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MONOTONICITY AND A TAYLOR APPROXIMATION
THEOREM FOR TRANSSERIES

VINCENZO MANTOVA

ABSTRACT. We show that the composition of omega-series by surreal numbers,
or more generally by elements of any confluent field of transseries, is monotonic
in its second argument. In particular, omega-series and LE-series interpreted
as functions have the intermediate value property. We also deduce a Taylor
approximation theorem for omega-series with maximal radius of validity.

Nous démontrons que la composition des oméga-séries par des nombres sur-
réels, ou plus généralement par des éléments d’un corps confluent de transséries,
est monotone en son second argument. En particulier, les oméga-séries et les
LE-séries vues comme fonctions ont la propriété des valeurs intermédiaires.
Nous en déduisons également un théoréme d’approximation de Taylor pour les
oméga-séries de rayon de validité maximal.

1. INTRODUCTION

Transseries are a generalisation of formal power series that provide a framework for
asymptotic analysis of certain classes of non-oscillating germs, one notable example
being first return maps in Hilbert’s sixteenth problem. There are a few different
flavours in the literature, such as LE-series and grid-based series (an incomplete list
is [DMM97, Hoe97, Kuh00, Sch01]), but for the most generality we will work with
omega-series from [BM19], which are a little easier to define, and contain isomorphic
copies of most other flavours.

Call field of transseries T a subfield of some (restricted) Hahn field

T =R(OM)on =< Y _rim; : o ordinal,r; € R?",m; € M with i < j —m; >m; 5,
<o

where the monomials 9t form an ordered abelian group equipped with an iso-
morphism log : (M, ) =~ Jon == (R(MM>1))on, +) satisfying log(m)" < m for every
n € N (we call its inverse exp and abbreviate €7 = exp(y)). We warn the reader that
such 99T must be a proper class; to avoid this issue, one can require, for instance, that
the above ordinals « are countable. Plenty such fields exist, one notable example
being Conway’s field of surreal numbers No.

Now suppose that 91 contains a log-atomic element T' € 91>!, namely such that
log®™(T') € M for all n € N, where log®” is the n-fold composition of log. Then the
field R(T)) of omega-series in T is the smallest subclass of T that contains R, T
and is closed under taking exp, log, and sums like ), _, rim;. R{(T)) is automatically
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of the form R((O))on for some subgroup O < M. The choice of T and of ambient
T is irrelevant: all fields of omega-series are isomorphic to each other as fields of
transseries.

By construction, R{T)) contains, for instance, any formal Laurent series in 71,
suchas T+ 1+T~'+T72+ ... but also series containing exponential terms, such
as the asymptotic expansion of the I' function at +oo:

T log(T)~T— 5 log(T) 7 4.

V2me 2 (1 + o7 * omg7E t ) .

By inspecting the constructions in the literature, one can easily verify that R{T"))
also contains (unique) copies of grid-based transseries ([Hoe97, Hoe06]), of LE-series
([DMM97, DMMO1]), and even EL-series ([Kuh00]). One cannot forget mentioning
that LE-series and grid-based transseries have been subject of intense model theory
investigations and, as differential ordered valued fields, they are model complete
and have the same theory as any maximal Hardy field [ADH17, ADH24].

Note that log can be extended naturally to a global function on the positive
transseries: given f € T>?, it can we written uniquely as f = rm(1 + ¢), where rm
is the leading term of f, with 7 € R>° and m € M, and |¢| < R”Y, and we can
define

log(f) = log(rm(1 + ¢)) = log(m) + log(r) + Z et

where log(r) is standard real logarithm, and the infinite sum is always well defined,
although we gloss over the details of what that means. Its inverse exp has a similar
global extension given by a Taylor series. Since R{(T")) is closed under infinite sums,
it is also closed under global exp and log.

Just like traditional power series can be differentiated and composed, the same is
true for omega-series. There is a unique derivation f — f/ on R{T)) ([Sch01, BM18])
satisfying 77 = 1, (e7) = €79’ for any v € J, and which is strongly R-linear,
namely

/
(L) = om
i<a i<a
Likewise, given g € R{(T")) with g > R, there is a unique right composition map
[ fogsatisfying Tog = g, €?og = €7°9 for v € J, and which is strongly R-linear

