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LOSSY KERNELIZATION∗1

DANIEL LOKSHTANOV† , FAHAD PANOLAN ‡ , M. S. RAMANUJAN § , AND SAKET2

SAURABH ¶3

Abstract. In this paper we propose a new framework for analyzing the performance of pre-4
processing algorithms. Our framework builds on the notion of kernelization from parameterized5
complexity. However, as opposed to the original notion of kernelization, our definitions combine well6
with approximation algorithms and heuristics. The key new definition is that of a polynomial size7
α-approximate kernel. Loosely speaking, a polynomial size α-approximate kernel is a polynomial8
time pre-processing algorithm that takes as input an instance (I, k) to a parameterized problem, and9
outputs another instance (I′, k′) to the same problem, such that |I′| + k′ ≤ kO(1). Additionally,10
for every c ≥ 1, a c-approximate solution s′ to the pre-processed instance (I′, k′) can be turned in11
polynomial time into a (c · α)-approximate solution s to the original instance (I, k).12

Our main technical contributions are α-approximate kernels of polynomial size for three prob-13
lems, namely Connected Vertex Cover, Disjoint Cycle Packing and Disjoint Factors. These14
problems are known not to admit any polynomial size kernels unless NP ⊆ coNP/Poly. Our approxi-15
mate kernels simultaneously beat both the lower bounds on the (normal) kernel size, and the hardness16
of approximation lower bounds for all three problems. On the negative side we prove that Longest17
Path parameterized by the length of the path and Set Cover parameterized by the universe size do18
not admit even an α-approximate kernel of polynomial size, for any α ≥ 1, unless NP ⊆ coNP/Poly.19
In order to prove this lower bound we need to combine in a non-trivial way the techniques used for20
showing kernelization lower bounds with the methods for showing hardness of approximation.21

Key words. Parameterized complexity, kernelization, approximation algorithms, lower bounds22

MSC codes. 68W01, 05C85, 68W05, 68W2523

1. Introduction. Polynomial time preprocessing is one of the widely used meth-24

ods to tackle NP-hardness in practice. However, for decades there was no mathemat-25

ical framework to analyze the performance of preprocessing heuristics. The advent of26

parameterized complexity made such an analysis possible. In parameterized complex-27

ity every instance I comes with an integer parameter k, and the goal is to efficiently28

solve the instances whose parameter k is small. Formally a parameterized decision29

problem Π is a subset of Σ∗ × N, where Σ is a finite alphabet. The goal of parame-30

terized algorithms is to determine whether an instance (I, k) given as input belongs31

to Π or not.32

On an intuitive level, a low value of the parameter k should reflect that the33

instance (I, k) has some additional structure that can be exploited algorithmically.34

Consider an instance (I, k) such that k is very small and I is very large. Since k35

is small, the instance is supposed to be easy. If I is large and easy, this means that36

large parts of I do not contribute to the computational hardness of the instance (I, k).37

The hope is that these parts can be identified and reduced in polynomial time. This38

intuition is formalized as the notion of kernelization. Let g : N → N be a function.39

A kernel of size g(k) for a parameterized problem Π is a polynomial-time algorithm40

that takes as input an instance (I, k) and outputs another instance (I ′, k′) such that41

(I, k) ∈ Π if and only if (I ′, k′) ∈ Π and |I ′| + k′ ≤ g(k). If g(k) is a linear, quadratic42

or polynomial function of k, we say that this is a linear, quadratic or polynomial43
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2 D. LOKSHTANOV, F. PANOLAN, M. S. RAMANUJAN AND S. SAURABH

kernel, respectively.44

The study of kernelization has turned into an active and vibrant subfield of pa-45

rameterized complexity, especially since the development of complexity-theoretic tools46

to show that a problem does not admit a polynomial kernel [9, 10, 28, 40, 47], or a47

kernel of a specific size [19, 20, 48]. Over the last two decades many new results and48

several new techniques have been discovered, see the survey articles by Kratsch [56]49

or Lokshtanov et al. [60] or the textbooks [18, 26] for an introduction to the field.50

Despite the success of kernelization, the basic definition has an important draw-51

back: it does not combine well with approximation algorithms or with heuristics. This52

is a serious problem since after all the ultimate goal of parameterized algorithms, or53

for that matter of any algorithmic paradigm, is to eventually solve the given input54

instance. Thus, the application of a pre-processing algorithm is always followed by55

an algorithm that finds a solution to the reduced instance. In practice, even after56

applying a pre-processing procedure, the reduced instance may not be small enough57

to be solved to optimality within a reasonable time bound. In these cases one gives up58

on optimality and resorts to approximation algorithms or heuristics instead. Thus it59

is crucial that the solution obtained by an approximation algorithm or heuristic when60

run on the reduced instance provides a good solution to the original instance, or at61

least some meaningful information about the original instance. The current definition62

of kernels allows for kernelization algorithms with the unsavory property that running63

an approximation algorithm or heuristic on the reduced instance provides no insight64

whatsoever about the original instance. In particular, the only thing guaranteed by65

the definition of a kernel is that the reduced instance (I ′, k′) is a yes instance if and66

only if the original instance (I, k) is. If we have an α-approximate solution to (I ′, k′)67

there is no guarantee that we will be able to get an α-approximate solution to (I, k),68

or even able to get any feasible solution to (I, k).69

There is a lack of, and a real need for, a mathematical framework for analysing70

the performance of preprocessing algorithms, such that the framework not only com-71

bines well with parameterized and exact exponential time algorithms, but also with72

approximation algorithms and heuristics. Our main conceptual contribution is an73

attempt at building such a framework.74

The main reason that the existing notion of kernelization does not combine well75

with approximation algorithms is that the definition of a kernel is deeply rooted in76

decision problems. The starting point of our new framework is an extension of ker-77

nelization to optimization problems. This allows us to define α-approximate kernels.78

Loosely speaking an (α)-approximate kernel of size g(k) is a polynomial-time algo-79

rithm that given an instance (I, k) outputs an instance (I ′, k′) such that |I ′|+k′ ≤ g(k)80

and any c-approximate solution s′ to the instance (I ′, k′) can be turned in polynomial81

time into a (c ·α)-approximate solution s to the original instance (I, k). In addition to82

setting up the core definitions of the framework we demonstrate that our formalization83

of lossy pre-processing is robust, versatile and natural.84

To demonstrate robustness we show that the key notions behave consistently with85

related notions from parameterized complexity, kernelization, approximation algo-86

rithms and FPT-approximation algorithms. More concretely we show that a problem87

admits an α-approximate kernel if and only if it is FPT-α-approximable, mirroring88

the equivalence between FPT and kernelization [18]. Further, we show that the exis-89

tence of a polynomial time α-approximation algorithm is equivalent to the existence90

of an α-approximate kernel of constant size.91

To demonstrate versatility we show that our framework can be deployed to mea-92
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LOSSY KERNELIZATION 3

sure the efficiency of pre-processing heuristics both in terms of the value of the opti-93

mum solution, and in terms of structural properties of the input instance that do not94

necessarily have any relation to the value of the optimum. In the language of param-95

eterized complexity, we show that framework captures approximate kernels both for96

problems parameterized by the value of the optimum, and for structural parameteri-97

zations.98

In order to show that the notion of α-approximate kernelization is natural, we99

point to several examples in the literature where approximate kernelization has already100

been used implicitly to design approximation algorithms and FPT-approximation al-101

gorithms. In particular, we show that the best known approximation algorithm for102

Steiner Tree [14], and FPT-approximation for Partial Vertex Cover [62] and103

for Minimal Linear Arrangement parameterized by the vertex cover number [35]104

can be re-interpreted as running an approximate kernelization first and then running105

an FPT-approximation algorithm on the preprocessed instance.106

A common feature of the above examples of α-approximate kernels is that they107

beat both the known lower bounds on kernel size of traditional kernels and the lower108

bounds on approximation ratios of approximation algorithms. Thus, it is quite pos-109

sible that many of the problems for which we have strong inapproximability results110

and lower bounds on kernel size admit small approximate kernels with approximation111

factors as low as 1.1 or 1.001. If this is the case, it would offer up at least a partial112

explanation of why pre-processing heuristics combined with brute force search per-113

form so much better than what is predicted by hardness of approximation results and114

kernelization lower bounds. This gives another compelling reason for a systematic115

investigation of lossy kernelization of parameterized optimization problems.116

The observation that a lossy pre-processing can simultaneously achieve a better117

size bound than standard kernelization algorithms as well as a better approximation118

factor than the ratio of the best approximation algorithms is not new. In particular,119

motivated by this observation Fellows et al. [36] initiated the study of lossy kernel-120

ization. Fellows et al. [36] proposed a definition of lossy kernelization called α-fidelity121

kernels. Essentially, an α-fidelity kernel is a polynomial time pre-processing procedure122

such that an optimal solution to the reduced instance translates to an α-approximate123

solution to the original. Unfortunately this definition suffers from the same serious124

drawback as the original definition of kernels - it does not combine well with approx-125

imation algorithms or with heuristics. Indeed, in the context of lossy pre-processing126

this drawback is even more damning, as there is no reason why one should allow a127

loss of precision in the pre-processing step, but demand that the reduced instance has128

to be solved to optimality. Furthermore the definition of α-fidelity kernels is usable129

only for problems parameterized by the value of the optimum, and falls short for130

structural parameterizations. For these reasons we strongly believe that the notion of131

α-approximate kernels introduced in this work is a better model of lossy kernelization132

than α-fidelity kernels are.133

It is important to note that even though the definition of α-approximate kernels134

crucially differs from the definition of α-fidelity kernels [36], it seems that most of the135

pre-processing algorithms that establish the existence of α-approximate kernels can136

be used to establish the existence of α-fidelity kernels and vice versa. In particular, all137

of the α-fidelity kernel results of Fellows et al. [36] can be translated to α-approximate138

kernels.139

Our Results. Our main technical contribution is an investigation of the lossy ker-140

nelization complexity of several parameterized optimization problems, namely Con-141

This manuscript is for review purposes only.
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Problem Name Apx. Apx. Hardness Kernel Appx. Ker. Size

Connected V.C. 2[5, 72] (2 − ϵ) [55] no kO(1) [25] kf(α)

Cycle Packing O(logn)[71] (logn)
1
2
−ϵ [41] no kO(1) [11] kf(α)

Disjoint Factors 2 no PTAS no |Σ|O(1) [11] |Σ|f(α)

Longest Path O( n
log n ) [3] 2(log n)1−ϵ

[53] no kO(1) [9] no kO(1)

Set Cover/n lnn [77] (1 − ϵ) lnn [64] no nO(1) [25] no nf(α)

Hitting Set/n O(
√
n) [65] 2(log n)1−ϵ

[65] no nO(1) [25] no nf(α)

Vertex Cover 2[77] (2 − ϵ) [24, 55] 2k [18] 2(2 − α)k [36]

d-Hitting Set d[77] d − ϵ [23, 55] O(kd−1) [1] O((k · d−α
α−1 )

d−1) [36]

Steiner Tree 1.39[14] no PTAS [15] no kO(1) [25] kf(α)

OLA/v.c. O(
√
logn log logn) no PTAS [4] f(k) [59] f(α)2kk4

[34]

Partial V.C. ( 4
3 − ϵ) [33] no PTAS [67] no f(k) [46] f(α)k5

Fig. 1: Summary of known and new results for the problems considered in this
paper. The columns show respectively: the best factor of a known approximation
algorithm, the best known lower bound on the approximation ratio of polynomial time
approximation algorithms, the best known kernel (or kernel lower bound), and the
size of that approximate kernel. In the last column, α > 1 is the approximation factor
of the relevant approximate kernel. In the problem name column, V.C. abbreviates
vertex cover. For Set Cover and Hitting Set, n denotes the size of the universe.
The approximate kernelization results for the top block of problems constitute our
main technical contribution. The middle block re-states the results of Fellows et
al. [36] in our terminology. For the bottom block, the stated approximate kernelization
results follow easily by re-interpreting in our terminology a pre-processing step within
known approximation algorithms (see Section 6).

nected Vertex Cover, Disjoint Cycle Packing, Disjoint Factors, Long-142

est Path, Set Cover and Hitting Set. For all of these problems there are known143

lower bounds [9, 11, 25] precluding them from admitting polynomial kernels under144

widely believed complexity theoretic assumptions. Indeed, all of these six problems145

have played a central role in the development of the tools and techniques for showing146

kernelization lower bounds.147

For Connected Vertex Cover, Disjoint Cycle Packing and Disjoint148

Factors we give approximate kernels that beat both the known lower bounds on149

kernel size and the lower bounds on approximation ratios of approximation algo-150

rithms. On the other hand, for Longest Path and Set Cover we show that even a151

constant factor approximate kernel of polynomial size would imply NP ⊆ coNP/Poly,152

collapsing the polynomial hierarchy. For Hitting Set we show that a constant factor153

approximate kernel of polynomial size would violate the Exponential Time Hypothesis154

(ETH) of Impagliazzo, Paturi and Zane [51]. Next we discuss our results for each of155

the six problems in more detail. An overview of the state of the art, as well as the156

results of this paper can be found in Fig. 1.157

Approximate Kernels. In the Connected Vertex Cover problem we are given158

as input a graph G, and the task is to find a smallest possible connected vertex cover159

S ⊆ V (G). A vertex set S is a connected vertex cover if G[S] is connected and160

every edge has at least one endpoint in S. This problem is NP-complete [5], admits a161

factor 2 approximation algorithm [5, 72], and is known not to admit a factor (2 − ϵ)162

approximation algorithm assuming the Unique Games conjecture [55]. Further, an163

approximation algorithm with ratio below 1.36 would imply that P = NP [24]. From164

This manuscript is for review purposes only.



LOSSY KERNELIZATION 5

the perspective of kernelization, it is easy to show that Connected Vertex Cover165

admits a kernel with at most 2k vertices [18], where k is the solution size. On the166

other hand, Dom et al. [25] showed that Connected Vertex Cover does not167

admit a kernel of polynomial size, unless NP ⊆ coNP/Poly. In this work we show that168

Connected Vertex Cover admits a Polynomial Size Approximate Kernelization169

Scheme, or PSAKS, the approximate kernelization analogue of a polynomial time170

approximation scheme (PTAS). In particular, for every ϵ > 0, Connected Vertex171

Cover admits a simple (1+ ϵ)-approximate kernel of polynomial size. The size of the172

kernel is upper bounded by kO(1/ϵ). Our results for Connected Vertex Cover173

show that allowing an arbitrarily small multiplicative loss in precision drastically174

improves the worst-case behaviour of preprocessing algorithms for this problem.175

In the Disjoint Cycle Packing problem we are given as input a graph G, and176

the task is to find a largest possible collection C of pairwise disjoint vertex sets of177

G, such that every set C ∈ C induces a cycle in G. This problem admits a factor178

O(log n) approximation algorithm [71], and is known not to admit an approximation179

algorithm [41] with factor O((log n)
1
2−ϵ) for any ϵ > 0, unless all problems in NP180

can be solved in randomized quasi-polynomial time. With respect to kernelization,181

Disjoint Cycle Packing is known not to admit a polynomial kernel [11] unless182

NP ⊆ coNP/Poly. We prove that Disjoint Cycle Packing admits a PSAKS. More183

concretely we show that for every ϵ > 0, Disjoint Cycle Packing admits a (1 + ϵ)-184

approximate kernel of size kO( 1
ϵ log ϵ ). Again, relaxing the requirements of a kernel185

to allow an arbitrarily small multiplicative loss in precision yields a qualitative leap186

in the upper bound on kernel size from exponential to polynomial. Contrasting the187

simple approximate kernel for Connected Vertex Cover, the approximate kernel188

for Disjoint Cycle Packing is quite complex.189

On the way to obtaining a PSAKS for Disjoint Cycle Packing we consider190

the Disjoint Factors problem. In Disjoint Factors, input is an alphabet Σ and191

a string s in Σ∗. For a letter a ∈ Σ, an a-factor in s is a substring of s that starts192

and ends with the letter a, and a factor in s is an a-factor for some a ∈ Σ. Two193

factors x and y are disjoint if they do not overlap in s. In Disjoint Factors the194

goal is to find a largest possible subset S of Σ such that there exists a collection C195

of pairwise disjoint factors in s, such that for every a ∈ S there is an a-factor in C.196

This stringology problem shows up in the proof of the kernelization lower bound of197

Bodlaender et al. [11] for Disjoint Cycle Packing. Indeed, Bodlaender et al. first198

show that Disjoint Factors parameterized by alphabet size |Σ| does not admit a199

polynomial kernel, and then reduce Disjoint Factors to Disjoint Cycle Packing200

in the sense that a polynomial kernel for Disjoint Cycle Packing would yield a201

polynomial kernel for Disjoint Factors. Here we go in the other direction - first202

we obtain a PSAKS for Disjoint Factors parameterized by |Σ|, and then lift this203

result to Disjoint Cycle Packing parameterized by solution size.204

Lower Bounds for Approximate Kernels. A path P in a graph G is a sequence205

v1v2, . . . vt of distinct vertices, such that each pair of consecutive vertices in P are206

adjacent in G. The length of the path P is t − 1, the number of vertices in P minus207

one. In Longest Path, the input is a graph G and the objective is to find a path of208

maximum length. The best approximation algorithm for Longest Path [3] has factor209

O( n
logn ), and the problem cannot be approximated [53] within a factor 2(logn)1−ϵ

for210

any ϵ > 0, unless NP= DTIME(2lognO(1)

). Further, Longest Path, parameterized211

by the length of the path, is not expected to admit a polynomial kernel. In fact it was212

This manuscript is for review purposes only.



6 D. LOKSHTANOV, F. PANOLAN, M. S. RAMANUJAN AND S. SAURABH

one of the first FPT problems for which the existence of a polynomial kernel was ruled213

out [9]. We show that even within the realm of approximate kernelization, Longest214

Path remains hard. In particular we show that for any α ≥ 1, Longest Path does215

not admit an α-approximate kernel of polynomial size unless NP ⊆ coNP/Poly.216

In order to show the approximate kernelization lower bound for Longest Path,217

we extend the complexity-theoretic machinery for showing kernelization lower bounds218

[9, 10, 28, 40, 47] to our framework of parameterized optimization problems. In219

particular we amalgamate the notion of cross-compositions, used to show kernelization220

lower bounds, with gap-creating reductions, used to show hardness of approximation221

bounds, and define gap creating cross-compositions. Then, adapting the proofs of222

Fortnow and Santhanam [40] and Bodlaender et al. [10] to our setting, we show that223

this notion can be used to prove lower bounds on the size of approximate kernels.224

Once the framework of gap creating cross-compositions is set up, it trivially applies225

to Longest Path.226

After setting up the framework for showing lower bounds for approximate kernel-227

ization, we consider the approximate kernelization complexity of two more problems,228

namely Set Cover and Hitting Set, both parameterized by universe size. In both229

problems input is a family S of subsets of a universe U . We use n for the size of230

the universe U and m for the number of sets in S. A set cover is a subfamily F of231

S such that
⋃

S∈F S = U . In the Set Cover problem the objective is to find a set232

cover F of minimum size. A hitting set is a subset X of U such that every S ∈ S has233

non-empty intersection with X, and in the Hitting Set problem the goal is to find234

a hitting set of minimum size.235

The two problems are dual to each other in the following sense: given (S, U) we236

can define the dual family (S∗, U∗) as follows. U∗ has one element uX for every set237

X ∈ S, and S∗ has one set Sv for every element v ∈ U . For every X ∈ S and v ∈ U238

the set Sv ∈ S∗ contains the element uX in U∗ if and only if v ∈ X. It is well known239

and easy to see that the dual of the dual of (S, U) is (S, U) itself, and that hitting240

sets of (S, U) correspond to set covers in (S∗, U∗) and vice versa. This duality allows241

us to translate algorithms and lower bounds between Set Cover to Hitting Set.242

However, this translation switches the roles of n (the universe size) and m (the number243

of sets). For example, Set Cover is known to admit a factor (lnn)-approximation244

algorithm [77], and known not to admit a (c lnn)-approximation algorithm for any c <245

1 unless P = NP [64]. The duality translates these results to a (lnm)-approximation246

algorithm, and a lower bound ruling out (c lnm)-approximation algorithms for any247

c < 1 for Hitting Set. Nelson [65] gave a O(
√
m)-approximation algorithm, as well248

as a lower bound ruling out a polynomial time O(2(logm)c)-approximation for any249

c < 1 for Set Cover, assuming the ETH. The duality translates these results to a250

O(
√
n)-approximation algorithm, as well as a lower bound under ETH ruling out a251

polynomial time O(2(logn)c)-approximation for any c < 1 for Hitting Set. Observe252

that even though Set Cover and Hitting Set are dual to each other they behave253

very differently with respect to approximation algorithms that measure the quality of254

the approximation in terms of the universe size n.255

For kernelization parameterized by universe size n, the two problems behave in a256

more similar fashion. Both problems admit kernels of size O(2n), and both problems257

have been shown not to admit kernels of size nO(1) [25] unless NP ⊆ coNP/Poly.258

However, the two lower bound proofs are quite different, and the two lower bounds259

do not follow from one another using the duality.260

For Set Cover parameterized by n, we deploy the framework of gap creating261

cross-compositions to show that the problem does not admit an α-approximate kernel262

This manuscript is for review purposes only.



LOSSY KERNELIZATION 7

of size nO(1) for any constant α. This can be seen as a significant strengthening of263

the lower bound of Dom et al. [25]. While the gap creating cross-composition for264

Longest Path is very simple, the gap creating cross-composition for Set Cover is265

quite delicate, and relies both on a probabilistic construction and a de-randomization266

of this construction using co-non-determinism.267

Our lower bound for Set Cover parameterized by universe size n translates to268

a lower bound for Hitting Set parameterized by the number m of sets, but says269

nothing about Hitting Set parameterized by n. We prove that for every c < 1,270

even a O(2(logn)c)-approximate kernel of size nO(1) for Hitting Set would imply a271

O(2(logn)c
′

)-approximation algorithm for Hitting Set for some c′ < 1. By the result272

of Nelson [65] this would in turn imply that the ETH is false. Hence, Hitting Set273

does not admit a O(2(logn)c)-approximate kernel of size nO(1) assuming the ETH.274

We remark that the lower bounds proved using the framework of gap creating275

cross compositions, and in particular the lower bounds for Longest Path and Set276

Cover, also rule out approximate compressions to any other parameterized optimiza-277

tion problems. On the other hand, our lower bound for Hitting Set only rules out278

approximate kernels. As a consequence the lower bounds for Longest Path and279

Set Cover have more potential as starting points for reductions showing that even280

further problems do not admit approximate kernels.281

Summary. In this paper we set up a new framework for the study of lossy pre-282

processing algorithms, and demonstrate that the framework is natural, versatile and283

robust. For several well studied problems, including Steiner Tree, Connected284

Vertex Cover and Cycle Packing we show that a “barely lossy” kernelization285

can get dramatically better upper bounds on the kernel size than what is achievable286

with standard kernelization. We extend the machinery for showing kernelization lower287

bounds to the setting of approximate kernels, and use these new methods to prove288

lower bounds on the size of approximate kernels for Longest Path parameterized289

by the objective function value, and Set Cover and Hitting Set parameterized by290

universe size. Especially Set Cover parameterized by universe size has been a useful291

starting point for reductions showing lower bounds for traditional kernelization [13,292

21, 25, 37, 45, 63, 78].293

1.1. Lossy kernelization since publication of the conference version of294

this paper. Since the publication of the conference version of this work, there have295

been numerous results applying the framework of lossy kernels to various problems.296

As a result lossy kernels and PSAKSes are now known for a wide range of domination,297

hitting, deletion, contraction, clustering and geometric problems. In what follows, we298

highlight a representative selection of these developments.299

1.1.1. Minor Deletion Problems. A popular candidate family for the design300

of lossy kernels is vertex-deletion to graph classes defined by excluded minors.301

• Planar Vertex Deletion. Jansen and W lodarczyk [52] obtained a constant-302

factor approximate kernelization for the Planar Vertex Deletion prob-303

lem (also known as Vertex Planarization), an F-minor-free deletion prob-304

lem for F = {K5,K3,3}.305

• Partial Vertex Cover. Manurangsi [61] gave a (1 + ϵ)-approximate kernel306

with O(k/ϵ) vertices, improving upon the observation in this paper. We307

refer the reader to Section 6.1 for the problem definition and our observation308

connecting previous results on it to approximate kernels.309

• Interpolating between uniform and non-uniform kernels. Agrawal310
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8 D. LOKSHTANOV, F. PANOLAN, M. S. RAMANUJAN AND S. SAURABH

and Ramanujan [2] studied the kernelization complexity of the Planar F-311

Deletion problem (i.e., F contains a planar graph) through the lens of uni-312

formly versus non-uniformly polynomial kernels, and provide an approximate313

bridge between two landmark results in this area. On the one hand, Fomin314

et al. [39] showed that the ρ-Treewidth Modulator problem admits a315

polynomial kernel of size kg(ρ) for some function g depending on ρ and on316

the other hand, Giannopoulou et al. [42] proved that for the η-Treedepth317

Modulator problem there is a uniformly-polynomial kernel of size f(η)kO(1)318

and that some dependence of the exponent of k on ρ in the treewidth case is319

unavoidable. In [2], the authors study the problem of deciding whether k ver-320

tices can be deleted from a graph so that the resulting graph has elimination321

distance at most η to the class of graphs of treewidth at most ρ, and prove322

that, for every ϵ > 0, this problem admits a (1+ ϵ)-approximate kernel of size323

f ′(η, ρ, 1/ϵ)·kg′(ρ) for suitable functions f ′ and g′. Since graphs of treedepth η324

are those with elimination distance at most η−1 to graphs of treewidth 0, and325

graphs of treewidth ρ have elimination distance 0 to themselves, this result326

approximately interpolates between the non-uniform polynomial kernel for ρ-327

Treewidth Modulator and the uniformly-polynomial kernel for η-Treedepth328

Modulator, yielding an arbitrarily fine trade-off between uniformity and the329

allowed approximation loss.330

• More uniform lossy kernels for Planar F-Deletion. In another at-331

tempt to address the non-uniformity in classical polynomial kernels for F-332

Deletion described in the previous paragraph, Sharma and W lodarczyk333

[73] obtained a 2-approximate kernelization algorithm for Treewidth-η-334

Deletion with kernel size g(η) · k6, and then refined this to a (1 + ϵ)-335

approximate kernelization protocol that uses only O(1) calls to an oracle336

on instances of size bounded by a uniform polynomial in k.337

1.1.2. Connected Deletion Problems. Another rich line of work uses lossy338

kernels to cope with classic kernelization hardness for connected variants of covering339

and deletion problems.340

• Connected Dominating Set on Sparse Graphs. Eiben et al. [30]341

obtained lossy kernels for Connected Dominating Set (and distance-r342

versions) on sparse graph classes such as nowhere-dense classes and graphs343

of bounded-expansion. Building on domination-core techniques for (uncon-344

nected) Dominating Set, they show that although exact polynomial kernels345

are excluded even on classes of bounded degeneracy, one can obtain PSAKSes.346

• Connected Treedepth Deletion. Eiben, Majumdar, and Ramanujan [31]347

studied connectivity constrained variants of Treedepth Deletion Set,348

where the deletion set must induce a connected subgraph. They obtain349

PSAKSes using structural decompositions tailored to treedepth and connec-350

tivity. Eiben, Hermelin, and Ramanujan [29] obtained PSAKS for connectiv-351

ity constrained variants of Hitting Induced Subgraphs.352

• Connectivity Constrained Planar F-Deletion. Ramanujan [70] stud-353

ied the connectivity constrained version of Planar F-Deletion and ob-354

tained a (2 + ϵ)-approximate polynomial compression, extending earlier work355

that gave a PSAKS for the special case of the Connected Feedback Ver-356

tex Set problem [69], which itself extends the result in the current paper on357

Connected Vertex Cover (see Section 4). The techniques used to obtain358

these results crucially use the approximate kernelization for Steiner Tree359
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parameterized by the number of terminals, which is proved in this paper (see360

