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Entanglement and correlations between local observables
in de Sitter spacetime
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Studies of quantum field entanglement in de Sitter space based on the von Neumann entropy of local
patches have concluded that curvature enhances entanglement between regions and their complements.
Similar conclusions about entanglement enhancement have been reached in analyses of Fourier modes in
the cosmological patch of de Sitter space. We challenge this interpretation by adopting a fully local
approach: examining entanglement between pairs of field modes compactly supported within de Sitter’s
cosmological patch. Our approach is formulated in terms of the properties of a metric tensor and an
associated complex structure induced by the Bunch-Davies vacuum on the classical phase space. We find
that increasing curvature increases correlations between local modes but, somewhat counterintuitively,
decreases their entanglement. Our methods allow us to characterize how entanglement is spatially
distributed, revealing that a cosmological constant, even if tiny, qualitatively alters the vacuum’s
entanglement structure. We show our results are compatible with previous entropy-based studies when
properly interpreted. Our findings have implications for entanglement between observables generated

during cosmic inflation.

DOI: 10.1103/qqjv-rv8t

I. INTRODUCTION

Investigations in relativistic quantum information have
revealed that even the simplest states in the most basic
quantum field theories possess an extraordinarily rich and
complex entanglement content (see, e.g., [1,2], and refer-
ences therein). How this entanglement is distributed across
space and how it is shaped by the curvature and symmetries
of spacetime remains, however, an open question. This
article aims to contribute to these issues.

de Sitter spacetime serves as a particularly suitable
theoretical laboratory for studying these foundational
questions. It is more than just a theoretical laboratory:
The spacetime during the inflationary epoch of our
Universe, where primordial density perturbations are
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believed to have originated, is approximately isometric
to a portion of de Sitter space. Given both its mathematical
appeal and its physical relevance, this article focuses on the
cosmological patch of de Sitter spacetime, also known as
the Poincaré patch.

The cosmological patch of de Sitter admits seven
independent Killing vector fields—the subset of the
de Sitter isometries that leave the patch invariant [3,4].
These symmetries single out a preferred Fock representa-
tion of the quantum field and a distinguished vacuum state,
known as the Bunch-Davies vacuum [5]. Characterizing the
entanglement structure of this state offers a way to probe
the relationship between symmetry, curvature, and entan-
glement in quantum field theory.

It is well known that curvature and symmetries dictate
the form of the vacuum two-point function. For example,
while two-point correlations decay as the inverse square of
the distance for massless fields in flat spacetime, they
become nearly scale invariant in the low-mass limit in de
Sitter space. From this perspective, it is natural to expect
that entanglement might behave similarly. However, as we
will discuss in later sections, entanglement presents impor-
tant subtleties. One such subtlety we find is the following.
The near scale invariance of two-point correlations in

Published by the American Physical Society
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de Sitter implies that correlations at super-Hubble distances
are significantly stronger than in Minkowski spacetime.
These enhanced correlations play a crucial role in cosmol-
ogy, as they seed the observed correlations in temperature
fluctuations in the cosmic microwave background. There is
a widespread intuition that the stronger correlations gen-
erated during inflation are accompanied by a corresponding
increase in entanglement. One of the goals of this article is
to refine this intuition. While entanglement always implies
the presence of correlations, the converse is not true:
Physical systems can exhibit correlations without being
entangled. We show that the correlations generated during
inflation—those that later become accessible to cosmo-
logical observers—do not contain more entanglement than
those found in Minkowski spacetime. In more direct terms,
we prove that increasing the Hubble rate H of the
cosmological patch of de Sitter space—which corresponds
to increasing the Ricci curvature—enhances the correla-
tions between localized field modes but at the same time—
and somewhat counterintuitively—reduces the entangle-
ment between them.

Beyond its implications for cosmology, this result
emphasizes the need to distinguish sharply between entan-
glement and correlation in quantum field theory. The
intuitive link between the two often stems from our
experience with pure states, where all correlations between
a subsystem and its complement are necessarily due to
entanglement. In field theory, however, the situation is
more subtle. In particular, the reduced state of any field
mode that is localized in space—i.e., has compact spatial
support—is necessarily mixed (this is a direct consequence
of the Reeh-Schlieder theorem [6]). For mixed states, there
is no straightforward relationship between correlation and
entanglement.

The entanglement content of de Sitter space has been
extensively explored in the literature [7-14,14-16,
16,16-31,31-40], raising the natural question of what
new insights this article seeks to provide. Previous studies
have approached the problem from diverse perspectives and
using a variety of tools, each with its own strengths and
limitations—and sometimes producing results that appear
in tension with one another. One prominent approach
involves quantifying the entanglement between a region
and its complement using entanglement entropy [24]. This
method has led to interesting findings, suggesting that the
entire de Sitter space contains more entanglement than
Minkowski space—a result we independently confirm
using a different methodology.

Another approach is entanglement harvesting [41-60], in
which two spatially separated particle detectors become
entangled solely through their local interactions with the
field—i.e., without ever directly interacting with each other.
Since the detectors remain causally disconnected and are
initially unentangled, any entanglement between them must
originate from preexisting entanglement in the field,

swapped to the detectors via the local field-detector
interaction. Interestingly, it has been shown that two
comoving geodesic detectors in de Sitter space harvest
less entanglement than they would in Minkowski
spacetime [61]. This has been attributed to the thermal
nature of the Bunch-Davies vacuum as perceived by local
observers. Such findings suggest that less entanglement is
accessible in de Sitter space, seemingly at odds with the
implications of entanglement entropy calculations.

In this article, we pursue a different yet complemen-
tary approach to the study of quantum field theoretic
entanglement, one that carries its own set of advantages
and limitations. Our methods build on previous
work [31,35-38,62,63]. It focuses on finite sets of field
modes and analyzes entanglement among them using tools
from Gaussian quantum information theory [64,65]. The
focus on finitely many modes has the significant advantage
of avoiding ultraviolet divergences, as the operator algebras
involved are of type 1. This approach entails a choice of the
set of field modes to be analyzed—just as the entanglement
harvesting results depend on the specific response function
of the detectors, which effectively selects the modes of the
field that couple to them. However, since our interest lies in
general features of the field theory rather than in the
peculiarities of any specific set of modes, we identify
properties that are generic across any selection of modes.
Only in this way can we make invariant statements about de
Sitter spacetime.

Our tools have a more geometric flavor than some of the
previous works, as the main results of this article are
derived from the properties of a metric tensor and a
complex structure on the classical phase space. One of
the goals of this work is to highlight the power and elegance
of the geometric framework we employ.

The primary limitation of our approach stems from its
reliance on Gaussian tools, making it applicable to
Gaussian states. Nevertheless, this regime is highly relevant
for cosmology, as the Bunch-Davies vacuum is a Gaussian
state, and nonlinear effects are negligible during inflation—
confirmed by the absence of measurable non-Gaussianities
in the cosmic microwave background [66]. As is standard
in quantum field theory, non-Gaussian corrections could in
principle be incorporated perturbatively, though such
extensions lie beyond the scope of the present work.

The analysis presented here uncovers structural aspects of
entanglement in the cosmological patch of de Sitter space-
time that, to our knowledge, have not been previously
explored—although some elements of our conclusions were
anticipated in [39], based on the study of a restricted family
of noncompactly supported field modes. In particular, by
employing the concept of partner modes [67-70], we are
able to characterize the subtle manner in which entangle-
ment is distributed in the Bunch-Davies vacuum, revealing
important differences from Minkowski spacetime. This, in
turn, clarifies that the apparent tension between results
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from entanglement entropy and entanglement harvesting
protocols is not a contradiction. On the contrary, we
demonstrate that these findings are closely connected,
and in fact, one is a consequence of the other.

For a summary of some of the results presented here,
see [71]. The rest of the paper is organized as follows. In
Sec. II, we summarize the tools that will be used in the rest
of the paper. Section III applies these tools to the symmetric
vacuum in the cosmological patch of de Sitter spacetime
and discusses some important features of correlation
functions together with a few illustrative examples. In
Sec. IV, we analyze the von Neumann entropy of a single
field degree of freedom. Sections V and VI analyze mutual
information and entanglement, respectively, between pairs
of compactly supported modes of the field. Finally, in
Sec. VII we focus on the notion of partners: the system that
codifies the correlations between a local mode and the rest
of the field. We use this notion to uncover the distribution
of entanglement between different local modes of a scalar
field in the Bunch-Davies vacuum in Sec. VII B. Finally,
Sec. VIII summarizes our findings and discusses their
implications for curved spacetime quantum field theory and
observational signatures of entanglement in the early
Universe. Throughout this paper, we use units in which
h=c=1 and adopt the following convention for the

Fourier transform: h(k) = [ Bxh(%)el**.

II. GENERAL FRAMEWORK AND TOOLS

This section provides a summary of the tools and
concepts on which the rest of this article is based.
Specifically, it introduces methods to define and character-
ize finite-dimensional subsystems in linear quantum field
theories, Gaussian states, and correlations and entangle-
ment between subsystems. For illustrative purposes, we
will often use the example of a massless field in Minkowski
spacetime in this section. This example will serve as a
reference case for comparison with a light field in de Sitter
spacetime, which will be discussed in subsequent sections.

A. Smeared operators

Consider a scalar field minimally coupled to curvature
and satisfying the Klein-Gordon equation

(O+m?)g(x) =0 (1)

on a globally hyperbolic spacetime with metric tensor g,,.
(The tools described here generalized straightforwardly to
other linear bosonic field theories.) The differential oper-
ator [] denotes the d’ Alembertian associated with g,;,, and
m is the mass of the field.

The object ¢(x) does not define an operator in any
reasonable way (see, e.g., [72]). This is obvious, for
instance, by noticing that acting on the Fock vacuum

produces a state with infinite norm, (0]¢(x)¢(x)|0) — oo;

thus, $(x)|0) does not lie within the Hilbert space. Well-
defined operators can be constructed by integrating qa(x)
against suitably chosen real functions (also known as
smearing):

@m—/ﬁwvmw, 2)

where dV is the spacetime volume element. In simple terms,
the field at a given point, ¢(x), is too singular to define an
operator, but this singularity is tamed by “smearing” the field
using functions F(x) in spacetime.

For the purposes of this article—particularly for com-
paring aspects of the cosmological patch of de Sitter and
Minkowski spacetimes—it will be more convenient to
work in the canonical formalism. The canonical picture
requires the introduction of a foliation of spacetime into a
one-parameter family of spatial Cauchy hypersurfaces %,.
For a fixed value of ¢, we can define

~

® (%) = P(x),,
() = (Vi ()

t?
where n“ is the future-oriented unit normal to %,, V,, is the
covariant derivative associated with g, and V% is the
determinant of the metric induced on X, by g,,.

The operators ®(X) and I1(X) satisfy the familiar equal-
time commutation relations

(D). [1(F)] = i) (% - 7). 3)

As in the covariant formalism, the canonical operators
®(¥) and TI(X) must be interpreted as operator-valued
distributions.

Operators that are linear in field and momentum are
obtained as linear combinations of the form

&(f) - T(g). 4)

where f(X) and g(X) are real functions on X, and
b(f) = /2 Prf(R)D(). (5)

Similarly for I1(g, ). The minus sign in the second term in
(4) has been introduced merely for convenience, as will
become evident soon. For the linear field theory under
consideration, there exists a simple relation between the
covariant operators ®(F) in (2) and the canonical ones of
the form (4) (see, e.g., [72]).

There is a convenient way of organizing all smeared
operators in the canonical formalism. This organization is
based on identifying each pair of functions (g, f) used in
(4) with elements of the classical phase space I
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The classical phase space of our linear field theory consists
of pairs of functions (g(X), f(X))=:y (defined on an
abstract 3-manifold, which can be identified with X, for
any t) equipped with the symplectic structure

(71.72) _/2 dx(f19: — g12)- (6)

Let us define the vector R := (®(¥), [1(X)). Then, for each
element y €I', we can define a smeared canonical operator
at time ¢ as the symplectic product of y and R:

A

0, :=w(r.R) = /)E Ex[f(X)D(F) — g(N)1()]
= &(f) - (g). (7)

This organization of linear operators—assigning one such
operator to each element of the classical phase space—may
seem complicated at first, but it offers more benefits than
hassle. In particular, it will allow us to describe quantum
Gaussian states in terms of a covector and a metric tensor in
the classical phase space.

Using the canonical commutation relation (3), the
commutator algebra of two linear operators 0}, and @71
is simply determined from the symplectic product of ¥ and
y' as follows:

[Oy» Oy’] = —ia)(y, 7/)' (8)

Recall that the specification of the classical phase space I'
in field theory requires a choice of the class of allowed
functions. In Minkowski spacetime, it is common to
choose I" as made of functions in Schwartz’s space (see
Appendix A for its definition). Smooth functions of
compact support are also a typical choice, particularly in
curved spacetimes where Schwartz’s space does not gen-
eralize. We can start with either option, as it will not affect
our discussion. This is so because the construction of the
quantum Fock space requires an enlargement of I (more
precisely, a Cauchy completion), and the final enlarged
phase space will be the same regardless of whether we start
from Schwartz’s space or smooth functions of compact
support.

B. Gaussian states and covariance metric

Gaussian states are completely determined by their first
and second moments in the following sense. A generic
quantum state, Gaussian or not, is uniquely characterized
by all its nth moments (the expectation value of n linear
operators). For a Gaussian state, the expectation value of

the product of n centered operators, (O,, - - - O, ), vanishes
if n is odd and is given by the following combination of
second moments if n is even:

)

2 2 1 2 2 2
<07| e 07n> = _Z<0}’”(1>07ﬂ(2>> T <07n<n-1)07n(n)>’ (9)

~n!
V3

where the sum extends over all permutations z of n

elements. Centered operators are defined as 07 =

0, — (0,). Property (9) can be understood as the defining
property of Gaussian states.

It follows that all nth moments of a Gaussian state can be
obtained from the first and second moments, (0,) and

<Oy Oy/>, Vy,7y' €T. Furthermore, the second moments can
be decomposed into their symmetric and antisymmetric
parts:

A

<0707’> =

A

(({0y. 0y }) +([0,.04]).  (10)

where curly brackets denote the anticommutator. Since the
commutator is proportional to the identity operator for all
7,7', its expectation value is state independent. Therefore,
all information about a Gaussian state is encoded in the first
moments and the symmetric part of the second moments.

This information can be used to organize Gaussian states
as follows. The first moments (Oy> can be viewed as a
linear map from the classical phase space to the real,
defining a covector in I™:

u(y) = <07> (11)

In other words, p is the covector in I" whose action ony €I’
equals to the expectation value of @y in the state under
consideration.

Similarly, the symmetrized second moments define a
symmetric bilinear map on I" denoted as o:

o(r.7) = ({0,,0,}). (12)

It is straightforward to show that ¢ defined in this way is
positive definite. That is, a quantum state defines a metric
tensor o in the classical phase space. We will refer to o as
the covariance metric of the quantum state. Its matrix
elements in a basis are commonly referred to as the
covariance matrix.

While every quantum state defines a covector and a
metric on the classical phase space, it is only for Gaussian
states that these two objects completely and uniquely
characterize the state. This fact makes it possible to
reformulate any quantum calculation involving Gaussian
states as geometric operations in the classical phase space,
offering significant computational and conceptual advan-
tages, which we exploit throughout this article.