(me—) °g= Zri(mi °g).
i<a <o

More generally, let U = R((9))on be a confluent field of transseries, namely such
that for every x € U>E there is n € N such that the leading term of log®™ () is
log-atomic (this holds in R{(T’)), as by construction, log°”(z) has leading monomial
of the form log®* (T) for n sufficiently large). Note that U may be a new field,
different from T, although it will also contain copies of R{(T")) obtained by replacing
T with log-atomic monomials of U. Then for every « € U>F there is a unique map
f — f oux satisfying the above properties with x in place of g (while the uniqueness
is obvious, the existence is technically challenging, see [Sch01, BM19]; while [BM19]
is stated for No, and seemingly using the assumption ‘T4’, the proof therein only
uses confluence). Surreal numbers are an example of confluent field ([BM18]).
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Finally, we remark that composition and derivation are compatible with global
exp, namely exp(f)! = exp(f)f' and exp(f) o g = exp(f o g) for any f € R((T}), and
also with each other, in the sense of the chain rule: for any f,g € R{(T)) with
g > R we have (fog) = (f o g)g’. Moreover, composition is compatible ‘with
itself” in the sense that it is associative: (fog)ox = fo(gox) for any f € R{(T)),
g € R(TH>R, x € UK,

It is immediate from the definition that right composition by some z € U>F
must be an ordered field embedding: by construction, the map f +— f o x preserves
(infinite) sums, scalar multiplication by R, exp, log, and it quickly follows that it
preserves multiplication and ordering.

However, the properties of left composition by some f € R{(T")), namely of the
map x — f ox, have not been explored as much. Since transseries have been
introduced to provide asymptotic expansions of real functions, we expect these maps
to share at least the most basic properties. For instance, we expect the map to be
strictly increasing exactly when f’ > 0. To the best of my knowledge, this only
appears in a rarely cited preprint of Edgar [Edg09, Prop. 4.9], for LE-series only,
under the heading ‘Simpler proof needed’, and with an ‘overly-involved proof”.

Addressing Edgar’s need, this note gives a short, self-contained proof of monoton-
icity for general omega-series. We also spell out a small set of inductive assumptions,
so that the method can be reapplied more easily to fields larger than R{T)), in
particular with an eye to the hyperseries of [BHK21], which generalise transseries
by adding transexponential functions. From now on, let U be a fixed confluent
field of transseries, for instance U = No, or more generally a field of transseries
equipped with a left composition by omega-series that preserves infinite sums, scalar
multiplication by R, exp, and log.

Theorem A (Monotonicity). For all f € R(T)), the function x — fox forx € U>R
is strictly increasing if f' > 0, strictly decreasing if f' <0, and constant if f' = 0.

Since R{(T')) is generated from T, a naive proof by induction would be as follows:
the conclusion is true for the base case f =T, f =1log(T), ...; if f =, , i€,
we are free to assume the conclusion for each map = + ~; o x, and we would like to
deduce that & — f oz is also monotonic. This works very well for f € Jgo, and we
do so in Proposition 3.1, but the inductive assumption falls short for the general
case. We also need the following very weak form of mean value property: given
vy EJSO and z,y € U with z > y > R, we have

Yyoxr—70y

r—y
where a < b means |a| < n|b| for some n € N and a < b means n|a| < |b| for all
n € N. The condition is almost trivial to verify in the base case of T', log(T), ..., as
the associated functions x — log®"(x) are all strictly increasing and concave. The
rest of the induction is then relatively straightforward (see Lemma 4.1), and it leads
to a fairly short proof of Theorem A.

Since omega-series admit compositional inverses by [Bag25], namely for every
f € RYT)>R there is a (unique) f € R{T)>¥ such that fo fi"V = fiVo f =T,
we can immediately deduce the following.

Corollary B. For all f € R{T)), the function x +— fox for x € U® has the

intermediate value property: if fox < w < foy, there is z € U between x and y
such that foz=w.

<7 oy atleast when yoz—~vyoy=<lor (v oy)(z—y) =<1,
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LE-series are closed under composition and admit compositional inverses within
LE ([DMMO01]), thus the intermediate value property applies even for z — fox
seen as a function from LE”® to LE.

Given Theorem A, it also becomes relatively easy to prove the following form of
Taylor’s theorem. We write a < b to mean a < b and b < a, and O(b) to represent
an unspecified element of the set {a : a < b}.

Theorem C (Taylor approximation for R(T)). Let f € R{T)) be non-zero with
fXTk forallk € N, and let v,6 €e U withxz >R, 2+ >R, x4+ 0 < z, and
L5 < 1. Then for allm >0,

fom

n=loe() o )
fo(x—|—5)zzf g x5’+0<(f(")ox)5">.

=0

The restriction f % T is a mere technicality: since the derivatives of T vanish
after k + 1 steps, one must look at f(*+1) to determine the radius of validity of
the approximation, which results in a slightly more complicated but functionally
equivalent statement (see Corollary 5.6).

