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Abstract
In this work we revisit the Wells‐Riley model, which has been widely used to estimate airborne
infection risk in indoor settings. In particular, we consider a probabilistic (i.e., “stochastic”) frame‐
work of theWells‐Riley model which allows one to quantify infection risk in terms of the per‐capita
probability of infection for each susceptible individual, as well as the probability distribution of
the number of infections (here referred to as “exposures”) during the indoor interaction. Directly
extending the work by Edwards et al. (2024c), we consider here the situation where the main pa‐
rameters in theWells‐Riley model (namely, the quanta generation rate q, the ventilation rateQ, the
number of infectors I or the duration of the indoor interaction T) may be random or uncertain. We
show how, in this case, the per‐capita infection risk Pinfection becomes a random variable between 0
and 1, and compute its density function under some parametric assumptions. This allows for a com‐
prehensive analytical quantification of uncertainty when dealing with heterogeneous populations,
uncertain environmental conditions, or stochastic human behaviour. Our results reveal that infec‐
tion risk can vary significantly depending on the distribution and variability of model parameters.
In particular, using mean parameter values in the classical Wells‐Riley model can lead to systematic
inaccuracies: uncertainty in q, T or b leads to infection risk overestimation, while environmental
stochasticity (i.e. uncertainty in ventilation or removal rates) can lead to infection risk underesti‐
mation. We also investigate which parameter mainly drives the uncertainty in infection risk when
model parameters are simultaneously random.

K E YWORD S
Airborne transmission, Wells‐Riley model, Parameter uncertainty, Infection risk

1 INTRODUCTION

Airborne transmission is a common mode of infection for various
pathogens. It played a particularly significant role in the spread of
COVID‐19 during the pandemic that began in early 2020 (Karia et al.
(2020)). This type of transmission occurs when a susceptible host
breathes in small droplets or aerosols laden with an infectious pathogen,
usually produced by an infector due to breathing, talking, coughing,
sneezing or during aerosol‐generating procedures. Unlike other routes
of infection, such as fomite transmission which is driven by direct con‐
tact (e.g., touch) with a contaminated individual or surface, airborne
transmission may infect individuals indirectly (e.g., shared air within
indoor settings).

Long‐range airborne transmission can be mitigated using ventilation
strategies (Qian and Zheng (2018)) and through the use of personal pro‐
tective equipment (PPE) such as masks (Wang et al. (2021)). During the
early stages of the COVID‐19 pandemic, a limited availability of medi‐
cal masks resulted in illness amongst the frontline healthcare workforce
(The Lancet (2020)). This led to staff shortages and put a strain on health‐
care services worldwide (Xu et al. (2020)). It is therefore important to
understand and assess the risk of airborne transmission particularly in
healthcare settings. On the other hand, it is also important to analyse
transmission dynamics in non‐healthcare settings, especially in the case
of large scale or super‐spreading events, which can play a significant
role in accelerating population level transmission during an epidemic.
A paradigmatic example is the Skagit‐County Choir rehearsal outbreak
in Washington, USA during 2020, where an index case with COVID‐19
was thought to have infected 53 of the 61 attendees, resulting in two
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deaths (Hamner (2020)). The high number of exposures was likely linked
to poor ventilation (Miller et al. (2021)) and the fact that individuals
were singing, which is known to increase the volume of exhaled aerosols
(Schijven et al. (2021)). This highlights the importance of understanding
environmental and behavioral factors affecting airborne transmission
risk.
To systematically evaluate infection risk, the Quantitative Microbial

Risk Assessment (QMRA) framework can be used. We refer the reader
to Haas et al. (2014) for a comprehensive and foundational overview
of this methodology. QMRA aims to identify risk factors, and to link
pathogen exposure to the probability of infection through the use of
mathematical modeling. The use of mathematical models helps to iden‐
tify the main factors contributing to infection risk, which may inform
infection control strategies. Different models can be developed for
various routes of transmission or scenarios. For example, QMRA mod‐
els have been proposed for waterborne exposure (Haas et al. (1993),
Cummins et al. (2010), World Health Organization (2016), Doménech
et al. (2022), Paraskevopoulos et al. (2024)), fomite transmission (Nicas
and Jones (2009), Sze‐To et al. (2014), King et al. (2022), Abney et al.
(2024), Bate et al. (2024)) and airborne transmission (Chen et al. (2006),
Denpetkul et al. (2022), Miller et al. (2022), Bate et al. (2024)).
A particular QMRA framework to quantify airborne transmission risk

is the Wells‐Riley model. The Wells‐Riley model uses the concept of
a quantum of infectious pathogen which was defined by Wells (1955)
as the amount of infectious pathogen required to infect a susceptible
host upon inhalation. The model was formalised in its classical form
by Riley et al. (1978), where it was applied to a case study involving
a Measles outbreak within a Florida elementary school. The classical
Wells‐Riley model assumes well‐mixed air, a steady‐state concentration
of pathogen in the air, and a precise knowledge of individual (breath‐
ing rate, infectiousness), behavioural (duration of the indoor interaction)
and environmental (ventilation) conditions, in terms of specific values
of model parameters. Extensions of the Wells‐Riley model have been
proposed to address some of its main limitations, such as spatial mod‐
els linking Computational Fluid Dynamics approaches to theWells‐Riley
model (Qian et al. (2009), Gupta et al. (2012)), adaptations to consider
a transient concentration of pathogen in the air over time (Gammaitoni
and Nucci (1997)), or an extended Wells‐Riley model to leverage CO2

measurements (Rudnick and Milton (2003)). In many real scenarios, it
is challenging to determine precise values for the parameters of the
Wells‐Riley model, due to biological heterogeneity, stochastic human
behaviour, fluctuating environmental conditions, or due to insufficien‐
t/incomplete observations. For example, emission rates or viral loads of
individuals within a population may vary due to stage of infection, age,
respiratory activity, and other behavioural or physiological factors (Buo‐
nanno et al. 2020b, Jones et al. 2021b, Euser et al. 2021, Jones et al.
2024, Aganovic et al. 2024, Sender et al. 2022, Schijven et al. 2021,Mik‐
szewski et al. 2022); removal rates may vary substantially with changing
weather, building operation, or room‐level factors (Nazaroff 2021, Ed‐
wards et al. 2024a, Jones et al. 2021a, Henriques et al. 2025, Jones et al.

2025); the duration of indoor interactions is often uncertain or only par‐
tially observable (King et al. 2021, Edwards et al. 2024c). Furthermore,
behavioural patterns such as mask wearing, movement within indoor
environments, and variable contact durations introduce further hetero‐
geneity (King et al. 2021, Huang et al. 2022). At the group level, this
uncertainty can significantly affect infection risk estimates, producing
highly skewed distributions of secondary infections even under identi‐
cal environmental conditions (Iddon et al. 2022). They are often difficult
to capture using fixed, deterministic parameter values.
Recent work has taken substantial steps to incorporate such uncer‐

tainty into airborne infection risk modelling. Monte Carlo and numerical
approaches have been used to propagate variability in emission rates,
breathing rates, removal processes, prevalence, and occupancy (Bate
et al. 2024, Henriques et al. 2025, Iddon et al. 2022, Jones et al. 2021a
2025, Edwards et al. 2026). Other approaches have examined the role
of uncertainty in viral load and emission using quanta‐independent
optimisation methods (Aganovic et al. 2024). These frameworks have
informed building‐design and mitigation guidance, including ASHRAE
Standard 241 (Jones et al. 2025), by explicitly embedding parametric
uncertainty into their risk‐assessment methodologies. Together, these
studies highlight that uncertainty is not an auxiliary component but a
central feature of airborne transmission modelling, and that robust in‐
fection risk assessment requires methods capable of representing full
distributions rather than only mean values.
The present study proposes a stochastic, analytical framework to

incorporate uncertainty into theWells‐Riley model, extending work pre‐
viously developed by Nicas (1996) and more recently by Edwards et al.
(2024c). Nicas (1996) incorporated uncertainty into dose–response
models by analysing Beta‐ and Gamma‐distributed doses, while Ed‐
wards et al. (2024c) considered exponentially or Erlang‐distributed
quanta emission rates or exposure durations when revisiting theWells–
Riley model. Here, we extend this line of work by deriving analytic
expressions for the full probability distribution of the per‐capita infec‐
tion risk when one or two model parameters are uncertain, rather than
focusing solely on average risk or relying on Monte Carlo simulation. By
treating key parameters as random variables, the per‐capita infection
risk itself becomes a random variable in (0, 1) with a well‐defined den‐
sity. Specifically, we consider Gamma‐distributed parameters, which
provide the flexibility to model unimodal non‐negative distributions
while retaining analytical tractability, and derive closed‐form density
functions as well as mean infection risks and exposure distributions.
Our results extend those of Nicas (1996) and Edwards et al. (2024c)
by analysing infection risk under broader classes of random parameters,
considering pairs of parameters simultaneously, and incorporating ran‐
dom ventilation (a scenario not addressed in Edwards et al. (2024c)).
This framework enables an analytically comprehensive characterisation
of how uncertainty in emission rates, exposure times, and environmen‐
tal conditions shapes the distribution of infection risk across different
scenarios.
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The rest of this paper is organised as follows: in Section 2, we
introduce the classical Wells‐Riley model and present its stochastic for‐
mulation, while incorporating uncertainty into model parameters (both
in individual parameters and in pairs); the aim is to compute the den‐
sity function of the per‐capita infection risk, as well as the probability of
observing exactly n exposures. In Section 3, we illustrate our analytical
results by means of two case studies to investigate the impact of param‐
eter uncertainty on infection risk. Section 4 contains a final discussion
of our approach and findings.

2 METHODOLOGY

The Wells‐Riley model (Wells 1955, Riley et al. 1978) has been widely
used to estimate airborne transmission risk during indoor interactions.
In particular, for an indoor interaction between S susceptible and I
infectious individuals during [0, T], the Wells‐Riley model estimates
the per‐capita infection risk (i.e., the probability of infection for each
susceptible individual) as

Pinfection = 1 – e–
Ibq
Q T, (1)

where b is the pulmonary (breathing) rate [m3 ·h–1], q is the quanta emis‐
sion rate [quanta · h–1] and Q is the ventilation rate [m3 · h–1]. In this
equation, the ventilation rate Q can be replaced by a more general loss
parameter whichmay account for pathogen decay or deposition; see Ed‐
wards et al. (2024c), Miller et al. (2021). It has recently been shown by
Edwards et al. (2024c) that, since infection events occur independently
of each other, the number of infections (which we will synonymously
refer to as “exposures” since it is typically the case that these individu‐
als become infected but not infectious during [0, T], since T represents
the duration of the indoor interaction which is typically in the order of
minutes or hours rather than days) follows a binomial distribution

E ∼ Binomial(S, Pinfection)

so that the probability of observing exactly n exposures during [0, T] is
given by

P(E = n) =
(S
n

)

Pninfection(1 – Pinfection)
S–n, n ∈ {0, 1, . . . , S}.

The main assumptions behind the classical Wells‐Riley model are:

• The air is well mixed, so that the concentration of pathogen in the
air is spatially homogeneous.

• The concentration of pathogen in the air is in steady state during
[0, T], neglecting any transient dynamics before this steady‐state
concentration is actually reached. A transient version of the model
was proposed by Gammaitoni and Nucci (1997); see Edwards et al.
(2024c) for details.

• All individuals behave homogeneously, remain in the indoor envi‐
ronment for the duration of the interaction [0, T], and the model
parameters (I, b, q, T, and Q ) are known and fixed.

As described in Section 1, recent work in the literature has aimed to
address some of these limitations. In particular, numerical approaches
or Monte Carlo simulations have been leveraged to incorporate para‐
metric uncertainty and population heterogeneity. On the other hand, a
stochastic, mathematical formulation has been recently proposed by Ed‐
wards et al. (2024c) when revisiting the Wells‐Riley model which also
addresses some of these points. In particular, Edwards et al. (2024c)
considered:

• The situation where the infector(s) leave(s) at time T, but the sus‐
ceptible individuals remain in the room until T + t for some t ≥
0.

• The scenariowhere either b, q or T are randomparameters, following
either an Exponential or Erlang distribution. This could represent
situationswhere there is population heterogeneity or to incorporate
stochastic human behavior. Analytic results for the expected per‐
capita probability of infection and the number of exposures were
obtained.

It is interesting to note, however, that if a parameter in {I, b, q, T,Q} is
considered to be random, for example due to uncertainty, the per‐capita
infection risk Pinfection given by Eq. (1) is also a random variable, defined
in (0, 1) (i.e., representing the possible values that Pinfection can take).
That is, if a parameter such as q is random (i.e., infectiousness is un‐
known/stochastic), and follows a particular probability distribution, the
per‐capita infection risk for each susceptible individual, Pinfection, would
be uncertain and depend on the specific value of the random parameter
q during the specific interaction. For each (random) value of q, Pinfection
would take a different value in (0, 1). Thus, Edwards et al. (2024c) pro‐
vided an expected (i.e. average) value of this infection risk probability,
E[Pinfection], when either b, q or T are exponentially‐ or Erlang‐distributed.
Here, we propose to go beyond this approach and better capture the
uncertainty in infection risk by considering Pinfection as a random variable
in (0, 1) and calculating its density function (instead of just its expected
value). We consider here Gamma‐distributed parameters, going beyond
Exponential or Erlang distributions. The exponential distribution is ob‐
tained by setting the Gamma shape parameter to 1, whereas the Erlang
distribution represents a Gamma distribution with integer shape pa‐
rameter. Gamma distributions yield better parametric flexibility when
modelling uni‐modal parametric regimes in the non‐negative line, while
allowing for some analytical tractability in Section 2.We note that multi‐
modal regimes can also be considered through linear combinations of
Gamma distributions (see Section 2.1.1 and Appendix A1.1). It may be
possible to extend some of our results to alternative distributions, as
discussed in Section 4. We also consider the possibility of up to two
parameters being simultaneously unknown/uncertain rather than just
one.
From now on, we classify parameters in the Wells‐Riley model as

population‐related (i.e., mainly related to the individuals involved in the
interaction and their behaviour: I, b, q, T) or environmental (Q). In Sub‐
section 2.1, we present equations which define the density function
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and mean value of the per‐capita probability of infection Pinfection, as
well as the probability of observing exactly n exposures P(E = n) when
we have a single, random population‐related parameter. Subsection 2.2
contains similar results when focusing on the environmental parame‐
ter Q, whereas in Subsection 2.3, we consider pairs of simultaneously
random parameters.

2.1 Uncertainty in population‐related pa‐
rameters

We consider here uncertainty in one of the population‐related parame‐
ters {I, b, q, T}. Since these appear in the numerator of the exponential
function in the per‐capita infection risk probability in Equation (1), the
analysis related to each of these parameters is completely symmet‐
ric, with the only difference being that I takes discrete values whereas
parameters {b, q, T} take continuous ones.

2.1.1 Uncertainty in breathing rate b,
quanta emission rate q or exposure time T.

We provide here results for the case where the quanta generation rate
q is random. Since exactly the same arguments apply to parameters b
and T, analogous results are omitted here. Uncertainty in qmight be due
to uncertainty in estimating its precise value, or alternatively represent
population heterogeneity where different individuals in the population
might have different quanta generation rates. In particular, we con‐
sider the situation where the quanta generation rate follows a Gamma
distribution

q ∼ Gamma(k,λ),

with shape parameter k > 0 and rate parameter λ > 0. That is, q has
probability density function

fq(x) =
λkxk–1 exp(–λx)

Γ(k)
, x > 0,

where Γ(k) is the Gamma function. We note that the particular case
where k is a positive integer leads to an Exponential, q ∼ Exp(λ), if k = 1

or Erlang, q ∼ Erlang(k,λ), if k = 2, 3, . . . , distribution. As discussed
above, if q is random the per‐capita infection risk

Pinfection = 1 – e–
Ibq
Q T,

is also random. That is, Pinfection is a random variable which can take
different values in (0, 1) depending on the value of q that happens to
“occur” during a specific indoor interaction. The aim here is to capture
the uncertainty in Pinfection caused by the randomness of q, by comput‐
ing the probability density function of the random variable Pinfection. For
q ∼ Gamma(k,λ), this can be calculated as (see Appendix A1.1)

fPinfection (p) =

(

λQ
IbT

)k [– ln(1 – p)]k–1(1 – p)
λQ
IbT –1

Γ(k)
, (2)

such that p ∈ (0, 1). This density function allows one to estimate how
likely different values of Pinfection are within the interval (0, 1), based
on the distribution of q. We note that this expression is consistent
with an analogous result obtained by Nicas (1996) in the context of
dose‐response models, when considering a Gamma‐distributed dose.
As expected, the density function in Equation (2) depends on param‐
eters {I, b,Q, T} but does not depend on q itself, since it is not a fixed
parameter value here but a random parameter instead. Thus, the den‐
sity function of the per‐capita infection risk probability depends instead
on the extra parameters (k,λ) governing the distribution of q. From this,
the “expected” or “average” per‐capita infection risk is (see Appendix
A1.1)

E[Pinfection] = 1 –

(

λ

λ+ IbT
Q

)k

. (3)

This expression provides an exact average infection risk while account‐
ing for the randomness or uncertainty in parameter q, whereas the full
infection risk profile is captured by the density function of Pinfection given
by Equation (2).
It is interesting to explore what would happen if one considered

the average quanta generation rate q̄ = E[Gamma(k,λ)] = k/λ as a
representative parameter value for q, and plugged it into the classical
Wells‐Riley approach to obtain a potentially representative per‐capita
infection risk probability

P̄WRinfection = 1 – e–
IbT
Q q̄ = 1 – e–

IbT
Q

k
λ .

