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1 Introduction and overview

Renormalisation is one of the cornerstones of quantum field theory. The subject has evolved

from the perturbative “subtraction of infinities” in Feynman diagram computations in early

quantum electrodynamics to the Wilsonian paradigm [59], which formulates quantum field

theory in terms of scale-dependent effective descriptions. From this modern perspective, the

renormalisation group formalises the relationship between effective quantum field theories

defined at different energy scales (inverse-length scales), with high-energy degrees of freedom

systematically and continuously integrated out to yield low-energy descriptions.

1.1 Approaches to renormalisation

1.1.1 Rigorous perturbative renormalisation

The rigorous mathematical underpinning of the perturbative “subtraction of infinities” was

the culmination of a substantial body of work spanning several decades. It began with the

combinatorial study of nested divergences in Feynman graphs, formalised in the Bogolyubov-

Parasiuk-Hepp-Zimmermann (BPHZ) theorem [11, 50, 102]. This established that local

counterterms can be recursively constructed so as to render n-point Green’s functions finite to
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all orders in perturbation theory (see, for instance, [16]). The BPHZ renormalisation scheme

finds its rigorous justification in the causal Epstein-Glaser axiomatic framework [33], in

which renormalisation arises from the non-unique extension of time-ordered operator-valued

distributions to coincident points rather than from the subtraction of divergent integrals.

Finally, Connes and Kreimer showed [17, 18] that the BPHZ recursion is equivalent to the

Birkhoff factorisation of regularised Feynman rules viewed as characters of the Hopf algebra

of Feynman graphs [63], thereby recasting perturbative renormalisation as a Riemann-Hilbert

problem.

1.1.2 Non-perturbative renormalisation: path-integrals

The development of the exact, functional, or non-perturbative renormalisation group in the

physics literature ran parallel to these mathematical advances in perturbative quantum field

theory. Building on Kadanoff’s coarse-graining intuition [56], Wilson cast quantum field theory

as a flow of effective actions obtained by successively integrating out high-energy modes [59].

This physical picture was first encoded into exact functional differential equations by

Wegner and Houghton [95] using a sharp momentum cutoff, which Polchinski then significantly

improved upon by working instead with a smooth cutoff regulator [79]. This flow equation was

subsequently reformulated by Wetterich [96] in terms of the so-called effective average action.

The resulting Wetterich equation is mathematically equivalent to Polchinski’s via a functional

Legendre transform, but provides a formulation in terms of macroscopic observables that

is often more suitable for non-perturbative approximation schemes and numerical analysis;

see e.g. [8, 24, 31] for extensive reviews.

It was only relatively recently that Costello established a rigorous mathematical foundation

for this Wilsonian approach in the context of Euclidean quantum field theory [19], see

also [20], by combining the concept of effective actions with the Batalin-Vilkovisky formalism.

Finally, the incorporation of these functional flow methods into the Lorentzian framework

of perturbative algebraic quantum field theory was recently achieved in [21, 22], thereby

reconciling the Wilsonian intuition with the rigorous axioms of local covariance.

1.1.3 Non-perturbative renormalisation: Hamiltonians

Most formulations of Wilsonian renormalisation are rooted in the path-integral formalism

or in perturbative Lagrangian frameworks, where the construction of the S-matrix typically

relies on the time-ordering intuition of the Dyson series.

Somewhat surprisingly, comparatively less attention has been devoted to the Hamiltonian

counterpart, despite the fact that Wilson’s original intuition [59, 97] was inherently based on

the diagonalisation of the Hamiltonian matrix in a basis of truncated states. This operator-

theoretic approach was explicitly formalised by Głazek and Wilson [42, 43] and Wegner [94]

through the method of continuous unitary similarity transformations to decouple high-energy

modes, a method known as the ‘Similarity Renormalisation Group’, while related schemes

were developed in [1, 2, 47, 73, 93].

In the Truncated Conformal Space Approach (TCSA) developed in [98], a marginally

relevant perturbation V of a conformal field theory with Hamiltonian H0 = L0 + L̄0 is

studied numerically by truncating the Hilbert space of the conformal field theory to the
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finite-dimensional subspace of states with energy bounded by some fixed Emax. In this setting,

Wilsonian renormalisation techniques have been numerically used to reduce the dependence

of the results on the cutoff Emax coming from the truncation, see for instance [34, 41, 84].

More recently, an extensive Hamiltonian renormalisation programme has been developed

by Thiemann and collaborators, see for instance [66, 67, 83, 90], which provides a rigorous

implementation of Kadanoff’s coarse-graining idea in the Hamiltonian formalism. Specifically,

in this approach, operator valued distributions are smeared using finite-dimensional spaces

of test functions labelled by integer resolution scales M ∈ ℤ≥1 and the coarse-graining map

is defined from a finer graining M ′ to a coarser one M < M ′.

1.2 The Hamiltonian Polchinski equation

The main goal of this paper is to derive a Hamiltonian analogue of Polchinski’s equation for

effective Hamiltonians in the Wilsonian framework. We formulate our approach for quantum

field theories on the cylinder S1 × ℝ, with spatial compactification x ∼ x + L, described

in the UV by relevant or marginally relevant deformations of 2-dimensional conformal field

theories. We summarise below the content of section 3 where this framework is developed.

1.2.1 Free field realisations and smooth regularisations

Standard applications of the Wilsonian renormalisation group typically deal with scalar fields

ϕ(x) on ℝ
d, where the separation of scales is implemented by a sharp momentum cutoff on

the Fourier modes ϕ̂(k). We are interested in perturbations of 2-dimensional conformal field

theories in the UV, which may not intrinsically be described in terms of free fields. To adapt

the standard Wilsonian philosophy, our starting point is therefore to make a choice of a free

field realisation of the underlying full vertex operator algebra. This is to be contrasted

with Costello’s approach [19] which employs the BV formalism and homological methods to

treat general interacting theories without necessarily mapping them to free fields.

However, the compact spatial geometry of the cylinder S1×ℝ introduces another technical

subtlety: the Fourier modes of Hamiltonian fields on S1 are discrete. In this setting, a standard

sharp cutoff on the mode numbers n ∈ ℤ would necessarily be an integer, making it impossible

to derive continuous renormalisation group flow equations in the form of differential equations

with respect to the scale. To circumvent this, we must eschew sharp truncations in favour

of smooth regularisations. So instead of truncating the algebra of Fourier modes, we

introduce a continuous regulator directly into the canonical commutation relations of the free

fields, as detailed in section 3.1. For concreteness, consider a chiral free boson χ(x) with modes

bn for n ∈ ℤ satisfying the standard Heisenberg Lie algebra relations [bn, bm] = nδn+m,0. In

the regularised theory with short-distance cutoff ϵ > 0 we replace it by a smoothly regularised

chiral free boson χϵ(x) whose modes bϵ
n for n ∈ ℤ satisfy the modified relations

[bϵ
n, bϵ

m] = n η

(
2π|n|ϵ

L

)
δn+m,0, (1.1)

where the regulator η : ℝ≥0 → ℝ is a fixed but arbitrary smooth function such that η(0) = 1

and η(x) decays faster than any power as x → ∞.

This smooth regularisation cures the ultraviolet divergences inherent in the short-distance

singularities of products of chiral bosons, which typically manifest as divergent series
∑∞

n=1 ns.
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Indeed, in the regularised theory these are replaced by finite, albeit ϵ-dependent, series of the

form
∑∞

n=1 nsη
(

2πnϵ
L

)
. More importantly, when the same regularisation is applied also to the

anti-chiral sector, operators which induce deformations away from the conformal field theory,

given by zero-modes of products of chiral and anti-chiral operators, have a well-defined action

on the Fock space of the free field realisation. A prototypical example is the radius-changing

operator
∫ L

0 dx ∂xχ(x)∂xχ̄(x) in the free compactified boson conformal field theory.

1.2.2 Effective Hamiltonian and Polchinski’s equation

Since the short-distance cutoff ϵ > 0 used in (1.1) was arbitrary, physical observables in the

theory should not depend on it. Indeed, the core philosophy of Wilsonian renormalisation (see,

for instance, [51]) is that there is a notion of ‘separation of scale’ in the sense that the details

of the physics at length scales below the one we are concerned about should not be relevant.

In particular, physics at length scales longer than the cutoff ϵ > 0 should be independent of ϵ.

To describe how we implement this idea in our setup, we focus here again for concreteness

on a theory with field content described by a chiral and anti-chiral boson χ(x) and χ̄(x).

Given any two scales ϵ′ > ϵ > 0, we introduce a ‘shell’ chiral boson χϵ′
∖ϵ(x) with modes

bϵ′
∖ϵ

n for every n ∈ ℤ subject to certain commutation relations such that the modes of

χϵ′
(x) + χϵ′

∖ϵ(x) satisfy the same commutation relations as those of χϵ(x) given in (1.1);

and likewise for the anti-chiral sector. Then the Hamiltonian analogue of the procedure of

‘integrating out’ degrees of freedom between the cutoffs ϵ and ϵ′ amounts to the problem of

constructing an effective Hamiltonian Hϵ′

eff in the theory with larger cutoff ϵ′, i.e. built

from the chiral and anti-chiral fields χϵ′
(x) and χ̄ϵ′

(x), which describes the same physics as

the original Hamiltonian Hϵ in the theory with smaller cutoff ϵ, i.e. built from the chiral

and anti-chiral fields χϵ(x) and χ̄ϵ(x).

Our approach to defining the effective Hamiltonian Hϵ′

eff , spelled out in detail in section 3.2,

is to require that its imaginary-time evolution over an arbitrary but fixed time T matches

the imaginary-time evolution of the original Hamiltonian Hϵ at the lower cutoff ϵ projected

down to the long-distance subspace, namely

e−T Hϵ′
eff = Ple

−T Hϵ

Pl. (1.2)

Here Pl denotes the projection onto the long-distance subspace, which consists of states

where none of the ‘shell modes’ bϵ′
∖ϵ

n are excited, i.e. the subspace where the shell sector is

in its vacuum state. In other words, the operator on the right hand side of (1.2) describes

the full imaginary-time evolution of all states in the long-distance subspace which end up

back in this subspace after an imaginary-time T , including all virtual excursions into the

short-distance sector. The effective Hamiltonian Hϵ′

eff on the left hand side of (1.2) encodes

the same imaginary-time evolution over a time T but without ever leaving the long-distance

subspace, incorporating the effective dynamics of the shell degrees of freedom in the fields

χϵ′
∖ϵ(x) and χ̄ϵ′

∖ϵ(x) which have been eliminated or ‘integrated out’.

This matching of evolution operators is similar in spirit to the path-integral formulation of

Wilsonian renormalisation in the presence of a high-energy cutoff. There the effective action

SΛ′

eff [ϕΛ′
] for the low-energy field ϕΛ′

in the theory with cutoff Λ′ is defined by integrating out

– 4 –
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shell degrees of freedom ϕΛ∖Λ′
between the cutoffs Λ′ < Λ in the path-integral, namely

e−SΛ
eff

[ϕΛ′
] =

∫
DϕΛ∖Λ′

e−SΛ[ϕΛ′
+ϕΛ∖Λ′

], (1.3)

where SΛ[ϕΛ] denotes the action for the high-energy field ϕΛ = ϕΛ′
+ ϕΛ∖Λ′

in the theory

with cutoff Λ. Our definition (1.2) of the effective Hamiltonian Hϵ′

eff can be viewed as a

Hamiltonian analogue of this standard definition (1.3) of the effective action. Indeed, one of

the main results of the paper, see section 3.2.3, is a Hamiltonian analogue of Polchinski’s

equation [79] derived using (1.2) in the case when the length scale cutoff varies infinitesimally

so that ϵ′ = ϵ + δϵ for small δϵ. By working to leading order in δϵ we derive the beta function

for all the couplings.

Our definition of the effective Hamiltonian in (1.2) differs conceptually from the one used

in the Similarity Renormalisation Group [1, 2, 42, 43, 47, 73, 93, 94]. The key idea behind

this approach is to seek a unitary similarity transformation of the Hamiltonian HΛ in the

theory with cutoff Λ which decouples the shell degrees of freedom between the cutoffs Λ′ < Λ

from the low-energy ones below the cutoff Λ′. In other words, one is after a unitary operator

UΛ,Λ′ such that the transformed Hamiltonian UΛ,Λ′HΛU
†
Λ,Λ′ is block-diagonal with respect to

the low- and high-energy subspaces, so that it sends, in particular, the low-energy subspace

to itself. The effective Hamiltonian at the cutoff Λ′ is then given simply by restricting this

transformed Hamiltonian to the low-energy subspace, i.e.

HΛ′

eff = PlUΛ,Λ′HΛU
†
Λ,Λ′Pl (1.4)

where Pl is the projection onto the low-energy subspace. In practice, however, the Hamiltonian

HΛ can only be block-diagonalised perturbatively to the first few orders in both the couplings

and the ratio of energy scales Λ′/Λ, see for instance [2] for a nice application of these ideas

to the 4-dimensional φ4 theory. In this approach, the virtual excursions into the shell sector

are captured by the unitary transformation which can effectively be seen as mapping the free

vacuum state of the shell sector in the regularised theory to the interacting one.

There are also similarities between our definition (1.2) and the construction of the effective

Hamiltonian in the recently proposed Hamiltonian Truncation Effective Theory [14, 26]. In

the method of Hamiltonian Truncation first introduced in [13], or the Truncated Conformal

Space Approach of [98], the truncated Hamiltonian is Pl(H0 + V)Pl, where Pl here denotes

the projection onto the finite-dimensional subspace of states with total energy less than

some cutoff Emax, which can be diagonalised numerically. Hamiltonian Truncation Effective

Theory [14, 26], see also the related works [25, 32] and the very recent paper [70], offers a

systematic way of improving on the naive truncation Pl(H0 +V)Pl of the Hamiltonian by using

methods from effective field theory to construct an effective Hamiltonian which takes into

account the effects from states above the cutoff Emax. However, rather than use a similarity

transformation as in (1.4), the effective Hamiltonian is obtained by matching its transition

amplitudes (i.e. the matrix elements of the time evolution operator) between low-energy

states to the transition amplitudes of the full Hamiltonian between the same states.

The approaches of the Similarity Renormalisation Group and of Hamiltonian Trunca-

tion Effective Theory, as described above, were shown in [32, section 2.1] to be deeply
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connected.1 In fact, both approaches are influenced by well-known methods to calculate

effective Hamiltonians, such as Rayleigh-Schrödinger perturbation theory or Schrieffer-Wolff

transformations [12, 85]. Yet it is important to observe that these methods rely on a sharp

separation of energy scales in the spectrum of the unperturbed theory since they typically

involve denominators (Eh −El)
−1 with differences between energy eigenvalues Eh and El in

the high-energy and low-energy sectors. But in a smooth regularisation scheme like the one

we are using (1.1), following Polchinski’s original approach to Wilsonian renormalisation using

smooth high-energy cutoffs [79], the ‘shell’ modes to be integrated out in the construction of

the effective Hamiltonian inevitably include a tail with arbitrarily low energies, causing these

energy denominators to diverge. Our definition (1.2) of the effective Hamiltonian, which

closely mimics the path-integral definition of the effective action used in [79], does not rely

on the existence of an energy gap between short- and long-distance degrees of freedom.

Finally, let us note that the use of smooth regularisation in perturbative renormalisation

has independently been explored in the recent works [80, 81], see also [52, 53, 57]. The

motivation of [80, 81] for using smooth regularisations was also inspired by [89], see section 3.1,

so it would be interesting to understand if the framework developed there is related to ours.

1.3 Main example and future directions

The main example to which we apply the methods developed in section 3, briefly outlined

above in section 1.2, is the sine-Gordon model. We summarise below the content of section 4

where this example is studied in detail.

The quantum sine-Gordon model is a tremendously well studied quantum field theory

in 2 dimensions, with a vast literature initiated by Coleman’s seminal work [15] on its

equivalence to the massive Thirring model. This theory is simultaneously rich in non-

perturbative phenomena, in particular through its strong/weak coupling duality with the

massive Thirring model, see e.g. [71], yet sufficiently simple to be tractable, owing in part to

its integrability [64, 76, 87, 99, 100] (see also [91] for a recent review). As such, it provides

an ideal testing ground for exploring new and existing frameworks in 2-dimensional quantum

field theory, which explains why the literature on the sine-Gordon model continues to rapidly

expand even to this day. In particular, recent progress was made on describing the sine-Gordon

model from the perspective of perturbative algebraic quantum field theory [4, 101].

A remarkable feature of the quantum sine-Gordon model is that its renormalisation group

flow exhibits the famous Berezinskii-Kosterlitz-Thouless (BKT) transition [6, 7, 61]. This

phase transition, characterised by a separatrix dividing the massless and massive phases,

has been derived in many different formalisms. For instance, it was originally derived using

perturbative Wilsonian renormalisation techniques on the XY-model [60], which lies in the

same universality class as the sine-Gordon model, and later using standard field-theoretic

counterterm renormalization around the Kosterlitz-Thouless point [3, 5], using string theoretic

methods [68], using Polchinski’s equation [78] or using conformal perturbation theory, see

e.g. [36, section 4.6]. We refer also to [39, 72] for rigorous derivations and to [28–30] where

rigorous Euclidean path-integral methods are used, relating to the framework of constructive

quantum field theory [44]. While the BKT transition is seen already at second order in

1We thank James Ingoldby for pointing this out to us.
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the couplings around the Kosterlitz-Thouless point within these perturbative frameworks,

the renormalisation group flow of the sine-Gordon model has also been extensively studied

non-perturbatively using the functional renormalisation group, namely via the Wetterich

equation, see for instance [23, 74, 75] and also [49] for a recent comparison between the

non-perturbative and perturbative analyses.

Importantly for us, the sine-Gordon model on the cylinder can be described as a marginally

relevant perturbation of a 2-dimensional conformal field theory in the UV, namely the free

boson compactified at the self-dual radius. Explicitly, the sine-Gordon model is equivalent to

an anisotropic deformation of the 𝔰𝔲2 WZW model at level 1 [9, section 3g], with Hamiltonian

HsG =
2π

L
(L0 + L̄0) +

g1

4π

∫ L

0
dx
(
J+(x)J̄−(x) + J−(x)J̄+(x)

)
+

g2

8π

∫ L

0
dx J3(x)J̄3(x). (1.5)

The first term on the right hand side is the Hamiltonian of the 𝔰𝔲2 WZW model and the two

JJ̄-deformations are written in terms of the chiral and anti-chiral 𝔰𝔲2-currents of the WZW

model. The relationship with the sine-Gordon model, which is described by a single boson

field Φ(x) and its conjugate momentum Π(x), is seen directly by recalling that the chiral

and anti-chiral 𝔰𝔲2-currents at level 1 admit a free field realisation in terms of chiral and

anti-chiral free bosons χ(x) and χ̄(x), respectively; see section 2.2 and section 4.1 for details.

Under this free field realisation the kinetic term of the sine-Gordon Hamiltonian arises as the

sum of the first and last terms in (1.5), with the chiral decompositions Φ(x) = ϕ(x) + ϕ̄(x)

and Π(x) = ∂xϕ(x)− ∂xϕ̄(x) related to the chiral and anti-chiral fields χ(x) and χ̄(x) by a

Bogolyubov transformation; see section 2.2.3 and section 4.1.2 for details. In particular, the

last term in (1.5) is the marginal perturbation inducing a radius change in the compactified free

boson from the self-dual radius to a generic radius R = 2/β determined by g2. The second term

in (1.5) then becomes proportional to the standard cosine potential
∫ L

0 dx ⦂cos(βΦ(x))⦂β

which is relevant for β2 < 8π; see section 4.1.2.

As a non-trivial check of our approach to Wilsonian renormalisation in the Hamiltonian

formalism using a smooth regularisation à la Polchinski, outlined in section 1.2, the main goal

of section 4 is to rederive the renormalisation group flow equations to second order of the

marginal couplings g1 and g2 in (1.5), with respect to the continuous short-distance cutoff

scale ϵ > 0. With our normalisation conventions we recover the well-known renormalisation

group flow

ϵ∂ϵg1 = g1g2, ϵ∂ϵg2 = g2
1 (1.6)

which exhibits the BKT transition; see figure 1 in the main text. The renormalisation group

flow (1.6) is universal, i.e. scheme independent, and was given in [100]. In fact, the flow derived

in [100] is an all-loop exact expression in a particular renormalisation scheme, obtained using

the Poincaré-Dulac theorem to fix the renormalisation scheme ambiguity of the subleading

coefficients. Note that a different all-loop extension of the universal leading-order flow (1.6)

was also given in [10, section III]. The latter is based on a conjectured exact expression for

the beta function of current-current deformations of 2-dimensional conformal field theories

with Kac-Moody current-algebra symmetry [40], obtained using Ward identity considerations.

However, a subsequent 4-loop computation of this renormalisation group flow using conformal

– 7 –
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perturbation theory in [69] was found to be incompatible with the flow of [10, section III] in

an arbitrary renormalisation scheme. It would be interesting to push the computations in

the present Hamiltonian framework to higher order in perturbation theory to check these

all-loop exact extensions of the universal renormalisation group flow (1.6).

Finally, it would be interesting to apply the Hamiltonian framework developed in this

paper to other 2-dimensional quantum field theories on the cylinder S1 ×ℝ, which can be

described by marginally relevant deformations of conformal field theories in the UV. For

concreteness we have focused on the 𝔰𝔲2 WZW model at level 1 because the associated

(anti-)chiral 𝔰𝔲2-current algebra admits a simple realisation in terms of a single free (anti-

)chiral boson. However, the method is expected to be applicable much more generally to any

quantum field theory whose conformal field theory in the UV can be realised in terms of

arbitrarily many free fields such as (anti-)chiral bosons, fermions, βγ-systems or bc-systems.

An obvious first step would be to explore the Wilsonian renormalisation flow of the massive

Thirring model, recently derived using functional renormalisation group methods in [77], by

realising the (anti-)chiral 𝔰𝔲2-current algebra at level 1 in terms of free (anti-)chiral fermions

instead of bosons, see [37]. Another natural next step is to apply our approach to affine Toda

field theories associated with higher rank Lie algebras 𝔤, for which the renormalisation group

equations have been derived using standard perturbative methods and which are known to

exhibit generalised BKT transitions [9, 45, 46]. Notably, the construction presented here

for 𝔰𝔲2 should admit a direct generalisation to higher rank in the case of simply-laced 𝔤

where the associated untwisted affine Kac-Moody algebra also has a basic representation

in terms of rk 𝔤 bosons via the Frenkel-Kac construction; see [38] and [55, section 5.6]. A

particularly interesting direction for future research would be the application of these methods

to integrable σ-models such as the Klimčík model [58] or the λ-model [86]. Indeed, the study

of the UV limit of the Klimčík model in [62], and also very recently that of the λ-model in [65],

served as one of the primary motivations for the present work, which seeks to provide a

systematic framework for constructing 2-dimensional quantum field theories that are described

in the UV as perturbations of conformal field theories with free field realisations.
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2 Background and motivation

We are interested in studying the renormalisation group flows of 2-dimensional quantum field

theories whose behaviour in the ultraviolet is described by marginally relevant perturbations of

2-dimensional conformal field theories. For ease of presentation, to motivate our approach we

focus on a particular class of 2-dimensional conformal field theories, the Wess-Zumino-Witten
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(WZW) models, which exhibit left and right affine Kac-Moody algebra symmetries generated

by chiral and anti-chiral currents. In this setting, the marginally relevant operator inducing

the renormalisation group flow is a bilinear combination of these chiral and anti-chiral currents.