Other versions of the Taylor theorem exist in the literature, but they focus on

the equality fo (z+8) =Y .0y L (:” §%, which in general holds for a much smaller
class of ¢’s (see for example [DMMO1, §6] [BM19, Prop. 7.13]). What is notable
here is that the Taylor approximation is valid for the essentially largest possible
meaningful class of é’s. Indeed, when ¢ is small as required by Theorem C, the
sequence (f( o 2)6" is weakly decreasing for <, and even strictly decreasing if
we require § < x and (fT o x)d < 1, whereas it is strictly increasing if 6 = x or
(ft o x)§ = 2, making the error terms larger rather than smaller (see Corollary 5.3).
The conclusion may hold or fail in the remaining case z + § < = depending on
f (Remark 5.5). In separate work with Bagayoko [BM25], we tackle the equality

fo(z+d) =27, f(lz)v” &% for omega-series, and show it holds under § < x and the
strict inequality (m' o x)d < 1 with respect to every monomial m appearing in f,
rather than just f, expanding and generalising the numerous existing variants of
the same result.

Several questions remain open. Notably, while we have seen that omega-series
and LE-series, when interpreted as functions, have the intermediate value property,
we are not claiming that they have the mean wvalue property: given z such that
floz= Lgoy Theorem A does not seem to imply directly that z is between x
and y. This is related to whether f” > 0 implies that the function z — f oz is
convex, namely that f oy < fo%ioy for & > y, and it may require a new argument.

Going beyond omega-series, it would be interesting to know if composition of
elements in hyperserial fields by hyperseries ([BHK21]) is also monotonic as in
Theorem A, and deduce the corresponding generalisation of Theorem C.

In this context, the first question is whether the weak mean value property used
in the proof holds for the basic hyperlogarithmic monomials ‘/,,’, which represent, in
a suitable sense, the ‘a-th iterates of log’. While the condition is satisfied locally, by
the local Taylor expansion of the transfinite iterates of log, it does not seem obvious
at a first glance that it has to hold globally. For the usual log, there is no issue
because of the functional equation log(zy) = log(x) + log(y), but from ¢, onwards
functions are less well behaved. In principle, this may require additional restrictions
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on the growth properties in the definition of hyperserial fields, and one should check
if they are already satisfied in the surreal model of [BH23].

A similar, and potentially equivalent consideration emerges from Proposition 3.1
(monotonicity for v € J>°): its proof relies on the fact that for z > y > R and

z>w>]R,ify>wandxfy>2*w,thenm>2:5((5;))

xp (D) > 1. Once again, this
property seems easy to verify locally for transfinite iterations of exp, but it is less
clear whether it can be extended globally, due to the lack of a functional equation

like exp(x + y) = exp(z) exp(y).
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2. SOME PRELIMINARIES

Below are terminology, notations, and facts that will be used throughout.
As anticipated in the introduction, we shall use the following notation for the
dominance relation: for a,b in any ordered ring, we write
o a <X bif |a] <n|b| for some n € N (a total partial order);
e axbifa=<band b= a (an equivalence relation);
e a<bifa<Xband b £ a; equivalently, nla] < |b| for all n € N (a strict
partial order);
e a~bifa—b=<a (an equivalence relation on the non-zero elements);
O(a) represents the convex class {b: b < a}, and similarly o(a) represents
{b: b < a}; both shall be used as in the big O notation.

Remark 2.1. Right composition by a fixed z € UR yields an ordered exponential
field embedding. In particular, we also have for instance that f < g holds if and
only if fox < gox, and as a special case, f < T if and only if f ox < x. The same
holds for all of the above relations, since they are solely defined on the basis of the
underlying ordered field structure. This will be used liberally in the proofs.
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Fact 2.2. As an ordered differential field, R{(T)) is an H-field, namely f > R implies
f' > 0, otherwise f = r 4+ & where 7' = 0 (in fact, » € R) and |¢| is smaller than all
the constants (that is, € < 1). This has numerous consequences, but the reader will
only need to know that:

if 1% f, then f = g if and only if ' > ¢/, and if f = ¢ if and only if f/ = ¢';
if 1% f, then f =< g if and only if [’ =< ¢/;

if 1 % f, then f ~ g if and only if ' ~ ¢/;

if f <1, then f’ <1;

if f<1,9#0,g#1, then f' < £

Since R({(T")) is generated by T, most arguments use induction on how elements
are constructed starting from 7. We formalise this with the following rank. Since
there is no risk of ambiguity, we shall abbreviate Jo = R(O”!))on with just J.

Definition 2.3. For any f =}, 7Y € R(T)), where each r; is a non-zero real
number and «; € J, we define the exponential rank ER(f) of f to be the ordinal:

e 0 if f is a monomial of the form log®™(T') for some n € N, or if f = 0;
e sup{ER(y;) +1:4 < a} otherwise.

This is clearly well defined (see [BM19] for more details).

Remark 2.4. Tt is immediate from the definition that for f,g € R{T)) we have
ER(f + g) < max{ER(f),ER(g)}, unless ER(f) = ER(g) = 0, in which case
ER(f 4+ g) < 1. Similarly, ER(—f) < ER(f) unless ER(f) = 0, in which case
ER(—f) = 1. In particular ER(f — ¢g) < max{ER(f),ER(g)} unless ER(f) =

ER(g) = 0.

