z € P such that f(z) <¢ f(z) +eu*. If z € P, then the claim holds with z = z, i.e.,
f(x) <c f(x) + eu*, since eu* € C. Suppose that = ¢ P. Then, x must have been dis-
carded at some round s;. By the discarding rule, there exists z; € Ppess,s, such that

R, (z1)+eu" Cy+C 17)

holds for every y € Ry, (z).
At each round, the initial confidence hyperrectangle of an arbitrary design 2’ € X given
by (4) can be expressed as

Qua') = {y e BY | (@) = 8 20(a) <y y <my mula!) + 8 %ou(a) ) (18)
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and the initial confidence hyperrectangle is intersected with previous hyperrectangles to
obtain the confidence hyperrectangle of the current round, that is,

Rt(.’li/) = Rt_l(iE/) n Qt(l‘/) . (19)

It can be checked that, due to Lemma 3, we have f(z') € Ry, (2) for every 2’ € X under
event E. In particular, by (17), we have

Rs1 (Zl) + 6“‘* g f(l') + C ) (20)

where 21 € Ppess, s, -
Since f(z1) € R, (21), (20) implies that f(z1) 4+ eu* € f(x) + C, which is equivalent
to f(z) <c f(21) + eu*. Therefore, if z; € P, then the claim holds by choosing z = .
If 21 &€ 75, then it must have been discarded at some round sy > s;. Because VOGP
discards from the set S; \ Ppess,+ at any round ¢, we have z1 € Ppess,s,. Then, using the
definition of the pessimistic Pareto set (see Definition 3), there exists zo € A, such that
R,,(22) + C C R,,(z1) + C, which implies that

R, (22) C Rs,(22) + C C R, (21) +C . (21)

To proceed, we use (20) and the fact that C' + C' = C to obtain

Ry (s1)+eu"+CC f(x)+C+C = f(z)+C. (22)

In addition, (21) implies that

R, (22)+eu” C Ry, (71)+eu”+C .

Combining the above display with (22) yields

R, (%) +eu” C Ry (z1)+eu"+C C f(x)+C .

According to Lemma 3, under event E, we have f(z2) € R,,(22). Hence, it holds that

f(z)+eu" € f(x)+C.

So, if z, € P, then the claim holds with z = 2.

Ifzo & 75, then zo must have been discarded at some round s3 > so. Because VOGP dis-
cards from the set S; \ Ppess,+ at any round ¢, we have 2o € Ppess,s, - Then, using the defini-
tion of the pessimistic set, there exists z3 € As, such that R, (23) + C C R, (22) + C,
which implies that

R, (2’3) C R, (23) +C C R, (2’2) +C C R, (22) +C, (23)

where the last inclusion follows from the fact that Ry, (22) C Rs,(22) as s3 > s2. Then,
combining (21) and (23) and using the fact that R, (z1) C Ry, (21) yield
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R33 (33) g R32 (22) + C g RSQ (zl) + C + C = Rsz(zl) + C g Rsl (Zl) + C

Then, by (22), we get

R, (23) +eu* C Ry, (z1) +eu* +C C f(z)+ C .

Since f(z3) € Rs,(z3) under event E, we have

f(z3) +eu” € f(z)+C .

So, if z5 € P, then the claim holds with z = z;.

If 23 & P, then a similar argument can be made until z,, € P, where n < |X|. Indeed, in
the worst case, there exists some z, € Ppess,:, and it must be the case that z, € P since the
algorithm terminates at round ¢. Then, the claim holds with z = z,,. O

The next lemma shows that if a design x has a gap A > 2e, then it cannot be in the
predicted Pareto set P. To show this by contradiction, suppose such an x is included in
P. By the definition of A%, there must exist a Pareto optimal design 2’ € P* such that
m (x, ') > 2¢. If 2/ is active when x is added to P, Pareto identification rule (Equation 6)
leads to a contradiction. If 2’ is not active, we consider two further cases: (i) if the design
that discarded z’ was active when x was added to 75, the Pareto identification rule leads to
a contradiction again; (ii) if the mentioned design was not active, it must have been dis-
carded and thus removed from the pessimistic Pareto set by another design. In this case, this
process continues iteratively, until the final design in this sequence is active at the round at
which x is added to P, again leading to a contradiction via the Pareto identification rule.

Lemma6 Under event E, the set P returned by VOGP satisfies condition (i) in Definition 1.

Proof We will show that if A* > 2¢, then 2 ¢ P\ P*. To prove this by contradic-
tion, suppose that A* > 2¢ for a design = € P\ P*. By definition of m(x,’), this
means that there exists ' € P* such that m(z, z') > 2¢. Since x € P, it must have been
added to P at some round z. By the e-covering rule of VOGP, that means for all z € W,
(Ri(z) + eu* + C)N (Re(2) — C) = 0.

We complete the proof by considering two cases:

e Casel:z' € W,.
e Case2: 2’ ¢ W,.Case1: If 2’ € W, then

(Ri(z)+eu*+C)N (Re(z')—C) =10 . (24)

By the properties of the Minkowski sum, we have R;(x) + eu* C R;(z) + eu* + C. This
together with (24) results in

(Ry(z) +eu) N (Ry(2') = C) =10 . (25)
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According to Lemma 3, under the good event E, f(z) € R:(z) and f(z') € R:(z'). Com-
bining this with (25), we conclude that

f@)+eu* ¢ f(2')-C. (26)

Because f(z) 4+ eu* ¢ f(a’) — int(C), by the definition of m(z, z'), m(z, ") < e and we
get a contradiction for the case of ' € W.