This is a typical approach in the literature when implementing the clas‐
sical Wells‐Riley framework to estimate infection risk under parameter
uncertainty. Interestingly, it can be shown that P̄WRinfection will always over‐
estimate the “true” mean E[Pinfection] in Equation (3) (which represents
the exact average infection risk probability which fully accounts for the
randomness in q); that is,

P̄WRinfection > E[Pinfection]

for all parameter regimes (I, b, T,Q, k,λ). In fact, this holds for any gen‐
eral, positive‐valued distribution of q (equivalently, of b or T), and not
just a Gamma distribution, since this relies only upon the concavity
of the Wells‐Riley equation and the use of Jensen’s inequality; see
Appendix A5.1.
For illustrative purposes, we plot in Figure 1 the relative difference,

Relative difference (%) =
P̄WRinfection – E[Pinfection]

E[Pinfection]
x 100,

between the classical approach, P̄WRinfection, and the analytical mean in‐
fection risk, E[Pinfection] in Eq. (3), for parameter values (k,λ, b, T,Q)
randomly sampled within relatively wide ranges, and average quanta
generation rates in q̄ ∈ [0.01, 100] quanta h–1 to represent a wide range
of emission rates. As expected, strictly positive relative differences
correspond to infection risk overestimation by the classical approach
versus its exact average counterpart. The plot suggests that parametric
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F I GUR E 1 Scatter plot for the relative difference between P̄WRinfection
(classical Wells‐Riley approach with constant, average quanta genera‐
tion rate q̄ = k/λ) and the exact analytical mean infection riskE[Pinfection]
in Equation (3), versus q̄ and bT

Q . The shape and rate parameters (k,λ)
of the Gamma distribution of q, as well as parameters (b, T,Q), are ran‐
domly sampled within relatively wide ranges. In particular, log10(q̄) ∈
[–2, 2], k ∈ [1, 20] (such that we set λ = k/q̄ and explore q̄ ∈
[0.01, 100] quanta h–1), b ∈ [0.2, 0.6] m3h–1, Q ∈ [10, 1000] m3h–1 (ap‐
proximately ACH ∈ [0.1, 10] for a volume of V ≈ 100 m3 (Edwards
2024b)), and T ∈ [0.1, 100] hours.

choices of (b, T,Q) (leading to relatively large values of e
bT
Q ), combined

with sufficiently high q̄, lead to larger relative differences. In particular,
we observe overestimations of the analytical mean by the classical ap‐
proach on the magnitude of 5 – 27% for a localised “strip” in the upper
right region in Figure 1. Below and to the left of this strip, as well as
above and to the right, we observe little to no relative difference. We
note that these two darker regions correspond to a combination of low
(below the strip) and high (above the strip) values of bT/Q and q̄, re‐
sulting in both estimates, P̄WRinfection and E[Pinfection], tending towards zero
or one. The region of bT/Q at which overestimations occur are depen‐
dent on the value of q̄. It is also interesting to note that nearby dots
in Figure 1 can still have different colours indicating different relative
differences. This is due to the particular distribution of q correspond‐
ing to those dots, which is determined by the specific values of (k,λ).
Wider Gamma distributions around q̄ (obtained for smaller values of k,
with λ = k/q̄) translate to higher skewness and variance, representing
higher uncertainty around q̄. Overall, our results suggest that larger vari‐
ance and skew of q lead to larger relative differences between P̄WRinfection
and E[Pinfection]. In particular, the classical approach with average q̄ does
not appropriately account for the possibility of small values of q hap‐
pening with positive probability, which would lead to low infection risk
in reality; thus, P̄WRinfection can overestimate the real average infection risk

in these situations, better captured by E[Pinfection]. It should be men‐
tioned that for the values considered in Figure 1, relative differences for
larger q̄ and bT/Q correspond to larger absolute differences in the in‐
fection risk estimates. The relative overestimations for different values
of q̄ and bqT/Q have been analysed in further detail in Appendix A5.1.
Since these infection risk estimates may be used in practice to propose
or quantify the impact of specific mitigation strategies (Gammaitoni
and Nucci 1997, Chen et al. 2006, Bazant and Bush 2021), our results
highlight the importance of accounting for parametric uncertainty when
estimating infection risk; in particular, implementing the classical Wells‐
Riley approach under average quanta generation rates seems to lead to
overestimations of up to 27% for the parameter values considered in
Figure 1.
Along with the infection risk density and mean infection risk

(Equations (2) and (3)), the probability of observing exactly n exposures
among S susceptible individuals during [0, T] is (see Appendix A1.1)

P(E = n) =
(S
n

)

n
∑

i=0

(–1)i
(n
i

)

(

λ

(S – n+ i) IbTQ + λ

)k
, (4)

for n ∈ {0, 1, . . . , S}. We note that Equations (3) and (4) are consis‐
tent with those previously derived by Edwards et al. (2024c), whereas
Equation (2) is a novel result which allows one to analytically capture the
uncertainty that random q generates on the per‐capita infection risk esti‐
mate Pinfection. Randomparameters b or Twould lead to analogous results
to those above, and are thus not reported explicitly here. It is also worth
noting that the density function in Equation (2) is consistent with that
derived by Nicas (1996) in the context of a dose‐responsemodel, where
the dose is considered to be random instead of the specific parameters
(b, q, T,Q) in the Wells‐Riley framework.
Finally, we note that random q might also arise as a result of

mitigations, human behaviour or population heterogeneity, and our
mathematical formulation can be adapted to consider these situations.
For example, one may consider that the infector wears a mask with
probability wmask ∈ [0, 1], so that the quanta generation rate is

qeff = qno mask(wmask(1 – η) + (1 – wmask)),

where η ∈ (0, 1) represents the reduction in quanta generation due
to mask filtration efficacy, and qno mask is the underlying quanta emis‐
sion rate without mask wearing. For simplicity, we do not consider
mask‐wearing by susceptible individuals and focus instead on the im‐
pact of mask‐wearing by the infector on infection risk. In this scenario,
the Wells‐Riley equation effectively becomes ((Gammaitoni and Nucci
1997, Bazant and Bush 2021, Rothamer et al. 2021, Huang et al. 2022))

Pinfection = 1 – e–
IbqeffT
Q .

One can still consider uncertainty in the underlying quanta emission
rate, qno mask ∼ Gamma(k,λ), while incorporating stochastic human be‐
haviour through probability wmask, so that the effective quanta emission



6 MARSHALL et al.

rate, qeff, is a random variable with density function

fqeff (q) = wmask
1

1 – η
fqno mask

( q
1 – η

)

+ (1 – wmask)fqno mask (q).

Our results then can be naturally extended so that (see Appendix A1.1)

fPinfection (p) =
(– ln(1 – p))k–1

Γ(k)

(λQ
IbT

)k
(

wmask(1 – η)
–k
(1 – p)

λQ
IbT(1–η)

–1
(5)

+(1 – wmask)(1 – p)
λQ
IbT –1

)

, for p ∈ (0, 1),

E[Pinfection] = 1 –

[

wmask

(

λ

λ + IbT
Q (1 – η)

)k
+ (1 – wmask)

(

λ

λ + IbT
Q

)k]

, (6)

P(E = n) =

(S
n

) n
∑

i=0

(–1)i
(n
i

)

[

wmask

(

λ

λ + (S – n + i) IbTQ (1 – η)

)k
(7)

+(1 – wmask)

(

λ

λ + (S – n + i) IbTQ

)k]

, for n = 0, 1, . . . ,N.

A slightly different application arises when one aims to represent
population heterogeneity, so that q ∼ Gamma(k,λ) is a population‐level
description of infectiousness. However, since the term qI in Equation (1)
represents the rate of quanta generation by all I infectious individuals
during the indoor interaction, these individuals are all still assumed to
generate quanta at the same rate q, which can be globally sampled from
Gamma(k,λ). This is appropriate when I = 1, so that the infector’s infec‐
tiousness is unknown and sampled from a population‐level distribution.
On the other hand, for scenarios where more than one, I > 1, infectious
individual is assumed to be present within the interaction, it is more
appropriate to replace the term qI by

∑I
i=1 qi, where qi represents the

quanta generation rate of each individual i, which can be sampled from
the population‐level distributionGamma(k,λ), so that qi ∼ Gamma(k,λ)
are independent and identically distributed random variables. Although
not the main focus of this paper, we generalise the results above to this
situation in Appendix A4.

2.1.2 Disease prevalence

While it is common to assume that the number of infectors I during the
indoor interaction is known, this is not typically the case in reality when
trying to assess risk in different settings a priori. In particular, by assum‐
ing that a single infector is present in the room (i.e., by setting I = 1), the
per‐capita probability of infection may well be overestimated, since one
of the main factors impacting infection risk is the probability of an infec‐
tor being present in the room at all. Thus, it may be more appropriate
to consider a disease prevalence ρ, understood here as the proportion
of individuals in the population being infectious at any given time, so
that (assuming independence) the number of infectious individuals in
the room is random and follows a binomial distribution

I ∼ Bin(N, ρ),

where N is the total number of individuals involved in the indoor
interaction. The probability mass function of I is given by:

P(I = i) =
(N
i

)

ρi(1 – ρ)N–i, i ∈ {0, 1, . . . ,N}.

Importantly, this incorporates the possibility that there might not be in‐
fectors during the interaction (I = 0), which occurs with probability
(1 – ρ)N, or that there might be more than one (I > 1). Since I is a dis‐
crete random variable with support {0, 1, . . . ,N}, the per‐capita infection
risk Pinfection is also a discrete random variable on this occasion. Thus, its
probability mass function is (see Appendix A1.2)

fPinfection (p) =
(N
i

)

ρi(1 – ρ)N–i (8)

with possible (positive probability) values p = 1 – e–
bqT
Q i where i ∈

{0, 1, . . . ,N}. The expected per‐capita infection risk is (see Appendix
A1.2)

E[Pinfection] = 1 –
[

ρe–
bqT
Q + (1 – ρ)

]N
. (9)

The probability that there are exactly n exposures is given in its raw form
by (see Appendix A1.2)

P(E = n) =
(N
n

)

N–n
∑

i=0

(N – n
i

)

(

1 – e–
bqT
Q i)n e–

bqT
Q i(N–i–n)

ρ i(1 – ρ)N–i,

(10)
for n = 0, 1, . . . ,N.

2.2 Uncertainty in ventilation rate

Here, we consider the situationwhere the ventilation rateQ is uncertain
(i.e., random), for example, in situationswhere this may depend on exter‐
nal factors (e.g., weather) or human behaviour (e.g., windows opening).
We consider a Gamma distribution

Q ∼ Gamma(r, γ),

with shape parameter r > 0 and rate parameter γ > 0. Since Q ap‐
pears in the denominator (instead of the numerator) of the exponent in
the per‐capita infection risk probability in Equation (1), the results ob‐
tained in Section 2.1 for b, q and T do not directly apply here. Instead,
for Q ∼ Gamma(r, γ), the density function of the per‐capita infection
risk Pinfection is (see Appendix A2)

fPinfection (p) =
(γIbqT)r

Γ(r)
e

γ IbqT
ln(1–p)

(1 – p)[– ln(1 – p)]r+1
, p ∈ (0, 1). (11)

As a result, the average per‐capita infection risk is given by (see
Appendix A2)

E[Pinfection] = 1 –
2

Γ(r)
(γIbqT)r/2Kr

(

2
√

γIbqT
)

, (12)

where Kθ(ζ) is the modified Bessel function of the second kind (NIST
(2025a))

Kθ(ζ) =
1

2

(

ζ

2

)θ ∫ ∞

0
u–(θ+1)e

(

–u– ζ2

4u

)

du.
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Finally, the probability of observing exactly n exposures is (see Appendix
A2)

P(E = n) =
2

Γ(r)

(S
n

)

n
∑

i=0

(–1)i
(n
i

)

ar/2i Kr
(

2
√
ai
)

(13)

for n = 0, 1, . . . , S, where ai = γIbqT(S – n + i). We note that for
the special case n = S, the factor (S – n + i) equals 0 when i = 0.
Since Kθ(ζ) ∼ 2 θ–1Γ(θ) ζ–θ when ζ → 0 (NIST (2025b)), one has
ar/2i Kr

(

2
√
ai
)

→ 1
2
Γ(r) when (S – n+ i) → 0 (meaning ai → 0), so that

in the i = 0 term one gets 2
Γ(r) × 1

2
Γ(r) = 1 (since the other elements

in the term are also 1).
Similar to our analysis in Section 2.1 for random q, we can investigate

here the relative difference between the infection risk estimated via the
classical Wells‐Riley approach

P̄WRinfection = 1 – e–
IbqT
Q̄ ,

with average ventilation rate Q̄ = r/γ, and the exact analytical aver‐
age infection risk E[Pinfection] in Equation (12) (which accounts for the
randomness in Q). This relative difference is plotted in Figure 2. While
considering random q systematically led to overestimating infection risk
under the classical approach (due to Jensen’s inequality), the fact that
Pinfection is not necessarily concave on Q means that it is not possible to
determine a priori if the relative differencewould be positive or negative
depending on the particular values of (r, γ, b, q, T). Still, we tend to see
infection risk underestimation (i.e., negative relative difference) in the
case of random ventilation for most of the parametric regimes consid‐
ered in Figure 2. This is due to Pinfection being convex onQ for themajority
of parameter values considered. In fact, where there are overestima‐
tions (positive relative errors corresponding to black‐coloured points),
these are very close to zero, and occur for very small ventilation rates
combined with high values of bqT, such that both the classical and ana‐
lytical estimates each tend towards 1. Outside of this specific region, it
appears as though the size of the relative difference is largely indepen‐
dent of the specific values of bqT and ACH. In fact, as was the case for
random quanta, it increases with higher variance and positive skew of
the Gamma distribution of the ventilation rate (something we cannot
see by plotting against ACH alone). The magnitude of these inaccura‐
cies are far larger in the case of random Q compared to that of random
q (relative underestimations of 80% versus overestimations of 25% of
the analytical E[Pinfection], see Figure 1 and 2). This is because the infec‐
tion risk does not vary so significantly in the region of q̄ as it does for Q̄:
variations inQ leading to small ventilation rates produce higher stochas‐
ticity in the infection risk than variation in q, since in the case of random
Q scenarios with very low ventilation can lead to notably high infec‐
tion risk. In Appendix A5.2, the size of the relative difference has been
investigated further for the parameter space considered here.
Finally, we note that if a particular model parameter has a non‐

random component, our results can be easily adapted. For example, we
explore in Section 3 the situation where natural ventilation in an in‐
door environment might be stochastic, whereas mechanical ventilation
can be more precisely controlled or estimated. In this situation, one

F I GUR E 2 Scatter plot for the relative difference between P̄WRinfection
(classical Wells‐Riley approach with constant, average ventilation rate
Q̄ = r/γ) and the exact analytical mean infection risk E[Pinfection] in
Equation (12), versus Q̄ and bqT. The shape and rate parameters (r, γ)
of the Gamma distribution of Q, as well as parameters (b, q, T), are ran‐
domly sampled within relatively wide ranges. In particular, log(Q̄) ∈
[1, 3], r ∈ [1, 20] (such that we set γ = r/Q̄ and explore ACH ∈ [0.1, 10]
for a room volume V ≈ 100 m3 (Edwards 2024b)), b ∈ [0.2, 0.6] m3h–1,
q ∈ [0.01, 100] quanta h–1, and T ∈ [0.1, 100] hours.

might define the ventilation rate as Q = Qnat + Qmech where Qnat ∼
Gamma(r, γ) and Qmech is constant, so that

Pinfection = 1 – e–
IbqT

Qnat+Qmech . (14)

Our results can be extended to this situation, so that for example the
probability density function of the infection risk is given as

fPinfection (p) =
γr
(

–IbqT
ln(1–p) – Qmech

)r–1
e

γ IbqT
ln(1–p)+γQmech IbqT

Γ(r)(1 – p)(ln(1 – p))2
, p ∈ (0, 1);

(15)

see Appendix A2.1 for further details.

