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A trivariate wrapped Cauchy copula
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Abstract

In this paper, we propose a new distribution for data on the three-dimensional
torus which we call a trivariate wrapped Cauchy copula. Our trivariate cop-
ula has several attractive properties. It has a simple form of density and
desirable modality properties. Its parameters allow for an adjustable degree
of dependence between every pair of variables and these can be easily esti-
mated. The conditional distributions of the model are well studied bivariate
wrapped Cauchy distributions. Furthermore, the distribution can be easily
simulated. Parameter estimation via maximum likelihood for the distribu-
tion is given and we highlight the simple implementation procedure to obtain
these estimates.

Keywords: Angular data, copula, directional statistics, wrapped Cauchy
distribution
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1. Introduction

Angular data occur frequently in domains such as environmental sciences
(e.g., wind directions, wave directions), bioinformatics (dihedral angles in
protein backbone structures), zoology (animal movement studies), medicine
(circadian body clock, secretion times of hormones), or political/social sci-
ences (times of crimes during the day), see for example (Il). However, dealing
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with data that are angles requires special care in order to take into account
their topology (domain [0, 27) where the end points coincide). Classical sta-
tistical concepts from the real line no longer hold for such data (2 B); in
particular, the building blocks of statistical modeling and inference, proba-
bility distributions, need to be properly defined. For data involving a single
angle, called circular data, a large body of literature proposing circular dis-
tributions exists (see for example (4)) and (5))), among which are the popular
von Mises, wrapped Cauchy and cardioid models. Though less in number,
there also exist several interesting distributions for data consisting of two an-
gles, called toroidal data. Popular examples for toroidal distributions are the
bivariate von Mises ((6)), the Sine (7)) and Cosine models (§) and the bivariate
wrapped Cauchy (9) distributions.

The situation is somewhat different for the case of trivariate distribu-
tions. Several models have been introduced in the literature to handle three
or more angles, including the multivariate nonnegative trigonometric sums
model (10), the copula proposed by (11), the multivariate von Mises distri-
bution (12), the multivariate Generalised von Mises distribution (13]), the
multivariate wrapped normal distribution (14]), the multivariate projected
normal distribution (I5)), and the inverse stereographic normal distribution
(16). Such distributions can be used to model datasets, with an impor-
tant example arising from structural bioinformatics. Predicting the three-
dimensional folding structure of a protein from its known one-dimensional
amino acid structure is among the most important yet hardest scientific
challenges. A cornerstone of this endeavour is the uncertainty quantifica-
tion of the two dihedral angles ¢ and ¢ along with the torsion angle of the
side chain w, meaning that statistical models on the 3-dimensional torus are
needed. However, all aforementioned distributions have some limitations that
make modelling more challenging, such as intractable normalizing constants,
rendering parameter estimation difficult, no clear-cut sampling scheme or
unknown/complex marginal distributions.

In order to fill this important gap in the literature, we propose in this
paper a trivariate wrapped Cauchy copula. Note that (I7) coined the term
circulas for copulas on the torus. Circulas differ fundamentally from copulas
whose domains are rescaled from [0, 1]? to [0, 27]? in that they also require the
periodicity of the densities, see (I7)), Section 1. In this paper, we shall con-
sistently use the more classical word copula. Our trivariate wrapped Cauchy
copula is given by density and has the following attractive properties: (i)
simple form of density, (ii) well-estimable parameters, (iii) adjustable degree



of dependence between the variables, enhancing parameter interpretability,
(iv) well-known conditional distributions, and (v) a simple data generating
mechanism. Thus we are proposing a new model that satisfies the require-
ments as laid out in (I8]).

The paper is organized as follows. In Section 2] we review some well-known
bivariate distributions which are relevant for our construction before propos-
ing the trivariate wrapped Cauchy copula in Section 3| In Section [4] several
properties of the proposed distribution are given, namely conditional dis-
tributions, random variate generation, modality and correlation coefficients.
Parameter estimation is considered in Section [5] A possible extension to
any d-dimensional torus is presented in Section [6] while Section [7] concludes
the paper with a discussion. We provide additional information in the Sup-
plementary Material, namely an essential lemma about parameter space,
trigonometric moments, further properties, method of moment estimation,
Monte Carlo simulation results, and a generalization of our new distribution.

2. Bivariate circular probability distributions and copulas

Before we introduce our trivariate wrapped Cauchy copula, we will first
review the most popular bivariate circular distributions.

A popular class of toroidal (circular-circular) distributions that allows
specifying the marginal distributions has been put forward by Wehrly and
Johnson (19). Their general families have the probability density functions

f(01,00) = 2mg[2m{ F1(01) — qF2(02) }] f1(01) f2(02), (1)

where ¢ equals 1 or —1 (leading to two distinct families), 0 < 60,6, < 2,
fi1 and fy are specified densities on the circle [0,27), F; and F, are their
distribution functions defined with respect to fixed, arbitrary, origins, and
g is also a specified density on the circle. Both families have the nice
property that their marginal densities are given by f; and fs.

Let a bivariate circular random vector (01, O2) have the distribution ([1).
The families ([1) can be readily transformed into copulas for bivariate circular
data, assuming (Uy,Us) = (2nF1(0),27F5(02)). Throughout this paper,
unlike the case of ordinary copulas, we define the domains of the copula
variables to be [0,27) or equivalent domains modulo 27, rather than [0, 1].
Then the density of (Uy, Us)' is given by

1

c(ug, ug) = %g(ul —qug), 0 < uy,uy < 2. (2)



Simple integration shows that c¢(uy, uy) integrates to 1 and that each marginal
is uniform on the circle (see (17) for further properties of the distribution (2))).
Therefore the distribution can be viewed as an equivalent of a copula for
bivariate circular data. From Sklar’s theorem (see page 18 in (20)), the
distribution with density can be transformed into a distribution with
prespecified marginal distributions, as is the case for the distributions of
Wehrly and Johnson .

