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ABSTRACT 

In this work, we revisit the Wells–Riley model, which has been widely used to estimate airborne infection risk in indoor 
settings. In particular, we consider a probabilistic (i.e., “stochastic”) framework of the Wells–Riley model which allows one to 
quantify infection risk in terms of the per-capita probability of infection for each susceptible individual, as well as the probability 
distribution of the number of infections (here referred to as “exposures”) during the indoor interaction. Directly extending the 
work by Edwards, King, Noakes et al. (2024), we consider here the situation where the main parameters in the Wells–Riley model 
(namely, the quanta generation rate 𝑞, the ventilation rate 𝑄, the number of infectors 𝐼, or the duration of the indoor interaction 
𝑇) may be random or uncertain. We show how, in this case, the per-capita infection risk 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 becomes a random variable 
between 0 and 1, and compute its density function under some parametric assumptions. This allows for a comprehensive analytical 
quantification of uncertainty when dealing with heterogeneous populations, uncertain environmental conditions, or stochastic 
human behavior. Our results reveal that infection risk can vary significantly depending on the distribution and variability of model 
parameters. In particular, using mean parameter values in the classical Wells–Riley model can lead to systematic inaccuracies: 
Uncertainty in 𝑞, 𝑇, or 𝑏 leads to infection risk overestimation, while environmental stochasticity (i.e., uncertainty in ventilation 
or removal rates) can lead to infection risk underestimation. We also investigate which parameter mainly drives the uncertainty 
in infection risk when two model parameters are simultaneously random. 
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 Introduction 

irborne transmission is a common mode of infection for various
athogens. It played a particularly significant role in the spread
f COVID-19 during the pandemic that began in early 2020
Karia et al. 2020 ). This type of transmission occurs when a
usceptible host breathes in small droplets or aerosols laden
ith an infectious pathogen, usually produced by an infector
ue to breathing, talking, coughing, sneezing, or during aerosol-
enerating procedures. Unlike other routes of infection, such as
omite transmission which is driven by direct contact (e.g., touch)
his is an open access article under the terms of the Creative Commons Attribution Licen
riginal work is properly cited. 
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isk Analysis , 2026; 46:e70272 
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with a contaminated individual or surface, airborne transmission
may infect individuals indirectly (e.g., shared air within indoor
settings). 

Long-range airborne transmission can be mitigated using ven-
tilation strategies (Qian and Zheng 2018 ) and through the use
of personal protective equipment (PPE) such as masks (Wang
et al. 2021 ). During the early stages of the COVID-19 pandemic,
a limited availability of medical masks resulted in illness among
the frontline healthcare workforce (The Lancet 2020 ). This led to
staff shortages and put a strain on healthcare services worldwide
se, which permits use, distribution and reproduction in any medium, provided the 

iety for Risk Analysis. 
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 articles are governed by the applicable C
rea
Xu et al. 2020 ). It is therefore important to understand and
ssess the risk of airborne transmission particularly in healthcare
ettings. On the other hand, it is also important to analyze
ransmission dynamics in non-healthcare settings, especially in
he case of large-scale or super-spreading events, which can play
 significant role in accelerating population-level transmission
uring an epidemic. A paradigmatic example is the Skagit
ounty Choir rehearsal outbreak in Washington, USA, during
020, where an index case with COVID-19 was thought to have
nfected 53 of the 61 attendees, resulting in two deaths (Hamner
020 ). The high number of exposures was likely linked to poor
entilation (Miller et al. 2021 ) and the fact that individuals were
inging, which is known to increase the volume of exhaled
erosols (Schijven et al. 2021 ). This highlights the importance
f understanding environmental and behavioral factors affecting
irborne transmission risk. 

o systematically evaluate infection risk, the Quantitative Micro-
ial Risk Assessment (QMRA) framework can be used. We refer
he reader to Haas et al. ( 2014 ) for a comprehensive and foun-
ational overview of this methodology. QMRA aims to identify
isk factors, and to link pathogen exposure to the probability
f infection through the use of mathematical modeling. The
se of mathematical models helps to identify the main factors
ontributing to infection risk, which may inform infection control
trategies. Different models can be developed for various routes of
ransmission or scenarios. For example, QMRA models have been
roposed for waterborne exposure (Haas et al. 1993 ; Cummins
t al. 2010 ; World Health Organization 2016 ; Doménech et al.
022 ; Paraskevopoulos et al. 2024 ), fomite transmission (Nicas
nd Jones 2009 ; Sze-To et al. 2014 ; King et al. 2022 ; Abney et al.
024 ; Bate et al. 2024 ), and airborne transmission (Chen et al.
006 ; Denpetkul et al. 2022 ; Miller et al. 2022 ; Bate et al. 2024 ). 

 particular QMRA framework to quantify airborne transmission
isk is the Wells–Riley model. The Wells–Riley model uses the
oncept of a quantum of infectious pathogen, which was defined
y Wells ( 1955 ) as the amount of infectious pathogen required
o infect a susceptible host upon inhalation. The model was
ormalized in its classical form by Riley et al. ( 1978 ), where it
as applied to a case study involving a Measles outbreak within
 Florida elementary school. The classical Wells–Riley model
ssumes well-mixed air, a steady-state concentration of pathogen
n the air, and a precise knowledge of individual (breathing rate,
nfectiousness), behavioral (duration of the indoor interaction)
nd environmental (ventilation) conditions, in terms of specific
alues of model parameters. Extensions of the Wells–Riley model
ave been proposed to address some of its main limitations,
uch as spatial models linking Computational Fluid Dynamics
pproaches to the Wells–Riley model (Qian et al. 2009 ; Gupta
t al. 2012 ), adaptations to consider a transient concentration of
athogen in the air over time (Gammaitoni and Nucci 1997 ), or
n extended Wells–Riley model to leverage CO 2 measurements
Rudnick and Milton 2003 ). In many real scenarios, it is chal-
enging to determine precise values for the parameters of the
ells–Riley model, due to biological heterogeneity, stochastic
uman behavior, fluctuating environmental conditions, or due
o insufficient/incomplete observations. For example, emission
ates or viral loads of individuals within a population may vary
ue to stage of infection, age, respiratory activity, and other
ehavioral or physiological factors (Buonanno, Stabile, et al. 2020 ;
of 36
Jones, Biele, et al. 2021 ; Euser et al. 2021 ; Jones et al. 2024 ;
Aganovic et al. 2024 ; Sender et al. 2022 ; Schijven et al. 2021 ;
Mikszewski et al. 2022 ); removal rates may vary substantially
with changing weather, building operation, or room-level factors
(Nazaroff 2021 ; Edwards, King, López-García, et al. 2024 ; Jones,
Sharpe, et al. 2021 ; Henriques et al. 2025 ; Jones et al. 2025 );
the duration of indoor interactions is often uncertain or only
partially observable (King et al. 2021 ; Edwards, King, Noakes,
et al. 2024 ). Furthermore, behavioral patterns such as mask-
wearing, movement within indoor environments, and variable
contact durations introduce further heterogeneity (King et al.
2021 ; Huang et al. 2022 ). At the group level, this uncertainty
can significantly affect infection risk estimates, producing highly
skewed distributions of secondary infections even under identical
environmental conditions (Iddon et al. 2022 ). They are often
difficult to capture using fixed, deterministic parameter values. 

Recent work has taken substantial steps to incorporate such
uncertainty into airborne infection risk modeling. Monte Carlo
and numerical approaches have been used to propagate vari-
ability in emission rates, breathing rates, removal processes,
prevalence, and occupancy (Bate et al. 2024 ; Henriques et al. 2025 ;
Iddon et al. 2022 ; Jones, Sharpe, et al. 2021 ; Jones et al. 2025 ;
Edwards et al. 2026 ). Other approaches have examined the role of
uncertainty in viral load and emission using quanta-independent
optimization methods (Aganovic et al. 2024 ). These frameworks
have informed building-design and mitigation guidance, includ-
ing ASHRAE Standard 241 (Jones et al. 2025 ), by explicitly
embedding parametric uncertainty into their risk-assessment
methodologies. Together, these studies highlight that uncertainty
is not an auxiliary component but a central feature of airborne
transmission modeling, and that robust infection risk assessment
requires methods capable of representing full distributions rather
than only mean values. 

This study proposes a stochastic, analytical framework to
incorporate uncertainty into the Wells–Riley model, extending
work previously developed by Nicas ( 1996 ) and more recently by
Edwards, King, Noakes, et al. ( 2024 ). Nicas ( 1996 ) incorporated
uncertainty into dose–response models by analyzing Beta-
and Gamma-distributed doses, while Edwards, King, Noakes,
et al. ( 2024 ) considered exponentially or Erlang-distributed
quanta emission rates or exposure durations when revisiting the
Wells–Riley model. Here, we extend this line of work by deriving
analytic expressions for the full probability distribution of the
per-capita infection risk when one or two model parameters
are uncertain, rather than focusing solely on average risk or
relying on Monte Carlo simulation. By treating key parameters
as random variables, the per-capita infection risk itself becomes a
random variable in (0,1) with a well-defined density. Specifically,
we consider Gamma-distributed parameters, which provide
the flexibility to model unimodal non-negative distributions
while retaining analytical tractability, and derive closed-form
density functions as well as mean infection risks and exposure
distributions. Our results extend those of Nicas ( 1996 ) and
Edwards, King, Noakes, et al. ( 2024 ) by analyzing infection risk
under broader classes of random parameters, considering pairs
of parameters simultaneously, and incorporating random
ventilation (a scenario not addressed in Edwards, King,
Noakes, et al. 2024 ). This framework enables an analytically
comprehensive characterization of how uncertainty in emission
Risk Analysis, 2026
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 articles are governed by the applicable C
rea
ates, exposure times, and environmental conditions shapes the
istribution of infection risk across different scenarios. 

he rest of this paper is organized as follows: In Section 2 ,
e introduce the classical Wells–Riley model and present its
tochastic formulation, while incorporating uncertainty into
odel parameters (both in individual parameters and in pairs);
he aim is to compute the density function of the per-capita
nfection risk, as well as the probability of observing exactly 𝑛
xposures. In Section 3 , we illustrate our analytical results by
eans of two case studies to investigate the impact of parameter
ncertainty on infection risk. Section 4 contains a final discussion
f our approach and findings. 

 Methodology 

he Wells–Riley model (Wells 1955 ; Riley et al. 1978 ) has been
idely used to estimate airborne transmission risk during indoor
nteractions. In particular, for an indoor interaction between 𝑆
usceptible and 𝐼 infectious individuals during [0 , 𝑇] , the Wells–
iley model estimates the per-capita infection risk (i.e., the
robability of infection for each susceptible individual) as 

𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 = 1 − 𝑒
− 𝐼 𝑏𝑞 

𝑄 
𝑇 
, (1)

here 𝑏 is the pulmonary (breathing) rate [ m3 ⋅ h− 1 ], 𝑞 is the
uanta emission rate [ quanta ⋅ h− 1 ], and 𝑄 is the ventilation
ate [ m3 ⋅ h− 1 ]. In this equation, the ventilation rate 𝑄 can be
eplaced by a more general loss parameter which may account
or pathogen decay or deposition; see Edwards, King, Noakes,
t al. ( 2024 ) and Miller et al. ( 2021 ). It has recently been shown by
dwards, King, Noakes, et al. ( 2024 ) that, since infection events
ccur independently of each other, the number of infections
which we will synonymously refer to as “exposures” since it is
ypically the case that these individuals become infected but not
nfectious during [0 , 𝑇] , since 𝑇 represents the duration of the
ndoor interaction which is typically in the order of minutes or
ours rather than days) follows a binomial distribution 

𝐸 ∼ Binomial ( 𝑆, 𝑃infe ction ) 

o that the probability of observing exactly 𝑛 exposures during
0 , 𝑇] is given by 

ℙ ( 𝐸 = 𝑛) = 

(𝑆 
𝑛 

)
𝑃𝑛 
𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

(1 − 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 )
𝑆− 𝑛 , 𝑛 ∈ {0 , 1 , . . . , 𝑆} . 

he main assumptions behind the classical Wells–Riley model
re: 

∙ The air is well mixed, so that the concentration of pathogen in
the air is spatially homogeneous. 

∙ The concentration of pathogen in the air is in steady state
during [0 , 𝑇] , neglecting any transient dynamics before this
steady-state concentration is actually reached. A transient
version of the model was proposed by Gammaitoni and Nucci
( 1997 ); see Edwards, King, Noakes, et al. ( 2024 ) for details. 
isk Analysis, 2026
∙ All individuals behave homogeneously, remain in the indoor
environment for the duration of the interaction [0 , 𝑇] , and the
model parameters ( 𝐼, 𝑏, 𝑞, 𝑇, and 𝑄) are known and fixed. 

As described in Section 1 , recent work in the literature has
aimed to address some of these limitations. In particular,
numerical approaches or Monte Carlo simulations have been
leveraged to incorporate parametric uncertainty and population
heterogeneity. On the other hand, a stochastic, mathematical
formulation has been recently proposed by Edwards, King,
Noakes, et al. ( 2024 ) when revisiting the Wells–Riley model,
which also addresses some of these points. In particular, Edwards,
King, Noakes, et al. ( 2024 ) considered the following: 

∙ The situation where the infector(s) leave(s) at time 𝑇, but
the susceptible individuals remain in the room until 𝑇 + 𝑡 for
some 𝑡 ≥ 0 . 

∙ The scenario where either 𝑏, 𝑞, or 𝑇 are random parameters,
following either an Exponential or Erlang distribution. This
could represent situations where there is population hetero-
geneity or to incorporate stochastic human behavior. Analytic
results for the expected per-capita probability of infection and
the number of exposures were obtained. 

It is interesting to note, however, that if a parameter in
{ 𝐼, 𝑏, 𝑞, 𝑇, 𝑄} is considered to be random, for example, due
to uncertainty, the per-capita infection risk 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 given by
Equation ( 1 ) is also a random variable, defined in (0,1) (i.e.,
representing the possible values that 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 can take). That
is, if a parameter such as 𝑞 is random (i.e., infectiousness is
unknown/stochastic), and follows a particular probability distri-
bution, the per-capita infection risk for each susceptible individ-
ual, 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 , would be uncertain and depend on the specific value
of the random parameter 𝑞 during the specific interaction. For
each (random) value of 𝑞, 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 would take a different value
in (0,1). Thus, Edwards, King, Noakes, et al. ( 2024 ) provided an
expected (i.e., average) value of this infection risk probability,
𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] , when either 𝑏, 𝑞, or 𝑇 are exponentially- or Erlang-
distributed. Here, we propose to go beyond this approach and
better capture the uncertainty in infection risk by considering
𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 as a random variable in (0,1) and calculating its density
function (instead of just its expected value). We consider here
Gamma-distributed parameters, going beyond Exponential or
Erlang distributions. The Exponential distribution is obtained
by setting the Gamma shape parameter to 1, whereas the
Erlang distribution represents a Gamma distribution with integer
shape parameter. Gamma distributions yield better parametric
flexibility when modeling uni-modal parametric regimes in the
non-negative line, while allowing for some analytical tractability
in Section 2 . We note that multimodal regimes can also be
considered through linear combinations of Gamma distributions
(see Section 2.1.1 and Appendix A1.1 ). It may be possible to extend
some of our results to alternative distributions, as discussed in
Section 4 . We also consider the possibility of up to two parameters
being simultaneously unknown/uncertain rather than just one. 

From now on, we classify parameters in the Wells–Riley model
as population-related (i.e., mainly related to the individuals
involved in the interaction and their behavior: 𝐼, 𝑏, 𝑞, 𝑇) or
environmental ( 𝑄). In Subsection 2.1 , we present equations which
3 of 36
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efine the density function and mean value of the per-capita
robability of infection 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 , as well as the probability of
bserving exactly 𝑛 exposures ℙ ( 𝐸 = 𝑛) when we have a single,
andom population-related parameter. Subsection 2.2 contains
imilar results when focusing on the environmental parameter 𝑄,
hereas in Subsection 2.3 , we consider pairs of simultaneously
andom parameters. 

.1 Uncertainty in Population-Related 

arameters 

e consider here uncertainty in one of the population-related
arameters { 𝐼, 𝑏, 𝑞, 𝑇} . Since these appear in the numerator of the
xponential function in the per-capita infection risk probability
n Equation ( 1 ), the analysis related to each of these param-
ters is completely symmetric, with the only difference being
hat 𝐼 takes discrete values whereas parameters { 𝑏, 𝑞, 𝑇} take
ontinuous ones. 

.1.1 Uncertainty in Breathing Rate 𝒃 , Quanta 
mission Rate 𝒒 , or Exposure Time 𝑻

e provide here results for the case where the quanta generation
ate 𝑞 is random. Since exactly the same arguments apply
o parameters 𝑏 and 𝑇, analogous results are omitted here.
ncertainty in 𝑞 might be due to uncertainty in estimating its
recise value, or alternatively represent population heterogeneity
here different individuals in the population might have different
uanta generation rates. In particular, we consider the situation
here the quanta generation rate follows a Gamma distribution 

𝑞 ∼ Gamma ( 𝑘, 𝜆) , 

ith shape parameter 𝑘 > 0 and rate parameter 𝜆 > 0 . That is, 𝑞
as probability density function 

𝑓𝑞 ( 𝑥) = 

𝜆𝑘 𝑥𝑘− 1 exp ( − 𝜆𝑥) 

Γ( 𝑘) 
, 𝑥 > 0 , 

here Γ( 𝑘) is the Gamma function. We note that the particular
ase where 𝑘 is a positive integer leads to an Exponential
istribution, 𝑞 ∼ Exp ( 𝜆) , if 𝑘 = 1 or Erlang distribution, 𝑞 ∼
rlang ( 𝑘, 𝜆) , if 𝑘 = 2 , 3 , . . . . As discussed above, if 𝑞 is random the
er-capita infection risk 

𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 = 1 − 𝑒
− 𝐼 𝑏𝑞 

𝑄 
𝑇 
, 

s also random. That is, 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 is a random variable which
an take different values in (0,1) depending on the value of 𝑞
hat happens to “occur” during a specific indoor interaction. The
im here is to capture the uncertainty in 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 caused by the
andomness of 𝑞, by computing the probability density function
f the random variable 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 . For 𝑞 ∼ Gamma ( 𝑘, 𝜆) , this can
e calculated as (see Appendix A1.1 ) 

𝑓𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 
( 𝑝) = 

( 

𝜆𝑄 

𝐼𝑏𝑇 

) 𝑘 
[ − ln (1 − 𝑝)]𝑘− 1 (1 − 𝑝)

𝜆𝑄 

𝐼𝑏𝑇 
− 1 

Γ( 𝑘) 
, (2)
of 36

a

such that 𝑝 ∈ (0 , 1) . This density function allows one to estimate
how likely different values of 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 are within the interval
(0,1), based on the distribution of 𝑞. We note that this expression
is consistent with an analogous result obtained by Nicas ( 1996 )
in the context of dose–response models, when considering a
Gamma-distributed dose. As expected, the density function in
Equation ( 2 ) depends on parameters { 𝐼, 𝑏, 𝑄, 𝑇} but does not
depend on 𝑞 itself, since it is not a fixed parameter value here
but a random parameter instead. Thus, the density function of
the per-capita infection risk probability depends instead on the
extra parameters ( 𝑘, 𝜆) governing the distribution of 𝑞. From
this, the “expected” or “average” per-capita infection risk is (see
Appendix A1.1 ) 

𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] = 1 −

( 

𝜆

𝜆 + 𝐼𝑏𝑇 

𝑄 

) 𝑘 

. (3)

This expression provides an exact average infection risk while
accounting for the randomness or uncertainty in parameter 𝑞,
whereas the full infection risk profile is captured by the density
function of 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 given by Equation ( 2 ). 

It is interesting to explore what would happen if one consid-
ered the average quanta generation rate 𝑞̄ = 𝔼 [ Gamma ( 𝑘, 𝜆)] =
𝑘∕𝜆 as a representative parameter value for 𝑞, and plugged it
into the classical Wells–Riley approach to obtain a potentially
representative per-capita infection risk probability 

𝑃̄𝑊𝑅 
𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

= 1 − 𝑒
− 𝐼 𝑏𝑇 

𝑄 
𝑞̄ = 1 − 𝑒

− 𝐼 𝑏𝑇 

𝑄 

𝑘 

𝜆 . 

This is a typical approach in the literature when implementing
the classical Wells–Riley framework to estimate infection risk
under parameter uncertainty. Interestingly, it can be shown that
𝑃̄𝑊𝑅 
𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

will always overestimate the “true” mean 𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] in
Equation ( 3 ) (which represents the exact average infection risk
probability which fully accounts for the randomness in 𝑞); that
is, 

𝑃̄𝑊𝑅 
𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

> 𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] 

for all parameter regimes ( 𝐼, 𝑏, 𝑇, 𝑄, 𝑘, 𝜆) . In fact, this holds for
any general, positive-valued distribution of 𝑞 (equivalently, of 𝑏 or
𝑇), and not just a Gamma distribution, since this relies only upon
the concavity of the Wells–Riley equation and the use of Jensen’s
inequality; see Appendix A5.1 . 

For illustrative purposes, we plot in Figure 1 the relative
difference, 

Relative difference (%) =
𝑃̄𝑊𝑅 
𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

− 𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] 

𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] 
× 100 , 

between the classical approach, 𝑃̄𝑊𝑅 
𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

, and the analytical mean
infection risk, 𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] in Equation ( 3 ), for parameter values
( 𝑘, 𝜆, 𝑏, 𝑇, 𝑄) randomly sampled within relatively wide ranges,
and average quanta generation rates in 𝑞̄ ∈ [0 . 01 , 100] quanta ⋅

h− 1 to represent a wide range of emission rates. As expected,
strictly positive relative differences correspond to infection risk
overestimation by the classical approach versus its exact average
Risk Analysis, 2026
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FIGURE 1 Scatter plot for the relative difference between 𝑃̄𝑊𝑅 
𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

(classical Wells–Riley approach with constant, average quanta generation 
rate 𝑞̄ = 𝑘∕𝜆) and the exact analytical mean infection risk 𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] 
in Equation ( 3 ), versus 𝑞̄ and 𝑏𝑇 

𝑄 
. The shape and rate parameters 

( 𝑘, 𝜆) of the Gamma distribution of 𝑞, as well as parameters ( 𝑏, 𝑇, 𝑄) , 
are randomly sampled within relatively wide ranges. In particular, 
log 10 (𝑞̄ ) ∈ [ − 2 , 2] , 𝑘 ∈ [1 , 20] (such that we set 𝜆 = 𝑘∕𝑞̄ and explore 𝑞̄ ∈
[0 . 01 , 100] quanta ⋅ h− 1 ), 𝑏 ∈ [0 . 2 , 0 . 6] m3 ⋅ h− 1 , 𝑄 ∈ [10 , 1000] m3 ⋅ h− 1 

(approximately 𝐴𝐶𝐻 ∈ [0 . 1 , 10] for a volume of 𝑉 ≈ 100 m3 (Edwards 
2024 )), and 𝑇 ∈ [0 . 1 , 100] h . 
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rea
ounterpart. The plot suggests that parametric choices of ( 𝑏, 𝑇, 𝑄)

eading to relatively large values of 𝑒
𝑏𝑇 

𝑄 , combined with suffi-
iently high 𝑞̄ , lead to larger relative differences. In particular, we
bserve overestimations of the analytical mean by the classical
pproach on the magnitude of 5% − 27% for a localized “strip”
n the upper right region in Figure 1 . Below and to the left of
his strip, as well as above and to the right, we observe little
o no relative difference. We note that these two darker regions
orrespond to a combination of low (below the strip) and high
above the strip) values of 𝑏𝑇∕𝑄 and 𝑞̄ , resulting in both estimates,
̄𝑊𝑅 
𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

and 𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] , tending toward zero or one. The region
f 𝑏𝑇∕𝑄 at which overestimations occur are dependent on
he value of 𝑞̄ . It is also interesting to note that nearby dots
n Figure 1 can still have different colors indicating different
elative differences. This is due to the particular distribution
f 𝑞 corresponding to those dots, which is determined by the
pecific values of ( 𝑘, 𝜆) . Wider Gamma distributions around 𝑞̄
obtained for smaller values of 𝑘, with 𝜆 = 𝑘∕𝑞̄ ) translate to
igher skewness and variance, representing higher uncertainty
round 𝑞̄ . Overall, our results suggest that larger variance and
kewness of 𝑞 lead to larger relative differences between 𝑃̄𝑊𝑅 

𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛

nd 𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] . In particular, the classical approach with average
̄ does not appropriately account for the possibility of small values
f 𝑞 happening with positive probability, which would lead to
ow infection risk in reality; thus, 𝑃̄𝑊𝑅 

𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 
can overestimate the

eal average infection risk in these situations, better captured by
 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] . It should be mentioned that for the values considered
n Figure 1 , relative differences for larger 𝑞̄ and 𝑏𝑇∕𝑄 correspond
o larger absolute differences in the infection risk estimates. The
elative overestimations for different values of 𝑞̄ and bT ∕𝑄 have
isk Analysis, 2026
been analyzed in further detail in Appendix A5.1 . Since these
infection risk estimates may be used in practice to propose or
quantify the impact of specific mitigation strategies (Gammaitoni
and Nucci 1997 ; Chen et al. 2006 ; Bazant and Bush 2021 ), our
results highlight the importance of accounting for parametric
uncertainty when estimating infection risk; in particular, imple-
menting the classical Wells–Riley approach under average quanta
generation rates seems to lead to overestimations of up to 27% for
the parameter values considered in Figure 1 . 