Throughout the rest of the paper we shall, in fact, further specialise to a particular

instance of this general setting which corresponds to the sine-Gordon model, to be discussed

in section 4. In this section we will therefore present the background relevant for this particular

case, but we expect the techniques outlined in the paper to be applicable much more generally.

2.1 Current algebras

We recall the definition of the untwisted affine Kac-Moody algebra in terms of generators and

relations in section 2.1.1. Two commuting copies of this algebra, encoded in the chiral and

anti-chiral currents, generate the full affine vertex algebra which underpins the conformal

structure of the Wess-Zumino-Witten model [27, section 15]. Since we will be primarily

interested in the example of the Lie algebra 𝔰𝔩2, we discuss the specifics of this case alongside

the general story. In section 2.1.2 we describe the usual change of variable from the plane

to the cylinder [27], giving rise to Fourier mode decompositions of the chiral and anti-chiral

currents on S1. Importantly, there is a subtle difference in sign between the currents which

leads to a whole class of local operators, coupling the two chiralities together, whose careful

treatment will require renormalisation. In section 2.1.3 we recall the definition of the chiral

and anti-chiral Virasoro generators in terms of the currents and express the Hamiltonian of

the WZW model in terms of the zero-modes of the stress-energy tensor.

2.1.1 Chiral and anti-chiral currents

Affine Kac-Moody algebras can be obtained as central extensions of loop algebras associated

with any finite-dimensional semisimple complex Lie algebra 𝔤.

Given an arbitrary basis Ja for a = 1, . . . , dim 𝔤 of the Lie algebra 𝔤, we let fab
c denote

the associated structure constants, so that [Ja, Jb] =
∑

c fab
cJ

c. When the reality conditions

imposed are such that (Ja)† = Ja, it is customary to include an extra factor of i on the

right hand side so that fab
c is real; see e.g. [27, (13.2)]. We will be interested in different

reality conditions so we do not follow this convention. Let κ : 𝔤× 𝔤→ ℂ be the normalised

Killing form on 𝔤 defined for any x, y ∈ 𝔤 by κ(x, y) := 1
2h∨ tr

(
ad(x)ad(y)

)
, where h∨ is the

dual Coxeter number of 𝔤, and denote its components by κab = κ(Ja, Jb). The components

define an invertible matrix, since κ is non-degenerate, and we denote the components of

its inverse by κab. In the case 𝔤 = 𝔰𝔩2 of interest in this paper, we fix a standard basis

of J3, J+ and J− with relations

[J+, J−] = J3, [J3, J±] = ±2J±. (2.1)

The dual Coxeter number of 𝔰𝔩2 is h∨ = 2 so that κ(J3, J3) = 2 and κ(J+, J−) = 1.

The untwisted affine Kac-Moody algebra associated with 𝔤 is an infinite dimensional Lie

algebra, with generators Ja
n for a = 1, . . . , dim 𝔤 and n ∈ ℤ, and Lie bracket given by

[Ja
n, Jb

m] =
∑

c

fab
cJ

c
n+m + kκab nδn+m,0, (2.2a)
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where k ∈ ℂ is called the level. In the chosen normalisation of the Killing form, the so-called

critical level is −h∨ and we shall henceforth assume that k ̸= −h∨. Strictly speaking, the level

k in the above algebra (2.2a) should be replaced by a central element 1. However, when one

is only interested in considering representations of the untwisted affine Kac-Moody algebra

𝔤 on which this central element 1 acts as multiplication by the number k, it is standard to

work directly with the Lie algebra relations (2.2a) and refer to this as the untwisted affine

Kac-Moody algebra 𝔤 at level k, often denoted in the literature simply by 𝔤k.

We introduce a second copy of the untwisted affine Kac-Moody algebra whose generators

we denote by J̄a
n for a = 1, . . . , dim 𝔤 and n ∈ ℤ, satisfying the same Lie algebra relations

as in (2.2a), namely

[J̄a
n, J̄b

m] =
∑

c

fab
cJ̄

c
n+m + kκab nδn+m,0. (2.2b)

In principle the level k here could be different from the one appearing in (2.2a), but in

the example we shall consider both levels coincide so we shall only consider this case. To

distinguish this second copy of the untwisted affine Kac-Moody algebra from 𝔤k defined above,

we shall denote it as ̂̄𝔤k. We further take these two affine Kac-Moody algebras to commute, i.e.

we require [Ja
n, J̄b

m] = 0, which amounts to working with the direct sum Lie algebra 𝔤k ⊕ ̂̄𝔤k.

The infinitely many generators of these two affine Kac-Moody algebras can be conveniently

organised into the chiral and anti-chiral currents as follows. To each basis element Ja (or more

generally to any element of 𝔤) we can associate a pair of holomorphic and anti-holomorphic

currents in a complex variable z defined as

Ja[z] :=
∑

n∈ℤ

Ja
nz−n−1, J̄a[z̄] :=

∑

n∈ℤ

J̄a
n z̄−n−1. (2.3)

We use square bracket notation for the arguments z and z̄ since we reserve the more

standard bracket notation for the Fourier mode decomposition of the same currents, see

section 2.1.2 below.

It is important to stress here that while z̄ denotes the complex conjugate of z, the modes

J̄a
n and Ja

n are independent, and in particular they are not related by hermitian conjugation.

Instead, hermitian conjugation is defined using a choice of anti-linear involution τ : 𝔤→ 𝔤

on the Lie algebra 𝔤, by letting X†
n := −(τX)−n and X̄†

n := −(τX)−n for every X ∈ 𝔤 and

n ∈ ℤ. Note that the overall minus sign in these definitions is to ensure that (·)† defines an

anti-linear anti-involution on the Fourier modes. When 𝔤 = 𝔰𝔩2 we take τ : 𝔰𝔩2 → 𝔰𝔩2 to be

the anti-linear involution defining the compact real form 𝔰𝔲2 of 𝔰𝔩2, given by τJ3 = −J3

and τJ± = −J∓. We then have

(J3
n)† = J3

−n, (J±
n )† = J∓

−n, (J̄3
n)† = J̄3

−n, (J̄±
n )† = J̄∓

−n. (2.4)

In terms of the currents (2.3), the pair of untwisted affine Kac-Moody algebra relations (2.2)

are then equivalently encoded in the singular part of the operator product expansions

Ja[z]Jb[w] ∼ kκab

(z − w)2
+
∑

c

fab
c

Jc[w]

z − w
, (2.5a)

J̄a[z̄]J̄b[w̄] ∼ kκab

(z̄ − w̄)2
+
∑

c

fab
c

J̄c[w̄]

z̄ − w̄
. (2.5b)
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We also have the regular operator product expansion Ja[z]J̄b[w̄] ∼ 0 which encodes the fact

that the two copies of the affine Kac-Moody algebra mutually commute.

More general composite operators O[z, z̄], which may depend on both z and z̄, can then

be constructed as finite linear combinations of normal ordered products of derivatives of

the chiral and anti-chiral currents (2.3), namely

:
1

m1!
∂m1

z Ja1 [z] . . .
1

mr!
∂mr

z Jar [z]: :
1

n1!
∂n1

z̄ J̄b1 [z̄] . . .
1

ns!
∂ns

z̄ J̄bs [z̄]: (2.6)

with m1, . . . , mr, n1, . . . , ns ∈ ℤ≥0 and a1, . . . , ar, b1, . . . , bs ∈ {1, . . . , dim 𝔤} for any r, s ∈
ℤ≥0. Under the state-field correspondence, such composite operators in the 2-dimensional

conformal field theory correspond to particular states in the full affine vertex algebra 𝔽
k(𝔤).

The latter is defined as the module over 𝔤k ⊕ ̂̄𝔤k induced from the trivial representation of

the positive part of the Kac-Moody algebra, namely the 1-dimensional vector space ℂ |0⟩
spanned by the vacuum state |0⟩ with defining properties Ja

n |0⟩ = 0 and J̄a
n |0⟩ = 0 for

all n ≥ 0 and a = 1, . . . , dim 𝔤. Specifically, the state-field correspondence associates the

operator (2.6) to the state

Ja1
−m1−1 . . . Jar

−mr−1J̄b1
−n1−1 . . . J̄bs

−ns−1 |0⟩ ∈ 𝔽
k(𝔤). (2.7)

We refer for instance to [92] for a detailed description of the full affine vertex algebra 𝔽
k(𝔤).

2.1.2 Fourier mode decompositions

We are interested in 2-dimensional field theories on the cylinder S1 ×ℝ, where S1 represents

the compact spatial direction and ℝ is the time direction. In the Hamiltonian formalism, such

a theory is described by a collection of fields on a constant-time Cauchy surface, i.e. a copy

of S1, which therefore admit Fourier mode decompositions. In the context of a 2-dimensional

conformal field theory, this set-up can be obtained by means of the so-called radial quantisation

using a coordinate transformation from the plane to the cylinder [27, section 6.1].

Currents on the cylinder. Explicitly, let x ∈ [0, L] be a coordinate along the circle S1

where the length scale L ∈ ℝ>0 represents the circumference of the cylinder, and let t ∈ ℝ be

the time coordinate along the vertical direction on the cylinder. By introducing the complex

coordinate u = x + it on the cylinder, with the periodic identification u ∼ u + L, we can map

the cylinder to the plane using the conformal transformation u 7→ z = e2πiu/L. Under the

inverse transformation, the chiral and anti-chiral currents (2.3) then get mapped to

Ja(u) =
2π

L
zJa[z] =

2π

L

∑

n∈ℤ

Ja
ne−2πinu/L, (2.8a)

J̄a(ū) =
2π

L
z̄J̄a[z̄] =

2π

L

∑

n∈ℤ

J̄a
ne2πinū/L, (2.8b)

see, e.g., [92, section 4.1]. In the latter, the coordinate transformation z = eiu 7→ iu is

considered but using instead the present coordinate transformation z = e2πiu/L 7→ iu leads to

the additional factors of 2π
L . Note, in particular, that (2.8) are really the expressions for the

𝔰𝔩2-currents in the coordinate iu, rather than u. On the left hand sides of (2.8) we introduced

– 11 –



J
H
E
P
0
7
(
2
0
2
6
)
0
2
4

the bracket notation for the arguments u and ū of the currents on the cylinder, by contrast

with the square bracket notation used in (2.3) for the currents on the z-plane. These are

sometimes denoted instead as Ja
cyl.(u) and Ja

pl.(z), respectively, and similarly for the anti-chiral

currents, see e.g. [27], but since we will only be interested in the cylinder we omit the subscript

‘cyl.’ and instead reserve the bracket notation for the arguments of a current on the cylinder.

Restricting (2.8) to the constant time slice u = x ∈ [0, L] leads to the desired Fourier

mode decompositions

Ja(x) =
2π

L

∑

n∈ℤ

Ja
ne−2πinx/L, J̄a(x) =

2π

L

∑

n∈ℤ

J̄a
ne2πinx/L. (2.9)

It follows using (2.4) that the currents (2.8) in the u coordinate on the cylinder satisfy

the simple reality conditions

J3(u)† = J3(ū), J±(u)† = J∓(ū), J̄3(u)† = J̄3(ū), J̄±(u)† = J̄∓(ū). (2.10)

Local operators. We pause here to make a trivial but crucial observation about the Fourier

mode expansions (2.9). Notice that the chiral modes Ja
n in the expansion of the current

Ja(x) come multiplied by the exponential e−2πinx/L while the anti-chiral modes J̄a
n in the

expansion of the current J̄a(x) come instead multiplied by the inverse exponential e2πinx/L.

This property stems from the fact that the chiral and anti-chiral currents defined in (2.3)

were respectively holomorphic and anti-holomorphic in the variable z = e2πiu/L.

And although trivial, this observation has important implications on which kind of local

operators, i.e. integrals over x ∈ S1 of composite operators of the form (2.6), are well defined.

Indeed, integrals of purely chiral (or anti-chiral) composite operators lead to infinite sums

of normal ordered monomials of the form :Ja1
n1

. . . Jar
nr

: with n1 + . . . + nr = 0. For instance,

when 𝔤 = 𝔰𝔩2 we may consider the local operator

1

2π

∫ L

0
dx :J3(x)J3(x): =

2π

L

∑

n>0

J3
−nJ3

n. (2.11)

From such a normal ordered infinite sum, only finitely many terms can act non-trivially on

any given state in a smooth representation of the chiral affine Kac-Moody algebra (2.2a).

In stark contrast, the integrals of composite operators (2.6) comprising both chiral and

anti-chiral pieces lead to infinite sums of products of chiral creation operators (Ja
n with n < 0)

with anti-chiral creation operators (J̄a
n with n < 0). For instance, when 𝔤 = 𝔰𝔩2 an example

of a local operator we will be interested in is

1

2π

∫ L

0
dx J3(x)J̄3(x) =

2π

L

∑

n∈ℤ

J3
nJ̄3

n. (2.12)

The construction of 𝔤k ⊕ ̂̄𝔤k-representations on which such local operators have a well-defined

action requires some care. We will come back to this issue in section 3 below after describing

the kind of representation of interest for the sine-Gordon model in section 2.2.
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2.1.3 Energy-momentum tensor

Two important composite operators are the holomorphic and anti-holomorphic components

of the energy-momentum tensor, which generate commuting chiral and anti-chiral copies of

the Virasoro algebra, given by the Sugawara construction

T [z] :=
1

2(k + h∨)

∑

a,b

κab :Ja[z]Jb[z]:, (2.13a)

T̄ [z̄] :=
1

2(k + h∨)

∑

a,b

κab :J̄a[z̄]J̄b[z̄]:. (2.13b)

These operators correspond, under the state-field correspondence of 𝔽k(𝔤), to the chiral state

Ω := 1
2(k+h∨)−1∑

a,b κabJ
a
−1Jb

−1 |0⟩ and anti-chiral state Ω̄ := 1
2(k+h∨)−1∑

a,b κabJ̄
a
−1J̄b

−1 |0⟩,
respectively. They expand as T [z] =

∑
n∈ℤ Lnz−n−2 and T̄ [z̄] =

∑
n∈ℤ L̄nz̄−n−2 where the

chiral and anti-chiral Virasoro modes Ln and L̄n are given explicitly by

Ln :=
1

2(k + h∨)

∑

m∈ℤ

∑

a,b

κab :Ja
mJb

n−m:, (2.14a)

L̄n :=
1

2(k + h∨)

∑

m∈ℤ

∑

a,b

κab :J̄a
mJ̄b

n−m:. (2.14b)

These generate two commuting copies of the Virasoro algebra with central charge c = k dim 𝔤
k+h∨ .

It is well known, see for instance [27, (5.138)] or also [92, section 4.1.2], that under the inverse

of the conformal transformation u 7→ z = e2πiu/L, the holomorphic and anti-holomorphic

components of the energy-momentum tensor (2.13) get mapped to

T (u) =

(
2π

L

)2(
z2T [z]− c

24

)
, T̄ (ū) =

(
2π

L

)2(
z̄2T̄ [z̄]− c

24

)
. (2.15)

We note here the usual shifts by the constant − c
24 which originate from the Schwarzian

derivative terms in the transformation properties of the (anti-)holomorphic components of

the energy momentum tensor under conformal transformations [27, section 5.4.1].

The Hamiltonian of the WZW model on the circle is given in terms of (2.15) as

H0 :=
1

2π

∫ L

0
dx T (x) +

1

2π

∫ L

0
dx T̄ (x) =

2π

L

(
L0 + L̄0 −

c

12

)
. (2.16)

2.2 Free field realisations

In view of studying the renormalisation group flow of the WZW model perturbed by marginally

relevant operators using a Wilsonian-type approach, we first need to introduce a Wilsonian

cutoff in the WZW model. Naturally, it is tempting to regularise the theory by truncating

the (anti-)chiral Kac-Moody currents at some energy cutoff Λ ∈ ℤ>0, keeping only those

Fourier modes Ja
n and J̄a

n whose mode number n satisfy the bound |n| ≤ Λ. Specifically, this

truncation is obtained by quotienting the direct sum of chiral and anti-chiral Kac-Moody

algebras with defining relations (2.2) by the ideal ⟨Ja
n, J̄a

n⟩|n|>Λ, generated by the basis

elements we want to discard. However, we see from the first term on the right hand side
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of (2.2) that this ideal is in fact equal to the whole algebra. We will later introduce smooth

regularisation in section 3.1.2 for which the same problem persists.

If the underlying Lie algebra 𝔤 were abelian, however, then only the second term on the

right hand side of the relation (2.2) would be present, i.e. the central extension term, and

there would be no such problem. In this abelian setting, the untwisted affine Kac-Moody

algebras (2.2a) and (2.2b) correspond to chiral and anti-chiral Heisenberg Lie algebras,

respectively, and describe the algebras of Fourier modes of derivatives of chiral and anti-chiral

free bosons; see section 2.2.1 below. The adjective ‘free’ here refers to the fact that the Lie

bracket of any two modes is central (we have not yet specified any Hamiltonian). Another

important example of free bosonic fields is given by the βγ-system, i.e. an infinite-dimensional

Weyl algebra.

As we will explain shortly in section 3.1, the algebras of Fourier modes of free bosonic

fields are easily regularised. In order to regularise the pair of affine Kac-Moody algebras (2.2)

we shall exploit the fact that these always admit free field realisations, such as free fermion

representations or the Wakimoto realisation which utilises a collection of both free chiral

bosons and βγ-systems. For simplicity, in this paper we shall focus on the simplest type of free

field realisation of the untwisted affine Kac-Moody algebra. Namely, when 𝔤 is simply laced

and the level is k = 1 we have access to the basic, or vertex, representation of (2.2a) in terms

of rk 𝔤 chiral free bosons, see e.g. [54, Theorem 14.8] or [27, section 15.6.3], and similarly

for (2.2b) in terms of rk 𝔤 anti-chiral free bosons. In fact, for the purpose of describing

the sine-Gordon model in section 4 later, we shall be interested in the simplest such free

field realisation in the case when 𝔤 = 𝔰𝔩2, for which only a single (anti-)chiral free boson

is needed [27, section 15.6.1].

Since it will play a crucial role in our description of the sine-Gordon model, and to set out

our conventions, we begin in section 2.2.1 by recalling the details of the basic representations

of the chiral and anti-chiral affine Kac-Moody algebras for 𝔰𝔩2 at level 1. We then relate

these to the compactified free boson in section 2.2.2.

2.2.1 Chiral and anti-chiral free bosons

We begin by introducing the infinite-dimensional Lie algebra ℌlog of the modes x0, x̄0, bn and

b̄n for n ∈ ℤ of the chiral and anti-chiral free bosons subject to the relations

[bn, bm] = nδn+m,0, [b̄n, b̄m] = nδn+m,0, (2.17a)

[x0, bn] =
i√
4π

δn,0, [x̄0, b̄n] =
i√
4π

δn,0, (2.17b)

for all m, n ∈ ℤ, with all other Lie brackets between generators being zero. We define

hermitian conjugation (·)† : ℌlog → ℌlog on the generators as

x
†
0 = x0, x̄

†
0 = x̄0, b†

n = b−n, b̄†
n = b̄−n. (2.18)

We let ℌ ⊂ ℌlog denote the Lie subalgebra spanned by bn and b̄n for all n ∈ ℤ subject to

the relations (2.17a). We also let ℌ+, respectively ℌ−, denote the subalgebra spanned by bn

and b̄n for n ≥ 0, respectively n < 0. Let 𝔅 := U(ℌ) denote the universal enveloping algebra

of ℌ. The reason for excluding the zero-modes x0 and x̄0 is that these will play a separate

role later, entering the definition of intertwining operators between 𝔅-modules.
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Basic representation on the plane. The chiral and anti-chiral free bosons are defined

by their mode decompositions

χ[z] = χ+[z] + χ−[z], χ̄[z̄] = χ̄+[z̄] + χ̄−[z̄], (2.19)

which we separate into creation and annihilation parts (including, respectively, the zero

modes x0, x̄0 and b0, b̄0) as

χ+[z] := x0 +
i√
4π

∑

n<0

bn
z−n

n
, χ−[z] := − i√

4π
b0 log z +

i√
4π

∑

n>0

bn
z−n

n
, (2.20a)

χ̄+[z̄] := x̄0 +
i√
4π

∑

n<0

b̄n
z̄−n

n
, χ̄−[z̄] := − i√

4π
b̄0 log z̄ +

i√
4π

∑

n>0

b̄n
z̄−n

n
. (2.20b)

Here we implicitly make a choice of branch cut for the logarithm so that the annihilation

parts χ−[z] and χ̄−[z̄] of the chiral and anti-chiral free bosons (2.19) are only defined on the

complex z-plane with a cut from the origin to infinity. We will come back to this point shortly.

The commutation relations (2.17) of the modes of the chiral and anti-chiral free bosons (2.19)

are equivalently encoded in the singular parts of the operator product expansions

χ[z]χ[w] ∼ − 1

4π
log(z − w), χ̄[z̄]χ̄[w̄] ∼ − 1

4π
log(z̄ − w̄). (2.21)

The normalisation factor of 1
4π appearing in front of − log(z − w) here is directly related

to the factors of 1√
4π

which we chose to include in (2.17) and (2.20). Other factors are

sometimes used in the literature, a common choice being 1 as in [27, 15.6.1]. Our choice of

normalisation in (2.21) will later ensure that the compactified free boson X and its conjugate

momentum P, defined in section 2.2.2, satisfy canonical commutation relation with the

standard normalisations.

Note that the derivatives of the free bosons (2.19) have mode decompositions

∂zχ[z] = − i√
4π

∑

n∈ℤ

bnz−n−1, ∂z̄χ̄[z̄] = − i√
4π

∑

n∈ℤ

b̄nz̄−n−1. (2.22)

Up to overall factors, these are of the same form as (2.3). Moreover, the relations in (2.17a) of

the Lie algebra ℌ, take the same form as (2.2) for 𝔤⊕ ̂̄𝔤 with 𝔤 = ⟨b⟩ a 1-dimensional abelian

Lie algebra, which can be identified with a Cartan subalgebra 𝔥 = ⟨J3⟩ of 𝔰𝔩2. In this sense,

the derivatives (2.22) of the chiral and anti-chiral free bosons correspond to untwisted affine

Kac-Moody algebras associated with the abelian Lie algebra 𝔥. The basic representation

of 𝔰𝔩2 at level 1 extends this to a realisation of the untwisted affine Kac-Moody algebra

for the whole of 𝔰𝔩2 by realising the Kac-Moody currents J±[z] in terms of normal ordered

exponentials of the same chiral free boson χ[z], and similarly for the anti-chiral currents

J̄±[z̄]. Explicitly, for any α ∈ ℝ we define the vertex operators

:eiα χ[z]: = eiα χ+[z]eiα χ−[z], :eiαχ̄[z̄]: = eiα χ̄+[z̄]eiα χ̄−[z̄]. (2.23)

The basic representation of the chiral and anti-chiral 𝔰𝔩2-currents at level 1 is then given by

J3[z] := i
√

8π∂zχ[z], J±[z] := :e±i
√

8πχ[z]:, (2.24a)

J̄3[z̄] := −i
√

8π∂z̄χ̄[z̄], J̄±[z̄] := :e∓i
√

8πχ̄[z̄]:. (2.24b)
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The factors of
√

8π appearing here relate back to the normalisation by 1
4π in the operator

product expansions (2.21), cf. [27, 15.6.1]. It is important to note here that the signs in the

exponents for chiral currents J±[z] and their anti-chiral counterparts J̄±[z̄] are opposite, as

is the overall sign in the expression for J3[z] compared to J̄3[z̄].