In practice, it is necessary to take specific densities for f;, fo and g in
the families of Wehrly and Johnson, or equivalently, the choice of g and
marginal distributions is important for the copula-based version . Various
proposals have been put forward in the literature, many of which are based
on the use of the von Mises distribution. We refer the reader to (21)), Section
2.4, for a review of these models. Further, (22) and (9) adopted the wrapped
Cauchy density, given by

I

f(O;p, 1) = 5 72— 2pcos0— 1)’ (3)

for p € R\ {£1}, u € [0,27) as the function ¢ in (2)) and fixed ¢ = 1. This
leads to density being of the form
1 A

— 0< <2 4
(s w2) A2 1+ p? — 2pcos(ug —ug — p)’ Suup <2m (4)

where p € [0,27) is the location parameter and p € R\ {£1} the depen-
dence parameter between the two variables. The distribution is called a
bivariate wrapped Cauchy copula which we label as BWC(y, p). In fact, (22)
showed that this distribution is derived from a problem in Brownian motion
and possesses various tractable properties. Moreover, (9) transformed this
model via the Mobius transformation and showed that the transformed dis-
tribution (known as Kato-Pewsey model) has the wrapped Cauchy marginal
and conditional distributions.

3. Our proposal: the trivariate wrapped Cauchy copula

Having described some of the attractive properties of the bivariate wrapped
Cauchy distribution of (9) resulting from the copula (), we extend () to a
density on the three-dimensional torus in the following theorem, with antic-
ipation that it will inherit these properties.
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Theorem 1. For u = (uy,us,us)’ and p = (p1a, p1s, pas)’, let
-1
t(u; p) = ¢y [cl + 2{p1a cos(uy — ug) + p13 cos(u; — ug) + paoz cos(us — uz)}|

0 < g, ug,uz < 2m, (5)

where pia, p13, p23 € R\ {0}, pr2pizpas > 0,

o = P12pP13 4 P12pP23 4 013,0237 (6)

P23 P13 P12

and

1 P12 2 P12 2 P13pP 2 i
12013 12023 1323 2 2 2
Co = + | — ] +|—— ] —2piy —2pj3—2 :
SENCZOE {( P23 ) ( P13 ) ( P12 ) S ng}
(7)

Suppose that there ezists one of the permutations of (1,2,3), (i,j,k), such
that

okl < lpizpirl /(pij| + 1pixl), (8)
where pj; = pi; for 1 <i < j < 3. Then the following two properties for the
function hold.

(i) The function @ 1s a probability density function on the three-dimensional
torus [0, 2m)3.

(ii) A family of distributions with probability density function 15 identi-
fiable under the additional constraint

pP12Pp13p23 = 1. (9)

Proof. (i) In order to prove the theorem, it suffices to see that the function

satisfies:

(8) t(u p) > O for any w = (ur, us, us)'
(b) g 2ms t(t; p)dusdusdus = 1.
Proof of (a): Without loss of generality, assume for that [p12] <
|p13p2s|/ (|p1s| + |p2s]). We note that
c + 2 {p12 COS(ul — UQ) + P13 Cos(u1 — ’LL3) + P23 COS(UQ — Ug)}

2
COS U1 COS Uy COS Us

o1 | . + oo | . + o3| .
sin uq sin s sin ug

Y




where

1/2
, Ly k=123, jk#i, j<k (10)

COS Uy COS Us COS U3
2 (sinu1> + ¢ (SiﬂUg) + 03 <SiDU3) ’
COS U3 COS Uy COS Us
& (SiHU3) 2 (sin u1> + 02 (sinuz) H
> [P13P23 (\/012/)13 i \/012P23) <0 (11)
P12 P23 P13
Therefore ¢; + 2 {p12 cos(u; — ug) + p13 cos(u; — uz) + pog cos(ug — uz)} > 0
for any (uq, ug, ug)'.

Next we show that the expression between curly brackets in ¢y given in
is positive. It is easy to see that

2 2 2
P12013 P12P23 P13P23
pfzpfgpag(( ) (L) () —2p%2—2p%3—2p33)
P23 P13 P12

2
(R — ) { 2 _ Piapss(pTs + pég)} APty
(P%z - P%3>2 (P%Q - P%3)2

PijPik
Pjk

¢i = Sgn(pjk)

Then

>

(12)

It follows from the assumption |pia| < |pi3pes|/(|p13] + |p2s]) that |pi3] >

|p12p23| /(| p23| — |p12]). Also, P%g > {|p12p23l /(| pas| — ’/912|)}2' Then the radi-
cand can be evaluated as

2
(p2 - )2 {p2 o Pi2P53 (P12 + /0%3)} _ 45205
12 23 b (pTy — :033)2 (P12 — /733)2

2 2
S (2, — 2 ( |Pr2pas] ) PPt o5s) | 40805
12 23
|p23| — |12 (ply — P33)? (ply — p33)?

= 0.