Along with the infection risk density and mean infection risk
(Equations ( 2 ) and ( 3 )), the probability of observing exactly 𝑛
exposures among 𝑆 susceptible individuals during [0 , 𝑇] is (see
Appendix A1.1 ) 

ℙ ( 𝐸 = 𝑛) = 

(𝑆 
𝑛 

) 𝑛 ∑
𝑖= 0 

( − 1)𝑖 
(𝑛 
𝑖 

)( 

𝜆

( 𝑆 − 𝑛 + 𝑖)
𝐼𝑏𝑇 

𝑄 
+ 𝜆

) 𝑘 

, (4)

for 𝑛 ∈ {0 , 1 , . . . , 𝑆} . We note that Equations ( 3 ) and ( 4 ) are
consistent with those previously derived by Edwards, King,
Noakes, et al. ( 2024 ), whereas Equation ( 2 ) is a novel result
which allows one to analytically capture the uncertainty that
random 𝑞 generates on the per-capita infection risk estimate
𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 . Random parameters 𝑏 or 𝑇 would lead to analogous
results to those above, and are thus not reported explicitly here.
It is also worth noting that the density function in Equation ( 2 )
is consistent with that derived by Nicas ( 1996 ) in the context
of a dose–response model, where the dose is considered to
be random instead of the specific parameters ( 𝑏, 𝑞, 𝑇) in the
Wells–Riley framework. 

Finally, we note that random 𝑞 might also arise as a result of
mitigations, human behavior or population heterogeneity, and
our mathematical formulation can be adapted to consider these
situations. For example, one may consider that the infector wears
a mask with probability 𝑤𝑚𝑎 𝑠 𝑘 ∈ [0 , 1] , so that the average quanta
generation rate is 

− 
𝑞 eff = 𝑞no mask ( 𝑤mask ( 1 − 𝜂) + ( 1 − 𝑤mask )) , 

where 𝜂 ∈ (0 , 1) represents the reduction in quanta generation
due to mask filtration efficacy, and 𝑞no mask is the underlying
quanta emission rate without mask-wearing. For simplicity, we do
not consider mask-wearing by susceptible individuals and focus
instead on the impact of mask-wearing by the infector on infec-
tion risk. In this scenario, the Wells–Riley equation effectively
becomes (Gammaitoni and Nucci 1997 ; Bazant and Bush 2021 ;
Rothamer et al. 2021 ; Huang et al. 2022 ) 

𝑃infe ction = 1 − 𝑒
−
Ib 
− 
𝑞 eff 𝑇 

𝑄 . 

One can still consider uncertainty in the underlying quanta emis-
sion rate, 𝑞𝑛 𝑜 𝑚 𝑎 𝑠 𝑘 ∼ Gamma ( 𝑘, 𝜆) , while incorporating stochastic
human behavior through probability 𝑤𝑚𝑎 𝑠 𝑘 , so that the effective
quanta emission rate, 𝑞𝑒𝑓𝑓 , is a random variable with density
function 

𝑓𝑞𝑒𝑓𝑓 
( 𝑞) = 𝑤𝑚𝑎 𝑠 𝑘 

1 

1 − 𝜂
𝑓𝑞𝑛𝑜 𝑚𝑎 𝑠 𝑘 

( 𝑞 

1 − 𝜂

)
+ (1 − 𝑤𝑚𝑎 𝑠 𝑘 ) 𝑓𝑞𝑛𝑜 𝑚𝑎 𝑠 𝑘 

( 𝑞) . 
5 of 36
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ur results then can be naturally extended so that (see
ppendix A1.1 ) 

𝑓𝑃𝑖 𝑛𝑓 𝑒𝑐𝑡𝑖𝑜𝑛 ( 𝑝) = 
( − ln (1 − 𝑝))𝑘− 1 

Γ( 𝑘) 

( 𝜆𝑄 

𝐼𝑏𝑇 

)𝑘 
( 

𝑤𝑚𝑎 𝑠 𝑘 (1 − 𝜂)− 𝑘 (1 − 𝑝)
𝜆𝑄 

𝐼𝑏𝑇(1 − 𝜂) 
− 1 (5)

+ (1 − 𝑤𝑚𝑎 𝑠 𝑘 )(1 − 𝑝)
𝜆𝑄 

𝐼𝑏𝑇 
− 1 

) 

, for 𝑝 ∈ (0 , 1) , 

𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] = 1 −

[ 
𝑤𝑚𝑎 𝑠 𝑘 

( 

𝜆

𝜆 + 𝐼𝑏𝑇 

𝑄 
(1 − 𝜂) 

) 𝑘 

+ (1 − 𝑤𝑚𝑎 𝑠 𝑘 )

( 

𝜆

𝜆 + 𝐼𝑏𝑇 

𝑄 

) 𝑘 ] 
, (6)

ℙ ( 𝐸 = 𝑛) = 
(𝑆 
𝑛 

) 𝑛 ∑
𝑖= 0 

( − 1)𝑖 
(𝑛 
𝑖 

)[ 
𝑤𝑚𝑎 𝑠 𝑘 

( 

𝜆

𝜆 + ( 𝑆 − 𝑛 + 𝑖) 𝐼𝑏𝑇 
𝑄 
(1 − 𝜂) 

) 𝑘 

(7)

+ (1 − 𝑤𝑚𝑎 𝑠 𝑘 )

( 

𝜆

𝜆 + ( 𝑆 − 𝑛 + 𝑖) 𝐼𝑏𝑇 
𝑄 

) 𝑘 ] 
, for 𝑛 = 0 , 1 , . . . , 𝑆 . 

 slightly different application arises when one aims to rep-
esent population heterogeneity, so that 𝑞 ∼ Gamma ( 𝑘, 𝜆) is a
opulation-level description of infectiousness. However, since the
erm 𝑞𝐼 in Equation ( 1 ) represents the rate of quanta generation
y all 𝐼 infectious individuals during the indoor interaction, these
ndividuals are all still assumed to generate quanta at the same
ate 𝑞, which can be globally sampled from Gamma ( 𝑘, 𝜆) . This
s appropriate when 𝐼 = 1 , so that the infector’s infectiousness is
nknown and sampled from a population-level distribution. On
he other hand, for scenarios where more than one, 𝐼 > 1 , infec-
ious individual is assumed to be present within the interaction,
t is more appropriate to replace the term 𝑞𝐼 by 

∑𝐼 

𝑖= 1 𝑞𝑖 , where 𝑞𝑖 
epresents the quanta generation rate of each individual 𝑖, which
an be separately sampled from the population-level distribution
amma ( 𝑘 , 𝜆) , so that 𝑞𝑖 ∼ Gamma ( 𝑘 , 𝜆) are independent and
dentically distributed random variables. Although not the main
ocus of this paper, we generalize the results above to this
ituation in Appendix A4 . 

.1.2 Disease Prevalence 

hile it is common to assume that the number of infectors 𝐼
uring the indoor interaction is known, this is not typically the
ase in reality when trying to assess risk in different settings a
riori. In particular, by assuming that a single infector is present
n the room (i.e., by setting 𝐼 = 1 ), the per-capita probability of
nfection may well be overestimated, since one of the main factors
mpacting infection risk is the probability of an infector being
resent in the room at all. Thus, it may be more appropriate
o consider a disease prevalence 𝜌, understood here as the
roportion of individuals in the population being infectious at
ny given time, so that (assuming independence) the number
f infectious individuals in the room is random and follows a
inomial distribution 

𝐼 ∼ Binomial ( 𝑁, 𝜌) , 

here 𝑁 is the total number of individuals involved in the indoor
nteraction. The probability mass function of 𝐼 is given by: 

ℙ ( 𝐼 = 𝑖) = 

(𝑁 

𝑖 

)
𝜌𝑖 (1 − 𝜌)𝑁− 𝑖 , 𝑖 ∈ {0 , 1 , . . . , 𝑁} . 
of 36
Importantly, this incorporates the possibility that there might
not be infectors present during the interaction ( 𝐼 = 0 ), which
occurs with probability (1 − 𝜌)𝑁 , or that there might be more than
one ( 𝐼 > 1 ). Since 𝐼 is a discrete random variable with support
{0 , 1 , . . . , 𝑁} , the per-capita infection risk 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 is also a discrete
random variable on this occasion. Thus, its probability mass
function is (see Appendix A1.2 ) 

𝑓𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 
( 𝑝) = 

(𝑁 

𝑖 

)
𝜌𝑖 (1 − 𝜌)𝑁− 𝑖 (8)

with possible (positive probability) values 𝑝 = 1 − 𝑒
− 𝑏𝑞𝑇 

𝑄 
𝑖 where

𝑖 ∈ {0 , 1 , . . . , 𝑁} . The expected per-capita infection risk is (see
Appendix A1.2 ) 

𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] = 1 −
[
𝜌𝑒

− 𝑏𝑞𝑇 

𝑄 + (1 − 𝜌)
]𝑁 
. (9)

The probability that there are exactly 𝑛 exposures is given by (see
Appendix A1.2 ) 

ℙ ( 𝐸 = 𝑛) =
(𝑁 

𝑛 

)𝑁− 𝑛 ∑
𝑖= 0 

(𝑁 − 𝑛 

𝑖 

) (
1 − 𝑒

−
𝑏𝑞𝑇 

𝑄 
𝑖 )𝑛 

𝑒
−
𝑏𝑞𝑇 

𝑄 
𝑖 ( 𝑁− 𝑖 − 𝑛) 

𝜌 𝑖 (1 − 𝜌)𝑁− 𝑖

(10)
for 𝑛 = 0 , 1 , . . . , 𝑁. 

2.2 Uncertainty in Ventilation Rate 

Here, we consider the situation where the ventilation rate 𝑄 is
uncertain (i.e., random), for example, in situations where this
may depend on external factors (e.g., weather) or human behavior
(e.g., windows opening). We consider a Gamma distribution 

𝑄 ∼ Gamma ( 𝑟 , 𝛾) , 

with shape parameter 𝑟 > 0 and rate parameter 𝛾 > 0 . Since
𝑄 appears in the denominator (instead of the numerator) of
the exponent in the per-capita infection risk probability in
Equation ( 1 ), the results obtained in Section 2.1 for 𝑏, 𝑞, and
𝑇 do not directly apply here. Instead, for 𝑄 ∼ Gamma ( 𝑟 , 𝛾) , the
density function of the per-capita infection risk 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 is (see
Appendix A2 ) 

𝑓𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 
( 𝑝 ) =

( 𝛾𝐼𝑏 𝑞𝑇)𝑟 

Γ( 𝑟 ) 

𝑒
𝛾𝐼 𝑏𝑞𝑇 

ln (1 − 𝑝) 

(1 − 𝑝)[ − ln (1 − 𝑝)]𝑟+ 1 
, 𝑝 ∈ (0 , 1) . 

(11)

As a result, the average per-capita infection risk is given by (see
Appendix A2 ) 

𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] = 1 − 2 

Γ( 𝑟) 
( 𝛾𝐼𝑏 𝑞𝑇)𝑟∕2 𝐾𝑟 

(
2
√
𝛾𝐼𝑏 𝑞𝑇 

)
, (12)

where 𝐾𝜃( 𝜁) is the modified Bessel function of the second kind
(NIST 2025a ) 

𝐾𝜃( 𝜁) =
1 

2 

( 

𝜁

2 

) 𝜃

∫
∞

0 

𝑢− ( 𝜃+ 1) 𝑒

(
− 𝑢− 𝜁2 

4 𝑢 

)
𝑑𝑢. 
Risk Analysis, 2026
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FIGURE 2 Scatter plot for the relative difference between 𝑃̄𝑊𝑅 
𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

(classical Wells–Riley approach with constant, average ventilation rate 
𝑄̄ = 𝑟 ∕𝛾) and the exact analytical mean infection risk 𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] in 
Equation ( 12 ), versus 𝑄̄ and 𝑏𝑞𝑇. The shape and rate parameters ( 𝑟 , 𝛾) 
of the Gamma distribution of 𝑄, as well as parameters ( 𝑏, 𝑞, 𝑇) , are 
randomly sampled within relatively wide ranges. In particular, log (𝑄̄ ) ∈

[1 , 3] , 𝑟 ∈ [1 , 20] (such that we set 𝛾 = 𝑟∕𝑄̄ and explore 𝐴𝐶𝐻 ∈ [0 . 1 , 10] 

for a room volume 𝑉 ≈ 100 m 

3 (Edwards 2024 )), 𝑏 ∈ [0 . 2 , 0 . 6] m3 ⋅ h− 1 , 
𝑞 ∈ [0 . 01 , 100] quanta ⋅ h− 1 , and 𝑇 ∈ [0 . 1 , 100] h . 
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inally, the probability of observing exactly 𝑛 exposures is (see
ppendix A2 ) 

ℙ ( 𝐸 = 𝑛) = 2 

Γ( 𝑟) 

(𝑆 
𝑛 

) 𝑛 ∑
𝑖= 0 

( − 1)𝑖 
(𝑛 
𝑖 

)
𝑎
𝑟∕2 

𝑖 𝐾𝑟 

(
2
√
𝑎𝑖 

)
(13)

or 𝑛 = 0 , 1 , . . . , 𝑆, where 𝑎𝑖 = 𝛾𝐼𝑏 𝑞𝑇( 𝑆 − 𝑛 + 𝑖) . We note that for
he special case 𝑛 = 𝑆, the factor ( 𝑆 − 𝑛 + 𝑖) equals 0 when 𝑖 =
 . Since 𝐾𝜃( 𝜁) ∼ 2𝜃− 1 Γ( 𝜃) 𝜁− 𝜃 when 𝜁 → 0 (NIST 2025b ), one has
𝑟∕2 

𝑖 𝐾𝑟 

(
2
√
𝑎𝑖 
)
→

1 

2 
Γ( 𝑟) when ( 𝑆 − 𝑛 + 𝑖) → 0 (meaning 𝑎𝑖 → 0 ),

o that in the 𝑖 = 0 term, one gets 2 

Γ( 𝑟) 
× 1 

2 
Γ( 𝑟) = 1 (since the other

lements in the term are also 1). 

imilar to our analysis in Section 2.1 for random 𝑞, we can
nvestigate here the relative difference between the infection risk
stimated via the classical Wells–Riley approach 

𝑃̄𝑊𝑅 
infection = 1 − 𝑒

− 𝐼 𝑏𝑞𝑇 

𝑄̄ , 

ith average ventilation rate 𝑄̄ = 𝑟 ∕𝛾, and the exact analyti-
al average infection risk 𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] in Equation ( 12 ) (which
ccounts for the randomness in 𝑄). This relative difference is plot-
ed in Figure 2 . While considering random 𝑞 systematically led to
verestimating infection risk under the classical approach (due
o Jensen’s inequality), the fact that 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 is not necessarily
oncave on 𝑄means that it is not possible to determine a priori if
he relative difference would be positive or negative depending on
he particular values of ( 𝑟 , 𝛾, 𝑏 , 𝑞, 𝑇) . Still, we tend to see infection
isk underestimation (i.e., negative relative difference) in the
ase of random ventilation for most of the parametric regimes
onsidered in Figure 2 . This is due to 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 being convex on
isk Analysis, 2026
𝑄 for the majority of parameter values considered. In fact, where
there are overestimations (positive relative errors corresponding
to black-colored points), these are very close to zero, and occur for
very small ventilation rates combined with high values of 𝑏𝑞𝑇,
such that both the classical and analytical estimates each tend
toward 1. Outside of this specific region, it appears as though the
size of the relative difference is largely independent of the specific
values of 𝑏𝑞𝑇 and 𝐴𝐶𝐻 . In fact, as was the case for random quanta
emission, it increases with higher variance and positive skewness
of the Gamma distribution of the ventilation rate (something
we cannot see by plotting against 𝐴𝐶𝐻 alone). The magnitude
of these inaccuracies are far larger in the case of random 𝑄

compared to that of random 𝑞 (relative underestimations of
80% vs. overestimations of 25% of the analytical 𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] , see
Figures 1 and 2 ). This is because the infection risk does not vary
so significantly in the region of 𝑞̄ as it does for 𝑄̄ : Variations in
𝑄 leading to small ventilation rates produce higher stochasticity
in the infection risk than variation in 𝑞, since in the case of
random 𝑄 scenarios with very low ventilation can lead to notably
high infection risk. In Appendix A5.2 , the size of the relative
difference has been investigated further for the parameter space
considered here. 

Finally, we note that if a particular model parameter has a
non-random component, our results can be easily adapted. For
example, we explore in Section 3 the situation where natu-
ral ventilation in an indoor environment might be stochastic,
whereas mechanical ventilation can be more precisely controlled
or estimated. In this situation, one might define the ventilation
rate as 𝑄 = 𝑄𝑛𝑎𝑡 + 𝑄𝑚𝑒 𝑐 ℎ where 𝑄nat ∼ Gamma ( 𝑟 , 𝛾) and 𝑄𝑚𝑒 𝑐 ℎ is
constant, so that 

𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 = 1 − 𝑒
− 𝐼 𝑏𝑞𝑇 

𝑄𝑛𝑎𝑡 + 𝑄𝑚𝑒 𝑐 ℎ . (14)

Our results can be extended to this situation, so that, for example,
the probability density function of the infection risk is given as 

𝑓𝑃infection ( 𝑝) = 
𝛾𝑟 

( 
−IbqT 
ln ( 1 − 𝑝) − 𝑄mech 

) 𝑟− 1 
𝑒

𝛾IbqT 
ln ( 1 − 𝑝) + 𝛾𝑄mech IbqT 

Γ ( 𝑟) ( 1 − 𝑝) ( ln ( 1 − 𝑝)) 2 
, 𝑝 ∈

( 

0 , 1 − 𝑒
− IbqT 
𝑄mech 

) 

;

(15)
see Appendix A2.1 for further details. 

2.3 Uncertainty in Two Model Parameters 

We now consider the situation where two independent parame-
ters are simultaneously random. The aim is to investigate their
compounding effect on infection risk. We can consider two
distinct cases: Two population-related parameters are random, or
one population-related parameter is random as well as ventilation
(the environmental parameter). Let us start with the former case
where two population-related parameters { 𝑏, 𝑞, 𝑇} are random;
say the quanta emission rate 𝑞 and the exposure time 𝑇 without
any loss of generality (since equivalent arguments would apply to
{ 𝑏, 𝑞} or { 𝑏, 𝑇} ). In particular, we consider 

𝑞 ∼ Gamma ( 𝑘, 𝜆) , 
𝑇 ∼ Gamma ( 𝓁 , 𝜇) , 

for shapes 𝑘, 𝓁 > 0 and rates 𝜆, 𝜇 > 0 . In this scenario, the
density function of the per-capita infection risk 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 is (see
7 of 36
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ppendix A3 ) 

𝑓𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ( 𝑝) = 
2( 𝜆𝜇)

𝑘+ 𝓁 
2 

[
− 1 

𝑐 
ln (1 − 𝑝 )

] 𝑘+ 𝓁 
2 

− 1 
𝐾𝑘− 𝓁 

(
2
√ 

𝑑
[
− ln (1 − 𝑝)

])
𝑐Γ( 𝑘)Γ( 𝓁 )(1 − 𝑝) 

(16)

ith 𝑐 = 𝐼𝑏 

𝑄 
, 𝑑 = 𝜆𝜇

𝑐 
, and for 𝑝 ∈ (0 , 1) . The average per-capita

nfection risk is given by (see Appendix A3 ) 

 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] = 1 − 𝑑𝓁 𝑈
(
𝓁 , 𝓁 − 𝑘 + 1 , 𝑑

)
= 1 − 𝑑𝑘 𝑈

(
𝑘, 𝑘 − 𝓁 + 1 , 

(17)

here 𝑈( 𝑎 , 𝑏 , 𝑧) is the confluent hypergeometric function of the
econd kind (NIST 2025c ), sometimes referred to as the Tricomi
unction 

𝑈( 𝑎 , 𝑏 , 𝑧) = 1 

Γ( 𝑎 ) ∫
∞

0 

𝑒− 𝑧𝑣 𝑣𝑎− 1 (1 + 𝑣 )𝑏 − 𝑎 − 1 𝑑𝑣 . 

he probability of observing exactly 𝑛 exposures is given by (see
ppendix A3 ) 

ℙ ( 𝐸 = 𝑛) = 

(𝑆 
𝑛 

) 𝑛 ∑
𝑖= 0 

( − 1)𝑖 
(𝑛 
𝑖 

)
𝑦𝓁 𝑖 𝑈( 𝓁 , 𝓁 − 𝑘 + 1 , 𝑦𝑖 ) (18)

= 

(𝑆 
𝑛 

) 𝑛 ∑
𝑖= 0 

( − 1)𝑖 
(𝑛 
𝑖 

)
𝑦𝑘 𝑖 𝑈( 𝑘, 𝑘 − 𝓁 + 1 , 𝑦𝑖 ) (19)

or 𝑛 = 0 , . . . , 𝑆, where 𝑦𝑖 =
𝑑 

( 𝑆 − 𝑛+ 𝑖 ) 
. We note here that when 𝑆 −

 + 𝑖 = 0 we use the limit of the Tricomi function (NIST 2025d )(
𝑎 , 𝑏 , 𝑧

)
∼ 𝑧− 𝑎 when 𝑧 → ∞. Given that 𝑖 = 0 and 𝑆 = 𝑛 (where

 − 𝑛 + 𝑖 = 0 ), the first term in each sum would evaluate to
𝓁 
0 𝑦

− 𝓁 
0 = 𝑦𝑘 0 𝑦

− 𝑘 
0 = 1 . We also note that each of the two forms

roposed for 𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] and ℙ ( 𝐸 = 𝑛) is derived by first solving
he underlying double integral either with respect to 𝑞 or 𝑇. The
quivalence of these two forms is further validated by Kummer’s
ransformation (NIST 2025e ) 𝑈

(
𝑎 , 𝑏 , 𝑧

)
= 𝑧1 − 𝑏 𝑈

(
1 + 𝑎 − 𝑏, 2 −

, 𝑧
)
. 

inally, it is important to note that some of our results above
implify when one considers an Erlang-distributed parameter
nstead of Gamma (i.e., when the shape parameter is an integer).
or example, Equations ( 17 )–( 19 ) may be written as finite sums if
 ∈ ℕ (i.e., 𝑞 is Erlang-distributed): 

𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] = 1 − 𝑒𝑑 

( 𝑘 − 1)! 

𝑘− 1 ∑
𝑖= 0 

(𝑘 − 1 

𝑖 

)
( − 1)𝑖 𝑑𝑖+ 𝓁 Γ

(
𝑘 − 𝓁 − 𝑖, 𝑑

)
, 

(20)

ℙ ( 𝐸 = 𝑛) = 

(𝑆 
𝑛 

) 𝑛 ∑
𝑖= 0 

𝑘− 1 ∑
𝑗= 0 

( − 1)𝑖+ 𝑗 

( 𝑘 − 1)! 