Basic representation on the cylinder. Under the inverse of the conformal transformation

u 7→ z = e2πiu/L, the chiral and anti-chiral free bosons (2.19) transform simply as scalars, i.e.

χ(u) = χ[z], χ̄(ū) = χ̄[z̄]. (2.25)

However, for reasons that will be explained shortly, we introduce a finer decomposition of

these fields by separating out the zero-mode part and defining

χ(u) = χ+(u) + χ0(u) + χ−(u), χ̄(ū) = χ̄+(ū) + χ̄0(ū) + χ̄−(ū) (2.26)

where each summand is given explicitly in the u coordinate by

χ±(u) :=
i√
4π

∑

∓n>0

1

n
bne−2πinu/L, χ0(u) := x0 +

√
πb0

u

L
, (2.27a)

χ̄±(ū) :=
i√
4π

∑

∓n>0

1

n
b̄ne2πinū/L, χ̄0(ū) := x̄0 −

√
πb̄0

ū

L
. (2.27b)

Recall that χ−[z] and χ̄−[z̄] in (2.20) were only defined on the cut z-plane. Correspondingly,

the fields χ(u) and χ̄(ū) are a priori only defined on a vertical strip {u = x + it |x ∈ [0, L)}
in the complex u-plane. However, it is clear that the definitions (2.27) of these fields

extend naturally to the whole complex u-plane. In particular, χ±(u) and χ̄±(ū) both extend

periodically with period L while, due to the zero-mode parts, we have the periodicity properties

χ(u + L) = χ(u) +
√

πb0, χ̄(ū + L) = χ̄(ū)−
√

πb̄0 (2.28)

for the chiral and anti-chiral free boson.

In terms of the u coordinate, the reality conditions (2.18) on the modes of the chiral and

anti-chiral free bosons translate to the simple reality condition

χ(u)† = χ(ū), χ̄(u)† = χ̄(ū) (2.29)

on the fields themselves.

Using the finer decomposition (2.26) of the chiral and anti-chiral free bosons χ(u) = χ[z]

and χ̄(ū) = χ̄[z̄] which separates out the zero-modes, we use a slightly different notion of

normal ordered exponential to define chiral and anti-chiral vertex operators

:eiα χ(u): = eiα χ+(u)eiα χ0(u)eiα χ−(u), :eiα χ̄(ū): = eiα χ̄+(ū)eiα χ̄0(ū)eiα χ̄−(ū), (2.30)

which is to be compared with (2.23). It is important to note, in particular, that the normal

ordered exponentials (2.30) are still defined relative to the coordinate z since we are still

using the notion of creation and annihilation operators relative to this coordinate in (2.27).

We can then rewrite the basic representation (2.24) in the u coordinate as

J3(u) =
√

8π∂uχ(u), J±(u) =
2π

L
:e±i

√
8πχ(u):, (2.31a)

J̄3(ū) =
√

8π∂ūχ̄(ū), J̄±(ū) =
2π

L
:e∓i

√
8πχ̄(ū):. (2.31b)
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These relations can be obtained by combining the change of coordinate formulae in (2.8)

and (2.25) with the free field realisations (2.24) in the z-coordinate. In particular, when

deriving the expression for the currents J3(u) and J̄3(ū) we note that under the change of

coordinate z = e2πiu/L we have ∂u = 2πi
L z∂z and ∂ū = −2πi

L z̄∂z̄. To see the expressions of

the currents J±(u) and J̄±(ū), we note that the two notions of normal ordered exponentials

in (2.23) and (2.30) are just related by a factor of z since by the Baker-Campbell-Hausdorff

formula we have

z e±i
√

8πx0e
±i

√
8π

(
− i√

4π
b0 log z

)
= e

±i
√

8π

(
x0− i√

4π
b0 log z

)
= e±i

√
8πχ0(u). (2.32)

It is now also immediate that the realisations of the 𝔰𝔩2-currents in (2.31) satisfy the

reality conditions (2.10) as a consequence of the reality condition (2.29) on the (anti-)chiral

free bosons. Specifically, to see that the normal ordered exponentials (2.30) satisfy the

reality conditions

(
:eiα χ(u):

)†
= :e−iα χ(ū):,

(
:eiα χ̄(ū):

)†
= :e−iα χ̄(u): (2.33)

one uses the fact that χ0(u)† = χ0(ū), χ̄0(ū)† = χ̄0(u) and χ±(u)† = χ∓(ū), χ̄±(ū)† = χ̄∓(u).

In particular, we observe that the simple reality condition (2.33) is a consequence of the zero-

mode pieces having been combined into a single exponential. By contrast, the normal ordered

exponentials (2.23) satisfy a slightly more involved reality condition. From now on we shall

refer to (2.31) as 𝔰𝔲2-currents to emphasise that they satisfy the reality conditions (2.10).

Energy-momentum tensor. Applying the basic representation (2.24) to the holomorphic

and anti-holomorphic components of the energy-momentum tensor (2.13) on the plane we

find, cf. [27, (15.233)],

T [z] = −2π:∂zχ[z]∂zχ[z]:, T̄ [z̄] = −2π:∂z̄χ̄[z̄]∂z̄χ̄[z̄]:. (2.34)

Moving to the cylinder using the transformation property (2.15), together with the fact that

χ(u) = χ[z], χ̄(ū) = χ̄[z̄] and ∂u = 2πi
L z∂z, ∂ū = −2πi

L z̄∂z̄ we find

T (u) = 2π:∂uχ(u)∂uχ(u):− π2

6L2
, T̄ (ū) = 2π:∂ūχ̄(ū)∂ūχ̄(ū):− π2

6L2
. (2.35)

Subsituting this into the Hamiltonian (2.16) of the WZW model on the cylinder we find

H0 =

∫ L

0
dx
(
:∂xχ(x)∂xχ(x): + :∂xχ̄(x)∂xχ̄(x):

)
− π

6L
. (2.36a)

In the first term we recognise the Hamiltonian of the free boson on the circle of circumference

L, with our normalisation conventions for the chiral and anti-chiral free bosons χ. Or in

other words, in the expression on the right hand side of (2.16) the operators L0 and L̄0 are

those of the free boson given in terms of the osscilators bn and b̄n for n ∈ ℤ by

L0 =
1

2
b2

0 +
∑

n>0

b−nbn, L̄0 =
1

2
b̄2

0 +
∑

n>0

b̄−nb̄n. (2.36b)

The constant term − π
6L in (2.36), i.e. −2π

L
c

12 with c = 1 in (2.16), is exactly the Casimir

energy, or vacuum energy, of the free boson on the cylinder with periodic boundary conditions,

see for instance [27, (6.88)–(6.89)].
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2.2.2 Compactified boson and dual boson

There is an obvious problem with the realisation (2.31) of the 𝔰𝔲2-currents J3(u), J±(u)

and J̄3(ū), J̄±(ū). The currents were defined in section 2.1 by their Fourier mode decompo-

sitions (2.8) and so are manifestly periodic under u 7→ u + L. By contrast, the definitions

of the chiral and anti-chiral free bosons χ(u) and χ̄(ū) in (2.27) extended to the whole

complex u-plane with the non-trivial periodicity property (2.28) under u 7→ u + L. We

therefore need to ensure that the expressions on the right hand sides of (2.31) are themselves

periodic under u 7→ u + L.

The derivatives ∂uχ(u) and ∂ūχ̄(ū) are both periodic under u 7→ u+L, as can be seen from

differentiating the relations (2.28). On the other hand, the periodicity of the vertex operators

:e±i
√

8πχ(u): and :e±i
√

8πχ̄(ū): is not immediate. Since χ±(u) and χ̄±(ū) are both periodic,

one needs only to ensure that the zero-mode exponentials e±i
√

8πχ0(u) and e±i
√

8πχ̄0(ū) are

periodic under u 7→ u + L. This, in turn, requires that the operators
√

2b0 and
√

2b̄0 take

integer values since it will then follow that
√

8πχ0(u) and
√

8πχ̄0(ū) are defined up to integer

multiples of 2π. In this case, the family of vertex operators (2.30) will be well defined on the

cylinder only for α ∈
√

8πℤ, i.e. we will have a discrete family of full vertex operators

Vr,s(u, ū) := :eir
√

8πχ(u)::eis
√

8πχ̄(ū): (2.37)

labeled by pairs of integers (r, s) ∈ ℤ
2. By a slight abuse of notation we will just write

these full vertex operators with a single argument as Vr,s(u). Our immediate goal is thus to

introduce a representation 𝔉 of the chiral and anti-chiral free bosons on which the zero-modes√
2b0 and

√
2b̄0 both act as integers. The expressions of the basic representation (2.31) will

then produce the desired periodic 𝔰𝔲2-currents when acting on 𝔉.

Fock spaces. For any p, w ∈ ℤ we let 𝔉p,w denote the Fock space over the Lie algebra ℌ,

with defining relations (2.17a), whose highest weight state |p, w⟩ is defined by the properties

bn|p, w⟩ =
p + w√

2
|p, w⟩δn,0, b̄n|p, w⟩ =

p− w√
2
|p, w⟩δn,0 (2.38)

for all n ∈ ℤ≥0. Specifically, 𝔉p,w := Indℌℌ+
ℂ|p, w⟩ is the module over ℌ induced from

the trivial 1-dimensional module ℂ|p, w⟩ over the Lie subalgebra ℌ+ defined by the rela-

tions (2.38). For reasons to be explained shortly, we say that states in the Fock space 𝔉p,w

carry momentum p ∈ ℤ and winding number w ∈ ℤ. It follows from the relations (2.17b)

that the formal exponential operators of the zero-modes x0 and x̄0 given by

p := ei
√

2π(x0+x̄0) : 𝔉p,w −→ 𝔉p+1,w, w := ei
√

2π(x0−x̄0) : 𝔉p,w −→ 𝔉p,w+1 (2.39)

define intertwining operators between Fock modules 𝔉p,w for different values of (p, w) ∈ ℤ
2.

These operators create one unit of momentum and winding number, respectively, while their

inverses destroy the corresponding units. It will be convenient to define the shift operators

as the following simpler exponential operators

s := ei
√

8πx0 : 𝔉p,w −→ 𝔉p+1,w+1, (2.40a)

s̄ := ei
√

8πx̄0 : 𝔉p,w −→ 𝔉p+1,w−1, (2.40b)
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since these operators and their inverses, s±1 and s̄±1, appear as a factor in the vertex operators

:e±i
√

8πχ(u): and :e±i
√

8πχ̄(ū):, respectively. Their only non-trivial commutation relations with

the generators of ℌ are

b0s±1 = s±1(b0 ±
√

2), b̄0s̄±1 = s̄±1(b̄0 ±
√

2). (2.41)

Note also that s = p w and s̄ = p w−1.

We introduce the direct sum of Fock spaces with even total momentum and wind-

ing number

𝔉 :=
⊕

p,w∈ℤ

p+w∈2ℤ

𝔉p,w (2.42)

which we refer to as the Fock space of the compact boson. It can be thought of as having

a unique vacuum |0⟩ := |0, 0⟩ ∈ 𝔉0,0 since all other highest weight states |p, w⟩ ∈ 𝔉p,w with

p + w ∈ 2ℤ for the Lie algebra ℌ in (2.17a) can be created by applying a combination of the

intertwining operators in (2.40), which define endomorphisms s±1, s̄±1 : 𝔉→ 𝔉. Specifically,

for any p, w ∈ ℤ with p + w ∈ 2ℤ we have

|p, w⟩ = ppww|0⟩ = s
p+w

2 s̄
p−w

2 |0⟩ = V p+w

2
, p−w

2
(u, ū)|0⟩

∣∣∣
u→i∞

. (2.43)

In other words, any state |p, w⟩ with p+w ∈ 2ℤ is created from |0⟩ by the vertex operator (2.37)

on the cylinder, with labels (r, s) = (p+w
2 , p−w

2 ) ∈ ℤ
2, inserted at infinity.

Completed Fock spaces. By construction, the zero-mode exponentials e±i
√

8πχ0(u) and

e±i
√

8πχ̄0(ū) act on the Fock space 𝔉p,w as s±1e2πi(p+w)u/L and s̄±1e2πi(w−p)ū/L, respectively.

These are manifestly periodic under u 7→ u + L so that, when viewed as endomorphisms of 𝔉,

the operators e±i
√

8πχ0(u) and e±i
√

8πχ̄0(ū) are well defined on the cylinder, as required.

Strictly speaking, however, the formulae entering the basic representation (2.31) still

do not have a well defined action on the representation 𝔉. This point will be crucial in

section 3.1 so it is useful to already expand on it here.

The exponentials e±i
√

8πχ−(u) and e±i
√

8πχ̄−(ū), involving the annihilation parts of the

chiral and anti-chiral free bosons, act on 𝔉 as finite sums, as do the expressions ∂uχ−(u)

and ∂ūχ̄−(ū). By contrast, the exponentials e±i
√

8πχ+(u) and e±i
√

8πχ̄+(ū) are formal infinite

sums of creation operators which do not truncate when acting on 𝔉. The same goes for the

expressions ∂uχ+(u) and ∂ūχ̄+(ū). This can be remedied by introducing a formal completion

𝔉̂ of 𝔉 as follows.

Each Fock space 𝔉p,w, for any p, w ∈ ℤ, has a natural ℤ≥0-grading

𝔉p,w =
⊕

d≥0

𝔉(d)
p,w (2.44)

defined by letting the highest weight state |p, w⟩ have grade 0 and by assigning grade n to the

modes b−n and b̄−n for any n ∈ ℤ. A general state in the direct sum (2.44) is a finite sum of

states of definite grade. We define the formal completion of (2.44) as the direct product

𝔉̂p,w =
∏

d≥0

𝔉(d)
p,w (2.45)
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whose elements are formal infinite sums of states of all non-negative grades. One can equally

define this as the completion of the vector space 𝔉p,w with respect to the linear topology

whose neighbourhoods of 0 are
⊕

d≥N 𝔉
(d)
p,w for all N ≥ 0. By analogy with (2.42) we then

also define the completion of 𝔉 as the direct sum

𝔉̂ :=
⊕

p,w∈ℤ

p+w∈2ℤ

𝔉̂p,w. (2.46)

The expressions in the basic representation (2.31), which contain infinite sums of creation

modes, are then well-defined formal operators on 𝔉̂. This formal completion is sufficient for

the perturbative Wilsonian analysis carried out below, and in particular for the leading-order

computations in section 4, since the latter are performed only after introducing the smooth

Wilsonian cutoff of section 3.1. However, it would be interesting to understand whether this

formal construction admits a more refined operator-theoretic formulation, for example using

analytic completions such as Gelfand triples (also known as rigged Hilbert spaces), as in the

recent treatment of exponential defect operators in [82]. We leave this question for future work.

Canonically conjugate fields. Having constructed a suitable representation of the algebra

𝔅 on which the formulae of the basic representation (2.31) produce 𝔰𝔲2-currents which are

periodic under u 7→ u + L, we may now introduce the main field of interest, the compact

boson X. We do this by combining the chiral and anti-chiral compact bosons as

X(u, ū) := χ(u) + χ̄(ū). (2.47)

By abuse of notation we will often write this field with a single argument as X(u) even though

it depends on both chiralities. In fact, since we are interested in Hamiltonian field theory we

will mostly deal with the restriction of X to the real axis, with explicit mode decomposition

X(x) = x0 + x̄0 +

√
π

L
(b0 − b̄0)x +

i√
4π

∑

n̸=0

1

n
(bn − b̄−n)e−2πinx/L (2.48)

for x ∈ ℝ, which satisfies the reality condition X(x)† = X(x) as a consequence of (2.29). The

periodicity properties (2.28) of the chiral and anti-chiral free bosons imply that

X(u + L) = X(u) +
√

π(b0 − b̄0). (2.49)

On the Fock space 𝔉p,w this takes the form X(u + L) = X(u) + 2πwR◦ where R◦ := 1/
√

2π is

called the self-dual radius; see section 2.2.3. It is in this sense that the field X is compact: we

should view it as being valued in the circle of radius R◦ so that X ∼ X + 2πR◦ and hence X(u)

is well defined on the cylinder since X(u + L) ∼ X(u). In the sector 𝔉p,w it winds w times

around the circle of radius R◦ as we go once around the cylinder. This is also the reason why

the label w ∈ ℤ in the Fock space 𝔉p,w is referred to as the winding number.

Next, we define the dual compact boson X̃ as

X̃(u, ū) := χ(u)− χ̄(ū). (2.50)
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We will also often denote this field with a single argument as X̃(u) for simplicity since we will

be mostly concerned with its restriction to the real axis, with explicit mode decomposition

X̃(x) = x0 − x̄0 +

√
π

L
(b0 + b̄0)x +

i√
4π

∑

n̸=0

1

n
(bn + b̄−n)e−2πinx/L (2.51)

for x ∈ ℝ. It too satisfies the reality condition X̃(x)† = X̃(x). The properties (2.28) now imply

X̃(u + L) = X̃(u) +
√

π(b0 + b̄0), (2.52)

which on the Fock space 𝔉p,w takes the form X̃(x + L) = X̃(x) + 2πpR◦. The field X̃ is thus

also compact: we should view it as taking values in a circle of the same radius R◦ as X so that

X̃ ∼ X̃ + 2πR◦, and hence it is well defined on the cylinder since we have X̃(u + L) ∼ X̃(u).

In the sector 𝔉p,w, the dual compact boson X̃ winds p times around the circle of radius R◦.

To explain why this ‘dual winding number’ p is referred to as the momentum of the Fock

space 𝔉p,w, we recall how the dual compact boson X̃ is related to the conjugate momentum

of the compact boson X. Introduce the step-function of width L by

ε(x− y) :=
1

L
(x− y)− i

2π

∑

n̸=0

1

n
e2πin(x−y)/L, (2.53)

whose derivative is the Dirac comb with period L, namely

δ(x− y) := ∂xε(x− y) =
1

L

∑

n∈ℤ

e2πin(x−y)/L. (2.54)

It then follows from the Fourier mode decompositions (2.27) of the chiral and anti-chiral free

bosons χ(x) and χ̄(x) for x ∈ ℝ and the relations (2.17a) that [χ(x), χ(y)] = − i
2ε(x − y),

[χ̄(x), χ̄(y)] = i
2ε(x− y) and of course [χ(x), χ̄(y)] = 0. By definitions (2.47) and (2.50) of

the compact and dual compact bosons, we then immediately deduce that

[X(x), X(y)] = 0, [X(x), X̃(y)] = −iε(x− y), [X̃(x), X̃(y)] = 0 (2.55)

for any x, y ∈ ℝ. Defining the conjugate momentum as P(x) := ∂xX̃(x) we then obtain

the canonical commutation relations

[X(x), X(y)] = 0, [X(x), P(y)] = iδ(x− y), [P(x), P(y)] = 0. (2.56)

In other words, while the conjugate momentum P can be realized as a time-derivative of the

compact boson X, it is also obtained as a spatial derivative of the dual boson X̃.

Now the momentum has the following mode expansion

P(x) =

√
π

L

∑

n∈ℤ

(bn + b̄−n)e−2πinx/L. (2.57)

Its integral is the zero-mode momentum
∫ L

0 dx P(x) =
√

π(b0 + b̄0) which on the Fock space

𝔉p,w is quantised as p/R◦, justifying the name ‘momentum’ for the label p. In particular,

the fact that the zero-mode momentum is quantised in integer multiples of 1/R◦ is consistent

with the compactification of the boson X on a circle of circumference 2πR◦.
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Causal propagator. The real-time evolution of the free compact boson (2.48) on S1 is

given by the quantum operator in the Heisenberg picture

X(x, t) := eitH0X(x)e−itH0 = χ(x + t) + χ̄(x− t) (2.58)

for t ∈ ℝ. The two argument notation here should not be confused with the one in (2.47),

but since we denote the latter simply by X(u) this should not lead to confusion. Note that

by using (2.49) we have the property X(x + L, t) = X(x, t) +
√

π(b0 − b̄0), so that (2.58)

is well defined on the Lorentzian cylinder in the zero-winding sector 𝔉p,0 for any p ∈ ℤ.

More generally, it is only defined on 2-dimensional Minkowski space. The commutator of the

quantum field (2.58) at two different space-time points (x, t) and (x′, t′) is given by

[X(x, t), X(x′, t′)] = i∆cyl(x, t; x′, t′), (2.59)

in terms of the causal propagator on the Lorentzian cylinder which reads

∆cyl(x, t; x′, t′) :=
1

2

(
ε(x− x′ − t + t′)− ε(x− x′ + t− t′)

)
. (2.60)

Finally, we note using P(x) = ∂tX(x, t)|t=0 that the canonical commutation relations (2.56)

all follow as a consequence of (2.59). In particular, the first relation follows from the fact that

the causal propagator (2.60) vanishes at space-like separated points and the second and third

relations follow using ∂t′∆cyl(x, t; x′, t′)|t=t′=0 = δ(x− x′) and ∂t∂t′∆cyl(x, t; x′, t′)|t=t′=0 = 0.

Note that (2.59) solves the 2-dimensional wave equation (−∂2
t + ∂2

x)∆cyl(x, t; x′, t′) = 0. It

can be written as a difference

∆cyl(x, t; x′, t′) = ∆cyl
R (x, t; x′, t′)−∆cyl

A (x, t; x′, t′)

of the retarded and advanced causal Green’s functions defined by

∆cyl
R/A(x, t; x′, t′) := ∓θ

(
± (t− t′)

)
∆cyl(x, t; x′, t′), (2.61)

where θ(x− y) := ε(x− y) + 1
2 . Using ∂tθ(t− t′) = δ(t− t′) and the fact that we can rewrite

the causal propagator (2.59) as ∆cyl(x, t; x′, t′) = 1
2

(
θ(x− x′ − t + t′)− θ(x− x′ + t− t′)

)
, we

find that (2.61) are indeed both Green’s functions for the wave operator, namely

(
− ∂2

t + ∂2
x

)
∆cyl

R/A(x, t; x′, t′) = δ(t− t′)δ(x− x′). (2.62)

Free imaginary-time evolution. Although we are really interested in Hamiltonian field

theory on the circle S1, it is useful to consider our fields as living on the extended Euclidean

cylinder iℝ× S1 as in (2.8) for the chiral and anti-chiral currents Ja(u) and J̄a(ū), or (2.26)

and (2.27) for the chiral and anti-chiral free bosons χ(u) and χ̄(ū).

This extension of fields from S1 to iℝ× S1 respectively turns chiral and anti-chiral fields

on S1 to holomorphic and anti-holomorphic fields on iℝ × S1 equipped with the complex

coordinate u = x− iτ where x ∈ [0, L] is the coordinate along S1 and τ ∈ ℝ the coordinate

along the cylinder. Indeed, it follows from the definition of the WZW Hamiltonian in (2.16)

that the imaginary-time evolution of the chiral and anti-chiral currents Ja(x) and J̄a(x) on

S1 are given by holomorphic and anti-holomorphic currents

Ja(x− iτ) = eτH0Ja(x)e−τH0 , J̄a(x + iτ) = eτH0 J̄a(x)e−τH0 . (2.63a)
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Equivalently, working in the free field realisation where H0 is the free boson Hamiltonian

given by (2.36), the free imaginary-time evolution turns the chiral and anti-chiral free bosons

into holomorphic and anti-holomorphic fields, respectively,

χ(x− iτ) = eτH0χ(x)e−τH0 , χ̄(x + iτ) = eτH0χ̄(x)e−τH0 . (2.63b)

In particular, the compact free boson (2.47) on the cylinder can be recovered from its Fourier

mode decomposition (2.48) on the circle by imaginary-time evolution, and likewise for the

dual compact boson (2.50) from (2.51). Note that fields on the cylinder iℝ×S1 can be viewed

as operators in a Euclidean version of the Heisenberg picture while fields of interest on the

circle S1 represent the same operators but in a Euclidean version of the Schrödinger picture.