As mentioned above, ¢ is a covariant rank-2 tensor. To
uncover certain aspects of Gaussian states more trans-
parently, it is useful to raise one index of ¢ using the inverse
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of the symplectic structure.' Let Q denote the inverse of the
symplectic structure @ on I',—the Cauchy completion of I
with respect to o. By combining ¢ and €2, one obtains a
linear map on I',:

J3 = —Q%,; (13)

To simplify the notation, we have used an extended index
notation, where Greek indices denote tensor indices in the
infinite-dimensional vector space I',;; i.e., they include the X
dependence. More explicitly, the previous equation reads

JEF) = - / LA T o7, 7).

It is not difficult to prove that a Gaussian state is pure if and
only if J satisfies J> = —I. Such linear maps are known as
complex structures. In other words, pure Gaussian states
define complex structures in I';, while mixed Gaussian
states—which satisfy J> < —I—define restricted complex
structures. One can check that ¢ and J defined in this way
satisfy certain compatibility conditions with the symplectic
structure w—these conditions are related to the mathemati-
cal concept of Kihler vector spaces (see, e.g., [70,73,74]
for further details).

1. Massless scalar field in Minkowski spacetime

In order to show these tools in practice, let us apply them
to a familiar example describing the usual Poincaré
invariant vacuum state of a massless, real scalar field
propagating in Minkowski spacetime.

For the classical phase space I', we take the Schwartz
space (see Appendix A for its definition). The Minkowski
vacuum is a Gaussian state with

(%) = ({(11(7). (®())) = (0,0) (14)

and covariance metric

(5. 7) = (<{r}<f)ﬂ<g>}> <{<§><f/>,ﬁ<z>}>>, 0
(6E.A@Y) (@ )

3

=l

where the expectation values in Eqs. (14) and (15) are
evaluated in the vacuum |0). The components of ¢(X, X’) are
bidistributions which, for the Minkowski vacuum, act on
test functions as follows:

'In field theory, the symplectic structure is generally a weakly
degenerate two-form and may not admit an inverse. However, an
inverse can be uniquely defined once the phase space I'" is Cauchy
completed using the inner product defined by o.

(OH @I, DLFI}0) = Re(f. )12
(OH{11[g]. TT[g'T}10) = Re(g. )1 a.
(O ®[s].T[g]}0) = 0. (16)

where (f, g), denotes a Sobolev product of order s, defined
in Fourier space as

Mg
g

9= [ s B B

Expressions (16) can be readily checked using the stan-
dard expansion of the field and momentum operators in
terms of creation and annihilation operators (see, e.g.,
Appendix B in [63]).

Using tools from asymptotic harmonic analysis, it is
relatively straightforward to determine the large-separation
behavior of the Sobolev products in Eq. (16). For instance,
for y =(g,f) and ¥y’ = (¢, f") supported on nonoverlap-
ping spherical regions with center-to-center separation
|AX|, we find that

Re(f. ) ~ (1A%
and

Re(g. ) ~ (|A%])™

>
(Appendix C contains further details of the derivation of
these asymptotic properties). This reproduces the familiar
falloff of field-field and momentum-momentum correla-
tions in the Minkowski vacuum.

The action of 6, on any pairy = (g, ),y = (¢, f') €T
can therefore be expressed as

entr) =0 () i (%)

=Re(g,9)1o + Re(f, f')_1)n- (17)

As described above, o), defines a metric in I', which can
be used to complete it. The resulting space I',; consists of all
pairs (g, f) of functions in R* which have finite Sobolev
norm of order s = 1/2 and s = —1/2, respectively (see,
e.g., [75]). The set of functions with finite Sobolev norm of
order s defines the so-called Sobolev space of order s,
denoted as H,(R3) (see Appendix A for further details
about these spaces). Hence,

T, = Hyp(R?) x H_y p(R?).

It is worth mentioning that, while all functions in
H,/>(R?) are continuous (although not necessarily differ-
entiable), there are functions in H_;/,(R?) that are dis-
continuous. For instance, the top-hat function belongs to
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H_; »(R*) but not to H, ,(R?), and hence it can be used to

smear the field operator ®(¥) [but not the momen-
tum T1(X)].

The space I', contains the Schwartz space as a dense
subspace as well as all smooth functions of compact
support.

Next, using oy, one obtains

Iu(EF) = - / PAQF, oy (7, ¥)

3 = _1
_ / d kg QiF(E-F) <0 k>’
(27): k0

where we have used that the bidistribution 6, (X, ") can be

written as
d3k T2 k
UM()_E,)_E’):/ ek —X>( > (18)
(27)3 0

From this, it is easy to verify that

=)

1 0
J%w()'c',)?’):—(o 1>5(3>(5£—E’),

confirming that the Minkowski vacuum is a pure state.

C. Gaussian subsystems

The organization of linear quantum observables Oy in
terms of vectors y in the classical phase space allows one to
define subsystems in the quantum theory via the concept of
classical subsystems.

In the classical theory, a subsystem is characterized by a
symplectic subspace of the classical phase space, I'y C I',.
This definition is basis independent, meaning it does not
require specifying any coordinates in I';.. Using the relation
7y = @7, the symplectic subspace I, defines a subalgebra
of quantum observables—generated by products of oper-
ators @7 in the standard manner—with y €Il’4. In the
algebraic approach to quantum field theory, this subalgebra
defines a quantum subsystem. This establishes the rela-
tion between classical subsystems and their quantum
counterpart.

If Iy has finite dimension 2N, the associated subalge-
bra is isomorphic to the algebra generated by the positions
and momenta of N, quantum harmonic oscillators. The
associated Weyl algebra is a type I von Neumann sub-
algebra of the quantum field theory [76].

If p is a Gaussian state in the field theory, its restriction to
subsystem A defines the reduced state P9, This reduced
state is also Gaussian—as its nth-point functions, being a
subset of the nth-point functions of the Gaussian state p,
automatically satisfy Eq. (9).

Following the discussion in the previous subsection, the
Gaussian state pi¥ can be uniquely characterized by the
pair (py4,0,), defined as the restriction to I'y of the pair
(4, 0) that defines the state p:

Ha = Hlr,, o4 =o0lr,. (19)
In general, the Gaussian state (u4, 6,4) is mixed, even when
the parent state (u, o) is pure. The calculation of (py,0,4)
from (u, 6) is straightforward, as it only involves restricting
the action of the latter pair to I'y. We illustrate this
calculation with the following example.

1. Example: Single-mode subsystem in a massless scalar
theory in Minkowski spacetime

This is a continuation of the example introduced in the
previous subsection, where a massless, real scalar field is
prepared in the Minkowski vacuum |0).

The smallest possible subsystem corresponds to choos-
ing a two-dimensional symplectic subspace I'y C I.
Though I', exists independently of any choice of basis,
it is convenient to define it by explicitly constructing a
basis. So let us consider the following two vectors in [';:

with f(X) defined as the (non-negative, spherically
symmetric) function:

bl

13
10) = s 1-5 Y oir -,
99(3) = RFOR). e1)

Here, 6 is a positive real parameter, kept general for
flexibility. ®(x) is the Heaviside step function, which
makes f(®)(X) compactly supported within a ball of radius

R, and
A = R I'(5/2 +26) (22)
(1 +265)

is a normalization constant, making @(y?,y(") =1.
Figure 1 shows the shape of f(¥)(X) for different values
of 0.

The parameter 6 determines the differentiability class of
f©(%). For example, for § = 0, f®)(¥) reduces to the top-
hat function, which is discontinuous. In this case, f(*)(%)
belongs to the Sobolev space H 1 butnot to H%, so it can be
used to smear ®(X) but not I1(¥). For § =1, fD(%) is
continuous but its first derivative is not. All functions f(®)
for 6 > 0 belong to both H; and H_;.

065001-6



ENTANGLEMENT AND CORRELATIONS BETWEEN LOCAL ...

PHYS. REV. D 113, 065001 (2026)

2.0

1.5

FIG. 1. Shape of the smearing functions (%) (¥) for a few values
of § (with R = 1). r represents the radial coordinate.

The symplectic structure @ restricted to I', written in the
basis (y(1),y?), is

w0, — <w<7<1),y“>) w(%”#‘”)) _ (0 _1> (23)
A = == .
o(yD,7)  wy® 42 10

w, is a symplectic structure in its own right, confirming
that the vector space I', spanned by yV) and y® is a
symplectic subspace of I’ .

The calculation of u, is straightforward: Since p;; = 0
for the Minkowski vacuum, it automatically follows that yi4
also vanishes.

The calculation of o4 reduces to computing the product

of the basis vectors y™) and y2):

_ (6(7“’,7(”) 6(7(‘),7‘”))
Oy — .

(24)
oy, y?) (@, 5@)

Using oy, given in Eq. (17) and the form of the basis
vectors, the components of 6, are

(£ F9) 10 0
"o ( 0 (9(5),9@)1/2 ' >

With this, given any two vectors ¥ and 7’ in Iy, with
components (ay, a,) and (a}, a}), respectively, in the basis
(yW,y®) of T, we have

®)_ £0)y_ 0 /
oa(r.7) = (a) az)<(f ek )()
0 (9(5)79@)1/2 as

=a,a (f(ij),f(ﬁ))—uz + aza/z(9<5)79(5))1/2- (26)

The functions f®—defined in (21)—are particularly
well suited for calculating these components analytical,

since their Sobolev products can be computed using the
Fourier transform of f(¥:

FO (k) = Agn®22053R3T(S + 1)
X (kR)_é_%J%(%H) (kR), (27)

where J,(x) denotes the Bessel function of the first kind of
order @ and I'(x) is the Gamma function. The resulting
expressions are

), = AT(28)T(8 + 1)°T(26 +3) (28)

8 ),
/Al +) 25+ NI(26 +2)°

(99, g

_ 20+ D26+ + 1) (29)
S VAN DT+ (25 +3)”

( f(ﬁ) , f(ﬁ))

Substituting these expressions back into (24) yields the
covariance matrix of the reduced state for subsystem A.
Since u, = 0, this covariance matrix fully characterizes the
reduced state %Y. In other words, all physical predictions
about subsystem A can be derived from o,.

D. Correlations and entanglement between subsystems

Throughout this article, we will focus on quantifying the
correlations and entanglement between finite-dimensional
subsystems of a linear bosonic field theory. Given two
finite-dimensional subsystems A and B, we can apply
standard tools in quantum mechanics to quantify entropies,
correlations, and entanglement.

We will also focus on basis-independent measures of
correlations and entanglement that depend solely on the
subsystems under consideration rather than on any specific
choice of basis within each subsystem. In the classical
theory, a change of canonical (Darboux) basis in the phase
space I' corresponds to a linear canonical transformation,
i.e., a linear transformation which leaves the symplectic
structure @ unchanged (these linear transformations are
commonly referred to as symplectic transformations). The
group formed by all such transformations, the symplectic
group, is infinite dimensional in field theory.

Symplectic transformations restricted to a finite-dimen-
sional subsystem I'4 and correspond to the identity in the
symplectic-orthogonal complement I'; of I',, are called
system-local symplectic transformations, and form the
finite-dimensional subgroup Sp(2N,4, R). We will focus on
measures of correlations and entanglement that are invariant
under such system-local symplectic transformations.

Entanglement entropy, mutual information, and loga-
rithmic negativity are all invariant under system-local
symplectic transformations on each of the two subsystems
involved. To make this invariance explicit, we will express
these measures in terms of system-local symplectic invar-
iants. It is also recall (see, e.g., [64]) that entropies,
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correlations, and entanglement in a Gaussian state are fully
determined by the covariance metric ¢ and do not depend
on the first-moment covector u. Thus, we will will focus
attention on system-local symplectic invariants of a covar-
iant metric o.

Consider two single-mode subsystems A and B of the
field theory under consideration. The description below
straightforwardly generalizes to N-dimensional subsys-
tems, with N €N, but in this article we will primarily
restrict to single-mode subsystems, i.e., N = 1. Let o3
denote the covariance metric of the combined system and
o4 and op those of the individual subsystem. The rank-two
covariant tensor C defined as

C" =o0pp—04 Dop (30)

encodes all information about correlations between the two
subsystems—C™ = ( if and only if the reduced state P
is a product state P8 = pd @ pied. In matrix form, CO
and o4 have the following structure:

CCOIT_(O C> _<0A C> (1)
~\ct o) 4B = c’ o)

Here, 64, 05, and C are 2 x 2 matrices. The components of
these matrices depend on the choice of basis. On the
contrary, the determinants deto,, deto,, detop, and det C
are invariant under system-local symplectic transforma-
tions (this can be easily seen using that all symplectic
transformations have unit determinant). These determinants
encode the invariant information in the reduced state of the
system (A, B) that we are interested in.

The following six combinations of these determinants
will be particularly useful:

vy = +/detoy, I =A,B,

s A+ \ AZ —4detO'AB

I/i = k)
2

A+ /A? —4det

2= cLoap , (32)

2
where?
A :=deto, + detog + 2detC, (33)
A :=deto, + detoy —2detC. (34)

In this article, we will focus on computing (i) the von
Neumann entropy of each subsystem, (ii) the mutual
information between two subsystems, and (iii) their log-
arithmic negativity. For the reader’s convenience, we

2Note, in passing, that v, and v are the absolute values of the
eigenvalues of J, and J, respectively. The quantities v are the
absolute values of the eigenvalues of J, 5, and 7. are derived from
the eigenvalues of the partial transposed of J 45, defined below.

briefly recall how these quantities can be computed using
the symplectic invariants listed above.

1. von Neumann entropy

The von Neumann entropy of a single-mode subsystem
A, when the total system is prepared in the Gaussian state p,
is given by

o= [ o (1)
SC S

where v, was defined in (32). Recall that von Neumann
entropy quantifies the mixedness of P, with S(v,) =0
indicating a pure state.

Furthermore, when the state of the field p is pure, S(v,)
quantifies the entanglement between A and its complement
A (containing the remaining degrees of freedom in the field
other than A). It is important to remember that S(v,)
quantifies the entanglement between A and its complement
only when the state p is pure; for mixed p, the entropy S,
can be zero even in the absence of entanglement.

It is also important to note that, for any Hadamard state p,
we have S(v,)#0 for any subsystem A compactly
localized in space. This fact follows from the Reeh-
Schlieder theorem [6]. Consequently, all compactly sup-
ported subsystems are entangled with other field modes.

2. Correlations

Mutual information serves as an invariant measure of the
correlations between two subsystems. For two single
modes, it can be computed in terms of the von
Neumann entropy of each subsystem as

Z(A,B) = S(vy) + S(vg) = S(vy) = S(v_).  (36)

Mutual information captures all correlations between the
subsystems, both classical and quantum. When the state
P ap describing the combined system is pure, all correlations
are genuinely quantum, and nonzero mutual information
implies the existence of entanglement. However, this is not
true if p,p is mixed.

In field theory, if A and B correspond to subsystems
made of field modes compactly localized in space, p,p is
always mixed. Thus, in this context, it is essential not to
identify Z(A, B) with entanglement.

3. Entanglement between subsystems

As already mentioned, when the reduced state p,p is
mixed, the von Neumann entropy of one of the subsystems
does not quantify entanglement between A and B. In this
case, it is necessary to use entanglement measures appli-
cable to general states p,p. Logarithmic negativity (LN)

065001-8



ENTANGLEMENT AND CORRELATIONS BETWEEN LOCAL ...

PHYS. REV. D 113, 065001 (2026)

TABLE L

Summary of some correlation measures and how they are used in this work.

Measure

Used in this article to characterize

von Neumann entropy
Mutual information
Logarithmic negativity

Entanglement in pure states

Total (classical and quantum) correlations in pure and mixed states

Entanglement in pure and mixed states

provides such an entanglement measure, particularly useful
when dealing with quantum Gaussian states given the
efficiency with which it can be computed.