(𝑛 
𝑖 

)(𝑘 − 1 

𝑗 

)
𝑦
𝓁 + 𝑗 
𝑖 

𝑒𝑦𝑖 Γ( 𝑘 − 𝓁 − 𝑗, 𝑦𝑖 ) , 

(21)

or 𝑛 = 0 , . . . , 𝑆, where 

Γ( 𝑠, 𝑥) = ∫
∞

𝑥 

𝑤𝑠− 1 𝑒− 𝑤 𝑑𝑤 

s the upper incomplete Gamma function (NIST 2025f ). If 𝑇 is
rlang-distributed instead of 𝑞 (i.e., if 𝓁 ∈ ℕ instead of 𝑘) one gets
nalogous results omitted here. Further simplified expressions
of 36
are obtained if both parameters are exponentially distributed,
𝑘 = 𝓁 = 1 , in which case 

𝑓𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 
( 𝑝) = 

2 𝑑 

(1 − 𝑝) 
𝐾0 

(
2

√ 

𝑑
[
− ln (1 − 𝑝)

])
, 𝑝 ∈ (0 , 1) , 

𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] = 1 − 𝑑 𝑒𝑑 Γ(0 , 𝑑 ) , 

ℙ ( 𝐸 = 𝑛) = 

(𝑆 
𝑛 

) 𝑛 ∑
𝑖= 0 

( − 1)𝑖 
(𝑛 
𝑖 

)
𝑦𝑖 𝑒

𝑦𝑖 Γ(0 , 𝑦𝑖 ) , 

for 𝑛 = 0 , . . . , 𝑆. 

Finally, we consider here the case where one population-related
parameter from { 𝑏, 𝑞, 𝑇} is random alongside the ventilation rate
𝑄. Without loss of generality we consider 𝑞 to be random, in
particular, 

𝑞 ∼ Gamma ( 𝑘, 𝜆) , 
𝑄 ∼ Gamma ( 𝑟 , 𝛾) . 

The density function of the per-capita infection risk 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 is
(see Appendix A3 ) 

𝑓𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 
( 𝑝 ) = Γ( 𝑘 + 𝑟 ) 

Γ( 𝑘)Γ( 𝑟 ) 

𝜆𝑘 ( 𝛾𝐼𝑏 𝑇)𝑟 [ − ln (1 − 𝑝)]𝑘− 1 

(1 − 𝑝)([ − ln (1 − 𝑝)] 𝜆 + 𝛾𝐼𝑏𝑇)𝑘+ 𝑟 
(22)

for 𝑝 ∈ (0 , 1) . The expected per-capita infection risk is given by
(see Appendix A3 ) 

𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] = 1 −
( 

𝛾𝐼𝑏 𝑇 

𝜆

) 𝑟 
Γ( 𝑘 + 𝑟) 

Γ( 𝑟) 
𝑈
(
𝑘 + 𝑟, 𝑟 + 1 ,

𝛾𝐼𝑏𝑇 

𝜆

)
. 

(23)

The probability of 𝑛 exposures is (see Appendix A3 ) 

ℙ ( 𝐸 = 𝑛) =
(𝑆 
𝑛 

) 𝑛 ∑
𝑖= 0 

(𝑛 
𝑖 

)
( − 1)𝑖 𝛼𝑟 

𝑖 

Γ( 𝑘 + 𝑟) 

Γ( 𝑟) 
𝑈
(
𝑘 + 𝑟, 𝑟 + 1 , 𝛼𝑖 

)
, 

(24)

for 𝑛 = 0 , . . . , 𝑆, where 𝛼𝑖 =
𝛾𝐼𝑏 𝑇 

𝜆
( 𝑆 − 𝑛 + 𝑖) . If 𝑘, 𝑟 ∈ ℕ , then

Equations ( 23 ) and ( 24 ) simplify to 

𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] = 1 − 𝑒
𝛾𝐼𝑏 𝑇 

𝜆

( 𝑟 − 1)! 

𝑟+ 𝑘− 1 ∑
𝑖= 0 

(𝑟 + 𝑘 − 1 

𝑖 

)
( − 1)𝑖 

( 

𝛾𝐼𝑏 𝑇 

𝜆

) 𝑖 

Γ
(
𝑟 − 𝑖,

𝛾𝐼𝑏 𝑇 

𝜆

)
, 

(25)

ℙ ( 𝐸 = 𝑛) = 

(𝑆 
𝑛 

) 1 

( 𝑟 − 1)! 

𝑛 ∑
𝑖= 0 

𝑟+ 𝑘− 1 ∑
𝑗= 0 

( − 1)𝑖+ 𝑗 
(𝑛 
𝑖 

)(𝑟 + 𝑘 − 1 

𝑗 

)
𝛼
𝑗 

𝑖 
𝑒𝛼𝑖 Γ

(
𝑟 − 𝑗, 𝛼𝑖 

)
, 

(26)

for 𝑛 = 0 , . . . , 𝑆. Additionally, when 𝑘 = 𝑟 = 1 , 

𝑓𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 
( 𝑝) = 

𝜆𝛾𝐼𝑏 𝑇 

(1 − 𝑝)([ − ln (1 − 𝑝)] 𝜆 + 𝛾𝐼𝑏𝑇)2 
, 𝑝 ∈ (0 , 1) 

𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] = 𝑒
𝛾𝐼𝑏 𝑇 

𝜆
𝛾𝐼𝑏 𝑇 

𝜆
Γ
(
0 ,
𝛾𝐼𝑏 𝑇 

𝜆

)
, 

ℙ ( 𝐸 = 𝑛) = 

(𝑆 
𝑛 

) 𝑛 ∑
( − 1)𝑖 

(𝑛 
𝑖 

)(
1 − 𝑒𝛼𝑖 𝛼𝑖 Γ(0 , 𝛼𝑖 )

)
, 
Risk Analysis, 2026
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TABLE 1 Table summarizing analytical results from Section 2 . 

Scenarios 
Infection probability density, 𝒇𝑷infe ction ( 𝒑 ) , 
for 𝒑 ∈ (𝟎 , 𝟏) unless otherwise stated 

Expected infection probability, 
𝔼 [ 𝑷infection ] 

Probability of 𝒏 exposures, ℙ ( 𝑬 = 𝒏 ) , for 
𝒏 = 𝟎 , . . . , 𝑺 unless otherwise stated 

Random quanta 
emission rate, 
𝑞 ∼

𝐺𝑎𝑚 𝑚 𝑎( 𝑘, 𝜆) . 
Constant 
( 𝐼, 𝑏, 𝑇, 𝑄) . 

(
𝜆𝑄 

𝐼𝑏𝑇 

)𝑘 
[ − ln (1 − 𝑝 )]𝑘− 1 (1 − 𝑝 )

𝜆𝑄 
𝐼𝑏𝑇 

− 1 

Γ( 𝑘) 
1 −

(
𝜆

𝜆+ 𝐼𝑏𝑇 

𝑄 

)𝑘 (𝑆 
𝑛 

)∑𝑛 

𝑖= 0 ( − 1)𝑖 
(𝑛 
𝑖 

)( 

𝜆

( 𝑆 − 𝑛+ 𝑖 ) 𝐼𝑏𝑇 
𝑄 

+ 𝜆

) 𝑘 

Random 

ventilation rate, 
𝑄 ∼

𝐺𝑎𝑚 𝑚 𝑎( 𝑟, 𝛾) . 
Constant 
( 𝐼, 𝑏, 𝑇, 𝑞) . 

( 𝛾𝐼𝑏 𝑞𝑇)𝑟 

Γ( 𝑟) 

𝑒
𝛾𝐼𝑏 𝑞𝑇 
ln (1 − 𝑝) 

(1 − 𝑝 )[ − ln (1 − 𝑝 )]𝑟+ 1 
1 − 2 

Γ( 𝑟) 
( 𝛾𝐼𝑏 𝑞𝑇)𝑟∕2 𝐾𝑟 

(
2
√
𝛾𝐼𝑏 𝑞𝑇 

) 2 

Γ( 𝑟) 

(𝑆 
𝑛 

)∑𝑛 

𝑖= 0 ( − 1)𝑖 
(𝑛 
𝑖 

)
𝑎
𝑟∕2 

𝑖 
𝐾𝑟 

(
2
√
𝑎𝑖 

)
, 

where 𝑎𝑖 = 𝛾𝐼𝑏 𝑞𝑇( 𝑆 − 𝑛 + 𝑖) 

Random quanta 
emission rate, 
𝑞 ∼

𝐺𝑎𝑚 𝑚 𝑎( 𝑘, 𝜆) . 
and exposure 
time 𝑇 ∼
𝐺𝑎𝑚 𝑚 𝑎( 𝓁 , 𝜇) . 
Constant 
( 𝐼, 𝑏, 𝑄) . 

2( 𝜆𝜇)
𝑘+ 𝓁 
2 

[
−
1 

𝑐 
ln (1 − 𝑝 )

] 𝑘+ 𝓁 
2 

− 1 

𝐾𝑘− 𝓁 

(
2

√ 

𝑑
[
− ln (1 − 𝑝 )

])
𝑐 Γ( 𝑘)Γ( 𝓁 )(1 − 𝑝 ) 

, 

where 𝑐 = 𝐼𝑏 

𝑄 
, 𝑑 = 𝜆𝜇

𝑐 

1 − 𝑑𝓁 𝑈
(
𝓁 , 𝓁 − 𝑘 + 1 , 𝑑

)
= 

1 − 𝑑𝑘 𝑈
(
𝑘, 𝑘 − 𝓁 + 1 , 𝑑

)
(𝑆 
𝑛 

)∑𝑛 

𝑖= 0 ( − 1)𝑖 
(𝑛 
𝑖 

)
𝑦𝓁 
𝑖 
𝑈( 𝓁 , 𝓁 − 𝑘 + 1 , 𝑦𝑖 ) 

=
(𝑆 
𝑛 

)∑𝑛 

𝑖= 0 ( − 1)𝑖 
(𝑛 
𝑖 

)
𝑦𝑘 
𝑖 
𝑈( 𝑘, 𝑘 − 𝓁 + 1 , 𝑦𝑖 ) , 

where 𝑦𝑖 =
𝑑 

( 𝑆 − 𝑛+ 𝑖 ) 

Random quanta 
emission rate, 
𝑞 ∼

𝐺𝑎𝑚 𝑚 𝑎( 𝑘, 𝜆) . 
and ventilation 
rate 𝑄 ∼

𝐺𝑎𝑚 𝑚 𝑎( 𝑟, 𝛾) . 
Constant 
( 𝐼, 𝑏, 𝑇) . 

Γ( 𝑘+ 𝑟) 
Γ( 𝑘)Γ( 𝑟) 

𝜆𝑘 ( 𝛾𝐼𝑏 𝑇)𝑟 [ − ln (1 − 𝑝 )]𝑘− 1 

(1 − 𝑝 )([ − ln (1 − 𝑝 )] 𝜆+ 𝛾𝐼𝑏 𝑇)𝑘+ 𝑟 
1 −

(
𝛾𝐼𝑏 𝑇 

𝜆

)𝑟 
Γ( 𝑘+ 𝑟) 
Γ( 𝑟) 

𝑈
(
𝑘 + 𝑟, 𝑟 + 1 ,

𝛾𝐼𝑏 𝑇 

𝜆

) (𝑆 
𝑛 

)∑𝑛 

𝑖= 0 
(𝑛 
𝑖 

)
( − 1)𝑖 𝛼𝑟 

𝑖 

Γ( 𝑘+ 𝑟) 
Γ( 𝑟) 

𝑈 ( 𝑘 + 𝑟, 𝑟 + 1 , 𝛼𝑖 ) , 

where 𝛼𝑖 =
𝛾𝐼𝑏 𝑇 

𝜆
( 𝑆 − 𝑛 + 𝑖) 

Random number 
of infectors, 𝐼 ∼
𝐵 𝑖𝑛𝑜 𝑚𝑖𝑎 𝑙( 𝑁, 𝜌) . 
Constant 
( 𝑞, 𝑏, 𝑇, 𝑄) . 

⎧ ⎪ ⎨ ⎪ ⎩ 
(𝑁 
𝑖 

)
𝜌𝑖 (1 − 𝜌)𝑁− 𝑖 , if 𝑝 = 1 − 𝑒

− 𝑏𝑞𝑇 

𝑄 
𝑖 
, 

0 , otherwise , 

for 𝑖 = 0 , . . . , 𝑁

1 −
[
𝜌𝑒

− 𝑏𝑞 𝑇 

𝑄 + (1 − 𝜌)
]𝑁 (𝑁 

𝑛 

)∑𝑁− 𝑛 
𝑖= 0 

(𝑁− 𝑛 
𝑖 

)
𝜌 𝑖 (1 − 𝜌)𝑁− 𝑖 

×
(
1 − 𝑒

−
𝑏𝑞𝑇 

𝑄 
𝑖 )𝑛 

𝑒
−

𝑏𝑞𝑇 

𝑄 
𝑖 ( 𝑁− 𝑖 − 𝑛) 

, 
for 𝑛 = 0 , . . . , 𝑁
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or 𝑛 = 0 , . . . , 𝑆, where we have simplified Equations ( 25 ) and ( 26 ),
long with the following property (NIST 2025g ); if 𝑠 ∈ ℕ , 

Γ( 𝑠, 𝑥) = ( 𝑠 − 1)! 𝑒− 𝑥 
𝑠− 1 ∑
𝑖= 0 

𝑥𝑖 

𝑖! 
. 

f instead 𝑠 = − 𝑛 with 𝑛 ∈ ℕ0 = {0 , 1 , 2 , . . . } , then (NIST 2025h ) 

Γ( − 𝑛 , 𝑥) = ( − 1)𝑛 

𝑛 ! 

(
Γ(0 , 𝑥) − 𝑒− 𝑥 

𝑛− 1 ∑
𝑖= 0 

( − 1)𝑖 𝑖! 

𝑥𝑖+ 1 

)
. 

ach of these may be used to compute values for Equations ( 20 )
nd ( 21 ) and ( 25 ) and ( 26 ), instead of trying to evaluate multiple
ncomplete Gamma functions. 

 Results 

n Section 2 , we have extended the Wells–Riley methodology
hile considering Gamma-distributed parameters, computing
he density function of the per-capita infection risk probability,
ts mean, and the probability distribution of the number of
xposures. These analytical results are summarized in Table 1 .5.5,
isk Analysis, 2026
where results for a random quanta emission rate, 𝑞, are analogous
to those for a random breathing rate, 𝑏, or exposure time, 𝑇. In this
section, we aim to explore the impact that uncertainty in these
parameter values has on infection risk analytically, by considering
Gamma distributions for some of these parameters. While other
distributions may lead to slightly better representations, our aim
is not to find the best distribution in each scenario, but to illustrate
instead our analytical results in Section 2 , while showing the
impact of incorporating uncertainty in parameter values. We
discuss how some of our results may be generalized to alternative
distributions in Section 4 . In this section, we consider different
parametric regimes inspired by scenarios related to healthcare
and hospitality. First, we outline in Section 3.1 some of these
parametric choices. 

3.1 Model Parameters 

Unless stated otherwise, parameters 𝑏 = 0 . 4 m3 ⋅ h− 1 (Pleil et al.
2021 ) and 𝐼 = 1 are considered in most of our results. For
the quanta emission rate of an infector, we note that quanta
generation rates can vary widely across many different orders
of magnitude depending on a multitude of factors, including:
9 of 36
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FIGURE 3 Gamma distribution for 𝑞 with shape 𝑘 = 2 . 39 and 
rate 𝜆 = 0 . 012 , calibrated against the Lognormal distribution LN(GM 

= 184 . 64 , ASD = 2 . 1 ) estimated by Chen et al. ( 2021 ) for the Diamond 
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FIGURE 4 Split violin plots showing measured visit times (left side; 
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athogen of interest (Mikszewski et al. 2022 ; Chen et al. 2006 ),
ifferences in physical activity (Jones et al. 2024 ; Buonanno,
orawska, et al. 2020 ; Aganovic et al. 2023 ), the stage of infection
Cheng et al. 2025 ; Ferretti et al. 2020 ; Sender et al. 2022 ; Wu
t al. 2021 ; Euser et al. 2021 ), and individual heterogeneity
uch as age or gender (Jones, Biele, et al. 2021 ; Euser et al.
021 ). For example, for SARS-CoV-2 the quanta emission rate
cross infectors has been described via a Lognormal distribution,
𝑁 ( 𝐺 𝑀 = 0 . 0092 , 𝐺 𝑆𝐷 = 29) , by Jones et al. ( 2024 ), spanning
everal orders of magnitude across individuals. In particular, this
istribution illustrates the significant variability across individ-
als, with its arithmetic mean 𝑞̄ = 2 . 70 quanta ⋅ h− 1 representing
he 95 th percentile of the distribution. Indeed, significantly larger
stimates have been obtained in the literature when studying
articular large outbreaks during the pandemic, such as the
kagit county choir (Miller et al. 2021 ) and the Diamond princess
ruise ship (Chen et al. 2021 ), which would correspond to top
ercentiles of the Lognormal distribution above. 

ince our aim is to highlight the impact of parameter uncertainty
n those scenarios where infection risk is non-negligible, we
ocus here on scenarios where the infector is relatively highly
nfectious, corresponding to values near or above the mean
alue 𝑞̄ = 2 . 70 quanta ⋅ h− 1 estimated in Jones et al. ( 2024 ). In
articular, values 𝑞 = 1 quanta ⋅ h− 1 and 𝑞 = 100 quanta ⋅ h− 1 are
onsidered in some of our numerical results below. When aiming
o illustrate the impact of uncertainty in 𝑞, we leverage instead
he estimates provided by Chen et al. ( 2021 ) for the Diamond
rincess cruise ship; as such, the focus in this particular scenario
n Section 3.2.2 is to consider uncertainty in 𝑞 while focusing
n a highly infectious individual, and our results in Figure 9
hould be interpreted accordingly. In particular, to incorporate
ncertainty while leveraging analytical results in Section 2 , we
se in Section 3.2.2 a Gamma distribution as an alternative to
he Log-normal distribution estimated by Chen et al. ( 2021 ),
𝑁(184 . 64 , 2 . 1) . Using the least squares method, we get 

𝑞 ∼ Gamma ( shape = 2 . 39 , rate = 0 . 012)quanta h − 1 ; 

ee Figure 3 . 

inally, different parameter values (and distributions) for 𝑄 and
will be explored in Sections 3.2 and 3.3 when considering

cenarios related to healthcare and hospitality. In particular, we
onsider in Section 3.2 a healthcare worker interacting with
atients in a hospital ward, to illustrate the impact of uncertainty
n ventilation, visit duration, and infectiousness. In Section 3.3 ,
e consider infection risk during meals, to illustrate the impact
f random prevalence as well as uncertainty in two parameter
alues simultaneously. 

.1.1 Case Study 1: Healthcare Visits 

n Section 3.2 , we consider a similar scenario to that consid-
red by Edwards, King, Noakes, et al. ( 2024 ) of a healthcare
orker providing different types of care to patients in a hospital
ard. In particular, and to illustrate how the duration of the
ndoor interaction may be uncertain, we leverage data from an
bservational study by King et al. ( 2021 ) which measured real
nd mock HCW visit times to a patient during various types of
0 of 36
care (intravenous [IV] drip care, observational care, and doctor’s
rounds). We focus here on measurements corresponding to actual
observational care for routine checks on patients ( Checks ) and
doctor’s rounds ( Rounds ), plotted in Figure 4 . To account for
this uncertainty when estimating infection risk while illustrating
results in Section 2 , we calibrate Gamma distributions to these
two data sets by minimizing the negative log likelihood. This leads
Risk Analysis, 2026
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FIGURE 5 Violin plots for the natural ventilation data (ACH in red, 
from Edwards ( 2024 )), and the calibrated gamma distribution 𝐴𝐶𝐻𝑛𝑎𝑡 ∼

Gamma (2 . 52 , 4 . 10) , with (blue, 𝐴𝐶𝐻𝑚𝑒 𝑐 ℎ = + 1 ) and without (green) 
mechanical ventilation. 
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o distributions 

𝑇Chec ks ∼ Gamma ( shape = 0 . 99 , rate = 60) h , 
𝑇Roun ds ∼ Gamma ( shape = 2 . 51 , rate = 28 . 1) h , 

hich are plotted in Figure 4 against the corresponding data sets.
n both cases, the distributions provide reasonable fits which
llow one to capture the uncertainty around the corresponding
ean visit duration and the unimodal shape of both data sets.
e note that the duration of Checks 𝑇Chec ks has a narrower
istribution (i.e., less uncertainty/variance) around 𝔼 [ 𝑇Chec ks ] ≈

min , whereas the duration of doctors’ rounds is longer and more
tochastic around its mean 𝔼 [ 𝑇Roun ds ] ≈ 5 . 36 min . 

inally, uncertainty in ventilation rate is incorporated in the
ealthcare scenario by considering stochasticity in the natural
entilation rate as estimated by Edwards ( 2024 ), while accounting
or the possibility of some constant mechanical ventilation being
resent in the ward. In particular, we use natural ventilation rate
stimates from Edwards ( 2024 ), which accounted for weather
actors such as wind direction, wind speed, and outside temper-
ture. A Gamma distribution is calibrated against this data set
y minimizing the negative log likelihood. This resulted in an air
hange rate of 𝐴𝐶𝐻𝑛𝑎𝑡 ∼ Gamma (2 . 52 , 4 . 10) per hour, plotted in
igure 5 against the corresponding data set. This distribution is
ble to capture both the unimodal shape of the data set, with mode
t around 𝐴𝐶𝐻 = 0 . 3 , the possibility of very low ACHs near zero,
nd the tail representing ACHs up to 2.6. For a typical hospital
ard volume of 𝑉 = 98 . 35 m3 (Edwards 2024 ), this leads to the
entilation rate 

𝑄nat ∼ Gamma ( 2 . 52 , 0 . 042) m3 ⋅ h− 1 . 
isk Analysis, 2026
The possibility of adding some mechanical ventilation is depicted
in Figure 5 , which just shifts the Gamma distribution by a
constant amount. 

3.1.2 Hospitality Parameters 

In Section 3.3 , we consider a similar scenario to the one
considered by Edwards, King, Noakes, et al. ( 2024 ) to estimate
infection risk during meals in different hospitality venues. In
particular, Edwards, King, Noakes, et al. ( 2024 ) investigated
the effects on infection risk from different durations of indoor
gathering for different group sizes during the following lunch
time scenarios: (i) a fast-food restaurant, (ii) a workplace
cafeteria, and (iii) a moderately priced standard restaurant.
Edwards, King, Noakes, et al. ( 2024 ) leveraged observational data
from Bell and Pliner ( 2003 ) and considered Erlang distributions
for the typical duration of a meal in each venue, 

𝑇𝐹𝑎 𝑠 𝑡 ∼ Erlang (14 , 39 . 06) h , 

𝑇𝐶𝑎 𝑓𝑒 𝑡𝑒 𝑟 𝑖𝑎 ∼ Erlang (10 , 13 . 09) h , 

𝑇𝑅 𝑒 𝑠 𝑡𝑎 𝑢𝑟 𝑎 𝑛𝑡 ∼ Erlang (20 , 20 . 45) h . 

Each of these distributions along with their mean values are
reported in Figure 6a . Since Erlang distributions correspond
to Gamma distributions with integer shape parameter, and to
make our results comparable to those by Edwards, King, Noakes,
et al. ( 2024 ), we consider the same distributions for our results
in Section 3.3 . We note that meal duration in the fast-food
restaurant is typically shorter, with less uncertainty, whereas
durations increase in workplace cafeterias and restaurants,
leading also to higher variability. We also note that the duration
of these lunch times are longer and more varied than that of the
visit durations in the healthcare setting in Figure 4 . 