It is important to note, however, that we are not working with Euclidean field theories. The

imaginary time τ introduced by the extension from S1 to iℝ× S1 is a purely computational

tool, allowing us to use methods from conformal field theory such as operator product

expansions in (2.5) and (2.21). We saw another example of the use of imaginary-time

evolution in (2.43) where the highest-weight state |r + s, r − s⟩ ∈ 𝔉 for arbitrary (r, s) ∈ ℤ
2

could be created from the vacuum state |0⟩ ∈ 𝔉 by inserting the vertex operator Vr,s(u, ū)

in (2.37) at infinity on the cylinder. This can be depicted pictorially as:

S1

|r + s, r − s⟩

= S1

|0⟩

Vr,s(u, ū)

u → i∞

The Hamiltonian fields and states live on the circle S1 at τ = 0 and the physical time-derivative

of fields in the Heisenberg picture is obtained by taking commutators with iH0, cf. (2.58).

Local operators. Coming back to the crucial point raised at the end of section 2.1.2, we can

use the basic representation (2.31) to express local operators of interest, given by integrals

over the circle of composite operators (2.6), directly in terms of modes of the chiral and

anti-chiral free bosons in ℌ. Recall that there are two classes of local operators to consider.

Integrals of purely chiral (or anti-chiral) composite operators can be expressed as infinite

sums of normal ordered monomials :bn1 . . . bnr :, with n1 + . . . + nr bounded, multiplied

by a finite number of shift operators (2.40). For example, when 𝔤 = 𝔰𝔩2 the chiral local

operator (2.11) can be expressed as

1

2π

∫ L

0
dx :J3(x)J3(x): = 4

∫ L

0
dx :∂xχ(x)∂xχ(x): =

4π

L

∑

n>0

b−nbn. (2.64)

Since 𝔉 is a direct sum (2.42) of Fock spaces 𝔉p,w which are highest weight representations

of ℌ, such normal ordered infinite sums are a well defined endomorphism of 𝔉.

On the other hand, integrals of a composite operator (2.6) which contains both chiral and

anti-chiral pieces lead to infinite sums of products of chiral creation opeators (bn with n < 0)
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with anti-chiral creation operators (b̄n with n < 0). For instance, in the case 𝔤 = 𝔰𝔩2 the

local operator (2.12) can be expressed in terms of chiral and anti-chiral free boson modes as

1

2π

∫ L

0
dx J3(x)J̄3(x) = 4

∫ L

0
dx :∂xχ(x)∂xχ̄(x): =

4π

L

∑

n∈ℤ

bnb̄n. (2.65)

Although the infinite sum over positive modes n ≥ 0 has a well defined action on the direct

sum of Fock spaces 𝔉, the infinite sum over negative modes n < 0 does not. On the other hand,

the infinite sum over negative modes in (2.65) has a well defined action on the direct sum 𝔉̂

of completed Fock spaces, by definition of the latter, but the infinite sum over positive modes

does not. For instance,
∑

m>0 b−mb̄−m|p, w⟩ ∈ 𝔉̂ is a well defined state in the completion but

∑

n>0

bnb̄n

∑

m>0

b−mb̄−m|p, w⟩ =
∑

n>0

n2|p, w⟩ (2.66)

produces a divergent infinite sum times the highest weight state |p, w⟩, which is ill-defined.

2.2.3 Changing the compactification radius

We saw in section 2.2.2 that for the basic representation (2.31) to correctly produce 𝔰𝔲2-

currents at level 1 living on the cylinder, we had to work in a particular representation 𝔉

of the algebra 𝔅 ensuring that the boson X and dual boson X̃ could be compactified on a

circle of radius R◦ = 1/
√

2π. Recall that the compactifications

X ∼ X + 2πR◦, X̃ ∼ X̃ +
1

R◦
(2.67)

(where in the second relation we wrote 2πR◦ = 1/R◦ for later convenience) were enforced

by the fact that these fields appear as exponents in the two parameter family (2.37) of

full vertex operators

Vr,s(x) = :ei
√

8π(rχ(x)+sχ̄(x)): = :e
i

R◦
(r+s)X(x)+2πiR◦(r−s)X̃(x):, (2.68)

labeled by pairs of integers (r, s) ∈ ℤ
2.

Rescaled canonically conjugate fields. It is clear from the compactification rules, written

in the form (2.67), how to change the compactification radius from the self-dual radius R◦ to

a generic radius R > 0. One should simply rescale the boson X by R/R◦ and correspondingly

rescale the dual boson X̃ by R◦/R. The latter also ensures that the canonical commutation

relations (2.55) are preserved. Instead of dealing with the radius R directly, it will be more

convenient to work with the parameter β = 2/R so that the self-dual radius R◦ corresponds

to the value β◦ =
√

8π. Thus, for generic β > 0, the rescaled compact boson and

dual boson are defined as

Φ(u, ū) :=

√
8π

β
X(u, ū), Φ̃(u, ū) :=

β√
8π

X̃(u, ū) (2.69)

for any u ∈ ℂ. These have the corresponding compactification rules

Φ ∼ Φ +
4π

β
, Φ̃ ∼ Φ̃ +

β

2
. (2.70)
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The rescaled fields (2.69) should, more precisely, be denoted by Φβ and Φ̃β to emphasise

the dependence on the compactification radius R = 2/β. However, to ease notation we will

usually suppress the subscript β if the value of β is clear from the context. We will always

denote the compact boson and dual boson at the self-dual radius by X = Φ√
8π and X̃ = Φ̃√

8π.

The rescaling (2.69) would be a benign transformation at the classical level. However, as

we will now explain, it is more subtle at the quantum level since it corresponds to a Bogoliubov

transformation on the modes of the chiral and anti-chiral free bosons χ and χ̄ which has the

effect of mixing the chiralities as well as the notion of creation/annihilation operators.

By design, the rescaled fields (2.69) satisfy the same canonical commutation relations

as the original boson and dual boson, cf. (2.55),

[Φ(x), Φ(y)] = 0, [Φ(x), Φ̃(y)] = −iε(x− y), [Φ̃(x), Φ̃(y)] = 0 (2.71)

for any x, y ∈ ℝ. It follows that the rescaled fields (2.69) admit a mode decomposition of

the same form as the original boson and dual boson. That is, we can decompose them into

chiral and anti-chiral free bosons ϕ and ϕ̄ as, cf. (2.47) and (2.50),

Φ(u, ū) = ϕ(u) + ϕ̄(ū), Φ̃(u, ū) = ϕ(u)− ϕ̄(ū). (2.72)

In turn, we can decompose ϕ and ϕ̄ themselves into creation, zero-mode and annihilation

parts, cf. (2.26) and (2.27),

ϕ(u) = ϕ+(u) + ϕ0(u) + ϕ−(u), ϕ̄(u) = ϕ̄+(u) + ϕ̄0(u) + ϕ̄−(u) (2.73)

where each summand is given explicitly in the u coordinate by

ϕ±(u) :=
i√
4π

∑

∓n>0

1

n
ane−2πinu/L, ϕ0(u) := q0 +

√
πa0

u

L
, (2.74a)

ϕ̄±(ū) :=
i√
4π

∑

∓n>0

1

n
āne2πinū/L, ϕ̄0(ū) := q̄0 −

√
πā0

ū

L
. (2.74b)

Here the modes q0, q̄0, an and ān for n ∈ ℤ generate an infinite-dimensional Lie algebra with

the same defining relations as in (2.17), namely

[an, am] = nδn+m,0, [ān, ām] = nδn+m,0, (2.75a)

[q0, an] =
i√
4π

δn,0, [q̄0, ān] =
i√
4π

δn,0. (2.75b)

Bogolyubov transformation. Restricting the relations (2.69) to the real axis and using

the expressions (2.47), (2.50) and (2.72) we find that the chiral and anti-chiral bosons ϕ(x)

and ϕ̄(x) associated with a general β > 0 are related to original ones χ(x) and χ̄(x) associated

with the self-dual value of
√

8π as

ϕ(x) = α+χ(x)− α−χ̄(x), ϕ̄(x) = α+χ̄(x)− α−χ(x) (2.76)

for all x ∈ ℝ, where we have introduced the parameters

α± :=
1

2

(
β√
8π
±
√

8π

β

)
. (2.77)
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Comparing the mode expansions of both sides of (2.76), and noting that the chiral modes

bn in (2.27) come multiplied by the exponential e−2πinx/L while the anti-chiral modes b̄n

come with an oppositely signed exponential e2πinx/L, and likewise in the expansions (2.74),

we obtain the Bogolyubov type transformation

q0 = α+x0 − α−x̄0, an = α+bn + α−b̄−n, (2.78a)

q̄0 = α+x̄0 − α−x0, ān = α+b̄n + α−b−n (2.78b)

for all n ∈ ℤ. We thus see that the modes of the rescaled chiral boson Φ not only mix the

chiral and anti-chiral modes of X, but also its creation and annihilation modes. An immediate

consequence of this is that the notion of normal ordering depends on the compactification

radius R, or equivalently on the parameter β = 2/R. We will come back to how this affects

the family of vertex operators introduced in (2.68), in section 3.1.4 below.

It follows from the reality conditions (2.29) that the chiral and anti-chiral parts (2.76) of

the rescaled compact boson and dual boson (2.72) satisfy the same reality conditions

ϕ(x)† = ϕ(x), ϕ̄(x)† = ϕ̄(x) (2.79)

for x ∈ ℝ. Equivalently, their modes (2.78) satisfy the same reality conditions q
†
0 = q0,

q̄
†
0 = q̄0, a†

n = a−n and ā†
n = ā−n as in (2.18).

To close this section, we check that the Bogolyubov transformation (2.78) reproduces

the expected periodicity property on the rescaled field Φ. In terms of the zero-modes q0

and q̄0 the state (2.43) reads

|p, w⟩ = e
i
(

pβ

2
+ 4πw

β

)
q0e

i
(

pβ

2
− 4πw

β

)
q̄0 |0⟩.

Crucially, by virtue of the second relations in (2.78) it is clear that the modes an and ān for

n > 0 do not annihilate the states |p, w⟩. However, the zero modes act as

a0|p, w⟩ =

(
pβ

4
√

π
+

2w
√

π

β

)
|p, w⟩, ā0|p, w⟩ =

(
pβ

4
√

π
− 2w

√
π

β

)
|p, w⟩. (2.80)

It follows from the decomposition (2.72) of Φ(u) and the mode expansions of ϕ(u) and ϕ̄(ū)

in (2.74) that Φ(u + L) = Φ(u) +
√

π(a0 − ā0) and therefore, on the Fock space 𝔉p,w, we

indeed have the expected periodicity relation Φ(u + L) = Φ(u) + 2πnR with R := 2/β.

3 Renormalisation of Hamiltonians

In this section we will develop a Wilsonian approach to the renormalisation of Hamiltonian

field theories on the circle S1. We begin in section 3.1 by introducing a short-distance cutoff

in the conformal field theory of the compactified free boson discussed in section 2.2.2. This

regularisation serves to control ultraviolet divergences, such as the one exhibited in (2.66).

In section 3.2 we then implement the Wilsonian renormalisation programme, whose guiding

principle is that long-distance physics should be insensitive to the details of the short-distance

cutoff. When applied to perturbations of the compactified free boson, this framework yields

renormalisation group equations governing the flow of all coupling constants.
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3.1 Regularisation

The first step in Wilsonian renormalisation is to introduce a high energy (or short distance)

cutoff Λ into the theory so as to keep ultraviolet divergences under control. And the standard

approach is to truncate the mode expansions of all the fields ϕ of the theory by working instead

with truncated fields ϕ≤Λ(x) whose mode expansions only involve momenta of magnitude

below the Wilsonian cutoff Λ. As emphasised in section 2.2, we cannot apply such a truncation

procedure directly to the (anti-)chiral Kac-Moody currents Ja(u) and J̄a(u) of the WZW

model since these are non-abelian. So our approach consists in using free field realisations of

these currents, which in our 𝔰𝔲2 case at level 1 is given by the basic representation (2.31) in

terms of chiral and anti-chiral free bosons χ(u) and χ̄(u), and regularise the free fields instead.

However, since we are working with a (Hamiltonian) field theory on a compact space, the

circle S1, the mode decomposition of our free bosons χ(u) and χ̄(u) is a sum over the discrete

set of modes bn and b̄n with n ∈ ℤ, given in (2.26) and (2.27). In this setting, a high energy

Wilsonian cutoff is an integer Λ ∈ ℤ>0 at which we choose to truncate these sum of modes,

since momentum is measured in integer multiples of 2π
L . Yet our main goal is to describe the

renormalisation group equations for the couplings of perturbations of the WZW model, which

are conventionally described as differential equations with respect to a continuum length or

mass scale. The purpose of the present section is therefore to replace the above naive sharp

truncation of the chiral and anti-chiral bosons χ and χ̄ by a more general smooth regularisation

depending on a smooth cutoff function η : ℝ≥0 → ℝ and a continuous length scale ϵ > 0.

In order to motivate such smooth regularisations, there is a mathematical analogy for why

smoothing the cutoff is a meaningful thing to do, coming from the regularisation of divergent

series [89, section 3.7]. We note that this analogy has already been explored recently in

the context of renormalisation in 4-dimensional quantum field theories [80, 81, 88]. In our

2-dimensional Hamiltonian setting on the circle S1, however, the connection to regularisation

of divergent series is more than an analogy. Indeed, the divergent series in question, of the type∑
n≥1 nk for some k ≥ −1, are precisely the kind we encounter when computing the action of

certain non-chiral local operators such as (2.65) on the completed Fock space 𝔉̂, as in (2.66).

One way to obtain a finite result for a divergent series such as
∑

n≥1 n would be to use

zeta function regularisation: the Riemann zeta function is defined as ζ(s) =
∑∞

n=1
1

ns for

Re(s) > 1, and can be analytically continued to ℂ \ {1}. In particular, we have ζ(−1) = − 1
12

which suggests the finite value of − 1
12 for the series. This result is obtained through complex

analytic methods, but in fact there is a way to find this result through real analytic methods

and regularising in the right way. If we sharply cut off the sum, we have

N∑

n=1

n =
1

2
N2 +

1

2
N, (3.1)

and each term is divergent as N → ∞. To introduce the smooth regularisation we start

by viewing the sum as
∑∞

n=1 n η( n
N ) where η(x) = 1x≤1 denotes the indicator function for

the interval [0, 1] ⊂ ℝ≥0. The function η suffers a discontinuity at 1, and so we smoothly

regularise by allowing η : ℝ≥0 → ℝ to be any smooth function equal to 1 at the origin and
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tending to zero sufficiently fast at infinity. For any such η, one finds the result

∞∑

n=1

n η

(
n

N

)
= N2

∫ ∞

0
x η(x)dx− 1

12
+ O

(
1

N

)
. (3.2)

While there is a large amount of choice for η, and a divergence as N →∞ generically remains,

the constant term − 1
12 is the same for each. It is also interesting to observe that for certain

well chosen functions η, referred to as enhanced regulators in [80], the regularised series (3.2)

actually converges to the constant term in the limit N →∞; see section 3.1.3. The divergent

term will be important in our calculations, but analogously the results will not depend on

η, as expected for an arbitrarily chosen regulator.

We will now discuss how to implement these ideas to regularising our theory. We

begin in section 3.1.1 by explaining how to view the usual truncation of fields as a sharp

regularisation of the mode algebra (2.17). This then naturally extends to the notion of

smooth regularisation of the chiral and anti-chiral bosons in section 3.1.2. In section 3.1.3 we

recall how the theory of the Mellin transform can be used to efficiently compute the leading

asymptotics of regularised divergent series that we will encounter in the smoothly regularised

theory. Finally, in section 3.1.4 we close the discussion initiated in section 2.2.3 for changing

the compactification radius by discussing the effect of a Bogolyubov transformation (2.76)

on smoothly regularised vertex operators.

3.1.1 Truncation vs. regularisation

Truncated fields. A natural way to regularise our theory is to truncate all the free fields in

the basic realisation (2.31) to have energy below some fixed cutoff Λ ∈ ℤ>0. More precisely, we

introduce the Lie subalgebra ℌΛ
trc ⊂ ℌ spanned by modes bn, b̄n of the chiral and anti-chiral

bosons for which |n| ≤ Λ, and denote its universal enveloping algebra by 𝔅Λ
trc := U(ℌΛ

trc) ⊂ 𝔅.

Following the exact same steps as in section 2.2.1, we can then introduce the truncated

chiral and anti-chiral bosons χΛ
trc and χ̄Λ

trc, directly in the cylinder coordinate u, as

χΛ
trc(u) = χΛ

trc,+(u) + χ0(u) + χΛ
trc,−(u), χ̄Λ

trc(ū) = χ̄Λ
trc,+(ū) + χ̄0(ū) + χ̄Λ

trc,−(ū), (3.3a)

where the zero-mode parts are the same as in (2.26) but the creation and annihilation parts

are replaced with finite mode decompositions, namely

χΛ
trc,±(u) :=

i√
4π

∑

0<∓n≤Λ

1

n
bne−2πinu/L, χ̄Λ

trc,±(ū) :=
i√
4π

∑

0<∓n≤Λ

1

n
b̄ne2πinū/L. (3.3b)

We can then define the truncated 𝔰𝔲2-currents at level 1 by the exact same formulae

as in (2.31) but in terms of the truncated chiral and anti-chiral bosons, namely we set

J3,Λ
trc (u) :=

√
8π∂uχΛ

trc(u), J±,Λ
trc (u) :=

2π

L
:e±i

√
8πχΛ

trc(u):, (3.4a)

J̄3,Λ
trc (ū) :=

√
8π∂ūχ̄Λ

trc(ū), J̄±,Λ
trc (ū) :=

2π

L
:e∓i

√
8πχ̄Λ

trc(ū):. (3.4b)

Note that the truncated chiral and anti-chiral bosons have the same periodicity property as

in (2.28) so that the discussion from section 2.2.2 carries over to the truncated setting. In
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particular, we can define the Fock spaces 𝔉Λ
p,w for p, w ∈ ℤ over the truncated Heisenberg

Lie algebra ℌΛ
trc using the same relations as in (2.38) but for |n| ≤ Λ, and then set

𝔉Λ :=
⊕

p,w∈ℤ

p+w∈2ℤ

𝔉Λ
p,w. (3.5)

Since the algebra of modes ℌΛ
trc is truncated, there is no need for completion here.

The truncated compact boson is then defined as XΛ
trc(u, ū) := χΛ

trc(u)+χ̄Λ
trc(ū) for u ∈ ℂ

and the corresponding conjugate momentum is truncated to PΛ
trc(x) := ∂xχΛ

trc(x)− ∂xχ̄Λ
trc(x)

for x ∈ ℝ. These now satisfy the regularised canonical commutation relations, cf. (2.56),

[XΛ
trc(x), XΛ

trc(y)] = 0, [XΛ
trc(x), PΛ

trc(y)] = iδΛ(x− y), [PΛ
trc(x), PΛ

trc(y)] = 0 (3.6)

where we have introduced the regularised Dirac comb δΛ(x− y) := 1
L

∑Λ
n=−Λ e2πin(x−y)/L,

cf. (2.54), such that δΛ(x− y)→ δ(x− y) in the limit Λ→∞ when the cutoff is removed.

Finally, we can introduce the truncated Hamiltonian of the WZW model (2.36) as

HΛ
0,trc :=

∫ L

0
dx
(
:∂xχΛ

trc(x)∂xχΛ
trc(x): + :∂xχ̄Λ

trc(x)∂xχ̄Λ
trc(x):

)
=

2π

L

(
LΛ

0,trc + L̄Λ
0,trc

)
. (3.7a)

Note that we have not included the constant shift by − π
6L as this will not play a role in when

we come to discuss the renormalisation of the sine-Gordon model in section 4. In the last

expression we have defined the truncated Virasoro zero-modes as

LΛ
0,trc =

1

2
b2

0 +
Λ∑

n=1

b−nbn, L̄Λ
0,trc =

1

2
b̄2

0 +
Λ∑

n=1

b̄−nb̄n. (3.7b)

Notice that the truncated Hamiltonian (3.7) still generates the free imaginary-time evolution

on the truncated chiral and anti-chiral bosons (3.3) exactly as in (2.63b), namely we have

χΛ
trc(x− iτ) = eτHΛ

0,trcχΛ
trc(x)e−τHΛ

0,trc , χ̄Λ
trc(x + iτ) = eτHΛ

0,trcχ̄Λ
trc(x)e−τHΛ

0,trc . (3.8a)

The same free imaginary-time evolution then also holds for the truncated 𝔰𝔲2-currents (3.4),

exactly as in (2.63a), i.e.

Ja,Λ
trc (x− iτ) = eτHΛ

0,trcJa,Λ
trc (x)e−τHΛ

0,trc , J̄a,Λ
trc (x + iτ) = eτHΛ

0,trc J̄a,Λ
trc (x)e−τHΛ

0,trc . (3.8b)

With these definitions in place, we can now justify the truncation by revisiting the

crucial observation at the end of section 2.1.2. A local operator such as (2.65), which in

the original theory was expressed as a problematic infinite sum of modes, is replaced in

the truncated theory by

1

2π

∫ L

0
dx J3,Λ

trc (x)J̄3,Λ
trc (x) = 4

∫ L

0
dx ∂xχΛ

trc(x)∂xχ̄Λ
trc(x) =

4π

L

Λ∑

n=−Λ

bnb̄n. (3.9)

More generally, any integral over S1 of a composite operator (2.6) built from chiral and anti-

chiral pieces is replaced in the truncated theory by a finite sum of modes. As a consequence,

such truncated local operators have well-defined actions on the Fock representation (3.5). For
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example, the analogue of the problematic computation (2.66) in the truncated setting would

be to act with the positive mode part of (3.9) on the state
∑Λ

m=1 b−mb̄−m|p, w⟩ ∈ 𝔉Λ
trc, i.e.

Λ∑

n=1

bnb̄n

Λ∑

m=1

b−mb̄−m|p, w⟩ =
Λ∑

n=1

n2|p, w⟩. (3.10)

In other words, the ill-defined divergent infinite sum in (2.66) is now replaced by a finite sum.

However, as explained at the start of this section, we would like to replace such sharply cut

off sums by smoothly regularised ones. As a first step in this direction, we begin by observing

that the above regularisation method can be implemented directly at the level of the algebra

by suitably modifying the Heisenberg Lie algebra relations (2.17a).

Regularised fields. Let ℌΛ
log be the sharply regularised Lie algebra of modes of the

chiral and anti-chiral free bosons, generated by bΛ
n , b̄Λ

n for n ∈ ℤ and xΛ
0 , x̄Λ

0 subject to

the relations, cf. (2.17),

[bΛ
n , bΛ

m] = n1|n|≤Λδn+m,0, [b̄Λ
n , b̄Λ

m] = n1|n|≤Λδn+m,0, (3.11a)

[xΛ
0 , bΛ

n ] =
i√
4π

δn,0, [x̄Λ
0 , b̄Λ

n ] =
i√
4π

δn,0 (3.11b)

for all m, n ∈ ℤ, with all other Lie brackets between generators being zero as before. In other

words, rather than discarding the high-energy modes bn and b̄n with |n| > Λ altogether, we

simply declare that they are central elements of the Lie algebra. We also let ℌΛ ⊂ ℌΛ
log

denote the Lie subalgebra spanned by the modes bΛ
n and b̄Λ

n for n ∈ ℤ and let 𝔅Λ := U(ℌΛ)

be its universal enveloping algebra.