Case 2: If 2/ ¢ W,, it must have been discarded at an earlier round s; < t. By the dis-
carding rule, 321 € Ppess,s, such that

R, (1) +eu* Cy+C, Vye R, (7). 27)
We proceed in Case 2, by considering the following two cases based on the status of z;:

o Case2.l:z; € W,.
o Case 2.2: z; ¢ W;.Case 2.1: If z; € W, since R;(z1) C R, (21), (27) also implies
that

Ri(z1)+eu* Cy+C, Vy € R, (z')
= VY s, € Rs, ('), VYo t € Re(21) : Yoyt € Yur s, — €™ +C (28)
= VY s, € Ry, (l’/)7 VY.t € Rt(zl) Yalsy T eu* ¢ Yzt -

Since z; € W;, the e-covering rule at round ¢ between x and z; pairs should hold. Combined
with the fact that R;(z) + eu* C R;(z) + eu* + C, it holds that

= (Ry(z) + eu*) N (Ry(z1) —C) =10 30

— vym,t € Rt(zl)avyx,t S Rt(x) Yzt T+ eu” Ao Yzt - (30)
Then, by combining (28) and (30), we get Yy, + + eu” Lo Yo 5, — €u*, Yy, € Ri(x)
and Yy, s, € R, (z'). Therefore, according to Lemma 3, under the good event Fj it
holds that f(z) + 2eu* £ f(x'). Since 2eu* € B(2¢) N C, by the definition of m(z, z’),
m(z,x’) < 2e which is a contradiction.

Case 2.2: Next, we examine the case z; ¢ W;. Particularly, consider the collec-
tion of designs denoted by zi,...,2,-1,2, where z; has been discarded at some
round s;.1 by being removed from Ppess,s;; by 2it1, as they fulfill the condition
R, (zi+1) + C C R, (z) + C.Noticethatthisimplies R, , (2i+1) € Rs,,, () + C.
Assume that z, € W;. Notice that it’s always possible to identify such a design, because
of the way the sequence was defined. Together with (19), we observe that the following set
relations hold.
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S2 (Zl) +C 2 RSZ(zZ) 2 R83 (ZQ)

R
R83 (ZQ) +C 2 RSS (Zg) 2 R84 (Z3)

€2

Rsn,1 (ZTL—Q) + C 2 Rsn,l (Zn—l) 2 Rsn (Zn—l)
R;, (zp-1)+C D R;, (zn) 2 Ry(2y) -

In particular, (31) holds since ¢ > s,,.
By the definition of Minkowski sum and the convexity of C, forany ¢ € {2,...,n — 1},
we have

Rsi(zi—l) +C D ‘Fisi_'_1 (2’1) E S Rsi(Zi_l) +C+C 2 Rsi+1 (Z'L) +C
— RS.(Zifl) + C 2 RS,‘,+1 (Zl) + c.

i

Hence, it holds that

: (32)
Rsn,l(znf2) + C 2 Rsn (anl) + C
= R, (21) +CD Rsn(zn_1) +C.

Using the fact that R, (z1) 2 Rs,(21) when s1 < s9, (32), and (31) in order, we obtain

Ry, (21) +C 2 Ry (21) + C 2 R, (2n-1) + € 2 Ry(2n) - (33)

Next, by combining (27) and (33), and using the properties of Minkowski sum, we have

Vy € R, (z') : Ry, (1) +eu* Cy+C < Vy e R, (2') : Ry, (1) Cy —eu* +C
= Vy e R,,(v): Rs, (1) +C Cy—eu*+C (34)
= Vy € R,,(z') : Ry(2,) Cy—eu* +C .

Alternatively, (34) can be re-written as
vym',sl S Rsl (-T,)7vyzn,t S Rt(zn) : ym',sl - G’U,* <C yzn,t . (35)

Since z,, € W, the e-covering rule at round ¢ between x and z,, pairs should hold. Com-
bined with R;(z) + eu* C Ri(x) 4+ eu* + C, it holds that

(Ri(z) +eu™ + C)N(Ri(zn) —C) =10 (36)

— (Ry(z) + eu”) N (Re(zn) — C) = 0

* 37
- Vyzn,t S Rt(Zn),Vym € Rt(x) Yot + eu 7\46’ Yzt - ( )
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Then, by combining (35) and (37), we get Yo+ + eu” Lo Yo 5, — €u*, Yy, € Ri(x)
and Yy, s, € R, (2'). Then, according to Lemma 3, under the good event E it holds
that f(z) + 2eu* £¢ f(2'). Since 2eu* € B(2¢) N C, by the definition of m(z,z’),
m(z,x’) < 2e which is a contradiction. O

The following two lemmas show that, as confidence regions shrink over rounds, a point
is reached where domination relations between any two points within a confidence hyper-
rectangle hold when euw* help is included. This ensures that the algorithm can make all the
necessary decisions, leading to eventual termination. Specifically, we prove that given that
all the confidence hyperrectangles have shrunk below a cone dependent threshold, at that
round, any design that is not to be added in the predicted Pareto set must have been dis-
carded. Consequently, the algorithm terminates.

Lemma7 Let t € N and suppose that W, = maxzcy, wi(z) < di('. Then, for every © € W;
and y,y' € R:(x), it holds

y <cy +eu®.

Proof Letz € Wy and y,y’ € R:(x). By the definition of w;(x), we have

p:=7y —ye€ int <]B%(de)> .
c

Moreover, we have y + p = ¢y’ <¢ vy’ trivially. Hence, by Lemma 1(ii), we directly get
Yy <cy +eu. O

Lemma8 Let t € N and suppose that w; < dpe(l 3 Then, VOGP terminates at round t.