Finally, and in order to illustrate in this scenario how uncertainty
in two parameter values might simultaneously impact infection
risk, we also consider in Section 3.3.1 two possible random
ventilation rates corresponding to low variance and high variance
around an average of 8 ACH (Repace 2000 ; Casals Ventilation
n.d. ; Deutsches Institut für Normung 2019 ). In particular, for
purely illustrative purposes, we consider (see Figure 6b ) 

𝐴𝐶𝐻ℎ 𝑖𝑔 ℎ 𝑉𝑎𝑟 ∼ Gamma (2 , 0 . 25) , 

𝐴𝐶𝐻𝑙 𝑜𝑤 𝑉𝑎𝑟 ∼ Gamma (30 , 3 . 75) , 

for our results in Figure 11 . Importantly, both distributions
have the same mean 8 ACH , but different variances
( 𝑉𝑎 𝑟 ( 𝐴𝐶𝐻ℎ 𝑖𝑔 ℎ 𝑉𝑎𝑟 ) = 32 versus 𝑉𝑎 𝑟 ( 𝐴𝐶𝐻𝑙 𝑜𝑤 𝑉𝑎𝑟 ) ≈ 2 ).
Moreover, the ventilation regime with higher variance is
more skewed towards smaller air change rates than the other
( 𝑆𝑘 𝑒𝑤 ( 𝐴𝐶𝐻ℎ 𝑖𝑔 ℎ 𝑉𝑎𝑟 ) ≈ 1 . 41 versus 𝑆𝑘 𝑒𝑤 ( 𝐴𝐶𝐻𝑙 𝑜𝑤 𝑉𝑎𝑟 ) ≈ 0 . 37 ). A
room volume of 300 m3 is used in Section 3.3 as in Edwards,
King, Noakes, et al. ( 2024 ), leading to ventilation rates 

𝑄high Var ∼ Gamma ( 2 , 0 . 25∕300) m 

3 ⋅ h − 1 , 
𝑄lowV ar ∼ Gamma ( 30 , 3 . 75∕300) m 

3 ⋅ h − 1 . 
11 of 36
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FIGURE 6 Probability distributions of the duration of the meal ( 𝑇) and the ventilation rate ( 𝑄, plotted in ACH for room volume 𝑉 = 300m 

3 ) in 
the hospitality scenario in Section 3.3 The vertical dashed lines represent the mean values of the distributions. 
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.2 Infection Risk During Healthcare 

n this section, we analyze infection risk for 𝑆 = 4 patients in a
ospital room being visited by an infectious healthcare worker
hile accounting for uncertainty in visit times, infectiousness,
nd ventilation rate, and by considering parametric regimes
iscussed in Section 3.1.1 

.2.1 Uncertainty in Visit Times 

he Gamma distributions for 𝑇𝐶ℎ𝑒 𝑐 𝑘𝑠 and 𝑇𝑅 𝑜 𝑢 𝑛 𝑑𝑠 (see Section 3.1.1 )
rovide a reasonably good representation of the empirical obser-
ations by King et al. ( 2021 ); see Figure 4 , They also allow
s to incorporate uncertainty in visit times while calculating
nfection risk via the extended Wells–Riley methodology pro-
osed in Section 2 . In particular, using these random visit times,
e can use the analogous result to that in Equation ( 2 ) (just
y swapping 𝑞 with 𝑇, as well as their respective shape and
ate parameters) to estimate the density function of the per-
apita infection risk for each patient in the room. These density
unctions 𝑓𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

( 𝑝) of the per-capita infection risk probability,
or Checks and Rounds, are reported in Figure 7a,c , for 𝑞 = 1 and
00 quanta ⋅ h− 1 , respectively, along with their expected values
 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] indicated by the vertical dashed lines. 

irst, we note that overall observational care (i.e., Checks) leads
o lower infection risk compared to doctors’ rounds (Rounds),
hich is to be expected given the shorter duration during
hecks. Less visit duration uncertainty during Checks (i.e., a
arrower Gamma distribution compared to that of Rounds)
eads to less uncertainty in the corresponding infection risk
2 of 36
probability (i.e., narrower density function 𝑓𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 
( 𝑝) for Checks

compared to Rounds). On the other hand, more uncertainty in
the duration of doctors’ rounds leads to higher uncertainty in
the infection risk for susceptible patients in the room. This leads
to a density function of infection risk around the mean values
𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] ≈ 0 . 0006 (for 𝑞 = 1 quanta ⋅ h− 1 ) and 𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] ≈

0 . 057 (for 𝑞 = 100 quanta ⋅ h− 1 ) but showing larger variability
for Rounds compared to Checks. For example, in the case of
𝑞 = 100 quanta h− 1 , infection risk might be significantly higher
(up to 0.15) for longer Rounds episodes or smaller (down to
almost 0) for shorter ones, with a mode infection risk probability
of 𝑀𝑜 𝑑 𝑒 ( 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ) ≈ 0 . 04 . We note that the shape of the per-
capita infection risk density functions in Figure 7 is preserved
across 𝑞 = 1 and 100 quanta ⋅ h− 1 for each type of care. In fact,
for a particular type of care, these densities scale linearly (by
around 102 ) between 𝑞 = 1 quanta ⋅ h− 1 and 𝑞 = 100 quanta ⋅

h− 1 , since for small enough infection risk the Wells–Riley model
equation becomes approximately linear on 𝑞. However, this is not
the case for the 𝑛-exposure distributions plotted in Figure 7b,d ,
for 𝑛 = 0 , 1 , 2 , 3 , 4 for a room with 𝑆 = 4 susceptible patients. For
𝑞 = 1 quanta ⋅ h− 1 , the per-capita infection risk is small enough
so that we see no notable differences in the distribution of
exposures between Rounds and Checks. On the other hand,
for 𝑞 = 100 quanta ⋅ h− 1 longer visit times for Rounds lead to
a rightward-shift in the corresponding distribution, where the
probability of at least 1 exposure is non-negligible. 

It is interesting to compare our results, which allow us to better
quantify uncertainty in infection risk, with the classical Wells–
Riley approach where the visit time is considered to be known
and fixed. In particular, we can compute the per-capita infection

risk probability 𝑃̄𝑊𝑅 
𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

= 1 − 𝑒
− 𝐼 𝑏𝑞 

𝑄 
𝑇̄ while setting the visit time
Risk Analysis, 2026
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FIGURE 7 (a,c): Shaded density plots showing the distribution of the risk of infection with random visit times during each type of care (Equation ( 2 ) 
adapted to random 𝑇), for quanta emission rates of 𝑞 = 1 and 100 quanta ⋅ h− 1 . (b,d): Probability distributions of the number of exposures in the hospital 
ward scenario during each type of care calculated using Equation ( 4 ) adapted to random 𝑇 (as seen in Table 1 ), for quanta emission rates of 𝑞 = 1 and 
100 quanta ⋅ h− 1 . 
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s the mean visit time for each type of care in Figure 4 ; that is by
etting 𝑇̄ = 𝔼 [ 𝑇Chec ks ] ≈ 1 min for Checks and 𝑇̄ = 𝔼 [ 𝑇Roun ds ] ≈

 . 36 min for Rounds. This infection risk probability computed via
he classical Wells–Riley approach is reported as a colored cross
t the bottom of the density plots in Figure 7 . In these scenarios,
he classical Wells–Riley approach (using the mean visit duration)
isk Analysis, 2026
gives a very similar infection risk probability 𝑃̄𝑊𝑅 
𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

to the
expected value 𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] (dashed vertical lines) calculated via
our methodology (which summarizes the uncertainty around
𝑇 in an average infection risk value). For 𝑞 = 1 quanta ⋅ h− 1 

(Figure 7a ), we have 𝑏𝑞∕𝑄 = 2∕300 , for which we know from
13 of 36
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igure 1 (such that 𝑞̄ is replaced by 𝑇̄ and 𝑏𝑇∕𝑄 is replaced by
𝑞∕𝑄) overestimations do not occur in the region of 𝑇̄Roun ds ≈
0 
− 1 h , 𝑇̄Chec ks ≈ 10 

− 2 h and 𝑏𝑞∕𝑄 ≈ 10− 2 . However, there are
ther situations where using the classical Wells–Riley approach
an lead to a more significant overestimation of infection risk
s described in Subsection 2.1.1 . By looking at Figure A1 in
ppendix A5.1 , we can see that for 𝑏𝑞∕𝑄 being on the order
f 10− 2 , we would need 𝑇̄ = 30 h before any noticeable relative
ifference can be seen. Similarly, for 𝑞 = 100 quanta h− 1 we
ave 𝑏𝑞∕𝑄 = 2∕3 , for which we would require 𝑇̄ = 1 h before
verestimations start to occur. 

 particular feature of our approach (considering Gamma-
istributed parameters) is that one can, for example, con-
ider the impact that sequential visits have on infection risk.
n particular, since the sum of independent Gamma distri-
utions is a Gamma distribution, one can consider sequen-
ial visits from HCWs to a given room. For example, for
 > 1 sequential Checks (e.g., during a day), assuming that
ach observational care visit to the room is carried out
ndependently with duration 𝑇Chec ks ∼ Gamma ( 0 . 99 , 60)h , the
otal time spent by the HCW in the room is 𝑇Tota lChe cks ∼
amma ( 0 . 99 𝑀, 60)h . Thus, due to the steady-state assumption
n the Wells–Riley framework, the overall infection risk from
sequential visits (each of duration 𝑇𝐶ℎ𝑒 𝑐 𝑘𝑠 ) is equal to the

nfection risk from a single visit with duration 𝑇𝑇𝑜 𝑡𝑎 𝑙𝐶ℎ𝑒 𝑐 𝑘𝑠 ,
hich can be analyzed via our methodology in Section 2.1 ,
ince it is Gamma-distributed; see Appendix A4 for further
etails. 

n Figure 8 , we plot the density function of the infection risk
robability for a susceptible patient from 𝑀 ∈ {2 , 5 , 10} sequen-
ial HCW visits (either Checks or Rounds), for rates of 𝑞 =
quanta ⋅ h − 1 and 𝑞 = 100 quanta ⋅ h − 1 . As expected, an increas-
ng number of visits from an infector to the room significantly
ncreases infection risk in both care-type scenarios. It is however
nteresting to see how an increasing number of visits compounds
ncertainty in each visit duration (leading to higher uncertainty
n infection risk), where even a narrow Gamma distribution for
𝐶ℎ𝑒 𝑐 𝑘𝑠 leading to low risk uncertainty in Figure 7a,c now leads
o notably higher uncertainty in infection risk for 𝑀 = 2 , 5 , and
0 sequential Checks in Figure 8 . This highlights the importance
f considering uncertainty in parameter values when estimating
nfection risk in these types of situations. As the number of
equential visits increases, the increase in infection probability
etween the cases 𝑞 = 1 quanta ⋅ h − 1 and 𝑞 = 100 quanta ⋅ h − 1

ecomes nonlinear; we still observe uncertainty around infection
isk but the relative magnitude of this uncertainty is no longer
he same for the two emission rates; this is particularly true for
ounds in Figure 8c,f . 

.2.2 Uncertainty in Infectiousness 

ere, we analyze the impact of uncertainty in quanta generation
ate by considering 𝑞 ∼ Gamma ( 2 . 39 , 0 . 012)quanta ⋅ h − 1 as in
igure 3 , while illustrating results in Section 2.1.1 to incorporate
he possibility of the infector wearing a mask with probability
𝑚𝑎 𝑠 𝑘 , which reduces the corresponding generation rate by a
actor of 𝜂. As a result, randomness in infectiousness may be due
4 of 36
to uncertainty in the quanta generation rate estimate (Figure 3 )
or due to human behavior. In Figure 9 , we explore two different
values of mask efficacies of 50% ( 𝜂 = 0 . 5 ) and 95% ( 𝜂 = 0 . 95 ), to
explore a wide range of values which can be affected by mask
type and quality of fit (Davies et al. 2013 ; Wilson 2020 ; Bazant and
Bush 2021 ; Rothamer et al. 2021 ; Huang et al. 2022 ). The impact
of 𝜂 on the corresponding Gamma-distributed quanta generation
rate is plotted in Figure 9a . For these two values of 𝜂, we plot the
infection risk densities in Figure 9b,d for probabilities 𝑤𝑚𝑎 𝑠 𝑘 ∈

{0 , 0 . 5 , 1} of the infector wearing the mask, as well as the prob-
ability distribution of the number of exposures in Figure 9c,e . We
consider an interaction of 𝑇 = 5 min in all these scenarios. When
focusing on the density curve of the per-capita infection risk in
Figure 9b , one can note that 𝑤𝑚𝑎 𝑠 𝑘 = 1 (infector wears mask,
blue curve) generally leads to lower risk compared to 𝑤𝑚𝑎 𝑠 𝑘 = 0

(infector does not wear mask, red curve), as one would expect.
Still, high uncertainty in these generation rates (variance of the
corresponding Gamma distributions in Figure 9a ) means that
these red and blue density functions overlap. Thus, for 𝑤𝑚𝑎 𝑠 𝑘 = 1 ,
one could still get relatively high values of 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 (i.e., per-capita
infection risk above 0.15 corresponding to the right tail of the blue
density curve) while for 𝑤𝑚𝑎 𝑠 𝑘 = 0 one could still get low infection
risk (i.e., per-capita infection risk close to 0 in the left part of
the red density curve), with non-negligible probabilities. Setting
𝑤𝑚𝑎 𝑠 𝑘 = 0 . 5 (the infector has an equal chance of wearing or not
wearing the mask) means that the density curve of the probability
of infection shares characteristics with both of the underlying
densities (for 𝑤𝑚𝑎 𝑠 𝑘 = 0 and 1), which is particularly interesting in
the case 𝜂 = 0 . 95 (Figure 9d ). In this case, the high mask efficacy
𝜂 reduces the effective quanta emission by enough (blue vs. red
in Figure 9a ) that the underlying distributions have little overlap.
This highlights how stochasticity in human behavior ( 𝑤𝑚𝑎 𝑠 𝑘 ) can
have a high impact on infection risk in this type of situation.
In particular, the large value of 𝜂 = 0 . 95 leads to bi-modality in
the resulting (green) density curve for the per-capita infection
risk in Figure 9d , representing two significantly different per-
capita infection risk regions depending on the individual wearing
or not wearing the mask. In this situation, it is clear that the
mean infection risk (dashed vertical green line in Figure 9d ) or
the single estimate (green cross) provided by the classical Wells–
Riley approach with average quanta generation rate 

− 
𝑞 eff are not

good representations of the true infection risk profile (given by
the whole green density curve in Figure 9d ). In these type of
high-stochasticity high-impact scenarios, our results highlight
the importance of considering this uncertainty when predicting
risk, rather than relying on average/fixed parameter values or just
focusing on average per-capita infection risk estimates. 

Finally, the 𝑛-exposure distributions have been plotted in
Figure 9c,e . The reduction of approximately 2% ( 8 . 3% to 5 . 9% ) in
the mean per-capita infection risk (for 𝑤𝑚𝑎 𝑠 𝑘 = 0 . 5 ) between 𝜂 =
0 . 5 to 𝜂 = 0 . 95 leads to a slightly leftwards shift in the 𝑛-exposure
distribution. The probability of at least one exposure occurring
increases notably for smaller 𝑤𝑚𝑎 𝑠 𝑘 and 𝜂. For a larger value of
𝜂 (0.95 compared to 0.5), the impact of mask-wearing becomes
larger; this means that the 𝑛-exposure distributions are more
different for different values of 𝑤𝑚𝑎 𝑠 𝑘 when 𝜂 = 0 . 95 compared
to 0 . 5 . That is, for decreasing efficacy values 𝜂 → 0 (representing
decreasing fit or mask quality), the differences between different
values of 𝑤𝑚𝑎 𝑠 𝑘 would become less significant. 
Risk Analysis, 2026
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FIGURE 8 Density plots of the per-capita infection risk probability (Equation ( A15 )), 𝑓𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ( 𝑝) , for a susceptible patient being visited 
sequentially 𝑀 ∈ {2 , 5 , 10} times by an HCW, for either Checks (Yellow) or Rounds (Pink). Vertical dashed lines represent the mean infection risk 

𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] (Equation ( A16 )). The crosses represent the classical Wells–Riley approach average infection risk 𝑃̄WR 
infe ction = 1 − 𝑒

− bq 
𝑄 
𝑇̄ , with the mean visit 

time 𝑇̄ as a constant value. 
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.2.3 Uncertainty in Ventilation Rate 

n this section, we investigate the effects of random ventilation
y considering the distributions in Figure 5 . In particular, we
lot in Figure 10 the per-capita infection risk density curves
nder only natural ventilation ( 𝑄𝑚𝑒 𝑐 ℎ = 0 ) or the presence of
ome mechanical ventilation ( 𝐴𝐶𝐻𝑚𝑒 𝑐 ℎ = + 1 ), while considering
wo visit durations ( 𝑇 = 5 min vs. 𝑇 = 15 min ) and 𝐼 ∈ {1 , 2} . We
onsider the quanta generation rate 𝑞 = 100 quanta h − 1 here to
epresent high infectivity; a shift on infection risk similar to that
bserved in Figure 7 would be expected if one considered 𝑞 =
quanta h− 1 instead. 

s reported by Edwards, King, López-García, et al. ( 2024 ),
eliance on natural ventilation alone can lead to high-risk
ituations during moments (or days) where the particular envi-
onmental conditions lead to significantly low ventilation rates
n a given room, represented by values of 𝑄𝑛𝑎𝑡 close to 0 in the
orresponding Gamma distribution in Figure 5 . Indeed, these
alues lead to long “high-risk” tails of the per-capita infection
isk density curves, close to 40% in Figure 10a and close to
00% in Figure 10c , especially if 𝐼 = 2 or 𝑇 = 15 min . It is also
nteresting to note how the same level of uncertainty in 𝑄
in terms of the same variance for the Gamma distributions
isk Analysis, 2026
in Figure 5 ) between the different scenarios considered (natu-
ral ventilation only in Figure 10a,c , vs. additional mechanical
ventilation in Figure 10b,d ) can lead to substantially different
levels of uncertainty in the per-capita infection risk. In par-
ticular, this level of uncertainty in 𝑄 has a more significant
impact when only natural ventilation is considered (which leads
to some days, as described, with very low ventilation rates
near 0). Once some mechanical ventilation ( 𝐴𝐶𝐻𝑚𝑒 𝑐 ℎ = + 1 ) is
added, so that the distribution of 𝑄 is shifted in Figure 5 ,
uncertainty in the per-capita probability of infection significantly
decreases, consistent with findings in Edwards, King, López-
García, et al. ( 2024 ). This highlights the impact that having
mechanical ventilation in the room, even a small amount,
may have on infection risk when the chances of having very
low natural ventilation rates near 0 are non-negligible in that
particular environment. 

When considering uncertainty in 𝑄, the classical Wells–Riley

approach (which consists of computing 𝑃̄𝑊𝑅 
𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

= 1 − 𝑒
− 𝐼 𝑏𝑞𝑇 

𝑄̄ ,
with 𝑄̄ = 𝑄̄𝑛𝑎𝑡 + 𝑄𝑚𝑒 𝑐 ℎ being the average total ventilation rate)
typically leads to an underestimation of risk in Figure 10 , consis-
tent with our results in Figure 2 . This is due to the fact that using
the average ventilation rate partly neglects high-risk situations
15 of 36
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(a) Gamma-distributed quanta generation rate q ~ Gamma

(2.39,0.012) (red) versus (1-η) q ~ Gamma

(2.39,0.012/(1-�)) for �=0.5 (green) and �=0.95 (blue).

Vertical dashed lines represent the mean quanta emission rates.

(b) (c)

(d) (e)

FIGURE 9 (a) Gamma-distributed quanta generation rate 𝑞 ∼ Gamma (2 . 39 , 0 . 012) (red) versus (1 − 𝜂) 𝑞 ∼ Gamma (2 . 39 , 0 . 012∕(1 − 𝜂)) for 𝜂 = 

0 . 5 (green) and 𝜂 = 0 . 95 (blue). Vertical dashed lines represent the mean quanta emission rates. (b) and (d) Per-capita infection risk density curves 
(Equation ( 5 )) for mask efficacies 𝜂 = 0 . 5 and 0 . 95 and probabilities of the infector wearing the mask 𝑤𝑚𝑎 𝑠 𝑘 ∈ {0 , 0 . 5 , 1} . Vertical dashed lines represent 
mean infection risk, 𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] (Equation ( 6 )), and the crosses represent the classical Wells–Riley estimate 𝑃̄𝑊𝑅 

𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 
= 1 − exp ( − 𝐼𝑏𝑇 

𝑄 
𝑞̄𝑒𝑓𝑓 ) . (c) and 

(e) Probability distribution of the number of exposures (Equation ( 7 )) for 𝜂 = 0 . 5 and 0 . 95 and probabilities of the infector wearing the mask 𝑤𝑚𝑎 𝑠 𝑘 ∈

{0 , 0 . 5 , 1} . 
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here, for example, reliance on natural ventilation leads to
ituations with very low ventilation rates on particular days,
s discussed above; see also Appendix A5.2 for further details.
verall, our approach, where ventilation rates and infection
isk are represented as random variables, allows one to capture
he probability (and impact) of these events when estimating
nfection risk in the presence of uncertainty. 

.3 Infection Risk During Meals 

ere, we consider a similar scenario to the one considered by
dwards, King, Noakes, et al. ( 2024 ) to estimate infection risk
uring meals in different hospitality venues, and while account-
ng for uncertainty in two parameter values simultaneously, or in
isease prevalence. 
6 of 36

a

3.3.1 Uncertainty in Meal Duration and Ventilation 

Rate 

We investigate here the impact of considering simultaneous
uncertainty in 𝑇 and 𝑄 in this scenario, while leveraging the
Gamma distributions described in Section 3.1.2 . Once again,
we set 𝑞 = 100 quanta h − 1 here for illustrative purposes, corre-
sponding to a highly infectious individual in the venue. We use
Equations ( 22 ) and ( 23 ) (with 𝑞 substituted by 𝑇) to calculate
the density curves and expected values of 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 given our
different scenarios and ventilation rates. These are all plotted
in Figure 11 . Within each subplot, we consider the situation
where only one parameter is considered to be random (either
𝑇 or 𝑄), while the other is set to the mean value of its cor-
responding Gamma distribution, or where both parameters are
simultaneously random. 

Overall, infection risk is lower in fast-food venues compared to
workplace cafeterias or restaurants, due to shorter lunch dura-
Risk Analysis, 2026
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a

c d

b

FIGURE 10 Probability density curves of the per-capita infection risk, for natural ventilation only ( 𝐴𝐶𝐻𝑚𝑒 𝑐 ℎ = 0 ) and added mechanical 
ventilation ( 𝐴𝐶𝐻𝑚𝑒 𝑐 ℎ = 1 ), for exposure times 𝑇 = 5 and 15 min , a quanta emission rate of 𝑞 = 100 quanta h − 1 , and for 𝐼 = 1 or 𝐼 = 2 infectors. Dashed 
vertical lines represent the distribution mean, 𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] , and crosses represent the average value provided by classical Wells–Riley approach with 
average ventilation rate parameter, 𝑃̄WR 

infe ction = 1 − exp ( −IbqT ∕(𝑄̄nat + 𝑄mech )) . 
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ions. More variability in lunch duration in these latter venues
lso leads to higher variability in infection risk. Still, stochasticity
n ventilation rate “dominates” (i.e. against randomness of 𝑇)
he stochasticity in infection risk when the ventilation rate
istribution has higher variance and a higher positive skewness
Figure 11a–c ), which can be noticed by the red and blue density
urves almost overlapping in these scenarios. Once again, the
istribution of the ventilation rate in the high-variance scenario
n Figure 6b leads to low ventilation rates with high probability,
ven though the mean ventilation rate is still 8 ACH . This directly
ontributes to the long right tail of the density function of 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛

n Figure 11a–c (red and blue curves), which is missing when
nly randomness in 𝑇 is considered (green curve). We refer
he reader to Appendix A6 where we investigate further the
easons for one parameter to dominate the shape of the density
unction of 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 over the other, when both parameters are
andom. On the other hand, the low-variance ventilation rate
cenario in Figure 6b leads to a very low probability of observing
 ventilation rate below 5 ACH at any given time. In this case,
andomness in 𝑇 becomes more relevant when estimating the
isk Analysis, 2026
density function of 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 . This can be seen in Figure 11d–f ,
where the red density curve (both parameters considered to be
random) does not closely mimic any of the other two densities
(blue and green). Interestingly, the red density curve always
has larger variance compared to the green and blue ones. This
highlights the compounding effect that having uncertainty in two
parameter values simultaneously has on the uncertainty in the
per-capita infection risk. That is, for example, if both 𝑇 and 𝑄
are random, there will be scenarios where a particularly long
lunch duration combined with a particularly low ventilation rate
(sampled from the corresponding parameter distributions) could
lead to increased infection risk, leading to the relatively longer
right tail of the red density curve in Figure 11d–f . 