We introduce the sharply regularised chiral and anti-chiral bosons χΛ and χ̄Λ

on S1 by the exact same formulae as in (2.26) and (2.27) with u = x ∈ [0, L], but where

all the modes bn, b̄n for n ∈ ℤ and x0, x̄0 are replaced by their regularised counterparts

bΛ
n , b̄Λ

n for n ∈ ℤ and xΛ
0 , x̄Λ

0 , respectively.

Using these we now define the sharply regularised 𝔰𝔲2-current algebra at level 1 by

the same formulae as in (2.31) but in terms of the sharply regularised chiral and anti-chiral

bosons, namely for x ∈ [0, L] we set

J3,Λ(x) :=
√

8π∂xχΛ(x), J±,Λ(x) :=
2π

L
:e±i

√
8πχΛ(x):, (3.12a)

J̄3,Λ(x) :=
√

8π∂xχ̄Λ(x), J̄±,Λ(x) :=
2π

L
:e∓i

√
8πχ̄Λ(x):. (3.12b)

The discussion from section 2.2.2 carries over verbatim to this sharply regularised setting.

However, by contrast with the truncated case above, since we now have modes bΛ
n and b̄Λ

n

for all n ∈ ℤ we do need to consider the completed Fock spaces 𝔉̂Λ
p,w for p, w ∈ ℤ over the

sharply regularised Heisenberg Lie algebra ℌΛ, which are defined using the same relations as

in (2.38) but now for the regularised modes bΛ
n and b̄Λ

n for all n ∈ ℤ. We then set

𝔉̂Λ :=
⊕

p,w∈ℤ

p+w∈2ℤ

𝔉̂Λ
p,w. (3.13)
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The sharply regularised compact boson XΛ and the regularised conjugate momentum

P Λ on S1 are defined exactly as in section 2.2.2 but now in terms of the regularised modes

bΛ
n , b̄Λ

n for n ∈ ℤ and xΛ
0 , x̄Λ

0 . The Lie algebra relations (3.11) then lead to a regularised

version of the canonical commutation relations

[XΛ(x), XΛ(y)] = 0, [XΛ(x), PΛ(y)] = iδΛ(x− y), [PΛ(x), PΛ(y)] = 0,

where δΛ(x − y) is the regularised Dirac comb introduced after (3.6).

Following the definition of the free Hamiltonian (3.7) in the truncated case, we could now

similarly introduce the sharply regularised Hamiltonian of the WZW model (2.36) as

HΛ
0 :=

∫ L

0
dx
(
:∂xχΛ(x)∂xχΛ(x): + :∂xχ̄Λ(x)∂xχ̄Λ(x):

)
=

2π

L

(
LΛ

0 + L̄Λ
0

)
. (3.14a)

As in the truncation case we have not included the vacuum energy term as this will not be

needed in section 4 and we have introduced the sharply regularised Virasoro zero-modes as

LΛ
0 =

1

2

(
bΛ

0

)2
+
∑

n>0

bΛ
−nbΛ

n , L̄Λ
0 =

1

2

(
b̄Λ

0

)2
+
∑

n>0

b̄Λ
−nb̄Λ

n . (3.14b)

However, the crucial difference with HΛ
0 in the truncated setting is that the Hamiltonian (3.14)

does not generate free imaginary-time evolution (3.8). Indeed, this is because the commutation

relations (3.11a) for the modes bΛ
n and b̄Λ

n with |n| > Λ are frozen and hence HΛ
0 induces

trivial dynamics on these modes. But since the sharply regularised bosons χΛ and χ̄Λ are

given by the same formula as in (2.26) with Fourier expansions (2.27), the terms with mode

numbers |n| ≤ Λ evolve freely while those with |n| > Λ do not evolve. This leads to a

complicated time evolution for χΛ and χ̄Λ, which is no longer free.

To circumvent this problem, note that since the generators bΛ
n for |n| > Λ span a central

ideal ℑΛ := ⟨bΛ
n , b̄Λ

n⟩|n|>Λ in the sharply regularised Heisenberg Lie algebra (3.11), we should

instead be working in the quotient ℌΛ/ℑΛ by this ideal. Of course, this just recovers the

earlier truncated setting since we have a canonical isomorphism of Lie algebras

ℌΛ/ℑΛ ∼= ℌΛ
trc. (3.15)

In particular, in the quotiented theory the Hamiltonian (3.14) does generate free evolution as in

the truncated theory. The advantage of rephrasing truncation in terms of sharp regularisation

is that it will allow us to vastly generalise the concept of truncation, see section 3.1.2 below.

In the sharply regularised theory, a local operator such as (2.65) would take the exact

same form as in the original theory without cutoff, namely

1

2π

∫ L

0
dx J3,Λ(x)J̄3,Λ(x) = 4

∫ L

0
dx :∂xχΛ(x)∂xχ̄Λ(x): =

4π

L

∑

n∈ℤ

bΛ
n b̄Λ

n . (3.16)

In particular, this is still an infinite sum but of the corresponding sharply regularised modes.

However, the key point is that the high energy modes bΛ
n and b̄Λ

n for |n| > Λ span a central

ideal in ℌΛ and hence completely decouple from any computation. In other words, since

ℌΛ
trc is a quotient of ℌΛ by this central ideal, any computation in the sharply regularised
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theory agrees with the corresponding computation in the truncated theory after quotienting

by this central ideal. For example, the analogue of the problematic computation (2.66) in

the present sharply regularised setting would be to act with the positive mode part of (3.16)

on the state
∑

m>0 b−mb̄−m|p, w⟩ ∈ 𝔉̂Λ, namely

∑

n>0

bΛ
n b̄Λ

n

∑

m>0

bΛ
−mb̄Λ

−m|p, w⟩ =
∑

n>0

n21|n|≤Λ|p, w⟩ =
Λ∑

n=1

n2|p, w⟩, (3.17)

yielding exactly the same finite sum as in the truncated case (3.10).

3.1.2 Smooth regularisations

The advantage of having reformulated truncation in terms of sharp regularisation is that this

allows us to generalise the truncation scheme of section 3.1.1 by replacing the sharp cutoff

function 1|n|≤Λ appearing in the regularised Heisenberg Lie algebra (3.11) by a smooth one.

Smooth cutoffs. We call η : ℝ≥0 → ℝ a cutoff function if it is smooth, analytic at zero

with η(0) = 1 and decays faster than any inverse power of the argument x as x→∞, that is,

η(x) = O(x−r) as x→∞ for any r ∈ ℤ≥0. (3.18)

For any ϵ > 0, let ℌϵ
log,η be the smoothly regularised Heisenberg Lie algebra with

cutoff function η generated by bϵ
n, b̄ϵ

n for n ∈ ℤ and xϵ
0, x̄ϵ

0 with commutation relations

[bϵ
n, bϵ

m] = n η

(
2π|n|ϵ

L

)
δn+m,0, [b̄ϵ

n, b̄ϵ
m] = n η

(
2π|n|ϵ

L

)
δn+m,0, (3.19a)

[xϵ
0, bϵ

n] =
i√
4π

δn,0, [x̄ϵ
0, b̄ϵ

n] =
i√
4π

δn,0 (3.19b)

for all m, n ∈ ℤ, with all other Lie brackets between generators being zero as before. Note

that we have switched to using a short-distance cutoff ϵ rather than the high-energy cutoff Λ

used until now. In particular, ϵ has dimensions of length so that the argument of the cutoff

function η in (3.19a) is dimensionless. Let ℌϵ
η ⊂ ℌϵ

log,η be the Lie subalgebra spanned by the

modes bϵ
n and b̄ϵ

n for n ∈ ℤ and let 𝔅ϵ
η := U(ℌϵ

η) be its universal enveloping algebra.

Recall from the discussion at the start of section 2.2 that sharp truncations cannot be

applied to the untwisted affine Kac-Moody algebras (2.2). Let us briefly comment here on why

smooth regularisations, in the above sense but applied directly to the algebra (2.2), are not

possible either. In order to produce smoothly regularised series, see (3.26) below, we would

need such a smooth regularisation to modify the central term, i.e. the second term on the

right hand side of (2.2), multiplying it by η(2π|n|ϵ
L ). The Jacobi identity for such a smoothly

regularised algebra would then enforce (n + m)η(2π(|n+m|)ϵ
L ) = nη(2π|n|ϵ

L ) + mη(2π|m|ϵ
L ) for

any n, m ∈ ℤ, which would be incompatible with the conditions for η to be a cutoff function.

We can introduce smoothly regularised fields following the exact same steps as for sharply

regularised fields in section 3.1.1. Specifically, we introduce the smoothly regularised chiral

and anti-chiral bosons χϵ and χ̄ϵ on S1 exactly as in (2.26) and (2.27) with u = x ∈ [0, L]
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but using smoothly regularised modes bϵ
n, b̄ϵ

n for n ∈ ℤ and xϵ
0, x̄ϵ

0. Using these we then define

the smoothly regularised 𝔰𝔲2-current algebra at level 1 as, cf. (2.31),

J3,ϵ(x) :=
√

8π∂xχϵ(x), J±,ϵ(x) :=
2π

L
:e±i

√
8πχϵ(x):, (3.20a)

J̄3,ϵ(x) :=
√

8π∂xχ̄ϵ(x), J̄±,ϵ(x) :=
2π

L
:e∓i

√
8πχ̄ϵ(x):. (3.20b)

We then introduce the completed Fock spaces 𝔉̂ϵ
p,w for p, w ∈ ℤ over the smoothly regularised

Heisenberg Lie algebra ℌϵ, which are defined using the same relations as in (2.38) but now

for the smoothly regularised modes bϵ
n and b̄ϵ

n for all n ∈ ℤ, and we also set

𝔉̂ϵ :=
⊕

p,w∈ℤ

p+w∈2ℤ

𝔉̂ϵ
p,w. (3.21)

The smoothly regularised compact boson Xϵ and conjugate momentum P ϵ are defined

in terms of the smoothly regularised modes bϵ
n, b̄ϵ

n for n ∈ ℤ and xϵ
0, x̄ϵ

0. They satisfy

[Xϵ(x), Xϵ(y)] = 0, [Xϵ(x), Pϵ(y)] = iδϵ(x− y), [Pϵ(x), Pϵ(y)] = 0,

where we have introduced the smoothly regularised Dirac comb

δϵ(x− y) :=
1

L

∑

n∈ℤ

η

(
2π|n|ϵ

L

)
e2πin(x−y)/L (3.22)

which has the property that δϵ(x − y) → δ(x − y) as the cutoff ϵ → 0 is removed.

Finally, we could proceed as in the sharply regularised case (3.14) and define the smoothly

regularised Hamiltonian of the WZW model (2.36) as

Hϵ
0

?
=

∫ L

0
dx
(
:∂xχϵ(x)∂xχϵ(x): + :∂xχ̄ϵ(x)∂xχ̄ϵ(x):

)
,

where again we have omitted the vacuum energy term as it will not be needed in section 4.

However, we would face the same problem as noted in the sharply regularised case, namely

that this definition of Hϵ
0 would not induce free imaginary-time evolution of the smoothly

regularised fields χϵ and χ̄ϵ, or indeed of the associated 𝔰𝔲2-currents (3.20). To preserve the

free imaginary-time dynamics we will assume that the smooth cutoff function η is positive,

namely η(x) > 0 for all x ∈ ℝ≥0, and define the free Hamiltonian instead as

Hϵ
0 :=

2π

L

(
Lϵ

0 + L̄ϵ
0

)
, (3.23a)

in terms of the smoothly regularised Virasoro zero-modes which are now defined as, cf. (2.36b),

Lϵ
0 :=

1

2

(
bϵ

0

)2
+
∑

n>0

1

η
(

2πnϵ
L

)bϵ
−nbϵ

n, L̄ϵ
0 :=

1

2

(
b̄ϵ

0

)2
+
∑

n>0

1

η
(

2πnϵ
L

) b̄ϵ
−nb̄ϵ

n. (3.23b)

In particular, the non-trivial prefactors in the sum over n > 0 are introduced to compensate

for the fact that the oscillators bϵ
n and b̄ϵ

n are no longer canonically normalised in the smoothly
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regularised relations (3.19a). As a result, we find that the free imaginary-time evolution of

the smoothly regularised chiral and anti-chiral bosons χϵ and χ̄ϵ is restored, namely

χϵ(x− iτ) = eτHϵ
0χϵ(x)e−τHϵ

0 , χ̄ϵ(x + iτ) = eτHϵ
0χ̄ϵ(x)e−τHϵ

0 , (3.24a)

and similarly for the associated 𝔰𝔲2-currents (3.20), exactly as in (2.63a), i.e.

Ja,ϵ(x− iτ) = eτHϵ
0Ja,ϵ(x)e−τHϵ

0 , J̄a,ϵ(x + iτ) = eτHϵ
0 J̄a,ϵ(x)e−τHϵ

0 . (3.24b)

In the limit ϵ→ 0 when the cutoff is removed, we find using the property η(0) = 1 that the

action of Hϵ
0 on states in the regularised Fock space (3.21) generated by creation operators

bϵ
−n and b̄ϵ

−n with mode numbers n well below the cutoff, in the sense that n≪ L
2πϵ , tends

to the action of the original WZW Hamiltonian H0 in the basic representation (2.36), so

that (3.23) is indeed a regularisation of the latter. In other words, we have

Hϵ
0 =

∫ L

0
dx
(
:∂xχϵ(x)∂xχϵ(x): + :∂xχ̄ϵ(x)∂xχ̄ϵ(x):

)
+ O(ϵ) (3.25)

when acting on states if 𝔉̂ϵ well below the cutoff in the above sense.

More generally, we could consider also cases where η(x) ≥ 0 for all x ∈ ℝ≥0 (rather than

η(x) > 0), for example in the case when η is compactly supported. In such cases one should

proceed as in the sharply regularised setting by first quotienting by the ideal ℑϵ
η generated by

all bϵ
n and b̄ϵ

n for which η(2π|n|ϵ/L) = 0. Working in the quotient ℌϵ
η/ℑϵ

η, we can then define

the free Hamiltonian Hϵ
0 exactly as in (3.23) but where the sum over n > 0 in (3.23b) is only

over modes bϵ
n and b̄ϵ

n that have not been quotiented out, i.e. for which η(2π|n|ϵ/L) ̸= 0.

In the quotiented theory we then maintain the free time evolution (3.24a) of the chiral and

anti-chiral smoothly regularised bosons, and of the corresponding currents in (3.24b).

In the smoothly regularised theory, divergent infinite sums appearing in any computation

will automatically be smoothly regularised by the cutoff function η. For example, considering

once again the problematic computation (2.66), in the present smoothly regularised setting

we would find the regularised sum

∑

n>0

bϵ
nb̄ϵ

n

∑

m>0

bϵ
−mb̄ϵ

−m|p, w⟩ =
∑

n>0

n2η

(
2πnϵ

L

)
|p, w⟩. (3.26)

Examples of cutoffs. There is a huge freedom in the choice of cutoff function η : ℝ≥0 → ℝ.

We see from (3.22) that η determines the Fourier coefficients of the smoothly regularised Dirac

comb δϵ(x− y). We will generally keep the cutoff function η arbitrary, but for completeness

we list here some examples related to various standard ways of regularising the Dirac comb.

The heat kernel KL(t, x) on the circle of circumference L is the fundamental solution

to the 1-dimensional heat equation ∂tKL = ∂2
xKL with periodicity KL(t, x + L) = KL(t, x)

and initial condition the Dirac comb KL(0, x) = δ(x). It is given explicitly in terms of the

Jacobi theta function θ3(z, q) =
∑

n∈ℤ qn2
e2inz by

KL(t, x) =
1

L
θ3

(
πx

L
, e−4π2t/L2

)
. (3.27)
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Since by definition KL(t, x− y)→ δ(x− y) as t→ 0, the heat kernel provides a regularisation

of the Dirac comb with time t acting as the regularisation parameter. So if we define

δϵ,hk(x− y) :=
1

L
KL(ϵ2, x− y) =

1

L

∑

n∈ℤ

e−4π2n2ϵ2/L2
e2πin(x−y)/L (3.28)

then δϵ,hk(x−y)→ δ(x−y) as ϵ→ 0. Comparing (3.28) with the general form of the smoothly

regularised Dirac comb in (3.22), we see that the heat kernel regularisation corresponds to

the choice of smooth cutoff function

ηhk(x) = e−x2
. (3.29)

Another natural way to regularise the Dirac comb δ(x−y) is to use point splitting, or the iϵ-

prescription. To do so, we split the sum over n ∈ ℤ in (2.54) into two separate sums over n ≥ 0

and n < 0, i.e. write δ(x− y) = δ+(x− y) + δ−(x− y) with δ+(x− y) = 1
L

∑
n≥0 e2πin(x−y)/L

and δ−(x− y) = 1
L

∑
n>0 e−2πin(x−y)/L. Both sums can be made to converge by shifting their

arguments by ±iϵ, respectively. We then define

δϵ,ps(x− y) := δ+(x− y + iϵ) + δ−(x− y − iϵ) =
1

L

∑

n∈ℤ

e−2π|n|ϵ/Le2πin(x−y)/L. (3.30)

Comparing (3.30) with the general form of the regularised Dirac comb in (3.22), we see that

the point splitting regularisation corresponds to the choice of smooth cutoff function

ηps(x) = e−x. (3.31)

To produce another example of a smoothly regularised Dirac comb, consider the sharply

regularised Dirac comb from section 3.1.1, which we write here as

δϵ,sh(x− y) =
1

L

⌊ L
2πϵ

⌋∑

n=−⌊ L
2πϵ

⌋
e2πin(x−y)/L =

1

L

∑

n∈ℤ

ηsh

(
2π|n|ϵ

L

)
e2πin(x−y)/L (3.32)

where ⌊ L
2πϵ⌋ denotes the integer part of L

2πϵ and ηsh(x) = 1x≤1 is the sharp cutoff function.

We then approximate this sharp cutoff function by a smooth bump function, e.g.

ηbf(x) =





e
− x2

1−x2 if x ≤ 1

0 if x > 1.
(3.33)

to obtain the following smooth regularisation of the Dirac comb

δϵ,bf(x− y) =
1

L

⌊ L
2πϵ

⌋∑

n=−⌊ L
2πϵ

⌋
exp

(
4π2n2ϵ2

4π2n2ϵ2 − L2

)
e2πin(x−y)/L. (3.34)

This is a finite sum as a result of the smooth cutoff function (3.33) being compactly supported.

Note, in particular, that this is an example of a cutoff function for which ηbf(x) ≥ 0.
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3.1.3 Asymptotics of harmonic sums

In section 3.1.2 we set up a formalism that replaces divergent infinite sums with smoothly

regularised sums. We now need a way to efficiently compute the singular part of the

asymptotic behaviour of such regularised sum in the limit ϵ→ 0 when the cutoff is removed.

A powerful framework for this is given by Mellin transform theory which we now review,

closely following [35].

Mellin transform. If f : (0,∞)→ ℝ is a real-valued locally Lebesgue integrable function

then its Mellin transform is

ℳ[f(x); s] = f∗(s) =

∫ ∞

0
f(x)xs−1dx, (3.35)

where s takes values on an open vertical strip ⟨α, β⟩ := {s = σ + it |σ ∈ (α, β)} of the complex

plane. The largest such strip where the integral converges for f is its fundamental strip.

We will only consider functions f which decay faster than any power of x at infinity,

that is, f(x) = O(x−r) as x → ∞ for all r ∈ ℤ≥0. The fundamental strip is then given

by a half-plane open strip ⟨α,∞⟩ whose left boundary α ∈ ℝ is controlled by the leading

order asymptotics f(x) ∼ c x−α as x→ 0+, for some c ≠ 0. More generally, the knowledge

of lower order terms in the asymptotics of f(x) as x → 0+ allows us to extend f∗ to a

meromorphic function on a larger strip. There is a remarkable correspondence between

terms in the asymptotic expansion of f and terms in the singular expansion of f∗, where

the singular expansion of a meromorphic function refers to the formal sum of the principal

parts at each of its poles following [35].

Suppose that as x → 0+ we have the asymptotics

f(x) =
∑

(ξ,k)∈A

cξ,kxξ(log x)k + O(xγ)

where the sum is over a finite subset A ⊂
{
(ξ, k) ∈ ℝ × ℤ≥0 | − γ < −ξ ≤ α

}
. Then the

Mellin transform f∗(s) can be analytically continued to a meromorphic function on the open

strip ⟨−γ,∞⟩ with the singular expansion [35, Theorem 3]

f∗(s) ≍
∑

(ξ,k)∈A

(−1)kk!cξ,k

(s + ξ)k+1
.

This result is known as the direct mapping theorem, giving the singular expansion of the

Mellin transform in terms of the coefficients of the asymptotic expansion of the original

function f . There is also a converse that holds under mild conditions, known as the converse

mapping theorem, which is stated as follows.

Let f : (0,∞) → ℝ be continuous, with Mellin transform f∗(s) having a fundamental

strip ⟨α,∞⟩ for some α ∈ ℝ. Assume that f∗(s) further admits a meromorphic continuation

to the open strip ⟨γ,∞⟩ for some γ < α with a finite number of poles, and is analytic on

Re(s) = γ. Assume also that there exists a real number η ∈ (α,∞) such that

f∗(s) = O(|s|−r) with r > 1,
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when |s| → ∞ in γ ≤ Re(s) ≤ η. If f∗(s) admits the singular expansion

f∗(s) ≍
∑

(ξ,k)∈A

dξ,k

(s− ξ)k

for s ∈ ⟨γ, α⟩, where the sum is over a finite subset A ⊂
{
(ξ, k) ∈ ℝ × ℤ≥0 | γ < ξ ≤ α

}
,

then an asymptotic expansion of f(x) at 0 is

f(x) =
∑

(ξ,k)∈A

dξ,k
(−1)k−1

(k − 1)!
x−ξ(log x)k−1 + O(x−γ).

Example 3.1. The Mellin transform of the point splitting cutoff function (3.31) is given by

the Gamma function

η∗
ps(s) =

∫ ∞

0
e−xxs−1 dx = Γ(s).

This is analytic on the open strip ⟨0,∞⟩ and extends to a meromorphic function η∗
ps : ℂ→ ℂ

with singular expansion

η∗
ps(s) ≍

∑

n≥0

(−1)n

n!

1

s + n
,

whose coefficients coincide with those of the Taylor expansion of (3.31) at x = 0. ◁

Example 3.2. The Mellin transform of the sharp high energy cutoff function ηsh(x) = 1x≤1 is

η∗
sh(s) =

∫ ∞

0
1x≤1xs−1 dx =

∫ 1

0
xs−1 dx =

1

s
.

This is clearly analytic on the open strip ⟨0,∞⟩ and defines a meromorphic function on

ℂ with a simple pole at the origin of residue 1. The coefficients of the singular expansion

η∗
sh(s) ≍ 1

s evidently match those of the Taylor expansion ηsh(x) = 1 at x = 0. ◁

In both of the above examples the Mellin transform could be computed exactly in terms

of standard functions whose singular expansion is well known. However, the full power

of the direct mapping theorem comes into play in situations when the Mellin transform

cannot be computed exactly. Indeed, despite not always having a closed formula for the

Mellin transform, its singular expansion can always be obtained directly from the asymptotic

expansion of the original function by virtue of the direct mapping theorem.