Section 6.2).361

• Structural Parameterizations for Connected Vertex Cover. For Con-362

nected Vertex Cover, Krithika, Majumdar and Raman [57] gave the first363

PSAKSes parameterized by structural parameters such as split deletion set364

and clique deletion set.365

1.1.3. Contraction Problems.366

• Contraction to Some Sparse Graphs. Krithika et al. [58] investigated367

the lossy kernelization complexity of graph contraction problems. For a target368

class G, the G-Contraction problem asks whether a graph can be converted369

to one in G by contracting at most k edges. They showed that for several370

natural instantiations of G with a sparse graph class (e.g., tree, star, cactus),371

the problem does not admit standard polynomial kernels under standard hy-372

potheses, but a PSAKS exists.373

• Contraction to Chordal Graphs. In a later work, Gunda et al. [44] fo-374

cussed on G-Contraction, where G is a subfamily of chordal graphs. For375

Clique Contraction, which is known to be FPT but admits no polyno-376

mial kernel under standard hypotheses, they showed that it admits a PSAKS377

and for Split Contraction, which is W[1]-hard, they obtained a (2 + ϵ)-378

approximate polynomial kernel.379

1.1.4. Lossy Turing Kernelizations. One may extend the notion of approx-380

imate kernels to approximate Turing kernels [18] in a natural way. [76] showed that381

for problems parameterized by structural measures, one can obtain Turing PSAKSes.382

In a parallel line of work, Hols, Kratsch, and Pieterse [49] studied Turing PSAKSes383

for problems parameterized by treewidth. This paper positively answered a question384

posed in the conference version of the current paper as to whether Independent385

Set parameterized by treewidth admits a (1 + ϵ)-approximate Turing kernel. They386

further gave (1 + ϵ)-approximate Turing kernels for several other graph problems pa-387

rameterized by treewidth, including Vertex Cover, Edge Clique Cover, Edge-388

Disjoint Triangle Packing, and Connected Vertex Cover. Beyond these389

concrete examples, Hols et al. identified a broad class of so-called friendly graph390

problems, and showed that every friendly problem admits a polynomial-size (1 + ϵ)-391

approximate Turing kernel when parameterized by treewidth. This meta-result yields392

approximate Turing kernels for a range of packing and covering problems such as393

Vertex-Disjoint H-Packing for connected graphs H, Clique Cover, Feedback394

Vertex Set, and Edge Dominating Set.395

1.1.5. Beyond Graph Problems. Finally, lossy kernels have been developed396

for a variety of non-graph or combinatorial-optimization problems such as clustering,397

routing, and geometric packing.398

• Implicit Hitting Set. Fomin et al. [38] developed lossy kernelizations for399

d-Hitting Set and a range of implicit graph problems such as Cluster400

Vertex Deletion and Feedback Vertex Set in Tournaments. They401

obtain approximate Turing kernel of factor less than d with linear number of402

elements and almost linear size for d-Hitting Set for every fixed d.403

• Same-size Clustering. Lossy kernels have also been developed for cluster-404

ing problems. For example, work on same-size clustering by Bandyapadhyay405

et al. [8] under ℓ0 or ℓ1 objectives shows that while polynomial exact ker-406

nels are unlikely when parameterized only by the budget, one can obtain407
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polynomial-size approximate kernels when parameterized jointly by budget408

and number of clusters. These results give the first PSAKSes for several409

equal-size clustering variants.410

• Geometric and Packing Problems. The lossy-kernel framework has fur-411

ther been applied to geometric knapsack and rectangle independent-set vari-412

ants [43], where PSAKSes are obtained by combining geometric packing de-413

compositions with approximation-preserving reduction rules.414

1.2. Organization and Guide to the Paper. In Section 2 we set up nota-415

tions. In Section 3 we set up the necessary definitions to formally define and discuss416

approximate kernels, and relate the new notions to well known definitions from ap-417

proximation algorithms and parameterized complexity. In Section 4 we give a PSAKS418

for Connected Vertex Cover. In Section 5 we give PSAKSes for Disjoint Fac-419

tors and Disjoint Cycle Packing. In Section 6 we show how (parts of) existing420

approximation algorithms for Partial Vertex Cover, Steiner Tree and Opti-421

mal Linear Arrangement can be re-interpreted as approximate kernels for these422

problems. In Section 7 we set up a framework for proving lower bounds on the size of423

α-approximate kernels for a parameterized optimization problem. In Sections 8 and 9424

we deploy the new framework to prove lower bounds for approximate kernelization of425

Longest Path and Set Cover. In Section 10 we give a lower bound for the ap-426

proximate kernelization of Hitting Set by showing that a “too good” approximate427

kernel would lead to a “too good” approximation algorithm. We conclude with an428

extensive list of open problems in Section 11.429

In order to read any of the sections on concrete problems, as well as our lower430

bound machinery (sections 4-10) one needs more formal definitions of approximate431

kernelization and related concepts than what is given in the introduction. These432

definitions are given in Section 3.433

We have provided informal versions of the most important definitions in Sec-434

tion 3.1. It should be possible to read Section 3.1 and then proceed directly to the435

technical sections (4-10), only using the rest of Section 3 occasionally as a reference.436

Especially the positive results of sections 4-6 should be accessible in this way. How-437

ever, a reader interested in how approximate kernelization fits within a bigger picture438

containing approximation algorithms and kernelization should delve deeper into Sec-439

tion 3.440

All of the approximate kernelization results in Sections 4-6 may be read indepen-441

dently of each other, except that the kernels for Disjoint Factors and Disjoint442

Cycle Packing in Section 5 are related. The approximate kernel for Connected443

Vertex Cover given in Section 4 gives a simple first example of an approximate444

kernel, in fact a PSAKS. The approximate kernels for Disjoint Factors and Dis-445

joint Cycle Packing given in Section 5 are the most technically interesting positive446

results in the paper.447

Section 7 sets up the methodology for proving lower bounds on approximate448

kernelization, this methodology is encapsulated in Theorem 7.9. The statement of449

Theorem 7.9 together with the definitions of all objects in the statement are necessary450

to read the two lower bound sections (8 and 9) that apply this theorem. The lower451

bound for Longest Path in Section 8 is a direct application of Theorem 7.9. The452

lower bound for Set Cover in Section 9 is the most technically interesting lower453

bound in the paper. The lower bound for Hitting Set in Section 10 does not rely454

on Theorem 7.9, and may be read immediately after Section 3.1455
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2. Preliminaries. We use N to denote the set of natural numbers. For a graphG456

we use V (G) and E(G), to denote the vertex and edge sets of the graph G respectively.457

We use standard terminology from the book of Diestel [22] for those graph-related458

terms which are not explicitly defined here. For a vertex v in V (G), we use dG(v) to459

denote the degree of v, i.e., the number of edges incident on v in the (multi) graph G.460

For a vertex subset S ⊆ V (G), we use G[S] and G−S to be the graphs induced on S461

and V (G) \ S respectively. For a graph G and an induced subgraph G′ of G, we use462

G−G′ to denote the graph G−V (G′). For a vertex subset S ⊆ V (G), we use NG(S)463

and NG[S] to denote the open neighbourhood and closed neighbourhood of S in G.464

That is, NG(S) = {v | (u, v) ∈ E(G), u ∈ S}\S and NG[S] = NG(S)∪S. For a graph465

G and an edge e ∈ E(G), we use G/e to denote the graph obtained by contracting466

e in G. If P is a path from a vertex u to a vertex v in graph G then we say that467

u, v are the end vertices of the path P and P is a (u, v)-path. For a path P , we use468

V (P ) to denote the set of vertices in the path P and the length of P is denoted by469

|P | (i.e., |P | = |V (P )| − 1). For a cycle C, we use V (C) to denote the set of vertices470

in the cycle C and length of C, denoted by |C|, is |V (C)|. Let P1 = x1x2 . . . xr and471

P2 = y1y2 . . . ys be two paths in a graph G, V (P1) ∩ V (P2) = ∅ and xry1 ∈ E(G),472

then we use P1P2 to denote the path x1x2 . . . xry1 . . . ys. We say that P = x1x2 . . . xr473

is an induced path in a multigraph G, if G[V (P )] is same as the simple graph P . We474

say that a path P is a non trivial path if |V (P )| ≥ 2. For a path/cycle Q we use475

NG(Q) and NG[Q] to denote the set NG(V (Q)) and NG[V (Q)] respectively. For a set476

of paths/cycles Q, we use |Q| and V (Q) to denote the number of paths/cycles in Q477

and the set
⋃

Q∈Q V (Q) respectively. The chromatic number of a graph G is denoted478

by χ(G). An undirected graph G is called an interval graph, if it is formed from set I479

of intervals by creating one vertex vI for each interval I ∈ I and adding edge between480

two vertices vI and vI′ , if I ∩ I ′ ̸= ∅. An interval representation of an interval graph481

G is a set of intervals from which G can be formed as described above. The following482

facts are useful in later sections.483

Fact 2.1. For any positive reals x, y, p and q, min
(

x
p ,

y
q

)

≤ x+y
p+q ≤ max

(

x
p ,

y
q

)

484

Fact 2.2. For any y ≤ 1
2 , (1 − y) ≥

(

1
4

)y
.485

3. Setting up the Framework. For the precise definition of approximate ker-486

nels, all its nuances, and how this new notion relates to approximation algorithms,487

FPT algorithms, FPT-approximation algorithms and kernelization, one should read488

Section 3.2. For the benefit of readers eager to skip ahead to the concrete results489

of the paper, we include in Section 3.1 a “definition” of α-approximate kernelization490

that should be sufficient for reading the rest of the paper and understanding most of491

the arguments.492

3.1. Quick and Dirty “Definition” of Approximate Kernelization. Re-493

call that we work with parameterized problems. That is, every instance comes with a494

parameter k. Often k is “the quality of the solution we are looking for”. For example,495

does G have a connected vertex cover of size at most k? Does G have at least k496

pairwise vertex disjoint cycles? When we move to optimization problems, we change497

the above two questions to: Can you find a connected vertex cover of size at most k in498

G? If yes, what is the smallest one you can find? Or, can you find at least k pairwise499

vertex disjoint cycles? If no, what is the largest collection of pairwise vertex disjoint500

cycles you can find? Note here the difference in how minimization and maximization501

problems are handled. For minimization problems, a bigger objective function value502

is undesirable, and k is an “upper bound on the ‘badness’ of the solution”. That is,503
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solutions worse than k are so bad we do not care precisely how bad they are. For504

maximization problems, a bigger objective function value is desirable, and k is an505

“upper bound on how good the solution has to be before one is fully satisfied”. That506

is, solutions better than k are so good that we do not care precisely how good they507

are.508

In many cases the parameter k does not directly relate to the quality of the509

solution we are looking for. Consider for example, the following problem. Given a510

graph G and a set Q of k terminals, find a smallest possible Steiner tree T in G that511

contains all the terminals. In such cases, k is called a structural parameter, because k512

being small restricts the structure of the input instance. In this example, the structure513

happens to be the fact that the number of terminals is “small”.514

Let α ≥ 1 be a real number. We now give an informal definition of α-approximate515

kernels. The kernelization algorithm should take an instance I with parameter k, run516

in polynomial time, and produce a new instance I ′ with parameter k′. Both k′ and517

the size of I ′ should be bounded in terms of just the parameter k. That is, there518

should exist a function g(k) such that |I ′| ≤ g(k) and k′ ≤ g(k). This function g(k) is519

the size of the kernel. Now, a solution s′ to the instance I ′ should be useful for finding520

a good solution s to the instance I. What precisely this means depends on whether521

k is a structural parameter or the “quality of the solution we are looking for”, and522

whether we are working with a maximization problem or a minimization problem.523

• If we are working with a structural parameter k then we require the following524

from α-approximate kernels: For every c ≥ 1, a c-approximate solution s′ to525

I ′ can be transformed in polynomial time into a (c · α)-approximate solution526

to I.527

• If we are working with a minimization problem, and k is the quality of the528

solution we are looking for, then k is an “upper bound on the badness of the529

solution”. In this case we require the following from α-approximate kernels:530

For every c ≥ 1, a c-approximate solution s′ to I ′ can be transformed in531

polynomial time into a (c · α)-approximate solution s to I. However, if the532

quality of s′ is “worse than” k′, or (c · α) · OPT (I) > k, the algorithm that533

transforms S′ into S is allowed to fail. Here OPT (I) is the value of the534

optimum solution of the instance I.535

The solution-lifting algorithm is allowed to fail precisely if the solution S′536

given to it is “too bad” for the instance I ′, or if the approximation guarantee537

of being a factor of c · α away from the optimum for I allows it to output a538

solution that is “too bad” for I anyway.539

• If we are working with a maximization problem, and k is the quality of the540

solution we are looking for, then k is an “upper bound on how good the541

solution has to be before one is fully satisfied”. In this case we require the542

following from α-approximate kernels: For every c ≥ 1, if s′ is a c-approximate543

solution s′ to I ′ or the quality of s′ is at least k′/c, then s′ can be transformed544

in polynomial time into a (c · α)-approximate solution s to I. However, if545

OPT (I) > k then instead of being a (c · α)-approximate solution s to I, the546

output solution s can be any solution of quality at least k/(c · α).547

In particular, if OPT (I ′) > k′ then the optimal solution to I ′ is consid-548

ered “good enough”, and the approximation ratio c of the solution s′ to I ′ is549

computed as “distance from being good enough”, i.e., as k′/s′. Further, if550

OPT (I) > k then we think of the optimal solution to I as “good enough”,551

and measure the approximation ratio of s in terms of “distance from being552

good enough”, i.e., as k/s.553
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We encourage the reader to instantiate the above definitions with c ∈ {1, 2} and554

α ∈ {1, 2}. That is, what happens to optimal and 2-approximate solutions to the555

reduced instance when the approximate kernel incurs no loss (α = 1)? What happens556

to optimal and 2-approximate solutions to the reduced instance when the approximate557

kernel incurs a factor 2 loss (i.e., α = 2)?558

Typically we are interested in α-approximate kernels of polynomial size, that is559

kernels where the size function g(k) is upper bounded by kO(1). Of course the goal560

is to design α-approximate kernels of smallest possible size, with smallest possible α.561

Sometimes we are able to obtain a (1 + ϵ)-approximate kernel of polynomial size for562

every ϵ > 0. Here the exponent and the constants of the polynomial may depend on563

ϵ. We call such a kernel a Polynomial Size Approximate Kernelization Scheme, and564

abbreviate it as PSAKS. If only the constants of the polynomial g(k) and not the565

exponent depend on ϵ, we say that the PSAKS is efficient. All of the positive results566

achieved in this paper are PSAKSes, but not all are efficient.567

3.2. Approximate Kernelization, the Real Deal. We will be dealing with568

approximation algorithms and solutions that are not necessarily optimal, but at the569

same time relatively “close” to being optimal. To properly discuss these concepts570

they have to be formally defined. Our starting point is a parameterized analogue of571

the notion of an optimization problem from the theory of approximation algorithms.572

Definition 3.1. A parameterized optimization (minimization or maximization)
problem Π is a computable function

Π : Σ∗ × N× Σ∗ → R ∪ {±∞}.

The instances of a parameterized optimization problem Π are pairs (I, k) ∈ Σ∗ × N,573

and a solution to (I, k) is simply a string s ∈ Σ∗, such that |s| ≤ |I|+ k. The value of574

the solution s is Π(I, k, s). Just as for “classical” optimization problems the instances575

of Π are given as input, and the algorithmic task is to find a solution with the best576

possible value, where best means minimum for minimization problems and maximum577

for maximization problems.578

Definition 3.2. For a parameterized minimization problem Π, and an instance579

(I, k) ∈ Σ∗ × N, the optimum value of (I, k) ∈ Σ∗ × N is580

OPTΠ(I, k) = min
s∈Σ∗

|s|≤|I|+k

Π(I, k, s).581

For a parameterized maximization problem Π, the optimum value of (I, k) is582

OPTΠ(I, k) = max
s∈Σ∗

|s|≤|I|+k

Π(I, k, s).583

For an instance (I, k) of a parameterized optimization problem Π, an optimal solution584

is a solution s such that Π(I, k, s) = OPTΠ(I, k).585

When the problem Π is clear from context we will often drop the subscript and586

refer to OPTΠ(I, k) as OPT (I, k). Observe that in the definition of OPTΠ(I, k) the587

set of solutions over which we are minimizing/maximizing Π is finite, therefore the588

minimum or maximum is well defined. We remark that the function Π in Definition 3.1589

depends both on I and on k. Thus it is possible to define parameterized problems such590

that an optimal solution s for (I, k) is not necessarily optimal for (I, k′).591
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For an instance (I, k) the size of the instance is |I|+k while the integer k is referred592

to as the parameter of the instance. Parameterized Complexity deals with measuring593

the running time of algorithms in terms of both the input size and the parameter. In594

Parameterized Complexity a problem is fixed parameter tractable if input instances of595

size n with parameter k can be “solved” in time f(k)nO(1) for a computable function596

f . For decision problems “solving” an instance means to determine whether the input597

instance is a “yes” or a “no” instance to the problem. Next, we define what it means598

to “solve” an instance of a parameterized optimization problem, and define fixed599

parameter tractability for parameterized optimization problems.600

Definition 3.3. Let Π be a parameterized optimization problem. An algorithm601

for Π is an algorithm that given as input an instance (I, k), outputs a solution s and602

halts. The algorithm solves Π if, for every instance (I, k) the solution output by the603

algorithm is optimal for (I, k). We say that a parameterized optimization problem Π604

is decidable if there exists an algorithm that solves Π.605

Definition 3.4. Let Π be a parameterized optimization problem. Π is fixed606

parameter tractable (FPT) if there is an algorithm that solves Π, such that the running607

time of the algorithm on instances of size n with parameter k is upper bounded by608

f(k)nO(1) for a computable function f .609

We remark that Definition 3.3 differs from the usual formalization of what it610

means to “solve” a decision problem. Solving a decision problem amounts to always611

returning “yes” on “yes”-instances and “no” on “no”-instances. For parameterized612

optimization problems the algorithm has to produce an optimal solution. This is613

analogous to the definition of optimization problems most commonly used in approx-614

imation algorithms.615

We remark that we could have built the framework of approximate kernelization616

on the existing definitions of parameterized optimization problems used in parame-617

terized approximation algorithms [62], indeed the difference between our definitions618

of parameterized optimization problems and those currently used in parameterized619

approximation algorithms are mostly notational.620

Parameterizations by the Value of the Solution. At this point it is useful to con-621

sider a few concrete examples, and to discuss the relationship between parameterized622

optimization problems and decision variants of the same problem. For a concrete623

example, consider the Vertex Cover problem. Here the input is a graph G, and624

the task is to find a smallest possible vertex cover of G: a subset S ⊆ V (G) is a625

vertex cover if every edge of G has at least one endpoint in S. This is quite clearly626

an optimization problem, the feasible solutions are the vertex covers of G and the627

objective function is the size of S.628

In the most common formalization of the Vertex Cover problem as a decision629

problem parameterized by the solution size, the input instance G comes with a pa-630

rameter k and the instance (G, k) is a “yes” instance if G has a vertex cover of size631

at most k. Thus, the parameterized decision problem “does not care” whether G has632

a vertex cover of size even smaller than k, the only thing that matters is whether a633

solution of size at most k is present.634

To formalize Vertex Cover as a parameterized optimization problem, we need635

to determine for every instance (G, k) which value to assign to potential solutions636

S ⊆ V (G). We can encode the set of feasible solutions by giving finite values for637

vertex covers of G and ∞ for all other sets. We want to distinguish between graphs638

that do have vertex covers of size at most k and the ones that do not. At the same639

time, we want the computational problem of solving the instance (G, k) to become640
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easier as k decreases. A way to achieve this is to assign |S| to all vertex covers S of641

G of size at most k, and k+ 1 for all other vertex covers. Thus, one can formalize the642

Vertex Cover problem as a parameterized optimization problem as follows.643

V C(G, k, S) =

{

∞ if S is not a vertex cover of G,
min(|S|, k + 1) otherwise.

644

Note that this formulation of Vertex Cover “cares” about solutions of size less645

than k. One can think of k as a threshold: for solutions of size at most k we care646

about what their size is, while all solutions of size larger than k are equally bad in647

our eyes, and are assigned value k + 1.648

Clearly any FPT algorithm that solves the parameterized optimization version of649

Vertex Cover also solves the (parameterized) decision variant. Using standard self-650

reducibility techniques [74] one can make an FPT algorithm for the decision variant651

solve the optimization variant as well.652

We have seen how a minimization problem can be formalized as a parameterized653

optimization problem parameterized by the value of the optimum. Next we give an654

example for how to do this for maximization problems. In the Cycle Packing655

problem we are given as input a graph G, and the task is to find a largest possible656

collection C of pairwise vertex disjoint cycles. Here a collection of vertex disjoint657

cycles is a collection C of vertex subsets of G such that for every C ∈ C, G[C] contains658

a cycle and for every C,C ′ ∈ C we have V (C) ∩ V (C ′) = ∅. We will often refer to a659

collection of vertex disjoint cycles as a cycle packing.660

We can formalize the Cycle Packing problem as a parameterized optimization661

problem parameterized by the value of the optimum in a manner similar to what we662

did for Vertex Cover. In particular, if C is a cycle packing, then we assign it value663

|C| if |C| ≤ k and value k + 1 otherwise. If |C| is not a cycle packing, we give it value664

−∞.665

CP (G, k, C) =

{

−∞ if C is not a cycle packing,
min(|C|, k + 1) otherwise.

666

Thus, the only (formal) difference between the formalization of parameterized mini-667

mization and maximization problems parameterized by the value of the optimum is668

how infeasible solutions are treated. For minimization problems infeasible solutions669

get value ∞, while for maximization problems they get value −∞. However, there670

is also a “philosophical” difference between the formalization of minimization and671

maximization problems. For minimization problems we do not distinguish between672

feasible solutions that are “too bad”; solutions of size more than k are all given the673

same value. On the other hand, for maximization problems all solutions that are674

“good enough”, i.e., of size at least k + 1, are considered equal.675

Observe that the “capping” of the objective function at k + 1 does not make676

sense for approximation algorithms if one insists on k being the (un-parameterized)677

optimum of the instance I. The parameterization discussed above is by the value of678

the solution that we want our algorithms to output, not by the unknown optimum. We679

will discuss this topic in more detail in the paragraph titled “Capping the objective680

function at k + 1”, after the notion of approximate kernelization has been formally681

defined.682

Structural Parameterizations. We now give an example that demonstrates that683

the notion of parameterized optimization problems is robust enough to capture not684

only parameterizations by the value of the optimum, but also parameterizations by685
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structural properties of the instance that may or may not be connected to the value686

of the best solution. In the Optimal Linear Arrangement problem we are given687

as input a graph G, and the task is to find a bijection σ : V (G) → {1, . . . , n} such688

that
∑

uv∈E(G) |σ(u) − σ(v)| (denoted by cost(σ,G)) is minimized.689

We will consider the Optimal Linear Arrangement problem for graphs that690

have a relatively small vertex cover. This can be formalized as a parameterized691

optimization problem as follows:692

OLA((G,S), k, σ) =







−∞ if S is not vertex cover of G of size at most k,
∞ if σ is not an ordering of V (G),

cost(σ,G) otherwise.
693

In the definition above the first case takes precedence over the second: if S is not vertex694

cover of G of size at most k and σ is not a bijection from V (G) to [n], OLA((G,S), k, σ)695

returns −∞. This ensures that malformed input instances do not need to be handled.696

Note that the input instances to the parameterized optimization problem de-697

scribed above are pairs ((G,S), k) where G is a graph, S is a vertex cover of G of698

size at most k and k is the parameter. This definition allows algorithms for Optimal699

Linear Arrangement parameterized by vertex cover to assume that the vertex700

cover S is given as input.701

Kernelization of Parameterized Optimization Problems. The notion of a kernel (or702

kernelization algorithm) is a mathematical model for polynomial time pre-processing703

for decision problems. We will now define the corresponding notion for parameterized704

optimization problems. To that end we first need to define a polynomial time pre-705

processing algorithm.706

Definition 3.5. A polynomial time pre-processing algorithm A for a parameter-707

ized optimization problem Π is a pair of polynomial-time algorithms. The first one is708

called the reduction algorithm, and computes a map RA : Σ∗ × N → Σ∗ × N. Given709

as input an instance (I, k) of Π the reduction algorithm outputs another instance710

(I ′, k′) = RA(I, k).711

The second algorithm is called the solution-lifting algorithm. This algorithm takes712

as input an instance (I, k) ∈ Σ∗×N of Π, the output instance (I ′, k′) of the reduction713

algorithm, and a solution s′ to the instance (I ′, k′). The solution-lifting algorithm714

works in time polynomial in |I|,k,|I ′|,k′ and s′, and outputs a solution s to (I, k).715

Finally, if s′ is an optimal solution to (I ′, k′) then s is an optimal solution to (I, k).716

Observe that the solution-lifting algorithm could contain the reduction algorithm717

as a subroutine. Thus, on input (I, k, I ′, k′, s′) the solution lifting algorithm could718

start by running the reduction algorithm (I, k) and produce a transcript of how the719

reduction algorithm obtains (I ′, k′) from (I, k). Hence, when designing the solution-720

lifting algorithm we may assume without loss of generality that such a transcript is721

given as input. For the same reason, it is not really necessary to include (I ′, k′) as722

input to the solution-lifting algorithm. However, to avoid starting every description of723

a solution-lifting algorithm with “we compute the instance (I ′, k′) from (I, k)”, we in-724

clude (I ′, k′) as input. The notion of polynomial time pre-processing algorithms could725

be extended to randomized polynomial time pre-processing algorithms, by allowing726

both the reduction algorithm and the solution-lifting algorithm to draw random bits,727

and fail with a small probability. With such an extension it matters whether the728

solution-lifting algorithm has access to the random bits drawn by the reduction algo-729

rithm, because these bits might be required to re-construct the transcript of how the730

reduction algorithm obtained (I ′, k′) from (I, k). If the random bits of the reduction731
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algorithm are provided to the solution-lifting algorithm, the discussion above applies.732

A kernelization algorithm is a polynomial time pre-processing algorithm for which
we can prove an upper bound on the size of the output instances in terms of the
parameter of the instance to be preprocessed. Thus, the size of a polynomial time
pre-processing algorithm A is a function sizeA : N → N defined as follows.

sizeA(k) = sup{|I ′| + k′ : (I ′, k′) = RA(I, k), I ∈ Σ∗}.