2.3 Uncertainty in twomodel parameters

We now consider the situation where two independent parameters
are simultaneously random. The aim is to investigate their compound‐
ing effect on infection risk. We can consider two distinct cases: two
population‐related parameters are random, or one population‐related
parameter is random as well as ventilation (the environmental param‐
eter). Let us start with the former case where two population‐related
parameters {b, q, T} are random; say the quanta emission rate q and
the exposure time T without any loss of generality (since equivalent
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arguments would apply to {b, q} or {b, T}). In particular, we consider

q ∼ Gamma(k,λ),

T ∼ Gamma(ℓ,µ),

for shapes k, ℓ > 0 and rates λ,µ > 0. In this scenario, the density
function of the per‐capita infection risk Pinfection is (see Appendix A3)

fPinfection (p) =
2(λµ)

k+ℓ
2

[

–
1

c
ln(1 – p)

]
k+ℓ
2
–1
Kk–ℓ

(

2
√

d
[

– ln(1 – p)
]

)

cΓ(k)Γ(ℓ)(1 – p)
(16)

with c = Ib
Q , d = λµ

c and for p ∈ (0, 1). The average per‐capita infection
risk is given by (see Appendix A3)

E[Pinfection] =1 – dℓU
(

ℓ, ℓ – k+ 1, d
)

= 1 – dkU
(

k, k – ℓ+ 1, d
)

(17)

where U(a, b, z) is the confluent hypergeometric function of the second
kind (NIST (2025c)), sometimes referred to as the Tricomi function

U(a, b, z) =
1

Γ(a)

∫ ∞

0
e–zvva–1(1 + v)b–a–1dv.

The probability of observing exactly n exposures is given by (see
Appendix A3)

P(E = n) =
(S
n

)

n
∑

i=0

(–1)i
(n
i

)

yℓi U(ℓ, ℓ – k+ 1, yi) (18)

=
(S
n

)

n
∑

i=0

(–1)i
(n
i

)

yki U(k, k – ℓ+ 1, yi) (19)

for n = 0, . . . , S, where yi = d
(S–n+i) .We note here that when S–n+i = 0

we use the limit of the Tricomi function (NIST (2025d)) U
(

a, b, z
)

∼ z–a

when z → ∞. Given that i = 0 and S = n (where S – n + i = 0), the
first term in each sum would evaluate to yℓ0y–ℓ0 = yk0y–k0 = 1. We also
note that each of the two forms proposed for E[Pinfection] and P(E =

n) is derived by first solving the underlying double integral either with
respect to q or T. The equivalence of these two forms is further validated
by Kummer’s transformation (NIST 2025e) U

(

a, b, z
)

= z1–bU
(

1 + a –

b, 2 – b, z
)

.
Finally, it is important to note that some of our results above sim‐

plify when one considers an Erlang‐distributed parameter instead of
Gamma (i.e., when the shape parameter is an integer). For example,
Equations (17)‐(19) may be written as finite sums if k ∈ N (i.e., q is
Erlang‐distributed):

E[Pinfection] =1 –
ed

(k – 1)!

k–1
∑

i=0

(k – 1
i

)

(–1)idi+ℓΓ
(

k – ℓ – i, d
)

, (20)

P(E = n) =
(S
n

)

n
∑

i=0

k–1
∑

j=0

(–1)i+j

(k – 1)!

(n
i

)(k – 1
j

)

yℓ+ji eyiΓ(k – ℓ – j, yi),

(21)

for n = 0, . . . , S, where

Γ(s, x) =
∫ ∞

x
ws–1e–wdw

is the upper incomplete Gamma function (NIST 2025f). If T is Erlang‐
distributed instead of q (that is, if ℓ ∈ N instead of k) one gets analogous
results omitted here. Further simplified expressions are obtained if both
parameters are exponentially distributed, k = ℓ = 1, in which case

fPinfection (p) =
2d

(1 – p)
K0
(

2
√

d
[

– ln(1 – p)
]

)

, p ∈ (0, 1),

E[Pinfection] =1 – dedΓ(0, d),

P(E = n) =
(S
n

)

n
∑

i=0

(–1)i
(n
i

)

yieyiΓ(0, yi),

for n = 0, . . . , S.
Finally, we consider here the case where one population‐related

parameter from {b, q, T} is random alongside the ventilation rate Q.
Without loss of generality we consider q to be random, in particular

q ∼ Gamma(k,λ),

Q ∼ Gamma(r, γ).

The density function of the per‐capita infection risk Pinfection is (see
Appendix A3)

fPinfection (p) =
Γ(k+ r)
Γ(k)Γ(r)

λk(γIbT)r[– ln(1 – p)]k–1

(1 – p)([– ln(1 – p)]λ+ γIbT)k+r
(22)

for p ∈ (0, 1). The expected per‐capita infection risk is given by (see
Appendix A3)

E[Pinfection] = 1 –
(

γIbT
λ

)r Γ(k+ r)
Γ(r)

U
(

k+ r, r+ 1,
γIbT
λ

)

. (23)

The probability of n exposures is (see Appendix A3)

P(E = n) =
(S
n

)

n
∑

i=0

(n
i

)

(–1)iαri
Γ(k+ r)
Γ(r)

U
(

k+ r, r+ 1,αi
)

, (24)

for n = 0, . . . , S, where αi = γIbT
λ

(S – n + i). If k, r ∈ N, then Equations
(23) and (24) simplify to

E[Pinfection] =1 –
e

γ IbT
λ

(r – 1)!

r+k–1
∑

i=0

(r+ k – 1
i

)

(–1)i
(

γIbT
λ

)i
Γ
(

r – i,
γIbT
λ

)

,

(25)

P(E = n) =
(S
n

) 1

(r – 1)!

n
∑

i=0

r+k–1
∑

j=0

(–1)i+j
(n
i

)(r+ k – 1
j

)

α
j
ie
αiΓ
(

r – j,αi
)

,

(26)

for n = 0, . . . , S. Additionally, when k = r = 1

fPinfection (p) =
λγIbT

(1 – p)([– ln(1 – p)]λ+ γIbT)2
, p ∈ (0, 1)

E[Pinfection] =e
γ IbT
λ

γIbT
λ

Γ
(

0,
γIbT
λ

)

,

P(E = n) =
(S
n

)

n
∑

i=0

(–1)i
(n
i

)(

1 – eαiαiΓ(0,αi)
)

,
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for n = 0, . . . , S, wherewe have simplified Equations (25) and (26), along
with the following property (NIST 2025g); if s ∈ N

Γ(s, x) = (s – 1)!e–x
s–1
∑

i=0

xi

i!
.

If instead s = –n with n ∈ N0 = {0, 1, 2, . . . } then (NIST (2025h))

Γ(–n, x) =
(–1)n

n!

(

Γ(0, x) – e–x
n–1
∑

i=0

(–1)ii!
xi+1

)

.

Each of these may be used to compute values for Equations (20) & (21)
and (25) & (26), instead of trying to evaluatemultiple incompleteGamma
functions.
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TAB L E 1 Table summarising analytical results from Section 2.

Scenarios
Infection probability density, fPInfection(p),

for p ∈ (0, 1) unless otherwise stated
Expected infection probability, E[PInfection]

Probability of n exposures, P(E = n),

for n = 0, . . . , S unless otherwise stated

Random quanta emission rate, q ∼ Gamma(k,λ).
Constant (I, b, T,Q).

(

λQ
IbT

)k [– ln(1–p)]k–1(1–p)
λQ
IbT –1

Γ(k) 1 –
(

λ

λ+ IbT
Q

)k (S
n
)
∑n

i=0(–1)i
(n
i
)

(

λ

(S–n+i) IbTQ +λ

)k

Random ventilation rate, Q ∼ Gamma(r, γ).
Constant (I, b, T, q).

(γIbqT)r
Γ(r)

e
γIbqT
ln(1–p)

(1–p)[– ln(1–p)]r+1 1 – 2
Γ(r) (γIbqT)

r/2Kr
(

2
√

γIbqT
)

2
Γ(r)

(S
n
)
∑n

i=0(–1)i
(n
i
)

ar/2i Kr
(

2
√ai
)

,

where ai = γIbqT(S – n+ i)

Random quanta emission rate, q ∼ Gamma(k,λ).
and exposure time T ∼ Gamma(ℓ,µ).

Constant (I, b,Q).

2(λµ)
k+ℓ
2

[

–
1

c
ln(1–p)

] k+ℓ
2

–1
Kk–ℓ

(

2
√

d
[

– ln(1–p)
]

)

cΓ(k)Γ(ℓ)(1–p) ,

where c = Ib
Q , d = λµ

c

1 – dℓU
(

ℓ, ℓ – k+ 1, d
)

= 1 – dkU
(

k, k – ℓ+ 1, d
)

(S
n
)
∑n

i=0(–1)i
(n
i
)

yℓi U(ℓ, ℓ – k+ 1, yi)

=
(S
n
)
∑n

i=0(–1)i
(n
i
)

yki U(k, k – ℓ+ 1, yi),

where yi = d
(S–n+i)

Random quanta emission rate, q ∼ Gamma(k,λ).
and ventilation rate Q ∼ Gamma(r, γ).

Constant (I, b, T).

Γ(k+r)
Γ(k)Γ(r)

λk(γIbT)r[– ln(1–p)]k–1

(1–p)([– ln(1–p)]λ+γIbT)k+r
1 –
(

γIbT
λ

)r Γ(k+r)
Γ(r) U

(

k+ r, r+ 1, γIbT
λ

)

(S
n
)
∑n

i=0

(n
i
)

(–1)iαri
Γ(k+r)
Γ(r) U

(

k+ r, r+ 1,αi
)

,

where αi = γIbT
λ

(S – n+ i)

Random number of infectors, I ∼ Binomial(N, ρ).
Constant (q, b, T,Q).

{

(N
i
)

ρi(1 – ρ)N–i, if p = 1 – e–
bqT
Q i

0, otherwise.
, i = 0, . . . ,N 1 –

[

ρe–
bqT
Q + (1 – ρ)

]N (N
n
)
∑N–n

i=0

(N–n
i
)

ρ i(1 – ρ)N–i
(

1 – e–
bqT
Q i)n e–

bqT
Q i(N–i–n),

for n = 0, . . . ,N
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3 RESULTS

In Section 2, we have extended theWells‐Riley methodology while con‐
sidering Gamma‐distributed parameters, computing the density func‐
tion of the per‐capita infection risk probability, its mean, and the prob‐
ability distribution of the number of exposures. These analytical results
are summarised in Table 1, where results for a random quanta emis‐
sion rate, q, are analogous to those for a random breathing rate, b, or
exposure time, T. In this Section, we aim to explore the impact that un‐
certainty in these parameter values has on infection risk analytically, by
considering Gamma distributions for some of these parameters. While
other distributions may lead to slightly better representations, our aim
is not to find the best distribution in each scenario, but to illustrate in‐
stead our analytical results in Section 2, while showing the impact of
incorporating uncertainty in parameter values. We discuss how some of
our results may be generalised to alternative distributions in Section 4.
In this Section, we consider different parametric regimes inspired by sce‐
narios related to healthcare and hospitality. First, we outline in Section
3.1 some of these parametric choices.

3.1 Model parameters

Unless stated otherwise, parameters b = 0.4m3/hour (Pleil et al. (2021))
and I = 1 are considered in most of our results. For the quanta emis‐
sion rate of an infector, we note that quanta generation rates can vary
widely across many different orders of magnitude depending on a multi‐
tude of factors, including: pathogen of interest (Mikszewski et al. 2022,
Chen et al. 2006), differences in physical activity (Jones et al. 2024, Buo‐
nanno et al. 2020a, Aganovic et al. 2023), the stage of infection (Cheng
et al. 2025, Ferretti et al. 2020, Sender et al. 2022, Wu et al. 2021,
Euser et al. 2021) and individual heterogeneity such as age or gender
(Jones et al. 2021b, Euser et al. 2021). For example, for SARS‐CoV‐2 the
quanta emission rate across infectors has been described via a Lognor‐
mal distribution, LN(GM = 0.0092,GSD = 29), by Jones et al. (2024),
spanning several orders of magnitude across individuals. In particular,
this distribution illustrates the significant variability across individuals,
with its arithmetic mean q̄ = 2.70 quanta/hour representing the 95th

percentile of the distribution. Indeed, significantly larger estimates have
been obtained in the literature when studying particular large outbreaks
during the pandemic, such as the Skagit county choir (Miller et al. 2021)
and the Diamond princess cruise ship (Chen et al. 2021), which would
correspond to top percentiles of the Lognormal distribution above.
Since our aim is to highlight the impact of parameter uncertainty in

those scenarios where infection risk is non‐negligible, we focus here
on scenarios where the infector is relatively highly infectious, corre‐
sponding to values near or above the mean value q̄ = 2.70 quanta/hour
estimated in Jones et al. (2024). In particular, values q = 1 and q = 100

quanta/hour are considered in some of our numerical results below.
When aiming to illustrate the impact of uncertainty in q, we leverage
instead the estimates provided by (Chen et al. 2021) for the Diamond

princess cruise ship; as such, the focus in this particular scenario in
Section 3.2.2 is to consider uncertainty in q while focusing on a highly
infectious individual, and our results in Figure 9 should be interpreted
accordingly. In particular, to incorporate uncertainty while leveraging
analytical results in Section 2, we use in Section 3.2.2 a Gamma distribu‐
tion as an alternative to the Log‐normal distribution estimated by (Chen
et al. 2021), LN(184.64, 2.1). Using the least squares method, we get

q ∼ Gamma(shape = 2.39, rate = 0.012);

see Figure 3.
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F I GUR E 3 Gamma distribution for q with shape k = 2.39 and
rate λ = 0.012, calibrated against the Lognormal distribution LN(GM
= 184.64, ASD = 2.1) estimated by (Chen et al. 2021) for the Diamond
princess cruise COVID‐19 outbreak.

Finally, different parameter values (and distributions) for Q and T
will be explored in Sections 3.2 and 3.3 when considering scenarios re‐
lated to healthcare and hospitality. In particular, we consider in Section
3.2 a healthcare worker interacting with patients in a hospital ward, to
illustrate the impact of uncertainty in ventilation, visit duration and in‐
fectiousness. In Section 3.3, we consider infection risk during meals, to
illustrate the impact of random prevalence as well as uncertainty in two
parameter values simultaneously.

3.1.1 Case Study 1: Healthcare visits

In Section 3.2, we consider a similar scenario to that considered by Ed‐
wards et al. (2024c) of a healthcare worker providing different types of
care to patients in a hospital ward. In particular, and to illustrate how
the duration of the indoor interaction may be uncertain, we leverage
data from an observational study by King et al. (2021) which measured
real and mock HCW visit times to a patient during various types of care
(intravenous (IV) drip care, observational care and doctor’s rounds). We
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F I GUR E 4 Split violin plots showing measured visit times (left side;
King et al. (2021)) with their best fitting Gamma distributions (right side)
for each care type.

focus here onmeasurements corresponding to actual observational care
for routine checks on patients (Checks) and doctor’s rounds (Rounds),
plotted in Figure 4. To account for this uncertainty when estimating in‐
fection risk while illustrating results in Section 2, we calibrate Gamma
distributions to these two datasets by minimising the negative log
likelihood. This leads to distributions (in units of hours)

TChecks ∼ Gamma(shape = 0.99, rate = 60),

TRounds ∼ Gamma(shape = 2.51, rate = 28.1),

which are plotted in Figure 4 against the corresponding datasets. In
both cases, the distributions provide reasonable fits which allow one to
capture the uncertainty around the corresponding mean visit duration
and the unimodal shape of both datasets. We note that the duration of
Checks Tchecks has a narrower distribution (i.e. less uncertainty/variance)
around E[TChecks] ≈ 1 min, whereas the duration of doctors’ rounds is
longer and more stochastic around its mean E[TRounds] ≈ 5.36 min.
Finally, uncertainty in ventilation rate is incorporated in the health‐

care scenario by considering stochasticity in the natural ventilation rate
as estimated by Edwards (2024b), while accounting for the possibility of
some constant mechanical ventilation being present in the ward. In par‐
ticular, we use natural ventilation rate estimates from Edwards (2024b),
which accounted for weather factors such aswind direction, wind speed
and outside temperature. A Gamma distribution is calibrated against
this dataset by minimising the negative log likelihood. This resulted in
an air change rate of ACHnat ∼ Gamma(2.52, 4.10) per hour, plotted in
Figure 5 against the corresponding dataset. This distribution is able to
capture both the unimodal shape of the dataset, with mode at around
ACH = 0.3, the possibility of very low ACHs near zero, and the tail
representing ACHs up to 2.6. For a typical hospital ward volume of

F I GUR E 5 Violin plots for the natural ventilation data (ACH in red,
fromEdwards (2024b)), and the calibrated gamma distributionACHnat ∼
Gamma(2.52, 4.10), with (blue, ACHmech = +1) and without (green) me‐
chanical ventilation.