Hence ¢o > 0. Thus the function satisfies the condition (a) for |pia| <
\p13p2sl/(|p1s] + |pas]). Due to the symmetry of the function (), it imme-
diately follows that the condition (a) holds for the other two cases |pi3] <

|p12p23|/ (|p12] + |p23]) and [pas| < |p12p13]/(|p12] + |p13])-
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Proof of (b): Using the equation (3.613.2.6) of (23)), it follows that

27
/ t(u; p)dus
0

B o /27r [1 N 2{p13 cos(uy — us) + pas cos(uy —uz)}] " du
= 3

c1 + 2p19 cos(ug — us) Jy c1 + 2p12 cos(ug — ug)

21
Cy 1

— dus

c1 + 2p1a cos(uy — ug) /0 1+ cos(us — a’)
_ (&) ) 21 (13)

c1 + 2p1acos(ug —ug) |1 — 02|12’

where b’ = 2{p%;+ p2s+2p13p23 cos(ur —uz) } /2 /{c1+2p1a cos(u; —uy) } and a’
satisfies tan o’ = (p13sinuy + poz sinus)/(p13 cosug + pag cosus). The second
equality follows from the formula a cosug + fsinug = v/a? + 2 cos(us — ),
where ~y satisfies tany = 5/a. In order to see that || < 1 in the last equality,
it suffices to see that

c1 + 2p12 cos(uy — up) — 2{p25 + pag + 2p13p03 cos(ug — us) }°
2
COS U; COS Us COS U3
‘ 2 (sinu1> + ¢ (sinug) ‘ ?3 (sinu3> >0,
holds for any wi, us, uz € [0,2m). 1If [p1a| < |p13p2s|/(|p13] + |p2s]), this in-

equality is already seen in . If |p13| < |p1apasl/(|p1z| + |p2s]) or |pas] <
|p12p13l/(|p12] + |p13]), we have

COS U3

Ssin ug

é COS Uy COS Us
L sin Uy sin ug
o \/ P13P23 -0
P12
P13023 1

> ‘\/Pupm _ \/P12P23
- P23 P13
= [Pf2{013 - ,023}2 - P%z&ﬂ%z&}

The last inequality follows from
‘\/Plzpm \/P12023
P23 P13 P12 P12P13023
012,0 3023

1 P13P23 )2 sy
g pisl = 1p2sl)” — P =0.
P12P13P23 {<|p13| — | pasl (Ip13] = [p23]) 13P23

{012 ’[)13\ - ’p23\) p%gﬂgg}




Thus we have ¢; +2p12 cos(uy —uy) —2{ p%5 + p2s +2p13p23 cos(ur —ug) }1/? > 0,
which implies |b/| < 1.
can be simplified as

/ " b p)d 2T 2

u; Uz =
0 p)ats |p12p23/ P13 + p12p13/ pas — p13pas/piz + 2p12 cos(uy — ug)|
= to(u1, ug; P12), (14)

where ¢15 is defined in (17). Here we show that the denominator of is
positive for any (uy, us)". For convenience, write c3 = p12p23/p13+p12013/ P2z —

p13p23/p12- Let p1a > 0. For the case |p12| < |p13pas|/(|p13] + |pas]), it can be
seen that

2 2 _ 2 2
+ -
c3+ 2,012 COS<U1 — u2) <c3+ 2p12 — p12(;013 ng) P13P23

P12P13023
< 1 ( |13 |p2s] )2 (p13 + p23)2 — 2k <0
P12P13P23 |p13| + | pas| i

The case |p13| < [p12pas|/(|p12| + |p2s|) or |p2s| < |p12p1sl/(lpr2| + |p13]) can
be proved in a similar manner.

Similarly, when p;s < 0, it can be seen that the denominator of
remains positive for any (uy, us)’.

Note that the discussion above implies [2p12/c3] < 1. Then it follows
from the equation (3.613.2.6) of (23)) that, for the parameters satisfying c3 +
2p19 cos(uy — ug) > 0,

27 27
2me
/ ta(ur, ug; pr2)dug = / 2 duy
0 0

c3 + 2p12 cos(uy — usg)

o 27y
= /0 cs{1 4+ 2 (p1a/cs) cos(uy — u2)}du2 (15)
= (2m)°cy @) 1

Tl = (2pi/c)? V2 & — 40512 2n

Similarly, we can also show fo% to(u1, ug; P12)dus = 1/(27) for the parameters
which satisfy c3 + 2p12 cos(u; — uz) < 0. Finally,

27r1

/ t(u; p)duydusdus = / —du; = 1.
[0,27)3 0o 27

8



Thus the proposed density satisfies the condition (b) as required.
Since the function (b)) satisfies both conditions (a) and (b), this function
is a probability density function on [0, 27)3. This completes Proof of (i).

(11) Let P = (plg, P13, ,023), and ﬁ = (ﬁlz, [313, ,523)/ be two different pOiIltS in
the constrained parameter space of the proposed family with piapi3pes =
P12p13p23 = 1. Assume that p and p represent the same distribution, namely,
t(u; p) = t(u; p) for any u = (uy,us,uz) € [0,27)3, where ¢ is the density
(5). This implies that there exist real-valued constants C' and D such that,
for any u € [0, 27)3,

p12 cos(uy — ug) + p13 cos(uy — ug) + paz cos(ugy — ug)

= D + C{pracos(us — ug) + p13cos(u; — uz) + paz cos(ua — us)} .
Choosing (uy, ug, uz) equal to (7/2,7/2,0), (7/2,0,7/2), and (0, 7/2,7/2),
respectively, yields, p;; = D+Cp;; for each couple (4, j) € {(1,2),(1,3),(2,3)}.
Moreover, (u1, ug, u3)" = (0,0,0)" gives p1a+p13+poz = D+O(012+P13+p23)-
Summing the first three equalities and subtracting the last entails 0 = 2D
and hence D = 0, leading to

p12 cos(uy — ug) + p13 cos(uy — ug) + pa3 cos(us — ug)
= C' {p12 cos(u; — ug) + P13 cos(uy — u3) + paz cos(ug — uz)}.
Then it follows that, for any (uq, ug, us),
(p12—Cp12) cos(ug—ug)+(p13—Cp13) cos(us —us)+(pes—C paz) cos(us—ug) = 0.