The LN is defined via the positivity of the partial
transpose criterion for separability [77-79].° For general
states p,p—pure or mixed, Gaussian or not—the LN is
defined from the partial transposition of p,p as

LN(p) = log, ||p5s 11 (37)

where T4 denotes the transposition only on subsystem A,
and |-, denotes the trace norm, defined as |0l :=

Trv OO and equal to the sum of the absolute value of
the eigenvalues of O, when diagonalizable. Although
transposition is a basis-dependent operation, it is straight-
forward to show that ||p74||, does not depend on the basis
used in the transposition. Thus, LN is invariant under
system-local symplectic transformations.

When p,p is a Gaussian state and both A and B are
single-mode systems, Eq. (37) reduces to [64]

LN(pap) = max{0, —log, 7_}, (38)

where U_ was defined in Eq. (32). Thus, LN(p45) can be
computed in a remarkably simple manner.

For a two-mode system (A, B) prepared in a Gaussian
state, it has been proven in [79] that LN is nonzero if and
only if A is entangled with B. Therefore, the condition
U_ <1 is both necessary and sufficient for quantum
entanglement in such systems. Furthermore, lower values
of ¥_—corresponding to higher values of LN—indicate a
greater degree of entanglement.

The tools presented so far in this section, summarized in
Table I, allow the computation of correlations and entan-
glement between any pair of modes within a field theory
and enable the study of how these quantities vary with
distance and, in the case of de Sitter space, with curvature.

It is worth highlighting that working with finite-dimen-
sional subsystems ensures that all quantities defined above
are free from ultraviolet divergences.

The positivity of the partial transpose criterion states that, if
the partial transpose of p,z—i.e., the result of transposing the
operator p,p only with respect to one of the subsystems, either A
or B—fails to be positive semidefinite, then p,p is entangled.
This holds regardless of the basis used to perform the partial
transposition [64].

III. THE COSMOLOGICAL PATCH
OF DE SITTER SPACETIME

In this section, we provide a concise overview of the
quantum theory of a linear scalar field in the cosmological
patch of de Sitter spacetime. This theory is of great interest
for early Universe cosmology, as it accurately describes the
scalar curvature perturbations and (individual polarization
modes of) tensor perturbations in the cosmic inflationary
phase. Keeping this application in mind, we will focus
attention on a light field whose mass is small compared to
the Hubble radius m*/H? < 1.

Consider a four-dimensional manifold with R* topology
equipped with the conformally flat line element

ds* = a*(n)(—dn? + dx?), (39)

where x € R? and 5 ranges from —oo to 0. The function
a(n)—the so-called scale factor—is chosen to be
a(n) = —HL”. This spacetime belongs to the Friedmann-

Lemaitre-Robertson-Walker family of spatially flat cos-
mologies, it has constant Ricci curvature throughout the
spacetime, and it has a spacelike singularity when 7 - —oo
(the big bang).

This spacetime is isomorphic to “half” of four-dimen-
sional de Sitter spacetime. For this reason, it is commonly
referred to as the cosmological or Poincaré patch of de
Sitter space (abbreviated as PdS hereafter).

Although a generic Friedmann-Lemaitre-Robertson-
Walker (FLRW) spacetime possesses six isometries—
corresponding to spatial translations and rotations—the
PdS patch admits an additional Killing vector field. This
extra symmetry can be understood as being “inherited”
from the full de Sitter spacetime, which is maximally
symmetric.

The de Sitter group in four spacetime dimensions has ten
independent Killing vector fields. Locally, all of them are
isometries of PdS. However, because the Poincaré patch
covers only a portion of de Sitter space, not all of these
transformations correspond to global isometries of
PdS. Only the subgroup that leaves the Poincaré patch
invariant corresponds to global isometries of PdS (see, e.g.,
Sec. IV Cin [4]). This subgroup forms a seven-dimensional
Lie group, generated by three spatial translations, three
rotations, and one additional isometry defined by the
Killing vector field
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K* = —Hndy — Hxdy — Hydy — Hzd".. (40)

It is well known that invariance under spatial rotations
and translations alone is insufficient to single out a
preferred vacuum state in the quantum field theory under
consideration. However, the inclusion of the additional
isometry in PdS selects a unique state that is both invariant
under the seven global isometries of PdS and satisfies the
Hadamard condition. This distinguished state is known as
the Bunch-Davies vacuum [5,80,81]. Since K* is not
timelike in the entire Poincaré patch, the Bunch-Davies
vacuum is not the ground state of any Hamiltonian and
quanta over it do not have a natural interpretation in terms
of particles.

For a scalar field obeying the Klein-Gordon equation,

(O +m*)d(n.x) =0, (41)

the Bunch-Davies vacuum can be described mathemati-
cally as follows. Adopting a Fock representation, one can

express the operator-valued distribution (1, X) as

3 T A A
307 = [ SR P+ WAl @

where the functions PP (17)e’** are mode solutions of the
Klein-Gordon equation, with

eBP(n) = | [k B (~k) (43)
¢ 4a(n)?
and H,Sl) the Hankel function of the first kind of order
V= % - ;’1—’2 These complex solutions are referred to as the

Bunch-Davies mode functions, and the Fock vacuum anni-
hilated by all operators Ay is the Bunch-Davies vacuum.

The Bunch-Davies vacuum is a Gaussian state with
vanishing first moments, ugp = 0. Its covariance metric
opp can be computed analogously to the Minkowski space-
time example discussed in the previous section. Specifically,
the action of opp(X,X’) on two classical phase space
elements, 7() = (9(%). /(%)) and () = (¢/(3). /(7).
is given by

o (OHA@.AGE0) O E)0) [ ¢F)

o ) = | Bxdx (g% X R . . R N

(77 / L) ())<<0{<D<f>,n<f/>}|o> O[{b(). <z'>}|o>><f’<x’>>
— (O[{f1[g). 1[g/]}[0) + (0| {®Lf]. FI[¢1}[0) + (O{@LF]. FA[gI}[0) + (O[{DLFL. BLFI}0).  (44)

Similar to Minkowski spacetime, the classical phase
space can be taken, to begin with, as consisting of functions
in Schwartz space, and the Cauchy complete it using opp.

Each term in opp(y,7’) can be computed using the field
representation (42). When the functions comprising y and
y' are compactly supported in a small region of space and
the typical separation between their supports is small—
both distances compared to the Hubble radius—the product
ogp(y,y') is well approximated by o (y,y’) (this is
explicitly illustrated below using several examples). To
observe sizable differences between the Bunch-Davies
vacuum and the Minkowski vacuum, one must con-
sider either y(X) and y'(X) supported in “super-Hubble”
regions—i.e., regions with R > H~'—or functions whose
supports are separated by super-Hubble distances.”

“When working with nonspherically symmetric functions, we
define the “radius of support” of a function f(X) as

R— (% A d%ﬁf(;))'”.

The prefactor (3/4x)!'/? is somewhat irrelevant, since we will use
R merely as a reference scale. When the discussion involves two
functions, as for instance when talking about a phase space
element y, R will refer to the largest of the scales R defined from
each function.

|
In inflationary cosmology, interest is focused on field
modes whose support satisfies R > H~! at the end of
inflation, since these are the modes that become observa-
tionally accessible to us. (More precisely, the smallest
primordial wavelength resolvable in the cosmic microwave
background is of the order of 10* Mpc today. At the end of
inflation, such a mode had a physical wavelength exceed-
ing ¢ times the Hubble radius in typical inflationary
models [82].) Motivated by this, we will henceforth restrict
our attention to the regime R > H~!, although many of the
results presented here can be extended to other regimes, as
discussed below. Since we are interested in the regime
RH > 1, we will use RH as our control parameter.
Proposition 1. In the regime of interest, namely RH > 1
and m/H < 1, the symmetrized expectation values appear-
ing in Eq. (44) can be expanded in powers of RH and

e E%— \ /?—‘—g—z« 1. To leading order, the expressions are

2—2#2” 2-24%
(U1 B =Relr. 1)y + S
2

X RZ2Re(f, f) 30 + Noo»  (45)

({T1[g]. N[g1}) = Re(g. )y + N, (40)
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R 2R m(RH)'
<{q)[f]’n[gq}> - COS(]Z/JZ)F(—%+/42)

+ Non.

2
Re(f.d) e

(47)

Without loss of generality, we have chosen the scale
factor a(ny) = 1 at the instant we are calculating these
correlation functions. The terms denoted by N ¢p, N
and N gy are of order O(u?) when u < 1 and are therefore
subleading. Their explicit form, together with a proof of
this statement, is given in Appendix B. The terms N ¢,
N, and N will not play a relevant role in the
remainder of this article—although we explicitly compute
them in several examples below to illustrate that they are
indeed subleading (see, e.g., Fig. 2).

Expressions (45)—(47) can be directly compared with the
corresponding ones in Eq. (16) for the Minkowski vacuum.
The main differences arise in two aspects: (i) the field-
momentum correlation (47) is different from zero for the
Bunch-Davies vacuum, unlike for the Minkowski vacuum,
and (ii) the field-field correlations (45) in the Bunch-Davies
vacuum include an extra term proportional to the Sobolev
product of order —3 4 y% This term is absent in the
Minkowski vacuum and is the origin of the most relevant
difference between both states.

In the flat-space limit H — 0 and m — O (in this order),
the terms N g, Ny, and NV g vanish, and (45)—(47)
reduce to the smeared two-point functions of Minkowski
spacetime, as given in Eq. (16).

The term proportional to the Sobolev product of order
—% + p% in (45) is responsible for most of the distinctive

my=10" mpu=10"2 mu=10"3

1010 r
109}
2= 100k
E ............................
HH

o
......
oo

....
.....
............

..........

.....
oo

oo

oo

........

,,,,,,,,
......
.......
------
.....
oo

107104..
.............. + |Ngp| — Total
107° 1073 1071 10t 10°
RH

(a)

100 e
R T ] o
= | e
=YY
S (Ul S

07 0pT e
' e |NHH|. — Total .
107 107 107! 10! 10%
RH

10°

—~
=
=
=
=
<
=

10759}
S

(c)

FIG. 2.

107! 10! 103

(a) Field-field, (b) momentum-momentum, and (¢) field-momentum smeared self-correlations in the Bunch-Davies vacuum for

the single mode defined in Eq. (20). Note the growth of the field-field correlations as u decreases—this growth signals an infrared
divergence in the limit 4 — 0. The momentum-momentum and field-momentum correlations are only mildly dependent on u so that
these lines appear on top of each other. The dashed lines represent the terms N gg, Ny, and N g in Egs. (45)—(47). These figures
confirm that these terms are subleading in the regime of interest (RH > 1 and y < 1), and they will therefore be neglected from now on.
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features of the Bunch-Davies vacuum. For instance, for f
and f’ supported within nonoverlapping spherical regions,
when H # 0 and the separation between the supports of f
and f’ is large compared to the Hubble radius, i.e.,
|AX| > H™!, it is simple to show that

Re(f, ') 3.0 ~ |AX|72, 48
i

when p <1 (see Appendix C and the proof of
Proposition 6 below for details of the derivation). Thus,
this Sobolev product is responsible for the characteristic,

|

Jpp (¥, X') :/(Zﬂ)ge r

2‘*”2\/71R"+"2
cos(mu? ) (—+4?)"
Jip = -16(X = ¥') + O(4?), and Jgp reduces to J,, in
(18) in the limit H — 0 and u — 0 (in this order).

Remark. As mentioned before, the field-field correlation
(45) suffers from an infrared divergence in the massless
limit. One way to avoid this divergence while keeping
m =0 is by restricting the test functions f(X) used to
smear the field operator. In particular, if one restricts to
smearing functions with zero spatial average, i.e., f €I
such that

where K = Is it easy to check that

OBD

/ Brf(F) =0, (50)
R3

all correlation functions are infrared finite. This restriction
effectively reduces the kind of degrees of freedom of the
theory.

Smearing functions satisfying (50) restricts us to a rather
special family of degrees of freedom. This family is special
because it does not display several of the distinctive
features of the Bunch-Davies vacuum. In particular, the
long-distance behavior of Re(f, f')_s, > shown in (48) no
longer holds. Consequently, correlations for these field
modes do not exhibit an almost scale-invariant behavior at
large separations (see Appendixes C and D for further
details on these special functions).

Since functions in this family are somewhat fine-tuned
and do not display the distinctive features of the Bunch-
Davies vacuum, most of the proofs presented in this article
need to be adapted accordingly. To improve readability, the
proofs specific to this family have been relegated to
Appendix D.

It is also worth noting that condition (50) is morally
analogous to introducing an infrared cutoff k. on the
modulus of the wave numbers in Fourier space.

&k —ik-(F—F) < K<RH)1_”2k_l+”2

nearly scale-invariant field-field correlations of the Bunch-
Davies vacuum. Furthermore, this term is infrared diver-
gent in the limit m — 0, accounting for the well-known
infrared divergence of the Bunch-Davies state. In contrast,
the momentum-momentum and field-momentum correla-
tions remain finite when m — 0 and do not exhibit
approximate scale invariance.

We use Eqgs. (45)-(47) to write the complex structure
of the Bunch-Davies vacuum in the limit g < 1 and
RH > 1 as

_ % _ KZ <RH)2—2/42 k—3+2;42

—K(RH)l—/tzk—lw2 ) +O(w), (49)

|
However, (50) is a somewhat milder constraint, as it
corresponds to removing only the zero mode k& = O rather

than truncating all low-momentum modes |/2| < k.. This
remark serves to contextualize the rather drastic limitation
on accessible degrees of freedom imposed by introducing
an infrared cutoff.

A. Examples

To illustrate the calculations discussed so far in this
section, we now present three concrete examples for which
the correlators in Egs. (45)—(47) can be computed analyti-
cally. We will repeatedly use these examples throughout
this article.

Example 1: Single-mode subsystem supported in a ball.
This example is the same as that presented in Sec. IIC 1,
but now using the Bunch-Davies vacuum for a light
scalar field, instead of the Minkowski vacuum for a
massless field.

The calculations required to obtain the self-correlators
(45)—(47) reduce to evaluating Sobolev products of the
functions f® and ¢'® = Rf®) used to define the single-
mode subsystem [these functions were defined in Eq. (20)].
As in the Minkowski case, these norms can be computed
analytically:

(fO, fO) sy,
20(8 + 126 + )T ()0 (= + 6+ 2)

= R2—2/,t2
VA8 + D (—p? + 6+ )T (—u* + 25+ 4)

(51)

>A subset of these special modes has been recently examined
in [39] within the framework of a massless scalar field in de Sitter
spacetime.
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and

(@), g)
§)F(ﬂ_2

206+ D26+ I + D=4 + 5+ 1)
VAT(S + D=L 4+ 6+ (-4 4+ 25+ 3)

2
e
73

RI-#

(52)

The norms [|f®[|2, , and ||g”|[}, were reported in (28)
and (29).

Note that [|f®]|%, /24,2 18 proportional to I"(u?), which
diverges in the massless limit 4> — 0 producing the infra-
red divergence of the Bunch-Davies vacuum.

The self-correlators (45)—(47) are plotted in Fig. 2 for
different values of RH and different masses p.

To verify that the terms Nggp, Nomg, and Ny in
Egs. (45)-(47) are indeed subleading in the regime
RH > 1 and u < 1, we have evaluated them numerically
(their explicit expressions are provided in Appendix B).

Note that in Fig. 2 the momentum-momentum self-
correlations do not change appreciably with RH. This is a
consequence of the small mass used in this example,
m/H < 1. In this limit, the momentum-momentum self-
correlations are indistinguishable from their values in flat
spacetime—the effects of curvature manifest primarily in
the field-field and field-momentum correlations. In flat
spacetime and for a massless field, the vacuum correlations
are invariant under a rescaling of R.