V = 98.35 m3 (Edwards 2024b), this leads to the ventilation rate

Qnat ∼ Gamma(2.52, 0.042) m3/hour.

The possibility of adding some mechanical ventilation is depicted in
Figure 5, which just shifts the Gamma distribution by a constant amount.

3.1.2 Hospitality parameters

In Section 3.3, we consider a similar scenario to the one considered by
Edwards et al. (2024c) to estimate infection risk duringmeals in different
hospitality venues. In particular, Edwards et al. (2024c) investigated the
effects on infection risk from different durations of indoor gathering for
different group sizes during the following lunch time scenarios: (i) a fast‐
food restaurant, (ii) a workplace cafeteria and (iii) a moderately‐priced
standard restaurant. Edwards et al. (2024c) leveraged observational
data from Bell and Pliner (2003) and considered Erlang distributions for
the typical duration of a meal in each venue,

TFast ∼ Erlang(14, 39.06) hours,

TCafeteria ∼ Erlang(10, 13.09) hours,

TRestaurant ∼ Erlang(20, 20.45) hours.

Each of these distributions along with their mean values are reported in
Figure 6a. Since Erlang distributions correspond to Gamma distributions
with integer shape parameter, and to make our results comparable to
those by Edwards et al. (2024c), we consider the same distributions for
our results in Section 3.3. We note that meal duration in the fast‐food
restaurant is typically shorter, with less uncertainty, whereas durations
increase in workplace cafeterias and restaurants, leading also to higher
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F I GUR E 6 Probability distributions of the duration of the meal (T) and the ventilation rate Q in the hospitality scenario in Section 3.3 The
vertical dashed lines represent the mean values of the distributions.

variability.We also note that the duration of these lunchtimes are longer
and more varied than that of the visit durations in the healthcare setting
in Figure 4.
Finally, and in order to illustrate in this scenario how uncertainty in

two parameter values might simultaneously impact infection risk, we
also consider in Section 3.3.1 two possible random ventilation rates
corresponding to low variance and high variance around an average
of 8 ACH (Repace 2000, Casals Ventilation n.d., Deutsches Institut für
Normung 2019). In particular, and for purely illustrative purposes, we
consider (see Figure 6b)

ACHhighVar ∼ Gamma(2, 0.25),

ACHlowVar ∼ Gamma(30, 3.75),

for our results in Figure 11. Importantly, both distributions have the
same mean 8 ACH, but different variances (Var(ACHhighVar) ≈ 32 versus
Var(ACHlowVar) ≈ 2). Moreover, the ventilation regime with higher vari‐
ance is more skewed towards smaller air change rates than the other
(Skew(ACHhighVar) ≈ 1.41 versus Skew(ACHlowVar) ≈ 0.37). A room vol‐
ume of 300m3 is used in Section 3.3 as in Edwards et al. (2024c), leading
to ventilation rates

QhighVar ∼ Gamma(2, 0.25/300),

QlowVar ∼ Gamma(30, 3.75/300).

3.2 Infection risk during healthcare

In this Section, we analyse infection risk for S = 4 patients in a hospital
room being visited by an infectious healthcare worker while accounting
for uncertainty in visit times, infectiousness and ventilation rate, and by
considering parametric regimes discussed in Section 3.1.1

3.2.1 Uncertainty in visit times

The Gamma distributions for TChecks and TRounds (see Section 3.1.1) pro‐
vide a reasonably good representation of the empirical observations by
King et al. (2021) (Figure 4), and allow us to incorporate uncertainty in
visit times while calculating infection risk via the extended Wells‐Riley
methodology proposed in Section 2. In particular, using these random
visit times, we can use the analogous result to that in Equation (2) (just
by swapping qwith T, as well as their respective shape and rate parame‐
ters) to estimate the density function of the per‐capita infection risk for
each patient in the room. These density functions fPinfection (p) of the per‐
capita infection risk probability, for Checks and Rounds, are reported in
Figures 7a and 7c, for q = 1 and 100 quanta per hour respectively, along
with their expected values E[Pinfection] indicated by the vertical dashed
lines.
First, we note that overall observational care (i.e., Checks) leads to

lower infection risk compared to doctors’ rounds (Rounds), which is to
be expected given the shorter duration during Checks. Less visit du‐
ration uncertainty during Checks (i.e., a narrower Gamma distribution
compared to that of Rounds) leads to less uncertainty in the correspond‐
ing infection risk probability (i.e., narrower density function fPinfection (p)
for Checks compared to Rounds). On the other hand, more uncertainty
in the duration of doctors’ rounds leads to higher uncertainty in the in‐
fection risk for susceptible patients in the room. This leads to a density
function of infection risk around the mean values E[Pinfection] ≈ 0.0006
(for q = 1 quantum per hour) and E[Pinfection] ≈ 0.057 (for q = 100

quanta per hour) but showing larger variability for Rounds compared to
Checks. For example, in the case of q = 100 quanta h–1, infection risk
might be significantly higher (up to 0.15) for longer Rounds episodes or
smaller (down to almost 0) for shorter ones, with a mode infection risk



14 MARSHALL et al.

0

2000

4000

6000

D
e

n
s
it
y

Checks
Rounds

0.0000 0.0005 0.0010 0.0015

Infection risk
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(c) Density function of infection risk, q = 100 quanta per hour.
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F I GUR E 7 (a),(c): Shaded density plots showing the distribution of the risk of infectionwith randomvisit times during each type of care (Equation
(2) adapted to random T), for quanta emission rates of q = 1 and 100 quanta h–1. (b),(d): Probability distributions of the number of exposures in the
hospital ward scenario during each type of care calculated using Equation (4) adapted to random T (as seen in Table 1), for quanta emission rates
of q = 1 and 100 quanta h–1.

probability ofMode(Pinfection) ≈ 0.04. We note that the shape of the per‐
capita infection risk density functions in Figure 7 is preserved across
q = 1 and 100 quanta per hour for each type of care. In fact, for a partic‐
ular type of care, these densities scale linearly (by around 102) between
q = 1 quanta h–1 and q = 100 quanta h–1, since for small enough infec‐
tion risk the Wells‐Riley model equation becomes approximately linear
on q. However, this is not the case for the n‐exposure distributions plot‐
ted in Figures 7b and 7d, for n = 0, 1, 2, 3, 4 for a room with S = 4

susceptible patients. For q = 1 quantum per hour, the per‐capita infec‐
tion risk is small enough so that we see no notable differences in the
distribution of exposures between Rounds and Checks. On the other
hand, for q = 100 quanta per hour longer visit times for Rounds lead to a
rightward‐shift in the corresponding distribution, where the probability
of at least 1 exposure is non‐negligible.
It is interesting to compare our results, which allow us to better quan‐

tify uncertainty in infection risk, with the classical Wells‐Riley approach
where the visit time is considered to be known and fixed. In particu‐
lar, we can compute the per‐capita infection risk probability P̄WRinfection =

1–e–
Ibq
Q T̄ while setting the visit time as the mean visit time for each type

of care in Figure 4; that is by setting T̄ = E[TChecks] ≈ 1 min for Checks
and T̄ = E[TRounds] ≈ 5.36min for Rounds. This infection risk probability
computed via the classicalWells‐Riley approach is reported as a colored
cross at the bottom of the density plots in Figure 7. In these scenarios,
the classical Wells‐Riley approach (using the mean visit duration) gives
a very similar infection risk probability P̄WRinfection to the expected value
E[Pinfection] (dashed vertical lines) calculated via our methodology (which
summarises the uncertainty around T in an average infection risk value).
For q = 1 quanta h–1 (Figure 7a), we have bq/Q = 2/300, for which we
know from Figure 1 (such that q̄ is replaced by T̄ and bT/Q is replaced
by bq/Q) overestimations do not occur in the region of T̄Rounds ≈ 10–1,
T̄Checks ≈ 10–2 and bq/Q ≈ 10–2. However, there are other situations
where using the classical Wells‐Riley approach can lead to a more signif‐
icant overestimation of infection risk as described in Subsection 2.1.1.
By looking in Appendix A5.1 at Figure A1, we can see that for bq/Q
being on the order of 10–2, we would need T̄ = 30 hours before any no‐
ticeable relative difference can be seen. Similarly, for q = 100 quanta h–1

we have bq/Q = 2/3, for which we would require T̄ = 1 hour before
overestimations start to occur.
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(d) q = 100 quanta per hour,M = 2
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(f) q = 100 quanta per hour,M = 10

F I GUR E 8 Density plots of the per‐capita infection risk probability (Equation (A15)), fPinfection (p), for a susceptible patient being visited sequen‐
tially M ∈ {2, 5, 10} times by a HCW, for either Checks (Yellow) or Rounds (Pink). Vertical dashed lines represent the mean infection risk E[Pinfection]
(Equation (A16)). The crosses represent the classical Wells‐Riley approach average infection risk P̄WRinfection = 1 – e–

pq
Q T̄, with the mean visit time T̄ as

a constant value.

A particular feature of our approach (considering Gamma‐distributed
parameters) is that one can, for example, consider the impact that se‐
quential visits have on infection risk. In particular, since the sum of
independent Gamma distributions is a Gamma distribution, one can con‐
sider sequential visits from HCWs to a given room. For example, for
M > 1 sequential Checks (e.g., during a day), assuming that each obser‐
vational care visit to the room is carried out independentlywith duration
TChecks ∼ Gamma(0.99, 60), the total time spent by the HCW in the
room is TTotal_Checks ∼ Gamma(0.99M, 60). Thus, due to the steady‐state
assumption in theWells‐Riley framework, the overall infection risk from
M sequential visits (each of duration TChecks) is equal to the infection
risk from a single visit with duration TTotal_Checks, which can be analysed
via our methodology in Section 2.1, since it is Gamma‐distributed; see
Appendix A4 for further details.
In Figure 8, we plot the density function of the infection risk proba‐

bility for a susceptible patient fromM ∈ {2, 5, 10} sequential HCW visits
(either Checks or Rounds), for rates of q = 1 and q = 100 quanta per
hour. As expected, an increasing number of visits from an infector to the
room significantly increases infection risk in both care‐type scenarios. It

is however interesting to see how an increasing number of visits com‐
pounds uncertainty in each visit duration (leading to higher uncertainty
in infection risk), where even a narrow Gamma distribution for TChecks
leading to low risk uncertainty in Figures 7a and 7c now leads to no‐
tably higher uncertainty in infection risk forM = 2, 5 and 10 sequential
Checks in Figure 8. This highlights the importance of considering uncer‐
tainty in parameter values when estimating infection risk in these types
of situations. As the number of sequential visits increases, the increase
in infection probability between the cases q = 1 and q = 100 quanta per
hour becomes non‐linear; we still observe uncertainty around infection
risk but the relative magnitude of this uncertainty is no longer the same
between q = 1 quanta h–1 and q = 100 quanta h–1; this is particularly
true for Rounds in Figures 8c and 8f.

3.2.2 Uncertainty in infectiousness

Here, we analyse the impact of uncertainty in quanta generation rate
by considering q ∼ Gamma(2.4, 0.012) quanta per hour as in Figure 3,
while illustrating results in Section 2.1.1 to incorporate the possibility of
the infector wearing a mask with probability wmask, which reduces the
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η = 0.95 (blue). Vertical dashed lines represent the mean quanta emission
rates.

(b) Density function of the per‐capita infection risk, fPinfection
(p), for

wmask ∈ {0, 0.5, 1}. Dashed vertical lines represent E[Pinfection],
whereas crosses represent P̄WRinfection . Mask efficacy η = 0.5.

(c) Probability distribution of the number of exposures for wmask ∈
{0, 0.5, 1}. Mask efficacy η = 0.5.

(d) Density function of the per‐capita infection risk, fPinfection
(p), for

wmask ∈ {0, 0.5, 1}. Dashed vertical lines represent E[Pinfection],
whereas crosses represent P̄WRinfection . Mask efficacy η = 0.95.

(e) Probability distribution of the number of exposures for wmask ∈
{0, 0.5, 1}. Mask efficacy η = 0.95.

F I GUR E 9 Gamma‐distributed quanta generation rates depending on mask efficacy parameter η. The dashed lines represent the mean quanta
emission rates. (b) and (d) Per‐capita infection risk density curves (Equation (5)) for mask efficacies η = 0.5 and 0.95 and probabilities of the infector
wearing the mask wmask ∈ {0, 0.5, 1}. Vertical dashed lines represent mean infection risk, E[Pinfection] (Equation (6)), and the crosses represent the
classical Wells‐Riley estimate P̄WRinfection = 1 – exp(– IbTQ q̄eff). (c) and (e) Probability distribution of the number of exposures (Equation (7)) for η = 0.5
and 0.95 and probabilities of the infector wearing the mask wmask ∈ {0, 0.5, 1}.

corresponding generation rate by a factor of η . As a result, randomness
in infectiousness may be due to uncertainty in the quanta generation
rate estimate (Figure 3) or due to human behaviour. In Figure 9, we ex‐
plore two different values of mask efficacies of 50% (η = 0.5) and 95%
(η = 0.95), to explore a wide range of values which can be affected by
mask type and quality of fit (Davies et al. 2013, Wilson 2020, Bazant
and Bush 2021, Rothamer et al. 2021, Huang et al. 2022). The impact
of η on the corresponding Gamma‐distributed quanta generation rate
is plotted in Figure 9a. For these two values of η, we plot the infection
risk densities in Figures 9b and 9d for probabilities wmask ∈ {0, 0.5, 1} of
the infector wearing the mask, as well as the probability distribution of
the number of exposures in Figures 9c and 9e. We consider an inter‐
action of T = 5 minutes in all these scenarios. When focusing on the
density curve of the per‐capita infection risk in Figure 9b, one can note
thatwmask = 1 (infector wears mask, blue curve) generally leads to lower

risk compared to wmask = 0 (infector does not wear mask, red curve),
as one would expect. Still, high uncertainty in these generation rates
(variance of the corresponding Gamma distributions in Figure 9a) means
that these red and blue density functions overlap. Thus, for wmask = 1,
one could still get relatively high values of Pinfection (i.e., per‐capita infec‐
tion risk above 0.15 corresponding to the right tail of the blue density
curve) while for wmask = 0 one could still get low infection risk (i.e., per‐
capita infection risk close to 0 in the left part of the red density curve),
with non‐negligible probabilities. Setting wmask = 0.5 (the infector has
an equal chance of wearing or not wearing the mask) means that the
density curve of the probability of infection shares characteristics with
both of the underlying densities (for wmask = 0 and 1), which is partic‐
ularly interesting in the case η = 0.95 (Figure 9d). In this case, the high
mask efficacy η reduces the effective quanta emission by enough (blue
vs red in Figure 9a) that the underlying distributions have little overlap.
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This highlights how stochasticity in human behaviour (wmask) can have a
high impact on infection risk in this type of situation. In particular, the
large value of η = 0.95 leads to bi‐modality in the resulting (green) den‐
sity curve for the per‐capita infection risk in Figure 9d, representing two
significantly different per‐capita infection risk regions depending on the
individual wearing or not wearing the mask. In this situation, it is clear
that the mean infection risk (dashed vertical green line in Figure 9d) or
the single estimate (green cross) provided by the classical Wells‐Riley
approach with average quanta generation rate qeff are not good repre‐
sentations of the true infection risk profile (given by the whole green
density curve in Figure 9d). In these type of high‐stochasticity high‐
impact scenarios, our results highlight the importance of considering
this uncertainty when predicting risk, rather than relying on average/‐
fixed parameter values or just focusing on average per‐capita infection
risk estimates.
Finally, the n‐exposure distributions have been plotted in Figures

9c and 9e. The reduction of approximately 2% (8.3% to 5.9%) in the
mean per‐capita infection risk (for wmask = 0.5) between η = 0.5 to
η = 0.95 leads to a slightly leftwards shift in the n‐exposure distri‐
bution. The probability of at least one exposure occurring increases
notably for smaller wmask and η. For a larger value of η (0.95 compared
to 0.5), the impact of mask‐wearing becomes larger; this means that the
n‐exposure distributions are more different for different values of wmask
when η = 0.95 compared to 0.5. That is, for decreasing efficacy val‐
ues η → 0 (representing decreasing fit or mask quality), the differences
between different values of wmask would become less significant.

