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Abstract
Courcelle’s theorem states that there exists an algorithm that takes

as input a graph 𝐺 of treewidth at most 𝑡 and a MSO formula 𝜙 ,

and determines whether 𝐺 satisfies 𝜙 in time 𝑓 (𝜙, 𝑡) · 𝑛. It is folk-
lore that the function 𝑓 contains a tower of exponentials whose

height depends as a linear function of the number of quantifier

alternations of the input formula 𝜙 . A classic reduction of Frick

and Grohe shows that, assuming the Exponential Time Hypothesis

(ETH), the linear growth of the height of the tower is unavoidable.

Nevertheless, there is still a huge gap between existing upper and

lower bounds – after all, there is quite a difference between a single

exponential and a double exponential running time. In addition, this

only gives us a very coarse understanding in the time complexity of

Courcelle’s theorem. In this paper, we prove a fine-grained version

of Courcelle’s theorem with nearly ETH-tight dependence on the

treewidth parameter 𝑡 and the quantifier structure of 𝜙 (specifi-

cally, the number of first order and second order variables in each

quantifier alternation block).
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1 Introduction
Courcelle’s theorem [2, 4] is one of the most celebrated algorithmic

meta-theorems, which shows that every graph property expressible

in monadic second-order (MSO) logic can be checked in linear time
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on graphs of bounded treewidth. Formally, it states that given an

𝑛-vertex graph 𝐺 and an MSO formula 𝜙 , one can test whether

𝐺 satisfies 𝜙 in 𝑓 (𝜙, 𝑡) · 𝑛 time for some (computable) function 𝑓 ,

where 𝑡 = tw(𝐺) denotes the treewidth of 𝐺 .

Due to the generality of the MSO logic and the importance of

treewidth as a structural graph parameter, Courcelle’s theorem has

brought a profound impact on the theory of parameterized com-

plexity. Specifically, it implies that a large variety of NP-hard graph

problems are fixed-parameter tractable (FPT) parameterized by

treewidth. In addition, for parameterized graph problems that can

be defined using MSO formulas depending on the problem parame-

ter 𝑘 , Courcelle’s theorem results in FPT algorithms parameterized

by both treewidth and 𝑘 .

While the running time of the algorithm in Courcelle’s theorem

is linear in 𝑛 (which is optimal), its dependency on 𝜙 and 𝑡 is rather

intricate and less understood. It was known [4, 14, 19] that the

function 𝑓 (𝜙, 𝑡) in the bound is not elementary and contains a

tower of exponentials whose height depends on 𝜙 . The seminal

work of Frick andGrohe [10] proved that, assuming the ETH, having

such a tower of exponentials in the time complexity is unavoidable

even when 𝜙 is a first-order (FO) logic formula and 𝐺 is a tree.

These results, however, only provide us a very coarse understanding

in what 𝑓 should look like in the worst case. Therefore, a more

“fine-grained” study for the function 𝑓 (𝜙, 𝑡) in Courcelle’s theorem

turns out to be appealing. While a lot of efforts have been made to

understand the optimal time complexity for specific instances of

MSO-expressible problems over years [5–7, 13, 21, 22], little work

focused on the general MSO testing problem.

Ideally, one wishes to give some concrete function 𝑓 (𝜙, 𝑡) that
can describe (either exactly or approximately), for every 𝜙 and 𝑡 ,

the minimum amount of time required to test property 𝜙 on graphs

of treewidth 𝑡 . However, this is unfortunately impossible. Indeed, it

is not difficult to show the undecidability of the following problem

under the assumption P≠NP (we sketch a proof in Section 3): given

as input an MSO formula 𝜙 , decide whether testing 𝜙 on graphs is

polynomial-time solvable or not. This hardness result implies that

there is even no way to characterize the formulas 𝜙 for which the

function 𝑓 (𝜙, 𝑡) can be made polynomial in 𝑡 . As such, one cannot

hope for any “reasonable” bound on 𝑓 (𝜙, 𝑡) that is optimal for every

individual 𝜙 .

Given this frustrating fact, the next best thing one can do towards

a fine-grained understanding in Courcelle’s theorem is to establish

bounds on 𝑓 (𝜙, 𝑡) which, while not being optimal for individual
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formulas, are optimal (or near-optimal) in terms of certain structural

parameter 𝑆 (𝜙) of 𝜙 that can capture the “complexity” of 𝜙 as

precisely as possible; here 𝑆 (𝜙) can be a number or something

more complicated. More formally, we want to shoot for the best

function 𝑓 (𝑆, 𝑡), which gives the time required to test an MSO

property 𝜙 with 𝑆 (𝜙) = 𝑆 on graphs of treewidth 𝑡 .

Motivated by the above discussion, in this paper, we initiate a

systematic study on the complexity of Courcelle’s theorem, with

the goal of understanding its dependency on 𝜙 and 𝑡 in a fine-

grained way. We prove (almost) matching upper and lower bounds

for the complexity of Courcelle’s theorem in terms of the quantifier

structure of 𝜙 (the detailed results will be discussed in the next

section). We expect this work to be a starting point of the long-term

research towards thoroughly understanding the time complexity

of Courcelle’s theorem.

Other related work. We briefly summarize the existing work

regarding algorithms and lower bounds on bounded-treewidth

graphs. A large body of work [5–7, 13, 21, 22] focused on obtain-

ing tight bounds for classic (MSO-expressible) NP-hard problems

parameterized by treewidth. Problems solvable in 2
𝑂 (𝑡 ) · 𝑛𝑂 (1)

time include Vertex Cover, Dominating Set, 𝑞-Coloring, Max

Cut, Hamiltonian Cycle, Steiner Tree etc. Problems solvable in

2
𝑂 (𝑡 log 𝑡 ) ·𝑛𝑂 (1)

time include Cycle Packing, Chromatic Number,

etc. The time bounds for these problems are all known to be tight.

Several works focused on classes of problems. Prominent examples

arise around Dominating Set, yielding optimal bounds for vari-

ants such as 𝑟 -Domination [3] and (𝜎, 𝜌)-Domination [7], among

many others [6, 13].

Besides, there has been extensive work on identifying subclasses

of bounded-treewidth graphs on which every MSO/FO property is

decidable with running time bounded by an elementary function,

in contrast to the non-elementary bounds implied by Courcelle’s

theorem. For example, Lampis [18] showed that MSO properties

can be decided in double exponential time on graphs with bounded

vertex cover number, and FO properties can be decided in single

exponential time on graphs with bounded max-leaf number. In a re-

cent work, Lampis [20] proved that FO properties can be decided in

elementary-function-bounded time on graphs with bounded path-

width (as opposed to treewidth). Gajarský et al. [12] characterised

subgraph-closed graph classes for which the FO-model checking

problem is fixed-parameter tractable with an elementary depen-

dency on the formula size. Gajarský and Hliněný [11] showed that

in the universe of colored trees of fixed height, anyMSO-expressible

problem with 𝑟 quantifiers admits a finite family of kernels whose

size is bounded by an elementary function of 𝑟 and the number of

colors.

Kreutzer and Tazari [17] showed that for graph classes with mild

closure properties, the presence of graphs with sufficiently large

treewidth (already polylogarithmic in 𝑛) precludes polynomial-

time model checking for MSO2 formulas. In this sense, bounded

treewidth forms the effective boundary for tractable MSO2 model

checking (also see [16]).

1.1 Our Results
In order to discuss our results, we first need to define formally the

“quantifier structure” of an MSO formula under consideration. For

simplicity of exposition, in this section, we only consider formulas

in prenex normal form (PNF), which requires all quantifiers to appear

at the beginning of the formula. The definition and our results apply

to general MSO formulas
1
as well.

Consider anMSO formula𝜙 in PNF, which consists of a sequence

Q of quantifiers followed by a quantifier-free MSO formula on those

quantified variables. We can describe the quantifier structure of 𝜙

by considering the following three aspects of Q.

• Quantifier alternations. The number of quantifier alter-

nations in an MSO formula turns out to be an important

parameter to measure its complexity, which influences the

height of the tower of exponentials in the running time of

Courcelle’s theorem [4, 10]. As 𝜙 is in PNF, this parameter

can be simply defined as the smallest integer 𝑑 ∈ N such that

one can partition the quantifier sequence Q into 𝑑 consecu-

tive “blocks” Q1, . . . ,Q𝑑 each of which contains quantifiers

of the same (∃,∀)-type.
• Number of quantifiers. Naturally, the number of quanti-

fiers in the formula also captures how complex it is. Suppose

Q is already partitioned into blocks Q1, . . . ,Q𝑑 according

to the quantifier alternations (assume Q1, . . . ,Q𝑑 are sorted

from left to right, or from outermost to innermost). Instead

of simply considering the total number of quantifiers in Q,

we should consider the number of quantifiers in each indi-

vidual block Q𝑖 . Note that the roles of Q1, . . . ,Q𝑑 in 𝜙 are

not exchangeable, and as we will see later in our results, the

numbers of quantifiers in Q1, . . . ,Q𝑑 indeed contribute to

the time complexity in different ways.

• Variable types. In an MSO formula, there are two types of

variables, i.e., vertex variables and set variables, which cor-

respond to a single vertex and a set of vertices in the graph,

respectively. An MSO formula with only vertex variables

is just an FO formula. In many cases, checking FO graph

properties is substantially easier than checking MSO graph

properties. For example, testing a fixed FO formula on (gen-

eral) graphs can always be done in polynomial time, while

the problem of testing a fixed MSO formula can be NP-hard

(e.g., 3-Coloring). As such, when considering the quanti-

fiers in 𝜙 , we should distinguish the ones for vertex variables

(called vertex quantifiers) and the ones for set quantifiers

(called set quantifiers). For each block Q𝑖 , we use 𝑘𝑖 to denote
the number of vertex quantifiers in Q𝑖 and use 𝑠𝑖 to denote

the number of set quantifiers in Q𝑖 . Note that the ordering
of the 𝑘𝑖 + 𝑠𝑖 quantifiers in Q𝑖 does not matter, as all these

quantifiers are of the same (∃,∀)-type.
Based on the above discussion, we can now naturally represent

the quantifier structure of the formula 𝜙 using the sequence 𝑆 =

((𝑘1, 𝑠1), . . . , (𝑘𝑑 , 𝑠𝑑 )). We call 𝜙 an 𝑆-MSO formula. Formally, an

MSO formula in PNF is an 𝑆-MSO formula if its quantifier sequence

can be partitioned into 𝑑 consecutive blocks Q1, . . . ,Q𝑑 (sorted

from left to right) such that each block Q𝑖 consists of 𝑘𝑖 vertex
quantifiers and 𝑠𝑖 set quantifiers of the same (∃,∀)-type. (One can
further require the quantifiers in adjacent blocks to have different

1
While every MSO formula can be modified to PNF, such a modification might increase

the quantifier rank of the formula and thus makes the formula to have a more complex

quantifier structure. As such, we do not make such a modification in our algorithms.



Fine-Grained Bounds for Courcelle’s Theorem STOC ’26, June 22–26, 2026, Salt Lake City, UT, USA

(∃,∀)-type, but this is not necessary.) The notion of 𝑆-MSO formulas

can be easily generalized to general MSO formulas. The main focus

of this paper is to understand the function 𝑓 (𝜙, 𝑡) in Courcelle’s

theorem in terms of the sequence 𝑆 representing the quantifier

structure of 𝜙 . We formulate this as the following parameterized

problem.

MSO Testing

Input: A graph 𝐺 with tw(𝐺) ≤ 𝑡 and an 𝑆-MSO formula

𝜙 .

Parameter: 𝑡 ∈ N and 𝑆 = ((𝑘1, 𝑠1), . . . , (𝑘𝑑 , 𝑠𝑑 )).
Goal: Decide whether 𝐺 satisfies 𝜙 or not

A particularly important special case of MSO Testing is the FO

Testing problem, in which 𝜙 is an FO formula. Since FO formu-

las are just an MSO formulas without set variables, we can also

represent their quantifier structures using sequences. Formally, for

𝑆 = (𝑘1, . . . , 𝑘𝑑 ), we define an 𝑆-FO formula as a 𝑆+-MSO formula

where 𝑆+ = ((𝑘1, 0), . . . , (𝑘𝑑 , 0)).

FO Testing

Input: A graph𝐺 with tw(𝐺) ≤ 𝑡 and an 𝑆-FO formula 𝜙

Parameter: 𝑡 ∈ N and 𝑆 = (𝑘1, . . . , 𝑘𝑑 )
Goal: Decide whether 𝐺 satisfies 𝜙 or not

Our main results are (almost) matching upper and lower bounds

for the complexity of solving MSO/FO Testing (and their vari-

ants/extensions). Below we discuss these results in detail.

Upper bounds. To present our algorithmic results, we need to first

introduce some notations.We define exp
(0) (𝑥) = 𝑥 and exp(𝑖 ) (𝑥) =

2
exp

(𝑖−1) (𝑥 )
for all integer 𝑖 ≥ 1. In other words, exp

(𝑖 ) (𝑥) is a tower
of exponentials of base 2 and height 𝑖 with 𝑥 on top of it. The

notation 𝑂̂ (·) denotes the big-𝑂 that hides subpolynomial factors,

i.e., 𝑂̂ (𝑥) = 𝑥1+𝑜 (1) . In other words, 𝑂̂ (𝑥) describes the bound that

is almost linear in 𝑥 . For a graph𝐺 and a number 𝑡 ∈ N, we denote
by 𝑇td (𝐺, 𝑡) the time required for computing a tree decomposition

𝐺 with width 𝑡𝑂 (1)
, provided that tw(𝐺) ≤ 𝑡 . Our main algorithmic

result is the following.