We do not define Hahn fields here, but we refer the reader to any of the cited
sources about transseries for details about the definition of sum, product, and order
on them. We just remind the reader that the set of monomials appearing in a series
[ =2 icqrim;, meaning {m; : i < a}, is called support of f (note that by how
we defined fields of transseries, the support of a single series is always a set even if
the monomials range in a proper class). When f # 0, we call the maximum mg of
the support the leading monomial of f, and we call rgmg the leading term of f.
Note that by construction, f ~ romg.

For clarity, we also remark again that exp and log have the following Taylor
expansions for any € < 1 in U:

oo

log(1+¢) =Y ()=,
n=1
oo €n
exp(e) = Z ok
n=1 """

The infinite sum on the right is not a limit with respect to the topology induced by
the order, but an algebraic operation in which each power " is expanded into a
series, and then all series are summed term by term. For the details of how this is
done, and why it is well defined, we defer again to the bibliography. Recall that
R{T is closed under infinite sums, and so in particular under the above ones.
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3. MONOTONICITY FOR PURELY INFINITE SERIES

We first prove monotonicity in the easier case of purely infinite series. This
argument is a straightforward naive induction.

Proposition 3.1. For all v € J>°, the map = — ~y o x is strictly increasing.

Proof. Fix some z,y € U with z > y > R. We prove by induction on ER(y) that
~vyox > voy. Since by construction 0 < log(z) — log(y) < x — y, by iterating log,
we find that for all k >n >0

0 < log®(z) —log™ (y) < log™ () —log™(y).

Therefore, the statement is true for ER(y) = 0, and even for v = § — 1 when
ER(6) = ER(n) =0 and § > 7.

Now let v € J>° have rank ER(y) > 0. We assume by induction that the
conclusion holds for any ¢ such that ER(§) < ER(y). Let re® be the leading term
of 7. Recall that ER(4) < ER(7).

We claim that yox —yoy ~ 7e?°® — re%Y. Let € be any monomial in the
support of v distinct from €® (if there is no such monomial, then the conclusion is
obvious as v = re’). Again ER(n) < ER(y), and moreover § > 1 > 0, since v € J.
We have one of ER () = ER() = 0 or ER(6 — 7) < max{ER(J),ER(n)} < ER(7),
hence by inductive hypothesis

oy

(0—n)ox>(—n)oy, thatis dox—doy>nox—mnoy.
Moreover, nox —noy > 0, again by inductive hypothesis. Therefore,
e°TT0U _ 1 5 MOTTMOU _ 1 % (), hence 07TV 1 = 0TV _ ],
since exp is an increasing function and e® > 1 for a > 0.
Since (§ — 1) oy > R, we have e®°¥ > R, or in other words, e’ = €7V,
Combining the inequalities together,
e5ox _ e&oy _ eéoy(e&)x—&oy _ 1) . enoy(enox—noy _ 1) = e°T _ N0y

It follows at once that yoxz —yoy ~ red°® — re’oy,

Granted the claim, by inductive hypothesis, § o x > § o y. Recall moreover that
r > 0, since v > 0. It follows that 7e°°® — re?®¥ > 0, hence yox —yoy > 0, as
desired. 0

In the course of the proof, we have also proved the following.

Proposition 3.2. For all §,n € J>° with § > n and all x,y € U with z > y > R,
we have e2°F — %Y = en°T _ Ny,

4. PROOF OF MONOTONICITY

Lemma 4.1. For ally € J and all x,y € U with x > y > R, we have:

(1) if yor—yoy <1, then 12221 < /oy,

(2) ifyox —yoy=1, then (v oy)(z —y) = 1.
Proof. Fix x, y as in the assumptions. Let v € J. We shall prove the conclusion by
induction on ER(7).

When 7 is log®" (T') for some n, both conclusions hold because log®" is concave:

0< W < (log®™)!(b) for any b in its domain and a > b, and so also for
x >y > R. The conclusion is trivial for v = 0.



MONOTONICITY AND A TAYLOR APPROXIMATION THEOREM FOR TRANSSERIES 8

Now assume ER () > 0 and let re’ be the leading term of . Recall that § € J>°
and that ER(d) < ER(y). By Proposition 3.2, we have

yox—yoy 7,,(66090 o eéoy) — Teéoy(eéom—éoy o 1)7

which we rewrite as
_ dox—doy __ 1
ox 0]
gl VoY | doyC
r—y r—y
Recall moreover that since v ~ re’ and v % 1, we have 7/ ~ re’d’, so in particular
v oy~ redY (8 o).
We distinguish two cases. If oz —doy < 1, then we can use the Taylor expansion
of exp to check that

e&om—&oy_l 50$—50y_<

= d oy,
x—y T —y
where the second inequality follows from the inductive hypothesis (1). Therefore,

Yoy —~vyoy eéoa:féoyil
L AP —

r—=y r—y
Both conclusions follow trivially.
Now suppose that § ox — J oy > 1. Note in particular that yox —yoy > 1,
because €%°Y = 1 and e%°*79°% — 1 = 1, so we only need to prove conclusion (2). By
inductive hypothesis (2), (0 o y)(x — ) > 1, which with e%°¥ > 1 yields (2):

(Y oy)(x —y) ~re® (' oy)(z —y) - 1. O

Corollary 4.2. For all v € J<° and all z,y € U with x >y > R, we have
10T _ Y0y

doy jTGéoy((S/Oy)N"/Oy.