3.2.3 Uncertainty in ventilation rate

In this section, we investigate the effects of random ventilation by con‐
sidering the distributions in Figure 5. In particular, we plot in Figure
10 the per‐capita infection risk density curves under only natural ven‐
tilation (Qmech = 0) or the presence of some mechanical ventilation
(ACHmech = +1), while considering two visit durations (T = 5 vs T = 15

mins) and I ∈ {1, 2}. We consider the quanta generation rate q = 100

quanta per hour here to represent high infectivity; a shift on infec‐
tion risk similar to that observed in Figure 7 would be expected if one
considered q = 1 quanta h–1 instead.
As reported by Edwards et al. (2024a), reliance on natural ventilation

alone can lead to high‐risk situations during moments (or days) where
the particular environmental conditions lead to significantly low venti‐
lation rates in a given room, represented by values of Qnat close to 0

in the corresponding Gamma distribution in Figure 5. Indeed, these val‐
ues lead to long “high‐risk” tails of the per‐capita infection risk density
curves, close to 40% in Figure 10a and close to 100% in Figure 10c, es‐
pecially if I = 2 or T = 15 minutes. It is also interesting to note how
the same level of uncertainty inQ (in terms of the same variance for the
Gamma distributions in Figure 5) between the different scenarios con‐
sidered (natural ventilation only in Figures 10a and 10c, vs additional
mechanical ventilation in Figures 10b and 10d) can lead to substantially

different levels of uncertainty in the per‐capita infection risk. In partic‐
ular, this level of uncertainty in Q has a more significant impact when
only natural ventilation is considered (which leads to some days, as de‐
scribed, with very low ventilation rates near 0). Once some mechanical
ventilation (ACHmech = +1) is added, so that the distribution of Q is
shifted in Figure 5, uncertainty in the per‐capita probability of infec‐
tion significantly decreases, consistent with findings in Edwards et al.
(2024a). This highlights the importance that ensuring some ventilation
in the room, even if not significant, may have on infection risk when the
chances of having very low ventilation rates near 0 are non‐negligible
in that particular environment.
When considering uncertainty in Q, the classical Wells‐Riley ap‐

proach (which consists of computing P̄WRinfection = 1 – e–
IbqT
Q̄ , with Q̄ =

Q̄nat + Qmech being the average total ventilation rate) typically leads to
an underestimation of risk in Figure 10, consistent with our results in
Figure 2. This is due to the fact that using the average ventilation rate
partly neglects high‐risk situations where, for example, reliance on nat‐
ural ventilation leads to situations with very low ventilation rates on
particular days, as discussed above; see also Appendix A5.2 for further
details. Overall, our approach, where ventilation rates and infection risk
are represented as random variables, allows one to capture the proba‐
bility (and impact) of these events when estimating infection risk in the
presence of uncertainty.

3.3 Infection risk during meals

Here, we consider a similar scenario to the one considered by Edwards
et al. (2024c) to estimate infection risk during meals in different hos‐
pitality venues, and while accounting for uncertainty in two parameter
values simultaneously, or in disease prevalence.

3.3.1 Uncertainty in meal duration and
ventilation rate

We investigate here the impact of considering simultaneous uncertainty
in T and Q in this scenario, while leveraging the Gamma distributions
described in Section 3.1.2. Once again, we set q = 100 quanta per hour
here for illustrative purposes, corresponding to a highly infectious indi‐
vidual in the venue. We use Equations (22) and (23) (with q substituted
by T) to calculate the density curves and expected values of Pinfection
given our different scenarios and ventilation rates. These are all plot‐
ted in Figure 11. Within each subplot, we consider the situation where
only one parameter is considered to be random (either T orQ), while the
other is set to the mean value of its corresponding Gamma distribution,
or where both parameters are simultaneously random.
Overall, infection risk is lower in fast‐food venues compared to work‐

place cafeterias or restaurants, due to shorter lunch durations. More
variability in lunch duration in these latter venues also leads to higher
variability in infection risk. Still, stochasticity in ventilation rate “domi‐
nates” (i.e. against randomness of T) the stochasticity in infection risk
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(a) ACHmech = 0, T = 5 minutes.

0

20

40

60

80

D
e

n
s
it
y

I = 1
I = 2

0.0 0.1 0.2 0.3 0.4 0.5

Infection risk

(b) ACHmech = +1, T = 5 minutes.
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(c) ACHmech = 0, T = 15 minutes.
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(d) ACHmech = +1, T = 15 minutes.

F I GUR E 10 Probability density curves of the per‐capita infection risk, for natural ventilation only (ACHmech = 0) and added mechanical venti‐
lation (ACHmech = 1), for exposure times T = 5 and 15minutes, a quanta emission rate of q = 100 quanta per hour, and for I = 1 or I = 2 infectors.
Dashed vertical lines represent the distribution mean, E[Pinfection], and crosses represent the average value provided by classical Wells‐Riley ap‐
proach with average ventilation rate parameter, P̄WRinfection = 1 – exp(–IbqT/(Q̄+ Qmech)).

when the ventilation rate distribution has higher variance and a higher
positive skewness (Figures 11a‐11c), which can be noticed by the red
and blue density curves almost overlapping in these scenarios. Once
again, the distribution of the ventilation rate in the high‐variance sce‐
nario in Figure 6b leads to low ventilation rates with high probability,
even though the mean ventilation rate is still 8 ACH. This directly con‐
tributes to the long right tail of the density function of Pinfection in Figure
11a‐11c (red and blue curves), which is missing when only randomness
in T is considered (green curve). We refer the reader to Appendix A6
wherewe investigate further the reasons for one parameter to dominate
the shape of the density function of Pinfection over the other, when both
parameters are random.On the other hand, the low‐variance ventilation
rate scenario in Figure 6b leads to a very low probability of observing
a ventilation rate below 5 ACH at any given time. In this case, random‐
ness in T becomes more relevant when estimating the density function

of Pinfection. This can be seen in Figures 11d‐11f, where the red den‐
sity curve (both parameters considered to be random), does not closely
mimic any of the other two densities (blue and green). Interestingly, the
red density curve always has larger variance compared to the green and
blue ones. This highlights the compounding effect that having uncer‐
tainty in two parameter values simultaneously has on the uncertainty
in the per‐capita infection risk. That is, for example, if both T and Q are
random, there will be scenarios where a particularly long lunch duration
combined with a particularly low ventilation rate (sampled from the cor‐
responding parameter distributions) could lead to increased infection
risk, leading to the relatively longer right tail of the red density curve in
Figures 11d‐11f.
We can also compare our predictions with the per‐capita infection

risk estimated via the classical Wells‐Riley approach when both param‐
eters are set to be constant equal to their mean values, represented by
the crosses in Figure 11. The most striking difference is that observed
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(a) Fast food. High‐variance ventilation.
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(b) Workplace cafeteria. High‐variance ventilation.
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(c) Restaurant. High‐variance ventilation.
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(d) Fast food. Low‐variance ventilation.
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(e) Workplace cafeteria. Low‐variance ventilation.
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(f) Restaurant. Low‐variance ventilation.

F I GUR E 11 Density curves of the per‐capita infection risk probability Pinfection for different hospitality venues, given random T and Q (Equation
(22)). For each scenario, we compare these density curves against the ones that one would obtain if one parameter is random and the other set
to its mean value instead (Equation (2) and Equation (11)). Vertical dashed lines indicate density means (Equations (23), (3) and 12). Crosses below
the subplots indicate the classical Wells‐Riley estimate P̄WRinfection which uses average parameter values instead. Three hospitality venues with either
high or low variance ventilation rates from Figure 6b.

between these values (crosses, representing the classical Wells‐Riley
approach P̄WRinfection) and the dashed vertical red and blue lines (which
are on top of each other, representing analytical mean infection risks
E[Pinfection]) in Figures 11a‐11c, where we observe underestimations by
the classical approach of approximately 50% relative to the analytical
means. This highlights how the classical (average) Wells‐Riley approach
would clearly underestimate infection risk if uncertainty in Q is not
properly accounted for. On the other hand, the fact that the red and
blue lines overlap, whereas the green vertical dashed line is significantly
below and closer to the cross, means that in this type of scenario consid‐
ering uncertainty in Q is enough to capture most of the real uncertainty
in Pinfection, whereas the uncertainty in T becomes less important here
and could be ignored.

3.3.2 Uncertainty in number of infectors:
considering disease prevalence

It is typical when assessing infection risk to assume that an infector is
present. However, the probability of an infector being present is one

of the main factors influencing infection risk for susceptible individuals
in reality. This can be incorporated, as discussed in Section 2.1.2, via a
probability distribution for I. If we consider the population‐level proba‐
bility of being infectious to be ρ, and assuming independence, one can
consider I ∼ Bin(N, ρ) where N is the number of individuals involved in
the indoor interaction. Looking at the trends for the percentage of pos‐
itive COVID‐19 tests during 2022 (Office for National Statistics 2023),
we can see that they typically ranged between 1%and 8%. Thus, for illus‐
trative purposes, we consider two potential values of ρ ∈ {0.001, 0.05}
to represent low and high prevalence scenarios, respectively. We define
two variables for the number of infectors

Ilow ∼Bin(5, 0.001),

Ihigh ∼Bin(5, 0.05).

As an example, we will consider the workplace cafeteria scenario, fixing
T̄ = 10/13.09 ≈ 45 min to be the corresponding mean lunch duration
and a ventilation of 8 ACH. Equations (8) to (10) are used to calculate
the probability distribution of the per‐capita infection risk as well as
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(a) Probability mass function of the per‐capita infection risk (Equation (8)). The vertical dashed
lines in Figure 12a represent the “true” mean of the per‐capita infection risk (Equation (9))
and the crosses represent the infection risk estimated by the classical Wells‐Riley approach,
P̄WRinfection , which uses themean number of infectors, I = ρN, as a constant. Each specificmass
point arises from each possible number of infectors being present, indicated by the number
next to it.
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(b) Probability distribution for the number of exposures (Equation (10)) given that the number
of infectors is unknown, I ∼ Bin(N, ρ), for ρ = 0.1% (blue) and ρ = 5% (red) disease
prevalence, and for a total number N = 5 of individuals.

F I GUR E 12 Infection risk in the workplace cafeteria for T̄ = 45 min and 8 ACH, with a random number of infectors I ∼ Bin(N, ρ). Disease
prevalence ρ = 0.1% (low, blue) and ρ = 5% (high, red), and N = 5 individuals in total.

the probability of observing n exposures. The per‐capita infection risk
distributions and their means have been plotted in Figure 12a, along
with the classical Wells‐Riley probability of infection calculated by fix‐
ing Ī = Nρ as the mean number of infectors. We note that since I is
a discrete random variable, the per‐capita infection risk becomes now
a discrete random variable as well, which is why we plot a probability
mass function in Figure 12a instead of a density curve.
When we have a prevalence of ρ = 0.1%, it is highly unlikely for

anyone present at the lunch to be infectious, leading to the per‐capita in‐
fection probability being 0with a likelihood close to 100%. On the other
hand, when the prevalence is increased to ρ = 5%, the probability of
at least one infectious individual being present becomes non‐negligible
(P(I ≥ 0) ≈ 24%), which explains why the red probability mass function
in Figure 12a attributes non‐negligible likelihood to positive per‐capita
infection risks. Still, the magnitude of the per‐capita infection risk re‐
mains low in all cases in Figure 12a (less than 5%), which is explained
by the high ventilation rate considered. For both prevalence rates, the
Wells‐Riley approach seems to capture the density mean well, possibly
because risks are low in this scenario.
In Figure 12b,we have plotted the probability distribution of the num‐

ber of exposures within the group. The high probability of observing
0 exposures, even under high prevalence, highlights the importance of
taking into account the probability of an infector being present when
carrying out infection risk assessment (rather than assuming that an
infector is in the room). This is directly related to the idea of imple‐
menting mitigations which may avoid an infector being present in the
first place (e.g., avoiding contact if symptomatic), above other additional
mitigations which might be considered.

4 DISCUSSION

In this study, we revisited the classical Wells–Riley model by introduc‐
ing a stochastic framework that analytically accounts for uncertainty in
key parameters such as the quanta emission rate, ventilation rate, ex‐
posure time, and number of infectors. Unlike existing approaches in the
literature which are typically based on numerical or Monte Carlo sim‐
ulation methods, we propose a probabilistic, mathematical framework
which extends the work by Nicas (1996) and Edwards et al. (2024c). In
particular, by treating these parameters as random variables, we derived
probability distributions for both the per‐capita infection risk and the
number of exposures during indoor interactions. When compared to a
classical Wells‐Riley model with average parameter values, our proba‐
bilistic approach allows for a more nuanced and realistic assessment of
airborne infection risk, particularly in heterogeneous populations and
variable environmental conditions. It is worth noting that there exist
dose‐response models which use an exponential‐Poisson relationship
to infection probability similar to that of the Wells‐Riley model, and au‐
thors have previously incorporated uncertainty into the dose (Sze To
and Chao (2010), Nicas (1996)). In particular, Nicas (1996) investigates
Beta‐distributed and Gamma‐distributed doses, and derives infection
probability distributions. Here, we instead consider uncertainty in each
of the parameters which can impact the dose within the Wells‐Riley
framework.
Our findings demonstrate that the classical Wells–Riley model un‐

der average parameter values can lead to significant inaccuracies when
estimating infection risk. A particularly interesting result is that gener‐
ated in Section 2.1.1 which leverages Jensen’s inequality: the per‐capita
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infection risk will be overestimated if one implements the classical
Wells‐Riley methodology under average parameter values for (p, q, T),
compared to computing the “true” average per‐capita infection risk
which incorporates thewhole probability distribution of the correspond‐
ing parameter. On the other hand, considering an average ventilation
rate typically leads to underestimating the true per‐capita infection risk.
This is particularly significant in scenarios where very poor ventilation
can occur with positive probability; in these situations, considering an
average ventilation rate neglects the possibility of these high‐risk events
happening. These insights underscore the importance of incorporating
parameter uncertainty into infection risk assessments, especially in set‐
tings where precise measurements are unavailable or impractical. It also
highlights the importance of incorporating low‐probability high‐impact
events (e.g. scenarios with very low ventilation, the presence of a highly
infectious individual or the possibility of this infector wearing a mask),
which can be done via the analytical framework here proposed.
Overall, large uncertainty in parameter values leads to large uncer‐

tainty in the per‐capita infection risk estimates. The nature of this
resulting uncertainty can significantly change across scenarios though.
For example, we illustrated in Figure 9d how, in some scenarios, bi‐
modality might arise where particular stochastic conditions or random
human behaviour might lead to very different infection risk profiles de‐
pending on a particular randomevent (in this figure, the infectorwearing
or not a mask). In these situations, it is clear how considering either aver‐
age parameter values or average infection risk estimates would not be
representative or informative of the real infection risk profile outlined
by the green density in Figure 9e. This has direct implications in terms
of risk mitigation design, where for example here one would focus on
decreasing risk in those scenarios corresponding to the second larger
mode in Figure 9e (e.g. by increasingwmask) rather than trying to shift the
whole probability density curve to the left via alternative mitigations.
Our results also highlight how, when considering two parameters

being simultaneously random, uncertainty in one of these parameters
can in some scenarios dominate the uncertainty in the corresponding
per‐capita infection risk, as explored in Figure 11. This has direct im‐
plications in terms of both incorporating this uncertainty into the risk
estimates and considerations around data collection. That is, if uncer‐
tainty around the ventilation rate is expected to have the largest impact
on the infection risk estimates, one would need to incorporate this un‐
certainty into the corresponding mathematical framework (as described
in Section 2), as well rely on better measurements for this particular
parameter. In these instances, variability in other parameters may be
neglected if this variability is expected to be smaller or have a smaller
impact on infection risk. Our methodology allows one to explore this in
detail when carrying out infection risk assessment in different settings.
Proposing an analytical framework as the one in Section 2 allows

one to carry out extensive sensitivity analysis under different paramet‐
ric regimes, as well as to leverage analytical properties as we did with
Jensen’s inequality in Section 2.1.1. Moreover, this analytical, probabilis‐
tic framework has the potential to be extended to additional scenarios