Example 2: Single-mode subsystem supported in a
spherical shell. As a second example, we consider a
single-mode subsystem supported in a spherical shell of
finite width. This mode is defined by the symplectic

0.14

fs(r)

0.00

()

FIG. 3.
distance r = |X|. The support of the shell is shaded in orange.

0.12F

0.08}

0.06f

0.04f

0.02f

(2

subspace span[yg’, 7| of the classical phase space, where

the phase space elements ygl) and y(sz)
0

<f5(|z|))’ 722)()?):(_9‘?0('}')), (53)

with the smearing functions fg(X) and gs(X) defined as

are given by

A

(%)

fs(X) = As(1X] = (Rs — d))((Rs + d) — |¥])
x O(|x] - (Rs — d))O((Rs + d) — [X]),
gs(?_@ - RSfS@)-

The real numbers Rg + d correspond to the inner and
outer radii of the shell, and

105

8\/d" +7d°R}

is a normalization constant ensuring that m(ygz), y(sl)) =1
The form of the smearing function fg(X) is illustrated
in Fig. 3.

The Sobolev norms relevant for computing the self-
correlators (45)—(47) can also be obtained analytically in
this case, although the resulting expressions are lengthy and
not particularly illuminating (we do not reproduce them
here). The self-correlations are qualitatively similar to the
ones shown in the previous example (see Fig. 2).

Example 3: Two modes supported in nonoverlapping
balls. In this example, we consider two single-mode
subsystems, A and B, each identical to the single-mode

As =R’ (54)

(a) Geometric representation of the support of the mode in Eq. (53). (b) The smearing function fs(r) as a function of the radial
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defined in example 1 but supported in disjoint spheres of
radius R. The centers of the two supports are separated
by a distance |AX| such that |AX|/R > 2, so they do not
overlap.

|

The self-correlators of each mode are identical to those
computed in example 1. The Sobolev products appearing in
the cross-correlators can also be computed analytically in
this case, with the results

2760(5+ )26 +3) [|A%)\ 3 5 4R?
) 0y _ 2 : :
Re(¢?, ¢y, = — Fol=,2,64+2:6+2,26+4—— |, 55
Re(/®_f0y - 26+ D@6 +3) cos (me)l (2 ~ 1) <|Az|>—2ﬂ2
Hu (6 +Hrs+3)? R
1 5 4R? >
Fol 6+ 2,42 0% =56+ 2,28 + 4, —— | R, 56
X 3 2( +2,u",p 5 +2 + A;?|2> (56)
and
Re(£\?, gt 2:2—25—1r(5+1)r(25+§)cos(%)r(u2+1) |AX|\ 2+
AIB ) e rG+Hre+3)7? R
2 2 2
uwo ol 5 4R -2
Fo(d+2, 4+ 4+ 156 +2,26 +4;—— | R\, 57
x32<+ 5ty F1e+5.25+ T (57)

Since yF,(a, b, c;d, e;x) — 1 as x — 0, the behavior of
these Sobolev inner products in the regime |AX|/R > 1 is
dominated by the prefactor. In particular,

8 A6 |AX[\ -
Re(fg>,fg>)_%+ﬂ2~<7> ,

for u?> < 1, confirming that field-field correlations are
nearly scale invariant in the small-mass limit. On the other
hand, (56) diverges in the massless limit ¢ — 0.

Figure 4 shows the correlations between the two modes,
as a function of the separation between their centers (in
units of the Hubble radius).

IV. von NEUMANN ENTROPY

The von Neumann entropy of a subsystem composed of
finitely many degrees of freedom in the Bunch-Davies
vacuum is ultraviolet finite, and also infrared finite, provided
m # 0. Furthermore, since the Bunch-Davies state is pure,
the von Neumann entropy quantifies the entanglement
between the subsystem and its complement—namely, the
remaining degrees of freedom in the field theory. (This
interpretation is further reinforced by the concept of the
partner mode, discussed in Sec. VIIL.)

In this section, we focus on a single-mode subsystem
that is locally supported in space and study the way its

von Neumann entropy changes with H. We show that the
entropy grows with H for any such mode.
Let A be a single-mode subsystem whose classical state

space is 'y = span[ygl), 22)], where ygl), 22) €T,  have

OBD
compact support and satisfy w(yf), ygl)) = 1,sothat ', is
a symplectic subspace of the classical phase space.

Proposition 2. The von Neumann entropy of any6
single-mode subsystem A, compactly supported in a
super-Hubble region (RH > 1) of a light scalar field theory
(m/H < 1) in the Bunch-Davies vacuum, grows mono-
tonically with H.

Proof. The expression (35) for the von Neumann entropy
is a monotonically increasing function of its argument.
Thus, it suffices to show that the symplectic invariant 5
grows with H in the regime of interest.

To prove this, we will show that 23 — (A1"%)2 > 0 and
increases with H, where /M™% denotes the symplectic
eigenvalue of the same mode but for a massless field in
the Minkowski vacuum. (/A" is independent of H and is
used here merely for convenience in isolating the
H-dependent terms in 272.)

Let us denote by (021), @f)

with the basis vectors ygl)

) the operator associated

@)

and y,’. The symplectic

®We restrict in this section to modes defined from functions not
belonging to the special family defined in (50). These are
discussed in Appendix D.
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FIG. 4. (a) Field-field, (b) momentum-momentum, and (c) field-momentum correlations between two identical modes supported in

nonoverlapping balls, shown as functions of their separation |AX|, for 4> = 10~* and various values of RH. The modes are defined as in
example 1 with § = 2. The nonoverlapping condition |AX| > 2R explains why the lines corresponding to different values of R are
plotted over different ranges of |AX|. Panel (a) illustrates the almost scale-invariant behavior of the field-field correlations when
|AX|H Z 1. In contrast, the momentum-momentum and field-momentum correlations are not almost scale invariant.

eigenvalue v, of a single-mode subsystem, given in
Eq. (32), takes the form
A\ (1 A2 A1) A2
/4 =400 - ({0, 02 (58)

The expectation values in this expression reduce to a
combination of the second moments of the smeared field
and momentum operators:

({01, 01"y
= ({&[rV]. S + ({11g). 1Y)

R
— {1 1) - (gL DY (59)

The second moments in the Bunch-Davies vacuum are
written in Egs. (45)—(47) and for the Minkowski vacuum in
(16). Using these expressions, the leading contributions to
v — (U"%)2 can be expressed as a polynomial in RH. In
the regime RH > 1, the value of 3 — (A1")2 is deter-
mined by the coefficient of the leading power in RH. This
coefficient depends on the choice of ygw and y@.

i ) = (6 7) and 72 = (62, 72, we mus
differentiate three different cases:

M) £ #0, 75 # 0 with £ # 12;

2) fgl) =0, ff) # 0 (or vice versa); and

@) far=fL = and £4 #0.
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Case 1. Using Egs. (45)~(47), we find 14 —
a(RH)** (1 + O(u?)) + O[(RH)*~*’], with

(Nlink)2 =

1 2
a = IV 1R IR = RS2 o

Since homogeneous Sobolev spaces of order |s| < 3/2 are
Hilbert spaces with an inner product given in Eq. (A4) [83],
the Cauchy-Schwarz inequality implies that a > 0.
Saturation of this inequality, i.e., a = 0, can only occur

if fél) = fgz), which corresponds to case 3, and will be
analyzed below. Thus, 14 — (U3"%)2 > 0 for RH > 1,
J

Re(/?.g _]/ IR

mH < 1 whenever 0 # fEA) # ff) # 0. Furthermore, since
a>0, v5— (M"™)2—and hence v ,—grows with H,
which automatically implies that the entropy of the mode
A increases as H increases.

Case 2. Using Egs. (45)—(47), one obtains ui -

b(RH)> (1 + O(u?)) + O[(RH)'#’], with

(Nlink)2 =

2 1
Re(F7194))7 -

2

b= |l ||3;+,,z||gA 17 -

Next, we observe that

< ([ S @l @)

B </ él 5 (R 70 P R4 () >”2>

< [ ek @ [

where we have used Holder’s inequality in the last line (see
Appendix A, with p = ¢ =2 and r = 1). This inequality
holds for arbitrary s and s'. For s = —1/2 4 u?/2 and
s’ = —1 + y?/2, this inequality implies b > 0.

Case 3. In this case, 13 — (WN")2 = ¢(RH)> 2 (1+

O(u?)) + O[(RH)'*], where

1 2
e = [1fally. olloh” = 9 IF = Re(fan gy = g0 -

2

Following the same argument as in case 2 above, we
conclude ¢ > 0.

In cases 2 and 3, the inequalities can be saturated; that is,
one can choose functions such that b =0 and ¢ = 0. In
these situations, it becomes necessary to analyze the first
nonvanishing contributions to 3 — (/A1"%)2. We find that
the conditions b = 0 and ¢ = 0 can only occur for a subset
of smearing functions f(X) belonging to the special family
defined in Eq. (50). A detailed discussion of this case is
provided in Appendix D. L]

Although Proposition 2 focuses on single modes sup-
ported in super-Hubble regions, we conjecture that it
remains true for arbitrary values of RH. Although we do
not have a completely general proof, in Appendix E we
prove this conjecture for single-mode subsystems of the
form ygl) = (0, (X)) and yf) = (g(X), 0)—corresponding
o “pure-field” and “pure-momentum” smeared operators.

Example 4: Single-mode subsystem supported in a ball
(cont.). This is a continuation of example 1. To compute the
von Neumann entropy of this mode using Eq. (35), we need
the symplectic eigenvalue of the reduced state ﬁffd, which,

&K
(27)

1
S KPR = 1P e 1P

[
as discussed earlier, takes the form

A A

G = 4O PNA(D)) — ({S(). TH(g) D2 (60)

An analytic expression for v, is obtained by inserting the
second moments from Egs. (45)—(47) into Eq. (60) and by

20

0F
1077 107 107! 10 10°
RH
— Minkowski — g =1073 pw=10"2% — p=10"

FIG. 5. von Neumann entropy of a single-mode subsystem
supported in a ball of radius R, with the mode defined in Eq. (20).
The entropy is shown for different values of the mass parameter .
This figure shows that S(v,) grows with H, except when the
region supporting the mode is small compared to the Hubble
radius (RH < 1). In this regime, the entropy becomes indepen-
dent of H and converges to its Minkowski value. Additionally, the
value of S(v, ) increases with decreasing mass, as expected due to
the infrared divergence in the massless limit.
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using the Sobolev norms defined in Egs. (51), (29),
and (28).

Figure 5 shows the von Neumann entropy S(v,) of the
single-mode subsystem for 6 = 1, as a function of the
radius RH and for different values of the mass. The value of
S(v,) for the same mode but in the case of a massless field
in Minkowski spacetime is also shown for comparison.

The figure demonstrates that S(v, ) in the Bunch-Davies
vacuum grows with H and is always greater than or equal to
its value in the Minkowski vacuum, with equality reached
in the limit RH < 1. This is expected, as curvature effects
become negligible in sufficiently small regions. When
RH > 1, the entropy S(v4) grows logarithmically with
RH. Furthermore, S(v4) increases as u decreases and
diverges in the limit x — 0.

V. CORRELATIONS

As discussed in Sec. II, mutual information provides a
convenient measure of correlations between subsystems.
Unlike field-field or momentum-momentum correlations
between two subsystems, mutual information is local-
symplectic invariant, meaning it does not rely on the choice
of any basis or operators in each subsystem. As already
emphasized before, the mutual information of two com-
pactly supported subsystems is not a measure of entangle-
ment but rather a measure of the total correlations,
including classical ones. The reason is that local modes
always have mixed reduced states, which can exhibit
nonquantum correlations.

For pedagogical purposes, we first illustrate the behavior
of mutual information in the Bunch-Davies vacuum for two
examples, which can be worked out analytically, after
which we will prove the generality of the features displayed
in these examples.

A. Examples

Example 5: Two modes supported in nonoverlapping
balls (cont.). This example is a continuation of example 2.
The expression for the mutual information 7,5 was given
in Eq. (36); it requires the computation of the symplectic
eigenvalues v,, v, and vy. Since the two modes are
identical, we have v, = vp, and v, was already computed
in example 1.

The eigenvalues v can be computed using Eq. (32). For
this, we need det 645 and det C, where 645 is the covariance
matrix of the joint state and C the correlation matrix,
defined in Eq. (31). These determinants can be written
analytically using the expressions for the Sobolev inner
products in Egs. (55)—(57), which were presented in
example 2.

The expressions for det o 45 and det C are lengthy and not
particularly illuminating, they nevertheless allow us to

10t RH =10
RH =1
RH =101
109% RH =10""
)
NS
N
-19[0
10 —_  RH=10"°
Y,
DR
y
10-29f . . . ‘@ . . .
10°2 0.001  0.100 10 1000 10° 107
|AZ|H

FIG. 6. Mutual information between two nonoverlapping sin-
gle-mode subsystems supported in balls of radius R, plotted as a
function of their separation |AX|. The modes are the same as those
described in example 2, with 6 = 1. This figure is obtained
analytically [neglecting the terms Nggp, Nen and Ny in
(45)—(47)]. All curves are plotted only for |AX| > 2R, ensuring
that the two modes do not overlap. The shaded region indicates
how the mutual information varies with the field mass, showing
results for > ranging from 107!% (bottom) to 10~'3 (top). For
reference, the gray vertical line corresponds to |AX|H = 1.

compute v, and hence the mutual information analytically.
The result is plotted in Fig. 6 as a function of RH, the mass
of the field, and the physical separation |AX| between the
centers of the two regions. The mutual information for the
same pair of modes in the Minkowski vacuum is also
shown for comparison.

This figure conveys three key messages:

(1) In the limit RH < 1 and |AX|H <1 (i.e., both
support and mode-mode separation are sub-Hubble),
the value of the mutual information in de Sitter
approaches the corresponding value in Minkowski
spacetime. In this regime, the mutual information
falls off as |AX|™*.

(2) For |AX|H > 1, the mutual information scales as
Tap  (|AX|)™". Since u < 1, this implies that 7 ,
is nearly independent of the separation (almost scale
invariant).

(3) Z,p increases with RH, implying that the two modes
become more correlated as H grows. This growth,
however, saturates at large RH.

Example 6: Two modes, one supported in a ball and the
other in a spherical shell around it. In this example, we
consider a mode A supported in a ball and a second mode B
supported on a concentric spherical shell. For A, we take the
same mode as in example 1, and for B the same mode as in
example 2. The geometric configuration where the two
modes are supported is illustrated in Fig. 7.
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FIG. 7. Geometric configuration of the modes in example 6.
The shell has inner and outer radii Ry & d, where 2d is its width
and Ry = R+ Ax+d. Here, Ax denotes the radial distance
between the edge of the ball (of radius R), and the inner edge of
the shell.

Figure 8 shows the mutual information between these
two modes, with the field prepared in the Bunch-Davies
vacuum, as a function of the radial separation Ax between
the ball and the shell. The calculation can be performed
analytically—although the resulting expressions are
lengthy.

The mutual information exhibits essentially the same
qualitative behavior as in the previous example, with one
notable difference: When both the support of the two
modes and their separation are sub-Hubble modes—the

2
107 RH =10
1072
)
< 10°% _ 1n-5
S - RH =10
-10 RN
10 ~“~2~Af"7/r
~<<$9
107 ML L 1 bR
107° 1073 107! 10
RH+ Az H
FIG. 8. Mutual information of a single-mode subsystem sup-

ported in a ball of radius R and another single mode supported in
a concentric shell of radial width 2d and inner radius Ax, as a
function of AxH. The mode supported in the ball is defined as in
example 1, with 6 = 2, and the mode in the shell is defined as
in example 2. The shaded region shows the variation of the
mutual information when u? changes from x> = 10~ (bottom) to
u? = 107° (top).

regime where Z (A, B) agrees with that found in Minkowski
spacetime—one finds 7,5 « (Ax)~2, instead of  (Ax)™*
as in the previous case. The difference arises from the
specific geometric configuration considered here: The shell
mode B completely surrounds the ball mode A, thereby
enhancing the correlations between them and slowing
down the rate of falloff.