We can also compare our predictions with the per-capita
infection risk estimated via the classical Wells–Riley approach
when both parameters are set to be constant equal to their
mean values, represented by the crosses in Figure 11 . The most
striking difference is that observed between these values (crosses,
representing the classical Wells–Riley approach 𝑃̄𝑊𝑅 

𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 
) and
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FIGURE 11 Density curves of the per-capita infection risk probability 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 for different hospitality venues, given random 𝑇 and 𝑄
(Equation ( 22 )). For each scenario, we compare these density curves against the ones that one would obtain if one parameter is random and the other set 
to its mean value instead (Equation ( 2 ) and Equation ( 11 )). Vertical dashed lines indicate density means (Equations ( 23 ), ( 3 ), and ( 12 )). Crosses below the 
subplots indicate the classical Wells–Riley estimate 𝑃̄𝑊𝑅 

𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 
which uses average parameter values instead. Three hospitality venues with either high or 

low variance ventilation rates from Figure 6b . 
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he dashed vertical red and blue lines (which are on top of each
ther, representing analytical mean infection risks 𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] ) in
igure 11a–c , where we observe underestimations by the classical
pproach of approximately 50% relative to the analytical means.
his highlights how the classical (average) Wells–Riley approach
ould clearly underestimate infection risk if uncertainty in 𝑄 is
ot properly accounted for. On the other hand, the fact that the
ed and blue lines overlap, whereas the green vertical dashed line
s significantly below and closer to the cross, means that in this
ype of scenario considering uncertainty in 𝑄 is enough to capture
ost of the real uncertainty in 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 , whereas the uncertainty
n 𝑇 becomes less important here and could be neglected. 

.3.2 Uncertainty in Number of Infectors: Considering 
isease Prevalence 

t is typical when assessing infection risk to assume that an
nfector is present. However, the probability of an infector being
resent is one of the main factors influencing infection risk for
usceptible individuals in reality. This can be incorporated, as
iscussed in Section 2.1.2 , via a probability distribution for 𝐼. If
8 of 36
we consider the population-level probability of being infectious
to be 𝜌, and assuming independence, one can consider 𝐼 ∼
Binomial ( 𝑁, 𝜌) where 𝑁 is the number of individuals involved in
the indoor interaction. Looking at the trends for the percentage of
positive COVID-19 tests during 2022 (Office for National Statistics
2023 ), we can see that they typically ranged between 1% and
8% . Thus, for illustrative purposes, we consider two potential
values of 𝜌 ∈ {0 . 001 , 0 . 05} to represent low and high prevalence
scenarios, respectively. We define two variables for the number of
infectors 

𝐼low ∼ Binomial ( 5 , 0 . 001) , 
𝐼high ∼ Binomial (5 , 0 . 05) . 

As an example, we will consider the workplace cafeteria scenario,
fixing 𝑇̄ = 10∕13 . 09 h ≈ 45 min to be the corresponding mean
lunch duration and a ventilation of 8 ACH . Equations ( 8 ) to ( 10 )
are used to calculate the probability distribution of the per-capita
infection risk as well as the probability of observing 𝑛 exposures.
The per-capita infection risk distributions and their means have
been plotted in Figure 12a , along with the classical Wells–Riley
probability of infection calculated by fixing 𝐼 = 𝑁𝜌 as the mean
Risk Analysis, 2026
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FIGURE 12 Infection risk in the workplace cafeteria for 𝑇̄ = 45 min and 8 ACH , with a random number of infectors 𝐼 ∼ Bin ( 𝑁, 𝜌) , disease 
prevalence 𝜌 = 0 . 1% (low, blue) and 𝜌 = 5% (high, red), and 𝑁 = 5 individuals in total. 
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umber of infectors. We note that since 𝐼 is a discrete random
ariable, the per-capita infection risk becomes now a discrete
andom variable as well, which is why we plot a probability mass
unction in Figure 12a instead of a density curve. 

hen we have a prevalence of 𝜌 = 0 . 1% , it is highly unlikely
or anyone present at the lunch to be infectious, leading to the
er-capita infection probability being 0 with a likelihood close
o 100% . On the other hand, when the prevalence is increased
o 𝜌 = 5% , the probability of at least one infectious individual
eing present becomes non-negligible ( ℙ ( 𝐼 > 0) = 22 . 6% ), which
xplains why the red probability mass function in Figure 12a
ttributes non-negligible likelihood to positive per-capita infec-
ion risks. Still, the magnitude of the per-capita infection risk
emains low in all cases in Figure 12a (less than 5% ), which
s explained by the high ventilation rate considered. For both
revalence rates, the Wells–Riley approach seems to capture the
ensity mean well, possibly because risks are low in this scenario.

n Figure 12b , we have plotted the probability distribution of the
umber of exposures within the group. The high probability of
bserving 0 exposures, even under high prevalence, highlights the
mportance of taking into account the probability of an infector
eing present when carrying out infection risk assessment (rather
han assuming that an infector is in the room). This is directly
elated to the idea of implementing mitigations which may avoid
n infector being present in the first place (e.g., avoiding contact
f symptomatic), above other additional mitigations which might
e considered. 
isk Analysis, 2026
4 Discussion 

In this study, we revisited the classical Wells–Riley model by
introducing a stochastic framework that analytically accounts
for uncertainty in key parameters such as the quanta emission
rate, ventilation rate, exposure time, and number of infectors.
Unlike existing approaches in the literature which are typically
based on numerical or Monte Carlo simulation methods, we
propose a probabilistic, mathematical framework which extends
the work by Nicas ( 1996 ) and Edwards, King, Noakes, et al.
( 2024 ). In particular, by treating these parameters as random
variables, we derived probability distributions for both the
per-capita infection risk and the number of exposures during
indoor interactions. When compared to a classical Wells–Riley
model with average parameter values, our probabilistic approach
allows for a more nuanced and realistic assessment of air-
borne infection risk, particularly in heterogeneous populations
and variable environmental conditions. It is worth noting that
there exist dose–response models which use an exponential-
Poisson relationship to infection probability similar to that of
the Wells–Riley model, and authors have previously incorporated
uncertainty into the dose (Sze To and Chao 2010 ; Nicas 1996 ). In
particular, Nicas ( 1996 ) investigates Beta-distributed and Gamma-
distributed doses, and derives infection probability distributions.
Here, we instead consider uncertainty in each of the parameters
which can impact the dose within the Wells–Riley framework. 

Our findings demonstrate that the classical Wells–Riley model
under average parameter values can lead to significant inaccu-
racies when estimating infection risk. A particularly interesting
19 of 36
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esult is that generated in Section 2.1.1 which leverages Jensen’s
nequality: The per-capita infection risk will be overestimated
f one implements the classical Wells–Riley methodology under
verage parameter values for ( 𝑏, 𝑞, 𝑇) , compared to computing
he “true” average per-capita infection risk which incorporates
he whole probability distribution of the corresponding param-
ter. On the other hand, considering an average ventilation rate
ypically leads to underestimating the true per-capita infection
isk. This is particularly significant in scenarios where very
oor ventilation can occur with positive probability; in these
ituations, considering an average ventilation rate neglects the
ossibility of these high-risk events happening. These insights
nderscore the importance of incorporating parameter uncer-
ainty into infection risk assessments, especially in settings
here precise measurements are unavailable or impractical. It
lso highlights the importance of incorporating low-probability
igh-impact events (e.g., scenarios with very low ventilation, the
resence of a highly infectious individual or the possibility of this
nfector wearing a mask), which can be done via the analytical
ramework here proposed. 

verall, large uncertainty in parameter values leads to large
ncertainty in the per-capita infection risk estimates. The nature
f this resulting uncertainty can significantly change across
cenarios though. For example, we illustrated in Figure 9d how,
n some scenarios, bi-modality might arise where particular
tochastic conditions or random human behavior might lead to
ery different infection risk profiles depending on a particular
andom event (in this figure, the infector wearing or not a
ask). In these situations, it is clear how considering either
verage parameter values or average infection risk estimates
ould not be representative or informative of the real infection
isk profile outlined by the green density in Figure 9d . This has
irect implications in terms of risk mitigation design, where,
or example, here one would focus on decreasing risk in those
cenarios corresponding to the second larger mode in Figure 9d
e.g., by increasing 𝑤𝑚𝑎 𝑠 𝑘 ) rather than trying to shift the whole
robability density curve to the left via alternative mitigations. 

ur results also highlight how, when considering two parame-
ers being simultaneously random, uncertainty in one of these
arameters can in some scenarios dominate the uncertainty in the
orresponding per-capita infection risk, as explored in Figure 11 .
his has direct implications in terms of both incorporating this
ncertainty into the risk estimates and considerations around
ata collection. That is, if uncertainty around the ventilation
ate is expected to have the largest impact on the infection
isk estimates, one would need to incorporate this uncertainty
nto the corresponding mathematical framework (as described
n Section 2 ), as well as rely on better measurements for this
articular parameter. In these instances, variability in other
arameters may be neglected if this variability is expected to
e smaller or have a smaller impact on infection risk. Our
ethodology allows one to explore this in detail when carrying
ut infection risk assessment in different settings. 

roposing an analytical framework as the one in Section 2 allows
ne to carry out extensive sensitivity analysis under different
arametric regimes, as well as to leverage analytical properties
s we did with Jensen’s inequality in Section 2.1.1 . Moreover,
his analytical, probabilistic framework has the potential to be
0 of 36
extended to additional scenarios (e.g., alternative parametric
distributions) or when relaxing particular assumptions (e.g.,
steady-state pathogen concentration in the air). While some of the
closed formulas obtained in Section 2.1 , such as Equations ( 2 )–( 11 )
and ( 15 ), can be readily applied, other results in this work depend
on integral functions such as the modified Bessel or the Tricomi
function. Still, these are well-known functions in the literature
for which analytical properties and numerical implementations
are readily available, and we leveraged these in some of our
results in Section 3 . Thus, our analytical results could be easily
embedded into existing QMRA frameworks, allowing one to
quickly test uncertainty in various scenarios without a major
need in computing power. These analytical results could also be
used directly in Bayesian frameworks when estimating model
parameters from observations, since some of our results would
arise when computing likelihood functions in these scenarios. 

Despite the strengths described above, several limitations should
be acknowledged. First, our approach is derived from the classical
Wells–Riley model, which uses the steady-state assumption for
the concentration of infectious pathogen in the air. For short
exposure interactions combined with low ventilation, the steady-
state assumption can overestimate infection risk, as shown in
Edwards et al. ( 2023 ). This limitation has been addressed by
Gammaitoni and Nucci ( 1997 ), who extended the Wells–Riley
model to include transient concentration dynamics (exponential
growth or decay) (see also Edwards et al. 2023 ; López-García
et al. 2019 ). Our approach could be strengthened by incorporating
parameter uncertainty into that transient model. 

Second, we have considered at most two (independent) param-
eters being simultaneously random when estimating infection
risk. In reality, uncertainty might be present in more than two
parameters, or some parameters may exhibit correlations (e.g.,
between infectiousness and behavior, or between ventilation pat-
terns and occupancy). Although the methodology could in princi-
ple be extended to more than two random parameters, or pairs of
correlated parameters (e.g., via joint distributions), the resulting
analytical expressions may soon become intractable. In these
situations, numerical or Monte Carlo simulation approaches as
those existing in the literature (Bate et al. 2024 ; Henriques et al.
2025 ; Iddon et al. 2022 ; Jones, Sharpe, et al. 2021 ; Jones et al. 2025 ;
Edwards et al. 2026 ) would be preferred. 

Third, we have considered Gamma-distributed parameters in
Section 2 due to their mathematical tractability and versatility,
going beyond Exponential or Erlang-distributed ones as consid-
ered by Edwards, King, Noakes, et al. ( 2024 ). The flexibility of
Gamma distributions to represent different data sets has been
shown in Section 3 , where bi-modal parameter regimes or sequen-
tial indoor interactions could be accounted for by considering
different combinations of Gamma distributions. However, there
might be situations where different distributions might provide
a better fit to data for a particular parameter, in which case
our results would need to be extended, if possible. For example,
quanta emission rates have been modeled as log-normal in the
literature with variation across multiple orders of magnitude
(Jones et al. 2024 ). Future work might be able to partially address
this limitation. For example, the analytical mean infection risk
in Equation ( 3 ) can be written in terms of the Laplace transform
of the random parameter. We recall that for a random variable
Risk Analysis, 2026
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with density 𝑓𝑋 ( ⋅) , the Laplace–Stieltjes transform is defined
s 𝑓𝑋 

( 𝑠) = ∫ ∞
0 

𝑒− 𝑠𝑥 𝑓𝑋 ( 𝑥 ) 𝑑𝑥 . Then, the mean infection risk
 [ 𝑃infection ] for a generally distributed quanta emission rate 𝑞 ∼
( ⋅) can be computed as 

𝔼 [ 𝑃infection ] = 1 − ∫
∞

0 

𝑒
− 𝐼 𝑏𝑞𝑇 

𝑄 𝑓𝐺 ( 𝑞) 𝑑𝑞 = 1 − 𝑓𝐺 

( 

𝐼𝑏𝑇 

𝑄 

) 

, 

hich could be applied to any distribution with a well-defined
aplace–Stieltjes transform. 

uture work could extend this framework by integrating more
etailed behavioral and environmental data or exploring non-
arametric or data-driven distributions. Moreover, incorporating
eal-time monitoring of indoor air quality and occupancy could
nable dynamic risk assessments and inform adaptive mitigation
trategies. Ultimately, our stochastic extension of the Wells–
iley model provides a valuable analytical tool for robust and
recautionary infection risk estimation in diverse indoor settings
nder environmental and behavioral uncertainty, and population
eterogeneity. These insights into the impact of parameter uncer-
ainty in infection risk assessment have important implications
or pandemic preparedness and resilience, particularly given the
otential for emergence of novel airborne pathogens through
eassortment and other evolutionary mechanisms. Segmented
NA viruses pose particular concern, as reassortment between
o-infecting strains can generate progeny with altered transmis-
ion characteristics, exemplified by influenza pandemic strains
Neumann et al. 2009 ; Taubenberger and Kash 2010 ). Similarly,
unyaviruses with tripartite segmented genomes demonstrate
ignificant reassortment potential that could alter virulence and
ransmissibility (Briese et al. 2013 ; Rezelj et al. 2019 ). While most
re vector-borne, some Bunyaviruses show person-to-person
ransmission capabilities (e.g., Andes Hantavirus via aerosols
Martinez et al. 2005 ) and SFTS virus through contact transmis-
ion (Gai et al. 2012 )) suggesting biological potential for enhanced
irborne transmission in reassortant strains. Our stochastic
ramework’s ability to account for uncertainty in human behavior
nd environmental conditions provides essential tools for rapidly
ssessing transmission risks from such emerging pathogens,
here precise parameter estimates may be unavailable during
nitial outbreak responses. 
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w estimate the probability of observing exactly 𝑛 exposures during the indoor 
i  population parameter { 𝑏, 𝑞, 𝑇, 𝐼} is random. In Appendix A2 , we consider the 
s k at the scenario where a pair of parameters are simultaneously random. 

F efine 𝑔( 𝑋) = − 𝐼𝑏𝑞𝑇 

𝑄 
, which is then a random variable. Then 

𝑋 = 𝑔− 1 (ln (1 − 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 )) . 

W  of that of X 

𝐹𝑋 
(
𝑔− 1 (ln (1 − 𝑝))

)
. 

N
 𝑛 
( 𝑝) with respect to 𝑝

𝑑𝐹𝑋 
(
𝑔− 1 (ln (1 − 𝑝))

)
𝑑𝑝 

, 

f

 

(
𝑔− 1 (ln (1 − 𝑝 ))

)||||| 𝑑 𝑥 𝑑 𝑝 

|||||, (A1) 

w iables 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 and 𝑋, respectively. This is known as the change of variables 
m

 

( 𝑝 ) 𝑑 𝑝 = ∫
∞

0 

(
1 − 𝑒𝑔( 𝑥) 

)
𝑓𝑋 ( 𝑥) 𝑑 𝑥. (A2) 

F ve 

 𝑒𝑔( 𝑥) 
)𝑛 (

𝑒𝑔( 𝑥) 
)𝑆− 𝑛 

𝑓𝑋 ( 𝑥) 𝑑𝑥 

(𝑛 
𝑖 

)
∫

∞

0 

𝑒( 𝑆 − 𝑛+ 𝑖 ) 𝑔( 𝑥) 𝑓𝑋 ( 𝑥 ) 𝑑𝑥 , (A3) 

f  

)𝑛 
. 

A

A  

W hout any loss of generality, since other parameters 𝑇 and 𝑏 are symmetric in 
𝑃 nts above, we have 

𝑓𝑞 ( 𝑞 ) =
𝜆𝑘 𝑞𝑘− 1 𝑒− 𝜆𝑞 

Γ( 𝑘 ) 
, 

a ln (1 − 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ) 𝑄 
𝐼𝑏𝑇 

. Thus, 

𝑄 

(1 − 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ) 𝐼𝑏𝑇 

a

) 𝑄 )𝑘− 1 
𝑒

(
ln (1 − 𝑝) 𝜆𝑄 

𝐼𝑏𝑇 

)
Γ( 𝑘) 

𝑄 

(1 − 𝑝 ) 𝐼𝑏 𝑇 

ln (1 − 𝑝)]𝑘− 1 (1 − 𝑝)
𝜆𝑄 

𝐼𝑏𝑇 
− 1 

Γ( 𝑘) 
, (A4) 

2
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 articles are governed by the applicable C
reat
ppendix 

n this Appendix, we detail some of the mathematical derivations omitted i
f infection 

𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛

hen one (or two) of the parameters are considered random. We also 
nteraction. In particular, in Appendix A1 , we focus on scenarios where a
ituation where the ventilation rate 𝑄 is random. In Appendix A3 , we loo

irst, let us consider one parameter 𝑋 ∈ { 𝑏, 𝑞, 𝑄, 𝑇} being random, and d

𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 = 1 − 𝑒𝑔( 𝑋) ⇒

e can express the cumulative distribution function of 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 in terms

𝐹𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ( 𝑝) = 

ow, to obtain the density function of 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 , we differentiate 𝐹𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜

𝑑 𝐹𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ( 𝑝 ) 

𝑑𝑝 
= 

rom which we obtain 

𝑓𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ( 𝑝) = 𝑓𝑋

here 𝑓𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ( ⋅) and 𝑓𝑋 ( ⋅) are the density functions of the random var
ethod. To find the expected infection risk, we compute: 

𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] = ∫
1 

0 

𝑝 𝑓𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛

inally, since the number of exposures 𝐸 ∼ Binomial ( 𝑆, 𝑃infe ction ) , we ha

ℙ ( 𝐸 = 𝑛) = ∫
∞

0 

(𝑆 
𝑛 

)(
1 −

= 

(𝑆 
𝑛 

) 𝑛 ∑
𝑖= 0 

( − 1)𝑖 

or 𝑛 = 0 , . . . , 𝑆, where we have used the binomial expansion of 
(
1 − 𝑒𝑔( 𝑥)

1 Uncertainty in Population Parameters 

1.1. Breathing Rate, Quanta Emission Rate or Exposure Time

e consider here a random quanta emission rate 𝑞 ∼ Gamma ( 𝑘, 𝜆) wit
𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 , so analogous results can be obtained. According to the argume

𝑔( 𝑞) = − 𝐼𝑏𝑇 

𝑄 

𝑞 , 

nd since 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 = 1 − 𝑒
− 𝐼𝑏𝑇 

𝑄 
𝑞 , one gets 𝑞 = 𝑔− 1 (ln (1 − 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 )) =

−

𝑑𝑞 

𝑑𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 
= 

nd by Equation ( A1 ), the density function of 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 is 

𝑓𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ( 𝑝) = 

𝜆𝑘 
(− ln (1 − 𝑝

𝐼𝑏𝑇 

= 

( 

𝜆𝑄 

𝐼𝑏𝑇 

) 𝑘 
[ −
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f s 

 − 𝑒
− 𝐼𝑏𝑇 

𝑄 
𝑞 
) 

𝜆𝑘 𝑞𝑘− 1 𝑒− 𝜆𝑞 

Γ( 𝑘) 
𝑑𝑞 

 

) ∫
∞

0 

𝑒
− 𝑞

(
𝐼𝑏𝑇 

𝑄 
+ 𝜆

)
𝑞𝑘− 1 𝑑𝑞 

𝜆

+ 𝐼𝑏𝑇 

𝑄 

) 𝑘 

, (A5) 

w

 du = Γ ( 𝑏 + 1) 

𝑎𝑏+ 1 
, ( ★) 

w posures is computed using Equation ( A3 ) as 

∫
∞

0 

𝑒
− 𝑞(( 𝑆 − 𝑛+ 𝑖 ) 𝐼𝑏𝑇 

𝑄 
+ 𝜆) 

𝑞𝑘− 1 
𝜆𝑘 

Γ( 𝑘) 
𝑑𝑞 

Γ( 𝑘) (
( 𝑆 − 𝑛 + 𝑖)

𝐼𝑏𝑇 

𝑄 
+ 𝜆

)𝑘 𝜆𝑘 Γ( 𝑘) 

( 

𝜆

( 𝑆 − 𝑛 + 𝑖)
𝐼𝑏𝑇 

𝑄 
+ 𝜆

) 𝑘 

, (A6) 

f  = ( 𝑆 − 𝑛 + 𝑖)
𝐼𝑏𝑇 

𝑄 
+ 𝜆 and 𝑏 = 𝑘 − 1 . 