In other words, we look at all possible instances of Π with a fixed parameter k,733

and measure the supremum of the sizes of the output of RA on these instances. At734

this point, recall that the size of an instance (I, k) is defined as |I| + k. Note that735

this supremum may be infinite; this happens when we do not have any bound on the736

size of RA(I, k) in terms of the input parameter k only. Kernelization algorithms737

are exactly these polynomial time preprocessing algorithms whose output size is finite738

and bounded by a computable function of the parameter.739

Definition 3.6. A kernelization (or kernel) for a parameterized optimization740

problem Π is a polynomial time pre-processing algorithm A such that sizeA is upper741

bounded by a computable function g : N → N.742

If the function g in Definition 3.6 is a polynomial, we say that Π admits a polynomial743

kernel. Similarly, if g is a linear, quadratic or cubic function of k we say that Π admits744

a linear, quadratic, or cubic kernel, respectively.745

One of the basic theorems in Parameterized Complexity is that a decidable param-746

eterized decision problem admits a kernel if and only if it is fixed parameter tractable.747

We now show that this result also holds for parameterized optimization problems.748

We say that a parameterized optimization problem Π is decidable if there exists an749

algorithm that solves Π, where the definition of “solves” is given in Definition 3.3.750

Proposition 3.7. A decidable parameterized optimization problem Π is FPT if751

and only if it admits a kernel.752

Proof. The backwards direction is trivial; on any instance (I, k) one may first run753

the reduction algorithm to obtain a new instance (I ′, k′) of size bounded by a function754

g(k). Since the instance (I ′, k′) has bounded size and Π is decidable one can find an755

optimal solution s′ to (I ′, k′) in time upper bounded by a function g′(k). Finally one756

can use the solution-lifting algorithm to obtain an optimal solution s to (I, k).757

For the forward direction we need to show that if a parameterized optimization758

problem Π is FPT then it admits a kernel. Suppose there is an algorithm that759

solves instances Π of size n with parameter k in time f(k)nc. On input (I, k) the760

reduction algorithm runs the FPT algorithm for nc+1 steps. If the FPT algorithm761

terminates after at most nc+1 steps, the reduction algorithm outputs an instance762

(I ′, k′) of constant size. The instance (I ′, k′) is hard-coded in the reduction algorithm763

and does not depend on the input instance (I, k). Thus |I ′|+ k′ is upper bounded by764

a constant. If the FPT algorithm does not terminate after nc+1 steps the reduction765

algorithm halts and outputs the instance (I, k). Note that in this case f(k)nc > nc+1,766

which implies that f(k) > |I|. Hence the size of the output instance is upper bounded767

by a function of k.768

We now describe the solution-lifting algorithm. If the reduction algorithm output769

(I, k) then the solution-lifting algorithm just returns the same solution that it gets as770

input. If the reduction algorithm output (I ′, k′) this means that the FPT algorithm771

terminated in polynomial time, which means that the solution-lifting algorithm can772

use the FPT algorithm to output an optimal solution to (I, k) in polynomial time,773
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regardless of the solution to (I ′, k′) it gets as input. This concludes the proof.774

Parameterized Approximation and Approximate Kernelization. For some param-775

eterized optimization problems we are unable to obtain FPT algorithms, and we are776

also unable to find satisfactory polynomial time approximation algorithms. In this777

case one might aim for FPT-approximation algorithms, algorithms that run in time778

f(k)nc and provide good approximate solutions to the instance.779

Definition 3.8. Let α ≥ 1 be a constant and Π be a parameterized optimization780

problem. A fixed-parameter tractable α-approximation algorithm for Π is an algo-781

rithm that takes as input an instance (I, k), runs in time f(k)|I|O(1), and outputs a782

solution s such that Π(I, k, s) ≤ α · OPT (I, k) if Π is a minimization problem, and783

α · Π(I, k, s) ≥ OPT (I, k) if Π is a maximization problem.784

Note that Definition 3.8 only defines constant factor FPT-approximation algorithms.785

The definition can in a natural way be extended to approximation algorithms whose786

approximation ratio depends on the parameter k, on the instance I, or on both.787

We are now ready to define one of the key new concepts of the paper - the concept788

of an α-approximate kernel. We defined kernels by first defining polynomial time pre-789

processing algorithms (Definition 3.5) and then adding size constraints on the output790

(Definition 3.6). In a similar manner we will first define α-approximate polynomial791

time pre-processing algorithms, and then define α-approximate kernels by adding size792

constraints on the output of the pre-processing algorithm.793

Definition 3.9. Let α ≥ 1 be a real number and Π be a parameterized optimiza-794

tion problem. An α-approximate polynomial time pre-processing algorithm A for Π is795

a pair of polynomial-time algorithms. The first one is called the reduction algorithm,796

and computes a map RA : Σ∗ × N → Σ∗ × N. Given as input an instance (I, k) of Π797

the reduction algorithm outputs another instance (I ′, k′) = RA(I, k).798

The second algorithm is called the solution-lifting algorithm. This algorithm takes799

as input an instance (I, k) ∈ Σ∗×N of Π, the output instance (I ′, k′) of the reduction800

algorithm, and a solution s′ to the instance (I ′, k′). The solution-lifting algorithm801

works in time polynomial in |I|,k,|I ′|,k′ and s′, and outputs a solution s to (I, k). If802

Π is a minimization problem then803

Π(I, k, s)

OPT (I, k)
≤ α · Π(I ′, k′, s′)

OPT (I ′, k′)
.804

If Π is a maximization problem then805

Π(I, k, s)

OPT (I, k)
· α ≥ Π(I ′, k′, s′)

OPT (I ′, k′)
.806

Definition 3.9 only defines constant factor approximate polynomial time pre-807

processing algorithms. The definition can in a natural way be extended approximation808

ratios that depend on the parameter k, on the instance I, or on both. Additionally,809

the discussion following Definition 3.5 also applies here. In particular we may assume810

that the solution-lifting algorithm also gets as input a transcript of how the reduction811

algorithm obtains (I ′, k′) from (I, k). The size of an α-approximate polynomial time812

pre-processing algorithm is defined in exactly the same way as the size of a polynomial813

time pre-processing algorithm (from Definition 3.5).814

Definition 3.10. An α-approximate kernelization (or α-approximate kernel) for815

a parameterized optimization problem Π, and real α ≥ 1, is an α-approximate poly-816
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nomial time pre-processing algorithm A such that sizeA is upper bounded by a com-817

putable function g : N → N.818

Just as for regular kernels, if the function g in Definition 3.10 is a polynomial, we819

say that Π admits an α-approximate polynomial kernel. If g is a linear, quadratic820

or cubic function, then Π admits a linear, quadratic or cubic α-approximate kernel,821

respectively.822

Proposition 3.7 establishes that a parameterized optimization problem Π admits823

a kernel if and only if it is FPT. Next we establish a similar equivalence between824

FPT-approximation algorithms and approximate kernelization.825

Proposition 3.11. For every α ≥ 1 and decidable parameterized optimization826

problem Π, Π admits a fixed parameter tractable α-approximation algorithm if and827

only if Π has an α-approximate kernel.828

The proof of Proposition 3.11 is identical to the proof of Proposition 3.7, but with the829

FPT algorithm replaced by the fixed parameter tractable α-approximation algorithm,830

and the kernel replaced with the α-approximate kernel. On an intuitive level, it should831

be easier to compress an instance than it is to solve it. For α-approximate kernelization832

this intuition can be formalized.833

Theorem 3.12. For every α ≥ 1 and decidable parameterized optimization prob-834

lem Π, Π admits a polynomial time α-approximation algorithm if and only if Π has835

an α-approximate kernel of constant size.836

The proof of Theorem 3.12 is simple; if there is an α-approximate kernel of constant837

size one can brute force the reduced instance and lift the optimal solution of the838

reduced instance to an α-approximate solution to the original. On the other hand, if839

there is a factor α approximation algorithm, the reduction algorithm can just output840

any instance of constant size. Then, the solution-lifting algorithm can just directly841

compute an α-approximate solution to the original instance using the approximation842

algorithm.843

We remark that Proposition 3.11 and Theorem 3.12 also applies to approximation844

algorithms and approximate kernels with super-constant approximation ratio. We also845

remark that with our definition of α-approximate kernelization, by setting α = 1 we846

essentially get back the notion of kernel for the same problem. The difference arises847

naturally from the different goals of decision and optimization problems. In decision848

problems we aim to correctly classify the instance as a “yes” or a “no” instance. In an849

optimization problem we just want as good a solution as possible for the instance at850

hand. In traditional kernelization, a yes/no answer to the reduced instance translates851

without change to the original instance. With our definition of approximate kernels,852

a sufficiently good solution (that is, a witness of a yes answer) will always yield a853

witness of a yes answer to the original instance. However, the failure to produce a854

sufficiently good solution to the reduced instance does not stop us from succeeding at855

producing a sufficiently good solution for the original one. From the perspective of856

optimization problems, such an outcome is a win.857

Capping the objective function at k+1. We now return to the topic of parameter-858

izing optimization problems by the value of the solution, and discuss the relationship859

between (approximate) kernels for such parameterized optimization problems and860

(traditional) kernels for the parameterized decision version of the optimization prob-861

lem.862

Consider a traditional optimization problem, say Vertex Cover. Here, the863

input is a graph G, and the goal is to find a vertex cover S of G of minimum possible864
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size. When parameterizing Vertex Cover by the objective function value we need865

to provide a parameter k such that solving the problem on the same graph G becomes866

progressively easier as k decreases. In parameterized complexity this is achieved by867

considering the corresponding parameterized decision problem where we are given G868

and k and asked whether there exists a vertex cover of size at most k. Here k is869

the parameter. If we also required an algorithm for Vertex Cover to produce a870

solution, then the above parameterization can be interpreted as follows. Given G and871

k, output a vertex cover of size at most k or fail (that is, return that the algorithm872

could not find a vertex cover of size at most k.) If there exists a vertex cover of size873

at most k then the algorithm is not allowed to fail.874

A c-approximation algorithm for the Vertex Cover problem is an algorithm875

that given G, outputs a solution S of size no more than c times the size of the smallest876

vertex cover of G. So, how do approximation and parameterization mix? For c ≥ 1,877

there are two natural ways to define a parameterized c-approximation algorithm for878

Vertex Cover.879

(a) Given G and k, output a vertex cover of size at most k or fail (that is, return880

that the algorithm could not find a vertex cover of size at most k.) If there881

exists a vertex cover of size at most k/c then the algorithm is not allowed to882

fail.883

(b) Given G and k, output a vertex cover of size at most ck or fail (that is, return884

that the algorithm could not find a vertex cover of size at most ck.) If there885

exists a vertex cover of size at most k then the algorithm is not allowed to886

fail.887

Note that if we required the approximation algorithm to run in polynomial time,888

then both definitions above would yield exactly the definition of polynomial time889

c-approximation algorithms, by a linear search or binary search for the appropriate890

value of k. In the parameterized setting the running time depends on k, and the two891

formalizations are different, but nevertheless equivalent up to a factor c in the value892

of k. That is f(k) · nO(1) time algorithms and g(k) size kernels for parameterization893

(b) translate to f(ck) · nO(1) time algorithms and g(ck) kernels for parameterization894

(a) and vice versa.895

By defining the parameterized optimization problem for Vertex Cover in such a896

way that the objective function depends on the parameter k, one can achieve either one897

of the two discussed formulations. By defining V C(G, k, S) = min{|S|, k+1} for vertex898

covers S we obtain formulation (a). By defining V C(G, k, S) = min{|S|, ⌈ck⌉ + 1}899

for vertex covers S we obtain formulation (b). It is more meaningful to define the900

computational problem independently of the (approximation factor of) algorithms for901

the problem. For this reason we stick to formulation (a) in this paper.902

Reduction Rules and Strict α-Approximate Kernels. Kernelization algorithms in903

the literature [18, 26] are commonly described as a set of reduction rules. Here we904

discuss reduction rules in the context of parameterized optimization problems. A905

reduction rule is simply a polynomial time pre-processing algorithm, see Definition 3.5.906

The reduction rule applies if the output instance of the reduction algorithm is not the907

same as the input instance. Most kernelization algorithms consist of a set of reduction908

rules. In every step the algorithm checks whether any of the reduction rules apply. If909

a reduction rule applies, the kernelization algorithm runs the reduction algorithm on910

the instance and proceeds by working with the new instance. This process is repeated911

until the instance is reduced, i.e., none of the reduction rules apply. To prove that912

this is indeed a kernel (as defined in Definition 3.6) one proves an upper bound on913

the size of any reduced instance.914
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In order to be able to make kernelization algorithms as described above, it is915

important that reduction rules can be chained. That is, suppose that we have an916

instance (I, k) and run a pre-processing algorithm on it to produce another instance917

(I ′, k′). Then we run another pre-processing algorithm on (I ′, k′) to get a third918

instance (I⋆, k⋆). Given an optimal solution s⋆ to the last instance, we can use the919

solution-lifting algorithm of the second pre-processing algorithm to get an optimal920

solution s′ to the instance (I ′, k′). Then we can use the solution-lifting algorithm of921

the first pre-processing algorithm to get an optimal solution s to the original instance922

(I, k).923

Unfortunately, one can not chain α-approximate polynomial time pre-processing924

algorithms, as defined in Definition 3.9, in this way. In particular, each successive925

application of an α-approximate pre-processing algorithm increases the gap between926

the approximation ratio of the solution to the reduced instance and the approximation927

ratio of the solution to the original instance output by the solution-lifting algorithm.928

For this reason we need to define strict approximate polynomial time pre-processing929

algorithms.930

Definition 3.13 (Strictness). Let α ≥ 1 be a real number, and Π be a param-931

eterized optimization problem. An α-approximate polynomial time pre-processing932

algorithm is said to be strict if, for every instance (I, k), reduced instance (I ′, k′) =933

RA(I, k) and solution s′ to (I ′, k′), the solution s to (I, k) output by the solution-934

lifting algorithm when given s′ as input satisfies the following.935

• If Π is a minimization problem then Π(I,k,s)
OPT (I,k) ≤ max

{

Π(I′,k′,s′)
OPT (I′,k′) , α

}

.936

• If Π is a maximization problem then Π(I,k,s)
OPT (I,k) ≥ min

{

Π(I′,k′,s′)
OPT (I′,k′) ,

1
α

}

.937

The intuition behind Definition 3.13 is that an α-strict approximate pre-processing938

algorithm may incur error on near-optimal solutions, but that they have to preserve939

factor α-approximation. If s′ is an α-approximate solution to (I ′, k′) then s must be940

an α-approximate solution to (I, k) as well. Furthermore, if the ratio of Π(I ′, k′, s′)941

to OPT (I ′, k′) is worse than α, then the ratio of Π(I, k, s) to OPT (I, k) should not942

be worse than the ratio of Π(I ′, k′, s′) to OPT (I ′, k′).943

We remark that a reduction algorithm RA and a solution-lifting algorithm that944

together satisfy the conditions of Definition 3.13, also automatically satisfy the con-945

ditions of Definition 3.9. Therefore, to prove that RA and solution-lifting algo-946

rithm constitute a strict α-approximate polynomial time pre-processing algorithm947

it is not necessary to prove that they constitute a α-approximate polynomial time948

pre-processing algorithm first. The advantage of Definition 3.13 is that strict α-949

approximate polynomial time pre-processing algorithms do chain - the composition of950

two strict α-approximate polynomial time pre-processing algorithms is again a strict951

α-approximate polynomial time pre-processing algorithm.952

We can now formally define what a reduction rule is. A reduction rule for a953

parameterized optimization problem Π is simply a polynomial-time algorithm com-954

puting a map RA : Σ∗ ×N → Σ∗ ×N. In other words, a reduction rule is “half” of a955

polynomial time pre-processing algorithm. A reduction rule is only useful if the other956

half is there to complete the pre-processing algorithm.957

Definition 3.14. A reduction rule is said to be α-safe for Π if there exists a958

solution-lifting algorithm, such that the rule together with the solution-lifting algo-959

rithm constitute a strict α-approximate polynomial time pre-processing algorithm for960

Π. A reduction rule is safe if it is 1-safe.961
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In some cases even the final kernelization algorithm is a strict α-approximate962

polynomial time pre-processing algorithm. This happens if, for example, the kernel is963

obtained only by applying α-safe reduction rules. Strictness yields a tigher connection964

between the quality of solutions to the reduced instance and the quality of the solutions965

to the original instance output by the solution-lifting algorithms. Thus we would like966

to point out which kernels have this additional property. For this reason we define967

strict α-approximate kernels.968

Definition 3.15. An α-approximate kernel A is called strict if A is a strict α-969

approximate polynomial time pre-processing algorithm.970

Next, we mention a property that relates polynomial time approximation al-971

gorithms and α-approximate kernels for parameterized optimization problems with972

structural parameters (i.e., the optimum is independent of the parameter). For a973

parameterized optimization problem Π with a structural parameter, if Π admits a974

polynomial time f(n)-approximation algorithm and an α-approximate kernel of size975

g(k) for some functions f and g, and α > 1, then there is a polynomial time α·f(g(k))-976

approximation algorithm for Π. Here, n is the input length and k is the parameter.977

In the case of parameterized optimization problems with value of the solution as978

the parameter, the approximation factor of the polynomial time algorithm will be979

α · f(g(opt)) where opt is the optimum value of the input instance.980

Polynomial Size Approximate Kernelization Schemes. In approximation algo-981

rithms, the best one can hope for is usually an approximation scheme, that is an982

approximation algorithm that can produce a (1 + ϵ)-approximate solution for every983

ϵ > 0. The algorithm runs in polynomial time for every fixed value of ϵ. However,984

as ϵ tends to 0 the algorithm becomes progressively slower in such a way that the985

algorithm cannot be used to obtain optimal solutions in polynomial time.986

In the setting of approximate kernelization, we could end up in a situation where987

it is possible to produce a polynomial (1 + ϵ)-approximate kernel for every fixed value988

of ϵ, but that the size of the kernel grows so fast when ϵ tends to 0 that this algorithm989

cannot be used to give a polynomial size kernel (without any loss in solution quality).990

This can be formalized as a polynomial size approximate kernelization scheme.991

Definition 3.16. A polynomial size approximate kernelization scheme (PSAKS)992

for a parameterized optimization problem Π is a family of α-approximate polynomial993

kernelization algorithms, with one such algorithm for every α > 1.994

Definition 3.16 states that a PSAKS is a family of algorithms, one for every α > 1.995

However, many PSAKSes are uniform, in the sense that there exists an algorithm996

that given α outputs the source code of an α-approximate polynomial kernelization997

algorithm for Π. In other words, one could think of a uniform PSAKS as a single998

α-approximate polynomial kernelization algorithm where α is part of the input, and999

the size of the output depends on α. From the definition of a PSAKS it follows that1000

the size of the output instances of a PSAKS when run on an instance (I, k) with1001

approximation parameter α can be upper bounded by f(α) · kg(α) for some functions1002

f and g independent of |I| and k.1003

Definition 3.17 (Size efficient PSAKS). A size efficient PSAKS, or simply an1004

efficient PSAKS (EPSAKS) is a PSAKS such that the size of the instances output1005

when the reduction algorithm is run on an instance (I, k) with approximation pa-1006

rameter α can be upper bounded by f(α) · kc for a function f of α and constant c1007

independent of I, k and α.1008

Notice here the analogy to efficient polynomial time approximation schemes, which1009
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are nothing but α-approximation algorithms with running time f(α) · nc. A PSAKS1010

is required to run in polynomial time for every fixed value of α, but the running time1011

is allowed to become worse and worse as α tends to 1. We can define time-efficient1012

PSAKSes analogously to how we defined EPSAKSes.1013

Definition 3.18 (Time efficient PSAKS). A PSAKS is said to be time efficient1014

if:1015

1. the running time of the reduction algorithm when run on an instance (I, k)1016

with approximation parameter α can be upper bounded by f(α) · |I|c for a1017

function f of α and constant c independent of I, k, α, and1018

2. the running time of the solution-lifting algorithm when run on an instance1019

(I, k), reduced instance (I ′, k′) and solution s′ with approximation parameter1020

α can be upper bounded by f ′(α) · |I|c for a function f ′ of α and constant c1021

independent of I, k and α.1022

Just as we distinguished between normal and strict α-approximate kernels, we say1023

that a PSAKS is strict if it is a strict α-approximate kernel for every α > 1.1024

A quasi-polynomial time algorithm is an algorithm with running time O(2(logn)c)1025

for some constant c. In approximation algorithms, one is sometimes unable to obtain1026

a PTAS, but still can make a (1 + ϵ)-approximation algorithm that runs in quasi-1027

polynomial time for every ϵ > 1. This is called a quasi-polynomial time approximation1028

scheme. Similarly, one might be unable to give a PSAKS, but still be able to give a1029

α-approximate kernel of quasi-polynomial size for every α > 1.1030

Definition 3.19. Let Π be a parameterized optimization problem. A quasi-1031

polynomial size approximate kernelization scheme (QPSAKS) for Π is a family of1032

α-approximate kernelization algorithms, with one such algorithm for every α > 1.1033

The size of the kernel of the α-approximate kernelization algorithm should be upper1034

bounded by O(f(α)2(log k)g(α)

) for functions f and g independent of k.1035

4. Approximate Kernel for Connected Vertex Cover. In this section we1036

design a PSAKS for Connected Vertex Cover. The parameterized optimization1037

problem Connected Vertex Cover(CVC) is defined as follows.1038

CV C(G, k, S) =

{

∞ if S is not a connected vertex cover of G
min {|S|, k + 1} otherwise

1039

We show that CVC has a polynomial size strict α-approximate kernel for every1040

α > 1. Let (G, k) be the input instance. Without loss of generality assume that the1041

input graph G is connected. Let d be the least positive integer such that d
d−1 ≤ α.1042

In particular, d = ⌈ α
α−1⌉. For a graph G and an integer k, define H to be the set of1043

vertices of degree at least k+1. We define I to be the set of vertices which are not in H1044

and whose neighborhood is a subset of H. That is I = {v ∈ V (G) \H | NG(v) ⊆ H}.1045

The kernelization algorithm works by applying two reduction rules exhaustively. The1046

first of the two rules is the following.1047

Reduction Rule 4.1. Let v ∈ I be a vertex of degree D ≥ d. Delete NG[v] from1048

G and add a vertex w such that the neighborhood of w is NG(NG(v)) \ {v}. Then add1049

k degree 1 vertices v1, . . . , vk whose neighbor is w. Output this graph G′, together with1050

the new parameter k′ = k − (D − 1).1051

Lemma 4.1. Reduction Rule 4.1 is α-safe.1052

Proof. To show that Rule 4.1 is α-safe we need to give a solution-lifting algo-1053

rithm to go with the reduction. Given a solution S′ to the instance (G′, k′), if S′1054
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is a connected vertex cover of G′ of size at most k′ the algorithm returns the set1055

S = (S′ \ {w, v1, . . . , vk}) ∪ NG[v]. Otherwise the solution-lifting algorithm returns1056

V (G). We now need to show that the reduction rule together with the above solution-1057

lifting algorithm constitutes a strict α-approximate polynomial time pre-processing1058

algorithm.1059

First we show that OPT (G′, k′) ≤ OPT (G, k) − (D − 1). Consider an optimal1060

solution S∗ to (G, k). We have two cases based on the size of S∗. If |S∗| > k then1061

CV C(G, k, S) = k + 1; in fact OPT (G, k) = k + 1. Furthermore, any connected1062

vertex cover of G′ has value at most k′ + 1 = k− (D− 1) + 1 ≤ OPT (G, k)− (D− 1).1063

Now we consider the case when |S∗| ≤ k. If |S∗| ≤ k then NG(v) ⊆ S∗, since the1064

degree of all the vertices in NG(v) is at least k + 1 and S∗ is a vertex cover of size1065

at most k. Then (S∗ \NG[v]) ∪ {w} is a connected vertex cover of G′ of size at most1066

|S∗| − (D − 1) = OPT (G, k) − (D − 1).1067

Now we show that CV C(G, k, S) ≤ CV C(G′, k′, S′) + D. If S′ is a connected
vertex cover of G′ of size strictly more than k′ then CV C(G, k, S) ≤ k+1 = k′ +D <
k′ + 1 +D = CV C(G′, k′, S′) +D. Suppose now that S′ is a connected vertex cover
of G′ of size at most k′. Then w ∈ S′ since w has degree at least k in G′. Thus
|S| ≤ |S′| − 1 + D + 1 ≤ |S′| + D. Finally, G[S] is connected because G[NG[v]] is
connected and NG(NG[v]) = NG′(w) \ {v1, . . . , vk}. Hence S is a connected vertex
cover of G. Thus CV C(G, k, S) ≤ CV C(G′, k′, S′) +D. Therefore, we have that

CV C(G, k, S)

OPT (G, k)
≤ CV C(G′, k′, S′) +D

OPT (G′, k′) + (D − 1)
≤ max

(

CV C(G′, k′, S′)

OPT (G′, k′)
, α

)

.