B. General result

Let (OEP, Of) ) and (Og), 01(92)) be two spacelike sep-
arated, single-mode subsystems defined from phase space
elements
7 =(g®. (%), I=AB and i=12. (61)
In this section, we analyze some asymptotic properties of
the mutual information for these nonoverlapping modes.

Proposition 3 [large-separation behavior of Z(A, B)].
Consider a real, light scalar field theory in the Bunch-
Davies vacuum. The mutual information of two typical—
i.e., nonspecial—single-mode subsystems compactly sup-
ported in regions distant from each other (specifically,
|AX|H > 1 and |AX|/R > 1) grows monotonically with H.

Proof. We focus on pairs of modes for which a mean-
ingful notion of distance can be defined—namely, when the
support of these modes can be separated continuously
without deforming or intersecting them (this is not possible,
for instance, for the ball-shell configuration discussed
above). When the shape of the modes precludes defining
a distance between them, the falloff behavior of the mutual
information must be analyzed separately.

Recall that

Z(A.B) = S(va) + S(vp) = S(vy) = S(-).  (62)

where only v, depend on the separation between the two
modes. Using Simon’s normal form of the covariance
matrix, one finds

1
7 =5 (1/3‘ +v5+2c_c,
£/03 =13 Hese- (6 H1d) (et +e2).
(63)

where ¢, denote the components of the cross-correlation
matrix C when written in Simon’s normal form (see
Appendix G).

The combinations ¢, c_ = detC and ¢ + ¢2 can be
expressed in terms of the correlators in Eqs. (45)—(47),
whose large-separation behavior, |AX|H > 1, can be
obtained using standard tools of asymptotic harmonic
analysis (see Appendix C and, e.g., [84] for more details).
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The key observation is that the large-separation behavior
of c_c, and ¢ + ¢2, and consequently of the symplectic

eigenvalues v, is dominated by Re( ff:), fg))_% e~
(JAX|)~2. This implies that

(A, B) ~ a(H)(|AX]) ™, (64)

where a is a monotonically growing function of H—its form
lengthy and not particularly illuminating. This shows that
Z(A, B) becomes nearly scale invariant and grows mono-
tonically with H at large separations.

In the limit H -0 and m — 0 (in this order), the

term including Re( fg), fg))_% +, Vvanishes, and instead

(fg),fg))_% becomes dominant. One finds (fg),fg))_% ~

|AX|~2 (see Appendix C), recovering the well-known result
IMink(A, B) ~ (Ax,p)~*in Minkowski spacetime [31,85,86].

In this proof we have assumed that the functions f 1(,’) do
not belong to the special class of functions defined in
Eq. (50); Appendix D discusses these special cases in
detail. L]

The previous proposition describes the large-separation
behavior of Z(A, B) and applies irrespective of the size R of
the supports of the two modes relative to H. It is also
interesting to explore a different limit, namely when the
supports of the two modes are super-Hubble, RH > 1,
irrespective of the distance between them.

Proposition 4. In the limit RH > 1, Z(A, B) becomes
independent of R and depends logarithmically on the
separation between the regions.

Proof. We showed in Proposition 2 that, in the regime
RH > 1, v2> 1, I = A, B. Consequently, the mutual
information can be approximated as

1 Vivh
0g, <y§ I;) . (65)

Using Simon’s normal form (see Appendix G), (65) can
be rewritten as

1 At 2+
I(A,B)RHN>>1 - Elogz (1 + . o ) (66)

In the regime RH > 1, ¢ can be expanded as polynomials
of RH. The leading-order dependence in RH cancels out in
the argument of the logarithm, making Z(A,B)~
O((RH)"), i.e., independent of RH, in the limit RH > 1.

The dependence on the separation |AX| in the limit
RH > 1is

I(A, B) ~ =logy(1 = fIAX[™), (67)

where 1> f|A%|™* > 0—the concrete value depends
on the choice of smearing functions. This logarithmic
dependence on the distance was first reported in [31] using
a specific family of single-mode subsystems.

Notice that for large separations |AX|H > 1, the expan-
sion of the logarithm in (67) produces Z(A, B) ~ |AX|~",
consistently recovering the almost scale invariance at super-
Hubble separations. m

VI. ENTANGLEMENT BETWEEN
TWO LOCAL DEGREES
OF FREEDOM

In the previous section we showed that de Sitter
curvature enhances correlations between pairs of compactly
supported, nonoverlapping modes. In this section, we turn
to quantum correlations, focusing specifically on entangle-
ment. In contrast to correlations, we find that de Sitter
curvature actually decreases the entanglement between
compactly supported modes.

As in the previous section, we begin with two simple yet
illustrative examples—the same ones considered in the
previous section—in which the entanglement can be
computed analytically, and then proceed to provide a
general proof.

A. Examples

As explained in Sec. II D 3, in the Bunch-Davies vacuum
the entanglement between any two modes is nonzero if and
only if 7_ < 1, and it decreases monotonically with _ [see
Eq. (32) for the definition of 7_].

Example 7: Two modes supported in nonoverlapping
balls (cont.). After a tedious calculation we conclude that,
in the small mass limit 4 << 1, U_ can be written as

b= \/ (M) + (RH)2FO), (68)

where
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= (119”1} + Re(gs g7

(Re[ fA gA

R FO)

1
2

— L
2

(1P, =R 1) 410
} Re[fA ’93)) 1+u}2)

(198 13Re(£Y 957) 2 = Re(7 )

S
L Re(g)), gfg))%)

Re(/4" /5 )z llon 12 = 11 1Py, o Re (ol g5 )y

S
< (I 1P, Re(F 57) e

In Eq. (68), 7Mi"k is the value of 7_ for a massless field in
the Minkowski vacuum. Thus, this equation conveniently
separates the contribution to Z_ that is genuinely due to
spacetime curvature.

Substituting into this expression the Sobolev norms
and inner products from Egs. (28), (29), (51), (52), and
(55)—(57), we obtain a closed expression for 7_ in the
Bunch-Davies vacuum.

For the example of two modes supported in nonoverlap-
ping spherical regions, we find that M is larger than one
for all separations |AX| > 2R and all values of §. This
implies that the two modes are not entangled in the
Minkowski vacuum [63]. Nevertheless, the modes are still
correlated (as shown in the previous section), indicating
that these correlations do not correspond to entanglement.
Note also that the entropy of each individual mode is
nonzero as we showed in example 4, which means that each
mode must be entangled with some other modes.

In the Bunch-Davies vacuum, whether the modes are
entangled depends on the sign of F? given in (69). For
entanglement to occur, this quantity must be negative,
ensuring that 7_ < 1. However, we find that Fois strictly
positive in the regime u < 1, for all 6 and for all separations
|AX| > 2R. This behavior is illustrated in Fig. 9.

We conclude that curvature effects do not generate
entanglement between the specific two modes considered
in this example. On the contrary, curvature pushes the
system further away from being entangled, since F° is
positive, and 7_ grows with H—as follows from (68),
together with the fact that 72 is independent of H. Note
that curvature pushes the system away from being
entangled even though it simultaneously enhances the
correlations between modes.

Example 8: Two modes supported in a ball and a
surrounding spherical shell, respectively (cont.). This is
a continuation of example 6. Equations (68) and (69) also
apply here, with the Sobolev norms and inner products in
Eq. (69) replaced by those given in examples 1, 2, and 6.

This case is interesting because 7M™ < 1 for a certain
range of Ax (see Fig. 10), meaning that the two modes are
entangled in the Minkowski vacuum. In this ball-shell
configuration, the two modes are “closer together” com-
pared to the ball-ball configuration, since the shell

2

(fA fB )—3+y2Re(fA ng ) 1+;4 ) + Ou ) (69)
|
2.0
1.5}
16“4 10}
0.5F
00 1 1 1 1
0 20 40 60 80 100
p
— =1 -—6=3/2 —6=2 —§=3

FIG. 9. F as a function of p = |AX|/R, where |AX| denotes

separation between the centers of the two modes
(RH =1 and y = 10729),
0.06
Minkowski
0.04
z,
—
0.02
0.00 RH = 10—
0.00 0.05 0.10 0.15

FIG. 10. Logarithmic negativity between two single modes
compactly supported, respectively, within a sphere of radius R
and a surrounding spherical shell with inner and outer radii
Rg +d, with Rg = R+ Ax and d = 0.3R. We use u = 1072 in
this plot. The plot shows that LN decreases with both H and Ax
and vanish beyond a certain threshold values.
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completely surrounds the ball, which intuitively explains
why there is more entanglement.
We find that the function ) in Eq. (68) is always
positive in this configuration (and H independent). It then
follows from (68) that entanglement decreases monoton-
ically as H increases. This behavior is opposite to that of
correlations, which increase with H. This example high-
lights a subtle and nonintuitive interplay between curvature,
correlations, and entanglement.
Figure 10 shows the LN of the system as a function of the
radial separation between the ball and the shell, for various
values of H. A reference curve corresponding to the
Minkowski vacuum result is also included.
This figure displays the following behaviors.
(i) LN decays exponentially with the radial distance Ax
between the shell and ball modes, vanishing beyond
a certain threshold distance;

(i) LN approaches the Minkowski result in the limit
RH — 0; and

(iii) LN decreases with increasing H and vanishes

entirely beyond a certain threshold value of RH.

B. General results

Proposition 5. Consider a real scalar field of mass
m < H in the Bunch-Davies vacuum, and let A and B
be any two nonoverlapping single-mode subsystems com-
pactly supported in super-Hubble regions, i.e., RH > 1.
Then the entanglement between A and B increases mono-
tonically with H.

Proof. As explained above, this proposition is equivalent
to saying U_ grows monotonically with H. Let (yg),y&”)

and (yg, ), 75 ) be bases of the symplectic subspaces I'4 and

I'p deﬁmng the two modes under consideration.
Ify (I,fl)I—ABi—l,Z,theproofmust
dlfferentlate three dlfferent cases:

() £ #0and 11V # f7, 1 = A, B;

(2) either fg =0, or fg =0 for both / =A and
I—B and

@ fi'=r 1=4 B,

Case 1. D_ can be written in terms of symplectic

invariants A and deto, as in Eq. (32). In the regime
RH > 1, the leading-order contributions to these symplec-
tic invariants can be obtained as follows. The components
of the covariance metric can be written as

648 — (Gap)mink = (RH)>°F + O[(RH)'™*], (70

where

F, F
F::( A C) (71)
F.' Fy

is a 4 x 4 matrix made of the following blocks:

1 1 2
IR, Re[U )]

Re|(F ) soe]  IPIPy, 0
x(1+0(2), (72)

F,= R+’

with I = A, B, and

Re [( . f(B”)_%ﬂ,z} Re [(fff) N3 )—%ﬂﬂ}

Re[(F7 18 ne| Re[UD 1) 2]
< (1102). 73)

Fo= R+

[The functions ggi) contribute to (72) at next-to-leading

order.] On the other hand,

A - AMink = (RH)4_4/42 (detFA + detFB
—2detF¢) + O[(RH)*].  (74)

It follows from the Cauchy-Schwarz inequality that the
matrices F, and Fp are positive definite and, consequently,
detF, > 0 and detFy > 0.

If detF. were equal or larger than zero, then the
Gaussian separability lemma (see Appendix A) would
guarantee that the two modes are not entangled, and the
proposition is trivially satisfied. Therefore, we restrict
attention to configurations for which detF. < 0. Using
the expressions above we find

P2 — (§Mink)2

= (RH)*™ F_(1+O(?))
+ O[(RH)Y, (75)

when RH > 1, where

o
Fo=3 (detFA + detFy — 2det F

— /(detF, + detFy — 2det ) - 4detF). (76)

It follows from the positivity of F; with [ = A, B and
det F < 0 that the first three terms in (76) are all positive.

Since the block matrix F is positive semidefinite (as can
be shown using Simon’s normal form and the requirement
that the symplectic eigenvalues of the two-mode system be
real), one can use Fischer’s inequality (see Appendix A) to
find the upper bound detF < detF,detFp, with the
inequality being saturated if and only if F- = 0. Using
this upper bound, we conclude that the argument inside the
square root is positive and the square root is smaller than
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the sum of the first three terms in Eq. (76). Thus, F_>0
and H independent, so 72 — (?Mi"%)2 is positive and grows
with H in the regime RH > 1.

Cases 2 and 3. As shown in the proof of Proposition 2,
cases 2 and 3 yield the same leading-order behavior in the
regime RH > 1 for the symplectic eigenvalue v; of any
single-mode subsystem. The same argument applies here:
From the symplectic invariants in Eq. (32), one sees that
cases 2 and 3 also produce identical leading-order con-
tributions to the logarithmic negativity. Therefore, we
restrict attention to case 2.

The proof of the proposition in case 2 proceeds along
the same lines as in case 1, with the only difference being
that the leading-order terms in 6,5 and A, in an expansion
for small RH, scale as (RH)* % [rather than (RH)**"].
To establish the positive definiteness of the matrices
analogous to those in Eq. (72), one uses Proposition 10
in Appendix A instead of relying on the Cauchy-Schwarz

inequality.
There exist other cases not covered i 1n the classification,
like when only one of the functions f ; withi =1, 2 and

I = A, B vanishes or when the functions used to define the
two modes subsystems are identical in shape (although
keeping them nonoverlapping). One can easily extend this
proof using very similar tools.

See Appendix D for details of this proof when the
functions fﬁ’ belong to the special family defined
in (50). (]

As in previous sections, although our formal proof is
restricted to modes with super-Hubble support, we con-
jecture that the result applies to any pair of nonoverlapping
modes. Appendix F shows that this con jecture holds for
smgle mode subsystems of the form 7' (= (0, f(%)) and

= (9(X),0), corresponding to “pure-field” and “pure-
momentum” smeared operators, respectively.

VII. PARTNER SYSTEMS AND ENTANGLEMENT
DISTRIBUTION

The results obtained so far may appear to be in tension.
On the one hand, we have shown in Sec. IV that increasing
H enhances the von Neumann entropy of localized modes.
Since the entropy of a mode quantifies its entanglement
with the rest of the field degrees of freedom, a larger H
implies that the field theory as a whole contains more
entanglement. On the other hand, we have found in the last
section that increasing H reduces the entanglement
between pairs of localized modes.

In this section, we argue that these two results are
compatible with each other. Even more, we argue that
the former is in fact a direct consequence of the latter.

The apparent contradiction is resolved by analyzing how
correlations and entanglement are spatially distributed in
the Bunch-Davies vacuum. In particular, we show that the
notion of a partner mode [67-70] provides a convenient

framework to characterize the spatial structure of entangle-
ment in quantum field theory in the cosmological patch of
de Sitter spacetime. Partner modes were previously dis-
cussed in de Sitter spacetime in [39] for a subset of special
modes belonging to the family introduced in a remark on
page 11. Here, we discuss universal aspects of partner
modes in the cosmological patch of de Sitter spacetime.