A rom mitigations such as mask-wearing. In particular, given a mask-wearing 
p or the effective quanta emission rate is given by 

 𝑞 ) + ℙ ( 𝑛𝑜 𝑚𝑎 𝑠 𝑘 ) 𝑓𝑞𝑒𝑓𝑓 |no mask ( 𝑞 ) 
 𝑘 

( 𝑞 

1 − 𝜂

)
+ (1 − 𝑤𝑚𝑎 𝑠 𝑘 ) 𝑓𝑞𝑛𝑜 𝑚𝑎 𝑠 𝑘 

( 𝑞) 

w  𝑒
−
𝐼𝑏 𝑞𝑒 𝑓𝑓 𝑇 

𝑄 . In this scenario, our arguments above can be easily adapted. In 
p ng a linear combination for 𝑞𝑒𝑓𝑓 , only the density for the quanta emission rate 

c  1 (ln (1 − 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 )) =
− ln (1 − 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ) 𝑄 

𝐼𝑏𝑇 
. This results in the following infection 

r

 

) 

)
+ (1 − 𝑤𝑚𝑎 𝑠 𝑘 ) 𝑓𝑞𝑛𝑜 𝑚𝑎 𝑠 𝑘 

(
−
ln (1 − 𝑝) 𝑄 

𝐼𝑏𝑇 

)) 

𝑑𝑞 

𝑑𝑝 

𝑚𝑎 𝑠 𝑘 

 𝜂)𝑘 
(1 − 𝑝)

𝜆𝑄 

𝐼𝑏𝑇(1 − 𝜂) 
− 1 

+ (1 − 𝑤𝑚𝑎 𝑠 𝑘 )(1 − 𝑝)
𝜆𝑄 

𝐼𝑏𝑇 
− 1 
) 

, (A7) 

f

𝑓𝑓 
( 𝑞) 𝑑𝑞 

𝜆
 

(1 − 𝜂) 

) 𝑘 

+ (1 − 𝑤𝑚𝑎 𝑠 𝑘 )

( 

𝜆

𝜆 + 𝐼𝑏𝑇 

𝑄 

) 𝑘 ] 

, (A8) 

a

 𝑞) 𝑑𝑞 

𝜆

 𝑖)
𝐼𝑏𝑇 

𝑄 
(1 − 𝜂) 

) 𝑘 

+ (1 − 𝑤𝑚𝑎 𝑠 𝑘 )

( 

𝜆

𝜆 + ( 𝑆 − 𝑛 + 𝑖)
𝐼𝑏𝑇 

𝑄 

) 𝑘 ] 

(A9) 

R
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 articles are governed by the applicable C
reat
or 𝑝 ∈ (0 , 1) . Using Equation ( A2 ), we find the expectation of 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 a

𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] = ∫
∞

0 

( 

1

= 1 − 𝜆𝑘

Γ( 𝑘

= 1 −
( 

𝜆

here we have used 

∫
∞

0 

𝑢𝑏 𝑒−au

ith 𝑎 = 𝐼𝑏𝑇 

𝑄 
+ 𝜆 and 𝑏 = 𝑘 − 1 . The probability of observing exactly 𝑛 ex

ℙ ( 𝐸 = 𝑛) = 

(𝑆 
𝑛 

) 𝑛 ∑
𝑖= 0 

( − 1)𝑖 
(𝑛 
𝑖 

)

= 

(𝑆 
𝑛 

) 𝑛 ∑
𝑖= 0 

( − 1)𝑖 
(𝑛 
𝑖 

)

= 

(𝑆 
𝑛 

) 𝑛 ∑
𝑖= 0 

( − 1)𝑖 
(𝑛 
𝑖 

)

or 𝑛 = 0 , . . . , 𝑆, where we have again used Equation ( ★), this time with 𝑎

s described in Section 2.1.1 , some of the uncertainty in 𝑞 might arise f
robability 𝑤𝑚𝑎 𝑠 𝑘 , and the mask’s efficacy parameter 𝜂, the distribution f

𝑓𝑞𝑒𝑓𝑓 ( 𝑞) = ℙ ( 𝑚𝑎 𝑠 𝑘 ) 𝑓𝑞𝑒𝑓𝑓 |mask (
= 𝑤𝑚𝑎 𝑠 𝑘 

1 

1 − 𝜂
𝑓𝑞𝑛𝑜 𝑚𝑎 𝑠

ith 𝑤𝑚𝑎 𝑠 𝑘 ∈ [0 , 1] , 𝑓𝑞𝑛𝑜 𝑚𝑎 𝑠 𝑘 
∼ Gamma ( 𝑘, 𝜆) and where 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 = 1 −

articular, the density of 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 is given by Equation ( A1 ). By consideri

hanges, not the transformation to 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 . Thus, we still have 𝑞 = 𝑔−

isk density: 

𝑓𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ( 𝑝) = 

( 

𝑤𝑚𝑎 𝑠 𝑘 

1 − 𝜂
𝑓𝑞𝑛𝑜 𝑚𝑎 𝑠 𝑘 

(
−
ln (1 − 𝑝) 𝑄

𝐼𝑏𝑇(1 − 𝜂

= 

( − ln (1 − 𝑝))𝑘− 1 

Γ( 𝑘) 

( 𝜆𝑄 

𝐼𝑏𝑇 

)𝑘 ( 

𝑤

(1 −

or 𝑝 ∈ (0 , 1) . The average infection risk is 

𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] = ∫
∞

0 

(
1 − 𝑒

− 𝐼𝑏𝑞𝑇 

𝑄 

)
𝑓𝑞𝑒

= 1 −

[ 

𝑤𝑚𝑎 𝑠 𝑘 

( 

𝜆 + 𝐼𝑏𝑇

𝑄 

nd the probability of observing exactly 𝑛 exposures is 

ℙ ( 𝐸 = 𝑛) = 

(𝑆 
𝑛 

) 𝑛 ∑
𝑖= 0 

( − 1)𝑖 
(𝑛 
𝑖 

)
∫

∞

0 

𝑒( 𝑆 − 𝑛+ 𝑖 ) 𝑔( 𝑞) 𝑓𝑞𝑒𝑓𝑓 (

= 

(𝑆 
𝑛 

) 𝑛 ∑
𝑖= 0 

( − 1)𝑖 
(𝑛 
𝑖 

)[ 

𝑤𝑚𝑎 𝑠 𝑘 

( 

𝜆 + ( 𝑆 − 𝑛 +
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f derivations are analogous to that of Equations ( A4 )–( A6 ), with the additional 
t

A

I , 𝜌) , the corresponding per-capita probability of infection, 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 , is also a 
d different probabilities). In particular, since 

 𝜌)𝑁− 𝑖 , 𝑖 ∈ {0 , 1 , . . . , 𝑁} , 

t
𝑇 

 

𝑖 weighted with binomial probabilities ℙ ( 𝐼 = 𝑖) for 𝑖 ∈ {0 , 1 , . . . , 𝑁} 

− 𝜌)𝑁− 𝑖 , if 𝑝 = 1 − 𝑒
− 𝑏𝑞𝑇 

𝑄 
𝑖 
, 

otherwise. 

T

𝜌𝑖 (1 − 𝜌)𝑁− 𝑖 
( 

1 − 𝑒
− 𝑖𝑏𝑞𝑇 

𝑄 

) 

 (𝑁 

𝑖 

)( 

𝜌𝑒
− 𝑏𝑞𝑇 

𝑄 

) 𝑖 

(1 − 𝜌)𝑁− 𝑖 

] 

𝑏𝑞𝑇 

𝑄 + (1 − 𝜌)

] 𝑁 
. 

T

( 𝐼 = 𝑖) 

 𝑒
−
𝑏𝑞𝑇 

𝑄 
𝑖 )𝑛 

𝑒
−
𝑏𝑞𝑇 

𝑄 
𝑖 ( 𝑁− 𝑖 − 𝑛) 

𝜌 𝑖 (1 − 𝜌)𝑁− 𝑖 , 

f

A

L

𝑓𝑄 ( 𝜔 ) =
𝛾𝑟 𝜔𝑟− 1 𝑒− 𝛾𝜔 

Γ( 𝑟) 
, 

a − 𝐼𝑏𝑞𝑇 
 (1 − 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ) 

. Thus, 

− 𝐼𝑏𝑞𝑇 

 𝑒 𝑐 𝑡𝑖𝑜 𝑛 )(ln (1 − 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ))2 
. 

D ting the density function of 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 , as according to Equation ( A1 ) 

 1 

𝑒
𝛾𝐼𝑏 𝑞𝑇 

ln (1 − 𝑝) 
𝐼𝑏𝑞𝑇 

(1 − 𝑝)(ln (1 − 𝑝))2 

𝑒
𝛾𝐼𝑏 𝑞𝑇 

ln (1 − 𝑝) 

 𝑝)[ − ln (1 − 𝑝)]𝑟+ 1 
, 𝑝 ∈ (0 , 1) . 

U

 − 𝑒
− 𝐼𝑏𝑞𝑇 

𝜔 

) 

𝛾𝑟 𝜔𝑟− 1 𝑒− 𝛾𝜔 

Γ( 𝑟) 
𝑑𝜔 

 

∫
∞

0 

𝑒
− 𝛾𝜔− 𝐼𝑏𝑞 𝑇 

𝜔 𝜔𝑟− 1 𝑑𝜔 

2
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 articles are governed by the applicable C
reat
or 𝑛 ∈ {0 , 1 , . . . , 𝑆} . The results given by Equations ( A7 )–( A9 ) and their 
erm and coefficients. 

1.2. Disease Prevalence 

f the number of infectors is a discrete random variable 𝐼 ∼ Binomial ( 𝑁
iscrete random variable (i.e., will take a number of discrete values with 

𝑃( 𝐼 = 𝑖) =
(𝑁 

𝑖 

)
𝜌𝑖 (1 −

he per-capita probability of infection 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 takes the form of 1 − 𝑒
− 𝑏𝑞

𝑄

𝑓𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ( 𝑝) =
⎧ ⎪ ⎨ ⎪ ⎩ 
(𝑁 
𝑖 

)
𝜌𝑖 (1 

0 , 

he expectation of 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 is characterized by: 

𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] = 

𝑁 ∑
𝑖= 0 

(𝑁 

𝑖 

)

= 1 −
𝑁 ∑
𝑖= 0 

[

= 1 −
[ 
𝜌𝑒

−

he probability of observing exactly 𝑛 exposures is 

ℙ ( 𝐸 = 𝑛) = 

𝑁− 𝑛 ∑
𝑖= 0 

ℙ ( 𝐸 = 𝑛 | 𝐼 = 𝑖) ℙ 

= 

(𝑁 

𝑛 

)𝑁− 𝑛 ∑
𝑖= 0 

(𝑁 − 𝑛 

𝑖 

) (
1 −

or 𝑛 = 0 , 1 , . . . , 𝑁. 

2 Uncertainty in Ventilation Rate 

et us consider 𝑄 ∼ Gamma ( 𝑟 , 𝛾) so that 

𝑔( 𝑄) = −
𝐼𝑏𝑞𝑇 

𝑄 

, 

nd since 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 = 1 − 𝑒
− 𝐼𝑏𝑞𝑇 

𝑄 , one gets 𝑄 = 𝑔− 1 (ln (1 − 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 )) =
ln

𝑑𝑄 

𝑑𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 
= 

(1 − 𝑃𝑖 𝑛𝑓

espite this derivative being negative, we use its absolute value in calcula

𝑓𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ( 𝑝) = 

𝛾𝑟 
(

− 𝐼𝑏𝑞𝑇 
ln (1 − 𝑝) 

)𝑟−
Γ( 𝑟) 

= 

( 𝛾𝐼𝑏 𝑞𝑇)𝑟 

Γ( 𝑟) (1 −

sing Equation ( A2 ), we find the expectation of 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 as 

𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] = ∫
∞

0 

( 

1

= 1 −
𝛾𝑟 

Γ( 𝑟)
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∫
∞

0 

𝑒
− 𝑢− 𝛾𝐼𝑏 𝑞𝑇 

𝑢 𝑢𝑟− 1 𝑑𝑢 

 

( 𝛾𝐼𝑏 𝑞𝑇)𝑟∕2 𝐾𝑟 

(
2
√
𝛾𝐼𝑏 𝑞𝑇 

)
, 

w

∞

0 

𝑢− ( 𝜃+ 1) 𝑒

(
− 𝑢− 𝜁2 

4 𝑢 

)
𝑑𝑢, ( †) 

w  al. ( 2012 ) which states 𝐾− 𝜃( 𝜁) = 𝐾𝜃( 𝜁) . The probability of observing exactly 𝑛
e

 𝑖 ) 𝑔( 𝜔) 𝑓𝑞 ( 𝜔) 𝑑𝜔 

 ( 𝑆 − 𝑛+ 𝑖 ) 𝐼𝑏𝑞𝑇 
𝜔 𝜔𝑟− 1 𝛾

𝑟 

Γ( 𝑟) 
𝑑𝜔 

− 𝑛 + 𝑖) 𝛾𝐼𝑏 𝑞𝑇 
𝑢 𝑢𝑟− 1 

1 

Γ( 𝑟) 
𝑑𝑢 (using Equation (†)) 

𝑟 

(
2
√
𝑎𝑖 

)
, 

f

A we look at increasing natural ventilation, 𝑄nat ∼ Gamma ( 𝑟 , 𝛾) , by a constant 
m hange rate 𝐴𝐶𝐻𝑚𝑒 𝑐 ℎ and room volume 𝑉. To implement this in our results, 

w IbqT 

at + 𝑄mech 
. This means we are now considering 𝑃infe ction = 1 − 𝑒

− IbqT 
𝑄nat + 𝑄mech and 

𝑄 unction for 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 is 

IbqT 
 ( 1 − 𝑝) + 𝛾𝑄mech IbqT 

 1 − 𝑝)) 2 
, 𝑝 ∈

( 

0 , 1 − 𝑒
− IbqT 
𝑄mech 

) 

. (A10) 

A been obtained in this paper. The introduction of 𝑄𝑚𝑒 𝑐 ℎ increases the complexity 
o d were obtained numerically instead. 

A

L dom. Here, we consider two population-related parameters in { 𝑏, 𝑞, 𝑇} being 
( ithout any loss of generality. Given that 𝑞 and 𝑇 are independent, their joint 
d we can write 

∕𝑡 )
𝑑𝑞 

𝑑𝑧 
= 𝑓𝑇 ( 𝑡 ) 𝑓𝑞 ( 𝑧∕𝑡 )

1 

𝑡 
, 

w f 𝑇 to get: 

∫
∞

0 

𝑡− 1 
𝜇𝓁 𝑡𝓁 − 1 𝑒− 𝜇𝑡 

Γ( 𝓁 ) 

𝜆𝑘 (
𝑧 

𝑡 
)𝑘− 1 𝑒

− 𝜆𝑧 

𝑡 

Γ( 𝑘 ) 
𝑑𝑡 

− (2
√
𝜆𝜇𝑧 )2 

4 𝑢 𝑑𝑢 

𝑧 ) 
, 

w nd 𝜁 =
√
𝜆𝜇𝑧 . So, we have 

2( 𝜆𝜇𝑧)
1 

2 
( 𝑘+ 𝓁 ) 

𝐾𝑘− 𝓁 (2
√
𝜆𝜇𝑧 ) 

𝑧Γ( 𝓁 )Γ( 𝑘) 
, 

R
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 articles are governed by the applicable C
re
= 1 − 1 

Γ( 𝑟)

= 1 − 2 

Γ( 𝑟)

here we used the substitution 𝑢 = 𝛾𝜔 and (NIST 2025a ) 

𝐾𝜃( 𝜁) =
1 

2 

( 

𝜁

2 

) 𝜃

∫
ith 𝜃 = − 𝑟 and 𝜁 = 2

√
𝛾𝐼𝑏 𝑞𝑇 , alongside Proposition 2.1 from Glasser et

xposures is computed using Equation ( A3 ) as 

ℙ ( 𝐸 = 𝑛) = 

(𝑆 
𝑛 

) 𝑛 ∑
𝑖= 0 

( − 1)𝑖 
(𝑛 
𝑖 

)
∫

∞

0 

𝑒( 𝑆 − 𝑛+

= 

(𝑆 
𝑛 

) 𝑛 ∑
𝑖= 0 

( − 1)𝑖 
(𝑛 
𝑖 

)
∫

∞

0 

𝑒
− 𝛾𝜔−

= 

(𝑆 
𝑛 

) 𝑛 ∑
𝑖= 0 

( − 1)𝑖 
(𝑛 
𝑖 

)
∫

∞

0 

𝑒
− 𝑢 − ( 𝑆

= 

2 

Γ( 𝑟) 

(𝑆 
𝑛 

) 𝑛 ∑
𝑖= 0 

( − 1)𝑖 
(𝑛 
𝑖 

)
𝑎
𝑟∕2 

𝑖 
𝐾

or 𝑛 = 0 , . . . , 𝑆, where 𝑎𝑖 = 𝛾𝐼𝑏 𝑞𝑇( 𝑆 − 𝑛 + 𝑖) and 𝑢 = 𝛾𝜔. 

2.1. Accounting for Mechanical Ventilation. In Section 3.2.3 , 
echanical air change rate, 𝑄𝑚𝑒 𝑐 ℎ = 𝐴𝐶 𝐻𝑚𝑒 𝑐 ℎ × 𝑉 for mechanical air c

e use the derivation from Appendix A2 , instead setting 𝑔 ( 𝑄nat ) = −
𝑄n

nat = 𝑔− 1 ( ln ( 1 − 𝑃infe ction )) =
−IbqT 

ln ( 1 − 𝑃infe ction ) 
− 𝑄mech . The new density f

𝑓𝑃infe ction ( 𝑝) = 

𝛾𝑟 
( −IbqT 
ln ( 1 − 𝑝) 

− 𝑄mech 
)𝑟− 1 

𝑒

𝛾
ln

Γ ( 𝑟) ( 1 − 𝑝) ( ln (

n analytical expression for the mean infection risk, 𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] , has not 
f the underlying integral. The mean infection risk values for Figure 10b,

3 Uncertainty in Two Model Parameters 

et us consider the situation here where two model parameters are ran
independently) random; say 𝑞 ∼ Gamma ( 𝑘, 𝜆) and 𝑇 ∼ Gamma ( 𝓁 , 𝜇) w
ensity is 𝑓𝑞,𝑇 ( 𝑞 , 𝑡 ) = 𝑓𝑞 ( 𝑞 ) 𝑓𝑇 ( 𝑡 ) . Using the change of variables method, 

𝑓𝑍,𝑇 ( 𝑧, 𝑡) = 𝑓𝑇 ( 𝑡 ) 𝑓𝑞 ( 𝑧

here 𝑍 = 𝑞𝑇. We then integrate this joint density over possible values o

𝑓𝑍 ( 𝑧) = ∫
∞

0 

𝑡− 1 𝑓𝑇 ( 𝑡 ) 𝑓𝑞 ( 𝑧∕𝑡 ) 𝑑𝑡 =

= 

𝜇𝑘 𝜆𝑘 𝑧𝑘− 1 

Γ( 𝓁 )Γ( 𝑘) ∫
∞

0 

𝑢𝓁 − 𝑘− 1 𝑒
− 𝑢

= 

2( 𝜆𝜇𝑧 )
1 

2 
( 𝑘+ 𝓁 ) 

𝐾𝑘− 𝓁 (2
√
𝜆𝜇

𝑧Γ( 𝓁 )Γ( 𝑘) 

here we used the substitution 𝑢 = 𝜇𝑡 and Equation ( †) with 𝑟 = 𝑘 − 𝓁 a

𝑔( 𝑍) = − 𝐼𝑏 

𝑄 

𝑍, 𝑓𝑍 ( 𝑧) =
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w  − 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ) 𝑄 
𝐼𝑏 

. Therefore, 

𝑄 

𝐼𝑏(1 − 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ) 

a

 𝑘+ 𝓁 ) 
𝐾𝑘− 𝓁 

(
2

√ 

𝜆𝜇
− ln (1 − 𝑝) 𝑄 

𝐼𝑏 

)
 − 𝑝) 𝑄 
𝑏 

Γ( 𝓁 )Γ( 𝑘) 

𝑄 

𝐼𝑏(1 − 𝑝) 

− 𝑝 )
] 𝑘+ 𝓁 

2 
− 1 
𝐾𝑘− 𝓁 

(
2
√ 

𝑑
[
− ln (1 − 𝑝)

])
𝑐Γ( 𝑘)Γ( 𝓁 )(1 − 𝑝) 

w risk is 

𝑓𝑞 ( 𝑞 ) 𝑓𝑇 ( 𝑡 ) 𝑑𝑞 𝑑𝑡 

 𝑒− 𝜆𝑞 
Γ( 𝓁 ) 

( 𝜇 + 𝐼𝑏𝑞 

𝑄 
)𝓁 
𝑑𝑞 (using Equation (⋆ )) 

𝑒
− 𝜆𝜇𝑄 

𝐼𝑏 
𝑣 
𝑣𝑘− 1 (1 + 𝑣)− 𝓁 𝑑𝑣 

𝑑
)
, (A11) 

w etric function of the second kind (NIST 2025c ), sometimes referred to as the 
T

𝑒− 𝑧𝑣 𝑣𝑎− 1 (1 + 𝑣 )𝑏 − 𝑎 − 1 𝑑𝑣 . ( ‡) 

B ransformation (NIST 2025e ) 

 𝑈
(
1 + 𝑎 − 𝑏, 2 − 𝑏, 𝑧

)
, ( ★★) 

a an be obtained: 

 𝑑𝓁 𝑈
(
𝓁 , 𝓁 − 𝑘 + 1 , 𝑑

)
. 

T

𝑏𝑞𝑡 

𝑄 𝑓𝑞 ( 𝑞 ) 𝑓𝑇 ( 𝑡 ) 𝑑𝑞 𝑑𝑡 , 

𝑒− 𝜆𝑞 
Γ( 𝓁 ) 

( 𝜇 + 𝐼𝑏 

𝑄 
( 𝑆 − 𝑛 + 𝑖) 𝑞)𝓁 

𝑑𝑞, (using Equation (⋆ )) 

1 

 𝑘) ∫
∞

0 

𝑒
− 𝜆𝜇𝑄 

𝐼𝑏( 𝑆 − 𝑛+ 𝑖 ) 
𝑣 
𝑣𝑘− 1 (1 + 𝑣)− 𝓁 𝑑𝑣 

 

) , (using Equation (‡)) (A12) 

f  and parameter 𝑦𝑖 = 𝑑∕( 𝑆 − 𝑛 + 𝑖) . By solving the double integral with respect 
t te (equivalent) form for the 𝑛-exposure probability can be obtained 

)𝑖 
(𝑛 
𝑖 

)
𝑦𝓁 
𝑖 
𝑈( 𝓁 , 𝓁 − 𝑘 + 1 , 𝑦𝑖 ) , 

2
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 articles are governed by the applicable C
re
here 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 = 1 − 𝑒
− 𝐼𝑏 

𝑄 
𝑍 results in 𝑍 = 𝑔− 1 (ln (1 − 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 )) =

− ln (1

𝑑𝑍 

𝑑𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 
=

nd the resulting density function of 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 is 

𝑓𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ( 𝑝) = 

2( 𝜆𝜇(
− ln (1 − 𝑝) 𝑄 

𝐼𝑏 
))

1 

2 
(

− ln (1

𝐼

= 

2( 𝜆𝜇)
𝑘+ 𝓁 
2 

[
− 1 

𝑐 
ln (1 

ith 𝑐 = 𝐼𝑏 

𝑄 
, 𝑑 = 𝜆𝜇

𝑐 
and for 𝑝 ∈ (0 , 1) . The expected per-capita infection 

𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] = ∫
∞

0 
∫

∞

0 

(
1 − 𝑒

− 𝐼𝑏𝑞𝑡 

𝑄 

)
= 1 − ∫

∞

0 

𝜆𝑘 𝜇𝓁 

Γ( 𝑘)Γ( 𝓁 ) 
𝑞𝑘− 1

= 1 −
(𝜆𝜇𝑄 

𝐼𝑏 

)𝑘 1 

Γ( 𝑘) ∫
∞

0 

= 1 − 𝑑𝑘 𝑈
(
𝑘, 𝑘 − 𝓁 + 1 , 

here we have used 𝑣 = 𝐼𝑏 

𝜇𝑄 
𝑞, and 𝑈( 𝑎 , 𝑏 , 𝑧) is the confluent hypergeom

ricomi function 

𝑈( 𝑎 , 𝑏 , 𝑧) = 1 

Γ( 𝑎 ) ∫
∞

0 

y solving the double integral with respect to 𝑞 first, or using Kummer’s t

𝑈
(
𝑎 , 𝑏 , 𝑧

)
= 𝑧1 − 𝑏

n alternate (equivalent) form for the expected per-capita infection risk c

𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] = 1 −

he probability of observing exactly 𝑛 exposures is given by 

ℙ ( 𝐸 = 𝑛) = 

(𝑆 
𝑛 

) 𝑛 ∑
𝑖= 0 

( − 1)𝑖 
(𝑛 
𝑖 

)
∫

∞

0 
∫

∞

0 

𝑒
− ( 𝑆 − 𝑛+ 𝑖 ) 𝐼

= 

(𝑆 
𝑛 

) 𝑛 ∑
𝑖= 0 

( − 1)𝑖 
(𝑛 
𝑖 

)
∫

∞

0 

𝜆𝑘 𝜇𝓁 

Γ( 𝑘)Γ( 𝓁 ) 
𝑞𝑘− 1 

= 

(𝑆 
𝑛 

) 𝑛 ∑
𝑖= 0 

( − 1)𝑖 
(𝑛 
𝑖 

)( 𝜆𝜇𝑄 

𝐼𝑏( 𝑆 − 𝑛 + 𝑖) 

)𝑘 
Γ(

= 

(𝑆 
𝑛 

) 𝑛 ∑
𝑖= 0 

( − 1)𝑖 
(𝑛 
𝑖 

)
𝑦𝑘 
𝑖 
𝑈( 𝑘, 𝑘 − 𝓁 + 1 , 𝑦𝑖

or 𝑛 = 0 , . . . , 𝑆, where we have used the substitution 𝑣 = 𝐼𝑏 

𝜇𝑄 
𝑞( 𝑆 − 𝑛 + 𝑖)

o 𝑞 first, or using Kummer’s transformation (Equation ( ★★)) an alterna

ℙ ( 𝐸 = 𝑛) = 

(𝑆 
𝑛 

) 𝑛 ∑
𝑖= 0 

( − 1
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f d, where the shape parameter is a positive integer, Equations ( A11 ) and ( A12 ) 
m  example, if 𝑘 ∈ ℕ so that 𝑞 is Erlang-distributed, one gets 

 𝑞 ) 𝑓𝑇 ( 𝑡 ) 𝑑𝑞 𝑑𝑡 

 

𝜆𝑘 𝑞𝑘− 1 𝑒− 𝜆𝑞 

( 𝑘 − 1)! 
𝑑𝑞 

𝜇𝑄 

𝑏 

)𝑘− 1 
𝜆1 − 𝑘 𝑒

− 𝑤+ 𝜆𝜇𝑄 

𝐼𝑏 

𝑤𝓁 
(

𝐼𝑏 

𝜆𝑄 

)𝓁 1 

𝜆
𝑑𝑤 

 1)𝑖 
(𝜆𝜇𝑄 

𝐼𝑏 

)𝑖+ 𝓁 
∫

∞

𝜆𝜇𝑄 

𝐼𝑏 

𝑤𝑘− 𝓁 − 𝑖− 1 𝑒− 𝑤 𝑑𝑤, 

 1)𝑖 𝑑𝑖+ 𝓁 Γ
(
𝑘 − 𝓁 − 𝑖, 𝑑

)
, 

w  (NIST 2025f ) 

∞

𝑥 

𝑤𝑠− 1 𝑒− 𝑤 𝑑𝑤. ( ‡‡) 

S

 

(𝑛 
𝑖 

)(𝑘 − 1 

𝑗 

)
𝑦
𝓁 + 𝑗 
𝑖 

𝑒𝑦𝑖 Γ( 𝑘 − 𝓁 − 𝑗, 𝑦𝑖 ) , 

f with 𝓁 and 𝜆 for 𝜇 in each derivation. 