Proof Let S;0 (Pr0), St (Pr1), and St o (Pr,2) denote the set S; (P;) at the end of mod-
eling, discarding and Pareto identification phases, respectively. For a node = € S; o \ Py,2,
if x & 51, then it must have been discarded at round 7. Hence, VOGP terminates at round
¢t if and only if every « € S; ¢ is either discarded or moved to P ». In order to prove this,
we show that if © € S; 0 \ P2 holds, then = ¢ S;,1. To prove this by contradiction, let
x € St \ P2 and assume that x € S; ;. Since x has not been added to P2, accord-
ing to the e-covering rule in Algorithm 4, there exists some z* € P 1 US; 1 such that
(Ry(z) + eu* + C) N Ry(z*) # 0. Hence, there exist y.~ € R;(z*) and y, € R;(x) such
that

Yo +eu” <o Yoo (38)

Since we assume that € S;1 € P U Sy 1 = W, by Lemma 7, we have

VY, € Ri(x): 9, <¢ Yo +eu™ . (39)

Again, by Lemma 7, since z* € W,, we have

VY« € Ri(2") 1 Yor <c Uype +€u™ . (40)
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Then, using (38) using (40), we have
VY, € Ri(2") 1 Yz + eu™ <0 Yor <0 Ype + €u™, 41)
which implies that
VY. € R(2") 1 Yo <C Y-
so that
Ri(z*) Cy, + int (C) ,
which then implies that
Ri(z")+C Cy,+ int (C)+ C =y, + int (C).
In particular, we have R;(z*) + C' C y, + C. Together withy, + C' C R;(x) 4+ C, we get
On the other hand, using (38) and (39), we have
ng € Rt(l’) : Q‘L =<C Yz + Gu* #C Yz,
which implies that
VY, € Ri(z) : Y, < Yo - (43)
Then, by (43) and (40), we obtain
VY, € Ri(x) VY,- € Ri(2") : Uy <C Yor <C Y- + U™,
which implies that
VY, € Ri(x) Vg« € Ri(2¥) : 9, <c Y,» + cu™
so that
Vg, € Ri(z) : Ry(z*)+eu" C g, +C . (44)

Then, by (42), we obtain & ¢ Ppess.t. If 2* € Ppess,t, then (44) shows that x must be dis-
carded. If 2* ¢ Ppess ¢, then 32’ € A, such that

\v/yZ' € Rt(zl)a 3yz” € Rf(Z*) Y RO Y (45)

= Vy. € Ry(2),3y.n € Ry(2%) : Yo +eu™ <S¢ Yo +eu™ . (46)
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Fix y.~ as given in (45). Starting from (44) and using (46), we have
Yi S Yo +eu” S0 Yo +eu” VY. € Ry(2') and Vy; € Ry(x) (47)
= Yi SC Yo +eu” Yy € Ry(2') and Vy; € Ry(x) . (48)

(48) shows that if 2’ € Ppess,t,x should be discarded. If 2’ ¢ Ppess ¢, a similar argument can
be made until the condition to be inside Ppess,; holds since Ay is a finite set and Ppess,; is
not empty. Hence, the lemma is proved. [

The following lemma establishes an upper bound on the sum of maximum diagonal dis-
tances of the confidence regions over rounds, linking it to the maximum information gain.
The proof follows by relating the maximum diagonal distance of confidence regions to the
sum of variances and leveraging known bounds on information gain. Finally, by applying
the stopping condition from Lemma §, we obtain a bound on the number of rounds required
for termination, completing the proof of Theorem 1.

Lemma9 Let t; represent the round in which the algorithm terminates. We have

Zwt \Vts (88e.02nM~,)

-2

=) and 7y, is the maximum information gain in ts evaluations.

where n = W

Proof Since the diagonal distance of the hyperrectangle Q.(x) is the largest distance
between any two points in the hyperrectangle, we have

ts ts
—_92 2
Wy = max |y —y'|| (49)
; ¢ ;y!ylERt(zt) 2

ts

< max — |
< Zy,y/em,lm) ly — 'l

< 50
Zyyegt N vl (50)
ts X 2
=> Z (wiﬁaz,l(xt))
t=1 j=1

ts M
< 4B Yy Y (o] (@) (51)

t=1 j=1
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ts
2 2
=4p;.0 E E o~ Ut ()

t=1 j=1

(52)
te M
< 4By, 0% (Z Z In(1+ 0_2(05_1(%))2))
=1 j=1
< 861, 0 nMI(yp.); fir.)) (53)
< 86y, 0°nMny,, (54)

where 7 := 072/ In (1 + 0’2) and o is the noise standard deviation; (49) is due to the defi-

nition of w;; (50) follows from (18); (51) holds since 3; is nondecreasing in ¢; (52) follows
from the fact that s < nln(1 + s) forall 0 < s < o~ 2 and that we have

o? (Ugﬂ (ft))z

ol . oI
=0 (k” (w4, 2¢) — (k[t—l] (2¢) (K1) + Bp—1) K1) (22) ) ) (55)
< o2k (w4, my)

<o?

)

where (55) follows from the fact that k77 (z, 2') < 1forallz, 2’ € X, and (53) follows from
Nika, Bozgan, Elahi, Ararat, and Tekin (2021, Proposition 1). Finally, by Cauchy-Schwarz
inequality, we have

ts (868:,02nM~z,) .

By definition, &; = wi(x:) < wi—1(2) < maxzew, , wi—1(x) = Wi—1, where the first
inequality is due to R;(x) C R;_1(x) for x € X and the last inequality is due to the selec-
tion rule of VOGP. Hence, we conclude that w,; < @w;_;. By above and by Lemma 9, we
have

Ztszl Wi < 85t50277M%3
- ts - ls

By using the stopping condition of Lemma 8, we get

/ 2
T:=min<teN: 81070 M, < ¢ .
t dc(l)
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Hence, the proof of Theorem 1 is complete.
5.2 Proof of Theorem 2
The following auxiliary lemma will be helpful.

Lemma 10 ( Broxson (2006), Theorem 15) Let A € R"*"™, B € R™*™ be two real
square matrices, where m,n € N. If X is an eigenvalue of A with corresponding eigen-
vector v € R™ and p is an eigenvalue of B with corresponding eigenvector u € R™,
then A\ is an eigenvalue of A @ B € R™ ™" the Kronecker product of A and B, with
corresponding eigenvector v @ u € R™". Moreover, the set of eigenvalues of A ® B is
{Xipj i € [n],j € [m]}, where X1, ..., \, are the eigenvalues of A and iy, ..., jim, are
the eigenvalues of B (including algebraic multiplicities). In particular, the set of eigenval-
ues of A ® B is the same as the set of eigenvalues of B @ A.