Harmonic sums. Our interest in Mellin transform theory is that it will allow us to compute

the singular behaviour of the asymptotics of smoothly regularised divergent series of the form

∑

n>0

nrη

(
2πnϵ

L

)
, (3.36)

for any r ∈ ℤ≥−1, in the limit ϵ → 0 when the cutoff is removed.

Consider more generally a series of the form G(x) =
∑

n>0 λn g(µnx), called a harmonic

sum, where g : ℝ>0 → ℝ is the base function, (µn)n>0 is the sequence of frequencies and

(λn)n>0 the sequence of amplitudes. A key property of the Mellin transform is that, under
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suitable conditions specified in [35, Lemma 2], when applied to a harmonic sum it separates

the frequency-amplitude pair from the base function, in the sense that it factorises as

G∗(s) = Λ(s)g∗(s) (3.37)

where Λ(s) :=
∑

n>0 λn(µn)−s is the associated Dirichlet series which encodes the information

about the frequencies and amplitudes.

In the case (3.36) of interest for us, we have λn = nr and µn = n so that the associated

Dirichlet series is the shifted Riemann ζ-function Λ(s) = ζ(s−r). Moreover, the base function

is a choice of smooth cutoff function η : ℝ≥0 → ℝ which satisfies all the assumptions of [35,

Lemma 2] so the Mellin transform of (3.36) factorises as

ℳ

[ ∞∑

n=1

nrη(nx); s

]
= ζ(s− r)η∗(s). (3.38)

Our strategy now is to recover the asymptotics of the sum (3.36) by finding the principal

parts of poles on the right-hand side of (3.38), then applying the converse mapping theorem.

We have the first two terms in the Laurent expansion ζ(s− r) = 1
s−r−1 + γ + O(s), where

γ here is the Euler-Mascheroni constant. As for η∗(s), since we are assuming that η is

analytic at x = 0 with η(0) = 1, see section 3.1.2, we have the asymptotic expansion at x = 0

of the form η(x) = 1+O(x). The direct mapping theorem then tells us that η∗ is meromorphic

on the open strip ⟨−1,∞⟩ with singular expansion η∗(s) ≍ 1/s. In the case r = −1 we shall

also need the constant term in the Laurent expansion of η∗(s) at s = 0, which reads

η∗(s) =
1

s
+ log Cη − γ + O(s),

where Cη is defined by log Cη − γ := −
∫∞

0 η′(x) log x dx. The shift by the Euler-Mascheroni

constant is introduced for later convenience. Indeed, the constant term in the expansion is

d

ds
(sη∗(s))|s=0 = − d

ds

(
ℳ[xη′(x); s]

)∣∣
s=0

= −ℳ[x(log x)η′(x); 0] = log Cη − γ,

where in the first two steps we used basic properties of the Mellin transform listed in [35,

figure 1], explicitly ℳ[xη′(x); s] = −sη∗(s) and d
dsf∗(s) = ℳ[(log x)f(x); s] for any f , and

the last step is by definition of Cη.

Putting together the above, when r = −1 we find that the Mellin transform of the

smoothly regularised harmonic series has the following singular expansion

ℳ

[ ∞∑

n=1

1

n
η(nx); s

]
≍ 1

s2
+

log Cη

s
.

Using the converse mapping theorem then gives the asymptotic expansion

∑

n>0

1

n
η

(
2πnϵ

L

)
= − log

(
2πϵ

L

)
+ log Cη + O(ϵ), (3.39)

where we have rescaled the variable x = 2πϵ/L. On the other hand, when r ≥ 0 we find that

the right hand side of (3.38) has the following singular expansion

ℳ

[ ∞∑

n=1

nrη(nx); s

]
≍ ζ(−r)

s
+

Cη,r

s− r − 1
,
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where Cη,r := η∗(r + 1) =
∫∞

0 xrη(x)dx. We immediately deduce using the converse mapping

theorem that we have the asymptotic expansion

∑

n>0

nrη

(
2πnϵ

L

)
=

(
L

2π

)r+1 Cη,r

ϵr+1
+ ζ(−r) + O(ϵ). (3.40)

where again we have rescaled the variable x = 2πϵ/L. Note that the asymptotic expan-

sion (3.40) can also be derived using the Euler-Maclaurin formula under slightly more

stringent conditions on the cutoff function η.

Enhanced cutoff functions. As noticed in [80], it is possible to find enhanced cutoff

functions η such that the coefficient Cη,r of the singular term in the asymptotic expan-

sion (3.40) vanishes for certain values of r ∈ ℤ≥0. In this case, the singular term is removed

and the regularised sum converges in the limit ϵ → 0 to the constant value ζ(−r). For

example, with the choice of smooth cutoff function η(x) = e−x cos(x) we have Cη,1 = 0 so that

∑

n>0

n e−2πnϵ/L cos

(
2πnϵ

L

)
→ − 1

12
as ϵ→ 0.

Such enhanced cutoff functions can be constructed for any non-negative integer r, as well as for

any subset of non-negative integers. We refer the reader to [80, section II.B] for more details.

In order for the coefficient Cη,r =
∫∞

0 xrη(x)dx of the singular term in (3.40) to vanish

for some r ∈ ℤ≥0, the cutoff function η must necessarily take negative values. Yet this would

lead to several issues in our approach. Firstly, recall from section 3.1.2 that in order to

ensure that the smoothly regularised Hamiltonian Hϵ
0 in (3.23) generates free imaginary-time

evolution on the smoothly regularised chiral and anti-chiral bosons χϵ and χ̄ϵ, we had to

assume that the smooth cutoff function η was positive. Secondly, and relatedly, within our

implementation of the regularisation at the level of the Heisenberg algebra (3.19), enhanced

cutoff functions are intrinsically unphysical: for any sufficiently small cutoff ϵ, there exists an

n ∈ ℤ≥1 for which the corresponding operator bϵ
−n ∈ 𝔅ϵ

η creates a state of negative norm.

This phenomenon is familiar in quantum field theory where unphysical regulators are

routinely employed. For example, Pauli-Villars regularisation introduces heavy auxiliary

fields with propagators of opposite sign to those of the physical fields, and hence with

associated negative-norm excitations. Dimensional regularisation (i.e. analytic continuation

in the spacetime dimension) is another widely used scheme whose lack of direct physical

interpretation is outweighed by the technical simplification it provides, in particular the

elimination of all but logarithmic divergences. Nevertheless, to avoid the complications

mentioned in the previous paragraph, in our approach we will not consider enhanced regulators.

By contrast, it is clear that there is no notion of enhanced cutoff function for the regularised

series (3.39) since, regardless of η, the log ϵ divergence will always be present. The significance

of the logarithmic divergence in (3.39) over the power-law divergences in (3.40) mirrors their

significance in renormalisation, where power-law divergences are regulator-dependent, while

logarithmic divergences are not and hence can be considered to be universal.

3.1.4 Regularised vertex operators

Recall from section 2.2.3 that moving from the self-dual compactification radius R◦ = 1/
√

2π

to a generic radius R = 2/β with β > 0 is achieved simply by rescaling the compact boson
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and dual boson as in (2.69). In particular, reintroducing the parameter β in the notation of

the compact boson Φβ and dual boson Φ̃β to specify the compactification radius R = 2/β,

moving between two different radii R = 2/β and R′ = 2/β is achieved by the simple rescaling

β′Φβ′ = βΦβ, β′−1Φ̃β′ = β−1Φ̃β. (3.41)

On the other hand, the behaviour of the family of full vertex operators (2.68) under a

change of compactification radius is more delicate. Indeed, the definition of these operators

depends on a notion of normal ordering taken with respect to the creation and annihilation

modes of the chiral and anti-chiral free bosons χ(u) and χ̄(ū). However, these fields mix

under the rescaling (2.69) via the relation (2.76). Consequently, the corresponding mode

operators are related by the Bogolyubov transformation (2.78), which intertwines creation

and annihilation operators and therefore complicates the transformation properties of the

normal-ordered products.

In order to both define the analogue of the family of full vertex operators (2.68) at a

generic radius R = 2/β and relate such vertex operators at two different radii R = 2/β and

R′ = 2/β′, it will be necessary to work with smoothly regularised bosons as introduced in

section 3.1.2. We shall therefore work with a smoothly regularised version of section 2.2.3, in

particular with the rescaled versions of the smoothly regularised compact boson and dual

boson, cf. (2.69), but restricted to S1 so

Φϵ(x) :=

√
8π

β
Xϵ(x), Φ̃ϵ(x) :=

β√
8π

X̃ϵ(x). (3.42)

In what follows we fix a value of β so we will drop the subscript β from all fields for now.

Let ⦂−⦂β denote the normal ordering with respect to the smoothly regularised chiral and

anti-chiral free bosons ϕϵ(x) and ϕ̄ϵ(x), i.e. using the analogue of the decomposition (2.73)

for the smoothly regularised fields. Consider the family of full vertex operators

V
β,ϵ
r,s (x) := ⦂e

iβ

2
(r+s)Φϵ(x)+ 4πi

β
(r−s)Φ̃ϵ(x)

⦂β (3.43)

= ⦂ei
√

8π(α+r+α−s)ϕϵ(x)
⦂β ⦂ei

√
8π(α−r+α+s)ϕ̄ϵ(x)

⦂β ,

for (r, s) ∈ ℤ
2. In other words, the exponent in the first line is just the smoothly regularised

version of (2.68) rewritten using the rescaling (3.42), but the normal ordering used is ⦂−⦂β

rather than :−: = ⦂−⦂√
8π. In the second line we have split the vertex operator into its chiral

and anti-chiral parts using the decomposition (2.72) and the definitions (2.77). Explicitly,

by analogy with the definition (2.30), or rather its smoothly regularised version, and the

definition of the normal ordering ⦂−⦂β we have

⦂eiαϕϵ(x)
⦂β = eiαϕϵ

+(x)eiαϕϵ
0(x)eiαϕϵ

−(x), ⦂eiαϕ̄ϵ(x)
⦂β = eiαϕ̄ϵ

+(x)eiαϕ̄ϵ
0(x)eiαϕ̄ϵ

−(x) (3.44)

for α ∈ ℝ. Following the discussion at the start of section 2.2.2, we note that the zero-mode

parts of these operators are not periodic under x 7→ x + L for general α ∈ ℝ, but one checks

that the zero-mode part of the particular combination in the second line of (3.43) is periodic

under x 7→ x + L when acting on the representation (3.20). Therefore (3.43) is a well-defined

operator on the direct sum of completed smoothly regularised Fock spaces (3.20).
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The easiest way to relate the smoothly regularised full vertex operator (3.43) for generic

β to the smoothly regularised version of (2.68), defined at the self-dual radius, is to relate

both to the exponential of field

iβ

2
(r + s)Φϵ(x) +

4πi

β
(r − s)Φ̃ϵ(x) =

i

R◦
(r + s)Xϵ(x) + 2πiR◦(r − s)X̃ϵ(x) (3.45)

without normal ordering. Of course, working with un-normal-ordered exponentials is only

possible since we are using regularized fields. On the right hand sides of the expressions (3.44)

we can form the exponential without normal ordering by combining the different exponentials

into a single exponential using the Baker-Campbell-Hausdorff formula, which gives

⦂eiαϕϵ(x)
⦂β = eiαϕϵ(x) exp

(
α2

8π

∑

n>0

1

n
η

(
2πnϵ

L

))
, (3.46)

⦂eiαϕ̄ϵ(x)
⦂β = eiαϕ̄ϵ(x) exp

(
α2

8π

∑

n>0

1

n
η

(
2πnϵ

L

))
. (3.47)

Combining these results we obtain the desired expression for the family of full vertex

operators (3.43) in terms of a single exponential without normal ordering, namely

V
β,ϵ
r,s (x) = e

i
R◦

(r+s)Xϵ(x)+2πiR◦(r−s)X̃ϵ(x) exp

((
(r + s)2 β2

16π
+ (r − s)2 4π

β2

)∑

n>0

1

n
η

(
2πnϵ

L

))
,

where in the first exponential we have used the identity (3.45). Since this first exponential

is independent of β, we see that the full vertex operators (3.43) are related for different

values of β by the exponential of a multiple of the smoothly regularised divergent sum (3.39).

Using the asymptotic expansion for the latter as ϵ → 0, from the results of section 3.1.3,

for any β, β′ > 0 we obtain the asymptotics

V
β′,ϵ
r,s (x) ∼

ϵ→0

(
2πϵ

CηL

)(r+s)2
(

β2

16π
− β′2

16π

)
+(r−s)2

(
4π

β2 − 4π

β′2

)

V
β,ϵ
r,s (x).

Later we will be particularly interested in the special case when r = s, for which the full

vertex operator (3.43) simplifies to Vβ,ϵ
r,r (x) = ⦂eirβΦϵ

β
(x)

⦂β and only involves the smoothly

regularised compact boson Φϵ
β , not the dual boson. Here we have reintroduced the subscript

β for clarity. Under a change of compactification radius from R = 2/β to R′ = 2/β′ we

then obtain the simplified asymptotics

⦂e
irβ′Φϵ

β′ (x)
⦂β′ ∼

ϵ→0

(
2πϵ

CηL

) r2

4π
(β2−β′2)

⦂eirβΦϵ
β

(x)
⦂β . (3.48)

In the particular case with r = ±1 and β′ =
√

8π, which corresponds to the self-dual radius

R◦ = 1/
√

2π, we find

:e±i
√

8πXϵ(x): = exp

((
2− β2

4π

)∑

n>0

1

n
η

(
2πnϵ

L

))
⦂e±iβΦϵ

β
(x)

⦂β

∼
ϵ→0

(
2πϵ

CηL

)β2

4π
−2

⦂e±iβΦϵ
β

(x)
⦂β (3.49)

where for later purposes we have also included the exact expression in ϵ.
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3.2 Effective Hamiltonians

In section 3.1 we introduced a general procedure for regularising the ultraviolet divergences

that arise in the Hamiltonian/operator formulation of the 𝔰𝔲2 WZW model at level 1 on the

circle S1 (see section 2). This was achieved by imposing a high-energy cutoff Λ, equivalently

a short-distance cutoff ϵ, on the chiral and anti-chiral free bosons χ and χ̄ on S1 in terms

of which the currents of the 𝔰𝔲2 WZW model are realised (see section 2.2).

The next step in the Wilsonian approach to renormalisation is to isolate a ‘shell’ of

higher-energy modes from the regularised free fields χΛ and χ̄Λ, namely those with energies

between the original cutoff Λ and a lower cutoff Λ′ < Λ. Or in terms of short-distance

cutoffs, this corresponds to isolating a ‘shell’ of shorter-distance degrees of freedom from the

regularised fields χϵ and χ̄ϵ, lying between the original cutoff ϵ and a longer cutoff ϵ′ > ϵ.

Given two short distance cutoffs ϵ′ > ϵ > 0, in section 3.2.1 we describe how to split the

smoothly regularised Heisenberg Lie algebra ℌϵ
η associated with the shorter cutoff ϵ into the

same Lie algebra ℌϵ′

η associated with the longer cutoff ϵ′ and a new ‘shell’ Lie algebra ℌϵ′
∖ϵ

η

representing short distance modes between the two cutoffs ϵ and ϵ′. Specifically, this split

is encoded as an embedding of Lie algebras ℌϵ
η → ℌϵ′

η ⊕ℌϵ′
∖ϵ

η ; more precisely, see (3.55).

This embedding is then used to introduce a representation Hϵ′,ϵ of the smoothly regularised

Heisenberg Lie algebra ℌϵ
η which canonically splits into a direct sum (3.65) of ‘long’ and

‘short’ distance subspaces denoted respectively as H
ϵ′,ϵ
l and Hϵ′,ϵ

s .

The final and key step in Wilsonian renormalisation is to ‘integrate out’ the short distance

degrees of freedom. The phrase ‘integrate out’ here comes from the action formalism where the

short distance degrees of freedom between two energy scales Λ′ < Λ are explicitly integrated

out in the path-integral to produce an effective action for the low energy degrees of freedom

below the cutoff Λ′. The key feature of this low energy effective action at the lower cutoff

Λ′ is that it captures the same physics as the original action at the higher energy cutoff Λ

in the sense that their corresponding partition functions agree.

The purpose of section 3.2.2 is to implement this ‘integrating out’ procedure at the

Hamiltonian level. Our starting point is to consider a Hamiltonian Hϵ in the regularised theory

at some length scale cutoff ϵ > 0 which is described as a perturbation Hϵ = Hϵ
0 + V(χϵ, χ̄ϵ) of

the free Hamiltonian Hϵ
0 of the smoothly regularised theory by a potential term which couples

together the chiral and anti-chiral bosons χϵ and χ̄ϵ. This Hamiltonian acts on the space of

states Hϵ′,ϵ constructed in section 3.2.1 which splits into a direct sum Hϵ′,ϵ = H
ϵ′,ϵ
l ⊕Hϵ′,ϵ

s of

‘long’ and ‘short’ distance subspaces. We then seek to construct an effective Hamiltonian

H̄
ϵ′,ϵ
eff built in terms of the degrees of freedom of the regularised theory at a larger cutoff

ϵ′ > ϵ, and thus acting on the long distance subspace H
ϵ′,ϵ
l , which captures the same dynamics

as the original Hamiltonian Hϵ restricted to this subspace. More precisely, our proposal

is to define the effective Hamiltonian H̄
ϵ′,ϵ
eff by requiring that its imaginary-time evolution

operator agrees with that of the original Hamiltonian Hϵ when restricted to states in the

long distance subspace H
ϵ′,ϵ
l .

By letting the length scale cutoff ϵ vary infinitesimally, in section 3.2.3 we derive a

Hamiltonian version of Polchinski’s equation [79] for the effective potential V(χϵ, χ̄ϵ) at the

cutoff ϵ > 0, see (3.108), which describes the variation of the Hamiltonian Hϵ = Hϵ
0 + V(χϵ, χ̄ϵ)

with respect to the cutoff ϵ as we ‘integrate out’ a thin shell of short distance modes. We
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then use this to relate the variation of the Hamiltonian under this ‘integrating out’ procedure

to the beta functions for the couplings of the interaction terms appearing in the effective

potential V(χϵ, χ̄ϵ).

3.2.1 Short/long distance splitting

Truncation and sharp regularisation. When dealing with truncated chiral and anti-chiral

bosons χΛ
trc and χ̄Λ

trc, separating out the higher-energy modes is straightforward. Indeed, recall

that these were defined in (3.3) as Fourier polynomials on S1. We can single out the modes

with energies between Λ and a lower energy cutoff Λ′ < Λ by introducing the ‘shell’ fields

χΛ∖Λ′

trc (u) = χΛ∖Λ′

trc,+ (u) + χΛ∖Λ′

trc,− (u), χ̄Λ∖Λ′

trc (ū) = χ̄Λ∖Λ′

trc,+ (ū) + χ̄Λ∖Λ′

trc,− (ū),

with the creation and annihilation parts defined by

χΛ∖Λ′

trc,± (u) :=
i√
4π

∑

Λ′<∓n≤Λ

1

n
bne−2πinu/L, χ̄Λ∖Λ′

trc,± (ū) :=
i√
4π

∑

Λ′<∓n≤Λ

1

n
b̄ne2πinū/L.

This allows us to decompose the truncated fields as

χΛ
trc(u) = χΛ′

trc(u) + χΛ∖Λ′

trc (u), χ̄Λ
trc(ū) = χ̄Λ′

trc(ū) + χ̄Λ∖Λ′

trc (ū), (3.50)

which is the usual decomposition of truncated fields into high and low energy parts.

In order to obtain an analogue of (3.50) for smoothly regularised fields, following sec-

tion 3.1.1 we first need to reformulate this decomposition for truncated fields in terms of

sharply regularised fields. For any Λ > Λ′ > 0, let us therefore introduce the Lie algebra

ℌΛ∖Λ′
with generators bΛ∖Λ′

n and b̄Λ∖Λ′

n for n ∈ ℤ \ {0} subject to the relations
[
bΛ∖Λ′

n , bΛ∖Λ′

m

]
= n

(
1|n|≤Λ − 1|n|≤Λ′

)
δn+m,0, (3.51a)

[
b̄Λ∖Λ′

n , b̄Λ∖Λ′

m

]
= n

(
1|n|≤Λ − 1|n|≤Λ′

)
δn+m,0, (3.51b)

for m, n ∈ ℤ \ {0}. As in the definition of the Lie algebra ℌΛ
log in section 3.1.1, the

modes bΛ∖Λ′

n and b̄Λ∖Λ′

n exist for every n ∈ ℤ \ {0} but we enforce that they are central

if n ∈ ℤ \ {0} lies outside of the range Λ′ < n ≤ Λ. Let 𝔅Λ∖Λ′
:= U(ℌΛ∖Λ′

) denote the

universal enveloping algebra.