< VoV (~! — (7Y ouw.
e (Y oy)=(e") oy

Proof. Write
0% — 1% = VU (IOT TV 1),
If yox —yoy < 1, then using Lemma 4.1(1)
(T —1) ~ ¥V (yoz —yoy) X e (Y oy)(z —y).
Otherwise, e7°*~7°Y » 1, and since v oz < -y oy by Proposition 3.1 applied to —,
we have e7°*~7°Y < 1, thus
(TN 1) = % L (0 )(w — )

where the last inequality follows from Lemma 4.1(2). O

Proof of Theorem A. Let xz,y € U with > y > R and f € R{(T)). Trivially, when
f'=0,wehave f=r e R, sorox =roy=r, as desired. We now assume that
f' >0, and we want to prove fox > foy. The case f' < 0 will follow trivially by
replacing f with —f.

Case f = T + ¢ with ¢ < T. Note that in this case f' ~ 1, so f' > 0. We
claim that eox —goy <z —y, and so fox — f oy ~ x — y, which clearly implies
fox>foy.

Suppose that €7 is a monomial in the support of €. We claim that ¢7°% — 7Y <
x —y. This is trivial for v = 0, and an immediate consequence of Proposition 3.2
for v > 0. For v < 0, we have 1 = (e7)’, so 1 = (€7) oy, hence by Corollary 4.2

T — 1 < V(Y oy)(z —y) = (") oy)(z —y) <z — .

3
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Taking the sum over all terms in ¢, we find that ceox —coy <z —y.

Case f > R. Recall that R{(T)) is confluent, because for any g € R{T)>®, the
leading monomials along the sequence (log®"(g) : n € N) must have decreasing
exponential rank, until one reaches logok(T) for some k. Pick n € N such that
log®™(T) o f = 1log®™(f) = log®*(T') + & for some k € N and some & < log®*(T"). Note
that

log®™(T) o f o exp®®(T) =T + &

where & = € 0 exp®®(T) < log®*(T) o exp®*(T) = T. By the previous case, the
function « — x + (€ o z) is strictly increasing. Since the functions log and exp are
also strictly increasing on U>R, then so is the function z + f o .

Case f # R. Since by assumption f/ > 0, we cannot have f < R, so there
must be some r € R such that f —r < 1, and moreover f —r < 0. It follows that
g= 7fir > R. By the previous case, the function = + g o x is strictly increasing,

thus so is the function

T — —

+r=fox. ]
ox

Corollary 4.3. For all f,g € R{T) with 1 % f > g and all z,y € U with
x>y >R, we have
fox—foy-gox—goy.
Proof. Up to replacing f with —f, we may assume that f/ > 0. Since f % 1, we
have f' > ¢, thus f' —rg’ = (f —rg)’ > 0 for every r € R. By Theorem A,
(f—rg)ox>(f—rg)oy, hence fox— foy>r(gox—goy).

Moreover, fox — f oy > 0, and the conclusion follows. O

Corollary 4.4. For all f,g € R{(T) with 1 % f ~ g and all z,y € U with
x>y >R, we have

fox—foy~gox—goy.
Proof. Apply Corollary 4.3 to f and f — g < f. O

Proof of Corollary B. Fix f € R(T)), z,y € U>R, w € U such that fox <w < foy.
Note that the case f € R is trivial, so assume f ¢ R. There is z € U>® such that
foz=w: when f > R, just take 2 = f o w, where f"V € R(T)>® is the
compositional inverse of f ([Bag25]); otherwise, replace f with iﬁ > R just as in
the proof of Theorem A, and reduce to f > R. By Theorem A, z has to be between
z and y. O

5. TAYLOR’S APPROXIMATION

In what follows, fix some z,d € U with x > R and £+ ¢ > R. We shall abbreviate
L= with 1, provided f # 0. Note that fT = (log|f)"

Proposition 5.1. For all non-zero f € R(TY), if f # 1, x4+ <z, and (fTox)d < 1,
then

fo(x+d6)=<fox and fo(x+0d)— fox=x(f ox)d.
In particular, if (ftox)d <1, then fo(x+68) ~ foux.
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Proof. Note that x4 § < x implies § < . We work by induction on ER(f). For the
base case, suppose that f =log®"(T) for some n € N. Both conclusions are trivial
for n = 0. For n = 1, we know that

log(z + d) — log(z) = log (1 + i) = g = (f'oxz)d.