Theorem 1. There exists an algorithm for MSO Testing that solves

an instance (𝐺, 𝑡, 𝑆, 𝜙) with |𝑉 (𝐺) | = 𝑛 and 𝑆 = ((𝑘1, 𝑠1), . . . , (𝑘𝑑 , 𝑠𝑑 ))
in time

𝑇td (𝐺, 𝑡) + 𝑓 (𝑑) ·
( 𝑑∑︁
𝑖=1

𝑖−1∑︁
𝑗=1

exp
(𝑖 ) (𝑂̂ (𝑠 𝑗𝑘𝑖 )) +

𝑑∑︁
𝑖=1

2
𝑂 (𝑠𝑑𝑘𝑖 ) +

𝑑∑︁
𝑖=1

𝑖∑︁
𝑗=1

exp
(𝑖 ) (𝑂̂ (𝑡 𝑗𝑘𝑖 )) +

𝑑∑︁
𝑖=1

exp
(𝑖 ) (𝑂̂ (𝑘𝑖 log 𝑡))

)
· (𝑛 + |𝜙 |𝑂 (1) )

for a computable function 𝑓 , where 𝑡 𝑗 = min{𝑘 𝑗 , 𝑡} for 𝑗 ∈ [𝑑] and
|𝜙 | is the description size of 𝜙 .

Using the previous algorithms for computing tree decomposi-

tions, e.g. [1, 9, 15], we can take either 𝑇td (𝐺, 𝑡) = 𝑡𝑂 (1)𝑛 log𝑛 or

𝑇td (𝐺, 𝑡) = 2
𝑂 (𝑡 )𝑛. When 𝑑 ≥ 2, if we set 𝑇td (𝐺, 𝑡) = 2

𝑂 (𝑡 )𝑛, then
𝑇td (𝐺, 𝑡) is dominated by the other part of the bound of Theorem 1

and thus can be removed from the bound for free. When 𝑑 = 1, it

results in an overhead of either 𝑡𝑂 (1)𝑛 log𝑛 or 2
𝑂 (𝑡 )𝑛. Theorem 1

directly implies the following result for FO Testing.

Corollary 2. There exists an algorithm for FO Testing that solves

an instance (𝐺, 𝑡, 𝑆, 𝜙) with |𝑉 (𝐺) | = 𝑛 and 𝑆 = (𝑘1, . . . , 𝑘𝑑 ) in time

𝑇td (𝐺, 𝑡)+

𝑓 (𝑑 ) ·
(
𝑑∑︁
𝑖=1

𝑖∑︁
𝑗=1

exp
(𝑖 ) (𝑂̂ (𝑡 𝑗𝑘𝑖 ) ) +

𝑑∑︁
𝑖=1

exp
(𝑖 ) (𝑂̂ (𝑘𝑖 log 𝑡 ) )

)
· (𝑛 + |𝜙 |𝑂 (1) )

for a computable function 𝑓 , where 𝑡 𝑗 = min{𝑘 𝑗 , 𝑡} for 𝑗 ∈ [𝑑] and
|𝜙 | is the description size of 𝜙 .

The bound in Theorem 1 is complicated, and as we will see later,

it is essentially the best one can hope for. Before moving to the

lower bound part, we briefly discuss the bound in Theorem 1 and

how it relies on the various parameters.

First, we consider the parameters 𝑘1, 𝑠1, . . . , 𝑘𝑑 , 𝑠𝑑 , while assum-

ing the treewidth parameter 𝑡 is a constant. In this case, the bound

in Theorem 1 becomes

𝑓 (𝑑) · ©­«
𝑑∑︁
𝑖=1

𝑖−1∑︁
𝑗=1

exp
(𝑖 ) (𝑂̂ (𝑠 𝑗𝑘𝑖 )) +

𝑑∑︁
𝑖=1

2
𝑂 (𝑠𝑑𝑘𝑖 )ª®¬ · (𝑛 + |𝜙 |𝑂 (1) ),

which is the time complexity of the algorithm in Theorem 1 when

applied to MSO Testing on trees (or graphs whose treewidth is

a constant). If we further assume that 𝑠1, . . . , 𝑠𝑑 are constant num-

bers, then the bound simply becomes 𝑓 (𝑑) · (∑𝑑𝑖=1 exp(𝑖 ) (𝑂̂ (𝑘𝑖 ))) ·
(𝑛 + |𝜙 |𝑂 (1) ), which is also the time for solving FO Testing on

bounded-treewidth graphs. In other words, the dependency on 𝑘𝑖 ,

i.e., the number of vertex quantifiers in the 𝑖-th block, forms an

exponential tower of height 𝑖 (rather than 𝑑) with 𝑘𝑖 on top of it. On

the other hand, the dependency on 𝑠1, . . . , 𝑠𝑑 , i.e., the numbers of set

quantifiers in the 𝑑 blocks, is much worse. If 𝑘1, . . . , 𝑘𝑑 are constant

numbers, then the bound becomes 𝑓 (𝑑) · (∑𝑑−1𝑖=1 exp
(𝑑 ) (𝑂̂ (𝑠𝑖 )) +

2
𝑂̂ (𝑠𝑑 ) ) · (𝑛+ |𝜙 |𝑂 (1) ). That says, all of the parameters 𝑠1, . . . , 𝑠𝑑 , ex-

cept 𝑠𝑑 , appear on top of the highest exponential towers, which are

of height 𝑑 . Somewhat counterintuitively, however, the dependency

on 𝑠𝑑 is single exponential.

Next, we consider the treewidth parameter 𝑡 , while assuming

𝑘1, 𝑠1, . . . , 𝑘𝑑 , 𝑠𝑑 are constant numbers. In this case, the bound in

Theorem 1 becomes 𝑓 (𝑑) · exp(𝑑 ) (𝑂̂ (log 𝑡)) · (𝑛 + |𝜙 |𝑂 (1) ). In fact,

a more careful analysis can give us an improved bound in this

case, in which the tower is exp
(𝑑 ) (𝑂 (log 𝑡)), i.e., exp(𝑑−1) (𝑡𝑂 (1) ).

Therefore, the dependency on 𝑡 forms an exponential tower of

height 𝑑 − 1. This implies, for example, that for a fixed formula

𝜙 where the number of quantifier alternations is 1, the algorithm

runs in polynomial time in 𝑡 , and when the number of quantifier

alternations is 2 (such as Independent Set and 3-Coloring), the

running time is single exponential in 𝑡 . Table 1 gives an intuitive

illustration for the dependency of our algorithm on the parameters,

showing the level of the highest exponential tower on top of which

each parameter appears (as a polynomial).

Lower bounds. To complement our algorithmic results, we prove

ETH-based lower bounds for MSO Testing, which demonstrates

that the time complexity in Theorem 1 is already tight, modulo
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Table 1: Dependency of the time complexity of our algo-
rithms on various parameters.

Tower Height

d

d− 1

...

2

1

kd

kd−1

k2

k1

s1, . . . , sd−1

t

sd

0 n |φ|

Parameters

the subpolynomial factors hidden in the 𝑂̂ (·)-notation. Specifically,
our lower bounds imply that every tower of exponentials in the

bound of Theorem 1 is necessary (and the height of tower can-

not be decreased). All of our lower bounds hold even for the case

where 𝑑 is a constant and 𝜙 is in PNF. For convenience, we say a

multivariate function 𝑓 (𝑥1, . . . , 𝑥𝑟 ) is independent of the variable
𝑥𝑖 if 𝑓 (𝑥1, . . . , 𝑥𝑟 ) = 𝑔(𝑥1, . . . , 𝑥𝑖−1, 𝑥𝑖+1, . . . , 𝑥𝑟 ) for some function

𝑔. Similarly, we can define functions independent of multiple vari-

ables.

We first consider the towers exp
(𝑖 ) (𝑂̂ (𝑠 𝑗𝑘𝑖 )) and 2

𝑂 (𝑠𝑑𝑘𝑖 )
. This

part is independent of the treewidth parameter 𝑡 , and we can show

the corresponding lower bounds even for the problem on trees. The

results are presented in the following two theorems.

Theorem 3. Let 𝑑, 𝑖, 𝑗 ∈ N such that 𝑗 < 𝑖 ≤ 𝑑 . Assuming the

ETH, if an algorithm that solves MSO Testing on trees with 𝑆 =

((𝑘1, 𝑠1), . . . , (𝑘𝑑 , 𝑠𝑑 )) in time 𝑓 (𝑘1, 𝑠1, . . . , 𝑘𝑑 , 𝑠𝑑 ) ·exp(𝑖 ) (𝑇 (𝑠 𝑗 , 𝑘𝑖 ))·
(𝑛+ |𝜙 |)𝑂 (1)

for a function 𝑓 (𝑘1, 𝑠1, . . . , 𝑘𝑑 , 𝑠𝑑 ) independent of 𝑠 𝑗 and
𝑘𝑖 , then 𝑇 (𝑥,𝑦) = Ω(𝑥𝑦).
Theorem 4. Let 𝑑, 𝑖 ∈ N such that 𝑖 ≤ 𝑑 . Assuming the ETH, if an al-

gorithm solves MSO Testing on trees with 𝑆 = ((𝑘1, 𝑠1), . . . , (𝑘𝑑 , 𝑠𝑑 ))
in time 𝑓 (𝑘1, 𝑠1, . . . , 𝑘𝑑 , 𝑠𝑑 ) · 2𝑇 (𝑠𝑑 ,𝑘𝑖 ) · (𝑛 + |𝜙 |)𝑂 (1)

for a function

𝑓 (𝑘1, 𝑠1, . . . , 𝑘𝑑 , 𝑠𝑑 ) independent of 𝑠𝑑 and 𝑘𝑖 , then 𝑇 (𝑥,𝑦) = Ω(𝑥𝑦).

Next, consider the towers exp
(𝑖 ) (𝑂̂ (𝑡 𝑗𝑘𝑖 )) and exp(𝑖 ) (𝑂̂ (𝑘𝑖 log 𝑡)),

where 𝑡 𝑗 = min{𝑘 𝑗 , 𝑡}. This part is independent of the parameters

𝑠1, . . . , 𝑠𝑑 describing the numbers of set quantifiers, and we can

show the corresponding lower bounds even for FO Testing.

Theorem 5. Let 𝑑, 𝑖, 𝑗 ∈ N such that 𝑗 ≤ 𝑖 ≤ 𝑑 . Assuming the

ETH, if an algorithm solves FO Testing with 𝑆 = (𝑘1, . . . , 𝑘𝑑 ) in time

𝑓 (𝑘1, . . . , 𝑘𝑑 , 𝑡) · exp(𝑖 ) (𝑇 (𝑘 𝑗 , 𝑡, 𝑘𝑖 )) · (𝑛 + |𝜙 |)𝑂 (1)
for a function

𝑓 (𝑘1, . . . , 𝑘𝑑 , 𝑡) that is independent of 𝑡 , 𝑘 𝑗 , and 𝑘𝑖 , then 𝑇 (𝑥,𝑦, 𝑧) =
Ω(min{𝑥,𝑦} · 𝑧).
Theorem 6. Let 𝑑, 𝑖 ∈ N such that 𝑖 ≤ 𝑑 . Assuming the ETH,

if an algorithm that solves FO Testing with 𝑆 = (𝑘1, . . . , 𝑘𝑑 ) in
time 𝑓 (𝑘1, . . . , 𝑘𝑑 , 𝑡) · exp(𝑖 ) (𝑇 (𝑘𝑖 , 𝑡)) · (𝑛 + |𝜙 |)𝑂 (1)

for a func-

tion 𝑓 (𝑘1, . . . , 𝑘𝑑 , 𝑡) that is independent of 𝑡 and 𝑘𝑖 , then 𝑇 (𝑥,𝑦) =
Ω(𝑥 log𝑦).

Extensions. Just as the original algorithm in Courcelle’s theorem,

our algorithm in Theorem 1 can also be extended to problems in

more general settings.

The first extension is to the MSO2 logic, in which the variables

can represent not only (sets of) vertices but also (sets of) edges.

Courcelle’s theorem applies to MSO2 logic as well. Similarly, Theo-

rem 1 can be generalized to MSO2 logic for free. Indeed, one can

easily reduce anMSO2 Testing instance (𝐺, 𝑡, 𝑆, 𝜙) to anMSOTest-

ing instance (𝐺 ′, 𝑡 ′, 𝑆, 𝜙 ′) with |𝑉 (𝐺 ′) | = 𝑂 (𝑡 |𝑉 (𝐺) |), 𝑡 ′ ≤ 𝑡 + 1,

and |𝜙 ′ | = |𝜙 |𝑂 (1)
.

The second extension is to the counting and optimization ver-

sions of the MSO Testing problem. Consider an MSO formula

𝜙 (𝑥1, . . . , 𝑥𝑘 , 𝑋1, . . . , 𝑋𝑠 ) with free vertex variables 𝑥1, . . . , 𝑥𝑘 and

free set variables 𝑋1, . . . , 𝑋𝑠 . In the counting problem, our goal is

to compute the number of satisfying assignments of 𝜙 in a graph

𝐺 . In the optimization variants, we are further given a weight

function 𝑤 : 𝑉 (𝐺) → R. Define the weight of an assignment

(𝑣1, . . . , 𝑣𝑘 ,𝑉1, . . . ,𝑉𝑠 ) of𝜙 to be

∑𝑘
𝑖=1𝑤 (𝑣𝑖 )+

∑𝑠
𝑖=1

∑
𝑣∈𝑉𝑖 𝑤 (𝑣). Then

our goal is to compute the minimum (or maximum) weight satisfy-

ing assignment of 𝜙 .