The following lemma associates the information gain of an M-output GP with the maxi-
mum information gain of single output GPs.
Lemma 11 Let f be a realization from an M-output GP with a separable covariance func-
tion of the form (z,z') — k(z,2') = [k(z, z')k* (p, Q)] p,qe| M), Where E:XxX—>Ris
an RBF or Matérn kernel for the design space and k* : [M] x [M] — R is a kernel for the

objective space. For each p € [M], let ¥y, be the maximum information gain for a single
output GP whose kernel is (z,z') — k(z, 2')k*(p, p). Then, for every t € N, we have

1 ; <M v, .
(Y Fry) < max 7y

Proof Our proof is similar to the proof of C.-Y. Li, Rakitsch, and Zimmer (2022, Theo-
rem 2). The difference comes from the structures of the covariance matrices, where the order
of Kronecker products are swapped in our case. In other words, Kronecker product of input
and output kernels to form the covariance matrix has swapped order.

Recall that Ky = (k (21, 7;));,je)- Hence, we have
Iy fin) = H(yp) — H(yp | Fin)

= Ehrl |27Te (Kt +U2IMt)| — %ln |27T60'2IM,5

2
<|27Te (K, +021Mt)|>

E

|27rea? T ot
| (K +0* L) - (0 Lae) |

In

N~ N~ N

1
I+ < K,
o

By the separable form of k, we have
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K = [k(zi2))]ijein © K (0, @), gepnn -

Hence, by Lemma 10 and using the identity |[I + A ® B| = |I + B ® A|, we get

1 1. -
Hyp; fi) = 510 s+ —5 1 (0, @)lpgernn @ Rl 25)]i | -

Notice that

1, :
Iy + ?[k ((Lp)]p,qe[M] ® [k(mi’xj)]i’je[t]
Ik, 1)[];(%7 .rj)}i,je[t]a_z» o E*(1, M)[];?(l‘ul'j)]i,jG[t]O’_Q

(M D) [E(xi, x))i jeo ™2 oo Lo+ (M, M) [k(2i,25)]i e o2

Since the matrix itself and all of its diagonal blocks are positive definite symmetric real
matrices, we can apply Fischer’s inequality and obtain

Iy fi) < Zln|1t +E (p,p)o 2 [k(xi, 7)) jepu | -

p=1

This is actually the sum of mutual informations of single output GPs
fi ~ GP(0,k*(1,1)[k(xs, ;)]s jey)- Notice that a positive constant multiple of an RBF
(resp. Matérn) kernel is still an RBF (resp. Matérn) kernel. Since the mutual information is
bounded by maximum information gain, we obtain I(yp,; f;) < M max,c(as ¥p, which
completes the proof.

Now, we can continue with the proof of Theorem 2. By Lemma 8, we have to show that
taking

2d2 M|x 2d2
t—3 S OM 0% 1D+2< T'é'vr 2 paro 2)

8Bt0” 771\/[% <

satisfies via (1) where ¢ is the multiplicative constant that comes from O(-)

notation of the bound on single output GP’s information gain. We will first upper-bound the
LHS of this inequality and show that its smaller than or equal to the RHS of the inequality.
We are using an RBF kernel & for the design space. Then, by Lemma 11 and the bounds on
maximum information gain established in Vakili et al. (2021), we have

Iy fi) <M -0 (WP (1) = v <M-0 (W) .

Notice that in Theorem 1, as e goes to 0, 7 goes to infinity. Therefore, we can use the
bounds on maximum information gain established in Srinivas et al. (2012). We have

B = In( MW3|5X|t ).
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8B n My, _ 8111(%)0277]\4%
t t
_ 8In(MHS )o2par2s P 1)
- t
16111( M‘X‘ tﬂ') a2nM2pInP T (t)

t

161nP+2 (y/ % -tw) ainM?¢

t

<

where ¢ is the multiplicative constant that comes from the O(+) notation. The last inequality
follows from M > 1,6 € (0,1),|X| > 1 and © > v/3. Now, we can plug in

t= 326\ g2 1 D+2< MIX] 3248 azoe )
6

to the last expression:

161nP+2 ( Lf?)l;fl 7T325§2C dM30%n - InP+2 (, / Mg|X| 32dc ¢M20277>) dM2a2y
32dc¢]\420.217 nP+2 ( /M\X C¢M2 2 )
InP+? (\/@ 32dc dM202p - InP+? ( L[PJ(';HW- 326{2]20 ¢M20277>) 2

_ -
2InP*? ( M|x| 32d C¢M2J 7]) dc

30

To show that the last expression is smaller than or equal to 572, we need to show that
(e}

2D+2
In”*? (Bm”**(B)) < 2In"**(B) = n"*? <B< )>

M|x| _32d} . .
where B = 3‘5 ‘ﬁe—zcdﬂw%% for convenience. This holds because

202 1
P B< B< ) for sufficiently large B. Hence, the proof is complete. [J

6 Numerical Results

In this section, we analyze where VOGP stands when compared to the state-of-the-art.
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6.1 Datasets, Cones and Performance Benchmarks

BC (Branin-Currin, D = 2, M = 2, |X'| = 500) Simultaneous optimization of two widely
used single-output test benchmarks.

LAC (Lactose, D = 2, M = 2, |X| = 250) A chemical reaction for the isomerization of
lactulose from lactose (Hashemi & Ashtiani, 2010; Miiller et al., 2022).

VS (Vehicle Safety, D =5, M = 3, | X| = 500) Optimization of vehicle structures con-
cerning safety, i.e., crashworthiness (Liao et al., 2008).