Note that & < 1 < log(z), so in particular log(z + §) ~ log(z). For n > 1, recall
that the Taylor series of log implies that log(y + ¢) — log(y) ~ § when € < y. Using
y =log®" (), e = log®" (x4 &) — y, we can verify inductively that & < y, or in
other words log®™ ™! (z + &) ~ log®"~*(x), and

log® ! (x + 0) — log®™ ()
log®™ ™! (x)
log(z + 9) — log(z) 0

- log(x) - --1og®" Y(z) ~ xlog(z)---log”™ *(x)

For ER(f) > 0, we first prove the conclusions for f = e with v € J#°. Suppose

that (ffox)é < 1; since fT = %3, = v/, we have (7 oz)éd < 1, and in particular

(v ox)§ < 1, as v = 1. By inductive assumption, yo (z 4+ 6) —yoxz =< (7 ox)d < 1.
Since e¥ — 1 <y for y <X 1, we get

oz +d)—e'ox=e"" (e”O(IH)*W”” — 1) = e’ (v ox)d = ((€7) o x)d.

log(log®™ ™" (z +0)) — log(log™ ™" (x)) ~

= (f ox)d.

Since e¥ < 1 for y < 1, we similarly find that
eo(x+0)= e1oTO@HI)=Y0w — 70T — o7 ¢y,

For general f, let re” be the leading term of f. Note that by assumption ~y # 0.
Since f ~ re”, we have

fo(x+d)~re?o(z+d)<re?ox~ fou.
Since f # 1, we also have f’ ~ (re?) and ff ~ (reV)T =/, hence by Corollary 4.4,
fo(x+d6)—fox~redo(x+6)—redox=xr((e?) ox)d~ (f ox)d.
When (ff o2)d < 1, or in other words (f’ o 2)d < f oz, we find that indeed
fo(x+0)~ fou. O

To prove Taylor’s theorem, we now want to iterate the above approximation. To
do that, we need to control the assumption (ffoz)§ <1 when we replace f with
its derivatives.

Lemma 5.2. Let f € R{(T)) be non-zero such that f % T* for all k € N.
(1) If fT = %, then (f("))Jf ~ fT for all n; in particular, f™ ~ (fH)"f.
(2) Otherwise, for some £ € N, (f("))T = % foralln#0—1, and if £ > 0, then

(N < L in particular, £ < L fE < 22 for ali .

Proof. (1) We have % = % < T, hence

, Y I1” ()
T1>(f,> :1f(f/)2:1f i
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This says that (f’)Jf ~ fT, and in particular also that (f’)Jr - % By induction,
(f("))T ~ ff for all n € N. Since f(»+1) = (f("))Tf(") ~ f1f ) we also find
n n
Fo~ (f1)" f.
(2) Let r be the unique real number such that fT — ~ < L. Then f'T —rf < f.
Since f % 1, we find
r—1 l

T T
Since f % T* for all k, we have f(*) %1 for all k, so we
Tor—mn 1
™)' _ L
(f ) T T

In turn, (f("))T =  for n # r, and (f(”))Jr < # if n = r, which can only happen
if re N. Let { =r+1ifr € Nand ¢ = 0 otherwise to( rec)over the desired

L4+n
conclusion. For n € N we have f(+n+1) = (f(e“‘"))tf(“‘”) = fT

£ < L2 Similarly, fO4D = (F00)T 00 3 L2 hence £ < o =

f'T+ f —rf < f', orin other words (f/)T -

In particular, (f’ )Jr =

1
T
deduce by induction that

, 0 by induction

Two illustrative examples are the following. Take f = e . In this case, fT =
el > 7, and Lemma 5.2 predicts that f ~ (fH" f. Indeed,

fr=eles =fif, fr=ele veee’ N(fT)Qfa f//lwegTeeT:(fT>3f

Now take f = T'log(T). Here f = 18+ ~ %, s0 we expect to see f("1) =< #,

T log(T)
with at most one exceptional f (n+1) < f o . Indeed,
i 1" 2 fl/l
" — loo(T 1Ni " _ f m_ _ AL m_ 2 )
f Og( )+ T7 f T T f T2 T Y f T3 T

Corollary 5.3. Let f € R{T)) be non-zero such that f # T* for all k € N. Suppose
that § # 0. Then the sequence (f(") 0 x)0"™ is strictly <-decreasing when 6 < x, and
(ftox)d < 1, weakly <-increasing when 6 < x and (fT ox)§ < 1, and eventually
strictly <-increasing otherwise.

Proof. We apply Lemma 5.2 to the ratio between two successive elements of the

sequence:
(f(n—H) ox)é"""l B f(n+1) - N t
gercae (o) oo)o= () =2)e

When fT > %, then (f("))T ~ fT (Lemma 5.2(1)), so

((ﬂn))T ox> 5~ (flox)s.