F  𝑏, 𝑞, 𝑇} and one random ventilation parameter ( 𝑄). Because 𝑄 appears on the 
d odel, new equations for 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 arise. Let us assume that 𝑞 is random without 
l amma ( 𝑘, 𝜆) and 𝑄 ∼ Gamma ( 𝑟 , 𝛾) . The quotient of two Gamma distributions 
i  for 𝑌 = 𝑞∕𝑄 we have 𝑌 ∼ 𝛽′( 𝑘, 𝑟, 1 ,

𝛾

𝜆
) , with density function 

 𝛾𝑟 𝑦𝑘− 1 Γ( 𝑘 + 𝑟) 

)Γ( 𝑟 )( 𝜆𝑦 + 𝛾)𝑘+ 𝑟 
. 

W

= − 𝐼𝑏𝑇𝑌. 

M

1 

(1 − 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ) 𝐼𝑏𝑇 
. 

U

 − 𝑝) 
𝑇 

]𝑘− 1 
Γ( 𝑘 + 𝑟) 

ln (1 − 𝑝) 
𝐼𝑏𝑇 

]
+ 𝛾)𝑘+ 𝑟 

1 

(1 − 𝑝 ) 𝐼𝑏 𝑇 

𝜆𝑘 ( 𝛾𝐼𝑏 𝑇)𝑟 [ − ln (1 − 𝑝)]𝑘− 1 

 𝑝)([ − ln (1 − 𝑝)] 𝜆 + 𝛾𝐼𝑏𝑇)𝑘+ 𝑟 
, 

f

𝑞 ( 𝑞 ) 𝑓𝑄 ( 𝜔) 𝑑𝑞 𝑑𝜔 

 𝛾𝜔 Γ( 𝑘) 

( 𝜆 + 𝐼𝑏𝑇 

𝜔 
)𝑘 
𝑑𝜔 (using Equation (⋆ )) 

R
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reat
or 𝑛 = 0 , . . . , 𝑆. We note that if one of the parameters is Erlang-distribute
ay be written as finite sums of upper incomplete gamma functions. For

𝔼 [ 𝑃] = ∫
∞

0 
∫

∞

0 

(
1 − 𝑒

− 𝐼𝑏𝑞𝑡 

𝑄 

)
𝑓𝑞 (

= ∫
∞

0 

( 

1 −
( 

𝜇

𝜇 + 𝐼𝑏𝑞 

𝑄 

) 𝓁 
)

= 1 −
𝜆𝑘 𝜇𝓁 

( 𝑘 − 1)! ∫
∞

𝜆𝜇𝑄 

𝐼𝑏 

(
𝑤 − 𝜆

𝐼

= 1 − 𝑒
𝜆𝜇𝑄 

𝐼𝑏 

( 𝑘 − 1)! 

∞∑
𝑖= 0 

(𝑘 − 1 

𝑖 

)
( −

= 1 − 𝑒𝑑 

( 𝑘 − 1)! 

𝑘− 1 ∑
𝑖= 0 

(𝑘 − 1 

𝑖 

)
( −

here 𝑤 = 𝜆𝑞 + 𝜆𝜇𝑄 

𝐼𝑏 
and Γ( 𝑠, 𝑥) is the upper incomplete gamma function

Γ( 𝑠, 𝑥) = ∫
imilarly, one gets 

ℙ ( 𝐸 = 𝑛) = 

(𝑆 
𝑛 

) 𝑛 ∑
𝑖= 0 

𝑘− 1 ∑
𝑗= 0 

( − 1)𝑖+ 𝑗 

( 𝑘 − 1)!

or 𝑛 = 0 , . . . , 𝑆. Similar arguments apply when 𝓁 ∈ ℕ , just by swapping 𝑘

inally, one can consider one random population-related parameter in {
enominator of the product of the exponent in the classical Wells–Riley m
oss of generality, as the methods will be identical for 𝑏 or 𝑇, so that 𝑞 ∼ G
s known to result in a Generalised Beta Prime distribution. In particular,

𝑓𝑌 ( 𝑦 ) =
𝜆𝑘

Γ( 𝑘

e now have, 

𝑔( 𝑌) 

oreover, 𝑌 = 𝑔− 1 (ln (1 − 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 )) = − ln (1 − 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ) 
𝐼𝑏𝑇 

, which means 

𝑑𝑌 

𝑑𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 
=

sing Equation ( A1 ), we find the density 

𝑓𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ( 𝑝) = 

𝜆𝑘 𝛾𝑟 
[
− ln (1

𝐼𝑏

Γ( 𝑘)Γ( 𝑟 )( 𝜆
[
−

= 

Γ( 𝑘 + 𝑟) 

Γ( 𝑘)Γ( 𝑟) (1 −

or 𝑝 ∈ (0 , 1) . The expected per-capita infection risk is 

𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] = ∫
∞

0 
∫

∞

0 

(
1 − 𝑒

− 𝐼𝑏𝑞𝑇 

𝜔 

)
𝑓

= 1 − ∫
∞

0 

𝜆𝑘 𝛾𝑟 

Γ( 𝑘)Γ( 𝑟) 
𝜔𝑟− 1 𝑒−
isk Analysis, 2026 29 of 36
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− 𝛾𝐼𝑏 𝑇 

𝜆 𝑣𝑘+ 𝑟− 1 (1 + 𝑣)− 𝑘 𝑑𝑣 

(
𝑘 + 𝑟, 𝑟 + 1 ,

𝛾𝐼𝑏𝑇 

𝜆

)
, (using Equation (‡)) (A13) 

w osures is 

𝐼𝑏𝑞𝑇 

𝜔 𝑓𝑞 ( 𝑞 ) 𝑓𝑄 ( 𝜔) 𝑑𝑞 𝑑𝜔 

− 𝛾𝜔 Γ( 𝑘) 

( 𝜆 + 𝐼𝑏𝑇 

𝜔 
( 𝑆 − 𝑛 + 𝑖))𝑘 

𝑑𝜔, (using Equation (⋆ )) 

 1 

Γ( 𝑟) ∫
∞

0 

𝑒
− 𝛾𝐼𝑏 𝑇 

𝜆
( 𝑆 − 𝑛+ 𝑖 ) 

𝑣𝑘+ 𝑟− 1 (1 + 𝑣)− 𝑘 𝑑𝑣 

, 𝑟 + 1 , 𝛼𝑖 

)
, (w/ Equation (‡)) (A14) 

f  ( ★) and the substitution 𝑣 = 𝜆

𝐼𝑏𝑇 ( 𝑆 − 𝑛+ 𝑖 ) 
𝜔. Equations ( A13 ) and ( A14 ) have 

s r example, if both 𝑘, 𝑟 ∈ ℕ , we have 

)
𝑓𝑞 ( 𝑞 ) 𝑓𝑄 ( 𝜔) 𝑑𝑞 𝑑𝜔, 

𝑟− 1 𝑒− 𝛾𝜔 

𝛾𝐼𝑏 𝑇 

𝜆

)𝑘 ( 𝜆

𝛾𝜔 

)𝑘 𝑑𝜔, (using Eq . (⋆ )) 

𝛾𝐼𝑏 𝑇 

𝜆
)𝑟+ 𝑘− 1 𝑤− 𝑘 𝑒− 𝑤 𝑑𝑤 

 − 1 

𝑖 

)
( − 1)𝑖 

( 

𝛾𝐼𝑏 𝑇 

𝜆

) 𝑖 

∫
∞

𝛾𝐼𝑏 𝑇 

𝜆

𝑤𝑟− 1 − 𝑖 𝑒− 𝑤 𝑑𝑤 

 𝑘 − 1 

𝑖 

)
( − 1)𝑖 

( 

𝛾𝐼𝑏 𝑇 

𝜆

) 𝑖 

Γ
(
𝑟 − 𝑖,

𝛾𝐼𝑏 𝑇 

𝜆

)
w bility of observing exactly 𝑛 exposures simplifies to 

 ( 𝑆 − 𝑛+ 𝑖 ) 𝐼𝑏𝑞𝑇 
𝜔 𝑓𝑞 ( 𝑞) 𝑓𝑄 ( 𝜔) 𝑑 𝑦𝑑 𝜔 

 

 𝑟) 
𝜔𝑟− 1 𝑒− 𝛾𝜔 

Γ( 𝑘) 

( 𝜆 + 𝐼𝑏𝑇 

𝜔 
( 𝑆 − 𝑛 + 𝑖))𝑘 

𝑑𝜔 

𝑟− 1 ( 𝛾𝜔 +
𝛾𝐼𝑏 𝑇 

𝜆
( 𝑆 − 𝑛 + 𝑖))− 𝑘 ( 𝛾𝜔)𝑘 𝜆− 𝑘 𝑒− 𝛾𝜔 𝑑 𝜔 

𝑛 

𝑖 

)(𝑟 + 𝑘 − 1 

𝑗 

)
𝛼
𝑗 

𝑖 
𝑒𝛼𝑖 ∫

∞

𝛼𝑖 

𝑤𝑟− 1 − 𝑗 𝑒− 𝑤 𝑑𝑤 

𝑛 

𝑖 

)(𝑟 + 𝑘 − 1 

𝑗 

)
𝛼
𝑗 

𝑖 
𝑒𝛼𝑖 Γ( 𝑟 − 𝑗, 𝛼𝑖 ) , 

f n ( ‡‡). 

A

W s important to note that if 𝐼 > 1 and one still considers 𝑞𝐼 in the corresponding 
a  quanta generation rate 𝑞 (which is sampled once from the corresponding 
d here one wants to consider homogeneous infectiousness across infectors but 
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rea
= 1 −
(𝛾𝐼𝑏 𝑇 

𝜆

)𝑟 1 

Γ( 𝑟) ∫
∞

0 

𝑒

= 1 −
(𝛾𝐼𝑏 𝑇 

𝜆

)𝑟 Γ( 𝑘 + 𝑟) 

Γ( 𝑟) 
𝑈

here we have used 𝑣 = 𝜆

𝐼𝑏𝑇 
𝜔. The probability of observing exactly 𝑛 exp

ℙ ( 𝐸 = 𝑛) = 

(𝑆 
𝑛 

) 𝑛 ∑
𝑖= 0 

( − 1)𝑖 
(𝑛 
𝑖 

)
∫

∞

0 
∫

∞

0 

𝑒
− ( 𝑆 − 𝑛+ 𝑖 )

= 

(𝑆 
𝑛 

) 𝑛 ∑
𝑖= 0 

( − 1)𝑖 
(𝑛 
𝑖 

)
∫

∞

0 

𝜆𝑘 𝛾𝑟 

Γ( 𝑘)Γ( 𝑟) 
𝜔𝑟− 1 𝑒

= 

(𝑆 
𝑛 

) 𝑛 ∑
𝑖= 0 

( − 1)𝑖 
(𝑛 
𝑖 

)(𝛾𝐼𝑏 𝑇 
𝜆

( 𝑆 − 𝑛 + 𝑖)
)𝑟

= 

(𝑆 
𝑛 

) 𝑛 ∑
𝑖= 0 

(𝑛 
𝑖 

)
( − 1)𝑖 𝛼𝑟 

𝑖 

Γ( 𝑘 + 𝑟) 

Γ( 𝑟) 
𝑈
(
𝑘 + 𝑟

or 𝑛 = 0 , . . . , 𝑆 and 𝛼𝑖 =
𝛾𝐼𝑏 𝑇 

𝜆
( 𝑆 − 𝑛 + 𝑖) . Here we have used Equation

implified forms when some of the parameters are Erlang-distributed. Fo

𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] = ∫
∞

0 
∫

∞

0 

(
1 − 𝑒

− 𝐼𝑏𝑞𝑇 

𝜔 

= 1 −
𝜆𝑘 𝛾𝑟 

Γ( 𝑟) ∫
∞

0 

𝜔(
𝛾𝜔 +

= 1 − 𝑒
𝛾𝐼𝑏 𝑇 

𝜆

Γ( 𝑟) ∫
∞

𝛾𝐼𝑏 𝑇 

𝜆

( 𝑤 −

= 1 − 𝑒
𝛾𝐼𝑏 𝑇 

𝜆

Γ( 𝑟) 

𝑟+ 𝑘− 1 ∑
𝑖= 0 

(𝑟 + 𝑘

= 1 − 𝑒
𝛾𝐼𝑏 𝑇 

𝜆

( 𝑟 − 1)! 

𝑟+ 𝑘− 1 ∑
𝑖= 0 

(𝑟 +
hich uses the substitution 𝑤 = 𝛾𝜔 + 𝛾𝐼𝑏 𝑇 

𝜆
and Equation ( ‡‡). The proba

ℙ ( 𝐸 = 𝑛) = 

(𝑆 
𝑛 

) 𝑛 ∑
𝑖= 0 

( − 1)𝑖 
(𝑛 
𝑖 

)
∫

∞

0 
∫

∞

0 

𝑒
−

= 

(𝑆 
𝑛 

) 𝑛 ∑
𝑖= 0 

( − 1)𝑖 
(𝑛 
𝑖 

)
∫

∞

0 

𝜆𝑘 𝛾𝑟

Γ( 𝑘)Γ(

= 

(𝑆 
𝑛 

) 𝑛 ∑
𝑖= 0 

( − 1)𝑖 
(𝑛 
𝑖 

)𝜆𝑘 𝛾𝑟 
Γ( 𝑟) ∫

∞

0 

𝜔

= 

(𝑆 
𝑛 

) 1 

( 𝑟 − 1)! 

𝑛 ∑
𝑖= 0 

𝑟+ 𝑘− 1 ∑
𝑗= 0 

( − 1)𝑖+ 𝑗 
(

= 

(𝑆 
𝑛 

) 1 

( 𝑟 − 1)! 

𝑛 ∑
𝑖= 0 

𝑟+ 𝑘− 1 ∑
𝑗= 0 

( − 1)𝑖+ 𝑗 
(

or 𝑛 = 0 , . . . , 𝑆, where we used the substitution 𝑤 = 𝛾𝜔 + 𝛼𝑖 and Equatio

4 Population Heterogeneity 

hen considering a random quanta generation rate 𝑞 ∼ Gamma ( 𝑘, 𝜆) , it i
nalysis, then the main assumption is that all infectors have the same
istribution Gamma ( 𝑘, 𝜆) ). This would be appropriate for situations w
0 of 36 Risk Analysis, 2026
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u e aim is to consider heterogeneity in infectiousness, it is more appropriate to 
c 𝑖 ∼ Gamma ( 𝑘, 𝜆) , where this Gamma distribution represents population-level 
h n rate is given by the sum of rates from each individual: 𝑞𝑇𝑜 𝑡𝑎 𝑙 =

∑𝐼 

𝑖= 1 𝑞𝑖 . Since 
t is itself a Gamma distribution of shape 𝑘𝐼 and rate 𝜆, our results can be easily 

g er 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 = 1 − 𝑒
− 𝑏𝑇 

𝑄 
𝑞𝑇𝑜 𝑡𝑎 𝑙 . In particular, one has 

𝑓𝑞𝑇𝑜 𝑡𝑎 𝑙 ( 𝑞) =
𝜆𝐼𝑘 𝑞𝐼𝑘− 1 𝑒− 𝜆𝑞 

Γ( 𝐼𝑘) 
. 

S

𝑄 

(1 − 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ) 𝑏𝑇 
. 

T

− 1 
𝑒
− 𝜆
[
− ln (1 − 𝑝) 𝑄 

𝑏𝑇 

]
𝑘) 

𝑄 

(1 − 𝑝 ) 𝑏 𝑇 

 − 𝑝)
)𝐼𝑘− 1 

(1 − 𝑝)
𝜆𝑄 

𝑏𝑇 
− 1 

Γ( 𝐼𝑘) 
, 𝑝 ∈ (0 , 1) . (A15) 

U

 

𝜆𝐼𝑘 𝑞𝐼𝑘− 1 𝑒− 𝜆𝑞 

Γ( 𝐼𝑘) 
𝑑𝑞 

(
𝑏𝑇 

𝑄 
+ 𝜆

)
𝑞𝐼𝑘− 1 𝑑𝑞 = 1 −

( 

𝜆
𝑏𝑇 

𝑄 
+ 𝜆

) 𝐼𝑘 

, (A16) 

w exposures is computed using Equation ( A3 ) leading to 

∞

0 

𝑒
− 𝑞(( 𝑆 − 𝑛+ 𝑖 ) 𝑏𝑇 

𝑄 
+ 𝜆) 

𝑞𝐼𝑘− 1 
𝜆𝐼𝑘 

Γ( 𝐼𝑘) 
𝑑𝑞 

Γ( 𝐼𝑘) 

( 𝑆 − 𝑛 + 𝑖)
𝑏𝑇 

𝑄 
+ 𝜆

)𝐼𝑘 𝜆𝐼𝑘 

Γ( 𝐼𝑘) 

 

𝜆

( 𝑆 − 𝑛 + 𝑖)
𝑏𝑇 

𝑄 
+ 𝜆

) 𝐼𝑘 

, (A17) 

f

D –Riley model, these results are analogous to the case of sequential visits, such 
t mes, 𝑇𝑇𝑜 𝑡𝑎 𝑙 =

∑𝑀 

𝑖= 1 𝑇𝑖 , instead of a sum of quanta emission rates. This is the 
a

A

H ia our approach with the per capita infection risk estimated using the classical 
W

 

. 

A ulation parameter, one can estimate the average per capita infection risk 
𝔼 ean risk value with that obtained via the classical Wells–Riley approach in 
E tion 2.1.1 , we denote this by 

 

= 1 − 𝑒
− 𝐼𝑏𝑇 

𝑄 
𝑞̄ 
. 

I average infection risk of each approach. We can denote this difference by 

𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] =
( 

𝜆

𝜆 + 𝐴 

) 𝑘 

− 𝑒
− 𝐴 𝑘 

𝜆 , (A18) 

R
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ncertainty in the precise value of 𝑞. For situations where 𝐼 > 1 , and if th
onsider that each individual 𝑖 ∈ {1 , 2 , . . . , 𝐼} has quanta generation rate 𝑞
eterogeneity in infectiousness. In this situation, the total quanta emissio
he sum of 𝐼 independent Gamma distributions with shape 𝑘 and rate 𝜆

eneralized to this scenario; that is, 𝑞𝑇𝑜 𝑡𝑎 𝑙 ∼ Gamma ( 𝐼𝑘, 𝜆) and we consid

𝑔( 𝑞𝑇𝑜 𝑡𝑎 𝑙 ) = −𝑏𝑇 

𝑄 

𝑞𝑇𝑜 𝑡𝑎 𝑙 , 

ince 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 = 1 − 𝑒
− 𝑏𝑇 
𝑄 

𝑞𝑇𝑜 𝑡𝑎 𝑙 we have 𝑞𝑇𝑜 𝑡𝑎 𝑙 =
− ln (1 − 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ) 𝑄 

𝑏𝑇 
and 

𝑑𝑞𝑇𝑜 𝑡𝑎 𝑙 
𝑑𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

=

hus, Equation ( A1 ) results in the density function of 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

𝑓𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ( 𝑝) = 

𝜆𝐼𝑘 
[
− ln (1 − 𝑝) 𝑄 

𝑏𝑇 

]𝐼𝑘
Γ( 𝐼

= 

( 

𝜆𝑄 

𝑏𝑇 

) 𝐼𝑘 
(
− ln (1

sing Equation ( A2 ), we find the expected per-capita infection risk 

𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] = ∫
∞

0 

( 

1 − 𝑒
− 𝑏𝑇 

𝑄 
𝑞 
)

= 1 − 𝜆𝐼𝑘 

Γ( 𝐼𝑘) ∫
∞

0 

𝑒
− 𝑞

here we have used Equation ( ⋆ ). The probability of observing exactly 𝑛

ℙ ( 𝐸 = 𝑛) = 

(𝑆 
𝑛 

) 𝑛 ∑
𝑖= 0 

( − 1)𝑖 
(𝑛 
𝑖 

)
∫

= 

(𝑆 
𝑛 

) 𝑛 ∑
𝑖= 0 

( − 1)𝑖 
(𝑛 
𝑖 

)(
= 

(𝑆 
𝑛 

) 𝑛 ∑
𝑖= 0 

( − 1)𝑖 
(𝑛 
𝑖 

)(

or 𝑛 = 0 , . . . , 𝑆. 

ue to the symmetry in the product in the equation for the classical Wells
hat we have a sum of 𝑀 independent randomly distributed exposure ti
pproach used in Section 3.2.1 and Figure 8 in particular. 

5 Comparing to the Classical Wells–Riley Approach 

ere, we aim to compare the “true” average risk 𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] estimated v
ells–Riley methodology with average parameter value instead, 𝑃̄𝑊𝑅 

𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛

5.1. Random Population Parameter. For a single random pop
 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] using Equation ( 3 ). It is of interest to compare this “true” m
quation ( 1 ) when using an average quanta emission rate 𝑞̄ = 𝑘∕𝜆. In Sec

𝑃̄𝑊𝑅 
𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛

t is of particular interest to analyze the difference between the resulting 

𝐷( 𝐴, 𝑘, 𝜆) = ̄𝑃𝑊𝑅 
𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

− 𝔼 [ 𝑃
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w at 𝑔( 𝑋) = − 𝐼𝑏𝑞𝑇 

𝑄 
= − 𝐴𝑋 for some random parameter 𝑋 ∈ { 𝐼, 𝑏, 𝑞, 𝑇} (e.g., 𝐴 = 

e Gamma-distributed random parameter. Depending on the sign of 𝐷( 𝐴, 𝑘, 𝜆) , 
w

s overestimating the “true” mean infection risk. 

r value is capturing the “true” mean infection risk. 

s underestimating the “true” mean infection risk. 

I w that the classical approach ( ̄𝑃𝑊𝑅 
𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

= 1 − 𝑒𝐴𝑋̄ ) will always overestimate 
t 06 ; McShane 1937 ) states that, for a strictly concave function 𝑃( 𝑞) (sometimes 
r  following inequality holds: 

] < 𝑃( 𝔼 [ 𝑞]) . 

T function of 𝑞 since the second derivative is always negative, 

= − 𝐴2 𝑒− 𝐴𝑞 < 0 . 

S clude that 

𝑐 𝑡𝑖𝑜 𝑛 
− 𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] > 0 

h ave this result holds for generally distributed 𝑏, 𝑞, or 𝑇. So, given 𝐴 > 0 and 
r h uses the mean value of the random parameter) will always overestimate the 
t

I = 𝑘∕𝑞̄ (now depends on 𝑘). Then 

 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] =
( 

𝑘 

𝑘 + 𝐴𝑞̄ 

) 𝑘 

− 𝑒− 𝐴𝑞̄ . 

B hich we have the largest overestimation: 

n 

( 

𝑘 

𝑘 + 𝐴𝑞̄ 

) 

+ 1 − 𝑘 

𝑘 + 𝐴𝑞̄ 

] 
, (A19) 

f hich only holds in the limit of 𝑘 → ∞). We also find that 𝑑𝐷( 𝑘) 
𝑑𝑘 

< 0 for all finite 
𝑘 or fixed 𝐴, and fixed mean 𝑞̄ , the largest overestimation appears when 𝑘 → 0 

(  for 𝑞). We can determine the maximum overestimation for any fixed mean 
𝑞  𝑒− 𝐴𝑞̄ = 𝑃̄𝑊𝑅 

𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 
. This means that as the mean 𝑞̄ and A increase (decrease), 

t ximum occurs in the limit 𝑘 → 0 (implying 𝜆 → 0 since 𝑞̄ is fixed). As 𝑘 and 𝜆
b

W opulation parameter leads to larger overestimations of the density mean by the 
c her parameters are fixed. This could suggest that inaccuracies are caused by the 
f r neglects small values (with non-negligible probabilities) which significantly 
i ively skewed Gamma distribution. When we have a distribution that is highly 
c  then the overestimation becomes small (one can show that lim 𝑘→∞ 𝐷( 𝑘) = 0 ). 
I e of 𝐴, if 𝐴 ≪ 1 ( 𝐴 ≫ 1) , then the density mean, 𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] , and the classical 
W ce disappears. 