SnAr (D =4, M = 2, |X| = 2000) Optimization of the nucleophilic aromatic substitu-
tion reaction (SnAr) involving 2,4-difluoronitrobenzene and pyrrolidine (Hone et al., 2017).

BCC (Branin-Currin Continuous, D = 2, M = 2) We use the same test benchmark func-
tions as in BC dataset with continuous domain over [0, 1]2.

ZDT3 (D =2, M =2) A commonly used test benchmark function with continuous
domain over [0, 1)? (Zitzler et al., 2000).

In our experiments, we use three cones which we call acute, right, and obtuse. For
M = 2, they correspond to Cgge, Cggo, and Cio90 in Definition 5 below, respectively. Fig-
ure 5 illustrates these ordering cones. However, for VC dataset, which is a tri-objective
problem (M = 3), we define acute and obtuse cones with W matrices given as

1 -2 4
Acute cone: W = /21 [ 4 1 =2
-2 4 1

1 04 1.6
, Obtuse cone: W =+3.72 116 1 0.4
04 16 1

alongside the positive orthant cone (right cone) with identity matrix.

Definition 5 Given € (0°,180°), the cone Cpo C R? is defined as the convex cone whose
two boundary rays make % degrees with the identity line (see Figure 5).

Remark 9 Cone Cypo in Definition 5 corresponds to multi-objective optimization with
M =2.

Since our task is simply the classification of the Pareto designs, in the spirit of the widely
used F1 score, we use the following definition that integrates our success condition (Defini-
tion 1) into a performance measure.

Fig.5 Acute, right and obtuse ordering cones for M = 2 Y2

Cia00

Cooo
Cloo

Y1
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Definition 6 (Karagdzlii et al., 2024) Given a finite set of designs X, set of Pareto designs
P* and a set of predicted Pareto designs P w.r.t. the ordering cone C, and an ¢, we define;
a positive class as I, = {x € X' : A% < e}, where A is the suboptimality gap, and an ¢
lenient F1 classification score (e-F1) as

2|II. N P
2|HemP‘+|He\P|+|P\H€| ’

eF1 =

where Il p is the set of Pareto optimal arms that do not satisfy DeﬁnitiAon 1 part (i).

In multi-objective optimization, hypervolume indicator, denoted HV(P), is an ubiquitous
metric and it corresponds to the volume dominated by a set representing the found Pareto
front, i.e., P, and a reference point. This metric is especially useful when working with

continuous domains. Further, HV discrepancy, defined by
dy = [HV(P*) = HV(P)|,

is a well-known measure of how well the set P represents a known, true Pareto front, i.e.,
P*. Below, we extend the definition of HV to vector optimization. We also establish a
theoretical equivalence with the original definition in the case where M = N, using the
Jacobian of cone matrix W.

Definition 7 Given a reference point » € RM and N x M matrix W of ordering cone
C, hypervolume indicator (HV¢) of a finite approximate Pareto set P is the N-dimen-
sional Lebesgue measure Ay of the space dominated by P and bounded from below by

r:HVe(P,r) = Ax (ijl W, WyJ), where [Wr, Wy,] denotes the hyperrectan-
gle bounded by vertices Wr and Wy,.

Remark 10 The cone hypervolume HV ¢ defined in Definition 7 provides a general defini-
tion of hypervolume for any dimensions N, M. However, when N = M, by Theorem 2.3.15

of Heil (2019), the HV¢ simplifies to | det WAy, (Ullzll(r +C)N (y; — C’)) where

r € RM is the reference point. This represents the hypervolume that is cone dominated by
the Pareto front. A two dimensional illustration of this transformation and the corresponding
hypervolume scaling is provided in Figure 6.

6.2 Experimental Setup and Competing Algorithms

We apply min-max normalization to inputs. We also standardize the outputs to work on a
unified scale of [0, 1], i.e., for e and 0. We fix e = 0.1, 6 = 0.05, 0 = 0.1. The GP model is
initialized using a single randomly selected design point to start the optimization. We use
RBF kernel featuring automatic relevance determination for all experiments as it is fairly
standard, and in line with our GP assumption in Section 3, we assume known hyperparam-
eters and choose them using maximum likelihood estimation prior to optimization. Similar
to the other works with the same confidence hyperrectangle definition (Zuluaga et al., 2016),
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2 (W )2

v w |det W| x V.

Wr

i Wih

Fig. 6 Illustration of Definition 7 in a simple two dimensional case. The left plot shows the dominated
region ¥ under the cone C, and the right plot shows its image after the linear transformation induced by
W, where the region becomes axis-aligned and its volume scales by | det W|

Table 2 ¢-F1 score comparison of VOGP with NE and PaVeBa on several datasets. S.C. refers to sample
complexities of the algorithms

Acute Cone Right Cone Obtuse Cone
Dataset Alg. S.C. e-F1 (1) S.C. e-F1 (1) S.C. e-F1 (1)
BC NE 500 0.89+.07 500 0.92+.07 500 0.98 +.06

PaVeBa 517.7+5.3 095+.03 5045+3.0 096+.04 5009=+1.1 0.93+.09
VOGP 93.5+£32.6 0.93+.04 282+3.8 0.96+.08 183+2.6 0.99 +.03
LAC NE 250 095+.02 250 093+.03 250 0.93 £.05
PaVeBa 290.0+4.2 1.00+£.00 2664 +2.1 099+.01 264.1+3.7 0.98 +£.02
VOGP  69.9+13.7 1.00+£.00 27.4+3.8 099+.01 379=+6.5 0.99 +.01
VS NE 500 0.93+.03 500 0.95+.04 500 0.90 +.10
PaVeBa 515.2+3.1 090+.03 5033+1.7 094+.03 5024+1.8 0.90 £.05
VOGP  406.2+1589 093+.02 34.8+102 0.77+.06 23.6+3.9 0.87 .11
SnAr NE 2000 0.89+.08 2000 0.89+.12 2000 0.86 +.30
PaVeBa 2016.9=+5.7 091+.03 20052+2.6 0.87+.10 2001.8+1.7 0.92+.11
VOGP  102.5+15.2 097+.02 414+38 0.87+.12 364+3.7 1.00 £.00

we scale down 3; by an empirical factor, in this case 2° = 32. We report our results as aver-
age of 10 runs.