Consider a single-mode subsystem A compactly sup-
ported, and assume that the field is prepared in a Gaussian
state, either pure or mixed. Because A is compactly
supported, its reduced state P9 is mixed. This in turn
implies that A is entangled with the rest of the system.
Interestingly, there exists a unique single-mode A ,, differ-
ent from and independent of A, that encodes all entangle-
ment with A. In particular, when the state of the field is
pure—e.g., the Bunch-Davies vacuum—A , “purifies” A, in
the sense that the reduced state of the two-mode system
(A,A,) is pure—and the von Neumann entropy of A
quantifies the entanglement between A and A,,.

The concept of a partner mode was introduced in [67] in
the context of Hawking radiation and was further devel-
oped in [68,69]. A formal treatment, including a proof of
existence and uniqueness as well as generalizations to
mixed Gaussian states, is given in [70]. In this section, we
follow the approach of [70] and restrict to pure Gaussian
states.

Naturally, the partner mode A, depends on the specific
choice of mode A. Our interest, however, lies in the
universal features of A, that hold for any localized mode
A. In particular, we focus on the asymptotic behavior of the
partner mode at large distances from the region where A is
supported. We argue that these falloff properties are
universal and encode invariant information about the spatial
distribution of correlations and entanglement.

The partner of a given mode A can be determined as
follows. Let A be a single-mode subsystem characterized
by the classical symplectic subspace I'4. Let I, be the
symplectic-orthogonal projector onto I'y in the classical
phase space.7 Then, IT; = 1 — I, projects onto the sym-
plectic orthogonal complement of T'y.

"Because I'y is symplectic, the phase space I'; can be
decomposed as I', =1y @ I';, where I'; is the symplectic-
orthogonal complement of I'y. The direct sum structure I', =
I'y @ I'; allows us to define a “symplectic-orthogonal projector”
I, onto I'4. An expression for I14 can be obtained as follows. Let
I'§ be the complexified version of I', and let 74 €T§ be a vector
normalized with respect to the Klein-Gordon inner product, i.e.,
(rasva) = 1, where (y.7) == —iw(y".7'). Then the pair (y4.7})
forms a basis for FE, and the projector I1, can be written as

My =7a(ya.-) — VZ(VZ’ )

I1, is independent of the basis (y4.7}) chosen in this
construction. See [70] for further details.
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The partner mode A,
subspace [70]

is defined by the symplectic

Ty, =5[], (77)

where J is the complex structure associated with the pure
Gaussian state in which the fleld theory is prepared.
Given basis vectors (7},7\?)) in Ty,

177
\/ |detJA| —_ 1

Here, J, = I1,JI1,
denotes the reduced complex structure in subsystem A.

For the Bunch-Davies and Minkowski vacuum, we can
use the expressions for the complex structures Jgp and J,
given in (49) and (18), respectively, to compute the partner
of any given mode. (An example is shown below.)

7y )]
\/ |detJA| — 1 ’

form a (normalized) basis in Ly,

(78)

A. Asymptotic behavior of the partner of a local mode in
the Bunch-Davies vacuum

Given any basis vector y, €4, the action of J is
obtained by computing the integral

Tapra(®) = / PRI ERAE). (719)

A simple inspection of this expression reveals two impor-
tant facts. First, because Jgp (X, x') # 0 for all X and X, the
function (Jgpy4)(X) is generically nonzero for all x—even
when 7, (X) has compact support. This implies, in particu-
lar, that the support of the partner mode overlaps with the
support of the original mode y . This poses no problem, as
the two modes A and A, are distinct and independent.8 In
physical terms, this indicates that the mode A is correlated
and entangled with field degrees of freedom in the same
region of space as A itself.

Second, even if the support of A is compact, the partner
mode is generically not compactly supported—this is in
tune with Reeh-Schlieder’s theorem [6]. Moreover, for
regions far away from the support of any function in I'4, the
behavior of the partner is entirely dictated by Jgp (X, X').

|

K M)l_ﬂzflA(k) -
kga (k) — K(%) l_”ZJNCA (k)

(Jap7a)(r) = ﬁlm dkk sin (kr)< e

o147 ﬁR—HuZ

where K = o Ity

In other words, the asymptotic form of the partner mode of
any mode A is universal and determined solely by the
complex structure Jgp (X, X’) or, equivalently, by the long-
distance correlations present in the quantum state.

The following proposition formalizes this statement.

Proposition 6. Let A be a compactly supported single-
mode subsystem, and let A, be its partner mode. When the
field is prepared in the Bunch-Davies vacuum, the partner
mode A, is not compactly supported and exhibits asymp-
totic decay at large distances r (measured from any point in

the support of A) at least as 2 as r - .
More precisely, let y A, be any vector in FC ~—the complex
version of FA —_with unit Klein-Gordon norm (see foot-

note 7), so that the pair (74,.7 Ap) forms a symplectically

orthonormal basis of ' , from which we can obtain a basis in
r

(X), f (X)), then g, (¥) falls off
at least as 72 and f, (%) falls off as r~' ", as r — co.

For comparison, in the Minkowski vacuum, g, (X) ~ r~
and f,(X) ~ r~*, for m = 0, and both components decay as
e ™ for m # 0.

Proof. The proof rests on standard asymptotic tech-
niques, as follows.

Let y4(X) be an element in ' with unit Klein-Gordon
norm, so that the pair (y,,7}) forms an orthonormal basis
in I'S. (In this proof we use a complex basis for subsystem
A merely for convenience—it makes the proof more
compact, since the subsystem is characterized by a single
complex vector y, rather than two real ones. It is obvious
that the arguments apply equally well to a real basis—
which can be obtained by separating the complex basis
vector y, into its real and imaginary parts.)

Each y,(X) €IS consists of a pair of complex-valued
functions, which we assume to be compactly supported. Let
us begin by considering spherically symmetric functions,
i.e., functions that depend only on the radial distance
r:= |X| from the center of the support of A.

Let y4 €T§ be of the form y4 = (g4(X), f4(X)). Using
Eq. (49), we ﬁnd

[y, Ifwewritey, (X) = (g,

1 2 2242 -3+ \ 7
(L+ KA(RH) k5 >fA<k>> coun. 0

$Two subsystems with classical state spaces I'y and I'p are said to be independent when they are symplectically orthogonal, that is,

W(J/A»?/B) =

for all y, €T’y and yz €T;.

0,
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To study the behavior of the first two terms in each
component as r/R > 1, we express sin(x) using complex
exponentials and apply the identity

eiikr — :Fir—lakeiikr

followed by repeated integration by parts. This procedure
ultimately yields integrals of the form

Iw) = /0 ? v F ()06 dx (81)

with F(x) and G(x) functions with G’'(x) #0, and
a€(0,1). The asymptotic behavior of integrals of this
form is well known (see, e.g., [87]) and given by
(@) ~ O(w~179).

It remains to analyze the last term in the first component
of Eq. (80), which is of the form

/ ® Ak~ F(k)sine (kr). (82)
0

To proceed, we perform the change of variables
Rk = t'/@) yielding

T assine( 170 L) e/,
2/12 0 R

The sinc function is highly oscillatory for large argu-
ments, making the method of the nonstationary phase
appropriate to determine the asymptotic behavior of the

integral in the limit 7 > 1. In this regime, the sinc function
can be approximated by a step function, leading to

1 o . 2 ~ 2
o A drsine(1/) 1/ R)F (112

. (zR/2r)%" R
~ F(0) / dt + O(r1-2%)
0

_F(O) 7R u? 12
22 <2r) +0(r ),

where we have used that the upper limit of the integral,
(zR/2r)*’, tends to zero for r/R>>1, so F can be
approximated by the constant F(0) in the interval of
integration.

Putting all these results together, we find that the upper
and lower components of Jy, behave asymptotically as

2-2° 5(2)(0) /7zR\ 24
(Jepra) = — (leiz yzﬂ(z) (2_15)
+ (’)(r‘l"‘z), (83)
(JepYA)2 = 0(7_2_”2)- (84)

To obtain a basis for the partner mode, one needs to act with
the symplectic projector I} on (Jppy,). The action of IT;
reduces to the identity outside the region of support of A.
Since A is compactly supported, the asymptotic behavior
given in Eq. (83) remains unaffected by the projection.
A similar analysis applies to phase space elements y,
that are not spherically symmetric. In that case, one first
expands y, in spherical harmonics. Following [88], the
angular integrals introduce spherical Bessel functions.
Using their standard properties (e.g., oscillatory behavior,
asymptotics, and location of zeros), one can verify that the
leading-order decay in r remains the same as in Eq. (83).
Finally, this proof remains valid even if the mode I'4 is
not compactly supported but made of functions that decay
faster than any polynomial. In particular, the proposition
holds if the functions in I'4 are in Schwartz space. [
As in previous sections, our proof is restricted to modes
outside the special family defined in Eq. (50). The analysis
of this special family of modes is presented in Appendix D.
Example 9: Single-mode subsystem supported in a
ball (cont.). This is a continuation of examples 1
and 4. The single-mode subsystem A is defined by

ry,= span[ygl), 5‘2)], with

7= (f(a?(z)>’ 7e = <_g(: ()_5)>’ (8)

where the real functions ¢'¥(¥) and (¥ (X) have compact
support within a ball of radius R [their functional form is
given in (21)].

Alternatively, we combine ") and y® in a complex

mode 7, = J5 (7} + iry).

The vector

Hj U BDyA}

y 9
AP Jdet T, = 1

together with its complex conjugate, forms a normalized
basis of Ffp. (Their real and imaginary parts form a basis
inTy,.)

Let us write 7,4, as

() m

(86)

We compute complex functions g, and f, analytically and
plot them in Fig. 11. For comparison, the figure shows the
shape of the partner mode both in the Bunch-Davies and in
the Minkowski vacuum (the latter corresponding to a
massless field). The behavior of the partner mode at large
r differs significantly in the two cases: In the Bunch-Davies
vacuum, some components of the partner basis vectors are
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FIG. 11. Real and imaginary parts of the two components of the complex partner mode, y4, = (g, f,), introduced in example 9, as a
function of the radial coordinate r/R. Results are presented for a massless scalar field in Minkowski spacetime (black line) and for a field
in de Sitter with 4> = 10~* supported in a spherical region of radius RH = 10~!. In de Sitter space, the imaginary part of g, becomes
nearly scale invariant, whereas in Minkowski space it decays as 2. In Minkowski, the real part of g, and the imaginary part of f, are
zero, but they are nonzero in de Sitter due to the nonvanishing field-momentum correlations in the Bunch-Davies vacuum.

nearly scale invariant, whereas in the Minkowski vacuum

they decay at least as r~2.

B. Where is the entanglement?

Proposition 6 reveals that the distribution of correlations
and entanglement in the Bunch-Davies vacuum differs
substantially from that in Minkowski spacetime. In par-
ticular, correlations and entanglement extend over much

larger distances in the Bunch-Davies vacuum, owing to the
nearly scale-invariant support of the partner mode.

This carries an important message: A nonzero Hubble
rate H, even if small, drastically alters the spatial distri-
bution of entanglement in the vacuum.

The consequences of this are significant. Although a
large value of H makes any local mode strongly entangled
with its partner mode, the latter is not accessible to local
observers. The resulting long-range correlations manifest
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instead as large entropies for compactly supported modes.
Physically, this entropy is perceived as local “thermal
noise,” which in turn precludes local, compactly supported
modes to get entangled with one another.

VIII. DISCUSSION

The generation of entanglement during inflation, and,
more generally, entanglement in FLRW spacetimes, has
been mainly studied by focusing on Fourier modes [7-14],
i.e., single subsystems with well-defined wave number k—
see [31,35-38] for notable exceptions. It has been further

argued that inflation squeezes pairs (k, —k) and that this
squeezing is responsible for the apparent classicality of the
primordial perturbations. Several limitations of this strategy
have been pointed out [15,32,89]. In particular, in FLRW
spacetime, due to the time dependence of the spacetime
metric, there is a large ambiguity in what a “single

subsystem with well-defined wave number kK means,
which goes hand in hand with the ambiguity in the
definition of particles. Namely, if &j; and aj, are the creation

and annihilation variables characterizing a k mode, then

i adjoint, provided

|a|*> — |#|*> = 1. This ambiguity is large enough to arbitrar-
ily change any conclusion regarding squeezing in the

so are &’Izzafl;—l-ﬂ&; and its

(1?, —1?) pairs. Moreover, the impact of any squeezing on
the quantum nature—or lack thereof—of cosmological
perturbations has been criticized in [32,89].

Even if one devises a clever argument to select a
preferred set of Fourier modes, it is important to keep in
mind that such modes are supported in the entire Universe.
This inherently global character implies that many aspects
of these modes are not accessible to local observers.
Locally, it is possible to estimate certain features of
Fourier modes, such as their amplitude, via a local
Fourier transform. However, accessing the entanglement
stored in pairs of such modes would require access to their
full spatial support—an impossible endeavor.

This motivates the strategy followed in this article which,
building upon previous works [31,35,36,63], focuses on
compactly supported modes. In quantum field theory, all
compactly supported modes have mixed reduced states,
regardless of the field’s state [2]. This is due to the
unavoidable presence of correlations between any region
and its complement in any physical (i.e., Hadamard) state in
quantum field theory. Importantly, the mixedness of sub-
systems effectively acts as a decohering agent that reduces
the entanglement with other subsystems. Hence, the study
of local modes is considerably richer.

In this article, we have followed a local approach to
characterize the distribution of entanglement in the cos-
mological patch of de Sitter space and how it varies with the
value of the de Sitter curvature. Our approach is formulated
in slightly more geometric and invariant terms than in

previous works, as most of our results are derived from the
structure and properties of an inner product on the classical
phase space defined by the Bunch-Davies vacuum. Indeed,
one of our goals is to promote these tools, as we believe
they strike a useful balance between conceptual and
mathematical clarity and the ease with which they can
be applied to compute quantities of direct physical interest.

The main findings of this work can be summarized as
follows. First, we highlight the fact that introducing a
cosmological constant, even a tiny one, drastically changes
the structure of correlations and entanglement in the
vacuum state. Mathematically, this occurs because the
covariance metric (or the associated complex structure)
defined from the Bunch-Davies vacuum acquires a term
proportional to a Sobolev product of index —3 + y?, with

w=3—1/2- 1"’72 < 1, where m denotes the mass of the

field. This term introduces almost scale-invariant correla-
tions that dominate at large separations—along with an
infrared divergence in the massless limit.

It is well known that the presence of a cosmological
constant, even if tiny, produces qualitative changes in
several aspects of physics, such as a change in the
asymptotic structure of spacetime [3]—resulting in dras-
tic modifications to the definition of gravitational
radiation [4,90]—making it impossible to smoothly con-
nect with the H = 0 case. Analogously, H # 0 qualitatively
alters the structure of correlations and entanglement in the
quantum vacuum.

To study these changes, we have followed an approach in
which subsystems are defined in an invariant manner and
quantifying correlations and entanglement in a similarly
invariant way.

One of the main messages of this analysis is that
increasing the de Sitter curvature increases correlations
between local modes but decreases their entanglement.
This may seem counterintuitive at first, highlighting the
subtle relationship between correlations and entanglement,
which are commonly thought to always go hand in hand.

In the Bunch-Davies vacuum, correlations and entangle-
ment with any locally supported modes are distributed over
arbitrarily large distances. This contrasts with the
Minkowski vacuum, where correlations fall off polyno-
mially for a massless field and exponentially for a massive
one. Furthermore, increasing the de Sitter curvature enhan-
ces the total amount of correlations and entanglement any
local mode has with its complement—the rest of the field
modes. But these correlations and entanglements are spread
across the entire Universe in an almost scale-invariant
manner. We have made this aspects precise using the
concept of partmer mode, discussed in Sec. VIL.