The last transition follows from Fact 2.1. This concludes the proof.1068

The second rule is easier than the first, if any vertex v has at least k + 1 false1069

twins, then remove v. A false twin of a vertex v is a vertex u such that uv /∈ E(G)1070

and N(u) = N(v).1071

Reduction Rule 4.2. If a vertex v has at least k + 1 false twins, then remove1072

v, i.e., output G′ = G− v and k′ = k.1073

Lemma 4.2. Reduction Rule 4.2 is 1-safe.1074

Proof. The solution-lifting algorithm takes as input a set S′ to the reduced in-1075

stance and returns the same set S′ = S as a solution to the original instance. To see1076

that OPT (G′, k) ≤ OPT (G, k), consider a smallest connected vertex cover S∗ of G.1077

Again, we will distinguish between two cases either |S∗| > k or |S∗| ≤ k. If |S∗| > k1078

then OPT (G′, k) ≤ k+ 1 = OPT (G, k). Thus, assume |S∗| ≤ k. Then there is a false1079

twin u of v that is not in S∗. Then S∗ \{v}∪{u} is a connected vertex cover of G− v1080

of size at most k.1081

Next we show that CV C(G, k, S) ≤ CV C(G′, k′, S′). If |S′| > k′ = k then clearly,
CV C(G, k, S) ≤ k + 1 = k′ + 1 = CV C(G′, k′, S′). So let us assume that |S′| ≤ k.
Observe that, as v has k+ 1 false twins, all vertices in N(v) have degree at least k+ 1
in G − v. Thus, N(v) ⊆ S′ = S and S is a connected vertex cover of G, and hence
CV C(G, k, S) ≤ CV C(G′, k′, S′). As a result,

CV C(G, k, S)

OPT (G, k)
≤ CV C(G′, k′, S′)

OPT (G′, k′)

This concludes the proof.1082

Lemma 4.3. Let (G, k) be an instance irreducible by rules 4.1 and 4.2, such that1083

OPT (G, k) ≤ k. Then |V (G)| ≤ O(kd + k2).1084
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Proof. Since OPT (G, k) ≤ k, G has a connected vertex cover S of size at most1085

k. We analyze separately the size of the three sets H, I and V (G) \ (H ∪ I). First1086

H ⊆ S so |H| ≤ k. Furthermore, every vertex in I has degree at most d−1, otherwise1087

Rule 4.1 applies. Thus, there are at most
(

k
d−1

)

different subsets X of V (G) such that1088

there is a vertex v in I such that N(v) = X. Since each vertex v has at most k false1089

twins it follows that |I| ≤
(

k
d−1

)

· (k + 1) = O(kd).1090

Finally, every edge that has no endpoints in H has at least one endpoint in S \H.1091

Since each vertex in S \ H has degree at most k it follows that there are at most1092

k|S| ≤ k2 such edges. Each vertex that is neither in H nor in I must be incident1093

to at least one edge with no endpoint in H. Thus there are at most 2k2 vertices in1094

V (G) \ (I ∪H) concluding the proof.1095

Theorem 4.4. The Connected Vertex Cover problem admits a strict time1096

efficient PSAKS with O(k⌈
α

α−1 ⌉ + k2) vertices.1097

Proof. The kernelization algorithm applies the rules 4.1 and 4.2 exhaustively.1098

If the reduced graph G has more than O(kd + k2) vertices then, by Lemma 4.3,1099

OPT (G, k) = k+ 1 and the algorithm may return any connected vertex cover of G as1100

an optimal solution. Thus the reduced graph has at most O(kd + k2) vertices, since1101

d = ⌈ α
α−1⌉ the size bound follows. The entire reduction procedure runs in polynomial1102

time (independent of α), hence the PSAKS is time efficient.1103

5. Disjoint Factors and Disjoint Cycle Packing. In this section we give1104

PSAKSes for Disjoint Factors and Disjoint Cycle Packing. The main ingre-1105

dient of our lossy kernels is a combinatorial object that “preserves” labels of all the1106

independent sets of a labelled graph. We will make this precise in the next section and1107

then use this crucially to design PSAKSes for both Disjoint Factors and Disjoint1108

Cycle Packing.1109

5.1. Universal Independent Set Covering. We start the subsection by defin-1110

ing a combinatorial object, which we call, ϵ-universal labelled independent set covering1111

(ϵ-ulisc). After formally defining it, we give an efficient construction for finding these1112

objects when the input graph enjoys some special properties. Informally, ϵ-ulisc of a1113

labelled graph G is an induced subgraph of G which preserves approximately all the1114

labelled independent sets. The formal definition is given below. Here, ϵ > 0 is a fixed1115

constant.1116

ϵ-Universal Labelled Independent Set Covering (ϵ-ULISC)
Input: A graph G, an integer q ∈ N and a labelling function Γ : V (G) → [q]
Output: A subset X ⊆ V (G) such that for any independent set S in G, there
is an independent set S′ in G[X] with Γ(S′) ⊆ Γ(S) and |Γ(S′)| ≥ (1 − ϵ)|Γ(S)|.
The set X is called ϵ-ulisc.

1117

Obviously, for any ϵ > 0 and a labelled graph G, the whole graph G itself is an1118

ϵ-ulisc. Our objective here is to give ϵ-ulisc with size as small as possible. Here, we1119

design a polynomial-time algorithm which gives an ϵ-ulisc for an interval graph G of1120

size at most (q · χ(G))O( 1
ϵ log 1

ϵ ). Here, χ(G) denotes the chromatic number of the1121

graph G.1122

ϵ-ulisc for Interval Graphs. From now onwards, in this subsection whenever we1123

will use graph we mean an interval graph. We also assume that we have an interval1124

representation of the graph we are considering. We use the terms vertex as well as1125

interval, interchangeably, to denote the vertex of an interval graph. Let (G, q,Γ) be1126

an input instance of ϵ-ULISC. We first compute a proper coloring κ : V (G) → [χ(G)]1127
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of G. It is well known that a proper coloring of an interval graph with the minimum1128

number of colors can be computed in polynomial time [17]. Now using the proper1129

coloing function κ, we refine the labelling Γ to another labelling Λ of G as follows: for1130

any u ∈ V (G), Λ(u) = (Γ(u), κ(u)). An important property of the labelling Λ is the1131

following: for any i ∈ {(a, b) | a ∈ [q], b ∈ [χ(G)]}, Λ−1(i) is an independent set in G.1132

From now onwards, we will assume that we are working with the labelling function1133

Λ : V (G) → [k], where k = q · χ(G) and Λ−1(i) is an independent set in G for any1134

i ∈ [k]. We say that a subset of labels Z ⊆ [k] is realizable in a graph G, if there exists1135

an independent set S ⊆ V (G) such that Λ(S) = Z. We first show that an ϵ-ulisc for1136

G with respect to the labelling Λ refining Γ is also an ϵ-ulisc for G with respect to1137

the labelling Γ.1138

Lemma 5.1. Let X be a vertex subset of G. If X is an ϵ-ulisc for (G,Λ) then it1139

is also an ϵ-ulisc for (G,Γ).1140

Proof. Let I be an independent set of G and let Γ(I) denote the set of labels on1141

the vertices of I. We first compute a subset I ′ of I by selecting exactly one vertex from1142

I for each label in Γ(I). Clearly, Γ(I) = Γ(I ′). Observe that since any label is used1143

at most once on any vertex in I ′ we have that |I ′| = |Γ(I ′)| = |Λ(I ′)|. In particular,1144

for any pair of vertices u, v ∈ I ′, Γ(u) ̸= Γ(v). By the property of the set X, we have1145

an independent set S′ in G[X] with Λ(S′) ⊆ Λ(I ′) and |Λ(S′)| ≥ (1− ϵ)|Λ(I ′)|. Since,1146

for any pair of vertices u, v ∈ I ′, Γ(u) ̸= Γ(v), we have that Γ(S′) ⊆ Γ(I ′) = Γ(I) and1147

|Γ(S′)| ≥ (1 − ϵ)|Γ(I ′)| = (1 − ϵ)|Γ(I)|. This concludes the proof.1148

Lemma 5.1 implies that we can assume that the input labelling is also a proper1149

coloring of G by increasing the number of labels by a multiplicative factor of χ(G).1150

We first define notions of rich and poor labels; which will be crucially used in our1151

algorithm.1152

Definition 5.2. For any induced subgraph H of G we say that a label ℓ ∈ [k]1153

is rich in H, if there are at least k vertices in H that are labelled ℓ. Otherwise, the1154

label ℓ is called poor in H.1155

We start with a simple lemma that shows that in an interval graph all the rich1156

labels are realizable by an independent set of G. In particular we show the following1157

lemma.1158

Lemma 5.3. Let H be an induced subgraph of G, Λ be a labelling function as de-1159

fined above and R be the set of rich labels in H. Then R is realizable in H. Moreover,1160

an independent set S such that Λ(S) = R can be computed in polynomial time.1161

Proof. For our proof we will design an algorithm which constructs an independent1162

set S such that Λ(S) = R. We assume that we have an interval representation of H1163

and for any vertex v ∈ V (H), let Iv be the interval corresponding to the vertex v. Our1164

algorithm is recursive and as an input takes the tuple (H,Λ, R). In the base case it1165

checks whether there is a vertex w ∈ V (H) such that Λ(w) ∈ R. If there is no w such1166

that Λ(w) ∈ R then the algorithm outputs an ∅. Otherwise, pick a vertex Iu in H ′1167

such that Λ(u) ∈ R and the value of the right endpoint of the interval Iu is minimum1168

among all the vertices that are labelled with labels fromR inH.Having found Iu (or u),1169

we recursively solve the problem on the input (H ′ = H −N [u],Λ|V (H′), R \ {Λ(u)}).1170

Here, Λ|V (H′) is the labelling Λ restricted to the vertices in V (H ′). Let S′ be the1171

output of the recursive call on the input (H ′,Λ|V (H′), R\{Λ(u)}). Our algorithm will1172

output S′ ∪ {u}.1173

Now we prove the correctness of the algorithm. Towards this end, we prove the1174
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following statement using induction on |R|: for any induced subgraph H of G and1175

R ⊆ [k] such that for any j ∈ R, the number of vertices in H labelled with j is at1176

least |R|, then the above algorithm on input (H,Λ, R) will output an independent set1177

S such that Λ(S) = R. The base case is when |R| = 0, and statement holds trivially.1178

Now consider the induction step. Let u be the vertex picked by the algorithm such1179

that Λ(u) ∈ R and the value of the right endpoint of the interval Iu, corresponding1180

to u, is the minimum among all such intervals. Since for any j ∈ R, Λ−1(j) is1181

independent, and Iu is an interval (vertex) with minimum right endpoint value, we1182

have that for any i ∈ R, the number of intervals labelled with i that intersects with Iu1183

is at most 1. This implies that for any i ∈ R \ {Λ(u)}, the number of vertices labelled1184

with i in H − N [u] is at least |R| − 1 (because the number of vertices labelled with1185

i in H is at least |R|). Hence, by the induction hypothesis, the recursive call on the1186

input (H ′ = H − N [u],Λ|V (H′), R \ {Λ(u)}) will output an independent set S′ such1187

that Λ(S′) = R \ {Λ(u)}. Since S′ ∩N [u] = ∅, we have that S′ ∪ {u} is the required1188

independent set for the input (H,Λ, R). This completes the correctness proof.1189

Before we give the formal construction for the desired ϵ-ulisc for G, we first give an1190

intuitive explanation of our strategy. If we are seeking for an upper bound on ϵ-ulisc1191

in terms of k, then Lemma 5.3 suggests the following natural strategy: for rich labels,1192

we find an independent set, say Irich, of size at most k (as the number of labels itself1193

is upper bounded by k) that realizes it and add all the vertices in this set to ϵ-ulisc1194

we are constructing. Let us denote the the ϵ-ulisc we are constructing by X. For1195

the poor labels, we know that by definition each label appears on at most k vertices1196

and thus in total the number of vertices that have poor labels is upper bounded by1197

k2. We include all the vertices that have poor labels to ϵ-ulisc (the set X) we are1198

constructing. So at this stage if G has an independent set S such that all the labels1199

used on the vertices in S (Λ(S)) are rich then we can find an appropriate independent1200

subset of Irich that realizes all the labels of Λ(S). On the other hand, if we have an1201

independent set S such that all the labels used on the vertices in S are poor then it1202

self realizes itself. That is, since we have kept all the vertices that are poor, the set1203

S itself is a contained inside the ϵ-ulisc we are constructing and thus it realizes itself.1204

The problem arises when we have an independent set S that has vertices having both1205

rich labels as well as poor labels. We deal with this case essentially by the following1206

case distinctions. Let Λ(S) denote the set of labels used on the vertices in S and1207

Λ(S)rich and Λ(S)poor denote the set of rich and poor labels in Λ(S), respectively.1208

1. If |Λ(S)rich| ≥ (1− ϵ)|Λ(S)|, then we are again done as we can find an appro-1209

priate independent subset of Irich that realizes all the labels of Λ(S)rich.1210

2. Since the first case does not arise we have that the number of rich labels in1211

Λ(S), that is, |Λ(S)rich| is upper bounded by (1−ϵ)|Λ(S)| and that |Λ(S)poor| ≥1212

ϵ|Λ(S)|. Thus, in this case it is possible that |Λ(S)poor| = |Λ(S)rich| = 1
2 |Λ(S)|1213

and hence it is possible that there is no independent set S′ in G[X] (the1214

set X constructed so far) with Λ(S′) ⊆ Λ(S) and |Λ(S′)| ≥ (1 − ϵ)|Λ(S)|.1215

Thus, we need to enrich the set X further. Towards this we use the following1216

strategy. Let Q be the set of endpoints of the intervals labelled with poor1217

labels. Furthermore, assume that all the intervals of G are within (0, a). Now1218

for every p, q ∈ Q ∪ {0, a}, let Yp,q denote the set of intervals of G which1219

are fully contained in the open interval (p, q). For every, p, q ∈ Q ∪ {0, a},1220

we recursively find the desired ϵ-ulisc in G[Yp,q] and then take the union.1221

Clearly, this is a branching algorithm with every node in the recursion tree1222

having O(k4) children. See Figure 2 for an illustration of the process. The1223
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aa1 b1 b2 b3
a2 a30

(0, a1) (0, a2) (0, b1) (a2, b3) (a3, b3) (a3, a) (b3, a)

b2
a3

Fig. 2: An illustration for the process of obtaining ϵ-ulisc. Intervals colored with red
denote Irich and intervals colored with blue denote vertices labelled with poor label.
The instance below corresponds to branching on (a2, b3).

idea of this branching procedure is that given an independent set S we would1224

like to pack all the vertices in S with poor labels and then having made this1225

choice we get disjoint induced subgraph of G (by removing all the vertices in1226

S with poor labels and their neighorhiood) where we “would like to pack”1227

the vertices in S that have rich labels. By our construction it is evident that1228

the set S′ we will obtain by packing labels in the disjoint induced subgraphs1229

of G is compatible with the choice of packing all the vertices with poor labels1230

in S. To get an upper bound on the size of the set X we are constructing we1231

show that the recursion tree can be truncated at the depth of ⌈O( 1
ϵ log 1

ϵ )⌉1232

Now we give our main lemma that gives an algorithm for finding the desired1233

ϵ-ulisc for G with respect to the labelling function Λ.1234

Lemma 5.4. Let G be an interval graph, k ∈ N and ϵ′ > 0. Let Λ : V (G) → [k]1235

be a labelling function such that for any i ∈ [k], Λ−1(i) is an independent set in G.1236

Then, there is a polynomial-time algorithm that finds a set X ⊆ V (G) of cardinality1237

kO( 1
ϵ′

log 1
ϵ′
) such that for any realizable set Z ⊆ [k] in G, there is a realizable subset1238

Z ′ ⊆ Z of cardinality at least (1 − 2ϵ′)|Z| in G[X].1239

Proof. Our polynomial-time algorithm is a bounded depth recursive procedure.1240

We define a recursive marking procedure Mark-Interval which takes as input an1241

induced subgraph of G and a positive integer and marks intervals of G. Vertices1242
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Algorithm 5.1 Mark-Interval (H, d′), where H is an induced subgraph of G and
d′ ∈ N

1: if d′ = 1 then

2: return

3: end if

4: Let R be the set of rich labels in H.
5: Apply Algo-S (the algorithm mentioned in Lemma 5.3) and let S be its output

(Note that S is an independent set and Λ(S) = R).
6: Mark all the intervals in S.
7: Let P be the set of intervals which are labelled with poor labels in H.
8: Mark all the intervals in P .
9: Let Q be the set of endpoints of the intervals in P .

10: for all p, q ∈ Q ∪ {0, a} do

11: Mark-Interval(H[Yp,q], d′ − 1), where Yp,q is the set of intervals of H which
is fully contained in the open interval (p, q).

12: end for

corresponding to the marked intervals by Mark-Interval, will correspond to the1243

desired set X. See Algorithm 5.1 for a detailed formal description of the algorithm.1244

We use the algorithm mentioned in Lemma 5.3 as a subroutine. So let us call this1245

algorithm Algo-S. We call the procedure Mark-Interval on input (G, d = ⌈ 1
ϵ′ log 1

ϵ′ ⌉)1246

to get the required set X, which is the set of vertices marked by the procedure.1247

Without loss of generality we assume that all the intervals in G are contained in (0, a)1248

for some a ∈ N.1249

We first show that the procedure Mark-Interval on input (G, d) marks at1250

most kO(d) = kO( 1
ϵ′

log 1
ϵ′
) intervals. Let X be the set of marked intervals. In Step 6,1251

Mark-Interval marks at most k intervals, one for each rich label in G. In Step 8,1252

Mark-Interval mark all intervals which are labelled with poor labels in G and1253

the number of such intervals is at most k2. This implies that number of points in1254

Q is at most 2k2 + 2. Hence the procedure makes at most
(

2k2+2
2

)

recursive calls.1255

Thus, the total number of marked intervals is bounded by the recurrence relation,1256

T (d) ≤ (k2 + k) +
(

2k2+2
2

)

T (d − 1) and T (1) = 0. This recurrence relation solves1257

to kO(d). This implies that the cardinality of the set of marked vertices by Mark-1258

Interval(G, ⌈ 1
ϵ′ log 1

ϵ′ ⌉) is at most kO( 1
ϵ′

log 1
ϵ′
).1259

Now we show the correctness of the algorithm. Towards that we first prove the1260

following claim.1261

Claim 5.5. Let H be an induced subgraph of G, d′ ≤ d be a positive integer and1262

X ′ be the set of marked vertices by the procedure Mark-Interval on input (H, d′).1263

If W ⊆ [k] is realizable in H, then there is a subset W ′ ⊆W such that W ′ is realizable1264

in H[X ′] and |W ′| ≥ (1 − ϵ′ − (1 − ϵ′)d
′

)|W |.1265

Proof. We prove the claim using induction on d′. The base case is when d′ = 1.1266

When d′ = 1, (1 − ϵ′ − (1 − ϵ′)d
′

)|W | = 0 and empty set is the required set W ′ of1267

labels. Now consider the induction step. We assume that the claim is true for any1268

1 ≤ d′′ < d′. If at least (1− ϵ′)|W | labels in W are rich then in Step 5, the procedure1269

Mark-Interval computes an independent set S such that Λ(S) is the set of all1270

rich labels in H and vertices in S is marked in Step 6. This implies that at leasts1271

(1 − ϵ′)|W | ≥ (1 − ϵ′ − (1 − ϵ′)d
′

)|W | labels in W are realizable in H[X ′]. Now we1272
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are in the case where strictly less than (1 − ϵ′)|W | labels in W are rich. That is, the1273

number of poor labels contained in W appearing on the vertices of H is at least ϵ′|W |.1274

Let U be an independent set in H such that Λ(U) = W and let Up be the subset of1275

U which are labeled with poor labels from H. Notice that |Up| ≥ ϵ′|W |. In Step 8,1276

procedure Mark-Interval marks all the intervals in Up. Let [a1, b1], . . . , [aℓ, bℓ] be1277

the set of intervals in Up such that a1 < b1 < a2 < b2 < . . . < bℓ. All the intervals1278

in U \ Up are disjoint from Up. That is, there exists a family of sets of intervals1279

{V0, V1, . . . , Vℓ} such that
⋃ℓ

i=0 Vi = U \ Up and for any i ∈ {0, . . . , ℓ}, the intervals1280

in Vi are contained in (bi, ai+1), where b0 = 0 and aℓ+1 = a. The recursive procedure1281

Mark-Interval on input (H, d′) calls recursively with inputs (H[Ybi,ai+1
], d′ − 1),1282

i ∈ {0, . . . , ℓ}. Here Vi ⊆ Ybi,ai+1
. Let Wi = Λ(Vi). Notice that Wi ∩Wj = ∅ for i ̸= j1283

and Λ(Up) ∪ ⋃ℓ
i=0Wi = W . By induction hypothesis, for any i ∈ {0, . . . , ℓ}, there1284

exists W ′
i ⊆Wi ⊆W such that |W ′

i | ≥ (1−ϵ′−(1−ϵ′)d′−1)|Wi| and W ′
i is realizable in1285

H[Xi] where Xi is the set of vertices marked by Mark-Interval(H[Ybi,ai+1
], d′− 1).1286

This implies that Λ(Up) ∪ ⋃ℓ
i=0W

′
i is realizable in H[X]. Now we lower bound the1287

size of Λ(Up) ∪⋃ℓ
i=0W

′
i .1288

|Λ(Up) ∪
ℓ
⋃

i=0

W ′
i | ≥ |Λ(Up)| +

ℓ
∑

i=0

(1 − ϵ′ − (1 − ϵ′)d
′−1)|Wi|1289

= |Λ(Up)| + (1 − ϵ′ − (1 − ϵ′)d
′−1)

ℓ
∑

i=0

|Wi|1290

= |Λ(Up)| + (1 − ϵ′ − (1 − ϵ′)d
′−1)|W \ Λ(Up)| + |W \ Λ(Up)| − |W \ Λ(Up)|1291

≥ |W | − (ϵ′ + (1 − ϵ′)d
′−1)|W \ Λ(Up)|1292

≥ |W | − ϵ′|W | − (1 − ϵ′)d
′−1|W \ Λ(Up)|1293

≥ |W | − ϵ′|W | − (1 − ϵ′)d
′ |W | (Because |W \ Λ(Up)| < (1 − ϵ′)|W |)1294

≥ (1 − ϵ′ − (1 − ϵ′)d
′

)|W |1295

This completes the proof of the claim.1296

Let Z ⊆ [k] be a set of labels which is realizable in G. Now, by Claim 5.5,1297

we have that there exists Z ′ ⊆ Z such that Z ′ is realizable in G[X] and |Z ′| ≥1298

(1 − ϵ′ − (1 − ϵ′)
1
ϵ′

log 1
ϵ′ )|Z| ≥ (1 − 2ϵ′)|Z|. This completes the proof.1299

Now we are ready to prove the main result of this section.1300

Lemma 5.6. Let G be an interval graph, q ∈ N, ϵ > 0, and Γ : V (G) → [q]1301

be a labelling function. Then there is a polynomial-time algorithm which finds a set1302

X ⊆ V (G) of cardinality (q · χ(G))O( 1
ϵ log 1

ϵ ) such that X is an ϵ-ulisc of G.1303

Proof. We start by refining the labelling Γ to Λ such that Λ is a proper coloring1304

of G. As explained before, we first compute a proper coloring κ : V (G) → [χ(G)] of1305

G in polynomial time [17]. Now using the proper coloing function κ and the labelling1306

Γ, we define labelling Λ of G as follows: for any u ∈ V (G), Λ(u) = (Γ(u), κ(u)).1307

Now we set ϵ′ = ϵ
2 and apply Lemma 5.4 on G, Λ, k = q · χ(G) and ϵ′ to get a set1308

X ⊆ V (G) of cardinality kO( 1
ϵ′

log 1
ϵ′
) such that for any realizable set Z ⊆ [k] in G,1309

there is a realizable subset Z ′ ⊆ Z of cardinality at least (1 − 2ϵ′)|Z| in G[X]. That1310

is, X ⊆ V (G) is of cardinality kO( 1
ϵ log 1

ϵ ) such that for any realizable set Z ⊆ [k] in1311

G, there is a realizable subset Z ′ ⊆ Z of cardinality at least (1 − ϵ)|Z| in G[X]. Note1312
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that a set X is ϵ-ulisc for G if and only if for any realizable set Z ⊆ [k] in G, there1313

is a realizable subset Z ′ ⊆ Z of cardinality at least (1 − ϵ)|Z| in G[X]. This implies1314

that X is ϵ-ulisc for (G,Λ). However, by Lemma 5.1, we know that if X is an ϵ-ulisc1315

for (G,Λ) then it is also an ϵ-ulisc for (G,Γ). This concludes the proof.1316

5.2. Disjoint Factors. In this section, we give a PSAKS for the parameterized1317

optimization problem Disjoint Factors (DF). To define this problem we first need1318

to set up some definitions. For a string L = a1a2 . . . an over an alphabet Σ, we use1319

L[i, j], where 1 ≤ i ≤ j ≤ n, to denote the substring ai . . . aj . In this section we1320

would like to distinguish between two substrings L[i, j] and L[i′, j′], where i ̸= i′ or1321

j ̸= j′, even if the string L[i, j] is exactly same as the string L[i′, j′]. Thus we call1322

L′ is a “position substring” of L, to emphasize L′ is substring of L associated with1323

two indices. We say two position substrings L1 and L2 are disjoint if they do not1324

overlap (even at the starting or at the ending of the substrings). For example L[i, j]1325

and L[j, j′] are overlapping and not disjoint. We say that a string L′ is a string minor1326

of L, if L′ can be obtained from L by deleting some position substrings of L. A factor1327

of a string L is a position substring of length at least 2 which starts and ends with1328

the same letter (symbol). A factor is called x-factor if the factor starts and end at a1329

letter x ∈ Σ. Two factors are called distinct if they start at different letters. A set S1330

of factors in L is called a set of disjoint factors if each pair of factors in S are disjoint1331

and distinct. That is, no two factors in S start at the same letter and pairwise they1332

do not overlap. This immediately implies that for any string L over Σ, the cardinality1333

of any set of disjoint factors is at most |Σ|. For a set of disjoint factors S of L and1334

Σ′ ⊆ Σ, we say that S is a Σ′-factor if for each element x in Σ′, there is a factor in S,1335

starting and ending at x.1336

In the Disjoint Factors problem, introduced in [11], input is an alphabet Σ and1337

a string L in Σ∗, the task is to find a maximum cardinality set of disjoint factors in L.1338

Bodlaender et al. [11] proved that Disjoint Factors is NP-complete by reduction1339

from 3-SAT, and also that Disjoint Factors parameterized by |Σ| does not admit a1340

polynomial kernel unless coNP ⊆ NP/Poly. The reduction of Bodlaender et al. started1341

from a gap variant of 3-SAT where every variable appears in at most a constant number1342

of clauses [75] shows that Disjoint Factors is in fact APX-hard, which means that1343

it does not admit a PTAS unless P = NP. We will consider Disjoint Factors when1344

parameterized by the alphabet size |Σ|. Formally, the parameterized optimization1345

problem that we consider is defined as follows.1346

DF (L, |Σ|,S) =

{

−∞ if S is not a set of disjoint factors of L

|S| otherwise
1347

We remark that in the original definition of Disjoint Factors of Bodlaender et1348

al. [11], the objective is simply to decide whether it is possible to find |Σ| disjoint1349

factors in the input string L. The variant of the problem discussed here is the natural1350

maximization variant of the original problem. Next we give a PSAKS for this problem,1351

in other words a polynomial size α-approximate kernel for any α > 1.1352

Definition 5.7. Let S = {S1, . . . , St} be a set of mutually disjoint position sub-1353

strings of a string L. Then we use L/S to denote the string obtained from L after delet-1354

ing all position substrings in S. For example if L = a1 · · · a11 and S = {L[2, 4], L[7, 9]},1355

then L/S = a1a5a6a10a11.1356

The following lemma states that we can pull back a solution of a string from a1357

solution of its string minor.1358
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Lemma 5.8. Let L be a string over an alphabet Σ and S be a set containing1359

distinct position substrings (non-overlapping strings). Let L′ be a string minor of1360

L obtained by deleting position substrings in S. Then, there is a polynomial-time1361

algorithm, given L,L′,S and a solution F ′ of (L′, |Σ|), computes a solution F of1362

(L, |Σ|) of cardinality |F ′|.1363

Proof. The proof follows from the fact that for each string w in F ′ we can associate1364

indices i and j in L such that L[i, j] is an x-factor if and only if w is an x-factor in1365

L′. Clearly, the algorithms runs in polynomial time.1366

Theorem 5.9. Disjoint Factors parameterized by |Σ| admits a PSAKS.1367

Proof. We need to show that for any ϵ > 0, there is a polynomial sized (1 −1368

ϵ)-approximate kernel for Disjoint Factors. Towards that given an instance of1369

Disjoint Factors, we will construct a labelled interval graph G and use ϵ-ulisc1370

of G to reduce the length of the input string. Let (L, |Σ|) be an input instance of1371

Disjoint Factors and k = |Σ|. Now we construct an instance (G, |Σ|,Γ) of ϵ-1372

ULISC. We define the graph and the labelling function Γ : V (G) → Σ as follows.1373

Let L = a1a2 . . . an where ai ∈ Σ. For any i ̸= j such that ai = aj and ar ̸= ai1374

for all i < r < j, we construct an interval Ii,j = [i, j] on real line and label it1375

with ai. Observe that since ai = aj , we have that L[i, j] is an ai-factor. The set1376

of intervals constructed form the interval representation of G. Each interval in G1377

corresponds to a factor in L. By construction, we have that any point belongs to1378

at most two intervals of the same label. This implies that the cardinality of largest1379

clique in G, and hence χ(G), is upper bounded by 2|Σ| (because interval graphs are1380

perfect graphs). Now we apply Lemma 5.6 on input (G, |Σ|,Γ) and ϵ. Let X ⊆ V (G)1381

be the output of the algorithm. By Lemma 5.6, we have that |X| = |Σ|O( 1
ϵ log 1

ϵ ).1382

Let P = {q : q is an endpoint of an interval in X} and S = {L[j, j] : j ∈ [n] \ P}.1383

The reduction algorithm will output (L′ = L/S, |Σ|) as the reduced instance. Since1384

|P | = |Σ|O( 1
ϵ log 1

ϵ ), we have that the length of L/S is at most |Σ|O( 1
ϵ log 1

ϵ ).1385

The solution-lifting algorithm is same as the one mentioned in Lemma 5.8. Let
F ′ be a set of disjoint factors of the reduced instance (L′, |Σ|) and let F be the output
of solution-lifting algorithm. By Lemma 5.8, we have that |F| = |F ′|. To prove the
correctness we need to prove the approximation guarantee of F . Towards that we
first show that OPT (L/S, |Σ|) ≥ (1 − ϵ)OPT (L, |Σ|). Let P be a set of maximum
sized disjoint factors in L. Without loss of generality we can assume that for each
factor L[i, j] in P, L[i′] ̸= L[i] for all i < i′ < j. This implies that each factor
in P corresponds to an interval in G. Moreover, these set of intervals U (intervals
corresponding to P) form an independent set in G with distinct labels. By Lemma 5.6,
there is an independent set Y in G[X] such that Γ(Y ) ⊆ Γ(U) and |Γ(Y )| ≥ (1 −
ϵ)|Γ(U)|. Each interval in Y corresponds to a factor in L/S and its label corresponds
to the starting symbol of the factor. This implies that L/S has a set of disjoint factors
of cardinality at least (1 − ϵ)|P| = (1 − ϵ)OPT (L, |Σ|). Hence, we have

|F|
OPT (L, |Σ|) ≥ (1 − ϵ)

|F ′|
OPT (L/S, |Σ|) .