We formulate a problem, called MSO Scoring, using semi-fields,

which simultaneously generalizes the two problems above. Let𝐺 be

a graph and 𝜙 = 𝜙 (𝑥1, . . . , 𝑥𝑘 , 𝑋1, . . . , 𝑋𝑠 ) be an MSO-formula. Also,

let F be a semi-field
2
and 𝑤 : 𝑉 (𝐺) → F be a function. Assume

we are provided an oracle that can do additions/multiplications

and find multiplicative inverses on F in constant time. For each

assignment 𝛼 = (𝑣1, . . . , 𝑣𝑘 ,𝑉1, . . . ,𝑉𝑠 ) of 𝜙 where 𝑣1, . . . , 𝑣𝑘 ∈
𝑉 (𝐺) and 𝑉1, . . . ,𝑉𝑠 ⊆ 𝑉 (𝐺), we write 𝑤 (𝛼) = (∏𝑘

𝑖=1𝑤 (𝑣𝑖 )) ·
(∏𝑠

𝑖=1

∏
𝑣∈𝑉𝑖 𝑤 (𝑣)). Then the score of 𝜙 on the vertex weighted

graph (𝐺,𝑤) is defined as scr(𝐺,𝑤, 𝜙) =
∑
𝛼∈A𝜙 (𝐺 ) 𝑤 (𝛼). Here

A𝜙 (𝐺) denotes the set of all satisfying assignments of 𝜙 in the

graph 𝐺 . For a sequence 𝑆 = ((𝑘1, 𝑠1), . . . , (𝑘𝑑 , 𝑠𝑑 )), an 𝑆-MSO
∗
for-

mula is defined as a ((𝑘2, 𝑠2), . . . , (𝑘𝑑 , 𝑠𝑑 ))-MSO formula with 𝑘1
free vertex variables and 𝑠1 free set variables. Then MSO Scoring

is defined as follows.

MSO Scoring

Input: A graph𝐺 with tw(𝐺) ≤ 𝑡 , a function𝑤 : 𝑉 (𝐺) →
F, and an 𝑆-MSO

∗
formula 𝜙 .

Parameter: 𝑡 ∈ N and 𝑆 = ((𝑘1, 𝑠1), . . . , (𝑘𝑑 , 𝑠𝑑 ))
Goal: Compute scr(𝐺,𝑤, 𝜙)

The intuition behind our definition of 𝑆-MSO
∗
formulas is the

following: testing an 𝑆-MSO formula 𝜙 on a graph𝐺 can be reduced

to counting satisfying assignments of an 𝑆-MSO
∗
formula 𝜙 ′ on

𝐺 , where 𝜙 ′ is obtained from 𝜙 by removing the first block of

quantifiers and replacing the corresponding quantified variables

with free variables.

It is easy to see that when F = R with the normal addition

and multiplication operators and 𝑤 (𝑣) = 1 for all 𝑣 ∈ 𝑉 (𝐺),
scr(𝐺,𝑤, 𝜙) is just the number of satisfying assignments of 𝜙 and

hence MSO Scoring generalizes the counting problem. Also, when

F = R ∪ {−∞,∞} with addition operator min{·, ·} (resp., max{·, ·})
and multiplication operator that is the normal + on real numbers,

scr(𝐺,𝑤, 𝜙) is just the minimum (resp., maximum) weight of an

satisfying assignment of 𝜙 and hence MSO Scoring generalizes

2
A semi-field is the same as a field except that the elements are not required to have

additive inverses.
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the optimization problems. We have the following theorem, which

is a generalization of Theorem 1.

Theorem7. There is an algorithm forMSO Scoring that solves an in-

stance (𝐺,𝑤, 𝑡, 𝑆, 𝜙) with |𝑉 (𝐺) | = 𝑛 and 𝑆 = ((𝑘1, 𝑠1), . . . , (𝑘𝑑 , 𝑠𝑑 ))
in time

𝑇td (𝐺, 𝑡) + 𝑓 (𝑑) ·
( 𝑑∑︁
𝑖=1

𝑖−1∑︁
𝑗=1

exp
(𝑖 ) (𝑂̂ (𝑠 𝑗𝑘𝑖 )) +

𝑑∑︁
𝑖=1

2
𝑂 (𝑠𝑑𝑘𝑖 ) +

𝑑∑︁
𝑖=1

𝑖∑︁
𝑗=1

exp
(𝑖 ) (𝑂̂ (𝑡 𝑗𝑘𝑖 )) +

𝑑∑︁
𝑖=1

exp
(𝑖 ) (𝑂̂ (𝑘𝑖 log 𝑡))

)
· (𝑛 + |𝜙 |𝑂 (1) )

for a computable function 𝑓 , where 𝑡 𝑗 = min{𝑘 𝑗 , 𝑡} for 𝑗 ∈ [𝑑] and
|𝜙 | is the description size of 𝜙 .

1.2 Our Approaches
We briefly summarize the approaches we use to prove the main

theorems. A more detailed presentation is given in Section 2. To

prove Theorem 1, the high-level framework of our algorithm is still

the typical one: dynamic programming on a tree decomposition of

𝐺 . One of the main new insights is that when doing DP at a node 𝑥

of the tree decomposition, we exploit not only the small size of the

bag of 𝑥 , but also the small treewidth of the entire subgraph “below

𝑥”. Formally, let (𝑇, 𝛽) be a small-width tree decomposition of 𝐺 .

For a node 𝑥 ∈ 𝑉 (𝑇 ), denote by 𝛾 (𝑥) the union of 𝛽 (𝑦) for all nodes
𝑦 in the subtree of 𝑇 rooted at 𝑥 . In most DP algorithms on tree

decompositions (in particular, the previous proofs of Courcelle’s

theorem), when computing the DP table at some node 𝑥 ∈ 𝑉 (𝑇 ),
the algorithm actually no longer cares about whether the graph

𝐺 [𝛾 (𝑥)] has a small treewidth or not, and the time cost of this single

step only depends on the size of 𝛽 (𝑥) rather than the structure

of 𝐺 [𝛾 (𝑥)]. In contrast, in our proof, we make heavy use of the

bounded treewidth of the graphs 𝐺 [𝛾 (𝑥)] in the DP procedure,

in order to reduce the size of the DP tables as well as the time

for computing them. To this end, we introduce a combinatorial

invariant of graphs, called 𝑆-signatures, which characterizes the

satisfiability of all 𝑆-MSO formulas on a graph. Essentially, we prove

the following nice properties of the signatures.

(i) The (description) size of the 𝑆-signatures of bounded-treewidth

graphs is small: it only depends on 𝑆 and the treewidth pa-

rameter 𝑡 , and satisfies the bound in Theorem 1.

(ii) For each 𝑥 ∈ 𝑉 (𝑇 ), the 𝑆-signature of𝐺 [𝛾 (𝑥)] can be com-

puted given the 𝑆-signatures of 𝐺 [𝛾 (𝑦)] for all children 𝑦
of 𝑥 , in time polynomial in the sizes of the signatures. In

particular, one can efficiently compute the 𝑆-signature of 𝐺

by applying DP on (𝑇, 𝛽).
(iii) Given the 𝑆-signature of 𝐺 , one can test whether 𝐺 satisfies

an 𝑆-MSO formula 𝜙 in time polynomial in the size of the

signature and |𝜙 |.
Our algorithm then uses property (ii) to compute the 𝑆-signature

of 𝐺 and then uses property (iii) to test whether 𝐺 satisfies 𝜙 or

not. Finally, property (i) bounds the time complexity of the entire

algorithm. Among the three properties, the proof of property (i) is

the most interesting, which requires a clever combination of the

propeller decomposition technique [8, 23] and various structural

properties of the signatures. See Section 2.1 for a more detailed

discussion. The 𝑆-signature can be viewed as a “succinct” represen-

tation of the MSO-type of a graph (with respect to 𝑆-MSO formulas).

It not only allows us to do MSO-testing efficiently, but also gives

an upper bound on the number of different MSO-types, which is at

most exponential in the size of 𝑆-signatures.

To prove the lower bounds, we build on the basic ideas in the

reduction of Frick and Grohe [10], and apply additional tricks to

make the lower bound tight and more general. The proof of Frick

and Grohe implies (while not stated explicitly in [10]) that for any

given 𝑐 ∈ N, one can reduce a problem with ETH lower bound

2
Ω (𝑛)

to an FO Testing instance on trees with an (𝑘1, . . . , 𝑘𝑑 )-FO
formula 𝜙 , where 𝑑 = 2𝑐 +𝑂 (1), 𝑘𝑖 = 𝑂 (1) for all 𝑖 ∈ [𝑑 − 1], and
exp

(𝑐 ) (𝑘𝑑 ) = 2
𝑂 (𝑛)

. A drawback of this result is that it only gives

us a lower bound roughly exp
(𝑑/2−𝑂 (1) ) (Ω(𝑘𝑑 )), far away from

the lower bound exp
(𝑑 ) (Ω(𝑘𝑑 )) we want. To achieve the desired

bound, we need a much more careful reduction. In particular, we

give a more efficient way to encode numbers by trees in the sense

that the (in)equality of two numbers can be checked using FO

formulas with a much smaller number of quantifier alternations.

Furthermore, we construct new gadgets that allow us to obtain

lower bounds regarding the numbers 𝑠1, . . . , 𝑠𝑑 of set quantifiers

and the treewidth parameter 𝑡 , which are not considered in [10].

Again, we provide more details in Section 2.2.

2 Technical Overview
In this section, we provide an informal overview for the ideas used

to prove our upper bounds and lower bounds. We shall focus on

the main insights, while omitting the details and calculations.

2.1 Upper Bounds
As mentioned in the introduction, to prove Theorem 1, we need

to introduce the notion of 𝑆-signatures, which is a combinatorial

invariant of graphs that characterizes the satisfiability of 𝑆-MSO

formulas on a graph. Formally, the satisfiability of 𝑆-MSO formulas

on a graph 𝐺 can be defined as a function SAT𝑆,𝐺 that maps each

𝑆-MSO formula 𝜙 to True if 𝐺 satisfies 𝜙 and to False if 𝐺 does

not satisfy 𝜙 . If we use sgn𝑆 (𝐺) to denote the 𝑆-signature of 𝐺 ,

we want the following condition to hold: for any graphs 𝐺 and 𝐻 ,

sgn𝑆 (𝐺) = sgn𝑆 (𝐻 ) iff SAT𝑆,𝐺 = SAT𝑆,𝐻 .
To explain some intuition, let us now consider a sequence 𝑆 =

((𝑘1, 𝑠1), . . . , (𝑘𝑑 , 𝑠𝑑 )). Every 𝑆-MSO formula (in PNF) can be writ-

ten of the form

𝜙 = Q𝑥1 . . .Q𝑥𝑘1Q𝑋1 . . .Q𝑋𝑠1 𝜙
′ (𝑥1, . . . , 𝑥𝑘1 , 𝑋1, . . . , 𝑋𝑠1 ),

where Q ∈ {∃,∀} and 𝜙 ′ is an 𝑆 ′-MSO formula (with free vari-

ables) for 𝑆 ′ = ((𝑘2, 𝑠2), . . . , (𝑘𝑑 , 𝑠𝑑 )). This recursive definition al-

lows us to relate the satisfiability of 𝑆-MSO formulas to that of

𝑆 ′-MSO formulas as follows. Let A𝐺,𝑘1,𝑠1 be the set of sequences

(𝑣1, . . . , 𝑣𝑘1 ,𝑉1, . . . ,𝑉𝑠1 ) where 𝑣1, . . . , 𝑣𝑘1 ∈ 𝑉 (𝐺) and𝑉1, . . . ,𝑉𝑠1 ⊆
𝑉 (𝐺). We view it as the set of assignments to the formulas of

the form 𝜙 ′ (𝑥1, . . . , 𝑥𝑘1 , 𝑋1, . . . , 𝑋𝑠1 ) in 𝐺 . For each 𝐴 ∈ A𝐺,𝑘1,𝑠1 ,

define SAT𝑆 ′,𝐺,𝐴 as the function that maps each 𝑆 ′-MSO formula

𝜙 ′ (𝑥1, . . . , 𝑥𝑘1 , 𝑋1, . . . , 𝑋𝑠1 ) to the value 𝜙 ′ (𝐴) ∈ {True, False} eval-
uated in𝐺 . It turns out that SAT𝑆,𝐺 = SAT𝑆,𝐻 iff both of the follow-

ing are true:
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• for every 𝐴 ∈ A𝐺,𝑘1,𝑠1 , there exists 𝐵 ∈ A𝐻,𝑘1,𝑠1 such that

SAT𝑆 ′,𝐺,𝐴 = SAT𝑆 ′,𝐻,𝐵 ,
• for every 𝐵 ∈ A𝐻,𝑘1,𝑠1 , there exists 𝐴 ∈ A𝐺,𝑘1,𝑠1 such that

SAT𝑆 ′,𝐺,𝐴 = SAT𝑆 ′,𝐻,𝐵 .

Equivalently, SAT𝑆,𝐺 = SAT𝑆,𝐻 iff {SAT𝑆 ′,𝐺,𝐴 : 𝐴 ∈ A𝐺,𝑘1,𝑠1 } =

{SAT𝑆 ′,𝐻,𝐵 : 𝐵 ∈ A𝐻,𝑘1,𝑠1 }. Inspired by this nice relation, we obtain
a natural idea to define the 𝑆-signatures: defining them inductively

based on the 𝑆 ′-signatures. However, so far this idea does not quite
work, since the satisfiability of 𝑆 ′-MSO formulas we use is already

different from the original definition – it takes into account free

variables and assignments.