Thus
pi2 = Cpia, p13 = Cpiz, paz = Cpos.

Using this equation and the assumption piap13p23 = p12p13023 = 1, we have
1 = prapiapas = C°prapiapas = C°.

Thus we have C' = 1. This implies p = p, which is contradictory to the
assumption p and p are two different points. O]

We will refer to this distribution, which has the density of (Uy, Uz, Us)’
given by under condition , as the trivariate wrapped Cauchy copula
(TWCC or TWC copula). This distribution is also denoted by TWCC(p) in
order to specify its parameters.



The proposed family is not identifiable without the constraint @D
This can be seen by noting that t(u; p) = t(u;cp) for any constant ¢ € R,
However, it is useful to define the TWCC without @ in order to discuss
certain properties, although this constraint needs to be imposed when per-
forming maximum likelihood estimation. Under @, condition can be
re-expressed under simpler form as p7;p5, > (|pi| + |pix])-

In TWCC, different functions of parameters pio, p13 and pog control the
dependence between the U;’s and the location of the modes, see Theorems
and [0]in Section[d] It is also straightforward to incorporate both positive and
negative associations by replacing u; with qu; (¢; = 1,—1) and it is possible
to extend the distribution to include location parameters by replacing u; —u;
with w; —u; — p; in (5) (0 < p; < 2m). Although the parametrization
used in the expression for the density is natural in the sense that each
parameter p;; is multiplied by a function of u; — u;, this expression does
not allow for independence between U; and U;. However, an alternative
parametrization is available that accommodates independence between the
variables; see equation below. A very appealing aspect from both a
tractability and computational viewpoint is the closed form of the density
which does not include any integrals or infinite sums, unlike most existing
distributions on the three-dimensional torus.

The original form of our proposal was derived by modifying the den-
sity of the bivariate wrapped Cauchy copula, such that the denominator
is replaced by a more general constant term plus a function of the form
p12cos(0; — 02) + pr3cos(f; — 03) + pagcos(fy — 03); see equation of
the Supplementary Material. However, the TWCC, which imposes a spe-
cific constraint on the constant term, has the appealing property that its
bivariate marginals belong to the bivariate wrapped Cauchy copula family.
Additionally, it has a simple normalizing constant and a well-known form for
the univariate conditional distribution given a single variable. See Theorems
and [3] below for further details on the marginals and conditionals.

Next, we show that our model given by TWCC is indeed a copula for
trivariate circular data by establishing in Theorem [2| that its univariate
marginals are circular uniform distributions. Prior to this, we will show that
the bivariate marginals of our new model are bivariate wrapped Cauchy-type
copulas as they are of the form .

Theorem 2. Let a trivariate circular random vector (Uy, Us, Us)" follow the
TWCC with density @ and satisfy the identifiability constraint @ Then

10



the following hold for the marginal distributions of (Uy,Us, Us)':
(i) The marginal distribution of (U;,U;)" is of the form with density

1 ]
Am2 1+ ¢F; — 2¢ij cos(u; — uy)’

to(ui, uj; @) = 0 < w,u; < 2m,

(16)

1 PikPik  PijPik  PijPik 3
T 205 L pi Pik Pik

and cy 18 as in @

(i) The marginal distribution of U; is the uniform distribution on the circle
with density

where

1
tl(ul): %, 0<u; <2m.

Therefore the distribution of (Uy, Uy, Us)' is a copula for trivariate cir-
cular data.

Proof. Without loss of generality, we prove the case (7, j) = (1,2). The other
cases can be shown in a similar manner.

(i) It follows from the equation that the marginal density of (U, Us)’
can be expressed as

27
to(ur, ug; P12) = / t(u; p)dus
0
_ 21 - ¢
|p12p23/ P13 + pr2pis/ pas — pi3pas/piz + 2p12 cos(ur — usg)| .

This marginal density can be rewritten as

1 1- %) |
27)2 1 4 ¢35 — 2¢19 cos(uy — us)

ta(ur, ug; P12) = (

The value of ¢15 can be obtained as a solution to the equations 1+¢3, =

C - (pr2pa3/ P13 + praprs/p2s — p13p2s/pi2) and —2¢15 = 2Cp;, for some
C # 0. Specifically, since these equations imply

1 Tl
2012 2,0127

(18)

11



(i)

where c3 = p1apas/p13 + prapis/pas — p13p2s/pi2, the solutions of this
equation, say @12, are given by
- —aE{g —4pi )
P12 =
2p12
P13P23/ P12 — Pr2pa3/ P13 — praprs/ pas £ (277)302
2p12 .

Denote these solutions by ¢f, = {—cs + {2 — 4p2%,}'/%}/(2p12) and
b = {—cs — {3 — 4p%,}/?}/(2p12). Then by definition of ¢y it is
straightforward to see él_Q = (P19, &B&ﬁ = 1and QNSE = 1/¢12. Note that
to(u1, ug; P12) in equation with the parameter ¢12(# 0) satisfies

ta(ur, ug; P12) = taur, ug; 1/d12), 0 < g, ug < 2m. (19)

This expression implies that the two solutions of , ie., QNSTQ and
¢19, correspond to the parameters of the same distribution. Using the
parameters derived from the solution ¢,, we have

1
ta (1, ug; P12) X {1 + @7y — 2612 cos(uy — Uz)} .