This concludes the proof.1386

5.3. Disjoint Cycle Packing. In this subsection we design a PSAKS for the1387

Disjoint Cycle Packing (CP ) problem. The parameterized optimization problem1388
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Disjoint Cycle Packing (CP ) is formally defined as,1389

CP (G, k, P ) =

{

−∞ if P is not a set of vertex disjoint cycles in G
min {|P |, k + 1} otherwise

1390

We start by defining feedback vertex sets of a graph. Given a graph G and a1391

vertex subset F ⊆ V (G), F is called a feedback veretx set of G if G − F is a forest.1392

We will make use of the following well-known Erdős-Pósa Theorem relating feedback1393

vertex set and the number of vertex disjoint cycles in a graph.1394

Lemma 5.10 ([32]). There exists a constant c such that for each positive integer1395

k, every (multi) graph either contains k vertex disjoint cycles or it has a feedback1396

vertex set of size at most ck log k. Moreover, there is a polynomial-time algorithm1397

that takes a graph G and an integer k as input, and outputs either k vertex disjoint1398

cycles or a feedback vertex set of size at most ck log k.1399

The following lemma allows us to reduce the size of the input graph G if it has a1400

small feedback vertex set.1401

Lemma 5.11. Let (G, k) be an instance of Disjoint Cycle Packing and F be a1402

feedback vertex set of G. Suppose there are strictly more than |F |2(2|F |+1) vertices in1403

G−F whose degree in G−F is at most 1. Then there is a polynomial time algorithm A1404

that, given an instance (G, k) and a feedback vertex set satisfying the above properties,1405

returns a graph G′ (which is a minor of G) such that OPT (G, k) = OPT (G′, k),1406

|V (G′)| = |V (G)| − 1 and F ⊆ V (G′) is still a feedback vertex set of G′. Further,1407

given a cycle packing S ′ in G′, there is a polynomial-time algorithm LA which outputs1408

a cycle packing S in G such that |S| = |S ′|.1409

Proof. The algorithm A works as follows. Let |F | = ℓ and for (u, v) ∈ F × F , let1410

L(u, v) be the set of vertices of degree at most 1 in G− F such that each x ∈ L(u, v)1411

is adjacent to both u and v (if u = v, then L(u, u) is the set of vertices which have1412

degree at most 1 in G− F and at least two edges to u). Suppose that the number of1413

vertices of degree at most 1 in G − F is strictly more than ℓ2(2ℓ + 1). For each pair1414

(u, v) ∈ F ×F , if L(u, v) > 2ℓ+1 then we mark an arbitrary set of 2ℓ+1 vertices from1415

L(u, v), else we mark all the vertices in L(u, v). Since there are at most ℓ2(2ℓ + 1)1416

marked vertices, there exists an unmarked vertex w in G−F such that dG−F (w) ≤ 1.1417

If dG−F (w) = 0, then algorithm A returns (G− w, k). Suppose dG−F (w) = 1. Let e1418

be the unique edge in G − F which is incident to w. Algorithm A returns (G/e, k).1419

Clearly F ⊆ V (G′) and F is a feedback vertex set of G′.1420

Let (G′, k) be the instance returned by algorithm A. Since G′ is a minor of G,1421

OPT (G, k) ≥ OPT (G′, k). (A graph H is called a minor of an undirected graph G⋆,1422

if we can obtain H from G⋆ by a sequence of edge deletions, vertex deletions and1423

edge contractions.) Now we show that OPT (G, k) ≤ OPT (G′, k). Let G′ = G/e,1424

e = (w, z), dG−F (w) = 1 and w is an unmarked vertex. Let C be a maximum set of1425

vertex disjoint cycles in G. Observe that if C does not contain a pair of cycles each1426

intersecting a different endpoint of e, then contracting e will keep the resulting cycles1427

vertex disjoint in G/e. Therefore, we may assume that C contains 2 cycles Cw and1428

Cz where Cw contains w and Cz contains z. Now, the neighbor(s) of w in Cw must1429

lie in F . Let these neighbors be x and y (again, x and y are not necessarily distinct).1430

Since w ∈ L(x, y) and it is unmarked, there are 2ℓ + 1 vertices in L(x, y) which are1431

already marked by the marking procedure. Further, since for each vertex u ∈ V (C),1432

with dG−F (u) ≤ 1, at least one neighbour of u in the cycle packing C is from F and1433

each vertex v ∈ V (C) ∩ F can be adjacent to at most 2 vertices from L(x, y), we1434
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have that at most 2ℓ vertices from L(x, y) are in V (C). This implies that at least one1435

vertex (call it w′), marked for L(x, y) is not in V (C). Therefore we can route the cycle1436

Cw through w′ instead of w, which gives us a set of |C| vertex disjoint cycles in G/e.1437

Suppose G′ = G−w and dG−F (w) = 0. Then by similar arguments we can show that1438

OPT (G, k) = OPT (G− w, k).1439

Algorithm LA takes a solution S ′ of the instance (G′, k) and outputs a solution S1440

of (G, k) as follows. If G′ is a subgraph of G (i.e., G′ is obtained by deleting a vertex),1441

then S = S ′. Otherwise, let G′ = G/e, e = (u, v) and let w be the vertex in G′ created1442

by contracting (u, v). If w /∈ V (S ′), then S = S ′. Otherwise let C = wv1 . . . vℓ be the1443

cycle in S ′ containing w. We know that v1, vℓ ∈ NG({u, v}). If v1, vℓ ∈ NG(u), then1444

C ′ = uv1 . . . vℓ is a cycle in G which is vertex disjoint from S ′ \{C}. If v1, vℓ ∈ NG(v),1445

then C ′ = vv1 . . . vℓ is a cycle in G which is vertex disjoint from S ′ \ {C}. In either1446

case S = (S ′ \ {C}) ∪ {C ′}. If v1 ∈ NG(u) and vℓ ∈ NG(v), then C ′′ = uv1 . . . vℓvu is1447

a cycle in G which is vertex disjoint from S ′ \{C}. In this case S = (S ′ \{C})∪{C ′′}.1448

This completes the proof of the lemma.1449

Lemma 5.11 leads to the following reduction rule which is 1-safe (follows from1450

Lemma 5.11).1451

Reduction Rule 5.1. Let (G, k) be an instance of Disjoint Cycle Packing1452

and let F be a feedback vertex set of G such that the forest G − F contains strictly1453

more than |F |2(2|F | + 1) vertices of degree at most 1. Then run the algorithm A1454

mentioned in Lemma 5.11 on (G, k) and F , and return (G′, k), where G′, a minor of1455

G, is the output of the algorithm A.1456

The following observation follows from Lemma 5.11.1457

Observation 5.1. Let (G, k) be an instance of Disjoint Cycle Packing and1458

(G′, k) be the instance obtained after applying Reduction Rule 5.1. Then OPT (G, k) =1459

OPT (G′, k).1460

The Reduction Rule 5.1, may create multi-edges in the reduced instance. To1461

bound the number of multi-edges between a pair of vertices, we use the following1462

simple reduction rule.1463

Reduction Rule 5.2. Let (G, k) be an instance of Disjoint Cycle Packing1464

and there exist two vertices u, v ∈ G such that there are at least 3 edges between u1465

and v. Then delete all but two edges between u and v.1466

Since any set of vertex disjoint cycles in G can use at most two edges between u1467

and v, it is safe to delete remaining edges between them and hence Reduction Rule 5.21468

is 1-safe. Hence, in the rest of the section we always assume that the number of edges1469

between any pair of vertices is at most 2. The following lemma allows us to find a1470

subset F ′, of a feedback vertex set F , of cardinality at most OPT (G, k) such that the1471

large portion of the graph G− F is connected to F ′ and not to F \ F ′.1472

Lemma 5.12. Let (G, k) be an instance of Disjoint Cycle Packing and let F1473

be a feedback vertex set of G. Then there is a polynomial-time algorithm B that given1474

(G, k) and F , either outputs k vertex disjoint cycles in G or two sets F ′ ⊆ F and1475

S ⊆ V (G − F ) such that (i) |F ′|, |S| ≤ OPT (G, k) and (ii) for any w ∈ F \ F ′ and1476

any connected component C of G− (F ∪ S), |N(w) ∩ V (C)| ≤ 1.1477

Proof. We know that G−F is a forest. We consider each tree in G−F as a rooted1478

tree, where the root is chosen arbitrarily. Now we create a dummy root r and connect1479

to all the roots in G− F . The resulting graph T with vertex set (V (G) ∪ {r}) \ F is1480

a tree rooted at r. The level of a vertex v ∈ V (T ) is the distance between r and v,1481
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(b) The vertices of S is drawn separately
with edges between S and G− F colored
green

Fig. 3: An example of Lemma 5.12

denoted by dT (r, v). Let T ′ be a rooted tree, then for a vertex v ∈ V (T ′) we use T ′
v1482

to denote the subtree of T ′ rooted at v.1483

Now we are ready to give a procedure to find the desired sets F ′ and S. Initially we1484

set T ′ := T , F ′ := ∅ and S := ∅. Let u ∈ V (T ′) such that dT ′(r, u) is maximized and1485

there is a vertex w ∈ F \F ′ with the property that G[V (T ′
u)∪{w}] has a cycle. Then,1486

we set T ′ := T ′ − T ′
u, F ′ := F ′ ∪ {w} and S := S ∪ {u}. We continue this procedure1487

until |F ′| = |S| = k or the above step is not applicable. Let F ′ = {w1, . . . , wk′}.1488

Notice that by the above process there are vertex disjoint subtrees T1, . . . , Tk′ of T −r1489

such that for each i ∈ [k′], G[V (Ti) ∪ {wi}] has a cycle. Thus when k′ = k, our1490

algorithm B will output one cycle from each G[V (Ti)∪ {wi}], i ∈ [k]. Otherwise (i.e.,1491

when k′ < k), Algorithm B will output F ′ and S are the required sets. Notice that,1492

in this case |F ′| = |S| = k′ < k. Next, we prove that F ′ and S satisfies conditions (i)1493

and (ii) of the lemma. We have seen that there are |F ′| vertex disjoint cycles in G.1494

This implies that |F ′| = |S| ≤ OPT (G, k). That is condition (i) is true. Since in each1495

step the algorithm picks a vertex with highest level, each connected component C of1496

T − S and w ∈ F \ F ′, |N(w) ∩ V (C)| ≤ 1. This implies that condition (ii) is true.1497

An illustration is given in Figure 3. Figure 3a depicts a graph G with a feedback1498

vertex set F and the sets F ′ and S chosen by the algorithm. In Figure 3b, the graph1499

G− (F ′ ∪ S) is drawn separately to see the properties mentioned in the lemma.1500

Using Lemma 5.12, we will prove the following decomposition lemma and after1501

this the structure of the reduced graph becomes “nice” and our algorithm boils down1502

to applications of ϵ-ULISC on multiple auxiliary interval graphs.1503

Lemma 5.13. Let (G, k) be an instance of Disjoint Cycle Packing. Then1504

there is a polynomial-time algorithm A⋆ which either outputs k vertex disjoint cycles1505

or a minor G′ of G, and Z,R ⊆ V (G′) with the following properties.1506
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(i) OPT (G, k) = OPT (G′, k),1507

(ii) |Z| ≤ OPT (G, k), |R| = O(k4 log4 k),1508

(iii) G′ − (Z ∪R) is a collection P of O(k4 log4 k) non trivial paths, and1509

(iv) for each path P = u1 · · ·ur in P, no internal vertex is adjacent to a vertex in1510

R, dG′[R∪{u1}](u1) ≤ 1, and dG′[R∪{ur}](ur) ≤ 1.1511

Furthermore, given a cycle packing S ′ in G′, there is a polynomial-time algorithm D1512

which outputs a cycle packing S in G such that |S| = |S ′|.1513

Proof. We first give a description of the polynomial-time algorithm A⋆ mentioned1514

in the statement of the lemma. It starts by running the algorithm mentioned in1515

Lemma 5.10 on input (G, k) and if it returns k vertex disjoint cycles, then A⋆ returns1516

k vertex disjoint cycles in G and stops. Otherwise, let F be a feedback vertex set of1517

G. Now A⋆ applies Reduction Rule 5.1 repeatedly using the feedback vertex set F1518

until Reduction Rule 5.1 is no longer applicable. Let (G′, k) be the reduced instance1519

after the exhaustive application of Reduction Rule 5.1. By Lemma 5.11, we have1520

that F ⊆ V (G′) and G′ − F is a forest. Now, A⋆ runs the algorithm B mentioned1521

in Lemma 5.12 on input (G′, k) and F . If B returns k vertex disjoint cycles in G′,1522

then A⋆ also returns k vertex disjoint cycles in G. The last assertion follows from the1523

fact that Reduction Rule 5.1 (applied to get G′) is 1-safe. Otherwise, let F ′ ⊆ F and1524

S ⊆ V (G′−F ) be the output of B. Next we define a few sets that will be used by A⋆1525

to construct its output.1526

1. Let Q be the set of vertices of G′ − F whose degree in G′ − F is at least 3.1527

2. Let O =
⋃

w∈F\F ′ N(w) ∩ V (G′ − F ); and1528

3. let W be the vertices of degree 0 in G′ − (F ∪Q ∪O ∪ S).1529

Algorithm A⋆ returns G′, Z = F ′ and R = Q∪O∪S∪W ∪ (F \F ′) as output. In the1530

example given in Figure 3, Z = {z1, z2, z3}, F \ F ′ = {f1, f2}, S = {s1, s2, s3}, Q =1531

{q1, s2, s3}, O = {o1, o2} and W = {w1}.1532

Now we prove the correctness of the algorithm. If A⋆ outputs k vertex disjoint1533

cycles inG, then we are done. Otherwise, let Z = F ′ and R = Q∪O∪S∪W∪(F\F ′) be1534

the output of A⋆. Now we proveG′, Z andR indeed satisfy the properties mentioned in1535

the statement of lemma. Since G′ is obtained after repeated applications of Reduction1536

Rule 5.1, by Observation 5.1, we get that OPT (G, k) = OPT (G′, k) and hence proving1537

property (i).1538

By Lemma 5.12, we have that |F ′| = |S| ≤ OPT (G, k). Hence the size of Z(=1539

F ′) is as desired. Next, we bound the size of R. By Lemma 5.10, we have that1540

|F | ≤ ck log k, where c is a fixed constant. By Lemma 5.11, we have that F ⊆ V (G′),1541

G′ − F is a forest, and the number of vertices of degree at most 1 in G′ − F is upper1542

bounded by |F |2(2|F | + 1) = O(k3 log3 k). Since the number of vertices of degree at1543

least 3 in a forest is at most the number of leaves in the forest, we can conclude that1544

cardinality of Q, the set of vertices of degree at least 3 in G′ − F is upper bounded1545

by O(k3 log3 k). It is well-known that the number of maximal degree 2 paths in a1546

forest is upper bounded by the sum of the number of leaves and the vertices of degree1547

at least 3 (for example see [68] for a proof). This immediately implies the following1548

claim.1549

Claim 5.14. G′ − (F ∪Q) is a collection of O(k3 log3 k) paths.1550

The following claim proves properties (ii) and (iii) stated in the lemma.1551

Claim 5.15. |R| = O(k4 log4 k) and the number of paths in P is upper bounded1552

by O(k4 log4 k).1553

Proof. Observe that G′−(F ∪Q) is a collection of O(k3 log3 k) paths and |S| ≤ k.1554
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So, deleting a vertex from G′−(F ∪Q) increases the number of connected components1555

by at most one. This implies that G′−(F∪Q∪S) is a collection of at most O(k3 log3 k)1556

paths and thus it has at most O(k3 log3 k) connected components. Therefore, G′ −1557

(F ∪S) has at most O(k3 log3 k) connected components. Let γs denote the number of1558

connected components of G′−(F∪S). By Lemma 5.12, we have that for any w ∈ F \F ′1559

and any connected component C of G′ − (F ∪ S), |NG′(w) ∩ V (C)| ≤ 1. Thus, for1560

every vertex w ∈ F \ F ′ we have that |N(w) ∩ V (G′ − F )| ≤ |S| + γs = O(k3 log3 k).1561

This implies that the cardinality of O, the set
⋃

w∈F\F ′ N(w) ∩ V (G′ − F ), is upper1562

bounded by O(|F \ F ′| · k3 log3 k) = O(k4 log4 k). By Lemma 5.12, we have that1563

|S| ≤ OPT (G, k) ≤ k + 1. Since |O ∪ S| = O(k4 log4 k) and by Claim 5.14, we can1564

conclude that the number of paths in G′ − (F ∪ Q ∪ O ∪ S) is at most O(k4 log4 k).1565

Notice that W is the family of paths on single vertices in the collection of paths of1566

G′ − (F ∪Q ∪ O ∪ S). Since the number of maximal paths in G′ − (F ∪Q ∪ O ∪ S)1567

is at most O(k4 log4 k), we have that |W | = O(k4 log4 k) and the number of maximal1568

paths in G′ − (F ∪Q∪O ∪ S ∪W ) = G′ − (Z ∪R) (i.e., the number of paths in P) is1569

at most O(k4 log4 k).1570

Since |S| ≤ OPT (G, k) ≤ k + 1, |F | ≤ ck log k, |Q| = O(k3 log3 k), |O ∪ S| =1571

O(k4 log4 k) and |W | = O(k4 log4 k), we can conclude that the cardinality of R =1572

Q ∪O ∪ S ∪W ∪ (F \ F ′), is at most O(k4 log4 k). This concludes the proof.1573

Finally, we will show the last property stated in the lemma. Since G′ − F is a forest1574

and Q is the set of vertices of degree at least 3 in the forest G′ − F , we have that1575

any internal vertex of any path in G′ − (Q ∪ F ) is not adjacent to Q. Also, since1576

any vertex w which is an internal vertex of a path in G′ − (Q ∪ F ) and adjacent1577

to a vertex in F \ F ′ belongs to O, we can conclude that no internal vertex of any1578

path in G′ − (Q ∪ O ∪ F ) is adjacent to Q ∪ O ∪ (F \ F ′). This implies that no1579

internal vertex of any path in G′ − (Q ∪O ∪ S ∪W ∪ F ) = G′ − (Z ∪R) is adjacent1580

to Q ∪ O ∪ S ∪W ∪ (F \ F ′) = R. Now we claim that an endpoint u of a path P1581

in P has at most one edge between u and R. Let u be an endpoint of P . Since1582

O =
⋃

w∈F\F ′ N(w) ∩ V (G′ − F ) and u /∈ O, we can conclude that u is not adjacent1583

to any vertex in F \ F ′. Since u ∈ V (G′ − (F ∪Q)), the degree of u in G′ − F is at1584

most 2. Since P is a non trivial path |N(u) ∩ (V (G′ − F ) \ V (P ))| ≤ 1. Since G′ − F1585

is a forest, |N(u) ∩ (V (G′ − F ) \ V (P ))| ≤ 1, and u is not adjacent to any vertex in1586

F \ F ′, we conclude that dG′[R∪{u}](u) ≤ 1.1587

The solution-lifting algorithm, D, is basically obtained by solution-lifting algo-1588

rithm used in the Reduction Rule 5.1. That is, given a cycle packing S ′ in G′, D1589

repeatedly applies the solution-lifting algorithm of Reduction Rule 5.1 to obtain a1590

cycle packing S in G such that |S| = |S ′|. The correctness of the algorithm D follows1591

from the fact that Reduction Rule 5.1 is 1-safe, and G′ is obtained from G by repeated1592

application of Reduction Rule 5.1. This completes the proof of the lemma.1593

Observe that Lemma 5.13 decomposes the graph into kO(1) simple structures,1594

namely, paths in P combined together with a set of size kO(1). Note that the only1595

unbounded objects in G′ are the paths in P. The reason we can not reduce the size1596

of P is that a vertex in Z can have unbounded neighbors on it. See Figure 4 for1597

an illustration. However, Lemma 5.13 still provides us the required decomposition1598

which will be used to cast several instances of ϵ-ULISC. In particular for every path1599

P ∈ P, we will have one instance of ϵ-ULISC. We will compute ϵ-ulisc for each of1600

these instances and reduce the path size to get the desired kernel.1601

Theorem 5.16. For any ϵ > 0, there is polynomial sized (1 − ϵ)-approximate1602
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P •••••••••

Z •••••
u5u4u3u2u1

•••••R

Fig. 4: An example of a path P in P, Z and R

kernel for Disjoint Cycle Packing. That is, Disjoint Cycle Packing admits a1603

PSAKS.1604

Proof. Let (G, k) be an input instance of Disjoint Cycle Packing. The re-1605

duction algorithm R works as follows. It first runs the algorithm A⋆ mentioned in1606

Lemma 5.13. If the algorithm returns k vertex disjoint cycles, then R return these1607

cycles. Otherwise, let G′, Z and R be the output of A⋆, satisfying four properties1608

mentioned in Lemma 5.13. Important properties that will be most useful in our1609

context are:1610

• |Z| ≤ OPT (G, k), |R| = O(k4 log4 k); and1611

• G′ − (Z ∪ R) is a collection P of non trivial paths such that for any path1612

P ∈ P we have that no internal vertex of P is adjacent to any vertex of R.1613

Now R will solve several instances of ϵ-ULISC to bound the length of each path in
P. Towards this we fix a path

P = v1v2 . . . vℓ in P.

Our objective is to apply Lemma 5.6 to reduce the length of P . Our algorithm1614

finds a set of small number of relevant vertices on P and reduces P in a single step1615

even though we use Lemma 5.6 several times to identify relevant vertices. Next we1616

give the construction for applying Lemma 5.6 in order to find the relevant vertices.1617

To find relevant vertices of P , we create (|Z| + 1)2 labelled interval graphs, one for1618

every (x, y) ∈ Z ∪ {♣}×Z ∪ {♣} with Z ×Z being the set of labels. That is, for the1619

path P and (x, y) ∈ Z ∪ {♣} × Z ∪ {♣} we create a labelled interval graph H
(x,y)
P as1620

follows. Our labelling function will be denoted by Γ
(x,y)
P .1621

1. The set of labels is Σ = Z × Z.1622

2. Let P (x,y) = vr . . . vr′ be the subpath of P such that vr−1 is the first vertex1623

in P adjacent to x and vr′+1 is the last vertex on P adjacent to y. If x = ♣,1624

then vr = v1 and if y = ♣, then vr′ = vℓ. In particular, if x = ♣ and y = ♣1625

then vr = v1 and vr′ = vℓ.1626

3. We say that a subpath Q′ of P (x,y) is a potential (u1, u2)-subpath, where1627

(u1, u2) ∈ Z × Z, if either u1Q
′u2 or u2Q

′u1 is an induced path (induced1628

cycle when u1 = u2) in G′. Essentially, the potential subpaths is trying to1629

capture the way a cycle can interact with the path P .1630

4. For each (u1, u2) ∈ Z × Z and a potential (u1, u2)-subpath Q′ = vi . . . vj1631

we create an interval I
(u1,u2)
Q′ = [i, j] and label it with (u1, u2). That is,1632

Γ
(x,y)
P (I

(u1,u2)
Q′ ) = (u1, u2). We would like to mention that when u1 = u2 and1633
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P • • • • • • • • • •

Z • • • • •
u1 u2 u3 u4 u5

(u1, u2) (u1, u2)

(u2, u1) (u2, u1)

(u4, u4)•
(u1, u1)

(u1, u2)

(u1, u2)
1 2 3 4 5 6 7 8

Fig. 5: An example of H
(u1,u5)
P . The interval representation of H

(u1,u5)
P along with

labels is drawn below the path P . The real line is represented using a dotted line.

vi = vj , we create an interval I
(u1,u2)
Q′ = [i, j] only if there are two edges1634

between u1 and vi. Also notice that if we have created an interval I
(u1,u2)
Q′ =1635

[i, j] with label (u1, u2), then we have created an interval I
(u2,u1)
Q′ = [i, j] with1636

label (u2, u1) as well.1637

This completes the construction of H
(x,y)
P and the labelling function Γ

(x,y)
P . See1638

Figure 5 for an illustration. H
(x,y)
P is an interval graph, since we constructed it by1639

giving an interval representation. Having created the interval graph and a labelling1640

function, R runs the following steps.1641

1. Now using Lemma 5.6, R computes a set X
(x,y)
P such that X

(x,y)
P is a ϵ

2 -ulisc1642

of H
(x,y)
P . Now we define a few sets.1643

S
(x,y)
P = {vi : i is an endpoint of an interval in X

(x,y)
P }1644

1645

KP = {v1, vℓ} ∪
⋃

u∈Z

{v : v is the first or last vertex on P such that uv ∈ E(G′)}1646

SP =
⋃

(x,y)∈Z∪{♣}×Z∪{♣}
S
(x,y)
P1647

DP = V (P ) \ (SP ∪KP ).1648

2. Now, R will do the following modification to shorten P : delete all the edges1649

between DP and Z, and then contract all the remaining edges incident with1650

vertices in DP . In other words, let {vi1 , . . . viℓ′ } = SP ∪KP , where 1 = i1 <1651

i2 < . . . < iℓ′ = ℓ. Then delete DP and add edges vijvij+1 , j ∈ [ℓ′−1]. Let P ′1652

be the path obtained from P , by the above process. We use the same vertex1653

names in P ′ as well to represent a vertex. That is, if a vertex u in V (P ) is1654

not deleted to obtain P ′, we use u to represent the same vertex.1655

3. Let G′′ be the graph obtained after this modification has been done for all1656

paths P ∈ P. Finally, R returns (G′′, k) as the reduced instance.1657
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u1• •u2

• •

•
I3

I1
•

u1•

• •

•
I3

I1

u1• •u2

• •
I1

I2
•

Fig. 6: Illustration of proof of Claim 5.17. The case when I3 = [p, p] is drawn in the
left and middle figures. The figure in the middle represents the case when j1 = p
and u1 = u2. The case when I1 and I2 intersects at strictly more than one point can
be seen in the right most figure. The black dotted curves represent the edges in the
graph.