In order to make the idea work, we need to introduce a more

general class of graphs, called labeled and colored graphs, which can

“encode” assignments to free variables. Let𝐺 be a graph. For 𝑝 ∈ N0

(here N0 = {0, 1, 2, . . . }), a 𝑝-labeling on 𝐺 is a function 𝜆 : [𝑝] →
𝑉 (𝐺). If 𝜆 : [𝑝] → 𝑉 (𝐺) is a 𝑝-labeling on𝐺 and 𝜆′ : [𝑝′] → 𝑉 (𝐺)
is a 𝑝′-labeling on 𝐺 , we define 𝜆 ⊕ 𝜆′ : [𝑝 + 𝑝′] → 𝑉 (𝐺) as
(𝜆 ⊕ 𝜆′) (𝑖) = 𝜆(𝑖) if 𝑖 ≤ 𝑝 and (𝜆 ⊕ 𝜆′) (𝑖) = 𝜆′ (𝑖 − 𝑝) if 𝑖 > 𝑝 ,

which is a (𝑝 + 𝑝′)-labeling on 𝐺 . For a set 𝑃 , a 𝑃-coloring on 𝐺

is a function 𝜇 : 𝑉 (𝐺) → 𝑃 . If 𝜇 : 𝑉 (𝐺) → 𝑃 is a 𝑃-coloring on

𝐺 and 𝜇′ : 𝑉 (𝐺) → 𝑃 ′ is a 𝑃 ′-coloring on 𝐺 , then we define a

function 𝜇 ⊗ 𝜇′ : 𝑉 (𝐺) → 𝑃 × 𝑃 ′ as (𝜇 ⊗ 𝜇′) (𝑣) = (𝜇 (𝑣), 𝜇′ (𝑣)),
which is a (𝑃 × 𝑃 ′)-coloring on 𝐺 . A 𝑝-labeled and 𝑃-colored graph

is a triple (𝐺, 𝜆, 𝜇) where𝐺 is a graph, 𝜆 is a 𝑝-labeling on𝐺 , and 𝜇

is a 𝑃-coloring on 𝐺 . Two 𝑝-labeled and 𝑃-colored graphs (𝐺, 𝜆, 𝜇)
and (𝐺 ′, 𝜆′, 𝜇′) are isomorphic if there exists an isomorphism 𝜋 :

𝑉 (𝐺) → 𝑉 (𝐺 ′) of 𝐺 and 𝐺 ′
such that 𝜆′ = 𝜋 ◦ 𝜆 and 𝜇 = 𝜇′ ◦ 𝜋 .

Isomorphic labeled and colored graphs are viewed as the same (or

in other words, we only care about the isomorphic type of such

graphs). In particular, if G is a set of 𝑝-labeled and 𝑃-colored graphs,

then different elements in G are always non-isomorphic. If (𝐺, 𝜆, 𝜇)
is a 𝑝-labeled and 𝑃-colored graph and 𝐴 ⊆ 𝑉 (𝐺) is a subset, then
we can naturally obtain a |𝜆−1 (𝐴) |-labeled and 𝑃-colored graph

(𝐺 [𝐴], 𝜆𝐴, 𝜇𝐴) as follows. The coloring 𝜇𝐴 is simply defined as

𝜇𝐴 = 𝜇 |𝐴 . To define 𝜆𝐴 , suppose 𝜆
−1 (𝐴) = {𝑥1, . . . , 𝑥𝑟 } where

𝑥1 < · · · < 𝑥𝑟 . Then we define 𝜆𝐴 : [|𝜆−1 (𝐴) |] → 𝐴 by setting

𝜆𝐴 (𝑖) = 𝜆(𝑥𝑖 ). We call (𝐺 [𝐴], 𝜆𝐴, 𝜇𝐴) the restriction of (𝐺, 𝜆, 𝜇) to
𝐴.

Nowwe explain how to use labeled and colored graphs to encode

assignments. Again, consider a graph𝐺 and some assignment 𝐴 =

(𝑣1, . . . , 𝑣𝑘 ,𝑉1, . . . ,𝑉𝑠 ) ∈ A𝐺,𝑘,𝑠 . Naturally, the part (𝑣1, . . . , 𝑣𝑘 ) for
vertex variables can be represented as a 𝑘-labeling 𝜆 : [𝑘] → 𝑉 (𝐺)
where 𝜆(𝑖) = 𝑣𝑖 . Also, the part (𝑉1, . . . ,𝑉𝑠 ) for set variables can be

represented as a {0, 1}𝑠 -coloring 𝜇 : 𝑉 (𝐺) → {0, 1}𝑠 where 𝜇 (𝑣) =
(1𝑣∈𝑉1 , . . . , 1𝑣∈𝑉𝑠 ); here 1𝑣∈𝑉1 = 1 if 𝑣 ∈ 𝑉1 and 1𝑣∈𝑉1 = 0 if 𝑣 ∉ 𝑉1.

Therefore, the 𝑘-labeled and {0, 1}𝑠 -colored graph (𝐺, 𝜆, 𝜇) encodes
the information of𝐴. To understand the intuition of the operators ⊕
and ⊗, consider a ((𝑘1, 𝑠1), (𝑘2, 𝑠2))-MSO formula. Suppose that the

first block of quantifiers choose an assignment 𝐴1 ∈ A𝐺,𝑘1,𝑠1 , and

we already encode this assignment as above to obtain a 𝑘1-labeled

and {0, 1}𝑠1 -colored graph (𝐺, 𝜆1, 𝜇1). Followed by this, the second

block of quantifiers also choose an assignment 𝐴2 ∈ A𝐺,𝑘2,𝑠2 . We

want to change the graph (𝐺, 𝜆1, 𝜇1) so that it further encodes 𝐴2.

Now we construct the 𝑘2-labeling 𝜆2 and the {0, 1}𝑠2 -coloring 𝜇2 on
𝐺 corresponding to 𝐴2. Then we simply take (𝐺, 𝜆1 ⊕ 𝜆2, 𝜇1 ⊗ 𝜇2),

which is just the desired graph that encodes the information of

both 𝐴1 and 𝐴2.

In order to use labelings and colorings to replace the assign-

ments, we also need to enhance the ability of MSO formulas a bit

so that they can take into account the labels and colors. Roughly

speaking, an enhanced MSO formula, which is designed for labeled

and colored graphs, has two additional abilities. First, it can re-

fer to vertices with specific labels in the graph. In other words,

if 𝜆 : [𝑝] → 𝑉 (𝐺) is the labeling of the graph, then the vertices

𝜆(1), . . . , 𝜆(𝑝) are viewed as arguments of the formula (and thus

the formula can test the equality/adjacency among them and other

quantified vertex variables). Second, it can have atomic formulas

which test whether a vertex has a specific color (in the set used for

coloring the graph). In other words, if 𝜇 : 𝑉 (𝐺) → 𝑃 is the coloring

of the graph, then the formula can contain equations of the form

𝜇 (𝑥) = 𝑎, where 𝑥 is a vertex variable (possibly a labeled vertex)

and 𝑎 ∈ 𝑃 . Here we omit the formal definition of such formulas, as

this concept is only introduced for intuitively understanding the

definition of signatures (which is not needed in our actual proof).

Now we consider the satisfability of enhanced 𝑆-MSO formulas

on a labeled and colored graph (𝐺, 𝜆, 𝜇), which can be defined as a

function SAT𝑆,(𝐺,𝜆,𝜇 ) that maps each enhanced 𝑆-MSO formula 𝜙

to True or False depending on whether (𝐺, 𝜆, 𝜇) satisfies 𝜙 or not.

This generalized definition allows us to recursively characterize

the satisfability of enhanced 𝑆-MSO formulas using the idea at the

beginning of this section. Suppose 𝑆 = ((𝑘, 𝑠)) + 𝑆 ′. Here + denotes

the concatenation operator for sequences. Let (𝐺, 𝜆, 𝜇) and (𝐻,𝛾, 𝜏)
be two 𝑝-labeled and 𝑃-colored graphs. Using the argument before,

we can prove that SAT𝑆,(𝐺,𝜆,𝜇 ) = SAT𝑆,(𝐻,𝛾,𝜏 ) if and only if

{SAT𝑆 ′,(𝐺,𝜆⊕𝜆′,𝜇⊗𝜇′ ) : 𝜆′ ∈ 𝛬𝐺,𝑘 and 𝜇′ ∈ 𝑈𝐺,{0,1}𝑠 } =
{SAT𝑆 ′,(𝐻,𝛾⊕𝛾 ′,𝜏⊗𝜏 ′ ) : 𝛾 ′ ∈ 𝛬𝐻,𝑘 and 𝜏 ′ ∈ 𝑈𝐻,{0,1}𝑠 },

where 𝛬𝐺,𝑘 (resp., 𝛬𝐻,𝑘 ) is the set of all 𝑘-labelings on 𝐺 (resp.,

𝐻 ) and𝑈𝐺,{0,1}𝑠 (resp.,𝑈𝐻,{0,1}𝑠 ) is the set of all {0, 1}𝑠 -coloring on
𝐺 (resp., 𝐻 ). This nice characterization gives us a natural definition

for 𝑆-signatures on labeled and colored graphs. Suppose we have

already define 𝑆 ′-signatures which characterize the satisfability of

enhanced 𝑆 ′-MSO formulas on labeled and colored graphs. Now

we simply define the 𝑆-signature of a labeled and colored graph

(𝐺, 𝜆, 𝜇) as sgn𝑆 (𝐺, 𝜆, 𝜇) =

{sgn𝑆 ′ (𝐺, 𝜆 ⊕ 𝜆′, 𝜇 ⊕ 𝜇′) : 𝜆′ ∈ 𝛬𝐺,𝑘 and 𝜇′ ∈ 𝑈𝐺,{0,1}𝑠 }.

The characterization above guarantees that 𝑆-signatures charac-

terize the satisfability of enhanced 𝑆-MSO formulas. To complete

the definition, we still need to define 𝑆-signatures for the base case,

i.e., 𝑆 = () is the empty sequence. An enhanced ()-MSO formula

is quantifier-free and thus it can only test the equality/adjacency

among the labeled vertices and the colors of the labeled vertices. So,

on a graph (𝐺, 𝜆, 𝜇), the induced subgraph (𝐺 [Im(𝜆)], 𝜆, 𝜇 |Im(𝜆) )
characterizes the satisfability of enhanced ()-MSO formulas; here

Im(𝜆) is the image of 𝜆 and we abuse the symbol 𝜆 to denote the

labeling on 𝐺 [Im(𝜆)] while its codomain is 𝑉 (𝐺). As such, we
simply define sgn( ) (𝐺, 𝜆, 𝜇) = (𝐺 [Im(𝜆)], 𝜆, 𝜇 |Im(𝜆) ). Finally, for
a graph 𝐺 , we can view it a labeled and colored graph by equip-

ping it with the dummy labeling − : ∅ → 𝑉 (𝐺) and the dummy

coloring − : 𝑉 (𝐺) → {0} that maps every vertex 𝑣 ∈ 𝑉 (𝐺) to 0,
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and define sgn𝑆 (𝐺) = sgn𝑆 (𝐺,−,−). One can verify that sgn𝑆 (𝐺)
characterizes the satisfiability of (normal) 𝑆-MSO formulas on 𝐺 .

Let 𝑆 = ((𝑘1, 𝑠1), . . . , (𝑘𝑑 , 𝑠𝑑 )). By construction, the 𝑆-signature

of a 𝑝-labeled and 𝑃-colored graph is a 𝑑-layer nested set with

(𝑝 +∑𝑑
𝑘=1

𝑘𝑖 )-labeled and (𝑃 ×∏𝑑
𝑖=1{0, 1}𝑠𝑖 )-colored graphs at the

bottommost level. We write ∥sgn𝑆 (𝐺, 𝜆, 𝜇)∥ as the recursive size of
sgn𝑆 (𝐺, 𝜆, 𝜇), which is defined as follows: if sgn𝑆 (𝐺, 𝜆, 𝜇) is a set,
then ∥sgn𝑆 (𝐺, 𝜆, 𝜇)∥ =

∑
𝑥∈sgn𝑆 (𝐺,𝜆,𝜇 ) ∥𝑥 ∥; and ∥sgn𝑆 (𝐺, 𝜆, 𝜇)∥ =

1, otherwise. In fact, ∥sgn𝑆 (𝐺, 𝜆, 𝜇)∥ is just the number of graphs at

the bottommost level of the nested set sgn𝑆 (𝐺, 𝜆, 𝜇). The recursive
size of an 𝑆-signature can be essentially viewed as the description

size of the signature (i.e., the number of bits to encode the signa-

ture), modulo the description of each labeled and colored graph at

the bottommost level which is anyway polynomial in the numbers

in 𝑆 . Later we will sketch a proof that bounds the 𝑆-signatures

of bounded-treewidth graphs, which is a crucial part of our result.

Before this, we first briefly discuss how to do MSO Testing us-

ing signatures and how to compute the signatures by DP on tree

decomposition.