Stronger entanglement, on the other hand, makes the von
Neumann entropy of any locally supported subsystem grow
monotonically with the Hubble rate. This large entropy
comes at the expense of local entanglement, which there-
fore decreases when the de Sitter curvature increases.
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Heuristically, the reduction of local entanglement can be
attributed to a kind of entanglement monogamy. Local
modes are more entangled with their partners, but the
partner modes are not accessible to cosmological observers.
The strong entanglement with the partner mode prevents
the local mode from becoming substantially entangled with
other local modes. The link between entanglement
monogamy and the local thermal properties of the
Bunch-Davies vacuum has been pointed out in [39]
based on the analysis of a rather special family of non-
compactly supported field modes (see the remark on page
11 for the definition of the family to which these modes
belong to).

The results of this article have direct implications for
cosmology and the long-standing debate on how much
entanglement is generated by inflation. Our view is that a
satisfactory answer to this question must focus on local,
accessible modes—in contrast to Fourier modes—and on
invariant aspects of the primordial perturbations that do not
depend on choices or conventions. When doing so, we find
that the cosmological perturbations that later become
accessible to observers are, at the end of inflation, less
entangled than they would have been had the field been in
the Minkowski vacuum. Furthermore, any entanglement
present decreases monotonically with the value of the
Hubble rate during inflation.

Our analysis relies on the Gaussian nature of the Bunch-
Davies vacuum, which is widely regarded as an excellent
approximation to the quantum state of cosmological
perturbations. It is therefore natural to ask how our
conclusions might be affected by the presence of non-
Gaussian features. In general, non-Gaussian states can
exhibit entanglement properties that differ qualitatively
from those of Gaussian states and in principle could lead
to an enhancement, or even more degradement, of entan-
glement between local modes. However, observational
constraints on primordial non-Gaussianity from the cosmic
microwave background and large-scale structure indicate
that any such effects must be very small [91]. We therefore
expect that non-Gaussian corrections compatible with
current observational bounds would not qualitatively
modify the results presented here. A detailed quantitative
analysis of genuinely non-Gaussian states, however, lies
beyond the scope of the present work.

We do not have access to the freshly generated pertur-
bations at the end of inflation—they must evolve through
the complexities of the cosmos, a process that will likely
decohere them and further reduce their entanglement. This
complicated process has been modeled and discussed in
many references [12,13,21,23,26,27,89,92-95]. The state-
ments in this article are complementary to these analyses
and point out that the correlations produced by inflation do
not come with a corresponding enhancement of entangle-
ment, if one only has access to a finite portion of the
Universe.

More generally, this article provides an example of how
curvature and symmetries shape the entanglement content
of field theory and how this content can be characterized
using tools from symplectic and Kéhler geometry, along
with the concept of partner modes.
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APPENDIX A: USEFUL DEFINITIONS
AND PROPOSITIONS

This appendix provides a summary of useful definitions
and results from functional analysis, matrix analysis, and
Gaussian quantum information that are used throughout the
article.

Definition 1 (Definition 1.18 in Ref. [83]). The Schwartz
space S(R") is the vector space of all complex-valued,
infinitely differentiable functions that, together with all of
their derivatives, decay faster than any inverse polynomial
as |x| — oo. Formally,

S(R") = {f€C®(R")| V a, fEN",
x4(DPf)(X)| < oo},

U, < (A1)
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where sup denotes the supremum, a,f€N" are multi-
indices, x* = x{"...x", and D = df] <

The Schwartz space is commonly used to define the

classical phase space of fields in Minkowski spacetime
because of the following properties:

(1) If f € S(R"), then its Fourier transform f exists and
belongs to the Schwartz space: f € S(R”). Thus, the
Fourier transform is a bijection on S(R").

(2) The space of smooth functions of compact support
Cg(R") is a subspace of the Schwartz space, S(R").

Definition 2 (Definition 1.20 in [83]). A tempered
distribution on R" is a continuous linear functional on
S(R").’ The space of tempered distributions is denoted
by S'(R").

Definition 3. The space of locally integrable functions,
denoted as L (R"), consists of functions that are inte-
grable over every compact subset of R”. That is,

Ll .(R") ={f:R" - C|feL'(K) V compactK}.

Definition 4 (Definition 1.31 in [83]). Let s €R. The
homogeneous Sobolev space H*(RP) is the space of
tempered distributions u over R”, the Fourier transform
of which belongs to L/ (RP) and satisfies

loc

= [, WP laPak <o, (a2)

where, as before, it denotes the Fourier transform of u. In
other words,

HY(RP):={ueS" nielL)

loc?

and |[|u][3, < co}. (A3)

Note that the Schwartz space S(R”) is canonically
embedded in the space of tempered distributions S'(R”")
via f +> Ty, where T/(¢p) = [dxf(x)¢(x). This embed-
ding explains why the Cauchy completion of the classical
phase space I' [chosen as S(R")] with respect to the
seminorm o Yyields a homogeneous Sobolev space
H(R"), whose elements are tempered distributions.

Proposition 7 (Proposition 1.1 in [83]). Holder’s
inequality: Let (X,u) be a measure space and (p,q,r)
n [1, 0] be such that

9Continuity is understood with respect to the standard locally
convex topology on S(R"), induced by the family of Schwartz
seminorms (see, e.g., Ref. [96]).

If (f,g) belongs to LP(X,u)x L%(X,u), then fg
belongs to L"(X, u) and

Wfgller < (1 f1leellglla-

Proposition 8 (Proposition 1.32 in [83]). Let
so < s <s;. Then, H% n H*' is included in A*, and we
have

1-6
H

ull?,  with

[[ul| s < |[ul 1 s=(1-=0)sy+ 0Os;.

Using the Fourier-Plancherel formula, one finds L? = HP,
Proposition 9 (Proposition 1.34 in [83]). H*(RP) is a
Hilbert space if and only if s < D/2, with inner product

o= [, REFOT . (a0

where the asterisk denotes complex conjugation.
Proposition 10 (Chap. 7 in [64]). Gaussian separability
lemma: Let ¢ be the covariance matrix for a two-mode state

of the form
(& o)
Gip = ,
AB " oy

where 6,4 and op are the local covariance matrices of the
single-mode subsystems A and B and C represents their
correlations. Two-mode Gaussian states with DetC > 0 are
separable.

Proposition 11 (Theorem 7.8.5 in Ref. [97]). Fischer’s
inequality: Suppose that the partitioned Hermitian matrix

(e 1)
D =

C* B
is a positive-definite (p + ¢) x (p + ¢) matrix, A is a
p X p matrix, and B a ¢ X ¢ matrix. Then

(AS)

(A6)

detD < (detA)(detB). (A7)

APPENDIX B: PROOF OF Proposition 1

In this appendix, we show that the functionals A g,
N, and N g in Egs. (45)—(47) are bounded above by
quantities of order y*> < 1. This ensures that they provide
subleading corrections to the terms in Egs. (45)—(47) in the
small-u? regime. We also discuss their asymptotic behavior
in the limits RH > 1 and RH < 1.

The functionals N ¢, N, and NV g in Egs. (45)—(47)
are defined given by
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2

Noo = (RH)—I/(;”; [z H“Lz(%)

a7 (i) |

x RRe(f, (k) (k). (B1)
W=kt [ 553 () e ()
x R™'Re(g,(K)7, (k). (B2)
and
o == s e (2 ()2 ()

cos (zp*)0(u* — 5

v (%)**ﬂz)] .

Here, H((),l)()_c’), ? (X) denote Hankel functions of order a
of the first and second kinds, respectively.

1. Upper bounds
a. Upper bound on |N gq|

Using the triangle inequality and the integral represen-
tation of the Hankel’s function modulus square [98],

8 X
)c20‘|Hg,l)(x)|2 == hm+ dyy**!
-0

X / dtKy(2y sinh 1) cosh th,(1),
0

valid for real positive arguments and 1/2 <v < 3/2, one
can bound |H3 2 .| by bounding h,(t). Here, K, is the

modified Bessel function of the second kind and A,(?) is a
positive and monotonically decreasing function.' Carrying
out this procedure yields

2
Vool <02 (IBulya + 2 HIBuIR) ). (B4

where ||-||? indicates the norm defined from the Sobolev
inner product of order s and &, is defined as the inverse

Fourier transform of the function 1/|f;||f;]-

"The explicit form of the function h,(7) can be found in
Eq. (4.1) in [98].

b. Upper bound on |\ g
Using the identity [98]

1 d
2x%% dx

Ja‘]a—l + YaYa—l

(2(H (), (BS)

valid for x > 0 and @ € R, and following a similar strategy
as the one outlined above, we obtain

Non| < p?(H|[Kl12, ), + H K112,

+H'2 K12 ) (B6)

where &, is defined as the inverse Fourier transform of the

function /[ f;!-

c. Upper bound on | A |
Applying the triangle inequality and the bound

g (@ m (4]
RH 2 \RH 1/2-8> \ RH

we find

”

<
2 El

Wl < HE

||(‘5u||07 (B7)

where ®&;; is defined as the inverse Fourier transform
Bl

Hence, the functionals N ¢a, N o, and Ny are O(u?)
for smooth, square-integrable smearing functions. While
the bounds above are sufficient for the statements made in
the main text, they are not sharp in RH. In the next
subsection, the behavior of these functionals is analyzed as
a function of RH in the regimes RH > 1 and RH <« 1.

2. Asymptotic behavior for large and small RH

For RH >> 1, assume that the Fourier transforms f and §
decay sufficiently fast—e.g., exponentially—so that they
can be effectively approximated by functions compactly

supported in a ball in Fourier space B (6, A), for some finite
A > 0. When RH > 1, the integrals in Eqs. (B1)—~(B3)
only probe the Hankel functions at small arguments
k/H < 1 in B."' Hence, one can use the small-argument
expansion of Bessel functions to find the asymptotic
behavior

"The argument can be extended to functions f and ¢
belonging to the appropriate Sobolev spaces. In this case, one

examines the integrand separately in a ball 8(6, A) and in its
complement, finding that the leading dependence on RH is
governed by the contribution from B for sufficiently large A.
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- 2
Noo Rio O(u”log(RH)),

N~ O(u* log(RH)),

RH>1

Non  ~ O (RH)'™).

B8
RH>1 (B8)
The logarithmic growth in N ¢q and Ny arises from the
integration of the small-argument Hankel asymptotics;
N gp carries an extra power of k/H and hence scales as

(RH)'"#. The perturbative treatment in the main text is
consistent provided u?log(RH) < 1, so the O(u?) sup-
pression is effective even for large RH.

For RH < 1, it is convenient to split the k integrals into
low- and high-momentum regions. For a fixed AH > 1
such that 1H < 1,

Ne= [ gt [ 1)

with B,5 € {®,I1}. A scaling analysis shows that the
second term decays more slowly with RH and thus
dominates the small-RH behavior of Nzz. Evaluating
the second contribution, where the Hankel functions can be
approximated by their large-argument expansion

|H ()] ~ (2)V2 + O(x3/2), we find

2
Noo ~ O(ﬂz(RH>2)’
N ~ O(ﬂZ(RH>2),
Non ~ O(ﬂzRH)’

in the regime RH < 1 and pu?> < 1. In particular, this
implies that all three functionals vanish in the Minkowski
limit RH — 0.

APPENDIX C: ASYMPTOTIC BEHAVIOR
OF SOBOLEYV PRODUCTS

This appendix contains the calculation of the asymptotic
behavior of Sobolev inner products used in the main text to
quantify how correlations between spatially separated
modes fall off with their separation. In particular, we
analyze the asymptotic behavior of Sobolev inner products
(ha, hp), for the values of s relevant for this article. The
functions %, and hy are assumed to be smooth—this will be
relaxed late—and compactly supported in disjoint regions
A, B C R". Additionally, we assume that a meaningful
notion of distance between A and B can be defined—
namely, that the supports of the modes in A and B can be
separated continuously without deforming or intersecting
them. The goal is to show that, under these conditions, the
decay of the Sobolev products is determined by the order s,
the spatial dimension n, and a mild dependence on the
specific shape of the functions i, and hp.

We are interested in the asymptotic regime when the
distance between the supports of the modes A and B is
much larger than their sizes. Then, a notion of distance
between A and B can be defined as

|AX] = [Xp — X4, (C1)
for any reference points X4 €A and X € B. In this setting,
the translation property of the Fourier transform allows us
to express the Sobolev inner product as

L
(hp. hg), = / G ORyRREeET, (C2)

(27)

where &, and hy denote the Fourier transforms of 4, and
hg. Since both functions are smooth and compactly
supported, their Fourier transforms belong to the
Schwartz space (see Appendix A for the definition). It
follows that, for s > —n/2, the product |k|*h, (k)h} (k) is
locally integrable in any open neighborhood containing
k = 0, and the integral (C2) is infrared finite.

To extract the asymptotic dependence when |AX| — oo,
it is convenient to use the identity

2 I T
e—zk~Ax — —i/(fl . Ax)n . vEe—zk-Ax’

where 7 := AX/|AX|. Integration by parts 2s + n times
shows that for half-integer s the asymptotic behavior of
(ha, hg), is dominated by a boundary contribution near

k = 0, yielding
(has hg)s ~ Cpsha(0)h5(0)|AX]~(29),

with C,, ; a constant. For n = 3, this implies the asymptotic
behavior Re(hy,hp) /o ~ (|AX[)™* and Re(hy. hp), ) ~
(|AX|)~* used in the main text. For general (non-half-
integer) values of s, one can perform integration by parts N
times, where N is the smallest integer satisfying
N > n+ 2s. The resulting integral is within the family
of “oscillatory singular” integrals [87], whose asymptotic
behavior is well known [87], leading to the same asymp-
totic behavior, i.e., (hy, hg), ~ (|AX])~+29),

For s < —1 the tools in [87] cannot be applied. In
particular, a separate analysis is required for s:—%—i-,uz
with u? < 1. In this case, an argument analogous to that in
Proposition 6 applies. When f, and fp are spherically
symmetric, one can set F(k) = f,(k)f5(k) and r = |AX]| in
Eq. (82), yielding

(g h) 32,0 ~ Cua (05 (0)| AT 27, (C3)
where C, tends to a nonzero constant in the limit 4 < 1.
The decay thus becomes arbitrarily slow as u — 0.

065001-30



ENTANGLEMENT AND CORRELATIONS BETWEEN LOCAL ...

PHYS. REV. D 113, 065001 (2026)

For nonspherically symmetric cases, the same reasoning

applies after expanding fA( ) fa(k ) in spherical harmonics

and using the expansion of emikAT i spherical waves,

together with the asymptotic behavior of the spherical
Bessel functions.
Finally, some remarks are in order to clarify the general-
ity of these results.
(1) We have assumed that 7, (0)73(0) # 0. If instead
h,(0)h5(0) = 0, one may expand the product near

k| = 0 as iy (k)i (K) ~ |K|™, with m > O the first
nonvanishing power. The leading asymptotic behav-
ior then becomes

(ha hg), ~ (|AX|)~(n+2stm),

(C4)
Thus, correlation functions decay faster in this case.
This arises if h, or hp belong to the family of
“special functions” defined in Appendix D.

(2) If the shape of the two modes is such that dis-
tance between them cannot be defined without
deforming them—e.g., in the shell configuration
in example 6—no universal asymptotic behavior
exists, and one needs to analyze the configuration
case by case. In the ball-shell configuration in
example 6 (see Fig. 7 for a graphic representation
of the geometry), we find

(Ax)7",
(Ax)~2,

Re(fme)—l/z ~
Re(fAsz)l/Z ~

and

Re(fa, fB)-3/212 ~ (Ax)™2,

(3) The assumption of smoothness of the functions /%,
and hp is made only for clarity. The argument
extends to compactly supported functions belonging
to appropriate homogeneous Sobolev spaces. In
particular, it suffices that f,,fp€H_;,,(R*) and
ga.gp €H, /2(R¥), ensuring sufficient decay of their

Fourier transforms when |k| — oo for all required
integrations by parts.