Since the functional form of this marginal density is essentially the
same as that of , it follows that the marginal density is given by
‘) with (Za]) = (172)'

It immediately follows from equation that the marginal distribu-
tion of U; is the uniform distribution on the circle.

]

Note that the ¢;; are invariant under p;; replaced by cp;; for some constant
¢ € R*, implying that they do not depend on any identifiability condition on
pij. We draw the reader’s attention to the fact that the constant ¢; has to
be of the form @, which guarantees that the bivariate marginal distribution
belongs to the bivariate wrapped Cauchy-type family. See equality .

In order to investigate the properties of the TWCC, it is often convenient
to express its density using complex variables. Let (U, Us,Us)" have the
TWCC density (5), and assume that (Z;, Zo, Z3)' = (e, elV2, elUs). Then
some simple algebra yields that the TWCC density can be expressed as

1 {d1+ ¢ + 05 — 20765 — 20163 — 20363}

te(z; @) = (2)3 |p121 + D222 + P332

12



where z = (z1,29,23) € Q = {2z € C; |z] = 1} is the unit circle in the
complex plane and ¢ = (¢1, ¢o, ¢3)' and ¢; is defined as in (L0). We call this
the complex TWCC. Note that, in terms of the original parameters, we have
P12 = G102, p13 = G1¢3 and pa3z = Po¢p3. The inequality on the parameters
in Theorem [1| then simplifies to |¢;| > |¢;| + |¢k| for (4, j, k) a certain permu-
tation of (1,2, 3). In fact, this is equivalent to the condition that the denom-
inator of satisfies @121 + ¢aza + P323 # 0 for all (21, 29, 23)’, see Lemma
in Section of the Supplementary Material for a statement and proof.
Equivalently, the condition on the parameter |p;i| < |pijpixl/(|pi;| + |pix]) for
some (1, 7, k) is necessary to guarantee the boundedness of the TWCC(p) for
all (u1,u2, u3)’. The identifiability constraint (9)) turns into (¢1¢2¢3)? = 1.

If the parameter space is extended to include (¢;¢;)* = 1 and ¢}, = 0, the
complex TWCC includes the case where 7, is independent of both Z; and
Z;. The additional assumptions ¢; = 1 + ¢ and ¢; = —(1 4+ €)' for small
e > 0 imply strong positive dependence between Z; and Z;. As ¢ — oo,
the complex TWCC converges to the circular equivalent of the comonotonic
copula of (Z;, Z;), that is, P(Z; = Z;) = 1.

The parameter space can also be extended to include ¢; = 1 and ¢; =
¢r = 0, which corresponds to the independence copula. In this case, the ran-
dom variables Z;, Zy, Z3 are exchangeable in the sense that (Z;, Zs, Z3) has
the same distribution as (Z;, Z;, Z;) for any permutation (4, j, k) of (1,2, 3).

4. Properties of the TWC copula

We will investigate distinct properties of our new copula distribution
TWCC(p). In the next sections, we will study and discuss conditional dis-
tributions, random variate generation, modality, and correlation coefficients;
in Sections and of the Supplementary Material we further investigate
trigonometric moments, the shapes of our distribution, and limiting cases.

4.1. Conditional distributions and regression

In this subsection we consider the conditional distributions of the model
TWCC(p). As we will show, just like the bivariate and univariate marginal
distributions, all conditional distributions belong to well-known families,
namely to wrapped Cauchy distributions on the circle and to the Kato—
Pewsey distribution on the torus. This property also highlights the versatility
of the TWCC.
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Theorem 3. Let (Uy,Us,Us)' be a trivariate random vector having the dis-
tribution TWCC(p). Then the conditional distributions of (Uy,Us,Us)" are
given below.

(1) The conditional distribution of (U;, U;)" given Uy, = uy, is a reparametrized
version of the Kato-Pewsey distribution of (9) with density

top (wi, wjlug; p)

= 27cy [cl + 2 {pi; cos(u; — u;) + pir, cos(u; — ux) + pji cos(u; — uk)}}
(21)

= 27y [01 + 2{pix cos(u; — ug) + pjr cos(u; — uy)

-1
+ pij cos(u; — ug) cos(u; — uy) + pij sin(u; — uy,) sin(u; — uk)}] ,
(22)
0 < wuy, u; < 2.
(11) The conditional distribution of U; given U; = u; is the wrapped Cauchy
distribution with density
1 11— ¢7]
2w 1+ @2 — 20 cos(u; — uy)’
where ¢;; is as in (17).
(1it) The conditional distribution of U; given (U;,Uy) = (uj,uy) is the
wrapped Cauchy distribution with density
1 11— 5i2|jk’

t AR s il 761' k) — 5_ ) 24

751|1(Ui|uj;¢z‘j) 0 <wu; <2m, (23)

where 0 < u; < 27, and, for ¢y = —pir(py €™ + pi;le™),

Nitjr = arg(@ie) - and ik = |ijnl- (25)
Proof. Without loss of generality, we consider the case (1, j, k) = (1,2, 3).

(i) It is straightforward to derive the first expression of the conditional
density from the equation to (u1, uslus; p) = t(u; p)/ti(us3), where
t(u; p) is the trivariate density and t(u3) is the density of Us,
namely, the circular uniform density (see Theorem Pii)). It follows
from equation (2) of (9)) that the second expression of the conditional
density has the same functional form apart from parametrization.
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(ii) Theorem [2implies that the density of (Uy, Uy)' is given by and the
density of U, is the circular uniform density. Then it follows from the
expression ty)1(u1|ug; 12) = ta(ur, ug; P12)/t1(uz) that the conditional
density of U; given Us = us is the wrapped Cauchy density .