We use a series of algorithms to compare against. Previous work introduced Naive Elimi-
nation (NE) (Ararat, 2023) algorithm that is designed for vector optimization using ordering
cones. Even though it is an (e, 6)-PAC algorithm, since its theoretical sampling budget is
impractically high, we treat NE as a fixed-budget algorithm. It uses a per-design sampling
budget L, and we set L = {T/ |X H where T is the sampling complexity of VOGP for that
specific experiment. Another work on vector optimization that does (e, §)-PAC Pareto set
identification is PaVeBa (Karagdzlii et al., 2024). PaVeBa, samples all designs that are not
discarded at all rounds. We scale down their confidence radius 7, by 32 in this method to
limit high sample complexities. As NE and PaVeBa also assume finite design set, we start
by comparing VOGP with these two and report the results in Table 2. Also, we provide the
convergence plots for the results in Table 2 in Appendix C. To introduce further baselines,
we refer to multi-objective optimization literature, which is a special case of vector optimi-
zation where the ordering cone is the positive orthant cone. We devise fixed-budget variants
for widely used information theoretic acquisition functions MESMO (Belakaria et al., 2019)
and JES (Tu et al., 2022). As these algorithms work in continuous domains, we propose an
adaptive discretization (Bubeck et al., 2011) based VOGP as a variant to compare. We run
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these acquisition functions over the design set X with GPs using the same kernel as VOGP
and with the same sample complexity as VOGP. We compute the predicted Pareto set w.r.t.
the ordering cone on the posterior mean for MESMO, JES and VOGP. A naive approach of
adapting these acquisition functions would be transforming the problem by applying the lin-
ear mapping induced by matrix W and then using the methods as if doing a multi-objective
optimization. However, this approach proves ineffective and a more in depth discussion on
this can be found in Section 6.4. We do not compare VOGP with e-PAL since in the multi-
objective setting, VOGP can be considered as an extension of it and adapting e-PAL to the
ordering cones is non-trivial.

6.3 Ablation Study for Continuous Domain Adaptation

Although theoretical bounds for VOGP are obtained for a finite set of designs | X[, as an
ablation, we implement a heuristic on top of VOGP to make it suitable for continuous prob-
lems. We adaptively discretize (Bubeck et al., 2011; Nika et al., 2021) the continuous design
space into cells, forming a tree structure with a hyperparameter that decides the maximum
depth the tree can reach. We fix the maximum depth as 5 in this case. We treat leaf nodes
as designs while running VOGP. We split a leaf node into its 2 child branches if it has
high enough confidence and is not discarded (pruned) yet. We delay epsilon covering until
the tree is maximally expanded and we run the remaining phases of VOGP as usual. Since
the returned Pareto set after this process is not highly informative of what the Pareto front
looks like in the continuous sense (as it is sparse), we treat VOGP like an exploration algo-
rithm with adaptive maximum variance reduction as its acquisition function. Concretely,
after the termination of VOGP we calculate the cone-dependent Pareto set using a uniform
discretization over the posterior distribution of the GP. We do the same for MESMO and
JES as well. We, then, calculate logarithm HV discrepancy for the found Pareto set for all
algorithms. Since our theoretical confidence intervals assume finite domain, we consult to
the literature for a confidence interval that is tight and has a theoretical underpinnings for
continuous domains. We use the bound in Fiedler, Scherer, and Trimpe (2021, Theorem 1).
Even though their reproducing kernel Hilbert space (RKHS) assumption does not coincide
with our GP sample assumption, we found that this bound is empirically very sound. We run
VOGP by taking the RKHS bound as B = 0.1 and ; scaled by a factor 32 for BCC and 48
for ZDT3 problem. We present the results of this experiment in Table 3 and Figure 7.

Table 3 Logarithm hypervolume discrepancy comparison of VOGP with MESMO and JES on BCC and
ZDTS3 problems in continuous domain. S.C. refers to sample complexities of the algorithms. Lower is better
for both metrics

Acute Cone Right Cone Obtuse Cone
Dataset Alg. S.C. log (dgv))) S.C. log (dgv))) S.C. log (duv )l
BCC MESMO -0.96 +0.50 -1.52+0.89 -1.37+2.22
JES -0.75+0.73 -2.22+0.61 -4.28 +1.35
VOGP 168.6+75.02 0.05+0.72 27.5+8.3 -231+0.72 233+£729 -430+1.30
ZDT3 MESMO -2.35+0.65 -1.59+0.87 -1.12+0.52
JES -2.62+0.71 -1.28 +£0.89 -1.12+0.97

VOGP 1520+69.0 -2.65+0.67 64.8+101.2 -1.75+0.67 389+15.8 -1.68+0.96
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~/‘f(\\v,\

—2.0 —e— JESMO

Round : Round

Fig. 7 Mean logarithm hypervolume discrepancy vs. rounds on BCC (Left) and ZDT3 (Right) datasets,
using right cone. Number of rounds is selected as the median S.C. Shaded regions correspond to half
standard deviation

6.4 Adapting MO Methods to Vector Optimization via Linear Transformations

The cone ordering can be characterized by the usual componentwise ordering via the linear
mapping induced by matrix W. This can be confirmed by observing that

rZcy <= Wy—z)>20 < Wy>Wzx <— Wz < Wy, (56)

where <, > are componentwise orders (i.e. positive orthant order). A naive approach of
adapting multi-objective optimization (MO) methods to vector optimization is using them
per usual with the transformed objective function W o f. Please note that this linear trans-
formation is RM — RY, where M is the number of objectives and N is the number of
halfspaces that define the polyhedral cone. In the paper, the concept of vector optimization
is demonstrated mostly for the case M = 2 since it is possible to visualize this case easily.
Note that when M = 2, we necessarily have N = 2 for a solid pointed ordering cone C.
However, when M > 3, in general, the number of halfspaces N can be (much) larger than
the number of objectives M. Hence, applying componentwise optimization methods (e.g.
JES) to the transformed predicted objective values results in running these methods in the
N-dimensional objective space (hence, an N-objective GP), which increases the computa-
tional cost of these methods dramatically, rendering them ineffective.