APPENDIX D: PROOFS FOR THE FAMILY OF
SPECIAL FUNCTIONS

This appendix provides additional details on the class of
functions referred to as “special” in the main text and
explains how the proofs of the main propositions extend to
this family.

This appendix is organized as follows. Section D 1
reviews the definition of special functions and identifies
a subclass that requires separate treatment. Section D 2
completes the proof of Proposition 2 by showing that it

remains valid when the relevant modes belong to the
special family. Section D3 addresses the corresponding
subtleties for Proposition 5. Finally, Sec. D 4 discusses the
asymptotic behavior of the partner of single-mode sub-
systems associated with special functions.

1. Definition and classification of special functions

The set of special functions was introduced in the remark
on page 11 as functions with vanishing spatial average.
They are called “special” because they do not probe the
infrared divergence of the Bunch-Davies vacuum in the
massless limit and field-field correlations built from them
do not show the distinctive almost-scale-invariant behavior.

Formally, these functions are characterized by belonging
to the homogeneous Sobolev space f € H_3(R?), meaning
that their Sobolev norm ||f||_3/2,,2 remains finite in the

limit y> — 0.
To see why this condition implies that f has vanishing
average, consider its Sobolev norm of order —3/2:

IRy = [ IR

For this integral to converge when |k| — 0, the Fourier

3F (k)P

(D1)

transform F(k) must vanish in the limit |k| — 0. Since f is
locally integrable, this condition implies that f has zero
spatial average. Conversely, if f(X) is in the Schwartz space
and has zero average, then Eq. (D1) holds.

The proofs in this article require separate consideration
when the modes y = (g, f) contain these special functions.

Additional subtleties arise when y “‘saturates Holder’s
inequality,” that is when

2

Re(flg)*, ||f||23+,,z||g||

Remark. 1f y saturates Holder’s inequality, the function f
necessarily belongs to the special family. Indeed, saturation
implies F(k) = +|k[>**R'=#’j(k). Since gEH, )y, thus it
diverges at most as |/’_<’|‘1 near the origin, it follows that
F(0) =0, so f belongs to the special family.

2. von Neumann entropy

We now complete the proof of Proposition 2 by con-
sidering the case where the mode y saturates Holder’s
inequality. This situation is relevant for cases 2 and 3 of the
proof of Proposition 2, since for such modes the coef-
ficients b and ¢ vanish, and we must verify that the
remaining terms still yield 4 — (¢M"%)2 monotonically
increasing with H. For brevity, we focus on case 2, but the
same reasoning applies to case 3.

Let }/E,l) = (gE‘l), 0) and y( ( fA ) define a single-
mode subsystem, with these functlons satisfying Holder’s
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inequality. Hence, b = 0 and
= ()2 1 2(RH)'
1 (@
< (19411} — Re(gy. 5)

x (1+0() + 0.

_ 2 2
)R- Re(f, )

i 2
5 .
2 7T7

(D2)

Furthermore, the saturation of Holder’s inequality
implies |\g£‘1>||_2 = Re(ggl),gf))l, meaning that the lead-
ing-order term’in the previous équation vanishes.

Moreover, for functions in the special family, the limit
u> — 0 exists and is finite. In this limit, the symplectic
eigenvalue of such fine-tuned single-mode subsystems in
de Sitter exactly coincides with its Minkowski counterpart,

ﬂlzl_r%yf\ — (IJE\/lmk)Z7

independently of the value of H.

Physically, these fine-tuned modes are insensitive to
spacetime curvature. As we will show in Sec. VII, the same
conclusion extends to the partners of these modes, whose
behavior in the x> — 0 limit coincides with that of their
corresponding modes in Minkowski spacetime.

3. Entanglement

While the classification of cases in the proof of
Proposition 5 was not exhaustive, the remaining cases
can be handled using the same techniques as in cases 1 and
2. However, additional subtleties arise when the modes in
both regions A and B involve smearing functions that
saturate Holder’s inequality. The aim of this section is to
complete the proof of Proposition 5 by examining this case.

The modes defined from functions that saturate Holder’s
inequality are curvature insensitive so that for this set of
modes, the comparison between the symplectic invariants
in the Bunch-Davies vacuum with those of the correspond-
ing modes in Minkowski should be done in the massless
limit 4*> — 0. Then, following Sec. D 2, one can show that
all symplectic invariants characterizing the two-mode
system are independent of RH and their values coincide
exactly with those for the corresponding modes of a
massless field in the vacuum of Minkowski spacetime,
that is,

limy; = z/IIv“nk, I =A,B, (D3)
u>—0
and
,}ziin(] v, = phlink, (D4)

Thus, the logarithmic negativity between two compactly
supported, spacelike separated special modes saturating
Holder’s inequality in the Bunch-Davies vacuum coincides

with that of the corresponding modes in Minkowski
spacetime in the massless limit. Combining this with the
results for generic (nonspecial) functions, we conclude that
any two compactly supported, spacelike separated modes
of a light field in the Bunch-Davies vacuum are less or
equally entangled than their Minkowski counterparts.

4. Asymptotic behavior of the partner

Finally, we analyze the behavior of the partner mode
associated with a compactly supported field mode y, =
(9a(X), fa(X)) when f,(X) belongs to the special family.

It follows from Eq. (80) that the leading-order behavior
of the partner’s second component, denote as f, in the main
text, is identical to that discussed in the main text; we
therefore focus on its first component. Since f, is special,
its Fourier transform must vanish as |l€| — 0. To facilitate
the analysis, we write the special function f, as
Fa(k) = |K|*F(k), with a€Z,, and F(k) > C#0 in
the limit |k| — 0. Expressing the sin(kr) in Eq. (80) as
complex exponentials and integrating by parts, one obtains
integrals of the type introduced in Eq. (81). The asymptotic
behavior of integrals of this type can be obtained using
standard techniques of asymptotic analysis (see, e.g., [84]),
from which we conclude that

(JpBYa) ~ O(r—a—z,ﬂ)’

for a > 0. Hence, when f, is special, the partner mode
decays with an additional power r~* with @ > 0 relative to
the generic case, breaking the near scale invariance found
for typical modes.

APPENDIX E: VALIDITY OF Proposition 2 FOR
ARBITRARY RH FOR RESTRICTED MODES

Proposition 2 applies to any single mode of a light field
whose support is large compared to the Hubble radius,
RH > 1—the regime of interest in cosmology. In this
appendix, we show its validity can be extended for all
values of RH for single-mode subsystems whose classical

state space I'4 admits a Darboux basis of the form yg]) =

(0,—f(X)) and 7’,(42> = (g(),0), so that the corresponding
observables (®[f],T1[g]) represent a canonical pair built
from pure field and momentum smeared operators. For
such family of subsystems, Proposition 2 can be extended
to a broader range of values of RH.

Proposition 12. The von Neumann entropy of a single-
mode subsystem, whose operator algebra is generated by a
pure-field and a pure-momentum operator, (®[f],T1[g]),
with f and g chosen such that they do not saturate Holder’s
inequality, grows monotonically with RH for all RH > 0.

Proof. For such a single-mode system, Eqgs. (45)—(47)
yield
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Vi = ()2 4 (RH)>™°Fy + O(?).  (E1)
where
Fa=EKIf125,,,01l917 2
- Re(fv 9)31/2+,42/z) + O(Mz)’ (EZ)
with K2 = 2224822 - Since Holder's inequality

is not saturated by assumption, F 4 > 0, and thus 13 >
(LMink)2 for sufficiently large RH.

To assess whether this inequality holds for all RH > 0,
we need to analyze the possible impact of the correction
terms Neg, N, and Nep. While these are small
compared to F, when RH~1, when RH ~ i’
(RH)>2’KF, the contributions N gp, N, and N ep
could in principle compete with the leading term. However,
as shown in Appendix B, N g and Ny vanish at least as
O((RH)?) and Ny scales as O(RH) for RH < 1.
Consequently, none of these contributions can become
larger than the term with F 4, and the inequality 2} >
(LM1ink)2 remains valid also when RH < 1. "

APPENDIX F: EXTENSION OF Proposition 5 TO
ARBITRARY RH FOR RESTRICTED MODES

For a restricted class of modes—specifically, pairs of
identical single-mode subsystems generated by operators
(®[f].TI[g]) with £, g not belonging to the special family—
we show that the result of Proposition 5 holds for all
RH > 0, thus extending the original result of Proposition 5,
which was restricted to RH > 1. These subsystems are
special because they are generated by a “pure field”
operator and a “pure momentum” operator—by contrast
with the most general subsystem, which is generated by
two operators each corresponding to a linear combination
of a pure field and a pure momentum operator.

Proposition 13. Let A and B denote two single-mode
subsystems with supports in spacelike-separated regions,
generated by (®[f,].[g4]) and (®[f].T1[gg]), where

|

2‘7:A (ﬂl![ink)Z _ j:'+ (UIL/Iink)2 —F_ (VIXIin

fa = fp:=fand g4 = gp = g (up to a spatial translation),
and assume that f has a nonvanishing average. Their
entanglement decreases monotonically with H.

Proof. In Proposition 5, we established that the sym-
plectic eigenvalues 7_ [defined in (32)] can be expressed as
a Minkowski contribution plus an additional functional
whose leading behavior is that of a positive polynomial
in RH when RH > 1. We now extend this result to all
RH > 0 for the aforementioned family of modes.

As discussed in Sec. IID 3, the LN of a two-mode
system depends only on D_, which can be written as

72 = (M) £ (RH)> 2 F_, (F1)

where the expression for F_, for the case under consid-
eration of two identical single-mode subsystems separated
from each other, follows directly from Eq. (76).

The Gaussian separability lemma (see Appendix A)
ensures that the LN vanishes whenever detC =
det Cpjink +detCyg > 0. Hence we focus on modes
satisfying detC <0 for all RH >0. This requires
specific sign combinations among the Sobolev inner
products. For definiteness, we choose Re(galgs)/, <0,

Re(f4lfs)-1/2 > 0, and Re(f4[f5)_3/2+,2 > O, which cor-
respond to non-negative smearing functions. This choice is
made for convenience only: Any alternative sign configu-
ration satisfying det C < 0 would lead to the same con-
clusion, with minor changes in intermediate inequalities.

For any sufficiently differentiable, compactly supported
function with nonvanishing average, the Sobolev norm
||f||33/2+ﬂ2 satisfies ||f||i3/2+ﬂ2 ~ O(ﬂ_z) when luz < 1’
ensuring that in this regime the de Sitter correction in
Eq. (F1) dominates even when RH ~ 1. Thus, the result of
Proposition 5 remains valid up to RH ~ 1.

To study smaller values of RH, it is convenient to
introduce x := RH/u and analyze three regimes: x > 1,
x~1, and x <« 1. While the first regime follows directly
from Proposition 5, the cases x ~ 1 and x < 1 require a
dedicated discussion.

In the regime x < 1, F_ can be approximated by

(RH)>F_ ~ —(RH)>" (

where the correction terms JF, are given by

“ L) + o) (72)

Fo = K2[(I1FIPy. . £ Re[(Falf5) yis0] ) (119l = Re[(galgmy) ) = (Re[(Flo)_y ] = Re[(Falan)_y 2] )]

22—2;42 ﬂR—2+2u2

= e A1

(RH)> F; = (RH)

2_2ﬂ2‘7'-++.7:_
2

— 2det Cys. (F3)
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Finally, A is defined as

A= % \/ Afgink — det Oygink (F4)
where Ay and oy, denote the symplectic invariants for
the corresponding modes of a massless scalar field in the
Minkowski vacuum. Importantly, one can show that A > 0.

States that are not manifestly separable (according to the
Gaussian separability lemma) satisfy the inequalities
F_<F., F_<Fa<Fi<ZFy and (Mnk)? <
(LMink)2 < ((Mink)2 " and the numerator in the right-hand
side of Eq. (F2) can be approximated by

2]:5(1711/Iink)2 _ ]:+(yli/[ink)2 _ f_<yl\+4ink)2
= (IIf1121)2 = Re(falfa)1/2)(lgll} p(2F 5 = F )

+Re(galgn)1n(2F 5 + ) = F_(A)2). (F5)
Using the Cauchy-Schwartz inequality, the inequalities
between F., Fa, and Fj, and the sign conventions
above, we conclude that 2F;(¢Mink)2 — F  (yMink)2 _
F_(Mn)2 <0, implying F_ > 0 also when x < 1.

Since F. >0 also for RH > 1 (Proposition 5), the
dependence on RH is continuous, and using the scaling
for the subleading contributions Nzz for =, € {®,I1}
when RH <« 1 derived in Appendix B, we conclude that
F_ > 0 also when RH ~ pi2. "

We conclude that for two spacelike-separated, identical
single-mode subsystems of the form (®[f],1I[g]), where f
and g do not belong to the special family, defined in
Appendix D, F_ is positive for all RH > 0. Consequently,
the entanglement between the two modes decreases mono-
tonically with H. Additionally, the Minkowski limit is
recovered smoothly as H — 0.

APPENDIX G: SIMON’S NORMAL FORM

To facilitate the calculations of symplectic invariants, it
is convenient to write the covariance matrix of the pair of
degrees of freedom in the so-called Simon’s normal form
(see, e.g., Sec. 7.1.1. in [64]):

; ( A C’) (G1)
[} — )
AN (S Er*
where
6/, = v,
oy = vplh,
C' = diag(cy,c_), (G2)

with v;, I = A, B being the symplectic eigenvalues of the
reduced single-mode covariance matrices and ¢, > c_ the
correlations between subsystems A and B.

Any 4 x 4 covariance matrix 64 with block components
64, 6g, and C can be brought to this normal form by a
change of basis within subsystems A and B. Such change of
basis is implemented by a system-local symplectic trans-
formation,

61/43 = SO'ABST, (G3)

where
S=(0,® 0p)(Uj @ UD((LYH) " @ (Ly)™"). (G4

Here, O; (I = A, B) are orthogonal transformations, L;
denotes the linear maps that diagonalize Q,0;, and

1 /1 i
The coefficients ¢, are obtained as
1
cr =3 (\/(dn +dn)? + (dip — dy)?
+ \/(dn —dy)* + (dpy + d21)2>’ (G6)
with
dyy = 1 1 (6l (6L C2 — 512C12)
+oR(oC — oliC), (@)
1 v
dyy = —=—= [(c}2C" =6}/ C?),  (GY)
o4 0p VA
dor — 1 Va 12011 112 GO
20T T _<0'B —O0p )s (G9)
\Vo,sop \VUB
and
VAU
dyy = [ 1=C. (G10)
04 0p

In Simon’s normal form, the global symplectic invariants
and, in particular, the symplectic eigenvalues take compact
analytical expressions:

deto = (vyvp — 1) (vavp — ¢2), (G11)
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1
Vi = 3 (1/% + 13 +2c_c \/(yf‘ -3 +dc e (V3 +1v3) +duaup(c + c%)), (G12)
and
1
7= 3 (z/f‘ +v3—2c_c, + \/(z/f‘ —13)? —dc e (VA +13) +duuvp(ct + c%)), (G13)

where 7. denote the symplectic eigenvalues of the partially
transposed covariance matrix.

Simon’s normal form is particularly useful for evaluat-
ing the mutual information and logarithmic negativity.
Although the explicit construction above is not strictly

I
required for our proofs, it greatly simplifies subsequent
expressions—especially when the reduced covariance
matrices of subsystems A and B share the same symplectic
eigenvalues.
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