(iii) Using the complex expression of the density (20]), the conditional den-
sity of Z; given (Zy, Z3)' = (22, z3)" is of the form

$o2y + Byzs|

o1 ’
Note that the density of the wrapped Cauchy distribution can be ex-
pressed as

tCl|2(21|22723) X |21 + z1 € €.

2
1) =
7|z — den|
where 1 € [0, 27) is the location parameter and § > 0 is the concentra-
tion parameter (see (24))). It follows that the conditional of Z; given
(Za, Z3)" = (z9,23)" is the wrapped Cauchy distribution with the lo-
cation parameter arg(¢23) and concentration parameter |¢qjo3|, where

G123 = — @7 (Paza + P323) = —pas(prs €2 + pry €?).

z €,

]

As this theorem shows, the univariate conditionals in Theorem [3{(ii) and
(iii) have the wrapped Cauchy distributions. Note that the univariate condi-
tional given in Theorem (ii) does not follow the wrapped Cauchy in general
if ¢1 is not defined as in (). The bivariate conditional in Theorem [3(i) has
various tractable properties as discussed in (9)).

The well-known form of the conditional distributions paves the way for
regression purposes with one angular dependent variable and one or two
angular regressors as well as two angular dependent variables and one angular
regressor. Indeed, if we wish to predict one angular component based on
two angular components, then from Theorem [3{iii) we find that the mean
direction and circular variance of U; given (U;, Uy)" are simply 7, and 1 —
d;|jk, respectively. Similarly, if we wish to predict two angular components
based on a third angular component, then from Theorem (1) we see that
the toroidal mean and variance of (U;, U;)’ given Uy can be calculated in the
same way as in Section 2.5 of (9)). Note that circular-circular regression of,
for example, U; given U; can also be obtained in a straightforward way from
Theorem (ii). These properties are not explored here but we emphasize that
they can be used in practice easily.
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4.2. Random wvariate generation

The fact that all the marginal and conditional distributions belong to
existing tractable families lays the foundations for random variate generation.
Indeed, random variates from the proposed trivariate model TWCC(p) can
be efficiently generated from uniform random variates on (0, 1).

Theorem 4. The following algorithm generates random wvariates from the
distribution TWCC(p).

Step 1. Generate uniform (0,1) random variates wi,ws and ws.
Step 2. Compute

U = 2mwn,

1 — |1
1+ |¢r2]

) tan {7 (w3 — 0.5)}} :

where ¢1o 1S as in and (1312, 03)12) are as in .
Step 3. Output (uy, us,us) as the random variate from the distribution TWCC(p).

) tan {m(ws — 0.5)}} :

us = uy + arg(¢pr2) + 2 arctan [(

1 — d3)12

=7 2 arct
uz = 1312 + 2arctan Kl T Oy

Proof. The trivariate density can be decomposed as
t(w; p) = tip(uslur, ua; M3pe, O3j12) iy (Ue|ur; G12)t: (ur).

Theoremand imply that )2 (us|u, ug; M3p2, dsp2) is the wrapped Cauchy
density (24)), t11(uz|u1; ¢12) is also the wrapped Cauchy density , and
t1(uy) is the circular uniform density. This expression implies that the ran-
dom variate generation from the proposed trivariate distribution (5] is equiv-
alent to that from the circular uniform and wrapped Cauchy distributions.

It is straightforward to see that u; computed in Step 2 is a random variate
from the circular uniform distribution. In order to generate random variates
uy and wz from the conditional wrapped Cauchy distributions, we apply
the following result: if a random variable U follows the circular uniform
distribution on (—m, ), then the random variable defined by

1-9 U
@ = 7]+ 2arctan{(1—+6) tan (5)}

has the wrapped Cauchy distribution with location parameter n € [0, 27)
and concentration parameter 6 € RT\{1}. See (24) and (9) for details. Using
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this result, it is straightforward to see that u, and uz computed in Step 2
are variates from the conditional wrapped Cauchy distributions with location
parameters u; + arg(¢i2) and 7312 and concentration parameters |¢1o| and
d3|12, respectively. n

We note the simplicity and efficiency of the algorithm in which a variate
from the proposed distribution can be generated through a transformation
of three uniform random variates without rejection.

4.3. Modality
In this section we investigate the modes of TWCC(p).

Theorem 5. For p;; > 0 and pix, pjr < 0, the modes of the density TWCC(p)
are given by

(1) wi=u;=mu if 1pisl < lpiwpinl/ (ol + |pjk]),
2 : (26)
(i) wi=vwj+m=ux+m Af |pul <lpiol/ (ol + |pjrl),
and the antimodes of the density TWCC(p) are given by
U; = Uj = Ug + 7. (27)

If pij, pik, pj > 0, then wy in the modes (@) and antimodes 1s replaced
by ug + .