Solution-lifting Algorithm. Notice that G′′ is a minor of G′ and hence a minor1658

of G. Given a set S′ of vertex disjoint cycles in G′′, the solution-lifting algorithm1659

computes a set S of vertex disjoint cycles in G of cardinality |S′| by doing reverse of1660

the minor operations used to obtain G′′ from G. All this can be done in polynomial1661

time because the solution-lifting algorithm knows the minor operations done to get1662

G′′ from G.1663

Next we need to prove the correctness of the algorithm. Towards that we first1664

bound the size of G′′.1665

Bounding the size of G′′. As a first step to bound the size of G′′, we bound the1666

chromatic number of H
(x,y)
P , where P ∈ P and (x, y) ∈ Z ∪ {♣} × Z ∪ {♣}. In fact1667

what we will bound is the size of the maximum clique of H
(x,y)
P .1668

Claim 5.17. For any P ∈ P and (x, y) ∈ Z ∪{♣}×Z ∪{♣}, χ(H
(x,y)
P ) = O(k2).1669

Proof. To prove the claim, it is enough to show that the size of a maximum1670

clique in H
(x,y)
P is at most O(k2). Let P (x,y) = vr . . . vr′ . We know that in the1671

interval representation of H
(x,y)
P , all the intervals are contained in [r, r′]. We claim1672

that for any point p ∈ [r, r′] and (u1, u2) ∈ Z × Z, the number of intervals labelled1673

(u1, u2) and containing the point p is at most 2. Towards a contradiction assume that1674

there are three intervals I1 = [i1, j1], I2 = [i2, j2], I3 = [i3, j3] such that Γ
(x,y)
P (I1) =1675

Γ
(x,y)
P (I2) = Γ

(x,y)
P (I3) = (u1, u2) and all the intervals I1, I2 and I3 contain the point1676

p. Since for each r ≤ i, j ≤ r′ and (u1, u2) ∈ Z × Z we have created at most one1677

interval [i, j] with label (u1, u2), all the intervals I1, I2 and I3 are distinct intervals in1678

the real line.1679

We first claim that no interval in {I1, I2, I3} is same as [p, p]. Suppose I3 = [p, p].1680

Since all the interval in {I1, I2, I3}, are different and I3 = [p, p] we have that I1 ̸= [p, p],1681

but contains p. This implies that either i1 ̸= p or j1 ̸= p. We consider the case1682

i1 ̸= p. The case that j1 ̸= p is symmetric. Let Q1 = vi1vi1+1 . . . vj1 . We know that1683

u1vpu2 is an induced path (induced cycle when u1 = u2 and two edges between u11684

and p). This implies that neither u1Q1u2 nor u2Q1u1 is an induced path, because1685

vp ∈ {vi1+1 . . . vj1}. We would like to clarify that when j1 = p and u1 = u2, u1Q1u1 is1686

cycle and there are two edges between vj1 and u1. This implies that u1Q1u1 is a not1687

an induced cycle. Therefore Q1 is not a potential (u1, u2)-subpath and contradicts the1688

existence of the interval I1 with label (u1, u2) in H
(x,y)
P . See Figure 6 for illustration.1689

Since p is a common point in I1, I2 and I3 and none of these intervals is equal to1690
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[p, p], there are two intervals in {I1, I2, I3} such that they intersect at strictly more1691

than one point. Without loss of generality we assume that the intersection of I1 and1692

I2 contains at least 2 points. Also, since I1 and I2 are different intervals on the real1693

line, one endpoint of an interval is fully inside another interval (not as the endpoint1694

of the other interval). Let Q2 = vi2vi2+1 . . . vj2 . Assume that i1 ∈ (i2, j2). All other1695

cases are symmetric to this case. We know that u1vi1 ∈ E(G′) or u2vi1 ∈ E(G′). This1696

implies that neither u1Q2u2 nor u2Q2u1 is an induced path. This contradicts the fact1697

that we created an interval [i2, j2] with label (u1, u2). See Figure 6 for illustration.1698

We have proved that for any point p ∈ [r, r′], the number of intervals containing1699

p with the same label is upper bounded by 2. This implies that the cardinality of1700

a largest clique in H
(x,y)
P is at most twice the number of labels. Thus, the size of1701

the largest cliques is upper bounded by O(|Z|2). By Lemma 5.13, we know that1702

|Z| ≤ OPT (G, k) ≤ k+1 and thus O(|Z|2) is bounded by O(k2). Since the chromatic1703

number of an interval graph is upper bounded by the size of a maximum clique, the1704

proof of the claim follows.1705

By Lemma 5.13, we know that |P| = O(k4 log4 k). For each P ∈ P and (x, y) ∈1706

Z ∪ {♣} × Z ∪ {♣}, we created a subset S
(x,y)
P of V (P ) of cardinality at most (|Z|2 ·1707

χ(H
(x,y)
P )O( 2

ϵ log 2
ϵ ) = kO( 1

ϵ log 1
ϵ ). Hence, the cardinality of SP is also upper bounded1708

by kO( 1
ϵ log 1

ϵ ). The cardinality of KP is at most 2|Z| + 2 = O(k). This implies1709

that the reduced path P ′ has at most kO( 1
ϵ log 1

ϵ ) vertices. Also, we know that |P| =1710

O(k4 log4 k), hence the total number of vertices across all the paths of P after the1711

reduction is upper bounded by kO( 1
ϵ log 1

ϵ ). This together with the fact that |Z| ≤1712

OPT (G, k) and |R| = O(k4 log4 k) imply that |V (G′′)| is upper bounded by kO( 1
ϵ log 1

ϵ ).1713

This completes the proof of upper bound on the size of G′′.1714

Correctness of lossy reduction. Finally, we show that indeed (G′′, k) is a (1 −1715

ϵ)-approximate kernel for Disjoint Cycle Packing. Towards this we show the1716

following claim.1717

Claim 5.18. OPT (G′′, k) ≥ (1 − ϵ)OPT (G′, k).1718

Proof. Let C be an optimum solution to (G′, k). Without loss of generality we can1719

assume that each cycle in C is a chordless cycle. Let Q be the non-empty subpaths of1720

cycles in C induced in the graph G′ − (Z ∪R). That is, Q is the collection of supaths1721

in the intersection of C and P. For any Q ∈ Q, there exists two vertices u, v ∈ R ∪ Z1722

such that uQv is a subpath of a cycle in C. Because of property (iv) of Lemma 5.13,1723

for any Q ∈ Q with |V (Q)| = 1, at least one of the endpoint of Q is connected to a1724

vertex from Z in the cycle packing C. We say a path Q′ is a substitute for Q ∈ Q if1725

uQ′v is a subpath in G′′ where u, v ∈ R ∪Z and uQv is a subpath of a cycle in C. In1726

what follows, for at least (1− ϵ)|Q| paths in Q, we identify substitutes in the reduced1727

graph G′′ which are pairwise vertex disjoint.1728

We partition the paths in Q into Q1 and Q2. Notice that Qi ∈ Q is a subpath of1729

a cycle C ∈ C and the neighbors (could be the same) of both the endpoints of Qi on C1730

are in R∪Z. If the neighbors of both endpoints of Qi on C are in Z, then we include1731

Qi in Q1. Otherwise Qi is in Q2. For each Q ∈ Q2, we give a substitute path as1732

follows. We know that there is a path P ∈ P such that either P = QQ′ or P = Q′Q1733

for some Q′ where V (Q′) can be an empty set too. If Q = P , then we replace Q1734

with P ′ (Note that P ′ is the path obtained from P in the reduction process). Also,1735

notice that end vertices of P and P ′ are same (because endvertices of P belong to1736

KP ) and hence P ′ is a substitute for Q. Suppose P = QQ′ where V (Q′) ̸= ∅. Let1737
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P • • • ◦ • ◦ • • ◦ •

Z • • • • •u1 u2 u3 u4 u5

Q1 Q2 Q3 Q4

P ′• • • • • • •

Z • • • • •u1 u2 u3 u4 u5

Q′
1 Q′

2 Q′
4

Fig. 7: An example of intersection of C and a path P ∈ P. The vertices in P
colored black belong to V (P ′). The intersection of C and P are the set of paths
Q = {Q1, Q2, Q3, Q4}. Here Q2, Q3 ∈ Q1 and Q1, Q4 ∈ Q2. The substitute paths for
Q is in the figure at the right hand side

CQ be the cycle in C such that Q is a subpath of CQ. Let Q = v1 . . . vd. Let z be the1738

neighbour of vd in CQ which is from Z (recall that no internal vertex of P is adjacent1739

to any vertex of R). Since CQ is a chordless cycle, none of v1, . . . , vd−1 is adjacent to1740

z. This implies that v1, vd ∈ KP and hence P ′ contains a subpath P ′
Q from v1 to vd−11741

with internal vertices from {v2, . . . , vd−1}. In this case P ′
Q is a substitute for Q. In1742

a similar way, we can construct a substitute for Q when P = Q′Q where V (Q′) ̸= ∅.1743

Let Q′
2 be the set of substitute paths constructed for paths in Q2. Notice that Q′

2 is1744

a collection of vertex disjoint paths in G′′ − (Z ∪ R) and it has one substitute path1745

for each Q ∈ Q2. See Figure 7 for an illustration.1746

Now we construct substitute paths for Q1. Here, we construct substitute paths1747

for at least (1 − ϵ)|Q1| paths and these paths will be vertex disjoint. Moreover, these1748

paths will be vertex disjoint from the paths in Q′
2 as well. Let P be a path in P1749

such that at least one path in Q1 is a subpath of P . Let Q1(P ) ⊆ Q1 be the subset1750

of Q1 containing all the paths in Q1 that are subpaths of P . There are at most1751

two paths in Q2 which are subpaths of P . Let F1 and L1 be these paths, where1752

F1 and L1 could be empty too. Let the neighbours of F1 and L1 in Z in the cycle1753

packing C be x and y, respectively (here, x = ♣ if F1 = ∅ and y = ♣ if L1 = ∅).1754

Then, consider the following decomposition of path P = F1P
⋆L1. We claim that1755

P (x,y) = P ⋆. Here P (x,y) is the subpath considered in step 2 of the construction of1756

labelled interval graphs. Observe that, if F1 is non-empty then x does not have any1757

neighbor on F1 except the last vertex in F1, as cycles in C are chordless. Similarly,1758

if L1 is non-empty then y does not have any neighbor on L1, except the first vertex.1759

Thus, if F1 and L1 are both non-empty then indeed the last vertex of F is the first1760

vertex on P that is a neighbor of x and the first vertex of L1 is the last vertex on P1761

that is a neighbor of y. This implies that indeed we would have created the interval1762

graph H
(x,y)
P . We can argue similarly if either F1 is empty or L1 is empty. Now1763

consider the interval graph H
(x,y)
P . This graph is constructed from P (x,y). Since1764

each cycle in C is a chordless cycle, we have that each subpath Q ∈ Q1(P ) is a1765

potential (u1, u2)-subpath of P (x,y) where either u1Qu2 or u2Qu1 is a subpath of C1766

and u1, u2 ∈ Z. Since each vertex in V (C) has degree two in C, for any pair (u1, u2)1767

we have at most two potential (u1, u2) paths Q1 and Q2 in Q1(P ). Also note that1768

these supaths Q1 and Q2 are potential (u2, u1)-subpaths as well. So when there are1769

two paths Q1, Q2 ∈ Q1(P ) such that u1Q1u2 and u1Q2u2 are subpaths of C, then we1770

consider Q1 as a potential (u1, u2)-subpath and Q2 as a potential (u2, u1)-subpath.1771

Now we can consider Q1(P ) as a set of potential subpaths of P (x,y). That is, for each1772

Q ∈ Q1(P ), there is an interval I
(u1,u2)
Q with label (u1, u2) and (u1, u2) is not a label1773
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of any other intervals corresponding to a subpath in Q1(P ) \ {Q}. Let I1(P ) be the1774

set of interval created for the potential subpaths in Q1(P ). We have explained that1775

for any (u1, u2) ∈ Z × Z, there is at most one potential (u1, u2)-subpath in Q1(P ).1776

Also notice that, since Q1(P ) is a collection of vertex disjoint paths, the interval1777

constructed for corresponding potential subpaths are disjoint. This implies that I1(P )1778

is an independent set in H
(x,y)
P and |Γ(x,y)

P (I1(P ))| = |I1(P )|. By Lemma 5.6, we have1779

that there is a subset Σ′ ⊆ Γ
(x,y)
P (I1(P )) such that there is an independent set S of1780

cardinality (1− ϵ
2 )|I1(P )| in X

(x,y)
P and Γ

(x,y)
P (S) = Σ′. This implies that there are at1781

least (1 − ϵ
2 )|I1(P )| = (1 − ϵ

2 )|Q1(P )| of paths in Q1(P ) which have substitute paths1782

in P ′ which are vertex disjoint from F and L, where P ′ is the path obtained from P1783

in the reduction process using Lemma 5.6. This implies that for each P ∈ P, at least1784

(1− ϵ
2 )|Q1(P )| paths has substitute paths in G′′ and they are vertex disjoint subpaths1785

of P ′ and does not intersect with F and L. We denote the set of substitute paths in1786

P ′ by Q′
1(P ′). This implies that the substitute paths for Q1 are vertex disjoint and1787

they are vertex disjoint from the substitute paths for Q2. Let these substitute paths1788

form a set Q′
1 = ∪P∈PQ′

1(P ′). Also notice that since each vertex u ∈ Z, has degree1789

at most 2 in C and |Z| ≤ OPT (G′, k), the total number of paths in Q1 is at most1790

2OPT (G′, k). From each Q1(P ), at least (1 − ϵ
2 )|Q1(P )| paths have substitute paths1791

in G′′. Recall that,1792

Q1 =
⊎

P∈P
Q1(P ) and Q′

1 =
⊎

P∈P
Q′

1(P ′).1793

That is, Q1 (Q′
1) is the disjoint union of Q1(P ) (Q′

1(P ′)) for P ∈ P. Thus,1794

|Q1| − |Q′
1| =

∑

P∈P
|Q1(P )| − |Q′

1(P ′)|1795

≤
∑

P∈P
|Q1(P )| −

(

1 − ϵ

2

)

|Q1(P )|1796

=

(

∑

P∈P

ϵ

2
|Q1(P )|

)

=
ϵ

2
|Q1|.1797

This implies that |Q1| − |Q′
1| ≤ ϵ

2 |Q1| ≤ ϵOPT (G′, k). This implies that Q′
1 ∪ Q′

21798

contains at least (1 − ϵ)OPT (G′, k) substitute paths. Each path in Q for which we1799

do not have a substitute path can destroy at most one cycle in C. Recall that, C is an1800

optimum solution to (G′, k). This implies that G′′ contains at least (1−ϵ)OPT (G′, k)1801

vertex disjoin cycles. This completes the proof of the claim.1802

By Lemma 5.13, we know that OPT (G′, k) = OPT (G, k) and hence by Claim 5.18
we get that OPT (G′′, k) ≥ (1 − ϵ)OPT (G, k). We know that given a solution S ′ of
(G′′, k) the solution-lifting algorithm will output a solution S of same cardinality for
(G, k). Therefore, we have

|S|
OPT (G, k)

≥ (1 − ϵ)
|S ′|

OPT (G′′, k)
.

This gives the desired PSAKS for Disjoint Cycle Packing and completes the1803

proof.1804

6. Approximate Kernelization in Previous Work. In this section we show1805

how some of the existing approximation algorithms and FPT approximation algo-1806

rithms can be re-interpreted as first computing an α-approximate kernel, and then1807

running a brute force search or an approximation algorithm on the reduced instance.1808
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6.1. Partial Vertex Cover. In the Partial Vertex Cover problem the in-1809

put is a graph G on n vertices, and an integer k. The task is to find a vertex set1810

S ⊆ V (G) of size k, maximizing the number of edges with at least one end-point in1811

S. We will consider the problem parameterized by the solution size k. Note that the1812

solution size is not the objective function value. We define Partial Vertex Cover1813

as a parameterized optimization problem as follows.1814

PV C(G, k, S) =

{

−∞ |S| > k

Number of edges incident on S Otherwise
1815

Partial Vertex Cover is W[1]-hard [46], thus we do not expect an FPT algo-1816

rithm or a kernel of any size to exist for this problem. On the other hand, Marx [62]1817

gave a (1+ϵ)-approximation algorithm for the problem with running time f(k, ϵ)nO(1).1818

We show here that the approximation algorithm of Marx [62] can be re-interpreted1819

as a PSAKS.1820

Theorem 6.1. Partial Vertex Cover admits a strict time and size efficient1821

PSAKS.1822

Proof. We give an α-approximate kernelization algorithm for the problem for1823

every α > 1. Let ϵ = 1 − 1
α and β = 1

ϵ . Let (G, k) be the input instance. Let1824

v1, v2, . . . , vn be the vertices of G in a non-increasing order of degree, i.e., dG(vi) ≥1825

dG(vj) for all 1 ≤ i < j ≤ n. The kernelization algorithm has two cases based on1826

degree of v1.1827

Case 1: dG(v1) ≥ β
(

k
2

)

. In this case S = {v1, . . . , vk} is a α-approximate solution.

The number of edges incident to S is at least (
∑k

i=1 dG(vi))−
(

k
2

)

, because at most
(

k
2

)

edges have both end points in S and they are counted twice in the sum (
∑k

i=1 dG(vi)).

The value of the optimum solution is at most
∑k

i=1 dG(vi). Now consider the value,
PV C(G, k, S)/OPT (G, k).

PV C(G, k, S)

OPT (G, k)
≥ (
∑k

i=1 dG(vi)) −
(

k
2

)

∑k
i=1 dG(vi)

≥ 1 −
(

k
2

)

dG(v1)
≥ 1 − 1

β
=

1

α

The above inequality implies that S is an α-approximate solution. So the kernelization1828

algorithm outputs a trivial instance (∅, 0) in this case.1829

Case 2: dG(v1) < β
(

k
2

)

. Let V ′ = {v1, v2, . . . , vk⌈β(k
2)⌉+1}. In this case the algorithm1830

outputs (G′, k), whereG′ = G[NG[V ′]]. We first claim thatOPT (G′, k) = OPT (G, k).1831

Since G′ is a subgraph of G, OPT (G′, k) ≤ OPT (G, k). Now it is enough to show that1832

OPT (G′, k) ≥ OPT (G, k). Towards that, we prove that there is an optimum solution1833

that contains only vertices from the set V ′. Suppose not, then consider the solution1834

S which is lexicographically smallest in the ordered list v1, . . . vn. The set S contains1835

at most k − 1 vertices from V ′ and at least one from V \ V ′. Since degree of each1836

vertex in G is at most ⌈β
(

k
2

)

⌉ − 1 and |S| ≤ k, we have that |NG[S]| ≤ k⌈β
(

k
2

)

⌉. This1837

implies that there exists a vertex v ∈ V ′ such that v /∈ NG[S]. Hence by including1838

the vertex v and removing a vertex from S \ V ′, we can cover at least as many edges1839

as S can cover. This contradicts our assumption that S is lexicographically smallest.1840

Since G′ is a subgraph of G any solution of G′ is also a solution of G. Thus we have1841

shown that OPT (G′, k) = OPT (G, k). So the algorithm returns the instance (G′, k)1842

as the reduced instance. Since G′ is a subgraph of G, in this case, the solution-lifting1843

algorithm takes a solution S′ of (G′, k) as input and outputs S′ as a solution of (G, k).1844

Since OPT (G′, k) = OPT (G, k), it follows that PV C(G,k,S′)
OPT (G,k) = PV C(G′,k,S′)

OPT (G′,k) .1845
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The number of vertices in the reduced instance is O(k · ⌈ 1
ϵ

(

k
2

)

⌉2) = O(k5). The1846

running time of the algorithm is polynomial in the size of G. Since the algorithm1847

either finds an α-approximate solution (Case 1) or reduces the instance by a 1-safe1848

reduction rule (Case 2), this kernelization scheme is strict.1849

6.2. Steiner Tree. In the Steiner Tree problem we are given as input a graph1850

G, a subset R of V (G) called the terminals and a weight function w : E(G) → N.1851

A Steiner tree is a subtree T of G such that R ⊆ V (T ), and the cost of a tree T1852

is defined as w(T ) =
∑

e∈E(T ) w(e). The task is to find a Steiner tree of minimum1853

cost. We may assume without loss of generality that the input graph G is complete1854

and that w satisfies the triangle inequality: for all u, v, w ∈ V (G) we have w(uw) ≤1855

w(uv) +w(vw). This assumption can be justified by adding for every pair of vertices1856

u,v the edge uv to G and making the weight of uv equal the shortest path distance1857

between u and v. If multiple edges are created between the same pair of vertices, only1858

the lightest edge is kept.1859

Most approximation algorithms for the Steiner Tree problem rely on the notion1860

of a k-restricted Steiner tree, defined as follows. A component is a tree whose leaves1861

coincide with a subset of terminals, and a k-component is a component with at most1862

k leaves. A k-restricted Steiner tree S is a collection of k-components, such that1863

the union of these components is a Steiner tree T . The cost of S is the sum of the1864

costs of all the k-components in S. Thus an edge that appears in several different1865

k-components of S will contribute several times to the cost of S, but only once to the1866

cost of T . The following result by Borchers and Du [12] shows that for every ϵ > 01867

there exists a k such that the cost of the best k-restricted Steiner tree S is not more1868

than (1 + ϵ) times the cost of the best Steiner tree. Thus approximation algorithms1869

for Steiner Tree only need to focus on the best possible way to “piece together”1870

k-components to connect all the terminals.1871

Proposition 6.2 ([12]). For every k ≥ 1, graph G, terminal set R, weight1872

function w : E(G) → N and Steiner tree T , there is a k-restricted Steiner Tree S in1873

G of cost at most (1 + 1
⌊log2 k⌋ ) · w(T ).1874

Steiner Tree parameterized by the number of terminals, defined below.1875

ST ((G,R), k′, T ) =







−∞ if |R| > k′

∞ if T is not a Steiner tree for R
w(T ) otherwise

1876

Proposition 6.2 can easily be turned into a PSAKS for Steiner Tree parame-1877

terized by the number of terminals.1878

To get a (1 + ϵ)-approximate kernel it is sufficent to pick k based on ϵ, compute1879

for each k-sized subset R′ ⊆ R of terminals an optimal Steiner tree for R′, and only1880

keep vertices in G that appear in these Steiner trees. This reduces the number of1881

vertices of G to O(|R|k), but the edge weights can still be large making the bitsize1882

of the kernel super-polynomial in |R|. However, it is quite easy to show that keeping1883

only O(log |R|) bits for each weight is more than sufficient for the desired precision.1884

Theorem 6.3. Steiner Tree parameterized by the number of terminals admits1885

a PSAKS.1886

Proof. Start by computing a 2-approximate Steiner tree T2 using the classic factor1887

2 approximation algorithm [77]. For every vertex v /∈ R such that minx∈R w(vx) ≥1888

w(T2) delete v from G as v may never participate in any optimal solution. By the1889
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triangle inequality we may now assume without loss of generality that for every edge1890

uv ∈ E(G) we have w(uv) ≤ 6 ·OPT (G,R,w).1891

Working towards a (1 + ϵ)-approximate kernel of polynomial size, set k to be1892

the smallest integer such that 1
⌊log2 k⌋ ≤ ϵ/2. For each subset R′ of R of size at1893

most k, compute an optimal Steiner tree TR′ for the instance (G,R′, w) in time1894

O(3k|E(G)||V (G)|) using the algorithm of Dreyfus and Wagner[27]. Mark all the ver-1895

tices in V (TR′). After this process is done, some O(k|R|k) vertices in G are marked.1896

Obtain G′ from G by deleting all the unmarked vertices in V (G) \ R. Clearly every1897

Steiner tree in G′ is also a Steiner tree in G, so we argue that OPT (G′, R, w) ≤1898

(1 + ϵ
2 )OPT (G,R,w).1899

Consider an optimal Steiner tree T for the instance (G,R,w). By Proposition 6.21900

there is a k-restricted Steiner Tree S in G of cost at most (1 + 1
⌊log2 k⌋ ) · w(T ) ≤1901

(1 + ϵ
2 )OPT (G,R,w). Consider a k-component C ∈ S, and let R′ be the set of leaves1902

of C (note that these are exactly the terminals appearing in C). C is a Steiner tree for1903

R′, and so TR′ is a Steiner tree forR′ with w(TR′) ≤ w(C). Then S ′ = (S\{C})∪{TR′}1904

is a k-restricted Steiner Tree of cost no more than (1+ ϵ
2 )OPT (G,R,w). By repeating1905

this argument for all k-components of S we conclude that there exists a k-restricted1906

Steiner Tree S in G of cost at most (1 + ϵ
2 )OPT (G,R,w), such that all k-components1907

in S only use marked vertices. The union of all of the k-components in S is then a1908

Steiner tree in G′ of cost at most (1 + ϵ
2 )OPT (G,R,w).1909

We now define a new weight function ŵ : E(G′) → N, by setting

ŵ(e) =

⌊

w(e) · 8|R|
ϵ · w(T2)

⌋

Note that since w(e) ≤ 6 ·OPT (G,R,w) and w(T2) ≥ OPT (G,R,w), it follows that1910

ŵ(e) ≤ 24|R|
ϵ . Thus it takes only O(log |R| + log 1

ϵ ) bits to store each edge weight. It1911

follows that the bitsize of the instance (G′, R, ŵ) is |R|2O(1/ϵ)

.1912

Consider a c-approximate Steiner tree T ′
1 for the instance (G′, R, ŵ) where c > 1.1913

Because of triangular inequality we can construct a Steiner tree T ′ of (G′, R, ŵ) with1914

the property that V (T ′) ⊆ V (T ′
1), ŵ(T ′) ≤ ŵ(T ′

1) and the number of non-terminal1915

vertices in T ′ is at most |R| − 1. We now argue that T ′ is also a c(1 + ϵ)-approximate1916

Steiner tree for the instance (G,R,w).1917

First, observe that the definition of ŵ implies that for every edge e we have the
inequality

w(e) ≤ ŵ(e) · ϵ · w(T2)

8|R| +
ϵ · w(T2)

8|R| .

Since |V (T ′)| ≤ 2|R|, T ′ has at most 2|R| edges. Therefore,

w(T ′) ≤ ŵ(T ′) · ϵ · w(T2)

8|R| +
ϵ

4
w(T2).