Testing MSO via signatures. In fact, from the construction of

𝑆-signatures, it is not difficult to see that given sgn𝑆 (𝐺, 𝜆, 𝜇) and
an (enhanced) 𝑆-MSO formula 𝜙 , one can test whether (𝐺, 𝜆, 𝜇)
satisfies 𝜙 in (∥sgn𝑆 (𝐺, 𝜆, 𝜇)∥ + |𝜙 |)𝑂 (1)

time. If 𝑆 = (), then this

trivially holds. Suppose 𝑆 = ((𝑘, 𝑠)) + 𝑆 ′ and we already have an

algorithmTest𝑆 ′ (sgn𝑆 ′ (𝐻,𝛾, 𝜏), 𝜙 ′) which returns True or False de-
pending on whether (𝐻,𝛾, 𝜏) satisfies𝜙 or not in (∥sgn𝑆 ′ (𝐻,𝛾, 𝜏)∥+
|𝜙 ′ |)𝑂 (1)

time. Then the algorithm Test𝑆 (sgn𝑆 (𝐺, 𝜆, 𝜇), 𝜙) essen-
tially works as follows. If the first block of quantifiers in 𝜙 are

∃-quantifiers, then we simply return

∨
𝑥∈sgn𝑆 (𝐺,𝜆,𝜇 ) Test𝑆 ′ (𝑥, 𝜙

′),
where 𝜙 ′ is the part of 𝜙 after the first block of quantifiers. On the

other hand, if the first block of quantifiers in 𝜙 are ∀-quantifiers,
then we simply return

∧
𝑥∈sgn𝑆 (𝐺,𝜆,𝜇 ) Test𝑆 ′ (𝑥, 𝜙

′).
Computing signatures by DP on tree decomposition. Let (𝑇, 𝛽) be

a tree decomposition of𝐺 . We want to compute sgn𝑆 (𝐺) by DP on

(𝑇, 𝛽). For a node 𝑥 ∈ 𝑉 (𝑇 ), denote by𝑇𝑥 the subtree of𝑇 rooted at

𝑥 and define 𝛾 (𝑥) = ⋃
𝑦∈𝑉 (𝑇𝑥 ) 𝛽 (𝑦). A natural idea is to compute,

at each node 𝑥 ∈ 𝑉 (𝑇 ), the signature sgn𝑆 (𝐺 [𝛾 (𝑥)]), based on the

signatures sgn𝑆 (𝐺 [𝛾 (𝑦)]) for children𝑦 of𝑥 . However, this does not
directly work. In fact, only having sgn𝑆 (𝐺 [𝛾 (𝑥)]) is not sufficient

for the DP. Instead, we have to view𝐺 [𝛾 (𝑥)] as a boundaried graph

with boundary 𝛽 (𝑥), and the 𝑆-signature computed for 𝐺 [𝛾 (𝑥)]
should take into account the boundary vertices. To this end, we

again make use of coloring. We arbitrarily choose an ordering 𝜎

of 𝑉 (𝐺). For each node 𝑥 ∈ 𝑉 (𝑇 ), define a [|𝛽 (𝑥) |]03-coloring 𝜇𝑥 :

𝛾 (𝑥) → [|𝛽 (𝑥) |]0 on 𝐺 [𝛾 (𝑥)] that maps all vertices in 𝛾 (𝑥)\𝛽 (𝑥)
to 0 and maps the vertices in 𝛽 (𝑥) bijectively to [|𝛽 (𝑥) |] following
the ordering 𝜎 . During the DP procedure, at each 𝑥 ∈ 𝑉 (𝑇 ), instead
of computing sgn𝑆 (𝐺 [𝛾 (𝑥)]), we compute sgn𝑆 (𝐺 [𝛾 (𝑥)],−, 𝜇𝑥 ).
With the help of the colorings 𝜇𝑥 , the DP works and can be done

efficiently, thanks to the following lemma. Recall that a separation of

a graph𝐺 is a pair (𝐴, 𝐵) with𝐴, 𝐵 ⊆ 𝑉 (𝐺) such that𝐴∪𝐵 = 𝑉 (𝐺)
and there is no edge between 𝐴\𝐵 and 𝐵\𝐴 in 𝐺 .

Lemma 8 (informal). Let (𝐺, 𝜆, 𝜇) be a 𝑝-labeled and 𝑃-colored
graph and (𝐴, 𝐵) be a separation of 𝐺 . Also, let 𝜇′ : 𝑉 (𝐺) →

3
Here the notation [ · ]0 is defined as [𝑛]0 = {0, 1, . . . , 𝑛}.

[|𝐴 ∩ 𝐵 |]0 map all vertices in 𝑉 (𝐺)\(𝐴 ∩ 𝐵) to 0 and map 𝐴 ∩ 𝐵
bijectively to [|𝐴 ∩ 𝐵 |]. Suppose (𝐺 [𝐴], 𝜆𝐴, 𝜇𝐴) and (𝐺 [𝐵], 𝜆𝐵, 𝜇𝐵)
are the restrictions of (𝐺, 𝜆, 𝜇 ⊗ 𝜇′) to 𝐴 and 𝐵, respectively. Then for

any 𝑆 , one can (efficiently) compute sgn𝑆 (𝐺, 𝜆, 𝜇) by only knowing

sgn𝑆 (𝐺 [𝐴], 𝜆𝐴, 𝜇𝐴), sgn𝑆 (𝐺 [𝐵], 𝜆𝐵, 𝜇𝐵), 𝜆−1 (𝐴), and 𝜆−1 (𝐵).

The above lemma is not only used for the computation of signa-

tures. Below we shall also use it to bound the signature sizes for

bounded-treewidth graphs.

Bounding the signature size. We now sketch our proof for bound-

ing the recursive sizes of the signatures. Although our final goal is

to bound the recursive sizes ∥sgn𝑆 (𝐺, 𝜆, 𝜇)∥ of the signatures, the
main step here is to bound the sizes of the signatures as sets, i.e.,

|sgn𝑆 (𝐺, 𝜆, 𝜇) |. Indeed, due to the definition of the recursive size,

once we can bound |sgn𝑆 (𝐺, 𝜆, 𝜇) | for every 𝑆 and every (𝐺, 𝜆, 𝜇),
we can also bound ∥sgn𝑆 (𝐺, 𝜆, 𝜇)∥ for every 𝑆 and every (𝐺, 𝜆, 𝜇).

For simplicity, in this overview, we assume 𝑡 = 𝑂 (1) and bound

the size of the signatures using only the parameters in the sequence

𝑆 . For a set G of 𝑝-labeled and 𝑃-colored graphs, we define Δ𝑆 (G) =
|{sgn𝑆 (𝐺, 𝜆, 𝜇) : (𝐺, 𝜆, 𝜇) ∈ G}|, which is the number of different

𝑆-signatures the graphs in G have. Denote by G𝑝,𝑃 the set of all

𝑝-labeled and 𝑃-colored graphs of treewidth at most 𝑡 .

Consider a graph (𝐺, 𝜆, 𝜇) ∈ G𝑝,𝑃 . Let 𝑆 = ((𝑘, 𝑠)) + 𝑆 ′ be a

sequence of pairs of natural numbers. By construction, the size of

sgn𝑆 (𝐺, 𝜆, 𝜇) is just to equal to the number of different signatures

sgn𝑆 ′ (𝐺, 𝜆 ⊕ 𝜆′, 𝜇 ⊗ 𝜇′) we can obtain by choosing 𝜆′ ∈ 𝛬𝐺,𝑘 and

𝜇′ ∈ 𝑈𝐺,{0,1}𝑠 . Note that this number could be way smaller than

the trivial bound |𝛬𝐺,𝑘 | · |𝑈𝐺,{0,1}𝑠 |, because different choices of
𝜆′ and 𝜇′ may result in graphs (𝐺, 𝜆 ⊕ 𝜆′, 𝜇 ⊗ 𝜇′) with the same

𝑆 ′-signature. To establish a good bound for this number, our plan is

to associate with each choice (𝜆′, 𝜇′) ∈ 𝛬𝐺,𝑘 ×𝑈𝐺,{0,1}𝑠 an “object”

𝛤 (𝜆′, 𝜇′) that satisfies the following properties:
(P1) if 𝛤 (𝜆′

1
, 𝜇′

1
) = 𝛤 (𝜆′

2
, 𝜇′

2
), then sgn𝑆 ′ (𝐺, 𝜆 ⊕ 𝜆′

1
, 𝜇 ⊗ 𝜇′

1
) =

sgn𝑆 ′ (𝐺, 𝜆 ⊕ 𝜆′2, 𝜇 ⊗ 𝜇
′
2
),

(P2) one can easily obtain a good upper bound for the number of

different 𝛤 (𝜆′, 𝜇′).
Property (P1) guarantees that |sgn𝑆 (𝐺, 𝜆, 𝜇) | is at most the number

of different 𝛤 (𝜆′, 𝜇′), and then property (P2) will allow us to find

a bound for the latter. To define the object 𝛤 (𝜆′, 𝜇′), we need the

following decomposition lemma for bounded-treewidth graphs,

which is known as propeller decomposition in [23]. We omit its

proof in this overview.

Lemma 9 ([8, 23]). Let𝐺 be a graph with tw(𝐺) = 𝑂 (1). Then for

any 𝑅 ⊆ 𝑉 (𝐺) with |𝑅 | ≤ 𝑟 , there exist𝑉0,𝑉1, . . . ,𝑉𝑟 ′ ⊆ 𝑉 (𝐺) where
𝑟 ′ = 𝑂 (𝑟 ) satisfying the following conditions:

(i) 𝑉 (𝐺) = ⋃𝑟 ′
𝑖=0𝑉𝑖 ,

(ii) 𝑅 ⊆ 𝑉0 and |𝑉0 | ≤ 𝑂 (𝑟 ),
(iii) 𝑁𝐺 (𝑉𝑖\𝑉0) ⊆ 𝑉0 ∩𝑉𝑖 and |𝑉0 ∩𝑉𝑖 | = 𝑂 (1) for all 𝑖 ∈ [𝑟 ′].

Consider a choice (𝜆′, 𝜇′) ∈ 𝛬𝐺,𝑘 × 𝑈𝐺,{0,1}𝑠 . We apply the

above lemma on the graph 𝐺 with 𝑅 = Im(𝜆 ⊕ 𝜆′) to obtain

𝑉0,𝑉1, . . . ,𝑉𝑟 ′ ⊆ 𝑉 (𝐺) satisfying the three conditions. Note that

|𝑅 | ≤ 𝑝 + 𝑘 and thus 𝑟 ′ = 𝑂 (𝑝 + 𝑘). Condition (ii) of the lemma

implies Im(𝜆 ⊕ 𝜆′) ⊆ 𝑉0 and |𝑉0 | = 𝑂 (𝑟 ) = 𝑂 (𝑝 +𝑘). Condition (iii)

guarantees that there is no edge between 𝑉𝑖\𝑉0 and 𝑉𝑗\𝑉0 for any
different 𝑖, 𝑗 ∈ [𝑟 ′]. For convenience, we assume without loss of
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generality that |𝑉0 ∩𝑉1 | = · · · = |𝑉0 ∩𝑉𝑟 ′ | = 𝑧; we have 𝑧 = 𝑂 (1)
by condition (iii).

For 𝑖 ∈ [𝑟 ′]0, let (𝐺 [𝑉𝑖 ], 𝜆𝑖 , 𝜇𝑖 ) be the restriction of (𝐺, 𝜆 ⊕
𝜆′, 𝜇 ⊗ 𝜇′) to 𝑉𝑖 . Also, for 𝑖 ∈ [𝑟 ′], let 𝜋𝑖 : [𝑧] → 𝑉0 be a func-

tion that maps the numbers in [𝑧] bijectively to the vertices in

𝑉0 ∩𝑉𝑖 , which is a 𝑧-labeling on 𝐺 [𝑉0], and let 𝜏𝑖 : 𝑉𝑖 → [𝑧]0 be
the function defined as 𝜏𝑖 (𝑣) = 𝜋−1𝑖 (𝑣) for 𝑣 ∈ 𝑉0 ∩𝑉𝑖 and 𝜏𝑖 (𝑣) = 0

for 𝑣 ∈ 𝑉𝑖\𝑉0, which is a [𝑧]0-coloring on 𝐺 [𝑉𝑖 ]. Now the key ob-

servation is that sgn𝑆 ′ (𝐺, 𝜆 ⊕ 𝜆′, 𝜇 ⊗ 𝜇′) is uniquely characterized

by the graph (𝐺 [𝑉0], 𝜆0 ⊕ 𝜋1 ⊕ · · · ⊕ 𝜋𝑟 ′ , 𝜇0) and the signatures

sgn𝑆 ′ (𝐺 [𝑉1], 𝜆1, 𝜇1 ⊗ 𝜏1), . . . , sgn𝑆 ′ (𝐺 [𝑉𝑟 ′ ], 𝜆𝑟 ′ , 𝜇𝑟 ′ ⊗ 𝜏𝑟 ′ ).

Lemma 10. One can compute sgn𝑆 ′ (𝐺, 𝜆 ⊕ 𝜆′, 𝜇 ⊗ 𝜇′), know-
ing only (𝐺 [𝑉0], 𝜆0 ⊕ 𝜋1 ⊕ · · · ⊕ 𝜋𝑟 ′ , 𝜇0) and sgn𝑆 ′ (𝐺 [𝑉1], 𝜆1, 𝜇1 ⊗
𝜏1), . . . , sgn𝑆 ′ (𝐺 [𝑉𝑟 ′ ], 𝜆𝑟 ′ , 𝜇𝑟 ′ ⊗ 𝜏𝑟 ′ ).