(e.g. alternative parametric distributions) or when relaxing particular as‐
sumptions (e.g. steady‐state pathogen concentration in the air). While
some of the closed formulae obtained in Section 2.1, such as Equations
2‐11 and 15, can be readily applied, other results in this work depend on
integral functions such as the modified Bessel or the Tricomi function.
Still, these are well‐known functions in the literature for which analyti‐
cal properties and numerical implementations are readily available, and
we leveraged these in some of our results in Section 3. Thus, our analyt‐
ical results could be easily embedded into existing QMRA frameworks,
allowing one to quickly test uncertainty in various scenarios without a
major need in computing power. These analytical results could also be
used directly in Bayesian frameworks when estimating model param‐
eters from observations, since some of our results would arise when
computing likelihood functions in these scenarios.
Despite the strengths described above, several limitations should

be acknowledged. First, our approach is derived from the classical
Wells–Riley model, which uses the steady‐state assumption for the
concentration of infectious pathogen in the air. For short exposure in‐
teractions combined with low ventilation, the steady‐state assumption
can overestimate infection risk, as shown in Edwards et al. (2023). This
limitation has been addressed by Gammaitoni and Nucci (1997), who
extended the Wells‐Riley model to include transient concentration dy‐
namics (exponential growth or decay) (see also Edwards et al. (2023),
López‐García et al. (2019)) Our approach could be strengthened by
incorporating parameter uncertainty into that transient model.
Secondly, we have considered at most two (independent) parameters

being simultaneously random when estimating infection risk. In reality,
uncertainty might be present in more than two parameters, or some
parameters may exhibit correlations (for example, between infectious‐
ness and behaviour, or between ventilation patterns and occupancy).
Although the methodology could in principle be extended to more than
two random parameters, or pairs of correlated parameters (e.g. via joint
distributions), the resulting analytical expressions may soon become
intractable. In these situations, numerical or Monte Carlo simulation ap‐
proaches as those existing in the literature (Bate et al. 2024, Henriques
et al. 2025, Iddon et al. 2022, Jones et al. 2021a 2025, Edwards et al.
2026) would be preferred.
Thirdly, we have considered Gamma‐distributed parameters in

Section 2 due to their mathematical tractability and versatility, going be‐
yond Exponential or Erlang‐distributed ones as considered by Edwards
et al. (2024c). The flexibility of Gamma distributions to represent differ‐
ent datasets has been shown in Section 3, where bi‐modal parameter
regimes or sequential indoor interactions could be accounted for by
considering different combinations of Gamma distributions. However,
there might be situations where different distributions might provide a
better fit to data for a particular parameter, in which case our results
would need to be extended, if possible. For example, quanta emission
rates have been modelled as log‐normal in the literature with variation
across multiple orders of magnitude (Jones et al. 2024). Future work
might be able to partially address this limitation. For example, the ana‐
lytical mean infection risk in Equation (3) can be written in terms of the
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Laplace transform of the random parameter.We recall that for a random
variable X with density fX(·), the Laplace‐Stieltjes transform is defined
asLfX (s) =

∫∞
0 e–sxfX(x) dx. Then, themean infection riskE[Pinfection] for

a generally‐distributed quanta emission rate q ∼ G(·) can be computed
as

E[Pinfection] = 1 –
∫ ∞

0
e–

IbqT
Q fG(q) dq = 1 – LfG

( IbT
Q
)

,

which could be applied to any distribution with a well‐defined Laplace‐
Stieltjes transform.
Future work could extend this framework by integrating more de‐

tailed behavioural and environmental data or exploring non‐parametric
or data‐driven distributions. Moreover, incorporating real‐time moni‐
toring of indoor air quality and occupancy could enable dynamic risk
assessments and inform adaptive mitigation strategies. Ultimately, our
stochastic extension of the Wells–Riley model provides a valuable an‐
alytical tool for robust and precautionary infection risk estimation in
diverse indoor settings under environmental and behavioural uncer‐
tainty, and population heterogeneity. These insights into the impact of
parameter uncertainty in infection risk assessment have important im‐
plications for pandemic preparedness and resilience, particularly given
the potential for emergence of novel airborne pathogens through reas‐
sortment and other evolutionary mechanisms. Segmented RNA viruses
pose particular concern, as reassortment between co‐infecting strains
can generate progenywith altered transmission characteristics, exempli‐
fied by influenza pandemic strains (Neumann et al. 2009, Taubenberger
and Kash 2010). Similarly, Bunyaviruses with tripartite segmented
genomes demonstrate significant reassortment potential that could
alter virulence and transmissibility (Briese et al. 2013, Rezelj et al.
2019). While most are vector‐borne, some Bunyaviruses show person‐
to‐person transmission capabilities (e.g., Andes Hantavirus via aerosols
(Martinez et al. 2005) and SFTS virus through contact transmission
(Gai et al. 2012)) suggesting biological potential for enhanced airborne
transmission in reassortant strains. Our stochastic framework’s ability
to account for uncertainty in human behaviour and environmental con‐
ditions provides essential tools for rapidly assessing transmission risks
from such emerging pathogens, where precise parameter estimatesmay
be unavailable during initial outbreak responses.
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APPENDIX

Pinfection = 1 – e–
bqI
Q T

when one (or two) of the parameters are considered random. We also
estimate the probability of observing exactly n exposures during the
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from which we obtain

fPinfection (p) = fX
(

g–1(ln(1 – p))
)

∣

∣

∣

∣

∣

dx
dp

∣

∣

∣

∣

∣

, (A1)

where fPinfection (·) and fX(·) are the density functions of the random
variables Pinfection and X, respectively. This is known as the change of
variables method. To find the expected infection risk, we compute:

E[Pinfection] =

∫ 1

0
pfPinfection (p)dp =

∫ ∞

0

(

1 – eg(x)
)

fX(x)dx. (A2)

Finally, since the number of exposures E ∼ Bin(S, Pinfection), we have

P(E = n) =
∫ ∞

0

(S
n

)

(

1 – eg(x)
)n
(

eg(x)
)S–n

fX(x)dx

=
(S
n

)

n
∑

i=0

(–1)i
(n
i

)

∫ ∞

0
e(S–n+i)g(x)fX(x)dx, (A3)

for n = 0, . . . , S, where we have used the binomial expansion of
(

1 –
eg(x)

)n.

A1 UNCERTAINTY IN POPULATION
PARAMETERS

A1.1 Breathing rate, quanta emission rate or
exposure time

We consider here a random quanta emission rate q ∼ Gamma(k,λ)
without any loss of generality, since other parameters T and b are sym‐
metric in Pinfection, so analogous results can be obtained. According to
the arguments above, we have

g(q) = –
IbT
Q
q, fq(q) =

λkqk–1e–λq

Γ(k)
,

and since Pinfection = 1 – e–
IbT
Q q, one gets q = g–1(ln(1 – Pinfection)) =

– ln(1–Pinfection)Q
IbT . Thus,

dq
dPinfection

=
Q

(1 – Pinfection)IbT

and by Equation (A1), the density function of Pinfection is

fPinfection (p) =
λk
( – ln(1–p)Q

IbT

)k–1e

(

ln(1–p) λQ
IbT

)

Γ(k)
Q

(1 – p)IbT

=

(

λQ
IbT

)k [– ln(1 – p)]k–1(1 – p)
λQ
IbT –1

Γ(k)
, (A4)

for p ∈ (0, 1). Using Equation (A2), we find the expectation of Pinfection as

E[Pinfection] =
∫ ∞

0

(

1 – e–
IbT
Q q
) λkqk–1e–λq

Γ(k)
dq

=1 –
λk

Γ(k)

∫ ∞

0
e–q
(

IbT
Q +λ

)

qk–1dq

=1 –
(

λ

λ+ IbT
Q

)k
, (A5)

where we have used
∫ ∞

0
ube–audu =

Γ(b+ 1)

ab+1
, (⋆)

with a = IbT
Q + λ and b = k – 1. The probability of observing exactly n

exposures is computed using Equation (A3) as

P(E = n) =
(S
n

)

n
∑

i=0

(–1)i
(n
i

)

∫ ∞

0
e–q((S–n+i)

IbT
Q +λ)qk–1

λk

Γ(k)
dq

=
(S
n

)

n
∑

i=0

(–1)i
(n
i

) Γ(k)
(

(S – n+ i) IbTQ + λ
)k

λk

Γ(k)

=
(S
n

)

n
∑

i=0

(–1)i
(n
i

)

(

λ

(S – n+ i) IbTQ + λ

)k
, (A6)

for n = 0, . . . , S, where we have again used Equation (⋆), this time with
a = (S – n+ i) IbTQ + λ and b = k – 1.
As described in Section 2.1.1, some of the uncertainty in q might

arise from mitigations such as mask‐wearing. In particular, given a mask
wearing probability wmask, and the mask’s efficacy parameter η, the
distribution for the effective quanta emission rate is given by

fqeff (q) = P(mask)fqeff |mask(q) + P(no mask)fqeff |no mask(q)

= wmask
1

1 – η
fqno mask

( q
1 – η

)

+ (1 – wmask)fqno mask (q).

with wmask ∈ [0, 1], fqno mask ∼ Gamma(k,λ) and where Pinfection =

1 – e–
IbqeffT
Q . In this scenario, our arguments above can be easily adapted.

In particular, the density of Pinfection is given by Equation (A1). By con‐
sidering a linear combination for qeff, only the density for the quanta
emission rate changes, not the transformation to Pinfection. Thus, we still
have q = g–1(ln(1 – Pinfection)) =

– ln(1–Pinfection)Q
IbT . This results in the

following infection risk density

fPinfection (p) =

(wmask
1 – η

fqno mask
(

–
ln(1 – p) Q
IbT(1 – η)

)

+

×(1 – wmask)fqno mask
(

–
ln(1 – p) Q

IbT

)

)

∣

∣

∣

∣

∣

dq
dp

∣

∣

∣

∣

∣

=
(– ln(1 – p))k–1

Γ(k)

(λQ
IbT

)k
(

wmask
(1 – η)k

(1 – p)
λQ

IbT(1–η)
–1

+(1 – wmask)(1 – p)
λQ
IbT –1

)

, (A7)

for p ∈ (0, 1). The average infection risk is

E[Pinfection] =

∫ ∞

0

(

1 – e–
IbqT
Q

)

fqeff (q)dq

= 1 –

[

wmask

(

λ

λ+ IbT
Q (1 – η)

)k

(A8)

+(1 – wmask)

(

λ

λ+ IbT
Q

)k]

,
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and the probability of observing exactly n exposures is

P(E = n) =

(S
n

) n
∑

i=0

(–1)i
(n
i

)∫ ∞

0
e(S–n+i)g(q)fqeff (q)dq

=

(S
n

) n
∑

i=0

(–1)i
(n
i

)

[

wmask

(

λ

λ + (S – n + i) IbTQ (1 – η)

)k
(A9)

+(1 – wmask)

(

λ

λ + (S – n + i) IbTQ

)k]

.

for n ∈ {0, 1, . . . , S}. The results given by Equations (A7) ‐ (A9) and
their derivations are analogous to that of Equations (A4)‐(A6), with the
additional term and coefficients.

A1.2 Disease prevalence

If the number of infectors is a discrete random variable I ∼ Bin(N, ρ),
the corresponding per‐capita probability of infection, Pinfection is also a
discrete random variable (i.e., will take a number of discrete values with
different probabilities). In particular, since

P(I = i) =
(N
i

)

ρi(1 – ρ)N–i, i ∈ {0, 1, . . . ,N},

the per‐capita probability of infection Pinfection takes the form of 1–e–
bqT
Q i

weighted with binomial probabilities P(I = i) for i ∈ {0, 1, . . . ,N}

fPinfection (p) =







(N
i

)

ρi(1 – ρ)N–i, if p = 1 – e–
bqT
Q i,

0, otherwise.

The expectation of Pinfection is characterised by:

E[Pinfection] =
N
∑

i=0

(N
i

)

ρi(1 – ρ)N–i
(

1 – e–
ibqT
Q

)

=1 –
N
∑

i=0

[

(N
i

)(

ρe–
bqT
Q

)i
(1 – ρ)N–i

]

=1 –
[

ρe–
bqT
Q + (1 – ρ)

]N
.

The probability of observing exactly n exposures is

P(E = n) =
N–n
∑

i=0

P(E = n | I = i)P(I = i)

=
(N
n

)

N–n
∑

i=0

(N – n
i

)

(

1 – e–
bqT
Q i)n e–

bqT
Q i(N–i–n)

ρ i(1 – ρ)N–i,

for n = 0, 1, . . . ,N.

A2 UNCERTAINTY IN VENTILATION RATE

Let us consider Q ∼ Gamma(r, γ) so that

g(Q) = –
IbqT
Q
, fQ(ω) =

γrωr–1e–γω

Γ(r)
,

and since Pinfection = 1 – e–
IbqT
Q , one gets Q = g–1(ln(1 – Pinfection)) =

–IbqT
ln(1–Pinfection)

. Thus,

dQ
dPinfection

=
–IbqT

(1 – Pinfection)(ln(1 – Pinfection))2
.

Despite this derivative being negative, we use its absolute value in
calculating the density function of Pinfection, as according to Equation (A1)

fPinfection (p) =
γr
(

–IbqT
ln(1–p)

)r–1
e

γ IbqT
ln(1–p)

Γ(r)
IbqT

(1 – p)(ln(1 – p))2

=
(γIbqT)r

Γ(r)
e

γ IbqT
ln(1–p)

(1 – p)[– ln(1 – p)]r+1
, p ∈ (0, 1).

Using Equation (A2), we find the expectation of Pinfection as

E[Pinfection] =
∫ ∞

0

(

1 – e–
IbqT
ω

) γrωr–1e–γω

Γ(r)
dω

=1 –
γr

Γ(r)

∫ ∞

0
e–γω–

IbqT
ω ωr–1dω

=1 –
1

Γ(r)

∫ ∞

0
e–u–

γ IbqT
u ur–1du

=1 –
2

Γ(r)
(γIbqT)r/2Kr

(

2
√

γIbqT
)

where we used the substitution u = γω and (NIST (2025a))

Kθ(ζ) =
1

2

(

ζ

2

)θ ∫ ∞

0
u–(θ+1)e

(

–u– ζ2

4u

)

du, (†)

with θ = –r and ζ = 2
√

γIbqT, alongside Proposition 2.1 from Glasser
et al. (2012) which states K–θ(ζ) = Kθ(ζ). The probability of observing
exactly n exposures is computed using Equation (A3) as

P(E = n) =
(S
n

)

n
∑

i=0

(–1)i
(n
i

)

∫ ∞

0
e(S–n+i)g(ω)fq(ω)dω

=
(S
n

)

n
∑

i=0

(–1)i
(n
i

)

∫ ∞

0
e–γω–(S–n+i)

IbqT
ω ωr–1

γr

Γ(r)
dω

=
(S
n

)

n
∑

i=0

(–1)i
(n
i

)

∫ ∞

0
e–u–(S–n+i)

γ IbqT
u ur–1

1

Γ(r)
du (w/ Eq. (†))

=
2

Γ(r)

(S
n

)

n
∑

i=0

(–1)i
(n
i

)

ar/2i Kr
(

2
√
ai
)

,

for n = 0, . . . , S, where ai = γIbqT(S – n+ i) and u = γω.

A2.1 Accounting for mechanical ventilation

In Section 3.2.3, we look at increasing natural ventilation, Q, by a con‐
stant mechanical air change rate, Qmech = ACHmech × V for mechanical
air change rate ACHmech and room volume V. To implement this in our re‐
sults, we use the derivation from Appendix A2, instead setting g(Q) =

– IbqT
Q+Qmech

. This means we are now considering Pinfection = 1 – e–
IbqT

Q+Qmech

and Q = g–1(ln(1 – Pinfection)) = –IbqT
ln(1–Pinfection)

– Qmech. The new density
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function for Pinfection is

fPinfection (p) =
γr
(

–IbqT
ln(1–p) – Qmech

)r–1
e

γ IbqT
ln(1–p)+γQmech IbqT

Γ(r)(1 – p)(ln(1 – p))2
, p ∈ (0, 1).

(A10)

An analytical expression for the mean infection risk, E[Pinfection], has not
been obtained in this paper. The introduction of Qmech increases the
complexity of the underlying integral. The mean infection risk values for
Figures 10b and 10d were obtained numerically instead.