In this section we illustrate these challenges, particularly when the objective space
dimension is modest (for instance, M = 3) yet the complexity introduced by a large num-
ber of halfspaces defining the polyhedral cone (N > M) is significant-a scenario common
in practice (e.g. P1 of Hunt et al. (2010)). This is a crucial distinction because it underscores
a unique advantage of VOGP: its ability to efficiently navigate the solution space in vector
optimization problems, even when the the number of halfspaces defining the polyhedral
cone (indicated by N) is high.

Consider the ice cream cone (expressed by the inequality z3 > /22 + x:3) for M = 3,
and take its rotated version whose symmetry axis lies in the ray in R?_ given by the equation
x1 = w9 = x3. Notice that the rotated ice cream cone is not polyhedral but one can con-
struct a polyhedral approximation C that is defined as the intersection of /N > 3 halfspaces.
The cone in Figure 2 is a polyhedral approximation of the ice cream cone with N = 6.
We conduct an experiment on VS dataset using different W matrices that yield polyhedral
approximations of the rotated ice cream cone with an increasing number (V) of halfspaces.
We conduct the experiments on a discrete domain to limit acquisition evaluation of MO
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methods and since it conveys the message well enough. We use the original VOGP with
[; set as the same as the continuous domain ablation. From Table 4, it can be seen that the
computation times of MO methods (MESMO and JES) increase drastically with the number
of halfspaces (NV), highlighting that the formulation suggested is not really practical. On the
contrary, we are able to obtain the results for N = 81 with VOGP in reasonable computa-
tion time.

For N =9 (and also N = 27 and N = 81), while running JES algorithm, we observed
hundreds of gigabytes of RAM usage and the algorithm raised out-of-memory error in our
system with 128GB of RAM and 256GB of swap area.

6.5 Ablation Study for Unknown GP Hyperparameters

In some situations, neither the correct hyperparameters are inaccessible to us, nor do we
possess reliable initial estimates for them. In such situations, even though the initial hyper-
parameters are not quite correct, a common approach is to gradually learn and adjust the
hyperparameters as more queries get included in observations. So, in this ablation study we
start with a random set of GP hyperparameters and after each evaluation phase, we update
them by a maximum likelihood estimation(MLE) using the observations made so far.

Normally, after VOGP performs discarding and Pareto identification phases, it does
not check the validity of decisions made in these phases in the subsequent rounds. This
is because given that the GP model is accurate, these decisions are guaranteed to be good
enough with high probability. However, in the unknown parameters setting, the parameters
are yet to be meaningful in the earlier rounds. Hence, the decisions made in the earlier
rounds can be erroneous. To adapt VOGP to this setting, at the end of each round, we reset
the sets S; and P;. With this adaptation, VOGP only terminates when all the designs are
either discarded or moved to P; in a single round. This ultimately allows VOGP to defer
its decisions to when the kernel hyperparameters had been learned with the cost of doing
repetitive work. We do not alter the rest of the algorithm.

The results, as given in Table 5, seem to improve over the known hyperparameters set-
ting. We speculate this is because two things: (i) sample compexity of VOGP increases and
(ii) these problems are not actually GP samples. First, sample complexity of VOGP is likely
to be increased because it needs a high level of confidence of all designs to terminate in the
span of a single round. Second, under the known hyperparameters setting, when MLE is
done before the optimization process to find the "correct" hyperparameters, overall smooth-
ness of the whole problem space is learned. Instead, if we could focus on and learn the local
smoothness around the Pareto set, it would yield better results. Indeed, we think that this

Table 4 Comparison using dif- N Alg. Time (sec.) S.C. e-F1
ifzzeé’rte‘;“mrﬂfeifp};f;f’;;f;rflor 9 VOGP 2238 28.50 + 3.8 0.88 % 0.09
experiment. "DNF" means "Did 9 MESMO 104.26 0.83 £0.08
not finish" 9 JES DNF -
27 VOGP 59.68 28.30 + 3.200.86 4+ 0.09
27 MESMO 299.50 0.82 + 0.06
27 JES DNF -
81 VOGP 173.56 28.30 + 3.200.86 4+ 0.09
81 MESMO 879.76 0.84 +0.08
81 JES DNF -
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Table5 ¢-F1 scores of VOGP on  paaset S.C. eF1
several datasets under unknown

h . BC 117.10 £20.27 0.99 +.01

yperparameters setting. We only

report results for acute cone. S.C. Vs 555.10+ 147.16 1.00 +.00

refers to sample complexity SnAr 126.60 = 19.77 0.96 £ .01
LAC 99.70 + 18.63 1.00 +.00

is what is happening when we start with unknown hyperparameters setting and learn them
iteratively as VOGP focuses on identifying the Pareto set.