The analogue of the high/low energy splitting (3.50) is then implemented in the sharply

regularised setting by noting that we have a natural embedding of Lie algebras

ςΛ∖Λ′ : ℌΛ
log −→ ℌΛ′

log ⊕ℌΛ∖Λ′
(3.52a)

defined on generators as mapping

xΛ
0 7−→ xΛ′

0 , bΛ
0 7−→ bΛ′

0 , bΛ
n 7−→ bΛ′

n + bΛ∖Λ′

n , (3.52b)

x̄Λ
0 7−→ x̄Λ′

0 , b̄Λ
0 7−→ b̄Λ′

0 , b̄Λ
n 7−→ b̄Λ′

n + b̄Λ∖Λ′

n (3.52c)

for n ∈ ℤ \ {0}. If we introduce the ‘shell’ chiral boson χΛ∖Λ′
(x) := χΛ∖Λ′

+ (x) + χΛ∖Λ′

− (x)

and anti-chiral boson χ̄Λ∖Λ′
(x) := χ̄Λ∖Λ′

+ (x) + χ̄Λ∖Λ′

− (x) where the creation and annihilation

parts are defined by the same formulae as in (2.27) but using the modes bΛ∖Λ′

n and b̄Λ∖Λ′

n ,

then the decompositions in (3.50) get replaced by the statements

ςΛ∖Λ′
(
χΛ(x)

)
= χΛ′

(x) + χΛ∖Λ′
(x), ςΛ∖Λ′

(
χ̄Λ(x)

)
= χ̄Λ′

(x) + χ̄Λ∖Λ′
(x). (3.53)

Note that (3.52) induces a morphism of algebras ςΛ∖Λ′ : 𝔅Λ → 𝔅Λ′ ⊗𝔅Λ∖Λ′
.
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Smooth regularisation. Recall the smoothly regularised Heisenberg Lie algebra ℌϵ
η with

cutoff function η : ℝ>0 → ℝ as introduced in section 3.1.2. Having just reformulated

the separation of high and low energy modes as a morphism of sharply regularised Lie

algebras (3.52), we can now similarly separate the short and long distance degrees of freedom

in the smoothly regularised setting as follows. For any ϵ′ > ϵ > 0 we can introduce, by direct

analogy with (3.51), the Lie algebra ℌϵ′
∖ϵ

η with generators bϵ′
∖ϵ

n and b̄ϵ′
∖ϵ

n for n ∈ ℤ \ {0}
satisfying the relations

[
bϵ′

∖ϵ
n , bϵ′

∖ϵ
m

]
= n

[
η

(
2π|n|ϵ

L

)
− η

(
2π|n|ϵ′

L

)]
δn+m,0, (3.54a)

[
b̄ϵ′

∖ϵ
n , b̄ϵ′

∖ϵ
m

]
= n

[
η

(
2π|n|ϵ

L

)
− η

(
2π|n|ϵ′

L

)]
δn+m,0, (3.54b)

for all m, n ∈ ℤ\{0}. As in the sharply regularised case (3.52), the short/long distance splitting

is then implemented in the smoothly regularised setting as an embedding of Lie algebras

ςϵ′
∖ϵ : ℌϵ

log,η −→ ℌϵ′

log,η ⊕ℌϵ′
∖ϵ

η (3.55a)

which is defined on generators as

xϵ
0 7−→ xϵ′

0 , bϵ
0 7−→ bϵ′

0 , bϵ
n 7−→ bϵ′

n + bϵ′
∖ϵ

n , (3.55b)

x̄ϵ
0 7−→ x̄ϵ′

0 , b̄ϵ
0 7−→ b̄ϵ′

0 , b̄ϵ
n 7−→ b̄ϵ′

n + b̄ϵ′
∖ϵ

n . (3.55c)

for every n ∈ ℤ \ {0}. Introducing the ‘shell’ chiral boson χϵ′
∖ϵ(x) := χϵ′

∖ϵ
+ (x) + χϵ′

∖ϵ
− (x) and

the ‘shell’ anti-chiral boson χ̄ϵ′
∖ϵ(x) := χ̄ϵ′

∖ϵ
+ (x)+ χ̄ϵ′

∖ϵ
− (x) where the creation and annihilation

parts are defined by the same formulae as in (2.27) but using the modes bϵ′
∖ϵ

n and b̄ϵ′
∖ϵ

n ,

we have the decompositions

ςϵ′
∖ϵ

(
χϵ(x)

)
= χϵ′

(x) + χϵ′
∖ϵ(x), ςϵ′

∖ϵ

(
χ̄ϵ(x)

)
= χ̄ϵ′

(x) + χ̄ϵ′
∖ϵ(x). (3.56)

Introducing the ‘shell’ compact boson Xϵ′
∖ϵ(x) = χϵ′

∖ϵ(x)+χ̄ϵ′
∖ϵ(x) we have the corresponding

decomposition ςϵ′
∖ϵ

(
Xϵ(x)

)
= Xϵ′

(x)+Xϵ′
∖ϵ(x). Letting 𝔅ϵ′

∖ϵ
η := U(ℌϵ′

∖ϵ
η ) denote the universal

enveloping algebra of ℌϵ′
∖ϵ

η , as usual, we note that (3.55) induces a morphism of algebras

ςϵ′
∖ϵ : 𝔅ϵ

η −→ 𝔅ϵ′

η ⊗𝔅ϵ′
∖ϵ

η . (3.57)

Fock space of a shell. Recall from section 2.2.2 the family of Fock spaces 𝔉p,w over the

Heisenberg Lie algebra ℌ with highest weight state |p, w⟩, for any p, w ∈ ℤ. The exponentials

of the zero-modes x0 and x̄0 of the Lie algebra ℌlog introduced in (2.39) provided intertwining

operators between these different Fock spaces. The completed Fock spaces 𝔉̂p,w were defined

in (2.45) using the natural ℤ≥0-grading on 𝔉p,w by total mode number. In section 3.1.2

we also introduced the analogues 𝔉ϵ
p,w and 𝔉̂ϵ

p,w over the smoothly regularised Heisenberg

Lie algebra ℌϵ
η.

We now consider the construction of Fock spaces over the Lie algebra ℌϵ′
∖ϵ

η with defining

relations (3.54). The key difference is that since this Lie algebra does not involve zero-modes,

we can only define a single Fock space over it, which we will denote by 𝔉ϵ′
∖ϵ, whose highest

weight state |0⟩ϵ′
∖ϵ is defined by the properties

bϵ′
∖ϵ

n |0⟩ϵ′
∖ϵ = 0, b̄ϵ′

∖ϵ
n |0⟩ϵ′

∖ϵ = 0 (3.58)
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for all n ∈ ℤ>0. There is a natural ℤ≥0-grading, cf. (2.44),

𝔉ϵ′
∖ϵ =

⊕

d≥0

𝔉ϵ′
∖ϵ

d (3.59)

defined by letting the highest weight state |0⟩ϵ′
∖ϵ have grade 0 and by assigning grade n

to the modes bϵ′
∖ϵ

−n and b̄ϵ′
∖ϵ

−n for any n ∈ ℤ \ {0}. It will be convenient to also introduce

the subspace of strictly positive grade states

𝔉ϵ′
∖ϵ

>0 =
⊕

d>0

𝔉ϵ′
∖ϵ

d . (3.60)

Noting that the grade 0 subspace is spanned by the highest weight state, i.e. 𝔉ϵ′
∖ϵ

0 = ℂ |0⟩ϵ′
∖ϵ,

we then have the following important direct sum decomposition

𝔉ϵ′
∖ϵ = ℂ |0⟩ϵ′

∖ϵ ⊕𝔉ϵ′
∖ϵ

>0 . (3.61)

We will be interested in the tensor product

𝔉ϵ′,ϵ := 𝔉ϵ′ ⊗𝔉ϵ′
∖ϵ (3.62)

which is canonically a module over the direct sum Lie algebra ℌϵ′

η ⊕ℌϵ′
∖ϵ

η . Crucially, using

the embedding of Lie algebras (3.55), or more precisely its restriction ςϵ′
∖ϵ : ℌϵ

η → ℌϵ′

η ⊕ℌϵ′
∖ϵ

η ,

the tensor product (3.62) defines a representation over ℌϵ
η. Consider the subspaces

𝔉ϵ′,ϵ
l := 𝔉ϵ′ ⊗ ℂ |0⟩ϵ′

∖ϵ , (3.63a)

𝔉ϵ′,ϵ
s := 𝔉ϵ′ ⊗𝔉ϵ′

∖ϵ
>0 (3.63b)

of 𝔉ϵ′,ϵ, which we refer to as its long and short distance subspaces, respectively. Indeed,

the subspace 𝔉ϵ′,ϵ
l only contains excitations by modes bϵ′

n and b̄ϵ′

n of the Heisenberg Lie algebra

ℌϵ′

η with the longer length scale cutoff ϵ′ > ϵ. By contrast, the subspace 𝔉ϵ′,ϵ
s contains at

least one excitation by the modes bϵ′
∖ϵ

n and b̄ϵ′
∖ϵ

n from the short distance ‘shell’ Lie algebra

ℌϵ′
∖ϵ

η . Importantly, using (3.61) we obtain a direct sum decomposition of vector spaces

𝔉ϵ′,ϵ = 𝔉ϵ′,ϵ
l ⊕ 𝔉ϵ′,ϵ

s . (3.64)

Following (2.45), we consider the completions of the tensor product (3.62) and its long

and short distance subspaces (3.63) with respect to the total ℤ≥0-grading on the tensor

product. We will denote these completions by Hϵ′,ϵ, H
ϵ′,ϵ
l and Hϵ′,ϵ

s , respectively. The

decomposition (3.64) extends to these completions, namely

H
ϵ′,ϵ = H

ϵ′,ϵ
l ⊕ H

ϵ′,ϵ
s . (3.65)

Note that we have the important canonical isomorphism

H
ϵ′,ϵ
l
∼= 𝔉̂ϵ′

(3.66)

so that Hϵ′,ϵ includes as a direct summand the completed space of states (3.21) in the smoothly

regularised theory at the larger length scale cutoff ϵ′ > ϵ.
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It will be useful to introduce the following piece of notation and terminology. Let

Pl : Hϵ′,ϵ → H
ϵ′,ϵ
l , Ps : Hϵ′,ϵ → H

ϵ′,ϵ
s (3.67)

onto the long and short distance subspaces of Hϵ′,ϵ relative to the decomposition (3.65). We

say that an operator O ∈ EndHϵ′,ϵ is block diagonal if it does not mix the short and long

distance subspaces, i.e. we have PlOPs = PsOPl = 0 so that O = PlOPl + PsOPs. On the

other hand, we say that O is pure mixing, or block off-diagonal, if PlOPl = PsOPs = 0

so that O = PlOPs + PsOPl. We can always decompose any operator O ∈ EndHϵ′,ϵ into its

block diagonal and pure mixing parts as O = Obd + Opm where

Obd := PlOPl + PsOPs, Opm := PlOPs + PsOPl. (3.68)

3.2.2 Integrating out a thin shell

Infinitesimally thin shell. Now that we are working with an arbitrary smooth cutoff

function η, it makes sense to vary the cutoff ϵ infinitesimally. Indeed, recall that in the

truncation setting of section 3.1.1 the cutoff Λ necessarily had to be an integer, since

±Λ represented the bounds in the truncated sums, such as in (3.3b). Likewise, in the

sharply regularised setting, although Λ could now be a real number, the sharply regularised

algebra (3.11) only depends on the integer part ⌊Λ⌋ of Λ since for all n ∈ ℤ the condition

that |n| ≤ Λ is equivalent to |n| ≤ ⌊Λ⌋. So in the sharply regularised setting the cutoff

Λ is effectively still an integer.

By contrast, the smoothly regularised algebra (3.19) depends smoothly on the length scale

cutoff ϵ, which can be an arbitrary positive real number. Since we will be interested in varying

the cutoff smoothly in section 3.2.3, to derive renormalisation group flows, from this section

onward we will focus on the case when the thickness of the ‘shell’ δϵ = ϵ′ − ϵ is infinitesimally

small, and will only work to first order in δϵ. We will make extensive use of the fact that in

this ‘thin shell’ limit the ‘shell’ Heisenberg Lie algebra (3.54) expands to first order in δϵ as

[
bϵ′

∖ϵ
n , bϵ′

∖ϵ
m

]
= −n|n|2π

L
η′
(

2π|n|ϵ
L

)
δn+m,0δϵ + O(δϵ2), (3.69a)

[
b̄ϵ′

∖ϵ
n , b̄ϵ′

∖ϵ
m

]
= −n|n|2π

L
η′
(

2π|n|ϵ
L

)
δn+m,0δϵ + O(δϵ2). (3.69b)

for all n, m ∈ ℤ \ {0}. Recall from section 3.2.1 that the smoothly regularised short

distance chiral and anti-chiral bosons on the circle S1 have no zero-mode contribution, only

creation/annihilation parts, i.e. χϵ′
∖ϵ(u) = χϵ′

∖ϵ
+ (u) + χϵ′

∖ϵ
− (u) and χ̄ϵ′

∖ϵ(ū) = χ̄ϵ′
∖ϵ

+ (ū) +

χ̄ϵ′
∖ϵ

− (ū) as in (2.26) but with the zero-modes removed. We can write their mode expansions

explicitly as

χϵ′
∖ϵ(u) =

i√
4π

∑

n̸=0

1

n
bϵ′

∖ϵ
n e−2πinu/L, χ̄ϵ′

∖ϵ(u) =
i√
4π

∑

n̸=0

1

n
b̄ϵ′

∖ϵ
n e2πinū/L. (3.70)

The 2-point functions of these chiral and anti-chiral bosons coincide up to conjugation and

can be computed in the thin shell limit using (3.69) to be, for u1, u2 ∈ ℂ,

ϵ′
∖ϵ ⟨0|χϵ′

∖ϵ(u1)χϵ′
∖ϵ(u2) |0⟩ϵ′

∖ϵ = δϵ ∆ϵ
s(u1, u2) + O(δϵ2), (3.71a)

ϵ′
∖ϵ ⟨0| χ̄ϵ′

∖ϵ(ū1)χ̄ϵ′
∖ϵ(ū2) |0⟩ϵ′

∖ϵ = δϵ ∆̄ϵ
s(ū1, ū2) + O(δϵ2) (3.71b)
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where we have defined

∆ϵ
s(u1, u2) := − 1

2L

∑

n>0

η′
(

2πnϵ

L

)
exp

(
2πin

L
(u2 − u1)

)
, (3.72a)

∆̄ϵ
s(ū1, ū2) := − 1

2L

∑

n>0

η′
(

2πnϵ

L

)
exp

(
2πin

L
(ū1 − ū2)

)
. (3.72b)

Introducing interactions. Recall the free Hamiltonian Hϵ
0 in the regularised theory with

cutoff ϵ defined in (3.23). We are interested in adding to it an interaction term V(χϵ, χ̄ϵ)

which couples together the two chiralities of the compact boson Xϵ. The interaction may also

depend on spatial derivatives of χϵ and χ̄ϵ but we will always omit those from the notation

for simplicity. Consider the Hamiltonian

Hϵ := Hϵ
0 + V(χϵ, χ̄ϵ). (3.73)

This operator defines an endomorphism Hϵ ∈ End 𝔉̂ϵ of the completed space of states (3.21)

in the smoothly regularised theory at cutoff ϵ. However, in order to be able to ‘integrate out’

the short distance modes we first need to let this Hamiltonian act on the space of states Hϵ′,ϵ.

To begin with, the free part Hϵ
0 of the Hamiltonian (3.73) generates free time evolution

on the fields χϵ, χ̄ϵ regularised at the cutoff ϵ > 0, so in the effective Hamiltonian acting

on the short distance subspace H
ϵ′,ϵ
l we can simply replace this term by the sum of the free

Hamiltonian Hϵ′

0 , which generates the same free time evolution on χϵ′
, χ̄ϵ′

regularised at the

larger cutoff ϵ′ > ϵ, and a free Hamiltonian Hϵ′
∖ϵ

0 , which generates the free time evolution on

the shell fields χϵ′
∖ϵ, χ̄ϵ′

∖ϵ. The latter has an explicit expression similar to (3.23) assuming

that η is monotonically decreasing so that the difference η(2π|n|ϵ
L )− η(2π|n|ϵ′

L ) appearing on

the right hand side of (3.54) is non-vanishing.

Dealing with the interaction term in (3.73) is more complicated. To let it act on Hϵ′,ϵ we

apply the splitting morphism (3.55) which using (3.56) has the effect of replacing the fields

χϵ and χ̄ϵ by χϵ′
+ χϵ′

∖ϵ and χ̄ϵ′
+ χ̄ϵ′

∖ϵ, respectively. This leads to the Hamiltonian

H̄ϵ = Hϵ′

0 + Hϵ′
∖ϵ

0 + V
(
χϵ′

+ χϵ′
∖ϵ, χ̄ϵ′

+ χ̄ϵ′
∖ϵ). (3.74)

The issue, of course, is that this potential term need not preserve the long distance subspace

H
ϵ′,ϵ
l since it can contain pure mixing terms, in the terminology introduced at the end of

section 3.2.1, that would take us out of the long distance space H
ϵ′,ϵ
l and into the short

distance one Hϵ′,ϵ
s . To isolate these problematic terms it is useful to start by expanding the

potential in (3.74) in terms of the short distance bosons χϵ′
∖ϵ(x) and χ̄ϵ′

∖ϵ(x) as

V
(
χϵ′

+ χϵ′
∖ϵ, χ̄ϵ′

+ χ̄ϵ′
∖ϵ) = V(χϵ′

, χ̄ϵ′
) (3.75)

+

∫ L

0
dx Vϵ′,(1,0)(x)χϵ′

∖ϵ(x) +

∫ L

0
dx Vϵ′,(0,1)(x)χ̄ϵ′

∖ϵ(x)

+

∫ L

0
dx1

∫ L

0
dx2Vϵ′,(2,0)(x1, x2)χϵ′

∖ϵ(x1)χϵ′
∖ϵ(x2)

+

∫ L

0
dx1

∫ L

0
dx2Vϵ′,(0,2)(x1, x2)χ̄ϵ′

∖ϵ(x1)χ̄ϵ′
∖ϵ(x2)

+

∫ L

0
dx1

∫ L

0
dx2Vϵ′,(1,1)(x1, x2)χϵ′

∖ϵ(x1)χ̄ϵ′
∖ϵ(x2) + . . .
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where the coefficient operators Vϵ′,(i,j)(x) depend only on the long distance (anti-)chiral

bosons χϵ′
(x), χ̄ϵ′

(x) and their ∂x-derivatives. By using (3.70) we can rewrite (3.75) explicitly

as an expansion in terms of chiral and anti-chiral short distance modes as

V
(
χϵ′

+ χϵ′
∖ϵ, χ̄ϵ′

+ χ̄ϵ′
∖ϵ) = V(χϵ′

, χ̄ϵ′
) +

i√
4π

∑

n̸=0

1

n
Vϵ′,(1,0)

n bϵ′
∖ϵ

n +
i√
4π

∑

n̸=0

1

n
Vϵ′,(0,1)

n b̄ϵ′
∖ϵ

n

− 1

4π

∑

n,m ̸=0

1

nm
Vϵ′,(2,0)

n,m bϵ′
∖ϵ

n bϵ′
∖ϵ

m − 1

4π

∑

n,m ̸=0

1

nm
Vϵ′,(0,2)

n,m b̄ϵ′
∖ϵ

n b̄ϵ′
∖ϵ

m

− 1

4π

∑

n,m ̸=0

1

nm
Vϵ′,(1,1)

n,m bϵ′
∖ϵ

n b̄ϵ′
∖ϵ

m + . . . (3.76)

where for example the coefficients of the purely chiral terms shown are given by

Vϵ′,(1,0)
n :=

∫ L

0
dx Vϵ′,(1,0)(x)e−2πinx/L, (3.77)

Vϵ′,(2,0)
n,m :=

∫ L

0
dx1

∫ L

0
dx2 Vϵ′,(2,0)(x1, x2)e−2πinx1/Le−2πimx2/L. (3.78)

Each sum on the right hand side of (3.76) is a mixture of block diagonal and pure mixing

parts. For instance, in the first sum over n ≠ 0, the chiral modes with n < 0 send H
ϵ′
∖ϵ

l

to Hϵ′
∖ϵ

s and hence contribute to the pure mixing part, but they also send Hϵ′
∖ϵ

s to itself,

therefore also contributing to the block diagonal part. The chiral terms with n > 0 also

contribute to both the block diagonal and pure mixing parts. Explicitly, for n > 0 we have

(
bϵ′

∖ϵ
−n

)
bd

= bϵ′
∖ϵ

−n Ps,
(
bϵ′

∖ϵ
−n

)
pm

= bϵ′
∖ϵ

−n Pl,
(
bϵ′

∖ϵ
n

)
bd

= Psbϵ′
∖ϵ

n ,
(
bϵ′

∖ϵ
n

)
pm

= Plb
ϵ′
∖ϵ

n
(
b̄ϵ′

∖ϵ
−n

)
bd

= b̄ϵ′
∖ϵ

−n Ps,
(
b̄ϵ′

∖ϵ
−n

)
pm

= b̄ϵ′
∖ϵ

−n Pl,
(
b̄ϵ′

∖ϵ
n

)
bd

= Psb̄ϵ′
∖ϵ

n ,
(
b̄ϵ′

∖ϵ
n

)
pm

= Plb̄
ϵ′
∖ϵ

n .

(3.79)

However, notice that the purely (anti-)chiral double sums on the second line of (3.76) with

n > 0 and m = −n only contribute to the block diagonal part since they create and then

annihilate the same short distance (anti-)chiral excitation.

Effective Hamiltonian. Consider the decomposition of (3.74) into its block diagonal and

pure mixing parts

H̄ϵ = H̄ϵ
bd + H̄ϵ

pm. (3.80)

Our goal is to describe an effective Hamiltonian H̄
ϵ′,ϵ
eff on the long distance subspace H

ϵ′,ϵ
l which

captures the same dynamics as the original Hamiltonian (3.80) restricted to this subspace.

Naively, one could try to define the effective Hamiltonian on the long distance subspace

H
ϵ′,ϵ
l by simply projecting H̄ϵ onto this subspace, namely

H̄
ϵ′,ϵ
eff

?
= PlH̄

ϵPl ∈ EndH
ϵ′,ϵ
l . (3.81)

The problem is that the latter depends only on the block diagonal piece H̄ϵ
bd and is completely

independent of the pure mixing term H̄ϵ
pm. In other words, the approximation in (3.81) would

be exact only if the original Hamiltonian had no pure mixing term, i.e. if H̄ϵ
pm = 0.
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It is important at this point to emphasise that we are not, at least in this section, treating

the potential term in (3.74) as a small perturbation. Instead, as previously mentioned, we

are working perturbatively in the shell thickness δϵ, specifically to first order. In fact, as we

shall see, since the right hand side of the ‘shell’ Heisenberg Lie algebra (3.69) is of order δϵ,

virtual excursion into the shell subspace Hϵ′,ϵ
s and back will cost a factor of δϵ. But H̄ϵ

pm is

pure mixing so its effect is precisely to move between the short and long distance subspaces.

This means that we will effectively be working perturbatively in H̄ϵ
pm, and more specifically

to second order. We are therefore treating H̄ϵ
pm in the decomposition (3.80) as a perturbation

and seeking corrections to the naive effective Hamiltonian (3.81) of second order in H̄ϵ
pm.

In order to construct a long distance effective Hamiltonian that reproduces the dynamics of

the full Hamiltonian H̄ϵ on the long distance subspace, instead of focusing on the Hamiltonians

themselves, as in (3.81), we will consider directly their associated evolution operators. Just as

in the free theory, see section 2.2.2, it will be convenient to consider imaginary-time evolution

to construct the effective Hamiltonian. So consider the exponential operator

e−T H̄ϵ

= e−T (H̄ϵ
bd+H̄ϵ

pm) = e−T H̄ϵ
bdT
←−exp

[
−
∫ T

0
dτ H̄ϵ

pm(τ)

]
(3.82)

for any T ∈ ℝ>0. In the last expression here we have introduced the imaginary-time ordering

symbol T . In particular, the time-ordered exponential T ←−exp is defined by its Dyson expansion,

with factors evaluated at larger values of τ placed to the left of those evaluated at smaller

values of τ . We also use the notation

O(τ) := eτ H̄ϵ
bdOe−τ H̄ϵ

bd . (3.83)

for the imaginary-time evolution of an operator O ∈ EndHϵ′,ϵ by the block diagonal part

H̄ϵ
bd of the full interacting Hamiltonian H̄ϵ. In order to derive the last expression in (3.82), it

is useful to consider the operator U(T ) := eT H̄ϵ
bde−T H̄ϵ

. This satisfies the first order linear

differential equation d
dT U(T ) = −eT H̄ϵ

bdH̄ϵ
pme−T H̄ϵ

= −H̄ϵ
pm(T )U(T ) and initial condition

U(0) = 1, which specifies it uniquely. But another solution of this differential equation

and initial condition is given by the imaginary-time ordered exponential on the right hand

side of (3.82).

We can now introduce the effective Hamiltonian H̄
ϵ′,ϵ
eff ∈ EndH

ϵ′,ϵ
l by the condition that

the associated imaginary-time evolution operator under a time T > 0 coincides with the

restriction to the long distance subspace H
ϵ′,ϵ
l of the imaginary-time evolution operator (3.82)

in the full theory, i.e.

e−T H̄
ϵ′,ϵ

eff := Ple
−T H̄ϵ

Pl. (3.84)

It is important to note that such a relation cannot hold for every T ∈ ℝ>0. Indeed, although

the left hand side of (3.84) is a representation of the semi-group (ℝ>0, +) under composition,

i.e. e−T H̄
ϵ′,ϵ

eff e−T ′H̄
ϵ′,ϵ

eff = e−(T +T ′)H̄ϵ′,ϵ

eff for any T, T ′ ∈ ℝ>0, this is not the case of the right hand

side since between two successive imaginary-time evolutions by times T ′ and T under the full

Hamiltonian H̄ϵ we are artificially projecting back to the long distance subspace. Thus T > 0

in (3.84) will be a fixed imaginary time on which the effective Hamiltonian explicitly depends.
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Since formula (3.84) is defining an effective Hamiltonian in the regularised theory at

the length scale cutoff ϵ′, a natural choice for the imaginary time T would be the cutoff ϵ′

itself, i.e. T = ϵ′ the smallest available distance in the regularised theory. However, as we

shall see in the main example of section 4, the choice of T will not have any impact on the

renormalisation group flow of the theory, at least not to the perturbative order we will be

working at. So from now on we will keep the imaginary time T in (3.84) fixed but arbitrary.