Consider now an optimal Steiner tree Q for the instance (G′, R, w). We have that

w(Q) · 8|R|
ϵ · w(T2)

≥ ŵ(Q),

which in turn implies that1918

w(Q) ≥ ŵ(Q) · ϵ · w(T2)

8|R|1919

OPT (G′, R, w) ≥ OPT (G′, R, ŵ) · ϵ · w(T2)

8|R| (Because ŵ(Q) ≥ OPT (G′, R, ŵ))1920
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We can now wrap up the analysis by comparing w(T ′) with OPT (G,R,w).1921

w(T ′) ≤ ŵ(T ′) · ϵ · w(T2)

8|R| +
ϵ

4
w(T2)1922

≤ c ·OPT (G′, R, ŵ) · ϵ · w(T2)

8|R| +
ϵ

4
w(T2)1923

≤ c ·OPT (G′, R, w) +
ϵ

4
w(T2)1924

≤ c · (1 + ϵ/2) ·OPT (G,R,w) +
ϵ

4
w(T2)1925

≤ c · (1 + ϵ) ·OPT (G,R,w) (Because w(T2) ≤ 2OPT (G,R,w))1926

This implies that a T ′ is a c(1+ϵ)-approximate Steiner tree for the instance (G,R,w),1927

concluding the proof.1928

6.3. Optimal Linear Arrangement. Recall that in the Optimal Linear1929

Arrangement problem we are given as input an undirected graph G on n vertices.1930

The task is to find a bijection (also called an ordering) σ : V (G) → {1, . . . , n} of1931

minimum cost, which is called an optimal linear arrangement. We employ a slight1932

abuse of notation and say that σ is an ordering of both V (G) and G. Here the cost1933

of an ordering σ is denoted by cost(σ,G) =
∑

uv∈E(G) |σ(u) − σ(v)|. For each edge1934

uv, we say that the cost or stretch of uv in σ is |σ(u) − σ(v)|. Recall the problem1935

Optimal Linear Arrangement parameterized by vertex cover:1936

OLA((G,C), k, σ) =







−∞ if C is not vertex cover of G of size at most k,
∞ if σ is not an ordering of G,

cost(σ,G) otherwise.
1937

Fellows et al. [35] gave an FPT approximation scheme for Optimal Linear1938

Arrangement parameterized by vertex cover. We observe that their algorithm can1939

be interpreted as a O(2k · k4 · ( 1
ϵ ))-size (1 + ϵ)-approximate kernel combined with a1940

brute force algorithm on the reduced instance. Next, we explain how to extract a1941

(1 + ϵ)-approximate kernel from the algorithm of Fellows et al.1942

Let ((G,C), k) be the given instance of Optimal Linear Arrangement and
suppose that C is a vertex cover of G of size exactly k. Let m = |E(G)| and let
n = |V (G)|. We assume that the graph G is not edgeless. Moreover, assuming no
isolated vertices, we have:

n

2
≤ m ≤

(

k

2

)

+ (n− k) · k ≤ k · n.

This is because the set I = V (G) \ C forms an independent set. Furthermore, I1943

can be partitioned into at most 2k sets as follows: for each subset S of C we define1944

IS = {v ∈ I : N(v) = S}.1945

If n ≤ 2k · k4 then we return the same graph and stop. So, suppose not. Let1946

ϵ > 0 be given. If ϵ > 1, then we set ϵ = 1. Based on ϵ we next pick an integer1947

x = ⌊ ϵn
64k4·2k+4 ⌋. From G we obtain a new graph G1 by deleting for each S ⊆ C at1948

most x vertices from IS , such that the size of IS becomes divisible by x.1949

Clearly OPT (G1) ≤ OPT (G) since G1 is an induced subgraph of G. Furthermore,1950

from any ordering σ1 of G1 one can obtain an ordering σ of G by appending all1951

the vertices in V (G) \ V (G1) to the end of the ordering (arbitrarily ordered among1952
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themselves). Since there are 2k choices for S ⊆ C and each vertex in V (G) \ V (G1)1953

has degree at most k and any edge contributes at most n to the cost of any ordering,1954

it follows that1955

(6.1) cost(σ,G) ≤ cost(σ1, G1) + 2k · x · k · n1956

One might think that an additive error of 2k ·x ·k ·n is too high for our purposes, but1957

Fellows et al. show that the optimum cost is sufficiently large to make this additive1958

factor insignificant, i.e., much less than ϵ ·OPT (G).1959

Lemma 6.4 ([35]). OPT (G) ≥ m2

4k21960

As we have that n
2 ≤ m, Lemma 6.4 implies that1961

(6.2) OPT(G) ≥ n2

16k2
.1962

In the following discussion let I1 = V (G1)\C and let I1S = {v ∈ I1 : NG1
(v) = S}1963

for every S ⊆ C. Proceed as follows for each S ⊆ C. We group I1S into
|I1

S |
x groups,1964

each of size x. Moreover, let us assign an implicit ordering to the groups constructed1965

from I1S , just so that we are able to refer to the first group in I1S , second group in I1S1966

and so on.1967

Define ÔPT (G1) to be the minimum cost taken over all orderings of V (G1) such1968

that, for every group, the vertices in that group appear consecutively in the ordering.1969

Next we prove the following lemma, which essentially states that there is a near-1970

optimal ordering for G1 where vertices in the same group appear consecutively.1971

Lemma 6.5. ÔPT (G1) ≤ OPT (G1) + (kn+m) · 2k · k · x1972

To prove Lemma 6.5 we first need an intermediate result. We say that an ordering1973

σ of G1 is homogenous if, for every u, v ∈ I1 such that N(u) = N(v), σ(u) < σ(v)1974

and there is no c ∈ C such that σ(u) < σ(c) < σ(v), we have that for every w ∈ I11975

such that σ(u) < σ(w) < σ(v), N(w) = N(u). Informally this means that between1976

two consecutive occurrences of vertices of C in the ordering, the vertices from I1S and1977

I1S′ (for S ̸= S′) are not “interleaved”.1978

Lemma 6.6 ([35]). There is a homogenous optimal linear arrangement of G1.1979

Observation 6.1. Consider an optimal linear arrangement σ of G1 and let u, v ∈1980

I1S for some S ⊆ C. Let σ′ be the ordering obtained from σ by swapping u and v.1981

then, cost(σ,G1) = cost(σ′, G1).1982

Let us now give the proof of Lemma 6.5.1983

Proof of Lemma 6.5. Consider an optimal linear arrangement σ1 of G1. Without1984

loss of generality, it is homogenous by Lemma 6.6.1985

Next we construct another optimal linear arrangement σ2 from σ1 using the fol-1986

lowing procedure. For each S ⊆ C, we repeatedly invoke Observation 6.1 and swap1987

pairs of vertices in I1S such that the vertices in the first group of I1S appear first, fol-1988

lowed by the vertices in the second group, and so on. Notice that some groups of I1S1989

could be “split” by vertices of C after performing this change. However, notice that1990

for each set S, at most k groups of I1S can be split in this way because the vertices of1991

each group appear contiguously and there are at most k vertices in C. What remains1992

is to obtain an ordering where, in addition, no group is split by vertices of C.1993

Towards this, we make the following change to σ2 for each group that is split1994

by a vertex of C. Shift all the (at most x) vertices of this group to the right of the1995
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right-most vertex of C in σ2 that splits this group. In this way, after starting with1996

the ordering σ2, we ultimately shift at most 2k · k · x vertices (at most k · x vertices1997

for each set I1S) and obtain a new ordering where for every group, the vertices in that1998

group appear consecutively. Finally, notice that shifting a single vertex v of degree at1999

most k in an ordering can only increase the cost of the ordering by at most (kn+m).2000

This is because each edge incident on v can have a stretch of at most n and every2001

edge not incident on v gets its stretch increased by at most one (when v is inserted2002

in between its endpoints). So, we have that the “additional stretch” taken over all2003

edges incurred by the changes described above to σ2 is at most (kn + m) · 2k · k · x.2004

This concludes the proof of the lemma.2005

Recall that in the graph G1, each set I1S is partitioned into groups of size at most2006

x each. From G1 we next construct a new graph G2 by keeping C and exactly one2007

vertex from each group, and deleting all other vertices. Thus G2 is a graph on at2008

most |C| + n−|C|
x vertices. Moreover, observe that there is a natural correspondence2009

between edges in G1 and edges in G2. Each edge in G2 corresponds to either one or2010

x edges, depending on whether both endpoints are in C or exactly one endpoint is2011

in C. Let us call an edge in G2 a thick edge if it corresponds to x edges in G1 and2012

a thin edge otherwise. Notice that the thin edges are precisely the edges of G2 with2013

both endpoints in C, so there are at most
(

k
2

)

of them. On the other hand, there are2014

at most m
x thick edges in G2.2015

Each ordering σ2 of V (G2) corresponds in the natural way to an ordering σ1 of2016

V (G1) where for every group, the vertices in that group are placed consecutively in2017

σ1. Let us say that such an ordering σ1 is an ordering of V (G1) corresponding to σ2.2018

Note that for every ordering σ1 of V (G1) where for every group, the vertices in that2019

group appear consecutively there is an ordering σ2 of G2 such that σ1 corresponds to2020

σ2. The next lemma summarizes the relation between the costs of σ1 and σ2.2021

Lemma 6.7. Let σ2 be an ordering of G2 and σ1 be an ordering of G1 correspond-2022

ing to σ2. Then the following two inequalities hold.2023

cost(σ1, G1) ≤ x2 · cost(σ2, G2)(6.3)2024

cost(σ2, G2) ≤ cost(σ1, G1)

x2
+ (k + 1)

m

x
+ k2

n

x
(6.4)2025

Proof. Consider the first inequality. For any edge uv in G1 corresponding to an2026

edge u′v′ in G2 we have that |σ1(u)− σ1(v)| ≤ x · |σ2(u′)− σ2(v′)|. In the worst case,2027

every edge of G2 is thick, implying the first inequality.2028

Towards proving the second inequality, consider an edge uv in G1 corresponding2029

to an edge u′v′ in G2. Suppose that p vertices of C lie between u and v in σ1. Then,2030

the same p vertices of C lie between u′ and v′ in σ2. Moreover, suppose that γ vertices2031

not in C lie between u′ and v′ in σ2. Then, |σ2(u′) − σ2(v′)| = p + γ + 1. Since the2032

γ vertices not in C that lie between u′ and v′ in σ2 correspond to γ groups in G1, we2033

have that |σ1(u)−σ1(v)| ≥ p+γ ·x+ 1, implying that γ ≤ |σ1(u)−σ1(v)|−(p+1)
x . Hence,2034

we have that:2035

|σ2(u′) − σ2(v′)| ≤ |σ1(u) − σ1(v)|
x

+ (p+ 1)
(

1 − 1
x

)

.2036

Consider a thick edge u′v′ in G2 with a corresponding edge uv in G1. By the
above inequality and the fact that p ≤ k, we have that

|σ2(u′) − σ2(v′)| ≤ |σ1(u) − σ1(v)|
x

+ k + 1
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Rearranging the terms, we have that

|σ1(u) − σ1(v)| ≥ (|σ2(u′) − σ2(v′)| − (k + 1)) · x

So, the x edges of G1 corresponding to the thick edge u′v′ together contribute at2037

least (|σ2(u′) − σ2(v′)| − (k + 1)) · x2 to cost(σ1, G1).2038

Hence, we have that

cost(σ1, G1) ≥
∑

e=u′v′ is thick

(|σ2(u′) − σ2(v′)| − (k + 1)) · x2

Dividing by x2 and rearranging terms, we get that

cost(σ1, G1)

x2
+ (k + 1) · µ ≥

∑

e=u′v′ is thick

(|σ2(u′) − σ2(v′)|,

where µ denotes the number of thick edges in G2. Plugging in µ ≤ |E(G2)| ≤ m
x ,2039

we get that2040

(6.5)
cost(σ1, G1)

x2
+ (k + 1) · m

x
≥

∑

e=u′v′

is thick

∣

∣σ2(u′) − σ2(v′)
∣

∣ .2041

Now, let us consider thin edges u′v′ in G2. There are at most
(

k
2

)

such edges and2042

for each such edge, |σ2(u′) − σ2(v′)| ≤ |V (G2)| − 1 ≤ k + n−k
x ≤ k + n

x . By definition2043

of x, we have n
x ≥ k, so k + n

x ≤ 2n
x . Hence,2044

(6.6)
∑

e=u′v′

is thin

∣

∣σ2(u′) − σ2(v′)
∣

∣ ≤
(

k

2

)

· 2n

x
≤ k2 · n

x
.2045

By definition, we have that

cost(σ2, G2) =
∑

e=u′v′ is thick

|σ2(u′) − σ2(v′)| +
∑

e=u′v′ is thin

|σ2(u′) − σ2(v′)|.

Plugging in the bounds from Inequalities (6.5) and (6.6) above gives us the second2046

inequality of the lemma.2047

As discussed earlier, ÔPT (G1) ≥ OPT (G1), so the second inequality of2048

Lemma 6.7 implies that:2049

(6.7) OPT (G2) ≤ ÔPT (G1)

x2
+ (k + 1)

m

x
+ k2

n

x
2050

We are now ready to state the main result of this subsection.2051

Theorem 6.8. Optimal Linear Arrangement parameterized by vertex cover2052

has a (1 + ϵ)-approximate kernel of size O( 1
ϵ 2kk4).2053

Proof. Recall that if n ≤ 2k · k4 then we would have returned the same graph.2054

The size bound is clearly satisfied and moreover, any c-approximate solution to the2055

reduced instance is clearly a c(1 + ϵ)-approximate solution to the original instance.2056

This manuscript is for review purposes only.



LOSSY KERNELIZATION 51

So, suppose n > 2k · k4. Given G and C, the kernelization algorithm would have2057

computed and output the graph G2 as described previously. Since G2 has at most2058

k+n/x = O( 1
ϵ 2kk4) vertices, the size bound is satisfied. It now remains to show how2059

a c-approximate solution σ2 to G2 can be turned into a c(1 + ϵ)-approximate solution2060

σ of G.2061

Let a c-approximate solution σ2 to G2 be given. This ordering corresponds to2062

an ordering σ1 of G1 in the natural way where vertices of the same block are placed2063

consecutively. Moreover, the ordering σ1 of V (G1) can be turned into an ordering σ of2064

V (G), as described in the paragraph right before Lemma 6.4, where deleted vertices2065

are greedily appended at the end.2066

We claim that this ordering σ is in fact a c(1 + ϵ)-approximate solution of G.2067

Towards this, we will use the fact that c ≥ 1 and so,2068

(6.8) c · k · n · x · 3k + k · n · x · 2k ≤ c · k · n · x · 2k+2
2069

2070

cost(σ,G) ≤ cost(σ1, G1) + 2kxkn (by (6.1))2071

≤ x2 cost(σ2, G2) + 2kxkn (by (6.3))2072

≤ x2c OPT(G2) + 2kxkn2073

≤ x2c

(

ÔPT(G1)

x2
+ (k + 1)

m

x
+ k2

n

x

)

+ 2kxkn (by (6.7))2074

≤ c ÔPT(G1) + 3ck2nx+ 2kxkn (since m ≤ kn)2075

≤ c ÔPT(G1) + 2k+2cxkn (by (6.8))2076

≤ c
(

OPT(G1) + (kn+m)k2kx
)

+ 2k+2cxkn (by Lemma 6.5)2077

≤ c OPT(G1) + ck22k+4xn (since m ≤ kn)2078

≤ c OPT(G) + ck22k+4xn (since OPT(G1) ≤ OPT(G))2079

≤ c OPT(G) + cϵ
n2

16k2
(by definition of x)2080

≤ c(1 + ϵ) OPT(G) (by (6.2)).20812082

This concludes the proof.2083

7. Lower Bounds for Approximate Kernelization. In this section we set2084

up a framework for proving lower bounds on the size of α-approximate kernels for a2085

parameterized optimization problem. For standard kernelization, the most commonly2086

used tool for establishing kernel lower bounds is by using cross compositions [10]. In2087

particular, Bodlaender et al. [10] defined cross composition and showed that if an NP-2088

hard language L admits a cross composition into a parameterized (decision) problem Π2089

and Π admits a polynomial kernel, then L has an OR-distillation algorithm. Fortnow2090

and Santhanam [40] proved that if an NP-hard language L has an OR-distillation,2091

then NP ⊆ coNP/Poly.2092

In order to prove a kernelization lower bound for a parameterized decision prob-2093

lem Π, all we have to do is to find an NP-hard language L and give a cross composition2094

from L into Π. Then, if Π has a polynomial kernel, then combining the cross com-2095

position and the kernel with the results of Bodlaender et al. [10] and Fortnow and2096

Santhanam [40] would prove that NP ⊆ coNP/Poly. In other words a cross compo-2097
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sition from L into Π proves that Π does not have a polynomial kernel unless NP ⊆2098

coNP/Poly.2099

In order to prove lower bounds on the size of α-approximate kernels, we generalize2100

the notion of cross compositions to α-gap cross compositions, which are hybrid of cross2101

compositions and gap creating reductions found in hardness of approximation proofs.2102

To give the formal definition of α-gap cross compositions, we first need to recall the2103

definition of Bodlaender et al. [10] of polynomial equivalence relations on Σ∗, where2104

Σ is a finite alphabet.2105

Definition 7.1 (Polynomial equivalence relation [10]). An equivalence rela-2106

tion R on Σ∗, where Σ is a finite alphabet, is called a polynomial equivalence relation2107

if (i) equivalence of any x, y ∈ Σ∗ can be checked in time polynomial in |x| + |y|, and2108

(ii) any finite set S ⊆ Σ∗ has at most (maxx∈S |x|)O(1) equivalence classes.2109

Now we define the notion of α-gap cross composition.2110

Definition 7.2 (α-gap cross composition for maximization problems). Let L ⊆2111

Σ∗ be a language, where Σ is a finite alphabet and let Π be a parameterized maximiza-2112

tion problem. We say that L α-gap cross composes into Π (where α ≥ 1), if there is a2113

polynomial equivalence relation R and an algorithm which, given t strings x1, . . . , xt2114

belonging to the same equivalence class of R, computes an instance (y, k) of Π and2115

an r ∈ R, in time polynomial in
∑t

i=1 |xi| such that the following holds:2116

(i) OPT (y, k) ≥ r if and only if xi ∈ L for some 1 ≤ i ≤ t;2117

(ii) OPT (y, k) < r
α if and only if xi /∈ L for all 1 ≤ i ≤ t; and2118

(iii) k is bounded by a polynomial in log t+ max1≤i≤t |xi|.2119

If such an algorithm exists, then we say that L α-gap cross composes to Π.2120

One can similarly define α-gap cross compositions for minimization problems.2121

Definition 7.3. The definition of α-gap cross composition for a minimization2122

problem Π can be obtained by replacing conditions (i) and (ii) of Definition 7.2 with2123

the following conditions (a) and (b) respectively.2124

(a) OPT (y, k) ≤ r if and only if xi ∈ L for some 1 ≤ i ≤ t, and2125

(b) OPT (y, k) > r · α if and only if xi /∈ L for all 1 ≤ i ≤ t.2126

Similarly to the definition of α-approximate kernels, Definition 7.3 can be ex-2127

tended to encompass α-gap cross composition where α is not a constant, but rather2128

a function of the (output) instance (y, k). Such compositions can be used to prove2129

lower bounds on the size of α-approximate kernels where α is super-constant.2130

One of the main ingredient to prove hardness about computations in different2131

algorithmic models is an appropriate notion of a reduction from a problem to another.2132

Next, we define a notion of a polynomial time reduction appropriate for obtaining2133

lower bounds for α-approximate kernels. As we will see this is very similar to the2134

definition of α-approximate polynomial time pre-processing algorithm (Definition 3.9).2135

Definition 7.4. Let α ≥ 1 be a real number. Let Π and Π′ be two parameter-2136

ized minimization (maximization) problems. An α-approximate polynomial parameter2137

transformation (α-appt for short) A from Π to Π′ is a pair of polynomial-time algo-2138

rithms, called reduction algorithm RA and solution-lifting algorithm. Given as input2139

an instance (I, k) of Π the reduction algorithm outputs an instance (I ′, k′) of Π′. The2140

solution-lifting algorithm takes as input an instance (I, k) of Π, the output instance2141

(I ′, k′) = RA(I, k) of Π′, and a solution s′ to the instance I ′ and outputs a solution2142
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s to (I, k). If Π and Π′ are minimization problems, then2143

Π(I, k, s)

OPTΠ(I, k)
≤ α · Π′((I ′, k′), s′)

OPTΠ′(I ′, k′)
.2144

If Π and Π′ are maximization problems, then2145

Π(I, k, s)

OPTΠ(I, k)
· α ≥ Π′((I ′, k′), s′)

OPTΠ′(I ′, k′)
.2146

If there is a an α-appt from Π to Π′ then in short we denote it by Π ≺α−appt Π′.2147

In the standard kernelization setting lower bounds machinery also rules out ex-2148

istence of compression algorithms. Similar to this our lower bound machinery also2149

rules out existence of compression algorithms. Towards that we need to generalize the2150

definition of α-approximate kernel to α-approximate compression. The only difference2151

is that in the later case the reduced instance can be an instance of any parameterized2152

optimization problem.2153

Definition 7.5. Let α ≥ 1 be a real number. Let Π and Π′ be two parameterized2154

optimization problems. An α-approximate compression from Π to Π′ is an α-appt A2155

from Π to Π′ such that sizeA(k) = sup{|I ′|+k′ : (I ′, k′) = RA(I, k), I ∈ Σ∗}, is upper2156

bounded by a computable function g : N → N, where RA is the reduction algorithm2157

in A.2158

In the context of proving approximate kernel lower bounds, whether Π′ in Defi-2159

nition 7.5 is parameterized or not is irrelevant—it could just as well be an unparam-2160

eterized optimization problem. However, for clarity of presentation we will stick to2161

parameterized optimization problem in this paper. Whenever we talk about the exis-2162

tence of an α-approximate compression and we do not specify the target problem Π′,2163

we mean the existence of α-approximate compression into some optimization problem2164

Π′. For more detailed exposition about lower bound machinery about polynomial2165

compression for decision problems we refer to the textbook [18].2166

Towards building a framework for lower bounds we would like to prove a theorem2167

analogous to the one by Bodlaender et al. [10]. In particular, we would like to show2168

that an α-gap cross composition from an NP-hard language L into a parameterized2169

optimization problem Π, together with an α-approximate compression of polynomial2170

size yield an OR-distillation for the language L. Then the result of Fortnow and San-2171

thanam [40] would immediately imply that any parameterized optimization problem2172

Π that has an α-gap cross composition from an NP-hard language L can not have2173

an α-approximate compression unless NP ⊆ coNP/Poly. Unfortunately, for technical2174

reasons, it seems difficult to make such an argument. Luckily, we can complete a2175

very similar argument yielding essentially the same conclusion, but instead of relying2176

on “OR-distillations” and the result of Fortnow and Santhanam [40], we make use of2177

the more general result of Dell and van Melkebeek [20] that rules out cheap oracle2178

communication protocols for NP-hard problems. We first give necessary definitions2179

that allow us to formulate our statements.2180

Definition 7.6 (Oracle Communication Protocol [20]). Let L ⊆ Σ∗ be a lan-2181

guage, where Σ is a finite alphabet. An oracle communication protocol for the lan-2182

guage L is a communication protocol between two players. The first player is given2183

the input x and has to run in time polynomial in the length of x; the second player is2184

computationally unbounded but is not given any part of x. At the end of the protocol2185
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the first player should be able to decide whether x ∈ L. The cost of the protocol is2186

the number of bits of communication from the first player to the second player.2187

Lemma 7.7 (Complementary Witness Lemma [20]). Let L be a language and2188

t : N → N be polynomial function such that the problem of deciding whether at least2189

one out of t(s) inputs of length at most s belongs to L has an oracle communication2190

protocol of cost O(t(s) log t(s)), where the first player can be conondeterministic. Then2191

L ∈ coNP/Poly.2192

Our lower bound technique for α-approximate compression for a parameterized2193

optimization problem Π requires the problem Π to be polynomial time verifiable. By2194

this we mean that the function Π is computable in polynomial time. We call such2195

problems nice parameterized optimization problems. We are now in position to prove2196

the main lemma of this section.2197

Lemma 7.8. Let L be a language and Π be a nice parameterized optimization2198

problem. If L α-gap cross composes to Π, and Π has a polynomial sized α-approximate2199

compression, then L ∈ coNP/Poly.2200

Proof. We prove the theorem for the case when Π is a maximization problem.2201

The proof when Π is a minimization problem is analogous and thus it is omitted. By2202

our assumption L α-gap cross composes to Π. That is, there exists a polynomial-time2203

algorithm A that given t(s) strings x1, . . . , xt(s), each of length at most s, outputs an2204

instance (y, k) of Π and a number r ∈ R such that the following holds.2205

(i) OPT (y, k) ≥ r if and only if xi ∈ L for some 1 ≤ i ≤ t(s)2206

(ii) OPT (y, k) < r
α if and only if xi /∈ L for all 1 ≤ i ≤ t(s)2207

(iii) k is upper bounded by a polynomial P1 of s+ log(t(s)). That is, k ≤ P1(s+2208

log(t(s))).2209

By our assumption Π has a polynomial sized α-approximate compression. That is,
there is a pair of polynomial-time algorithms B and C, and an optimization problem
Π′ with the following properties: (a) B is a reduction algorithm, which takes input
(y, k) of Π and outputs an instance (y′, k′) of Π′ such that |y′| + k′ ≤ P2(k) for a
polynomial P2 and (b) C is a solution-lifting algorithm, which given an instance (y, k)
of Π, an instance (y′, k′)of Π′ and a solution S′ to (y′, k′), outputs a solution S of
(y, k) such that

Π(y, k, S)

OPTΠ(y, k)
· α ≥ Π′(y′, k′, S′)

OPTΠ′(y′, k′)
.

Let t = P1◦P2, that is, t(s) = P2(P1(s)). We design an oracle communication protocol2210

for the language L using algorithms A,B and C. The oracle communication protocol2211

for L works as follows.2212

Step 1: The first player runs the algorithm A on the t(s) input strings x1, . . . , xt(s),2213

each of length at most s, and produces in polynomial time, an instance (y, k)2214

of Π and a number r ∈ R. Here the value k is upper bounded by P1(s +2215

log(t(s))) (by condition (iii)).2216

Step 2: The first player runs the reduction algorithm B on (y, k), producing an in-2217

stance (y′, k′) of Π′. Then the first player sends the instance (y′, k′) to the2218

second player. By the property of algorithm B, the size of the instance (y′, k′)2219

is upper bounded by P2(k) = P2(P1(s+ log(t(s)))), which in turn is equal to2220

t(s+ log(t(s))).2221

Step 3: The (computationally unbounded) second player sends an optimum solution2222

S′ of (y′, k′) back to the first player.2223

Step 4: The first player runs the solution-lifting algorithm C on input (y, k), (y′, k′)2224

This manuscript is for review purposes only.