A3 UNCERTAINTY IN TWO MODEL PA‐
RAMETERS

Let us consider the situation here where two model parameters are ran‐
dom. Here, we consider two population‐related parameters in {b, q, T}
being (independently) random; say q ∼ Gamma(k,λ) and T ∼
Gamma(ℓ,µ) without any loss of generality. Given that q and T are in‐
dependent, their joint density is fq,T(q, t) = fq(q)fT(t). Using the change
of variables method, we can write

fZ,T(z, t) =fT(t)fq(z/t)
dq
dz

= fT(t)fq(z/t)
1

t
,

where Z = qT. We then integrate this joint density over possible values
of T to get:

fZ(z) =
∫ ∞

0
t–1fT(t)fq(z/t)dt =

∫ ∞

0
t–1

µℓtℓ–1e–µt

Γ(ℓ)

λk( zt )
k–1e–

λz
t

Γ(k)
dt

=
µkλkzk–1

Γ(ℓ)Γ(k)

∫ ∞

0
uℓ–k–1e–u–

(2
√

λµz)2

4u du

=
2(λµz)

1
2
(k+ℓ)Kk–ℓ(2

√
λµz)

zΓ(ℓ)Γ(k)
,

where we used the substitution u = µt and Equation (†) with r = k – ℓ

and ζ =
√
λµz. So, we have

g(Z) = –
Ib
Q
Z, fZ(z) =

2(λµz)
1
2
(k+ℓ)Kk–ℓ(2

√
λµz)

zΓ(ℓ)Γ(k)
,

where Pinfection = 1 – e–
Ib
Q Z results in Z = g–1(ln(1 – Pinfection)) =

– ln(1–Pinfection)Q
Ib . Therefore,

dZ
dPinfection

=
Q

Ib(1 – Pinfection)

and the resulting density function of Pinfection is

fPinfection (p) =
2(λµ(

– ln(1–p)Q
Ib ))

1
2
(k+ℓ)Kk–ℓ

(

2
√

λµ
– ln(1–p)Q

Ib

)

– ln(1–p)Q
Ib Γ(ℓ)Γ(k)

Q
Ib(1 – p)

=
2(λµ)

k+ℓ
2

[

–
1

c
ln(1 – p)

]
k+ℓ
2
–1
Kk–ℓ

(

2
√

d
[

– ln(1 – p)
]

)

cΓ(k)Γ(ℓ)(1 – p)

with c = Ib
Q , d = λµ

c and for p ∈ (0, 1). The expected per‐capita
infection risk is

E[Pinfection] =
∫ ∞

0

∫ ∞

0

(

1 – e–
Ibqt
Q
)

fq(q)fT(t)dqdt

=1 –
∫ ∞

0

λkµℓ

Γ(k)Γ(ℓ)
qk–1e–λq

Γ(ℓ)

(µ+ Ibq
Q )ℓ

dq (using Eq. (⋆))

=1 –
(λµQ
Ib

)k 1

Γ(k)

∫ ∞

0
e–

λµQ
Ib vvk–1(1 + v)–ℓdv

=1 – dkU
(

k, k – ℓ+ 1, d
)

, (A11)

where we have used v = Ib
µQq, and U(a, b, z) is the confluent hypergeo‐

metric function of the second kind (NIST (2025c)), sometimes referred
to as the Tricomi function

U(a, b, z) =
1

Γ(a)

∫ ∞

0
e–zvva–1(1 + v)b–a–1dv. (‡)

By solving the double integral with respect to q first, or using Kummer’s
transformation (NIST 2025e)

U
(

a, b, z
)

= z1–bU
(

1 + a – b, 2 – b, z
)

, (⋆⋆)

an alternate (equivalent) form for the expected per‐capita infection risk
can be obtained:

E[Pinfection] = 1 – dℓU
(

ℓ, ℓ – k+ 1, d
)

.

The probability of observing exactly n exposures is given by

P(E = n) =
(S
n

)

n
∑

i=0

(–1)i
(n
i

)

∫ ∞

0

∫ ∞

0
e–(S–n+i)

Ibqt
Q fq(q)fT(t)dqdt,

=
(S
n

)

n
∑

i=0

(–1)i
(n
i

)

∫ ∞

0

λkµℓ

Γ(k)Γ(ℓ)
qk–1e–λq

× Γ(ℓ)

(µ+ Ib
Q (S – n+ i)q)ℓ

dq, (using Eq. (⋆))

=
(S
n

)

n
∑

i=0

(–1)i
(n
i

)( λµQ
Ib(S – n+ i)

)k 1

Γ(k)

×
∫ ∞

0
e–

λµQ
Ib(S–n+i) vvk–1(1 + v)–ℓdv

=
(S
n

)

n
∑

i=0

(–1)i
(n
i

)

yki U(k, k – ℓ+ 1, yi), (using Eq. (‡))

(A12)

for n = 0, . . . , S, where we have used the substitution v = Ib
µQq(S–n+ i),

parameter yi = d/(S–n+ i). By solving the double integral with respect
to q first, or using Kummer’s transformation (Equation (⋆⋆)) an alternate
(equivalent) form for the n‐exposure probability can be obtained

P(E = n) =
(S
n

)

n
∑

i=0

(–1)i
(n
i

)

yℓi U(ℓ, ℓ – k+ 1, yi),

for n = 0, . . . , S. We note that if one of the parameters is Erlang‐
distributed, where the shape parameter is a positive integer, Equations
(A11) and (A12) may be written as finite sums of upper incomplete
gamma functions. For example, if k ∈ N so that q is Erlang‐distributed,
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one gets

E[P] =
∫ ∞

0

∫ ∞

0

(

1 – e–
Ibqt
Q

)

fq(q)fT(t)dqdt

=

∫ ∞

0

(

1 –
(

µ

µ+ Ibq
Q

)ℓ
)

λkqk–1e–λq

(k – 1)!
dq

=1 –
λkµℓ

(k – 1)!

∫ ∞

λµQ
Ib

(

w – λµQ
Ib

)k–1
λ1–ke–w+

λµQ
Ib

wℓ
(

Ib
λQ

)ℓ

1

λ
dw

=1 –
e

λµQ
Ib

(k – 1)!

∞
∑

i=0

(k – 1
i

)

(–1)i
(λµQ
Ib

)i+ℓ
∫ ∞

λµQ
Ib

wk–ℓ–i–1e–wdw,

=1 –
ed

(k – 1)!

k–1
∑

i=0

(k – 1
i

)

(–1)idi+ℓΓ
(

k – ℓ – i, d
)

,

where w = λq + λµQ
Ib and Γ(s, x) is the upper incomplete gamma

function (NIST 2025f)

Γ(s, x) =
∫ ∞

x
ws–1e–wdw. (‡‡)

Similarly, one gets

P(E = n) =
(S
n

)

n
∑

i=0

k–1
∑

j=0

(–1)i+j

(k – 1)!

(n
i

)(k – 1
j

)

yℓ+ji eyiΓ(k – ℓ – j, yi),

for n = 0, . . . , S. Similar arguments apply when ℓ ∈ N, just by swapping
k with ℓ and λ for µ in each derivation.
Finally, one can consider one random population‐related parameter

in {b, q, T} and one random ventilation parameter (Q). Because Q ap‐
pears on the denominator of the product of the exponent in the classical
Wells‐Riley model, new equations for Pinfection arise. Let us assume that q
is randomwithout loss of generality, as the methods will be identical for
b or T, so that q ∼ Gamma(k,λ) and Q ∼ Gamma(r, γ). The quotient of
two Gamma distributions is known to result in a Generalised Beta Prime
distribution. In particular, for Y = q/Q we have Y ∼ β′(k, r, 1, γ

λ
), with

density function

fY(y) =
λkγryk–1Γ(k+ r)

Γ(k)Γ(r)(λy+ γ)k+r
.

We now have,

g(Y) = –IbTY.

Moreover, Y = g–1(ln(1 – Pinfection)) = – ln(1–Pinfection)IbT , which means

dY
dPinfection

=
1

(1 – Pinfection)IbT
.

Using Equation (A1), we find the density

fPinfection (p) =
λkγr

[

– ln(1–p)IbT

]k–1
Γ(k+ r)

Γ(k)Γ(r)(λ
[

– ln(1–p)IbT

]

+ γ)k+r

1

(1 – p)IbT

=
Γ(k+ r)
Γ(k)Γ(r)

λk(γIbT)r[– ln(1 – p)]k–1

(1 – p)([– ln(1 – p)]λ+ γIbT)k+r
,

for p ∈ (0, 1). The expected per‐capita infection risk is

E[Pinfection] =
∫ ∞

0

∫ ∞

0

(

1 – e–
IbqT
ω

)

fq(q)fQ(ω)dqdω

=1 –
∫ ∞

0

λkγr

Γ(k)Γ(r)
ωr–1e–γω

Γ(k)
(λ+ IbT

ω
)k
dω (using Eq. (⋆))
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λ

)r 1
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e–

γ IbT
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=1 –
(γIbT

λ

)r Γ(k+ r)
Γ(r)

U
(

k+ r, r+ 1,
γIbT
λ

)

, (using Eq. (‡))

(A13)

where we have used v = λ
IbTω. The probability of observing exactly n

exposures is

P(E = n) =
(S
n

)

n
∑

i=0

(–1)i
(n
i

)

∫ ∞

0

∫ ∞

0
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dω, (using Eq. (⋆))
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, (w/ Eq. (‡))

(A14)

for n = 0, . . . , S and αi =
γIbT
λ

(S – n + i). Here we have used Equation
(⋆) and the substitution v = λ

IbT(S–n+i)ω. Equations (A13) and (A14) have
simplified forms when some of the parameters are Erlang‐distributed.
For example, if both k, r ∈ N, we have

E[Pinfection] =
∫ ∞

0

∫ ∞

0

(

1 – e–
IbqT
ω

)

fq(q)fQ(ω)dqdω,

=1 –
λkγr

Γ(r)
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0
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(

γω + γIbT
λ

)k( λ
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)k dω, (using Eq. (⋆))
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which uses the substitution w = γω + γIbT
λ
and Equation (‡‡). The

probability of observing exactly n exposures simplifies to

P(E = n) =
(S
n

)

n
∑

i=0

(–1)i
(n
i

)

∫ ∞

0

∫ ∞

0
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ω fq(q)fQ(ω)dydω

=
(S
n

)

n
∑

i=0

(–1)i
(n
i

)

∫ ∞

0

λkγr

Γ(k)Γ(r)
ωr–1e–γω

× Γ(k)
(λ+ IbT

ω
(S – n+ i))k

dω

=
(S
n

)

n
∑

i=0

(–1)i
(n
i

)λkγr

Γ(r)

∫ ∞

0
ωr–1(γω +

γIbT
λ

(S – n+ i))–k

× (γω)kλ–ke–γωdω

=
(S
n

) 1

(r – 1)!

n
∑

i=0

r+k–1
∑

j=0

(–1)i+j
(n
i

)(r+ k – 1
j

)

α
j
ie
αi

×
∫ ∞

αi

wr–1–je–wdw

=
(S
n

) 1

(r – 1)!

n
∑

i=0

r+k–1
∑

j=0

(–1)i+j
(n
i

)(r+ k – 1
j

)

α
j
ie
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for n = 0, . . . , S, where we used the substitution w = γω + αi and
Equation (‡‡).

A4 POPULATION HETEROGENEITY

When considering a random quanta generation rate q ∼ Gamma(k,λ),
it is important to note that if I > 1 and one still considers qI in the
corresponding analysis, then the main assumption is that all infectors
have the same quanta generation rate q (which is sampled once from the
corresponding distribution Gamma(k,λ)). This would be appropriate for
situations where one wants to consider homogeneous infectiousness
across infectors but uncertainty in the precise value of q. For situations
where I > 1, and if the aim is to consider heterogeneity in infectiousness,
it is more appropriate to consider that each individual i ∈ {1, 2, . . . , I} has
quanta generation rate qi ∼ Gamma(k,λ), where this Gamma distribu‐
tion represents population‐level heterogeneity in infectiousness. In this
situation, the total quanta emission rate is given by the sumof rates from
each individual: qTotal =

∑I
i=1 qi. Since the sumof I independentGamma

distributions with shape k and rate λ is itself a Gamma distribution of
shape kI and rate λ, our results can be easily generalised to this scenario;
that is, qTotal ∼ Gamma(Ik,λ) and we consider Pinfection = 1 – e–

bT
Q qTotal . In

particular, one has

g(qTotal) = –
bT
Q
qTotal, fqTotal (q) =

λIkqIk–1e–λq

Γ(Ik)
.

Since Pinfection = 1 – e
–bT
Q qTotal we have qTotal =

– ln(1–Pinfection)Q
bT and

dqTotal
dPinfection

=
Q

(1 – Pinfection)bT
.

Thus, Equation (A1) results in the density function of Pinfection

fPinfection (p) =
λIk
[

– ln(1–p)Q
bT

]Ik–1
e
–λ
[

– ln(1–p)Q
bT

]

Γ(Ik)
Q

(1 – p)bT

=

(

λQ
bT

)Ik (– ln(1 – p)
)Ik–1

(1 – p)
λQ
bT –1

Γ(Ik)
, p ∈ (0, 1). (A15)

Using Equation (A2), we find the expected per‐capita infection risk

E[Pinfection] =
∫ ∞

0

(

1 – e–
bT
Q q
) λIkqIk–1e–λq

Γ(Ik)
dq

=1 –
λIk

Γ(Ik)

∫ ∞

0
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(
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Q +λ
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(

λ
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Q + λ

)Ik
,

(A16)

where we have used Equation (⋆). The probability of observing exactly
n exposures is computed using Equation (A3) leading to

P(E = n) =
(S
n

)

n
∑
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(–1)i
(n
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)

∫ ∞
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λIk

Γ(Ik)

=
(S
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)

n
∑

i=0

(–1)i
(n
i

)

(

λ

(S – n+ i) bTQ + λ

)Ik
, (A17)

for n = 0, . . . , S.

Due to the symmetry in the product in the equation for the classical
Wells‐Riley model, these results are analogous to the case of sequential
visits, such that we have a sum ofM independent randomly distributed
exposure times, TTotal =

∑M
i=1 Ti, instead of a sum of quanta emis‐

sion rates. This is the approach used in Section 3.2.1 and Figure 8 in
particular.

A5 COMPARING TO THE CLASSICAL
WELLS‐RILEY APPROACH

Here, we aim to compare the “true” average riskE[Pinfection] estimated via
our approach with the per capita infection risk estimated using the clas‐
sical Wells‐Riley methodology with average parameter value instead,
P̄WRinfection.

A5.1 Random population parameter

For a single random population parameter, one can estimate the aver‐
age per capita infection riskE[Pinfection] using Equation (3). It is of interest
to compare this “true” mean risk value with that obtained via the classi‐
cal Wells‐Riley approach in Equation (1) when using an average quanta
emission rate q̄ = k/λ. In Section 2.1.1, we denote this by

P̄WRinfection = 1 – e–
IbT
Q q̄.
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(a) q̄ = 0.1 (b) q̄ = 1 (c) q̄ = 30

(d) q̄ = 50 (e) q̄ = 75 (f) q̄ = 100
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F I GUR E A1 Heatmaps for the relative difference between P̄WRinfection (classical Wells‐Riley approach with constant, average quanta generation
rate q̄ = k/λ) and the analytical mean infection risk E[Pinfection] in Equation 3, versus k, for q̄ = 0.1, 1, 30, 50, 75, 100.

It is of particular interest to analyse the difference between the resulting
average infection risk of each approach. We can denote this difference
by

D(A, k,λ) =P̄WRinfection – E[Pinfection] =
(

λ

λ+ A

)k
– e–A

k
λ , (A18)

where A represents the combination of non‐random parameters, such
that g(X) = – IbqTQ = –AX for some random parameter X ∈ {I, b, q, T} (for
example A = IbT

Q for random q), and (k,λ) represent the shape and rate
parameters of the Gamma‐distributed random parameter. Depending
on the sign of D(A, k,λ), we can make the following conclusions:

• D(A, k,λ) > 0 : The classical approach with average parameter value
is overestimating the “true” mean infection risk.

• D(A, k,λ) = 0 (or ≈ 0) : The classical approach with average
parameter value is capturing the “true” mean infection risk.

• D(A, k,λ) < 0 : The classical approach with average parameter value
is underestimating the “true” mean infection risk.

In the case of random b, q or T one can use Jensen’s inequality
to show that the classical approach (P̄WRinfection = 1 – eAX̄) will always
overestimate the true mean infection risk, E[Pinfection]. Jensen’s inequal‐
ity (Jensen (1906), McShane (1937)) states that, for a strictly concave
function P(q) (sometimes referred to as “concave‐down”) and a non‐
constant random variable q, the following inequality holds

E[P(q)] < P(E[q]).

The per‐capita infection probability Pinfection(q) = 1–e–Aq is a concave
function of q since the second derivative is always negative,

d2Pinfection
dq2

= –A2e–Aq < 0.

So, we recognise Pinfection(E[q]) = P̄WRinfection, and E[P(q)] = E[Pinfection], to
conclude that

D(A, k,λ) = P̄WRinfection – E[Pinfection] > 0

holds for all A > 0 and k,λ. Furthermore, since Pinfection is always concave
this result holds for generally distributed b, q or T. So, given A > 0 and
randomly distributed b, q or T, the classical Wells‐Riley approach (which
uses the mean value of the random parameter) will always overestimate
the true mean infection risk, E[Pinfection].
If we fix A and themean q̄ , thenwe canwriteD(A, k,λ) = D(k), since

λ = k/q̄ (now depends on k). Then

D(k) =P̄WRinfection – E[Pinfection] =
(

k
k+ Aq̄

)k
– e–Aq̄.