6.6 Discussion of Numerical Results

Table 2 demonstrates VOGP’s high sample efficiency compared to the state-of-the-art meth-
ods in vector optimization. Specifically, we observe ~ 18.1x and ~ 18.3x lower sample
complexity compared with NE and PaVeBa, respectively. These results are calculated as
the mean of ratios of our method’s average samples to those of NE’s and PaVeBa’s for each
dataset/cone configuration in Table 2. This drastic difference in sample complexity is pos-
sible since the theory of VOGP, specifically the use of surrogate GPs, allows for sequential
decision making to happen after each observation, whereas other methods make decisions
less frequently. Despite its lower sample complexity, VOGP still outperforms the other
methods in most cases. Table 3 and Figure 7 illustrate VOGP’s robust performance when
extended to continuous domains using adaptive discretization. VOGP remains competitive
with the state-of-the-art information theoretic acquisition methods. Additionally, Table 5
shows that VOGP can be adapted to unknown hyperparameter settings and still perform
very effectively. Most notably, Table 4, which uses linear transformations, emphasizes that
VOGP or vector optimization in general is non-trivial. These results showcases the effec-
tiveness of VOGP and its adaptability to different scenarios.

7 Conclusion

In this work we studied the problem of black-box vector optimization with Gaussian pro-
cess bandits. We proposed VOGP, a sample efficient vector optimization algorithm, and
provided success guarantees and upper bounds on its sample complexity. To the best of our
knowledge, this is the first work that provides theoretical guarantees for black-box vector
optimization with Gaussian process bandits. Through extensive experiments and ablations
on various datasets and ordering cones, we showed our algorithms’ effectiveness over the
existing works on vector optimization and straightforward adaptations of the MO methods.
A limitation of our approach is that the theoretical guarantees are established under the
assumption that the underlying surrogate model is a Gaussian process and its hyperparam-
eters are known a priori. Extending the theoretical analysis to unknown hyperparameters
or to more general model classes, such as Bayesian neural networks remains an open chal-
lenge. Future research could explore such extensions, potentially broadening the applicabil-
ity of vector optimization in settings where alternative surrogate models offer advantages in
scalability or expressiveness. Other interesting future research directions include providing
theoretical guarantees for the problem in continuous spaces and developing counterparts of
information theoretic acquisition functions for vector optimization.
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Appendix A Table of Notation

Below, we present a table of symbols that are used in the proofs.

Symbol Description

X The design space

M The dimension of the objective space

sM-1 The unit sphere in RM

C The polyhedral ordering cone

¢ The ordering complexity of the cone C

Vi The objective function

€ Accuracy level given as input to the algorithm

Yt Vector that represents the first # noisy observations where y[o] = 0.

pe(z) The posterior mean of design x at round ¢ whose j*" component is ,u{ (z)

o () The posterior variance of design x at round ¢ whose j** component is cr{ (z)
Bt The confidence term at round ¢

P The predicted Pareto set of designs at round ¢

St The undecided sets of designs at round ¢

P The estimated Pareto set of designs returned by VOGP

pP* The set of true Pareto optimal designs

Py The set of true Pareto optimal designs when M = 2 and C' = Cy

Ay The union of sets S and P at the beginning of round ¢

W The union of sets S¢ and P; at the end of the discarding phase of round ¢
Q: (z) The confidence hyperrectangle associated with design x at round ¢

Ry(x) The cumulative confidence hyperrectangle associated with design x at round ¢
Tt The design evaluated at round ¢

w () The diameter of the cumulative confidence hyperrectangle of design x at round ¢
wt The maximum value of w¢(x) over all active designs x at round ¢

m(z,2’) inf{s>0|JFueB(1)NC: f(z)+su ¢ f(z') — int(C)}

Yt The maximum information that can be gained about f in ¢ evaluations

ts The round in which VOGP terminates

Appendix B Analysis for a Matérn Kernel

The algorithm takes at most

20 [ 2w wen [ (72M)x] (=) 2w EAD\ d2(1)
(@) c ]\/[2 2 . In2v+D R i . C A[Q 2
< e \w+D o mEr 35 2+ D @ e

samples, when it is run using a Matérn kernel where v is the smoothness parameter.

Proof By Lemma 8, we have to show that taking

204D

12 b - v PIg
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2

8Bt nM~: €
I <

satisfies Z

¢ is the multiplicative constant that comes from O(-) notation of the bound on single out-
put GP’s information gain. We will first upper-bound the LHS of this inequality and show
that its smaller than or equal to the RHS of the inequality. We are using an Matérn kernel
kernel k for the design space. Then, by Lemma 11 and the bounds on maximum information
gain established in Vakili et al. (2021), we have

Iy, Fi) < M -0 (TF0 m70(T)) — 5 < M -0 (T m=5(7))

Notice that in Theorem 1, as € goes to 0, 7 goes to infinity. Therefore, we can use the
bounds on maximum information gain established in Srinivas et al. (2012). We have

2 2
B = In( MW3|5X|t ).

2 2
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t t
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The strict inequality follows from M > 1,8 € (0,1),]|X| > 1 and 7 > v/3. Now, we can

4v+D
2v 2o+

+
plugin a = 57755 *"7 and after cancellations we get:

2v+D
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Now, we can plug in
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to the last expression:
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To show that the last expression is smaller than or equal to we need to show that

e
dz.(1)°
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204D
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where B = ((”36) . (QVQ:D v +D ) 6‘5()M20277¢> for convenience. This

2v+D
24v+D 1

holds because In D B < B(
plete. O

) for sufficiently large B. Hence, the proof is com-

Appendix C Convergence Plots for Table 2

Figure 8 provides convergence plots of vector optimization methods, presenting e-F1 scores
over sample counts. The experiment setup is exactly same as Table 2. Each subfigure corre-
sponds to a specific dataset and a specific ordering cone, indicated in the subfigure titles. In
these plots, we present average e-F1 scores over sample counts of different iterations. Natu-
rally, for each sample count, only the iterations that reach that specific sample count is con-
sidered. Therefore, note that some plots illustrate only some iterations around the end. The
Naive Elimination and PaVeBa algorithms require a large number of samples before making
decisions, which leads to stagnant regions in the plots. In contrast, VOGP makes decisions
at each round, resulting in a smoother decision trajectory and superior sample efficiency.
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Fig. 8 Convergence plots of vector optimization methods, presenting e-F1 scores over sample counts
(logarithmic scale is used for sample counts)
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