Proof sketch. Let (𝐺𝑖 , 𝜆∗𝑖 , 𝜇
∗
𝑖
) be the restriction of (𝐺, 𝜆⊕𝜆′, 𝜇⊗

𝜇′) to 𝑉0 ∪ (⋃𝑖
𝑗=1𝑉𝑗 ). Roughly speaking, the idea for computing

sgn𝑆 ′ (𝐺, 𝜆 ⊕ 𝜆′, 𝜇 ⊗ 𝜇′) is to keep applying Lemma 8 to itera-

tively compute sgn𝑆 ′ (𝐺𝑖 , 𝜆∗𝑖 , 𝜇
∗
𝑖
) for 𝑖 = 0, 1, . . . , 𝑟 ′. By construction,

(𝑉 (𝐺𝑖−1),𝑉𝑖 ) is a separation of 𝐺𝑖 . As such, Lemma 8 allows us

to compute sgn𝑆 ′ (𝐺𝑖 , 𝜆∗𝑖 , 𝜇
∗
𝑖
) from sgn𝑆 ′ (𝐺𝑖−1, 𝜆∗𝑖−1, 𝜇

∗
𝑖−1) and the

given signature sgn𝑆 ′ (𝐺 [𝑉𝑖 ], 𝜆𝑖 , 𝜇𝑖 ⊗ 𝜏𝑖 ), together with some other

information that is encoded in the given graph (𝐺 [𝑉0], 𝜆0 ⊕ 𝜋1 ⊕
· · · ⊕ 𝜋𝑟 ′ , 𝜇0). Note that (𝐺𝑟 ′ , 𝜆∗𝑟 ′ , 𝜇

∗
𝑟 ′ ) = (𝐺, 𝜆 ⊕ 𝜆′, 𝜇 ⊗ 𝜇′). So we

end up with the desired signature sgn𝑆 ′ (𝐺, 𝜆 ⊕ 𝜆′, 𝜇 ⊗ 𝜇′).
We remark that the actual proof of this lemma is more technical

than our discussion above. In fact, applying Lemma 8 does not

enable us to compute sgn𝑆 ′ (𝐺𝑖 , 𝜆∗𝑖 , 𝜇
∗
𝑖
) from sgn𝑆 ′ (𝐺𝑖−1, 𝜆∗𝑖−1, 𝜇

∗
𝑖−1)

and sgn𝑆 ′ (𝐺 [𝑉𝑖 ], 𝜆𝑖 , 𝜇𝑖 ⊗𝜏𝑖 ). Therefore, in the actual proof, we need

to compute the 𝑆 ′-signature of a graph more complicated than

(𝐺𝑖 , 𝜆∗𝑖 , 𝜇
∗
𝑖
) in each iteration, in order to make the induction work.

For simplicity, we omit the details here. □

Now we simply define 𝛤 (𝜆′, 𝜇′) to be the sequence

((𝐺 [𝑉0], 𝜆0 ⊕ 𝜋1 ⊕ · · · ⊕ 𝜋𝑟 ′ , 𝜇0),
sgn𝑆 ′ (𝐺 [𝑉1], 𝜆1, 𝜇1 ⊗ 𝜏1), . . . , sgn𝑆 ′ (𝐺 [𝑉𝑟 ′ ], 𝜆𝑟 ′ , 𝜇𝑟 ′ ⊗ 𝜏𝑟 ′ )) .
Lemma 10 directly implies property (P1) of 𝛤 (𝜆′, 𝜇′). Next, we
consider property (P2), i.e., how to bound the number of different

𝛤 (𝜆′, 𝜇′). We first observe some basic facts about 𝛤 (𝜆′, 𝜇′). The first
element in 𝛤 (𝜆′, 𝜇′) is a (𝑝+𝑘+𝑟 ′𝑧)-labeled and (𝑃×{0, 1}𝑠 )-colored
graph of treewidth at most 𝑡 , which has 𝑂 (𝑝 + 𝑘) vertices because
|𝑉0 | = 𝑂 (𝑝 + 𝑘). For each 𝑖 ∈ [𝑟 ′], the graph (𝐺 [𝑉𝑖 ], 𝜆𝑖 , 𝜇𝑖 ⊗ 𝜏𝑖 ) is a
|Im(𝜆 ⊕ 𝜆′) ∩𝑉𝑖 |-labeled and (𝑃 × {0, 1}𝑠 × [𝑧]0)-colored graph of

treewidth at most 𝑡 . Since Im(𝜆 ⊕ 𝜆′) = 𝑅 ⊆ 𝑉0, we have |Im(𝜆 ⊕
𝜆′) ∩𝑉𝑖 | ≤ |𝑉0 ∩𝑉𝑖 | = 𝑧. Thus, each of the remaining elements in

𝛤 (𝜆′, 𝜇′) is the 𝑆 ′-signature of a graph in G𝑞,𝑃×{0,1}𝑠×[𝑧 ]0 for some

𝑞 ∈ [𝑧].
With these observations, we are ready to bound the number of

different sequences 𝛤 (𝜆′, 𝜇′) for (𝜆′, 𝜇′) ∈ 𝛬𝐺,𝑘 ×𝑈𝐺,{0,1}𝑠 . Since
𝑟 ′ = 𝑂 (𝑝 + 𝑘), 𝑡 = 𝑂 (1), and 𝑧 = 𝑂 (1), it turns out that the number

of (𝑝+𝑘+𝑟 ′𝑧)-labeled and (𝑃×{0, 1}𝑠 )-colored graphs with𝑂 (𝑝+𝑘)
vertices and treewidth at most 𝑡 is (𝑝 + 𝑘)𝑂 (𝑝+𝑘 ) · (2𝑠 |𝑃 |)𝑂 (𝑝+𝑘 )

(up to isomorphism), which bounds the number of possible values

for the first element in 𝛤 (𝜆′, 𝜇′). For each of the remaining ele-

ments in 𝛤 (𝜆′, 𝜇′), the number of possible values is bounded by∑𝑧
𝑞=1 Δ𝑆 ′ (G𝑞,𝑃×{0,1}𝑠×[𝑧 ]0 ), as it is the 𝑆

′
-signature of a graph in

G𝑞,𝑃×{0,1}𝑠×[𝑧 ]0 for some number 𝑞 ∈ [𝑧]. It is easy to see that∑𝑧
𝑗=1 Δ𝑆 ′ (G𝑗,𝑃×{0,1}𝑠×[𝑧 ]0 ) ≤ 𝑧 · Δ𝑆 ′ (𝐺𝑧,𝑃×{0,1}𝑠×[𝑧 ]0 ). There can

be (𝑝 + 𝑘)𝑂 (𝑝+𝑘 ) · (2𝑠 |𝑃 |)𝑂 (𝑝+𝑘 ) · (Δ𝑆 ′ (G𝑧,𝑃×{0,1}𝑠×[𝑧 ]0 ))𝑂 (𝑝+𝑘 )

different sequences 𝛤 (𝜆′, 𝜇′) in total, which implies the bound

|sgn𝑆 (𝐺, 𝜆, 𝜇) | ≤
(𝑝 + 𝑘)𝑂 (𝑝+𝑘 ) (2𝑠 |𝑃 |)𝑂 (𝑝+𝑘 ) (Δ𝑆 ′ (G𝑧,𝑃×{0,1}𝑠×[𝑧 ]0 ))

𝑂 (𝑝+𝑘 )
(1)

To make use of this inequality, we need to further upper bound

Δ𝑆 ′ (G𝑧,𝑃×{0,1}𝑠×[𝑧 ]0 ) on the right-hand side. Interestingly, as we

will see, our argument above also gives a recursive bound for Δ-
values.

Recall our construction of the sequences 𝛤 (𝜆′, 𝜇′). While we

constructed 𝛤 (𝜆′, 𝜇′) with respect to the graph (𝐺, 𝜆, 𝜇) and the

choice (𝜆′, 𝜇′) ∈ 𝛬𝐺,𝑘 × 𝑈𝐺,{0,1}𝑠 , the sequence 𝛤 (𝜆′, 𝜇′) indeed
only depends on the (𝑝 +𝑘)-labeled and (𝑃 × {0, 1}𝑠 )-colored graph
(𝐺, 𝜆 ⊕ 𝜆′, 𝜇 ⊗ 𝜇′). In other words, using the same construction, we

can associate with every graph in G𝑝+𝑘,𝑃×{0,1}𝑠 such a 𝛤 -sequence

that uniquely determines its 𝑆 ′-signature. Therefore, the bound

in Inequality 1 applies to not only sgn𝑆 (𝐺, 𝜆, 𝜇) but also its su-

perset 𝐾 = {sgn𝑆 ′ (𝐻,𝛾, 𝜏) : (𝐻,𝛾, 𝜏) ∈ G𝑝+𝑘,𝑃×{0,1}𝑠 }. Note that
{sgn𝑆 (𝐺, 𝜆, 𝜇) : (𝐺, 𝜆, 𝜇) ∈ G𝑝,𝑃 } ⊆ 2

𝐾
. So we have the following

recursive bound

Δ𝑆 (G𝑝,𝑃 ) ≤ 2
|𝐾 |

≤ 2
(𝑝+𝑘 )𝑂 (𝑝+𝑘 ) · (2𝑠 |𝑃 | )𝑂 (𝑝+𝑘 ) · (Δ𝑆′ (G𝑧,𝑃×{0,1}𝑠 ×[𝑧 ]

0
) )𝑂 (𝑝+𝑘 )

(2)

Now we can bound |sgn𝑆 (𝐺, 𝜆, 𝜇) | by first applying Inequality 1

and then repeatedly applying Inequality 2. For the base case, we

can show that Δ(𝑘,𝑠 ) (G𝑝,𝑃 ) ≤ 2
(𝑝+𝑘 )𝑂 (𝑝+𝑘 ) · |𝑃 |𝑂 (𝑝+𝑘 )

, which is (sur-

prisingly) independent of 𝑠 . We omit the proof of the base case and

the calculation for working out the bound of |sgn𝑆 (𝐺, 𝜆, 𝜇) |. But we
can get some intuition about the bound just by checking Inequal-

ities 1 and 2. Suppose 𝑆 = ((𝑘1, 𝑠1), . . . , (𝑘𝑑 , 𝑠𝑑 )). When applying

Inequality 1, the parameter 𝑘1 appears in the single exponential

position, i.e., the top of an exponential tower of height 1. A nice

property of this inequality is that the part Δ𝑆 ′ (G𝑧,𝑃×{0,1}𝑠×[𝑧 ]0 ) on
the right-hand side, where 𝑆 ′ = ((𝑘2, 𝑠2), . . . , (𝑘𝑑 , 𝑠𝑑 )) in this case,

is independent of 𝑘1, and the number 𝑧 is a constant (only depending

on 𝑡 ). Therefore, while Δ𝑆 ′ (G𝑧,𝑃×{0,1}𝑠×[𝑧 ]0 ) might contain higher

exponential towers, the parameter 𝑘1 remains in the single expo-

nential position. When we further expand Δ𝑆 ′ (G𝑧,𝑃×{0,1}𝑠×[𝑧 ]0 )
using Inequality 2, the parameter 𝑘2 appears in the double exponen-

tial position, i.e., the top of an exponential tower of height 2. Again,

the recursive part we obtain is independent of 𝑘2, and therefore

𝑘2 remains in the double exponential position towards the end. By

keep expanding the Δ-part in the bound using Inequality 2, we

can see that each 𝑘𝑖 appears in the 𝑖-th exponential position. In

contrast, the parameters 𝑠1, . . . , 𝑠𝑑−1 eventually all climb to the top

of the exponential tower of height 𝑑 (due to our lower bounds, this

is unavoidable). This is because every time we expand the Δ-part,
the set 𝑃 brings the 𝑠-parameters in the previous levels to the next

level. The bound we obtain for |sgn𝑆 (𝐺, 𝜆, 𝜇) | is independent of 𝑠𝑑 ,
because the base case is independent of 𝑠𝑑 . When further using

it to bound ∥sgn𝑆 (𝐺, 𝜆, 𝜇)∥, however, 𝑠𝑑 will appear in the single

exponential position, as the size of a ((𝑘𝑑 , 𝑠𝑑 ))-signature is single
exponential in 𝑠𝑑 .
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This completes the overview for bounding the recursive sizes of

the 𝑆-signatures when 𝑡 = 𝑂 (1). The actual proof is substantially
more involved since we need to consider the dependency on 𝑡 as

well. But the overview already covers most of the key insights in

our proof.

2.2 Lower Bounds
Proof Theorem 4 is by a simple reduction from 3-CNF SAT. We

explain the technical overview of proofs of Theorems 3, 5, and 6.

We give reductions from 3-Coloring to prove Theorems 3, 5, and

6, when 𝑖 ≥ 2. In 3-Coloring, the objective is to test whether the

given graph𝐺 has a proper vertex coloring using three colors. As-

suming ETH, no algorithm for 3-Coloring runs in time 2
𝑜 (𝑛)𝑛𝑂 (1)

,

where 𝑛 is the number of vertices in the input graph. Our reduction

algorithms will take an 𝑛 vertex graph 𝐺 as input, and outputs

a graph 𝐺 ′
and formula 𝜙 such that 𝐺 ′ |= 𝜙 if and only of 𝐺 is

3-colorable. In addition to the binary edge relation adj, we also

use a finite number of unary label predicates in our formulas. We

can eliminate these label predicates, but the use of them eases our

explanation. For a label predicate L, we write ∃𝑥 ∈ L 𝜓 to denote

∃𝑥 (L(𝑥) ∧𝜓 ) and ∀𝑥 ∈ L 𝜓 to denote ∀𝑥 (L(𝑥) =⇒ 𝜓 ). For all the
reductions the initial part of the construction of 𝐺 ′

is a tree (let us

call it base tree). So, first we explain the construction of the base

tree. Along with the base tree, we define a formula which is an FO

formula except that it contains a function id which returns a non-

negative integer. So, let us call such a formula as FO+id formula.

Then, for different values of 𝑖 in Theorems 3, 5, and 6, we explain

how to replace id with a valid FO/MSO subformula.