By taking the derivative with respect to k, we can find the value kmax
at which we have the largest overestimation:

dD(k)
dk

=

(

k
k+ Aq̄

)k[

ln
(

k
k+ Aq̄

)

+ 1 –
k

k+ Aq̄

]

, (A19)

for which no finite k satisfies dD(k)dk = 0 (since we would need k
k+Aq̄ = 1

which holds in the limit of k → ∞). We also find that dD(k)dk < 0 for all
finite k > 0, meaning that D(k) is monotonically decreasing. This means
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that for fixed A, and fixed mean q̄, the largest overestimation appears
when k→ 0 (i.e. for small values of the shape parameter in the Gamma
distribution for q). We can determine the maximum overestimation for
any fixed mean q̄ = k/λ. Using a logarithmic argument, one can find
limk→0+ D(k) = 1 – e–Aq̄ = P̄WRinfection. This means that as the mean q̄ and
A increase (decrease), the maximum possible overestimation increases
(decreases), and this maximum occurs in the limit k→ 0 (implying λ → 0

since q̄ is fixed). As k and λ both decrease such that the mean, q̄ = k/λ,
is fixed, two things happen:

1. The variance, k
λ2 = q̄

λ
, of the random parameter increases.

2. The skewness, 2√
k
, increases.

We can conclude that large variance and positive skewness of a
random population parameter leads to larger overestimations of the
density mean by the classical Wells‐Riley model (with mean parame‐
ter value), where all the other parameters are fixed. This could suggest
that inaccuracies are caused by the fact that considering the mean
value of our random population parameter neglects small values (with
non‐negligible probabilities) which significantly impact infection risk,
particularly in the case of a high variance and positively skewed Gamma
distribution. When we have a distribution that is highly concentrated
around the mean with little skewness (when k is very high), then the
overestimation becomes small (one can show that limk→∞ D(k) = 0).
It should be noted that the maximum overestimation is affected by the
value of A, if A≪ 1 (A≫ 1), then the density mean, E[Pinfection], and the
classical Wells‐Riley, P̄WRinfection, will both approach zero (one), where their
difference disappears.
Let us consider some numerical experiments to explore this further.

We focus here on the parameter q but a similar analysis would apply
to T or b if they were Gamma‐distributed. We consider the quanta
generation rate to follow a Gamma distribution

q ∼ Gamma(k,λ).

The aim is to explore how different combinations of (k,λ) impact on
the per capita infection risk and the error of the classical approach
relative to the analytical mean infection risk: D(A, k,λ)/E[Pinfection]. To
this end, we uniformly sample b, T and Q, as well as the shape, k, and
rate, λ parameters of the Gamma distribution describing q. We use
wide intervals that produce plausible values for the Wells‐Riley param‐
eters and a wide range of variances for q. In particular, we choose
q̄ ∈ [0.01, 100] quanta h–1 and k ∈ [1, 20] (such that λ = k/q̄). Like‐
wise, for the fixed parameters (sampled here but treated as fixed after
the fact, as in Equation (3)) we consider: b ∈ [0.2, 0.6] m3h–1, T ∈
[5 minutes, 100 hours], and Q ∈ [10, 1000] m3h–1 (which represents
ACH ∈ [0.1, 100] in a typical ward (Edwards 2024b)), such that I = 1.
These samples combine to make pairs of A = bT/Q and q̄ = k/λ, for
which we plot the corresponding relative errors: D(A, k,λ)/E[Pinfection],
in Figure 1 within Section 2.1.1. We noticed that overestimations were
observed for a ‘strip’ of values (q̄, bT/Q)within the upper right region of
Figure 1. Furthermore, we noticed variations points that were adjacent

to one another, suggesting that the size of the overestimations do not
depend on q̄ and bT/Q alone. To investigate this, we plotted the relative
difference whilst varying k, the shape parameter of Gamma‐distributed
q, and the value of bT/Q for different mean quanta emission rates q̄ in
Figure A1. By observing the resulting pattern in the relative difference,
we can see that (i) the size of the interval of bT/Q is about one order
of magnitude on the log scale, and its position is directly dependent on
the order of q̄ (ii) within this region where overestimations occur, the
largest are observed when k is small (1 here); this agrees with our earlier
intuition about large variation and positive skew of q leading to system‐
atic inaccuracies. The dark regions in Figure A1 (indicating little to no
relative difference) are those where the infection risk is either close to
zero/one (where bT/Q is small/large) or where the shape parameter is so
high that there is little uncertainty in the quanta emission rate q around
its mean value q̄. We identify the following criteria which lead to overes‐
timations by the classical WR approach (P̄WRinfection) of the analytical mean
infection risk (E[Pinfection])

1. A mean parameter value and A value (q̄ = k/λ and bT/Q in this case)
that is neither too small nor too large, so as to avoid saturation of
the infection risk at either 0 or 1.

2. A large variance and positive skewness for the distribution of the
random parameter, such that smaller values (which now have suffi‐
ciently high probabilities of occurring) are neglected when consider‐
ing the mean parameter value.

A5.2 Random ventilation rate

In the case of a random ventilation rate, the classical Wells‐Riley ap‐
proach is now given by

P̄WRinfection = 1 – e–
IbqT
Q̄ ,

as in Section 2.2, where Q ∼ Gamma(r, γ), meaning Q̄ = r
γ
. As such,

the difference between the “true” mean infection risk and the mean cal‐
culated by the classical Wells‐Riley approach with average ventilation
rate, is given by

D(A, r, γ) =
2

Γ(r)
(γA)r/2Kr

(

2
√

γA
)

– e–A
r
γ ,

such that A = IbqT. The function Pinfection(Q) = 1– e–
A
Q is neither totally

concave or convex. This means that we cannot explicitly apply Jensen’s
inequality here. However, we can find the inflection point of Pinfection.
The second derivative of Pinfection with respect to Q is

d2Pinfection(Q)
dQ2

=
A
Q3
e–

A
Q

(

2 –
A
Q

)

.

Setting this to zero and solving for Q tells us that the inflection point is
Q∗ = A/2. For Q ∈ (0,Q∗), we have d2Pinfection

dQ2 < 0, and for Q ∈ (Q∗,∞)

the opposite is true d2Pinfection
dQ2 > 0. This means that there are two distinct

regions:
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(a) Q̄ = 1 (b) Q̄ = 100 (c) Q̄ = 300

(d) Q̄ = 500 (e) Q̄ = 750 (f) Q̄ = 1000
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F I GUR E A2 Heatmaps for the relative difference between P̄WRinfection (classical Wells‐Riley approach with constant, average ventilation rate Q̄ =

r/γ) and the analytical mean infection risk E[Pinfection] in Equation 12, versus shape parameter r, for Q̄ = 1, 100, 300, 500, 750, 1000.

• Concave region: (0,Q∗).
• Convex region: (Q∗,∞).

If the support for Q is contained exclusively within the convex (con‐
cave) region, then we can conclude, by Jensen’s inequality, that the
classical Wells‐Riley approach would underestimate (overestimate) the
true mean infection risk, given by E[Pinfection].

Using b ∈ [0.2, 0.6]m3h–1, T ∈ [5 minutes, 100 hours] (as in Appendix
A5.2), q ∈ [0.01, 100] quanta h–1 (to represent values considered in
Section 3), along with Q̄ ∈ [10, 1000] m3h–1 (to represent ACH ∈
[0.1, 10] for a typical ward (Edwards 2024b)) and r ∈ [1, 20] (such that
γ = r/Q̄), we now numerically investigate possible inaccuracies in the
case of random ventilation. Combining these samples, we obtain pairs
of A = bqT and ACH = Q̄

100
for which we plot the error of the classical

Wells‐Riley approach (P̄WRinfection) relative to the analytical mean infection
risk (E[Pinfection]) in Figure 2 within Section 2.2. First, we notice that,
unlike Figure 1, the range of inaccuracies spans both positive and nega‐
tive values relating to both overestimations and underestimations (with
overestimations being very small). For the samples that we generated,
the overestimations seem to only occur for very large A = bqT values.
Mathematically, we know that this can be caused by the entirety (or
large enough portion) of the distribution for Q existing in the concave
region of Pinfection, (0,Q∗) where Q∗ = A/2. Intuitively, these overesti‐
mations, albeit small, may be due to the fact that using the mean value
of Q in place of its distribution neglects higher ventilation rates. It is
possible that when A = bqT is large enough, using the mean ventilation

rate results in saturation of Pinfection near 1, but larger and statistically
significant ventilation rates would outweigh this saturation if they were
to occur. Therefore, in this case, we are neglecting scenarios in which
the infection risk does not saturate at 1. This overestimation is likely
smaller in magnitude compared to the possible underestimations under
different parameter regimes because the Gamma distribution is posi‐
tively skewed towards smaller values, so the effect of neglecting larger
values is dampened as they have smaller probabilities of occurring. Even
with a positively skewed distribution, there are scenarios in which the
mean does not adequately capture the larger ventilation rates that re‐
sult in smaller infection risks.
As with the case for random q (see Appendix A5.1), we observe local
fluctuations of the relative difference where underestimations are ob‐
served in Figure 2, suggesting that ACH and bqT alone do not determine
the degree of underestimation. We again plot the relative difference
for varying bqT, shape parameter of the ventilation rate, r, and for dif‐
ferent mean ventilation rates Q̄ in Figure A2. First, we notice that a
lower bound for the region of underestimations (non‐black colour) is
not observed for the parameter values considered. However, we know
that a lower bound exists by using a limit approach which confirms
limbqT→0(P̄WRinfection) = limbqT→0(E[Pinfection]) (implying that D(A, r, γ) →
0). So, at least for these parameter values, the region at which we ob‐
serve relative difference is magnitudes larger in the case of random
ventilation than it is for random quanta. Furthermore, the degree of this
relative difference is also much larger in the random ventilation case
(over 80%), and occurs also for small values of the shape parameter, r,
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corresponding to high variation and positive skew in Q. We see exam‐
ples of this of this when comparing the errors seen in Figures 7, 8, 9 to
those in Figures 10a and 10c. Another example is the error produced
by only considering random time (green curves) compared to only con‐
sidering random ventilation (blue curves) for high variance ventilation
in Figure 11. The reason for the higher degree of relative difference for
random ventilation versus random quanta likely has to do with how sen‐
sitive the Wells‐Riley model is to their respective fluctuations. That is,
if q is random, then the classical approach does not vary as strongly in
the region of q̄, as it would in the region of Q̄ in the case of random
Q. When Q̄ is random, the possibility of small removal rates causes the
infection risk to increase notably, even sometimes to close to 1 (as ob‐
served in Figure 10b), whereas the same effect being achieved in the
case of random quanta requires the possibility of very large q, which
is not as likely in the case of a positively skewed distribution. As with
the case for random quanta, when ventilation is random the following
criteria are identified which are required for overestimations to occur

1. A mean value, Q̄, that ‘balances’ the value of the other parameters,
A = bqT, is necessary so as to avoid saturation of Pinfection at 0 or 1.

2. A large enough variance and positive skewness for fixed mean Q̄,
such that r and γ are small, is necessary bywhich small values leading
to significantly high infection risks are neglected.

A6 IMPACT OF TWO RANDOM PARAME‐
TERS ON INFECTION RISK: UNCERTAINTY
DOMINANCE

In this section, the aim is to understand how simultaneous uncertainty
in two different parameters may affect infection risk. In particular, there
might be situations where even if both parameters are random, there
is one that clearly dominates the impact on the per capita infection
risk probability Pinfection. Let us consider two random parameters X, Y ∈
{b, q, T,Q, I} and denote by PX,Yinfection the per capita probability of infec‐
tionwhen both parameters are considered to be random simultaneously.
On the other hand, let us denote by PXinfection the per capita probabil‐
ity of infection when X is considered to be random, but parameter Y is
considered constant and set instead to its mean value Ȳ.
Using arguments from Section 2, we can compute the density func‐

tions of PX,Yinfection and P
X
infection, denoted by fPX,Yinfection (p) and fPXinfection (p) respec‐

tively. Results in Section 3.3.1 (Figure 11) suggest that high variance and
skewness in the distribution of the random parameters lead to larger
propagation of uncertainty into the corresponding infection risk proba‐
bility. More specifically, if the variance (and skewness) of one random
parameter, X, is larger than that of another, Y, we expect this parame‐
ter to dominate the propagation of uncertainty into PX,Yinfection and, thus,
fPX,Yinfection (p). This would mean that the density functions fPX,Yinfection (p) and
fPXinfection (p) are more similar to each other, compared to fPYinfection (p) (i.e.
most of the uncertainty in infection risk comes from uncertainty in X,

and not in Y). To quantify this, we can make use of the Hellinger dis‐
tance (Aggarwal and Reddy 2014). The Hellinger distance measures the
difference between two distributions, fX(x) and gX(x) as

H2(fX, gX) =
1

2

∫ (

√

fX(x) –
√

gX(x)
)2

dx = 1 –
∫

√

fX(x)gX(x) dx.

This gives a number between 0 and 1 where values closer to 0 repre‐
sent more similarity between the distributions, whereas values close to
1 correspond to more different distributions.
We focus here on pairs of parameters (q, T) and (T,Q) for illustra‐

tive purposes, with distributions q ∼ Gamma(k,λ), T ∼ Gamma(ℓ,µ)
and Q ∼ Gamma(r, γ) (when considered to be random). The aim is to
study how randomness in these parameters translates into uncertainty
in infection risk. In Figure A3 we plot the Hellinger distance between
fPT,Qinfection (p) and fPTinfection (p) and between fPT,Qinfection (p) and fPQinfection (p). In Figure
A4 we plot the Hellinger distance between fPT,qinfection (p) and fPTinfection (p)
and between fPT,qinfection (p) and fP

q
infection

(p). Both figures use the parameter
regimes presented in Section 3.3.1. In both figures, for each Gamma‐
distributed random parameter we set the mean parameter value to a
constant while changing the shape parameter of their Gamma distri‐
bution (and accordingly changing the rate parameter so that the mean
parameter value remains the same). Lighter areas in these plots indicate
smaller Hellinger distances, indicating that the particular parameter be‐
ing looked at (T in Figures A3a and A4a, q in Figure A4b and Q in Figure
A3b) is the one that dominates the propagation of uncertainty into the
per capita infection risk. Within each plot, in Figures A3 and A4, the
patterns support the idea that a smaller shape (therefore an increased
variance and positive skewness) for one random parameter, and a larger
shape for another random parameter, leads to dominance on the impact
on infection risk by the former over the latter.
In the case that one parameter has a small shape value, linearly

increasing the shape of the other random parameter diminishingly in‐
creases the likeness of the first parameter’s corresponding infection risk
density to that of the case that both parameters are random (shown by
a diminishingly decreasing Hellinger distance). For example, we see that
in the case of random T and Q (Figure A3), when the shape of T is ℓ = 2,
there is not much difference in the similarity of fPTinfection (p) (where the
ventilation rate is considered constant and set to Q̄ = r/γ) to fPT,Qinfection (p)
when the shape of Q varies between r = 25 and r = 50, indicated
by unchanging colour and lack of contour lines in that region of Figure
A3a. On the other hand, as r increases, we see a noticeable increase in
the Hellinger distance, H(fPT,Qinfection (p), fPQinfection (p)), in Figure A3b (indicated
by darker regions). A similar behaviour can be seen when comparing
Figures A4a and A4b. That is, for a small shape of T (for example, ℓ = 2),
there is a negligible decrease in the Hellinger distance. One should ex‐
pect that, when the shape of one parameter, sayX, becomes increasingly
large then the infection risk density corresponding to the other param‐
eter, fPYinfection (p), should tend towards the distribution in which both are
random, fPX,Yinfection (p). This is because, whilst technically still a Gamma‐
distributed random parameter, X effectively becomes constant (random
with asymptotically small variance).
The ranges of Hellinger distances are [0.012, 0.704] for Figure A3 and
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(a) Hellinger‐distance between f
PTinfection

(p) and f
PT,Qinfection

(p). (b) Hellinger‐distance between f
PQinfection

(p) and f
PT,Qinfection

(p).
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F I GUR E A3 Heatmaps of the Hellinger distance between the density functions of the per capita infection risk probability when two parameters
are random (fPT,Qinfection (p)) vs. when only one is random (fPTinfection (p) or fPQinfection (p)) and the other is set to its mean value instead (Q̄ = r/γ or T̄ = ℓ/µ). All
default parameter values are taken from the hospitality scenario (Section 3.3.1).

(a) Hellinger‐distance between f
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F I GUR E A4 Heatmaps of the Hellinger distance between the density functions of the per capita infection risk probability when two parameters
are random (fPT,qinfection (p)) vs. when only one is random (fPTinfection (p) or fP

q
infection

(p)) and the other is set to its mean value instead (q̄ = k/λ or T̄ = ℓ/µ). All
default parameter values are taken from the hospitality scenario (Section 3.3.1).

[0.009, 0.704] for Figure A4. The minute difference in the lower bounds
could be due to the fact that having a Gamma‐distributed ventilation
rate can lead to scenarios in which the rate is close to zero with pos‐
itive probability, resulting in higher densities of high infection risk (as
seen in Figures 10a and 10c), whereas this is not the case with Gamma‐
distributed T or q where the same effect would require T or q to be
significantly large.
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