The sequence is then strictly <-decreasing when (fT o x)§ < 1, which implies § < z
since ffox >~ %, weakly <-increasing when (ff o 2)§ < 1, which also implies § < z,
and it is strictly <-increasing otherwise.

When ft < %, then (f(”))T = %, with (f(™)

of n (Lemma 5.2(2)), hence
((ﬂn))T Ox) 5 <

Fe % for all but possibly one value

i

ISHESY)
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with equivalence for all but possibly one n. The sequence is then strictly <-decreasing
when 6 < x, which implies (fT o x)§ < 1 since ffox < %, weakly <-decreasing
when 6 < x, which implies (ff o x)d < 1, and it is eventually strictly <-increasing
otherwise. O

Corollary 5.4. Let f € R{T)) be non-zero such that f # T* for all k € N. If
z+ 8=z and (ffox)d <1, then f™ o (z+6) < f™ oz for alln € N.

Proof. Note that § < z. By Corollary 5.3, for every n € N we have

N f (f(n-‘rl) ° .’L‘) 6n+1
((f< ) ox)(S: oo 3 b

thus the conclusion follows from Proposition 5.1 applied to each f(). O

Proof of Theorem C. When ER(f) =0, f = log®* (T"), and the conclusion follows
directly from the Taylor expansion of log. For ER(f) > 0, fix some z, ¢ as in the
assumptions. Note that § < z. Write f = Ev ryeY for v ranging in J, where by
construction r., # 0 implies ER(y) < ER(f). Split f as follows:
Jo= Z ryel, fi=f—fo= Z rye’.
(v/0x)6=1 (v ow)d>1

We first show that f; can be ignored. Suppose that f; # 0. On the one hand, by
construction (flT ox)d ~ (7 ox)d > 1, where €7 is the leading monomial of f;, hence
f{f > f1, thus necessarily f; < f and f; < 1, whence f; % T* for all k € N; since
f#TF for all k, (™) = fl(n). On the other, (flT ox) > % = %, so we cannot have
ff = %, hence ff - %, and so fl(") ~ (f{f)nfl by Lemma 5.2(1). It follows that

~ f1n)°37 f™ou
(ffoa)" (flow)"

Similarly, consider fo(z44). Note that (f]o(z+6))d > 1: if not, by Corollary 5.4
applied to f1 at & + J, with —§ in place of 4, we would get

_fiow,_ fio(e+d)
~ ficx T fio(z+0)
a contradiction. Therefore, just as in the previous argument, we find
f™ o (x+9)
P E—
(ff o (x+0))
Since f(™ o (z 4 6) < f oz by Corollary 5.4,
fio(z+68) < (f™ ox)sm.

fio < (f™ ox)sm.

1< (ffom)s §=(flo(z+8)5=1,

fro(z+6) ~ < (f™ o (z+0))0m.

Therefore,
fol(w+8)~for=foo(+6)~foow+o((f™oa)s")

Since f = fo, so f(") = fén)7 it is now enough to prove the conclusion with fy
in place of f. Suppose that e is a monomial in the support of fy, thus v € J,

(v ox)d =1, and ER(y) < ER(fy) < ER(f). We distinguish two cases.

If v < T* for some k € N, then k& > 0, hence 7' < % For each monomial m

in the support of v, we have v = m > 1, so in particular m’ < 47 = %, hence
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(mfox)d <2 < 1. When m % T for all d € N, since ER(m) < ER(y) < ER(f), we
may apply the inductive hypothesis to deduce
n—1 (i

m )Ol‘
ox+d) =) —

=0

5+ 0 (m<">5") .

When m =< T for some d € N, then in fact m = T'%, hence the above approximation
still holds by the binomial theorem and the fact that 6 < x. Moreover, in either
case m(¥ < B < Th=i (by Lemma 5.2(2) in the former case, trivially in the latter),
so (m® o) <1 for all i > 0. By strong linearity of composition and derivation,
we can sum all the terms of v to deduce that (y(*) o 2)§* <1 for all i > 0, and that

5’+O( )

If v % T* for all k € N, then we sunply observe that (v ox)d < 1, since v = 1,
so the above equality holds by inductive hypothesis, and (79 o 2)§* < 1 for i > 0
by Corollary 5.3.