L focus here on the parameter 𝑞 but a similar analysis would apply to 𝑇 or 𝑏 if 
t  follow a Gamma distribution 

mma ( 𝑘, 𝜆) . 

T e per capita infection risk and the error of the classical approach relative to 
t his end, we uniformly sample 𝑏, 𝑇, and 𝑄, as well as the shape, 𝑘, and rate, 
𝜆 rvals that produce plausible values for the Wells–Riley parameters and a wide 
r  h− 1 and 𝑘 ∈ [1 , 20] (such that 𝜆 = 𝑘∕𝑞̄ ). Likewise, for the fixed parameters 
( consider: 𝑏 ∈ [0 . 2 , 0 . 6] m3 h− 1 , 𝑇 ∈ [5 min , 100 h] , and 𝑄 ∈ [10 , 1000] m3 h− 1 

( h that 𝐼 = 1 . These samples combine to make pairs of 𝐴 = 𝑏𝑇∕𝑄 and 𝑞̄ = 𝑘∕𝜆, 
f [ 𝑃infe ction ] % , in Figure 1 within Section 2.1.1 . We noticed that overestimations 
w on of Figure 1 . Furthermore, we noticed variations points that were adjacent to 

3
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here 𝐴 represents the combination of non-random parameters, such th
𝐼𝑏𝑇 

𝑄 
for random 𝑞), and ( 𝑘, 𝜆) represent the shape and rate parameters of th

e can make the following conclusions: 
∙ 𝐷( 𝐴, 𝑘, 𝜆) > 0 : The classical approach with average parameter value i

∙ 𝐷( 𝐴, 𝑘, 𝜆) = 0 (or ≈ 0 ): The classical approach with average paramete

∙ 𝐷( 𝐴, 𝑘, 𝜆) < 0 : The classical approach with average parameter value i

n the case of random 𝑏, 𝑞, or 𝑇 one can use Jensen’s inequality to sho
he true mean infection risk, 𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] . Jensen’s inequality (Jensen 19
eferred to as “conca ve-down”) and a nonconstant random variable 𝑞, the

𝔼 [ 𝑃( 𝑞)

he per-capita infection probability 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ( 𝑞) = 1 − 𝑒− 𝐴𝑞 is a concave 

𝑑2 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

𝑑𝑞2 

o, we recognize 𝑃 ( 𝔼 [ 𝑞]) = 𝑃̄WR 
infe ction , and 𝔼 [ 𝑃( 𝑞)] = 𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] , to con

𝐷( 𝐴, 𝑘, 𝜆) = 𝑃̄𝑊𝑅 
𝑖 𝑛𝑓 𝑒 

olds for all 𝐴 > 0 and 𝑘, 𝜆. Furthermore, since 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 is always conc
andomly distributed 𝑏, 𝑞, or 𝑇, the classical Wells–Riley approach (whic
rue mean infection risk, 𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] . 

f we fix 𝐴 and the mean 𝑞̄ , then we can write 𝐷( 𝐴, 𝑘, 𝜆) = 𝐷( 𝑘) , since 𝜆

𝐷( 𝑘) = ̄𝑃𝑊𝑅 
𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

− 𝔼 [ 𝑃𝑖 𝑛𝑓

y taking the derivative with respect to 𝑘, we can find the value 𝑘𝑚𝑎𝑥 at w

𝑑𝐷( 𝑘) 

𝑑𝑘 
=
( 

𝑘 

𝑘 + 𝐴𝑞̄ 

) 𝑘 [ 
l

or which no finite 𝑘 satisfies 𝑑𝐷( 𝑘) 
𝑑𝑘 

= 0 (since we would need 𝑘 

𝑘+ 𝐴𝑞̄ 
= 1 w

 > 0 , meaning that 𝐷( 𝑘) is monotonically decreasing. This means that f
i.e., for small values of the shape parameter in the Gamma distribution
̄ = 𝑘∕𝜆. Using a logarithmic argument, one can find lim 𝑘→0+ 𝐷( 𝑘) = 1 −
he maximum possible overestimation increases (decreases), and this ma
oth decrease such that the mean, 𝑞̄ = 𝑘∕𝜆, is fixed, two things happen: 

1. The variance, 𝑘 
𝜆2 

= 𝑞̄ 

𝜆
, of the random parameter increases. 

2. The skewness, 2 √
𝑘 
, increases. 

e can conclude that large variance and positive skewness of a random p
lassical Wells–Riley model (with mean parameter value), where all the ot
act that considering the mean value of our random population paramete
mpact infection risk, particularly in the case of a high variance and posit
oncentrated around the mean with little skewness (when 𝑘 is very high),
t should be noted that the maximum overestimation is affected by the valu
ells–Riley, 𝑃̄𝑊𝑅 

𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 
, will both approach zero (one), where their differen

et us consider some numerical experiments to explore this further. We 
hey were Gamma-distributed. We consider the quanta generation rate to

𝑞 ∼ Ga

he aim is to explore how different combinations of ( 𝑘, 𝜆) impact on th
he analytical mean infection risk: 100 × 𝐷 ( 𝐴, 𝑘, 𝜆)∕ 𝔼 [ 𝑃infe ction ] % . To t
, parameters of the Gamma distribution describing 𝑞. We use wide inte
ange of variances for 𝑞. In particular, we choose 𝑞̄ ∈ [0 . 01 , 100] quanta

sampled here but treated as fixed after the fact, as in Equation ( 3 )) we 
which represents ACH ∈ [0 . 1 , 10] in a typical ward (Edwards 2024 )), suc
or which we plot the corresponding relative errors: 100 × 𝐷 ( 𝐴, 𝑘, 𝜆)∕ 𝔼

ere observed for a “strip” of values (𝑞̄ , 𝑏𝑇∕𝑄) within the upper right regi
2 of 36 Risk Analysis, 2026
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a

d e f

b c

FIGURE A1 Heatmaps for the relative difference between 𝑃 
WR 

infection (classical Wells–Riley approach with constant, average quanta generation rate 
𝑞̄ = 𝑘∕𝜆), and the analytical mean infection risk 𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] in Equation ( 3 ), versus 𝑘, for 𝑞̄ = 0 . 1 , 1 , 30 , 50 , 75 , 100 quanta h − 1 . 

o  on 𝑞̄ and 𝑏𝑇∕𝑄 alone. To investigate this, we plot the relative difference while 
v f 𝑏𝑇∕𝑄 for different mean quanta emission rates 𝑞̄ in Figure A1 . By observing 
t  of the interval of 𝑏𝑇∕𝑄 is about one order of magnitude on the log scale, and 
i here overestimations occur, the largest are observed when 𝑘 is small (1 here); 
t ewness of 𝑞 leading to systematic inaccuracies. The dark regions in Figure A1 
( isk is either close to zero/one (where 𝑏𝑇∕𝑄 is small/large) or where the shape 
p  rate 𝑞 around its mean value 𝑞̄ . We identify the following criteria which lead 
t ical mean infection risk ( 𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] ): 

 that is neither too small nor too large, so as to avoid saturation of the infection 

ndom parameter, such that smaller values (which now have sufficiently high 
 parameter value. 

A on rate, the classical Wells–Riley approach is now given by 

 

= 1 − 𝑒
− 𝐼𝑏𝑞𝑇 

𝑄̄ , 

a difference between the “true” mean infection risk and the mean calculated by 
t by 

)𝑟∕2 𝐾𝑟 

(
2
√
𝛾𝐴 

)
− 𝑒

− 𝐴 𝑟 

𝛾 , 

s ally concave or convex. This means that we cannot explicitly apply Jensen’s 
i e second derivativ e of 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 with respect t o 𝑄 is 

= 𝐴 

𝑄3 
𝑒
− 𝐴 

𝑄 

( 

2 − 𝐴 

𝑄 

) 

. 

R
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ne another, suggesting that the size of the overestimations do not depend
arying 𝑘, the shape parameter of Gamma-distributed 𝑞, and the value o
he resulting pattern in the relative difference, we can see that (i) the size
ts position is directly dependent on the order of 𝑞̄ , (ii) within this region w
his agrees with our earlier intuition about large variation and positive sk
indicating little to no relative difference) are those where the infection r
arameter is so high that there is little uncertainty in the quanta emission
o overestimations by the classical WR approach ( ̄𝑃𝑊𝑅 

𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 
) of the analyt

1. A mean parameter value and 𝐴 value ( ̄𝑞 = 𝑘∕𝜆 and 𝑏𝑇∕𝑄 in this case)
risk at either 0 or 1. 

2. A large variance and positive skewness for the distribution of the ra
probabilities of occurring) are neglected when considering the mean

5.2. Random Ventilation Rate. In the case of a random ventilati

𝑃̄𝑊𝑅 
𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛

s in Section 2.2 , where 𝑄 ∼ Gamma ( 𝑟 , 𝛾) , meaning 𝑄̄ = 𝑟 

𝛾
. As such, the 

he classical Wells–Riley approach with average ventilation rate, is given 

𝐷( 𝐴, 𝑟, 𝛾) = 2 

Γ( 𝑟) 
( 𝛾𝐴

uch that 𝐴 = 𝐼𝑏𝑞𝑇. The function 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ( 𝑄) = 1 − 𝑒
− 𝐴 

𝑄 is neither tot
nequality here. However, we can find the inflection point of 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 . Th

𝑑2 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ( 𝑄) 

𝑑𝑄2 
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(a) (b) (c)

(d) (e) (f)

FIGURE A2 Heatmaps for the relative difference between 𝑃̄WR 
infection (classical Wells–Riley approach with constant, average ventilation rate 𝑄̄ = 𝑟 ∕𝛾) 

and the analytical mean infection risk 𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] in Equation ( 12 ), versus shape parameter 𝑟, for 𝑄̄ = 1 , 100 , 300 , 500 , 750 , 1000 m 

3 ⋅ h − 1 . 

S  𝑄∗ = 𝐴∕2 . For 𝑄 ∈ (0 , 𝑄∗ ) , we have 𝑑
2 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

𝑑𝑄2 
< 0 , and for 𝑄 ∈ ( 𝑄∗ , ∞) the 

o ions: 

I region, then we can conclude, by Jensen’s inequality, that the classical Wells–
R ion risk, given by 𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] . 

U ∈ [0 . 01 , 100] quanta h− 1 (to represent values considered in Section 3 ), along 
w rd (Edwards 2024 )) and 𝑟 ∈ [1 , 20] (such that 𝛾 = 𝑟∕𝑄̄ ), we now numerically 
i bining these samples, we obtain pairs of 𝐴 = 𝑏𝑞𝑇 and 𝐴𝐶𝐻 = 𝑄̄ 

100 
for which 

w tive to the analytical mean infection risk ( 𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 ] ) in Figure 2 within 
S cies spans both positive and negative values relating to both overestimations 
a mples that we generated, the overestimations seem to only occur for very large 
𝐴 e entirety (or large enough portion) of the distribution for 𝑄 existing in the 
c erestimations, albeit small, may be due to the fact that using the mean value of 
𝑄 le that when 𝐴 = 𝑏𝑞𝑇 is large enough, using the mean ventilation rate results 
i tilation rates would outweigh this saturation if they were to occur. Therefore, 
i not saturate at 1. This overestimation is likely smaller in magnitude compared 
t ause the Gamma distribution is positively skewed towards smaller values, so 
t robabilities of occurring. Even with a positively skewed distribution, there are 
s ilation rates that result in smaller infection risks. 

A uctuations of the relative difference where underestimations are observed in 
F ree of underestimation. We again plot the relative difference for varying 𝑏𝑞𝑇, 
s tion rates 𝑄̄ in Figure A2 . First, we notice that a lower bound for the region 
o  values considered. However, we know that a lower bound exists by using a 
l 𝑖𝑜 𝑛 ]) (implying that 𝐷( 𝐴, 𝑟, 𝛾) → 0 ). So, at least for these parameter values, the 
r e case of random ventilation than it is for random quanta. Furthermore, the 
d ation case (over 80% ), and occurs also for small values of the shape parameter, 
𝑟 les of this of this when comparing the errors seen in Figures 7, 8, 9 to those in 
F random time (green curves) compared to only considering random ventilation 

3
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etting this to zero and solving for 𝑄 tells us that the inflection point is

pposite is true 𝑑
2 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

𝑑𝑄2 
> 0 . This means that there are two distinct reg

∙ Concave region: (0 , 𝑄∗ ) . 

∙ Convex region: ( 𝑄∗ , ∞) . 

f the support for 𝑄 is contained exclusively within the convex (concave) 
iley approach would underestimate (overestimate) the true mean infect

sing 𝑏 ∈ [0 . 2 , 0 . 6]m3 h− 1 , 𝑇 ∈ [5 min , 100 h] (as in Appendix A5.2 ), 𝑞 
ith 𝑄̄ ∈ [10 , 1000] m3 h− 1 (to represent 𝐴𝐶𝐻 ∈ [0 . 1 , 10] for a typical wa
nvestigate possible inaccuracies in the case of random ventilation. Com
e plot the error of the classical Wells–Riley approach ( ̄𝑃𝑊𝑅 

𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 
) rela

ection 2.2 . First, we notice that, unlike Figure 1 , the range of inaccura
nd underestimations (with overestimations being very small). For the sa
 = 𝑏𝑞𝑇 values. Mathematically, we know that this can be caused by th
oncave region of 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 , (0 , 𝑄∗ ) where 𝑄∗ = 𝐴∕2 . Intuitively, these ov
in place of its distribution neglects higher ventilation rates. It is possib

n saturation of 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 near 1, but larger and statistically significant ven
n this case, we are neglecting scenarios in which the infection risk does 
o the possible underestimations under different parameter regimes bec
he effect of neglecting larger values is dampened as they have smaller p
cenarios in which the mean does not adequately capture the larger vent

s with the case for random 𝑞 (see Appendix A5.1 ), we observe local fl
igure 2 , suggesting that 𝐴𝐶𝐻 and 𝑏𝑞𝑇 alone do not determine the deg
hape parameter of the ventilation rate, 𝑟, and for different mean ventila
f underestimations (non-black color) is not observed for the parameter
imit approach which confirms lim 𝑏𝑞𝑇→0 (𝑃̄

𝑊𝑅 
𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

) = lim 𝑏𝑞𝑇→0 ( 𝔼 [ 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡
egion at which we observe relative difference is magnitudes larger in th
egree of this relative difference is also much larger in the random ventil
, corresponding to high variation and positive skew in 𝑄. We see examp
igure 10a,c . Another example is the error produced by only considering 
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FIGURE A3 Heatmaps of the Hellinger distance between the density functions of the per capita infection risk probability when two parameters 
are random ( 𝑓

𝑃
𝑇,𝑄 
𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

( 𝑝) ) versus when only one is random ( 𝑓𝑃𝑇 
𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

( 𝑝) or 𝑓
𝑃
𝑄 
𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

( 𝑝) ) and the other is set to its mean value instead ( ̄𝑄 = 𝑟 ∕𝛾 or 

𝑇̄ = 𝓁 ∕𝜇). All default parameter values are taken from the hospitality scenario (Section 3.3.1 ). 

( he higher degree of relative difference for random ventilation versus random 

q eir respective fluctuations. That is, if 𝑞 is random, then the classical approach 
d  in the case of random 𝑄. When 𝑄̄ is random, the possibility of small removal 
r se to 1 (as observed in Figure 10c ), whereas the same effect being achieved in 
t is not as likely in the case of a positively skewed distribution. As with the case 
f  identified which are required for overestimations to occur: 

 = 𝑏𝑞𝑇, is necessary so as to avoid saturation of 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 at 0 or 1. 

such that 𝑟 and 𝛾 are small, is necessary by which small values leading to 

A ertainty Dominance 

I two different parameters may affect infection risk. In particular, there might be 
s arly dominates the impact on the per capita infection risk probability 𝑃𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 . 
L  by 𝑃𝑋,𝑌 

𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 
the per capita probability of infection when both parameters are 

c te by 𝑃𝑋 
𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

the per capita probability of infection when 𝑋 is considered to 
b mean value 𝑌̄ . 

U  𝑃
𝑋,𝑌 
𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

and 𝑃𝑋 
𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

, denoted by 𝑓
𝑃
𝑋,𝑌 
𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

( 𝑝) and 𝑓𝑃𝑋 
𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

( 𝑝) , respectively. 

R ess in the distribution of the random parameters lead to larger propagation of 
u cally, if the variance (and skewness) of one random parameter, 𝑋, is larger than 
t n of uncertainty into 𝑃𝑋,𝑌 

𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 
and, thus, 𝑓

𝑃
𝑋,𝑌 
𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

( 𝑝) . This would mean that 

t ach other, compared to 𝑓𝑃𝑌 
𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

( 𝑝) (i.e., most of the uncertainty in infection 

r make use of the Hellinger distance (Aggarwal and Reddy 2014 ). The Hellinger 
d 𝑋 ( 𝑥) as 

𝑋 ( 𝑥) 

) 2 

𝑑𝑥 = 1 − ∫
√
𝑓𝑋 ( 𝑥) 𝑔𝑋 ( 𝑥) 𝑑𝑥. 

T ore similarity between the distributions, whereas values close to 1 correspond 
t

W urposes, with distributions 𝑞 ∼ Gamma ( 𝑘, 𝜆) , 𝑇 ∼ Gamma ( 𝓁 , 𝜇) , and 𝑄 ∼

G andomness in these parameters translates into uncertainty in infection risk. In 
F

 𝑒 𝑐 𝑡𝑖𝑜 𝑛 
( 𝑝) and between 𝑓

𝑃
𝑇,𝑄 
𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

( 𝑝) and 𝑓
𝑃
𝑄 
𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

( 𝑝) . In Figure A4 , we plot the 

H 𝑇,𝑞 

𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

( 𝑝) and 𝑓𝑃𝑞 
𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

( 𝑝) . Both figures use the parameter regimes presented 

i meter we set the mean parameter value to a constant while changing the shape 
p  parameter so that the mean parameter value remains the same). Lighter areas 

R
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blue curves) for high variance ventilation in Figure 11 . The reason for t
uanta likely has to do with how sensitive the Wells–Riley model is to th
oes not vary as strongly in the region of 𝑞̄ , as it would in the region of 𝑄̄
ates causes the infection risk to increase notably, even sometimes to clo
he case of random quanta requires the possibility of very large 𝑞, which 
or random quanta, when ventilation is random, the following criteria are

1. A mean value, 𝑄̄ , that “balances” the value of the other parameters, 𝐴

2. A large enough variance and positive skewness for fixed mean 𝑄̄ , 
significantly high infection risks are neglected. 

6 Impact of Two Random Parameters on Infection Risk: Unc

n this section, the aim is to understand how simultaneous uncertainty in 
ituations where even if both parameters are random, there is one that cle
et us consider two random parameters 𝑋, 𝑌 ∈ { 𝑏, 𝑞, 𝑇, 𝑄, 𝐼} and denote
onsidered to be random simultaneously. On the other hand, let us deno
e random, but parameter 𝑌 is considered constant and set instead to its 

sing arguments from Section 2 , we can compute the density functions of

esults in Section 3.3.1 (Figure 11 ) suggest that high variance and skewn
ncertainty into the corresponding infection risk probability. More specifi
hat of another, 𝑌, we expect this parameter to dominate the propagatio

he density functions 𝑓
𝑃
𝑋,𝑌 
𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

( 𝑝) and 𝑓𝑃𝑋 
𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

( 𝑝) are more similar to e

isk comes from uncertainty in 𝑋, and not in 𝑌). To quantify this, we can 
istance measures the difference between two distributions, 𝑓𝑋 ( 𝑥) and 𝑔

𝐻2 ( 𝑓𝑋 , 𝑔𝑋 ) =
1 

2 ∫
( √

𝑓𝑋 ( 𝑥) −
√
𝑔

his gives a number between 0 and 1 where values closer to 0 represent m
o more different distributions. 

e focus here on pairs of parameters ( 𝑞, 𝑇) and ( 𝑇, 𝑄) for illustrative p
amma ( 𝑟 , 𝛾) (when considered to be random). The aim is to study how r
igure A3 , we plot the Hellinger distance between 𝑓

𝑃
𝑇,𝑄 
𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

( 𝑝) and 𝑓𝑃𝑇 
𝑖 𝑛𝑓

ellinger distance between 𝑓
𝑃
𝑇,𝑞 

𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

( 𝑝) and 𝑓𝑃𝑇 
𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

( 𝑝) and between 𝑓
𝑃

n Section 3.3.1 . In both figures, for each Gamma-distributed random para
arameter of their Gamma distribution (and accordingly changing the rate
isk Analysis, 2026 35 of 36
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FIGURE A4 Heatmaps of the Hellinger distance between the density functions of the per capita infection risk probability when two parameters 
are random ( 𝑓

𝑃
𝑇,𝑞 

𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

( 𝑝) ) versus when only one is random ( 𝑓𝑃𝑇 
𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

( 𝑝) or 𝑓𝑃𝑞 
𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

( 𝑝) ) and the other is set to its mean value instead ( ̄𝑞 = 𝑘∕𝜆 or 

𝑇̄ = 𝓁 ∕𝜇). All default parameter values are taken from the hospitality scenario (Section 3.3.1 ). 

i ticular parameter being looked at ( 𝑇 in Figures A3a and A4a , 𝑞 in Figure A4b 
a rtainty into the per capita infection risk. Within each plot, in Figures A3 and 
A ased variance and positive skewness) for one random parameter, and a larger 
s n infection risk by the former over the latter. 

I  the shape of the other random parameter diminishingly increases the likeness 
o  case that both parameters are random (shown by a diminishingly decreasing 
H d 𝑄 (Figure A3 ), when the shape of 𝑇 is 𝓁 = 2 , there is not much difference in 
t stant and set to 𝑄̄ = 𝑟 ∕𝛾) to 𝑓

𝑃
𝑇,𝑄 
𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

( 𝑝 ) when the shape of 𝑄 varies between 

𝑟 nes in that region of Figure A3a . On the other hand, as 𝑟 increases, we see a 
n )) , in Figure A3b (indicated by darker regions). A similar behavior can be seen 

w , 𝓁 = 2 ), there is a negligible decrease in the Hellinger distance. One should 
e ly large, then the infection risk density corresponding to the other parameter, 
𝑓 om, 𝑓

𝑃
𝑋,𝑌 
𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

( 𝑝) . This is because, while technically still a Gamma-distributed 

r otically small variance). 

T  009 , 0 . 704] for Figure A4 . The minute difference in the lower bounds could be 
d o scenarios in which the rate is close to zero with positive probability, resulting 
i as this is not the case with Gamma-distributed 𝑇 or 𝑞 where the same effect 
w

3
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n these plots indicate smaller Hellinger distances, indicating that the par
nd 𝑄 in Figure A3b ) is the one that dominates the propagation of unce
4 , the patterns support the idea that a smaller shape (therefore an incre
hape for another random parameter, leads to dominance on the impact o

n the case that one parameter has a small shape value, linearly increasing
f the first parameter’s corresponding infection risk density to that of the
ellinger distance). For example, we see that in the case of random 𝑇 an
he similarity of 𝑓𝑃𝑇 

𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 
( 𝑝) (where the ventilation rate is considered con

 = 25 and 𝑟 = 50 , indicated by unchanging color and lack of contour li
oticeable increase in the Hellinger distance, 𝐻( 𝑓

𝑃
𝑇,𝑄 
𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

( 𝑝) , 𝑓
𝑃
𝑄 
𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

( 𝑝

hen comparing Figure A4a and b . That is, for a small shape of 𝑇 (e.g.
xpect that, when the shape of one parameter, say 𝑋, becomes increasing
𝑃𝑌 
𝑖 𝑛𝑓 𝑒 𝑐 𝑡𝑖𝑜 𝑛 

( 𝑝) , should tend toward the distribution in which both are rand

andom parameter, 𝑋 effectively becomes constant (random with asympt

he ranges of Hellinger distances are [0 . 012 , 0 . 704] for Figure A3 and [0 .
ue to the fact that having a Gamma-distributed ventilation rate can lead t
n higher densities of high infection risk (as seen in Figure 10a,c ), where
ould require 𝑇 or 𝑞 to be significantly large. 
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