Proof. First we consider the case p;;, pix, pjr > 0. Without loss of generality,
assume (i,7,k) = (1,2,3). It is clear that the antimodes of the density
are u; = uy = uz because cos(u; — u;) (1 < i < j < 3) is maximized at
u; = u;. In order to derive the modes of the density , we first note that
the density can be expressed as

t(u; p) x [01 + 2p12 cos(ug — us)

/

-1
+ 2{p, + phy + 2prapas cos(un — u) Y2 cos(us — digz)|

where 7j3j12 = arg{pizgcosu; + pagcosus + i(p1gsinuy + pagsinug)}. It im-
mediately follows from this expression that the density is maximized at
ug = fap2 + 7. Then the maximization of the density reduces to the
minimization of its functional part

B(x) = prox — {pi5 + p3s + 2p13pasz}'/?,
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where x = cos(u; — ug) € [—1,1]. The first derivative of this function is

d _
%B(l‘) = pr2 — prspas(pis + P3s + 2p13p2sr) . (28)

Now it is straightforward to see that this derivative can be upper bounded by
p12— p13p2s/ (p13+p23) (by replacing z with 1 in ([28))), and that the derivative
is thus negative if p12 < p13p23/(p13 + pa3), leading to a minimization of B(x)
at x = 1 if p1o < p13pas/(p13 + pe3). By using similar arguments, one can
show that B(x) is minimized at © = —1 if p1o > pi3pas/|p1s — pas|. It
then follows that the modes of the density are given at u; = wug for
p12 < pizpes/(p13 + p23) and at wy = ug + 7 for p1a > pizpas/|p1s — posl.
Finally, uz = 7312 + 7 implies that ug = u; + 7 if p12 < p13pes/(p13 + 023)-
If p12 > pispes/|p1s — posl, then we have uz = uy for pj3 — peg < 0. Noticing
that pi2 > p13pas/|p1s — pe3| and pi1g — paz < 0 imply pi3 < piapes/(p12 + p23),
we obtain the modes of the density for the case (i,j,k) = (1,2,3). If
P12 > p13p23/’p13 — ,023’ and P13 — P23 > O, the modes of the density
can be obtained by setting (i, 7, k) = (2,1, 3) rather than (i,7,k) = (1,2,3)
due to the symmetry of the density with respect to the permutation of
(pik’v P]k)

The modes and antimodes of the density for the case p;; > 0 and
Pik, pjr < 0 can be obtained in the same manner by noticing the straightfor-
ward equality t(w;, w;, ur; pij, Pik, Pjk) = t(Wi, j, Wk + 5 pij, —Piks —Pjk)- O

Since the conditions in are the same as in Theorem , one of
them is always satisfied, which makes the result very strong as it shows that
our trivariate copula has modes lying on a single line. Moreover, the modes
of TWCC(p) have the most natural form in the case (i) of equation (26)), and
very simple forms in the other cases. This property simplifies working with
mixtures.

4.4. Correlation coefficients

We consider three well-known correlation coefficients for bivariate cir-
cular data. Let (U;,U;)" be a bivariate circular random vector and X =
(cos Ug,sinUy)" (k = i,7). Then the correlation coefficients of Johnson and
Wehrly (25), Jupp and Mardia (26]) and Fisher and Lee (27) are respectively
defined by

pyw = N2 pan = tr(25121j2_~122j),

JJ
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det{ F(X;X})}
P Tet {E(X, X)) et {E(X; X172
where A is the largest eigenvalue of Zi_ilZ],-jZ;Z;j and Xy = E(Xp X)) —

E(Xy)E(Xy)' (k,£ =1,7). The correlation coefficients of our bivariate marginal
distributions are given in the following theorem.

Theorem 6. Let a trivariate random vector (Uy, Uy, Us)" follow the model
TWCC(p). Then, for any pair of random variables (U;, U;)’, the correlation
coefficients of Johnson and Wehrly (25), Jupp and Mardia (26) and Fisher
and Lee (27) are given by

prw =i, paa =275 and  prr =7,

respectively, where v;; = min(|¢y;|, |¢5;]7") and ¢y is given in (L7).

Proof. If follows from Theorem [2[i) that (U;, U;) has the density (16]). This
density is equivalent to a special case of the distribution of (9) with circu-
lar uniform marginals. Then the three correlation coefficients pyw, psm and
prr, of our model can be immediately calculated from those of the distribu-
tion of (9) given in Section 2.6 of their paper. Note that to(u;;uj; ¢i) =

to(ui; uy; gb;jl) in , and either form of the parameter, ¢;; or (b;jl, should
be used to obtain the same parameter range as the distribution of (9). O

Note the simplicity of the expressions for all the three correlation coef-
ficients. Further, these all depend on the parameter ¢;;, implying that it
is a good measure of dependence of the model. Recall in this context the
agreeable fact that ¢;; remains invariant under p;; being replaced by cp;; for
some constant ¢, hence does not depend on the identifiability condition on

Pij-

5. Parameter Estimation

In this section we consider maximum likelihood estimation, and method
of moment estimation is discussed in Section of the Supplementary Ma-
terial. Parameter estimation is described for model , whose marginal dis-
tributions are uniformly distributed. Further developments would be needed
for fitting non-uniform marginals, which is a topic we do not deal with in this
paper. Throughout this section, let { (w1, tom, usm )} _; be a realization of
a random sample {(Uyp, Usm, Usy )’} from the distribution TWCC(p).

m=1

19



For the original model ({5), the likelihood function for {wm, }%_; = {(wim, Uom., uzm)'}7

is given by

n

log L(p) = log H t(w,,) = nlogcy — Z log Fin, (29)

m=1 m=1

where F},, = ¢14+2{p12 co8(U1—Uspm ) +p13 COS(Uim —Usm )+ P23 COS(Up —Uszm ) }-
Its score function is

862 n 801
o B o T 2 cos(Uim — Wjm)
log L(p) = n—= — Y
8Pij ( ) Co mz—:l Fm

where

dcy pik L Pik _ PikPin

Opij — pik Pk P

Ocz = —1 Pij (pik>2 + (%)2 — —(pjkpik)Q — 2pi; ((27r)362)_1.
Opi; (23 |77 \ \pjn Pik p3; K

The maximum likelihood estimates p12, p13, P23 are obtained by equating the
score function to zero and numerically solving the system of three equations,
see below. For the reader’s convenience, we provide in Section in the
Supplementary Material the associated expected Fisher information matrix.