Therefore,

o(x+9)= 7

n—1 y(Dog

foo@+d) = 3 mertd = 30 Hezl s 0 (v em)sm)

(7/0x)5=<1 (v om)56=<1
= Z r,e7°% exp (Z 1o i L) ((’y(" ox)d" ))
(y'oxz)6=<1 i=1
n—1 (T )( %)
- ¥ (Z 2R 4 0 (e ™ o 1:)6”))
(y'0x)d<1 \i=0

Zfo °x52+0((f x)é"),

where on the second line, the argument of exp is < 1, since (v oz)6* <1 fori >0,

and so we may use the fact that e =1+y+---+ Z (n 1), + O(y™) for any y < 1 to
proceed to the following step. O

Remark 5.5. The conclusion of Theorem C loses its significance at the boundary: if
- % and (fTox)é =< 1, then the error terms all have the same size by Lemma 5.2,
and the conclusion collapses to f o (z + ) = O(f o ); a comparable remark can be
made for fT < % and § = x, where the error terms can get smaller at most once.

Error terms even increase in size if (ff ox)d = 1 or § = 2. In those cases, the
conclusion of Theorem C may or may not be valid depending on f. Consider the
‘first-order approximation’

fo(x+6)— fox=0((f ox)d).

When (ff oz)§ = 1, consider f = €T, thus assume § = 1. Then the first-
order approximation is valid for f = e if and only if § < 0. More generally, the
approximation remains valid if f > 1 and § < 0, or if f < 1 and § > 0, since
Theorem A implies fo (x+9d) < fou.

For § > z, the first-order approximation is valid for f = log(7T") and it fails for
f = V/T3. Analogy with real functions suggests that the approximation is valid
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for § = x exactly when f < T. This is related to whether f” > 0 implies that f
is convex, namely fo (z+0) — fox > (f' ox)d for § > 0. As alluded to in the
introduction, this does not seem to follow in a direct way from Theorem A.

The boundary = 4+ ¢ < x is more subtle: the error terms do not increase in size,
but the Taylor approximation may still hold or fail. For example, the first-order
approximation fails for f = % and f = log(T) (note that § < z, so (fTox)d <1 in
both examples):

1 1 )

] z+0 0

On the other hand, the approximation is valid for f = /T

0 0
R TNV RN
We can in fact give a full classification. Assume z + 6 < x and ff < % (we
ignore fT = % as in that case (fT ox)d < 1 implies § < z). Then the first-order
approxnnatlon is valid if and only if ff =<4 and f>1
Indeed, suppose that fT = T. Note that the first-order approximation collapses
to fo(x+6)=O0(fox). We have log(f) ~ rlog(T) for some non-zero r € R, so

log(f o (z + 0)) —log(f o x) ~ r(log(x + §) —log(x)) ~ 1

by Corollary 4.4. Note that log(z + §) — log(z) is negative infinite. When f < 1, we
have r < 0, s0 fo(x+ ) > foux, hence the approximation fails. When f > 1, then
r>0,s0 fo(x+d) < foux, hence the approximation is valid.

Now suppose that fT < 7. Let ¢ = fo(yf% We claim that f satisfies the
first-order approximation if and only if log |f| does. Since (f' o x)d < (f' o z)x <
f o x, the approximation for f implies ¢ < 1, while the one for log|f| implies
log(1 +¢) < 1. Crucially, in either case € ~ log(1 + ¢). The claim follows at once
from (log|f])’ = fT/ Moreover, (log |f) = logf\f| < f1 < %, since f % 1. Therefore,
to check whether f satisfies the first-order approxnnatlon we may replace f with
log | f| until f ~ log®®(T). Since f’ ~ (log®*(T"))’, Corollary 4.4 implies that we may
further replace f with logOk(T). Applying the same argument in reverse, we may

replace log®®(T') with log(T). The approximation fails for log(T"), hence it fails for
the starting f.

Corollary 5.6. Let f e R{(T) and z,6 e U withax >R, z+0 >R, z+J < z. If

f=TF* for some k € N and f*t1) £ 0, suppose that ((f(k‘“))Jr ox)d = 1; otherwise,
if f # 0, suppose that (ff ox)§ < 1. Then for alln > 0,

o(x+06) = Zfl ((f(")ox)(S").

Proof. If f # T* for all k € N and f # 0, this is just Theorem C. If f = 0, the
conclusion is trivial.

Now suppose that f =< T* for some k € N. Let p be the sum of all the terms of
f that are < T¢ for some d € N, where necessarily d < k. Note that p < f < T*.
Then p is a polynomial in T of degree k, and by construction g = f — p satisfies
g # T for all d € N. In particular, p*t1) =0, so f++1) = g(k+1),
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The conclusion of Theorem C is valid for p by the binomial theorem and the fact
that 6 < z (and for n > k, it is true even for § > x, as the error term becomes
0). If g = 0, we are done. If g # 0, we distinguish two cases. If g7 < %, then

§ < z implies (gt oz)d = 2 < 1. If g' = L, then (f(’“H))Jr = (g(’“H))T ~ g by
Lemma 5.2(1), so the assumptions guarantee that (gf o x)§ < 1. In either case, we
can apply Theorem C to g. The conclusion now follows immediately from f =p+g

and the observations f( = p(™ = ¢ for n <k, f(™ = ¢ for n > k. O
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