Construction of base tree. Let𝐺 be an instance of 3-Coloring,

with vertex set𝑉 (𝐺) = {1, 2, . . . , 𝑛} and edge set𝐸 (𝐺) = {𝑒1, . . . , 𝑒𝑚}.
Let 𝛼 be a constant selected based on the runtime of the S-FO/MSO

Testing algorithm, under the assumption—made for contradic-

tion—that our lower bound results do not hold. We partition 𝑉 (𝐺)
into 𝛼 groups 𝑉1, . . . ,𝑉𝛼 such that for each 𝑖 ∈ [𝛼], |𝑉𝑖 | ≤ ⌈𝑛𝛼 ⌉. Let
ℓ = 3

⌈ 𝑛
𝛼
⌉
. For each 𝑖 ∈ [𝛼], there are at most ℓ proper 3-colorings

of 𝐺 [𝑉𝑖 ]. Let us call these 3-colorings 𝑐𝑖,1, . . . 𝑐𝑖,ℓ𝑖 .
Now we construct a tree 𝑇1 rooted at a node 𝑟𝑡 as follows. The

root 𝑟𝑡 has 𝛼 + 𝑚 children and we name them 𝑈1, . . . ,𝑈𝛼 and

𝑓1, . . . , 𝑓𝑚 . That is, each node 𝑈𝑖 corresponds to the vertex sub-

set 𝑉𝑖 of 𝐺 and each node 𝑓𝑖 corresponds to the edge 𝑒𝑖 of 𝐺 . Each

node 𝑓𝑖 has two children corresponding to the endpoints of 𝑒𝑖 . Let

us name these nodes with 𝑓𝑖,𝑎 and 𝑓𝑖,𝑏 , where 𝑎 and 𝑏 are the end-

points of 𝑒𝑖 . Now, we explain the children of each 𝑈𝑖 . Recall that

{𝑐𝑖,1, . . . , 𝑐𝑖,ℓ𝑖 } is the set of all proper 3-colorings of𝐺 [𝑉𝑖 ]. The node
𝑈𝑖 has ℓ𝑖 children, and they are named 𝐶𝑖,1, . . . ,𝐶𝑖,ℓ𝑖 . Each 𝐶𝑖, 𝑗 has

|𝑉𝑖 | children, and each of them corresponds to a vertex in 𝑉𝑖 . That

is, each 𝑎 ∈ 𝑉𝑖 , 𝐶𝑖, 𝑗 has a child node named 𝑣𝑖, 𝑗,𝑎 . Now, each 𝑣𝑖, 𝑗,𝑎
has two children 𝑖𝑑𝑖, 𝑗,𝑎 and 𝑐𝑖, 𝑗,𝑎 . See Figure 1 for an illustration.

In the formal proof, we define nine label predicates. However,

for the purpose of this overview, we present only the following

three. For each 𝑞 ∈ [3],

Q𝑞 = {𝑐𝑖, 𝑗,𝑎 : 𝑎 is colored with 𝑞 in the proper coloring 𝑐𝑖, 𝑗 of 𝐺 [𝑉𝑖 ]}.

Now, we define the function id on nodes corresponding to the

vertices in 𝐺 as follows.

𝑟𝑡

𝑓1 · · · 𝑓𝑠 · · · 𝑓𝑚

𝑓𝑠,𝑎 𝑓𝑠,𝑏

𝑈1
· · · 𝑈𝑖 · · · 𝑈𝛼

𝐶𝑖,1 · · · 𝐶𝑖, 𝑗 · · · 𝐶𝑖,ℓ𝑖

𝑣𝑖, 𝑗,𝑎 · · ·· · ·

𝑖𝑑𝑖, 𝑗,𝑎 𝑐𝑖, 𝑗,𝑎

Figure 1: Illustration of construction of base tree 𝑇1

id(𝑥) =
{
𝑏 if 𝑥 = 𝑓𝑠,𝑏
𝑎 if 𝑥 = 𝑖𝑑𝑖, 𝑗,𝑎

Now we define an FO+id formula. We want to encode the state-

ment that “there exist nodes 𝐶1, 𝑗1 ,𝐶2, 𝑗2 , . . . ,𝐶𝛼,𝑗𝛼 that correspond

to proper 3-colorings of𝐺 [𝑉1], . . . 𝐺 [𝑉𝛼 ], respectively, such that for
any node 𝑓𝑠 , the endpoints of the edge corresponding to 𝑓𝑠 should

get different colors according to the selected proper 3-colorings of

𝐺 [𝑉1], . . . 𝐺 [𝑉𝛼 ]”. This can be encoded as follows, using variable

names that match the node names for clarity.

𝜓 ≡ ∃𝐶1, 𝑗1 ∃𝐶2, 𝑗2 . . . ∃𝐶𝛼,𝑗𝛼
∀𝑓𝑠 ∀𝑓𝑠,𝑎 ∀𝑓𝑠,𝑏 ∀𝑣𝑖, 𝑗𝑖 ,𝑎 ∀𝑣𝑖′, 𝑗𝑖′ ,𝑏
∀𝑖𝑑𝑖, 𝑗𝑖 ,𝑎∀𝑖𝑑𝑖′, 𝑗𝑖′ ,𝑏 ∀𝑐𝑖, 𝑗𝑖 ,𝑎, 𝑐𝑖′, 𝑗𝑖′ ,𝑏 ∈ Q1 ∪Q2 ∪Q3

𝜓evalid ∧ (𝜓uvalid ⇒ (𝜓id ⇒ 𝜓color))
≡ ∃𝐶1, 𝑗1 ∃𝐶2, 𝑗2 . . . ∃𝐶𝛼,𝑗𝛼

∀𝑓𝑠 ∀𝑓𝑠,𝑎 ∀𝑓𝑠,𝑏 ∀𝑣𝑖, 𝑗𝑖 ,𝑎 ∀𝑣𝑖′, 𝑗𝑖′ ,𝑏
∀𝑖𝑑𝑖, 𝑗𝑖 ,𝑎∀𝑖𝑑𝑖′, 𝑗𝑖′ ,𝑏 ∀𝑐𝑖, 𝑗𝑖 ,𝑎, 𝑐𝑖′, 𝑗𝑖′ ,𝑏 ∈ Q1 ∪Q2 ∪Q3

𝜓evalid ∧ (¬𝜓uvalid ∨ ¬𝜓id ∨𝜓color) (3)

We explain the meaning of each subformulas in𝜓 below.
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• 𝜓evalid ensures that𝐶1, 𝑗1 ,𝐶2, 𝑗2 , . . . ,𝐶𝛼,𝑗𝛼 are nodes in𝑇1 that

correspond to proper 3-colorings of𝐺 [𝑉1], . . . 𝐺 [𝑉𝛼 ], respec-
tively.

• 𝜓uvalid ensures that all the variables with universal quanti-

fiers are selected appropriately. For example, 𝑓𝑠 corresponds

to an edge in 𝐺 , 𝑓𝑠,𝑎 and 𝑓𝑠,𝑏 are children of 𝑓𝑠 . Also, 𝑣𝑖, 𝑗𝑖 ,𝑎
and 𝑣𝑖, 𝑗𝑖′ ,𝑏 are nodes corresponding to vertices in𝐺 and each

connected to a vertex in {𝐶1, 𝑗1 ,𝐶2, 𝑗2 , . . . ,𝐶𝛼,𝑗𝛼 }. Moreover,

𝑖𝑑𝑖, 𝑗𝑖 ,𝑎 and 𝑐𝑖, 𝑗𝑖 ,𝑎 are children of 𝑣𝑖, 𝑗𝑖 ,𝑎 and 𝑖𝑑𝑖′, 𝑗𝑖′ ,𝑏 and 𝑐𝑖′, 𝑗𝑖′ ,𝑏
are children of 𝑣𝑖′, 𝑗𝑖′ ,𝑏

• 𝜓id is true if and only if id(𝑓𝑠,𝑎) = id(𝑖𝑑𝑖, 𝑗𝑖 ,𝑎) and id(𝑓𝑠,𝑏 ) =
id(𝑖𝑑𝑖′, 𝑗𝑖′ ,𝑏 ).

• 𝜓color is true if and only if 𝑐𝑖, 𝑗𝑖 ,𝑎 and 𝑐𝑖, 𝑗𝑖′ ,𝑏 are different

colors.

One can prove that𝑇1 |= 𝜓 if and only of𝐺 is 3-colorable. But,𝜓

is a (𝛼, 9)-FO+id formula. We design various methods to formulate

𝜓id.

Encoding ids. The formula𝜓 constructed above is an (𝛼, 9)-FO+id
formula that contains a subformula ¬𝜓id. Here,

¬𝜓id ≡ ¬(id(𝑖𝑑𝑖, 𝑗𝑖 ,𝑎) = id(𝑓𝑠,𝑎) ∧ id(𝑖𝑑𝑖′, 𝑗𝑖′ ,𝑏 ) = id(𝑓𝑠,𝑏 ))
≡ id(𝑧1) ≠ id(𝑦1) ∨ id(𝑧2) ≠ id(𝑦2),

where we substituted 𝑧1 = 𝑖𝑑𝑖, 𝑗𝑖 ,𝑎, 𝑦1 = 𝑓𝑠,𝑎, 𝑧2 = 𝑖𝑑𝑖′, 𝑗𝑖′ ,𝑏 , and

𝑦2 = 𝑓𝑠,𝑏 , for convenience. We encode (in)equality of ids using

FO/MSO formulas leading to different cases of lower bound results

log𝑛-length FO identifier test. Notice that, since 𝑉 (𝐺) = [𝑛],
id(𝑥) for any node 𝑥 ∈ 𝑉 (𝑇1), belongs to [𝑛] (if id(𝑥) is defined on

𝑥 ). We need an FO/MSO formula to represent id(𝑧) = id(𝑦) for two
variables 𝑧 and 𝑦. Towards that we create two label predicates 1 and
0. Let 𝑘 be the smallest integer such that 𝑘 ≥ log𝑛. For any node 𝑥

in 𝑇1 such that id(𝑥) is defined, we do the following. Let 𝑏1, . . . , 𝑏𝑘
be the binary representation of the number id(𝑥). Let 𝜋𝑥 be a path

𝑎1, . . . , 𝑎𝑘 , 𝑥 on 𝑘 + 1 vertices. Now, we replace node 𝑥 with path

𝜋𝑥 . For each 𝑖 ∈ [𝑘], 𝑎𝑖 ∈ 0 if 𝑏𝑖 = 0 and 𝑎𝑖 ∈ 1 otherwise. The tree
constructed as explained above is 𝑇2. Now, for two nodes 𝑧 and 𝑦

in 𝑇 , id(𝑧) = id(𝑦) can be encoded as

∃𝑎1, 𝑎′1 ∈ O ∪ 1 . . . ∃𝑎𝑘 , 𝑎′𝑘 ∈ O ∪ 1 ©­«
∧
𝑖∈[𝑘 ]

(𝑎𝑖 ∈ 0 ⇔ 𝑎′𝑖 ∈ 0)ª®¬
∧path(𝑎1, . . . , 𝑎𝑘 , 𝑧) ∧ path(𝑎′

1
, . . . , 𝑎′

𝑘
, 𝑦) (4)

where, path(𝑤1, . . . ,𝑤𝑞) ≡ (∧𝑖∈[𝑞−1] adj(𝑤𝑖 ,𝑤𝑖+1)). Notice that
the number of quantifiers in the above formula is 2 log𝑛. Now, by

substituting (4) in 𝜓 we get an (𝛼, 9 + 2 log𝑛)-FO formula. Thus,

any algorithm of running time exp
(2) (𝑜 (𝑘2)) for testing 𝑇2 |= 𝜓 ,

where 𝜓 is an (𝑂 (1),𝑂 (log𝑛))-FO formula leads to a 2
𝑜 (𝑛)

time

algorithm for 3-Coloring, a contradiction to ETH. This is a proof

overview for Theorem 3 for 𝑖 = 2 and 𝑠 𝑗 = 0 for all 𝑗 .

Next we explain how to use set variables to reduce the length of

the path𝑘 above as follows. Let𝑘 and 𝑠 be two positive integers such

that 𝑘 · 𝑠 ≥ log𝑛. Now let 𝑏1, . . . , 𝑏𝑘 be the base 2
𝑠
representation

of the number id(𝑥). As before, we have a path 𝜋𝑥 = 𝑎1, . . . , 𝑎𝑘 , 𝑥

of length 𝑘 + 1 that replaces the node 𝑥 . Then, define id(𝑎 𝑗 ′ ) = 𝑏 𝑗 ′
for all 𝑗 ′.

𝑡

𝑎1

𝑑1 𝑐1

𝑎2

𝑑2 𝑐2

. . .

. . .