Although the proposed density has a simple and closed form, it is es-
sential to keep the parameter constraints and @ in mind. The simplified
constraint |p;;| + |pir| < |pij|?|pix|* can further be turned into

Y

1+ {1+ 4|pi [}/
2’&%‘2

|pij >

by solving an inequality of the second order. Using the expression
¢ = L+ dlpu} 1
Y 2|pir? Pij

it is straightforward to see that the parameters of the model can be
expressed in terms of p;, and (;; alone (remember that this holds for one
choice of 4, j, k). The parameter space of this reparametrized model under
the constraint |p;r| < |piipicl/(|pij| + |pir|) and pr2pizpes = 1 is thus

Q= {(Gij pir); Gij € (—=1,0)U (0, 1), pix € R\ {0}}.

) Cij S (_170>U(071>7
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For notational convenience, write log L(pi2, p13, p23) = log L((;j, pix) if the
log-likelihood function is represented in terms of ((;;, pir). Then max-
imum likelihood estimation for the proposed model can be carried out as
follows:

Step 1. For (j, k) successively being equal to (1,2), (2,3), (3,1), obtain the fol-
lowing estimates
(Q:z'j; ﬁz‘k) = arg max log L(Cm pik)-

(Gijpin)EQ

Step 2. Among the three obtained maximized quantities, calculate
(Givjos Proge) = arg max log L(Gij, fin)-
(GijsPik)

Step 3. Record the maximum likelihood estimate (pia, f13, p23)" as
3}1/2 1 1

. L+ {1+ 4|psp .
9 pj*k* — X ~ 9
pi*j*pi*k*

ﬁi*k* = ﬁi*k*? pz*]* = - =
2|pi*k* 2 Q]‘*j*

where (i*, 7%, k*) is a permutation of (1,2, 3).

The algorithm is repeated with different initial values, to make sure that
the global maximum is achieved. The initial values for the parameters (;;
and p;; are uniformly chosen from the intervals they are allowed to take
values in (where of course the infinite intervals for p;, are limited to a large
maximal value). The function for calculating the ML estimates was written
in the programming language R, using the optimizer solnp from the library
Rsolnp (28) and is available in the GitHub repository https://github.com/
Sophia-Loizidou/Trivariate-wrapped-Cauchy-copula. The consistency
of this approach is shown and its finite-sample performance is investigated
by means of Monte Carlo simulations, which we provide in Section in the
Supplementary Material.

6. An extension to the d-dimensional torus

It is natural albeit challenging to extend the model presented here to any
d-dimensional torus. An adequate treatment requires the space of an entire
paper. A potential model could be of the form

t(u; p) o {04 +2 Z pij cos(u; — uj)} (30)

1<i<j<d
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where u = (uy,...,ug)’, p € RU4=D/2 contains the parameters p;; € R, which
need to satisfy certain conditions and ¢, depends on them. To make this a
valid density, it suffices that ¢, is greater than 23, ;. |pi;[, and we need
to find the normalizing constant as well as, afterwards, conditions on the
parameters in the style of . Note that the general form of has been
proposed in (29)), Equation (106); no properties were investigated. One of
the key properties of the model and certain extensions thereof are given
in the following theorem.

Theorem 7. Let a [0, 2m)%-valued random vector (Uy, ..., Uy)" have the prob-
ability density function ty(u) for w = (uy,...,uq)’. Suppose that t; is a
function of {u; —u;; 1 <i<j<d}, namely,

ta(w) = h(uy —ug,uq — us, ..., ug—1 — uq), 0<uy,...,uqg<2m.

Then the marginal distribution of U; (1 <1 < d) has the uniform distribution
on the circle.

Proof. Without loss of generality, we calculate the marginal distribution of
Uy. The marginal density of U; can be expressed as

Juy (1) = / h(uy — ug, uy — ug, ..., Ug—1 — Ug)duy -+ - dug_1.  (31)
[0,27)d—1

Putting v; = u; —uq (1 = 1,...,d — 1), it follows that u; — u; = v; — v; for
j=1,...,d —1 and therefore {u; —u;; 1 < i < j < d} can be expressed
using d — 1 variables vq,...,v4_1. Thus the marginal density can be
expressed as

fuy(ug) = / h(vy — vg,v1 —v3,...,v4-1)dvy -+ - dvg_1 = C.
[0,27)d—1

Since f,,(uq) is a constant which does not depend on ug, it follows that the
marginal distribution of U, is the uniform distribution on the circle. O

This general result makes it appealing to work on the extension of TWCC
to in the future.
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7. Discussion

In this paper we have proposed a new distribution on the three-dimensional
torus, a trivariate wrapped Cauchy copula. The marginal and conditional
distributions of the copula are known distributions and random variate gen-
eration is simple and efficient through a transformation of uniform random
variates without rejection. We have explicit expressions for the locations of
the modes of our distribution as well as for correlation coefficients, enhanc-
ing parameter interpretability. Parameter estimation can be performed via
maximum likelihood estimation. In future work, besides the d-dimensional
extension, we intend to explore choices of marginal distributions which will
extend the domain of potential applicability of our new copula.

Code availability: The relevant code of the paper is available in https:
//doi.org/10.5281/zenodo.15675162 as well asin https://github.
com/Sophia-Loizidou/Trivariate-wrapped-Cauchy-copula.
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