LOSSY KERNELIZATION 55

and S′, and it outputs a solution S of (y, k). Then, if Π(y, k, S) ≥ r
α the first2225

player declares that there exists an i such that xi ∈ L. Otherwise the first2226

player declares that xi /∈ L for all i.2227

All the actions of the first player are performed in polynomial time. The cost of2228

communication is t(s + log(t(s))) = O(t(s)), since t is a polynomial. We now show2229

that the protocol is correct. Let xi ∈ L for some 1 ≤ i ≤ t(s). Since A is an α-gap2230

cross composition we have that OPT (y, k) ≥ r (by condition (i)). Since S′ is an2231

optimum solution, by the property of solution lifting algorithm C, S is a solution of2232

(y, k) such that Π(y, k, S) ≥ OPT (y,k)
α ≥ r

α . This implies that in Step 4, the first2233

player declares that xi ∈ L for some i. Suppose now that xi /∈ L for all i. Then, by2234

the definition of α-gap cross composition algorithms A, we have that OPT (y, k) < r
α .2235

This implies that for any S, Π(y, k, S) < r
α . Thus in Step 4, the first player declares2236

that xi /∈ L for all i. We have just verified that the described oracle communication2237

protocol satisfies all the conditions of Lemma 7.7. Thus, by Lemma 7.7, we have that2238

L ∈ coNP/Poly. This completes the proof.2239

The main theorem of the section follows from Lemma 7.8.2240

Theorem 7.9. Let L be an NP-hard language and Π be a nice parameterized2241

optimization problem. If L α-gap cross composes to Π, and Π has a polynomial sized2242

α-approximate compression, then NP ⊆ coNP/Poly.2243

We note that Lemma 7.7 applies even if the first player works in co-nondeterministic2244

polynomial time. Thus, a co-nondeterministic α-gap cross composition together with2245

an α-approximate compression from an NP-hard language would still yield that NP2246

⊆ coNP/Poly. For clarity we formally define co-nondeterministic α-gap cross compo-2247

sition for minimization problem which we later use in this section to derive a lower2248

bound on Set Cover.2249

Definition 7.10 (co-nondeterministic α-gap cross composition for minimization2250

problem). Let L ⊆ Σ∗ be a language, where Σ is a finite alphabet and let Π be a2251

parameterized minimization problem. We say that L co-nondeterministically α-gap2252

cross composes into Π (where α ≥ 1), if there is a polynomial equivalence relation R2253

and a nondeterministic algorithm A which, given t strings x1, x2, . . . , xt belonging to2254

the same equivalence class of R, computes an instance (y, k) of Π and r ∈ R, in time2255

polynomial in
∑t

i=1 |xi| such that the following holds.2256

(i) if xi ∈ L for some i ∈ [t], then in all the computation paths of A, OPT (y, k) ≤2257

r,2258

(ii) if xi /∈ L for all i ∈ [t], then there is a computation path in A with the2259

property that OPT (y, k) > r · α, and2260

(iii) k is bounded by a polynomial in log t+ max1≤i≤t |xi|.2261

If such an algorithm exists, then we say L co-nondeterministically α-gap cross com-2262

poses to Π.2263

8. Longest Path. In this Section we show that Longest Path does not ad-2264

mit an α-approximate compression of polynomial size for any α ≥ 1 unless NP ⊆2265

coNP/Poly. The parameterized optimization version of the Longest Path problem,2266

that we call Path, is defined as follows.2267

Path(G, k, P ) =

{

−∞ if P is not a path in G

min {k + 1, |V (P )| − 1} otherwise
2268

We show that Path does not have a polynomial sized α-approximate compression2269
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for any constant α ≥ 1. We prove this by giving an α-gap cross composition from a2270

α-Gap Long Path. The problem α-Gap Long Path is a promise problem which2271

is defined as follows.2272

Definition 8.1. The α-Gap Long Path problem is to determine, given a graph2273

G and an integer k whether:2274

• G has a path of length at least k, in which case we say that (G, k) is a Yes2275

instance of α-Gap Long Path.2276

• the longest path in G has length strictly less than k
α , in which case we say2277

that (G, k) is a No instance of α-Gap Long Path.2278

Moreover, the given graph G has either a path of length at least k or no path of length2279

at least k
α .2280

Lemma 8.2. For any α ≥ 1, α-Gap Long Path is NP-hard.2281

Proofsketch. The proof of Lemma 8.2 follows from the approximation preserving2282

reductions in [66, 53]. We explain those results here. Consider the following promise2283

problem α-Gap Max 3-SAT(5). Given a 3-CNF SAT formula ψ where each variable2284

appears exactly 5 times, and the Yes and No instances are defined as follows.2285

• If ψ is satisfiable, then it is a Yes instance.2286

• If every assignment satisfies only at most 1
α fraction of the clauses in ψ, then2287

it is a No instance.2288

There is a constant c > 1 such that c-Gap Max 3-SAT(5) is NP-hard [7] (also see2289

Theorem 2.24 in [50]). Reductions from c-Gap Max 3-SAT(5) given in the proof of2290

Theorem 3 in [66] and the proof of Theorem 9 in [53] imply that there is a constant2291

α > 1 such that α-Gap Long Path is NP-hard. The proof of Theorem 8 in [53]2292

implies that for any α ≥ 1, α-Gap Long Path is NP-hard.2293

Lemma 8.3. α-Gap Long Path α-gap cross composes to Path for any α ≥ 1.2294

Proof. First we make the following polynomial equivalence relation: two instances2295

(G1, k1) and (G2, k2) are in the same equivalence class if k1 = k2. Now given t2296

instances (G1, k), . . . , (Gt, k) of α-Gap Long Path, the α-gap cross composition2297

algorithm A just outputs an instance (G, k) of Path, where G is the disjoint union2298

of G1, . . . , Gt.2299

Clearly, G contains a path of length k if and only if there exists an i such that Gi2300

contains a path of length k. Thus, OPT (G, k) ≥ r if and only if there is an i such that2301

(Gi, k) is a yes instance of α-Gap Long Path. For the same reason OPT (G, k) < r
α2302

if and only if (Gi, k) is a No instance of α-Gap Long Path for every i. Finally the2303

parameter k of the output instance is upper bounded by the size of the graphs Gi.2304

This concludes the proof.2305

Theorem 7.9 and Lemmas 8.2 and 8.3 yields the following theorem.2306

Theorem 8.4. Path does not have a polynomial size α-approximate compression2307

for any α ≥ 1, unless NP ⊆ coNP/Poly.2308

9. Set Cover. In this section we show that parameterized optimization version2309

of Set Cover parameterized by universe size does not admit an α-approximate2310

compression of polynomial size for any α ≥ 1 unless NP ⊆ coNP/Poly. The input of2311

Set Cover is a family S of subsets of a universe U and the objective is to choose a2312

minimum sized subfamily F of S such that
⋃

S∈F S = U . Such a set F is called a set2313

cover of (S, U). Since the parameter used here is a structural parameter, both Set2314

Cover (SC) and its parameterized version Set Cover/n (SC/n) can be defined as2315
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follows.2316

SC/n((S, U), |U |,F) = SC((S, U),F) =

{

|F| if F is a set cover of (S, U)

∞ otherwise
2317

We show Set Cover/n does not have a polynomial sized α-approximate com-2318

pression for any constant α ≥ 1. Towards this we first define the d-Set Cover2319

problem, d ∈ N. The d-Set Cover problem is a restriction of Set Cover, where2320

each set in the family S is bounded by d. We show the desired lower bound on Set2321

Cover/n by giving a co-nondeterministic α-gap cross composition from a gap version2322

of d-Set Cover. The problem α-Gap d-Set Cover is a promise problem defined2323

as follows.2324

Definition 9.1. The α-Gap d-Set Cover problem is to determine, given a set2325

family S over a universe U , where the size of each set in S is upper bounded by d,2326

and an integer r whether:2327

• OPTSC(S, U) ≤ r, in which case we say that ((S, U), r) is a Yes instance of2328

α-Gap d-Set Cover.2329

• OPTSC(S, U) > rα, in which case we say that ((S, U), r) is a No instance2330

of α-Gap d-Set Cover.2331

We will use the following known result regarding α-Gap d-Set Cover for our2332

purpose.2333

Theorem 9.2 ([75, 15]). For any α ≥ 1, there is a constant d such that α-Gap2334

d-Set Cover is NP-hard.2335

To show a lower bound of α-approximate compression for Set Cover/n, our2336

aim here is to give co-nondeterministic α-gap cross composition from α-Gap d-Set2337

Cover. To give a co-nondeterministic cross composition algorithm it is enough to2338

give a randomized cross composition algorithm which is always correct when it returns2339

a No instance. We give a formal proof about this after the following lemma.2340

Lemma 9.3. Given t instances of α-Gap d-Set Cover,2341

((S1, U1), r), . . . , ((St, Ut), r) of size s each, |U1| = · · · = |Ut| = n, and2342

|S1| = · · · = |St| = m, there is a randomized polynomial time algorithm (i.e,2343

polynomial in t · s) with one sided error, which outputs an instance (S, U) of Set2344

Cover with following guarantees.2345

(a) if ((Si, Ui), r) is an Yes instance of α-Gap d-Set Cover for some i ∈ [t],
then

Pr[OPTSC(S, U) ≤ r] = 1,

(b) if ((Si, Ui), r) is a No instance of α-Gap d-Set Cover for all i ∈ [t], then

Pr[OPTSC(S, U) > rα] > 0, and

(c) |U | = n2d · 4d · 2 log
(

m·t
r·α
)

.2346

Proof. Without loss of generality, we assume that each given instance of α-Gap2347

d-Set Cover has a set cover. That is, for each instance (Si, Ui) and any u ∈ Ui, u2348

belongs to at least one set in Si. We design an algorithm A with properties mentioned2349

in the statement of the lemma. We know that n = |U1| = . . . = |Ut|. For any i ∈ [t], let2350

Si = {Si,1, . . . ,Si,m}. Algorithm A creates a universe U with N = n2d · 4d · 2 log
(

m·t
r·α
)

2351

elements. Now we describe the random process by which we construct the set family S.2352
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U1 • • • • •

S1 • • • • • • • • •

• ••

• • • • • Ut

St,1 • • • • • • • • • St

• • • . . . • • Uu1 u2 u3 uN−1uN

Fig. 8: An illustration of proof of Lemma 9.3. Every set and every element is repre-
sented using bullets. An element in a set is represented using an edge between the
element and the set. The random assignment to each element in U is represented
using dotted lines. The set S′

t,1 created from St,1 is {u1, u2, u3, uN}.

For each u ∈ U and i ∈ [t], uniformly at random assign an element2353

from Ui to u.2354

That is, in this random process t elements are assigned to each element u ∈ U , one
from each Ui. We use Γi : U → Ui to represent the random assignment. That is, for
each u ∈ U , i ∈ [t], Γi(u) denotes the element in Ui that is assigned to u. Observe
that an element w ∈ Ui can be assigned to several elements of U . In other words, the
set Γ−1

i (w) can have arbitrary size. For each Si,j where i ∈ [t], j ∈ [m], algorithm A
creates a set

S′
i,j =

⋃

w∈Si,j

Γ−1
i (w).

Notice that |S′
i,j | need not be bounded by any function of d. Let S = {S′

i,j : i ∈2355

[t], j ∈ [m]}. Algorithm A outputs (S, U). An illustration is given in Figure 8.2356

Now we prove the correctness of the algorithm. Suppose there exists i ∈ [t] such
that ((Si, Ui), r) is a Yes instance of α-Gap d-Set Cover. That is, there exist
Si,j1 , . . . , Si,jr ∈ Si such that Si,j1 ∪ · · · ∪ Si,jr = Ui. We know that for each u ∈ U ,
there is a w ∈ Ui such that Γi(u) = w. Since Si,j1 ∪ · · · ∪ Si,jr = Ui and for each
u ∈ U , there is a w ∈ Ui with Γi(u) = w, we can conclude that

S′
i,j1 ∪ · · · ∪ S′

i,jr =
⋃

ℓ∈[r],w∈Si,jℓ

Γ−1
i (w) =

⋃

w∈Ui

Γ−1
i (w) = U.

This implies that {S′
i,j1
, . . . , S′

i,jr
} is a set cover of (S, U). This proves condition (a)2357

of the lemma.2358

Now we prove condition (b). In this case, for all i ∈ [t], ((Si, Ui), r) is a No2359

instance of α-Gap d-Set Cover. That is, for any i ∈ [t], (Si, Ui) does not have2360

a set cover of cardinality at most rα. Let Sinput =
⋃

i∈[t] Si. Each set in S′
i,j ∈ S,2361

i ∈ [t], j ∈ [m] is a random variable defined by
⋃

w∈Sij
Γ−1
i (w). We call S′

i,j a set-2362

random variable. Thus, S is a set of mt-set random variables where the domain of2363

each set-random variable is the power set of U (that is, 2U ). Thus, to show that2364

Pr[OPTSC(S, U) > rα] > 0, we need to show that probability of union of any αr2365

set-random variables covering U is strictly less than 1

(mt
rα)

. For an ease of presentation,2366
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for any Si,j ∈ Sinput, we call
⋃

w∈Si,j
Γ−1
i (w), as Image(Si,j). Observe that Image(Si,j)2367

is also a random variable and it is same as S′
i,j . For a subset F ⊆ Sinput, by Image(F)2368

we mean {Image(S) | S ∈ F}. Now we are ready to state and prove our main claim.2369

Claim 9.4. Pr[Image(F) is a set cover of (S, U)] < 1

(mt
rα)

, for any F ⊆ Sinput of2370

cardinality rα.2371

Proof. We can partition F = F1⊎. . .⊎Ft such that Fi = F∩{Si,1, . . . , Si,m}. We2372

group Image(F) into Image(F1) ⊎ . . . ⊎ Image(Ft) such that Image(Fi) = Image(F) ∩2373

{S′
i,1, . . . , S

′
i,m}. Let U ′

i be the subset of elements of Ui covered by the sets in Fi. Let2374

Xi = |U ′
i |. Because of our assumption that ((Si, Ui), r) is a No instance of α-Gap2375

d-Set Cover, we have that the subset U ′
i covered by Fi is a strict subset of Ui and2376

hence2377

(9.1) for all i ∈ [t], Xi < n2378

Since |⋃i∈[t] Fi| = |F| = rα and the cardinality of each set in F is at most d, we have2379

(9.2)
∑

i∈[t]

Xi < rαd < nd2380

Since ((Si, Ui), r) is a No instance of α-Gap d-Set Cover for any i ∈ [t], we2381

have rα < n and hence the last inequality of (9.2) follows. Towards bounding the2382

probability mentioned in the claim, we first lower bound the following probability,2383

Pr[u is not covered by Image(F)], for any fixed u ∈ U .2384

Pr[u is not covered by Image(F)] = Pr[
∧

i∈[t]

u is not covered by Image(Fi)]2385

=
∏

i∈[t]

Pr[u is not covered by Image(Fi)]2386

=
∏

i∈[t]

(1 − Pr[u is covered by Image(Fi)])2387

=
∏

i∈[t]

(1 − Pr[Γi(u) ∈ U ′
i ])2388

=
∏

i∈[t]

(

1 − |U ′
i |
n

)

(Because, ∀w ∈ Ui,Pr[Γi(u) = w] =
1

n
)2389

=
∏

i∈[t]

(

1 − Xi

n

)

2390

=
∏

i∈[t] such that
Xi≤n

2

(

1 − Xi

n

)

·
∏

i∈[t] such that
Xi>

n
2

(

1 − Xi

n

)

(9.3)2391

We know, by (9.2), that
∑

i∈[t]Xi < nd. This implies that the number of Xi’s such2392

that Xi >
n
2 is at most 2d. By (9.1), we have that for any i ∈ [t],

(

1 − Xi

n

)

≥2393
(

1 − n−1
n

)

= 1
n . Since the number of Xi’s with Xi >

n
2 is at most 2d and

(

1 − Xi

n

)

≥2394
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1
n , we can rewrite (9.3), as follows.2395

Pr[u is not covered by Image(F)] ≥











∏

i∈[t] such that
Xi≤n

2

(

1 − Xi

n

)











· 1

n2d
2396

≥ 1

n2d

∏

i∈[t] such that
Xi≤n

2

(

1

4

)

Xi
n

(By Fact 2.2)2397

≥ 1

n2d
·
(

1

4

)

∑
Xi
n

2398

≥ 1

n2d
·
(

1

4

)d

(By (9.2))(9.4)2399

Since the set of events “u is covered by Image(F)”, where u ∈ U , are independent2400

events, we have2401

Pr[Image(F) is a set cover of (S, U)] ≤
∏

u∈U

Pr[u is covered by Image(F)]2402

≤
∏

u∈U

(

1 − 1

n2d · 4d

)

(By (9.4))2403

≤
∏

u∈U

e
−1

n2d·4d2404

<
1
(

mt
rα

) (Because |U | = n2d · 4d · 2 log

(

mt

rα

)

)2405

This completes the proof of the claim.2406

Since the number of subsets of cardinality rα of Sinput, is at most
(

mt
rα

)

, by Claim 9.42407

and union bound we get that2408

Pr[∃ a set F ⊆ Sinput of size rα such that Image(F) is a set cover of (S, U)] < 1.2409

This completes the proof of condition (b). Condition (c) trivially follows from the2410

construction of U .2411

Now we will use the construction given in Lemma 9.3 to prove the main lemma2412

of this section.2413

Lemma 9.5. α-Gap d-Set Cover co-nondeterministically α-gap cross composes2414

to Set Cover/n for any α ≥ 1.2415

Proof. First we make the following polynomial equivalence relation: two instances2416

((S, U), r) and ((S ′, U ′), r′) of α-Gap d-Set Cover are in the same equivalence class2417

if |S| = |S ′|, |U | = |U ′| and r = r′. Towards proving the lemma we need to design an2418

algorithm B with the properties of Definition 7.10. Let ((S1, U1), r), . . . , ((St, Ut), r)2419

be instances of α-Gap d-Set Cover of size s each, |U1| = · · · = |Ut| = n, and2420

|S1| = · · · = |St| = m. Here, t is polynomially bounded in s. Since ((Si, Ui), r),2421

i ∈ [t], are instances of α-Gap d-Set Cover, m ≤
(

n
d

)

and hence t ≤ nc for some2422
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constant c. Now B runs the algorithm A mentioned in the Lemma 9.3, but instead2423

of using the random bits it nondeterministically guesses these bits while running A.2424

Algorithm B returns (S, U) and r as output, where (S, U) is the output of A.2425

If there exists i ∈ [t] such that ((Si, Ui), r) is a Yes instance of α-Gap d-Set2426

Cover, by condition (a) of Lemma 9.3, we conclude that OPTSC/n((S, U), |U |) ≤ r2427

and hence satisfies property (i) of Definition 7.10. Suppose ((Si, Ui), r) is a No in-2428

stance for all i ∈ [t]. Because of condition (b) of Lemma 9.3, there is a choice of random2429

bits B such that if A uses B as the random bits then OPTSC(S, U) > rα. Hence, for2430

the nondeterministic guess B of the algorithm B, we get that OPTSC/n((S, U), |U |) =2431

OPTSC(S, U) > rα. This proves property (ii) of Definition 7.10. By condition (c)2432

of Lemma 9.3, and the facts that m, t ∈ nO(1), we get that |U | = nO(1). This implies2433

the property (iii) of Definition 7.10. This completes the proof of the lemma.2434

Theorems 7.9 and 9.2, and Lemma 9.5 yields the following theorem.2435

Theorem 9.6. Set Cover/n does not have a polynomial size α-approximate2436

compression for any α ≥ 1, unless NP⊆ coNP/Poly.2437

10. Hitting Set. In this section we show that a parameterized optimization2438

version of Hitting Set does not admit an O(2log
c n)-approximate kernel of polyno-2439

mial size for any c < 1, unless CNF-SAT can be solved in slightly subexponential2440

time, where universe size n of the input instance is the parameter. Compared to Set2441

Cover our result in this section are much more stronger, but unlike Set Cover here2442

we can only rule out an existence of an approximate kernel and not an approximate2443

compression. The input of Hitting Set is a family S of subsets of a universe U and2444

the objective is to choose a minimum cardinality subset X ⊆ U such that for all S ∈ S,2445

S ∩ X ̸= ∅. Such a subset X is called a hitting set of (S, U). Since the parameter2446

used here is a structural parameter, both Hitting Set (HS) and its parameterized2447

version Hitting Set/n (HS/n) can be defined as follows.2448

HS/n((S, U), |U |, X) = HS((S, U), X) =

{

|X| if X is a hitting set of (S, U)

∞ otherwise
2449

The following lemma shows that in fact Hitting Set is same as Set Cover but2450

with a different parameter.2451

Lemma 10.1. Let (S, U) be an instance of Hitting Set. Let Fu = {S ∈ S : u ∈2452

S} for all u ∈ U and let F = {Fu : u ∈ U}. Then OPTHS(S, U) = OPTSC(F ,S)2453

Proof. Let X ⊆ U be a hitting set of (S, U). Consider the set FX = {Fu ∈ F :2454

u ∈ X}. Since X is a hitting set of S, for any S ∈ S, there is an element u ∈ X such2455

that S ∈ Fu. This implies that FX is a set cover of (F ,S).2456

Let F ′ ⊆ F be a set cover of (F ,S). Let X = {u ∈ U : Fu ∈ F ′}. Since F ′ is2457

a set cover of (F ,S), for any S ∈ S, there is a set Fu ∈ F ′ such that S ∈ Fu. This2458

implies that X is a hitting set of (S, U). This completes the proof of the lemma.2459

The following Lemma follows from the O(log n)-approximation algorithm of Set2460

Cover [16] and Lemma 10.1.2461

Lemma 10.2 ([16]). There exists a polynomial-time algorithm which given an2462

instance (S, U) of Hitting Set, outputs a hitting set of cardinality bounded by2463

O(OPTHS(S, U) · log |S|).2464

The following theorem is a slight weakening of a result by Nelson [65], which we2465

use to prove our theorem.2466
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Theorem 10.3 ([65]). For any c < 1, Hitting Set has no polynomial time2467

O(2log
c n)-approximation unless CNF-SAT with n-variables can be solved in time2468

2O(2log
1−1/(log log n)1/3 n).2469

The assumption used in Theorem 10.3, implies the Exponential Time Hypothesis2470

(ETH) of Impagliazzo, Paturi and Zane [51] and hence it is weaker than ETH.2471

Theorem 10.4. For any constant c < 1, Hitting Set/n does not admit a2472

O(2log
c n)-approximate kernel, unless CNF-SAT with n-variables can be solved in2473

time 2O(2log
1−1/(log log n)1/3 n).2474

Proof. Suppose there is a O(2log
c n)-approximate kernel A for Hitting Set/n2475

for some c < 1. Then, we argue that we can solve CNF-SAT on n variables in2476

time 2O(2log
1−1/(log log n)1/3 n). Towards that, by Theorem 10.3, it is enough to give a2477

O(2log
c′ n) -approximation algorithm for Hitting Set for some c′ < 1, where n is the2478

cardinality of the universe in the input instance.2479

Fix a constant c′ such that c < c′ < 1. We design a O(2log
c′ n)-approximation2480

algorithm for Hitting Set using A. Let (S, U) be an instance of HS and let |U | =2481

n. Let RA and LA be the reduction algorithm and solution-lifting algorithm of2482

A respectively. We run the algorithm RA on ((S, U), n) and let ((S ′, U ′), |U ′|) be2483

the output of RA. We know that |S ′| + |U ′| = nO(1). Then, by Lemma 10.2, we2484

compute a hitting set W of (S ′, U ′) of cardinality bounded by O(OPTHS(S ′, U ′) ·2485

log n). Then, by using solution-lifting algorithm LA, we compute a hitting set X of2486

((S, U), n). By the property of O(2log
c n) -approximate kernel A, we can conclude2487

that the cardinality of X is bounded by O(2log
c n · log n · OPTHS/n((S, U), n)) =2488

O(2log
c′ n · OPTHS/n((S, U), n)). This implies that X is a O(2log

c′ n) -approximate2489

solution of (S, U). This completes the proof of the theorem.2490

11. Conclusion and Discussions. In this paper we have set up a framework2491

for studying lossy kernelization, and showed that for several problems it is possible2492

to obtain approximate kernels with better approximation ratio than that of the best2493

possible approximation algorithms, and better size bound than what is achievable2494

by regular kernels. We have also developed methods for showing lower bounds for2495

approximate kernelization.2496

There are plenty of problems that are waiting to be attacked within this new2497

framework. Indeed, one can systematically go through the list of all parameterized2498

problems and investigate their approximate kernelization complexity. For problems2499

that provably do not admit polynomial size kernels but do admit constant factor2500

approximation algorithms, one should aim for PSAKSes. For problems with PSAKSes2501

one should search for efficient PSAKSes. For problems with no polynomial kernel and2502

no constant factor approximation, one may look for a constant factor approximate2503

kernel of polynomial size. For problems that do have polynomial kernels, one can2504

search for approximate kernels that are even smaller. We conclude with a list of2505

concrete interesting problems.2506

• Does Connected Vertex Cover, Disjoint Factors or Disjoint Cycle2507

Packing admit an EPSAKS?2508

• Does Edge Clique Cover admit a constant factor approximate kernel of2509

polynomial size? Hols et al. [49] obtained a (1 + ϵ)-approximate Turing2510

kernel of polynomial size for the problem when parameterized by treewidth.2511
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• Does Directed Feedback Vertex Set admit a constant factor approxi-2512

mate kernel of polynomial size?2513

• Does Multiway Cut or Subset Feedback Vertex Set have a PSAKS?2514

• Does Disjoint Hole Packing admit a PSAKS? Here a hole in a graph G2515

is an induced cycle of length 4 or more.2516

• Does Optimal Linear Arrangement parameterized by vertex cover admit2517

a constant factor approximate kernel of polynomial size, or even a PSAKS?2518

• Does Maximum Disjoint Paths admit a constant factor approximate ker-2519

nel, or even a PSAKS? Here the input is a graph G together with a set of2520

vertex pairs (s1, t1), (s2, t2), . . ., (sℓ, tℓ). The goal is to find a maximum size2521

subset R ⊆ {1, . . . , ℓ} and, for every i ∈ R a path Pi from si to ti, such that2522

for every i, j ∈ R with i ̸= j the paths Pi and Pj are vertex disjoint. What2523

happens to this problem when input is restricted to be a planar graph? Or2524

a graph excluding a fixed graph H as a minor? What about chordal graphs,2525

or interval graphs?2526

• Our lower bound for approximate kernelization of Hitting Set parameter-2527

ized by universe size n does not apply to compressions. Can one rule out2528

polynomial size constant factor approximate compressions of Hitting Set2529

parameterized by universe size n assuming NP ̸⊆ coNP/Poly or another rea-2530

sonable complexity theoretic assumption?2531

• One may extend the notion of approximate kernels to approximate Turing2532

kernels [18] in a natural way. Does Treewidth admit an constant factor2533

approximate kernel of polynomial size? Here even a Turing kernel (with a2534

constant factor approximation) would be very interesting.2535

• What is the complexity of approximate kernelization of the Unique Label2536

Cover problem? [6, 54]2537

• The notion of α-gap cross compositions can be modified to “AND α-gap2538

cross compositions” in the same way that AND-compositions relate to OR-2539

compositions [9]. In order to directly use such “AND α-gap cross compo-2540

sitions” to show lower bounds for approximate kernelization, one needs an2541

analogue of Lemma 7.7 for the problem of deciding whether all of the t(s)2542

inputs belong to L. This is essentially a strengthening of the AND-distillation2543

conjecture [9, 28] to oracle communication protocols (see the conclusion sec-2544

tion of Drucker [28], open question number 1). Can this strengthening of the2545

AND-distillation conjecture be related to a well known complexity theoretic2546

assumption?2547
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