𝑎𝑘

𝑑𝑘 𝑐𝑘

Figure 2: Subtree to replace the node 𝑡

Since 2
𝑘 ·𝑠 ≥ 𝑛, each number in [𝑛] can be uniquely represented

as above. Now, we use 𝑠 set variables𝑊1, . . . ,𝑊𝑠 to encode ids. Let

𝑏′′
1
, . . . , 𝑏′′𝑠 be the binary representation of id(𝑎𝑟 ) and 𝑏′

1
, . . . , 𝑏′𝑠 be

the binary representation of id(𝑎′𝑟 ). Suppose we are able to force

the set variables in such a way that for all 𝑗 ′ ∈ [𝑠], 𝑎𝑟 ∈ 𝑊𝑗 ′ if

and only if 𝑏′′
𝑗 ′ = 1 and 𝑎′𝑟 ∈𝑊𝑗 ′ if and only if 𝑏′

𝑗
= 1. Under that

condition, id(𝑎𝑟 ) = id(𝑎′𝑟 ) can be encoded as∧
𝑗 ′∈[𝑠 ]

(𝑎𝑟 ∈𝑊𝑗 ′ ) ⇔ (𝑎′𝑟 ∈𝑊𝑗 ′ )

To satisfy the additional condition mentioned above, we create

a formula𝜓set (𝑊1, . . .𝑊𝑠 ) such that𝜓set (𝑊1, . . .𝑊𝑠 ) is true if and
only if the following is true. For any node 𝑎, let 𝑏1, . . . , 𝑏𝑠 be the

binary representation of id(𝑎). Then, the formula𝜓set (𝑊1, . . .𝑊𝑠 )
is true if and only if for any vertex 𝑎 and 𝑗 ′ ∈ [𝑠], 𝑎 ∈ 𝑊𝑗 ′ only

when 𝑏 𝑗 ′ = 1. This formula is a 𝑂 (1)-MSO formula with the only

set variables are the free variables𝑊1, . . . ,𝑊𝑠 , and all the vertex

variables are quantified with universal quantifiers. Then, id(𝑧) =
id(𝑦) can be encoded as

∃𝑊1, . . . , ∃𝑊𝑠 , ∃𝑎1, 𝑎′1 . . . ∃𝑎𝑘 , 𝑎
′
𝑘©­«

∧
𝑟 ∈[𝑘 ]

∧
𝑗 ′∈[𝑠 ]

(𝑎𝑟 ∈𝑊𝑗 ′ ) ⇔ (𝑎′𝑟 ∈𝑊𝑗 ′ )
ª®¬ ∧𝜓set (𝑊1, . . .𝑊𝑠 )

∧path(𝑎1, . . . , 𝑎𝑘 , 𝑧) ∧ path(𝑎′
1
, . . . , 𝑎′

𝑘
, 𝑦) (5)

The new id test leads to Theorem 3 for 𝑖 = 2.

log log𝑛-length FO identifier test.Recall that we need an FO/MSO

formula to represent id(𝑧) = id(𝑦) for two variables 𝑧 and 𝑦 where

id(𝑧), id(𝑦) ∈ [𝑛]. Let 𝑘 and 𝑘′ be the smallest integers such that

𝑘 ≥ log𝑛 and 𝑘′ ≥ log log𝑛. For any node 𝑡 ∈ 𝑉 (𝑇1) such that id(𝑡)
is defined, let 𝑏1 . . . 𝑏𝑘 be the binary representation of the number

id(𝑡). Now we replace 𝑡 with a subtree as shown in Figure 2. Here,

each 𝑎 𝑗 ′ represents 𝑏 𝑗 ′ in the following way. We set id(𝑑 𝑗 ′ ) = 𝑗 ′,
𝑐 𝑗 ′ ∈ O if 𝑏 𝑗 ′ = 0 and 𝑐 𝑗 ′ ∈ 1 if 𝑏 𝑗 ′ = 1. Here, O and 1 are label

predicates to represent whether the bits corresponding to the ver-

tices is 0 and 1, respectively. In other words, id(𝑑 𝑗 ′ ) represents the
position of 𝑏 𝑗 ′ in the binary representation 𝑏1 . . . 𝑏𝑘 and 𝑐 𝑗 ′ denotes

the value of the bit 𝑏 𝑗 ′ . The crucial observation is that for each

𝑗 ′ ∈ [𝑘], id(𝑑 𝑗 ′ ) is a positive integer less than or equal to ⌈log𝑛⌉.
Informally, for two nodes 𝑧 and 𝑦 in 𝑇1, id(𝑧) = id(𝑦) is true if

and only if for any child 𝑎 of 𝑧 and any child 𝑎′ of 𝑦 if the id of the

left child of 𝑎 and the id of the left child of 𝑎′ are equal, then the

corresponding bits (encoded in the right child of 𝑎 and 𝑎′) are same.

This can be encoded as follows.
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id(𝑧) = id(𝑦) ≡ ∀𝑎, 𝑎′,∀𝑑,𝑑′∀𝑐, 𝑐′ 𝜙valid ⇒ (𝜙id ⇒ 𝜙bit)
≡ ∀𝑎, 𝑎′,∀𝑑,𝑑′∀𝑐, 𝑐′ (¬𝜙valid ∨ ¬𝜙id ∨ 𝜙bit)(6)

Here, 𝜙valid, 𝜙id and 𝜙bit are defined below.

𝜙id ≡ id(𝑑) = id(𝑑′)
𝜙bit ≡ 𝑐 ∈ 0 ⇔ 𝑐′ ∈ 0

𝜙valid ≡ adj(𝑎, 𝑧) ∧ adj(𝑎′, 𝑦) ∧ adj(𝑑, 𝑎)
∧adj(𝑐, 𝑎) ∧ adj(𝑑′, 𝑎′) ∧ adj(𝑐′, 𝑎′)

The formula 𝜙valid is true if and only if 𝑎 and 𝑎′ are children of 𝑧

and 𝑦, respectively, 𝑑 and 𝑐 are children of 𝑎, and 𝑑′ and 𝑐′ are chil-
dren of 𝑎′. The formula 𝜙bit is true if and only if they both encode

the same bit. Clearly, the formula in (6) is not an FO formula, but

an FO+id formula with the value of id(𝑑) and id(𝑑′) are positive in-
tegers less than or equal to ⌈log𝑛⌉. So, we apply the log𝑛′-FO iden-

tifier test where 𝑛′ = log𝑛 and get an (𝑂 (log log𝑛))-FO formula to

represent id(𝑑) = id(𝑑′) where all the quantifiers are existential. By
substituting (𝑂 (log log𝑛))-FO formula for id(𝑑) = id(𝑑′) in (6) we

get a (𝑂 (log log𝑛))-FO formula where all quantifiers are universal,

because of the negation symbol before 𝜙id. Now, if we use this

formula to test equality of two identifiers in𝜓 , we get Theorem 3

for 𝑖 = 3.

We would like to mention that if we apply the same strategy

recursively, we can prove Theorem 3 for 𝑖 > 3. In other words, we

design a (𝑘1, . . . , 𝑘𝑖−1)-FO+id formula, where id(𝑥) ≤ log
(𝑖−2) 𝑛

and 𝑘𝑟 = 𝑂 (1) for all 𝑟 ∈ [𝑖 − 1]. Finally, we apply the (log log𝑛′)-
FO/MSO identifier test to get a required formula as the output of

the reduction algorithm, where 𝑛′ ≤ log
(𝑖−2) 𝑛. For the case of

𝑖 = 1, we give a simple reduction from 3-CNF SAT.

Proof overview of Theorems 5 and 6. Let us discuss the case
when 𝑖 = 2. For the case when 𝑖 > 2, the approach is similar to the

case of Theorem 3 along with the ideas used below for 𝑖 = 2 here.

First, we construct the base tree 𝑇1 and an (𝛼, 9)-FO+id formula

𝜓 as mentioned in (3). Recall the formula (5) created for id test.

Here, we have 𝑠 set variables𝑊1, . . . ,𝑊𝑠 and for any node 𝑎𝑟 its id

is denoted using inclusion of it in the sets𝑊1, . . . ,𝑊𝑠 . Here, notice

that id(𝑎𝑟 ) ∈ [2𝑠 − 1] and 2
𝑠 ·𝑘 ≥ 𝑛. In Theorem 5, instead of using

set variables, we add 𝑠 new nodes {𝑤1, . . . ,𝑤𝑠 }. Recall the role of
set variables. For two node 𝑎𝑟 and 𝑎

′
𝑟 id(𝑎𝑟 ) = id(𝑎′𝑟 ) is encoded by∧

𝑖′∈[𝑠 ]
(𝑎𝑟 ∈𝑊𝑖′ ) ⇔ (𝑎′𝑟 ∈𝑊𝑖′ ) .

Now, to get rid of set variables, we add edges between {𝑤1, . . . ,𝑤𝑠 }
and nodes in 𝑇 for which id is defined as follows. Let 𝑥 be a node

and 𝑏1, . . . , 𝑏𝑠 be the binary representation of id(𝑥). Then, 𝑥 is ad-

jacent to 𝑡𝑟 if and only if 𝑏𝑟 = 1. Clearly, the treewidth of the new

graph is 𝑠 . Then, we can replace (5) with the following formula.

∃𝑎1, 𝑎′1 . . . ∃𝑎𝑘 , 𝑎
′
𝑘

©­«
∧
𝑟 ∈[𝑘 ]

∧
𝑖′∈[𝑠 ]

(adj(𝑎𝑟 ,𝑤𝑖′ )) ⇔ (adj(𝑎′𝑟 ,𝑤𝑖′ )
ª®¬

∧path(𝑎1, . . . , 𝑎𝑘 , 𝑧) ∧ path(𝑎′
1
, . . . , 𝑎′

𝑘
, 𝑦) (7)

Now, by substituting (7) in𝜓 , we get Theorem 5 for 𝑖 = 2. Next,

we explain the idea for Theorems 6. In this case we add 𝑡 = 2
𝑠

vertices to get rid of set variables. Let 𝑤0, . . . ,𝑤𝑡−1 be the new

vertices added. Then, a node 𝑥 is adjacent to 𝑤𝑟 if and only if

id(𝑥) = 𝑟 . Clearly, the treewidth of the new graph is at most 𝑡 .

Then, we can replace (5) with the following formula.

∃𝑎1, 𝑎′1 . . . ∃𝑎𝑘 , 𝑎
′
𝑘

©­«
∧
𝑟 ∈[𝑘 ]

∧
𝑖′∈[𝑡 ]

(adj(𝑎𝑟 ,𝑤𝑖′ )) ⇔ (adj(𝑎′𝑟 ,𝑤𝑖′ )
ª®¬

∧path(𝑎1, . . . , 𝑎𝑘 , 𝑧) ∧ path(𝑎′
1
, . . . , 𝑎′

𝑘
, 𝑦) (8)

Now, by substituting (8) in𝜓 , we get Theorem 6 for 𝑖 = 2.

3 Undecidability of Polynomial Time Testable
MSO Properties

Consider the following problem: given an MSO formula 𝜙 , decide

whether there exists a graph satisfying 𝜙 or not. This problem,

which we call MSO Realization, is known to be undecidable [24].

Next, we consider our problem: given an MSO formula 𝜙 , decide

whether testing𝜙 on graphs is polynomial-time solvable or NP-hard

(assuming P≠NP). We call this problem PTime MSO Testability.

We show the undecidability of PTimeMSOTestability by reducing

MSO Realization to it as follows. Let 𝜙 be an instance of MSO

Realization. We construct two MSO formulas 𝜙1 and 𝜙2, where

𝜙1 expresses that “𝐺 is 3-colorable and there exists 𝐴 ⊆ 𝑉 (𝐺) such
that𝐺 [𝐴] is connected and satisfies 𝜙” and 𝜙2 expresses that “𝑉 (𝐺)
can be partitioned into 𝐴 and 𝐵 such that 𝐺 [𝐴] is connected and

satisfies 𝜙 , and 𝐺 [𝐵] is 3-colorable”.
Assume there exists an algorithm A that solves PTime MSO

Testability, and we run it on 𝜙1 and 𝜙2. If A returns P (i.e.,

polynomial-time solvable) for both 𝜙1 and 𝜙2, we conclude that

there does not exist a graph satisfying 𝜙 ; otherwise, we conclude

that there exists a graph satisfying 𝜙 . To see our conclusion is

correct, consider three cases. First, assume there does not exist a

connected graph satisfying 𝜙 . In this case, no graph can satisfy 𝜙1
or𝜙2, and therefore, both𝜙1 and𝜙2 can be tested on graphs trivially

in polynomial time by simply returning No. Thus,A returns Yes for

both 𝜙1 and 𝜙2, and our conclusion is correct. Second, assume there

exists a connected graph 𝐺0 satisfying 𝜙 which is 3-colorable. In

this case, testing 𝜙1 is NP-hard. Indeed, one can reduce an instance

𝐺 of 3-Coloring to the task of testing 𝜙1 on the graph that is the

disjoint union of 𝐺 and 𝐺0. So A returns NP for 𝜙1, and our con-

clusion is correct. Finally, assume there does not exist a connected

graph satisfying 𝜙 which is 3-colorable, but there exists a connected

graph 𝐺0 satisfying 𝜙 that is not 3-colorable. In this case, testing

𝜙2 is NP-hard. Again, one can reduce an instance𝐺 of 3-Coloring

to the task of testing 𝜙2 on the disjoint union of 𝐺 and 𝐺0. So A
returns NP for 𝜙2, and our conclusion is correct.

4 Conclusion and Future Work
In this paper, we systematically study the time complexity of Cour-

celle’s theorem, towards understanding its dependency on the MSO

formula 𝜙 and the treewidth parameter 𝑡 in a fine-grained way. We

prove (almost) matching upper and lower bounds for the time com-

plexity in terms of the quantifier structure of𝜙 . We expect this work
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to be a starting point of the long-term research towards thoroughly

understanding the time complexity of Courcelle’s theorem.

Below we pose some open questions for future study. First, the

bound in Theorem 1 (and also Theorem 7) is only almost tight

because of the 𝑂̂ (·)-notation. It is thus natural to ask whether one

can replace 𝑂̂ (·) with𝑂 (·) to make the bound exactly tight. Second,

we only investigated the time complexity in terms of the quantifier

structure of 𝜙 , while completely ignoring the quantifier-free part

of 𝜙 . It might be interesting to study Courcelle’s theorem in terms

of even more fine-grained structural parameter of 𝜙 . Finally, we

only considered treewidth in this paper. Variants of MSO Testing

have been also studied with other width parameters of graphs,

e.g., clique-width. Therefore, it is also worth studying fine-grained

bounds for the complexity of (variants of) Courcelle’s theorem with

those parameters.
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