The explicit T -dependence of (3.84) should be understood in light of the comparison

with other notions of effective Hamiltonian discussed in section 1.2.2 of the Introduction. In

particular, in Hamiltonian Truncation Effective Theory [14, 26] the effective Hamiltonian

is defined by matching transition amplitudes between low-energy states, which amounts

to comparing the real-time evolution generated by the full and effective Hamiltonians in

an infinite-time limit. By contrast, our prescription (3.84) matches a finite imaginary-time

evolution operator. Taking T →∞ in (3.84) would therefore not reproduce the same real-

time matching condition, but would instead isolate the large imaginary-time behaviour of

the projected evolution operator, dominated by the lowest-energy eigenstates of the full

Hamiltonian with nonzero projection onto the long-distance subspace. Keeping T finite

instead allows for the physically motivated choice T ∼ ϵ′ discussed above. At higher orders

in perturbation theory, where a genuine T -dependence may survive, clarifying its conceptual

role in the present Hamiltonian Wilsonian framework remains an interesting open question.

Recall that we only wish to work up to second order in the pure mixing part H̄ϵ
pm of (3.80)

since this will be sufficient to determine the effective Hamiltonian H̄
ϵ′,ϵ
eff up to the first order

in the shell thickness δϵ. In what follows we begin to unpack the definition (3.84) to obtain

the desired expression for the effective Hamiltonian H̄
ϵ′,ϵ
eff at order δϵ.

Restricting both sides of (3.82) to the long distance subspace H
ϵ′,ϵ
l and using the defini-

tion (3.84) of the effective Hamiltonian on the left hand side, we obtain

e−T H̄
ϵ′,ϵ

eff = e−T PlH̄
ϵPl Pl

(
T
←−exp

[
−
∫ T

0
dτ H̄ϵ

pm(τ)

])
Pl. (3.85)

On the right hand side we have used the fact that

Ple
−T H̄ϵ

bd = Ple
−T PlH̄

ϵPl−T PsH̄ϵPs = Ple
−T PlH̄

ϵPle−T PsH̄ϵPs = e−T PlH̄
ϵPlPl,

which follows from repeatedly using the identities PlPs = PsPl = 0, in particular in the second

equality to show that PlH̄
ϵPl and PsH̄ϵPs commute since their product in either order vanishes.

It is convenient to introduce the long distance effective potential V
ϵ′,ϵ
eff (T ), for an interaction

of imaginary-time T > 0, as the operator logarithm of the second factor on the right hand

side of (3.85). Specifically, we set

e−T V
ϵ′,ϵ

eff (T ) := Pl

(
T
←−exp

[
−
∫ T

0
dτ H̄ϵ

pm(τ)

])
Pl. (3.86)

This allows us to rewrite the definition of the effective Hamiltonian (3.85) as

e−T H̄
ϵ′,ϵ

eff = e−T PlH̄
ϵPl e−T V

ϵ′,ϵ

eff (T ). (3.87)
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We will see shortly that the effective potential is second order in H̄ϵ
pm, so in order to work to the

desired first order in δϵ we will only need an expression for the effective Hamiltonian up to first

order in V
ϵ′,ϵ
eff (T ). Using the expansion of the Baker-Campbell-Hausdorff formula in the form

log(eXeY ) = X +
adX

1− e− adX
Y + O(Y 2),

which follows from a well-known integral expression for the Baker-Campbell-Hausdorff formula,

see for instance [48], and applying it to the right hand side of (3.87) we obtain

H̄
ϵ′,ϵ
eff = PlH̄

ϵPl −
T adH̄ϵ

bd

1− e
T adH̄ϵ

bd

V
ϵ′,ϵ
eff (T ) + O

(
V

ϵ′,ϵ
eff (T )2). (3.88)

In the second term on the right hand side we have implicitly used the fact that the adjoint

action of H̄ϵ
bd on an operator in EndH

ϵ′,ϵ
l coincides with the adjoint action of PlH̄

ϵPl.

Block diagonal contribution. Since we are working to first order in δϵ, we can obtain

an explicit expression for the block diagonal contribution PlH̄
ϵPl to the effective Hamilto-

nian (3.88). The free Hamiltonian Hϵ′

0 + Hϵ′
∖ϵ

0 in (3.74) satisfies Pl(H
ϵ′

0 + Hϵ′
∖ϵ

0 )Pl = Hϵ′

0 ,

so we focus on the potential.

In the expansion (3.76) of the potential, any term containing an odd number of chiral or

anti-chiral shell oscillators will necessarily have a different number of creation and annihilation

operators, and thus such terms cannot contribute to PlH̄
ϵPl. In the same vein, the terms in

the expansion (3.76) which contain an even number of chiral and anti-chiral shell oscillators

will only contribute to PlH̄
ϵPl if they consist of normal ordered creation/annihilation pairs

of the same chirality, i.e. if they are of the form

N∏

i=1

bϵ′
∖ϵ

ni
bϵ′

∖ϵ
−ni

M∏

j=1

b̄ϵ′
∖ϵ

mj
b̄ϵ′

∖ϵ
−mj

(3.89)

for some ni > 0 for i = 1, . . . , N and mj > 0 for j = 1, . . . , M with N, M ∈ ℤ≥1. Using the

‘thin shell’ Heisenberg Lie algebra relations (3.69) we see that such an operator contributes

a term to PlH̄
ϵPl which is of order δϵN+M . Since we are working to first order in δϵ, the

only terms contributing to this order are the ones with (N, M) = (0, 0), (1, 0) and (0, 1),

i.e. the leading term V(χϵ′
, χ̄ϵ′

) and the purely chiral/anti-chiral terms in the second line

on the right hand side of (3.76). In other words, we have

PlH̄
ϵPl = Hϵ′

0 + V(χϵ′
, χ̄ϵ′

) + δϵ

∫ L

0
dx1

∫ L

0
dx2

(
Vϵ′,(2,0)(x1, x2)∆ϵ

s(x1, x2)

+ Vϵ′,(0,2)(x1, x2)∆̄ϵ
s(x1, x2)

)
+ O(δϵ2)

= Hϵ′

0 + V(χϵ′
, χ̄ϵ′

)− δϵ

2L

∑

n>0

η′
(

2πnϵ

L

)(
V

ϵ′,(2,0)
n,−n + V

ϵ′,(0,2)
n,−n

)
+ O(δϵ2). (3.90)

Notice that if the potential in (3.74) was originally normal ordered then we would in fact have

V
ϵ′,(2,0)
n,−n = V

ϵ′,(0,2)
n,−n = 0 and so PlH̄

ϵPl = Hϵ′

0 + V(χϵ′
, χ̄ϵ′

) + O(δϵ2). In this case, to first order

in δϵ the block diagonal piece PlH̄
ϵPl of the effective Hamiltonian (3.88) at the larger cutoff

ϵ′ > ϵ takes the exact same form as the original Hamiltonian (3.73) at the smaller cutoff ϵ.
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One can think of each individual chiral and anti-chiral creation/annihilation pair in (3.89),

namely the individual products bϵ′
∖ϵ

ni
bϵ′

∖ϵ
−ni

and b̄ϵ′
∖ϵ

mj
b̄ϵ′

∖ϵ
−mj

, as virtual excursions into the short

distance sector Hϵ′
∖ϵ

s of the space of states Hϵ′
∖ϵ. In other words, even though PlH̄

ϵPl is an

operator in EndH
ϵ′
∖ϵ

l , it receives contributions at order δϵ from processes which involve the

temporary excitation of a mode of the short distance (anti-)chiral bosons χϵ′
∖ϵ and χ̄ϵ′

∖ϵ.

Effective potential contribution. We now turn to the evaluation of the O(δϵ) contribution

of the effective potential V
ϵ′,ϵ
eff (T ) to the effective Hamiltonian H̄

ϵ′,ϵ
eff , i.e. the second term on

the right hand side of (3.88).

Expanding the right hand side of (3.86) to second order in H̄ϵ
pm gives

e−T V
ϵ′,ϵ

eff (T ) = Pl +
1

2

∫ T

0
dτ1

∫ T

0
dτ2 Pl

(
T
(
H̄ϵ

pm(τ1)H̄ϵ
pm(τ2)

))
Pl + O

(
(H̄ϵ

pm)4). (3.91)

The absence of the linear term on the right hand side follows using the fact that

PlH̄
ϵ
pm(τ)Pl = Ple

τ H̄ϵ
bd(PlH̄

ϵ
pmPs + PsH̄ϵ

pmPl)e
−τ H̄ϵ

bdPl

= Ple
τ H̄ϵ

bdPlH̄
ϵ
pmPse−τ H̄ϵ

bdPl + Ple
τ H̄ϵ

bdPsH̄ϵ
pmPle

−τ H̄ϵ
bdPl = 0 (3.92)

where in the first step we used the definitions (3.83) and (3.68). Then the last equality follows

from the fact that H̄ϵ
bd is block diagonal so that Ple

τ H̄ϵ
bdPs = 0 using PlPs = PsPl = 0, and

similarly we have that Pse−τ H̄ϵ
bdPl = 0. A similar argument shows that all the terms in the

expansion with an odd power of H̄ϵ
pm vanish, hence why (3.91) holds to O

(
(H̄ϵ

pm)4
)
.

Combining this with the expansion of the operator logarithm log(1 + A) = A + O(A2)

for some operator A ∈ EndH
ϵ′,ϵ
l , and noting that Pl acts as the identity on H

ϵ′,ϵ
l , we can

expand the effective potential (3.86) as

V
ϵ′,ϵ
eff (T ) = − 1

T
log

(
Pl

(
T
←−exp

[
−
∫ T

0
dτ H̄ϵ

pm(τ)

])
Pl

)

= − 1

2T

∫ T

0
dτ1

∫ T

0
dτ2 Pl

(
T
(
H̄ϵ

pm(τ1)H̄ϵ
pm(τ2)

))
Pl + O

(
(H̄ϵ

pm)4). (3.93)

Note that the N th term in this expansion, i.e. the term of order (H̄ϵ
pm)2N , represents N virtual

excursions from the long distance subspace into the shell subspace and back; schematically

Hϵ′,ϵ
s · · · Hϵ′,ϵ

s

H
ϵ′,ϵ
l H

ϵ′,ϵ
l H

ϵ′,ϵ
l H

ϵ′,ϵ
l .

PlH̄
ϵPs PlH̄

ϵPsPsH̄ϵPl PsH̄ϵPl

In particular, when the operator H̄ϵ
pm(τ) for τ ∈ [0, T ] is acting on the long distance subspace

it can be replaced by PsH̄ϵ(τ)Pl and when it is acting on the shell subspace it can be replaced

instead by PlH̄
ϵ(τ)Ps.

It will be convenient to split the double integral over the square (τ1, τ2) ∈ [0, T ]2 in (3.93)

into the two sub-regions where the difference τ := τ1−τ2 is such that τ ∈ [0, T ] and τ ∈ [−T, 0].
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Explicitly, we can rewrite the effective potential (3.93) as

V
ϵ′,ϵ
eff (T ) = − 1

2T

∫ T

0
dτ

∫ T −τ

0
dτ2 e

τ2 adH̄ϵ
bd PlH̄

ϵ
pm(τ)H̄ϵ

pmPl

− 1

2T

∫ 0

−T
dτ

∫ T

−τ
dτ2 e

τ2 adH̄ϵ
bd PlH̄

ϵ
pmH̄ϵ

pm(τ)Pl + O
(
(H̄ϵ

pm)4). (3.94)

Applying the operator acting on the effective potential in (3.88) then allows us to perform

the integrals over τ2 explicitly to find

−
T adH̄ϵ

bd

1− e
T adH̄ϵ

bd

V
ϵ′,ϵ
eff (T ) = −1

2

∫ T

−T
dτ Wϵ(τ) PlT

(
H̄ϵ

pm(τ)H̄ϵ
pm

)
Pl + O

(
(H̄ϵ

pm)4) (3.95)

where Wϵ(τ) is a weighting operator defined by

Wϵ(τ) =
1

1− e
T adH̄ϵ

bd





(
1− e

(T −τ) adH̄ϵ
bd

)
, if 0 ≤ τ ≤ T,

(
e

−τ adH̄ϵ
bd − e

T adH̄ϵ
bd

)
, if − T ≤ τ < 0.

(3.96)

Note, in particular, that Wϵ(τ) is continuous at τ = 0 where it is just the identity operator

Wϵ(0) = id and it vanishes at the boundaries of the integration domain, namely Wϵ(±T ) = 0.

Finally, by the same argument that led to (3.90), the only contribution to the effective

potential (3.93) at order δϵ is

−
T adH̄ϵ

bd

1− e
T adH̄ϵ

bd

V
ϵ′,ϵ
eff (T ) = −δϵ

2

∫ T

0
dτ

∫ L

0
dx1

∫ L

0
dx2 Wϵ(τ) (3.97)

×
(
Vϵ′,(1,0)(x1; τ)Vϵ′,(1,0)(x2)∆ϵ

s(x1 − iτ, x2)

+ Vϵ′,(0,1)(x1; τ)Vϵ′,(0,1)(x2)∆̄ϵ
s(x1 + iτ, x2)

)

− δϵ

2

∫ 0

−T
dτ

∫ L

0
dx1

∫ L

0
dx2 Wϵ(τ)

×
(
Vϵ′,(1,0)(x2)Vϵ′,(1,0)(x1; τ)∆ϵ

s(x2, x1 − iτ)

+ Vϵ′,(0,1)(x2)Vϵ′,(0,1)(x1; τ)∆̄ϵ
s(x2, x1 + iτ)

)
+ O(δϵ2),

where the semicolon notation for the imaginary-time dependence, such as Vϵ′,(1,0)(x1; τ), is

defined by conjugating by eτ H̄ϵ
bd as in (3.83), e.g. Vϵ′,(1,0)(x1; τ) := eτ H̄ϵ

bdVϵ′,(1,0)(x1)e−τ H̄ϵ
bd .

It will be convenient to abuse the notation of the imaginary-time ordering symbol T

here and write the above expression more simply as

−
T adH̄ϵ

bd

1− e
T adH̄ϵ

bd

V
ϵ′,ϵ
eff (T ) = −δϵ

2

∫ T

−T
dτ

∫ L

0
dx1

∫ L

0
dx2 Wϵ(τ) (3.98)

× T

(
Vϵ′,(1,0)(x1; τ)Vϵ′,(1,0)(x2)∆ϵ

s(x1 − iτ, x2)

+ Vϵ′,(0,1)(x1; τ)Vϵ′,(0,1)(x2)∆̄ϵ
s(x1 + iτ, x2)

)
+ O(δϵ2).

In other words, when the 2-point functions ∆ϵ
s(x1−iτ, x2) and ∆̄ϵ

s(x1 +iτ, x2) of the chiral and

anti-chiral shell bosons, defined in (3.72), appear inside an imaginary-time ordered product
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T of two operators, the order of their arguments depends on which of the two operators

comes first, as can be seen in the full expression (3.97).

In order to see why (3.97) holds, we first observe that since the free part Hϵ′

0 + Hϵ′
∖ϵ

0

in (3.74) is block diagonal it does not contribute to H̄ϵ
pm(τ). The contribution from the

potential part is found using the expansion (3.75) to be

H̄ϵ
pm(τ) =

∫ L

0
dx Vϵ′,(1,0)(x; τ)χϵ′

∖ϵ(x− iτ)pm +

∫ L

0
dx Vϵ′,(0,1)(x; τ)χ̄ϵ′

∖ϵ(x + iτ)pm (3.99)

+

∫ L

0
dx1

∫ L

0
dx2Vϵ′,(2,0)(x1, x2; τ)

(
χϵ′

∖ϵ(x1 − iτ)χϵ′
∖ϵ(x2 − iτ)

)
pm

+

∫ L

0
dx1

∫ L

0
dx2Vϵ′,(0,2)(x1, x2; τ)

(
χ̄ϵ′

∖ϵ(x1 + iτ)χ̄ϵ′
∖ϵ(x2 + iτ)

)
pm

+

∫ L

0
dx1

∫ L

0
dx2Vϵ′,(1,1)(x1, x2; τ)

(
χϵ′

∖ϵ(x1 − iτ)χ̄ϵ′
∖ϵ(x2 + iτ)

)
pm

+ . . .

where the dependence on the imaginary time τ is defined by conjugating by eτ H̄ϵ
bd as in (3.83).

In particular, it follows using the Baker-Campbell-Hausdorff formula that the imaginary time

evolution of χϵ′
∖ϵ(x)pm and χ̄ϵ′

∖ϵ(x)pm by eτ H̄ϵ
bd coincide with their free evolution by eτHϵ′

∖ϵ
0 ,

up to terms that are either at least quadratic in the short distance modes bϵ′
∖ϵ

n or of order at

least δϵ. Similarly, every other term in the expansion (3.99), from the second line onwards on

the right hand side, is at least of quadratic order in the short distance modes bϵ′
∖ϵ

n and of

order at least δϵ. Hence, since we are working to first order in δϵ, the only contribution to the

right hand side of (3.95) comes from the term written, of order (H̄ϵ
pm)2, with H̄ϵ

pm(τ) replaced

simply by
∫ L

0 dx Vϵ′,(1,0)(x; τ)χϵ′
∖ϵ(x− iτ)pm +

∫ L
0 dx Vϵ′,(0,1)(x; τ)χ̄ϵ′

∖ϵ(x+ iτ)pm. The desired

result (3.97) now follows since Plχ
ϵ′
∖ϵ(u1)χϵ′

∖ϵ(u2)Pl and Plχ̄
ϵ′
∖ϵ(ū1)χ̄ϵ′

∖ϵ(ū2)Pl are just given

by multiplication by the shell propagators δϵ ∆ϵ
s(u1, u2) and δϵ ∆̄ϵ

s(ū1, ū2) defined in (3.72).

3.2.3 Renormalisation group flow

It is useful at this point to summarise the result of section 3.2.2. We considered in (3.73) a

family of interacting Hamiltonians Hϵ, labelled by the cutoff scale ϵ > 0, defined by adding

to the free Hamiltonian Hϵ
0 of the smoothly regularised theory at cutoff ϵ, see (3.23), a

potential term V(χϵ, χ̄ϵ) of the smoothly regularised chiral and anti-chiral bosons χϵ and

χ̄ϵ. Starting from a given cutoff ϵ > 0, we introduced an effective Hamiltonian H̄
ϵ′,ϵ
eff at a

larger cutoff ϵ′ > ϵ by the requirement in (3.84) that its imaginary-time evolution for a fixed

time T > 0 coincides with that of the original Hamiltonian Hϵ when restricted to states

in the long distance subspace (3.66). When the cutoff is varied infinitesimally, we worked

out this effective Hamiltonian to first order in δϵ. Combining (3.88) with (3.90) and (3.98),

the final expression takes the form

H̄
ϵ′,ϵ
eff = Hϵ′

+ δϵ

∫ L

0
dx1

∫ L

0
dx2

(
Vϵ′,(2,0)(x1, x2)∆ϵ

s(x1, x2) + Vϵ′,(0,2)(x1, x2)∆̄ϵ
s(x1, x2)

)

− δϵ

2

∫ T

−T
dτ

∫ L

0
dx1

∫ L

0
dx2 Wϵ(τ) T

(
Vϵ′,(1,0)(x1, τ)Vϵ′,(1,0)(x2)∆ϵ

s(x1 − iτ, x2)

+ Vϵ′,(0,1)(x1, τ)Vϵ′,(0,1)(x2)∆̄ϵ
s(x1 + iτ, x2)

)
+ O(δϵ2), (3.100)
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where we recall definition of the propagators δϵ ∆ϵ
s(u1, u2) and δϵ ∆̄ϵ

s(ū1, ū2) for both the shell

chiral and anti-chiral bosons χϵ′
∖ϵ(u) and χ̄ϵ′

∖ϵ(u) in (3.72).

Cutoff independence. Given two distinct cutoffs ϵ′ > ϵ, we cannot directly compare the

two Hamiltonians Hϵ and Hϵ′
since they are defined in the smoothly regularised theories using

the same cutoff function η but at the different cutoff scales ϵ and ϵ′, respectively. The effective

Hamiltonian H̄
ϵ′,ϵ
eff is what enables such a comparison. Indeed, by definition, it encodes the

same (imaginary-time T ) evolution at the longer cutoff scale ϵ′ > ϵ as the Hamiltonian Hϵ does

at the smaller cutoff scale ϵ. We can thus compare Hϵ and Hϵ′
by considering the difference

δHϵ′
:= Hϵ′ − H̄

ϵ′,ϵ
eff (3.101)

in the smoothly regularised theory at the cutoff ϵ′. If this difference were zero, i.e. δHϵ′
= 0,

then the Hamiltonian Hϵ would be independent of the cutoff ϵ in the sense that the (imaginary-

time T ) evolution of the Hamiltonians Hϵ and Hϵ′
for two different cutoffs ϵ′ > ϵ would coincide

when projected onto the long distance subspace H
ϵ′,ϵ
l . However, it follows from (3.100) that

in the limit δϵ = ϵ′ − ϵ→ 0 the difference (3.101) can be expressed to leading order in δϵ as

δHϵ′
=

δϵ

2

∫ T

−T
dτ

∫ L

0
dx1

∫ L

0
dx2 Wϵ(τ) T

(
Vϵ,(1,0)(x1; τ)Vϵ,(1,0)(x2)∆ϵ

s(x1 − iτ, x2) (3.102)

+ Vϵ,(0,1)(x1; τ)Vϵ,(0,1)(x2)∆̄ϵ
s(x1 + iτ, x2)

)

− δϵ

∫ L

0
dx1

∫ L

0
dx2

(
Vϵ,(2,0)(x1, x2)∆ϵ

s(x1, x2) + Vϵ,(0,2)(x1, x2)∆̄ϵ
s(x1, x2)

)
+ O(δϵ2).

Although the second term on the right hand side will vanish if the potential V(χϵ, χ̄ϵ) is normal

ordered, as explained in section 3.2.2, there is no reason for the first term to vanish. Indeed, as

we will see in the main example in section 4, this term typically produces an infinite series in ϵ.

The key idea behind Wilsonian renormalisation, in the present Hamiltonian setting, is to

allow various parameters in the Hamiltonian Hϵ of the smoothly regularised theory at cutoff

ϵ to depend themselves on the cutoff in such a way as to compensate for the variation (3.101)

of the Hamiltonian as we integrate out short distance degrees of freedom.

In other words, if the family of smoothly regularised interacting Hamiltonians Hϵ depends

on a (possibly infinite) collection of parameters (gj), namely Hϵ = Hϵ[(gj)], then we let these

parameters depend on ϵ and require that

∑

i

ϵ∂ϵgi(ϵ)
∂Hϵ

∂gi

[
(gj(ϵ))

]
+ lim

ϵ′→ϵ
ϵ
δHϵ′

δϵ

[
(gj(ϵ))

]
= 0. (3.103)

Here, the second term encodes the variation (3.101) of Hϵ[(gj(ϵ))] arising from the process of

integrating out the short distance degrees of freedom χϵ′
∖ϵ(u) and χ̄ϵ′

∖ϵ(u) in a thin shell

of thickness δϵ. The first sum on the left hand side describes the compensatory variation of

Hϵ[(gj(ϵ))] coming from the explicit dependence of the parameters gj(ϵ) on the cutoff. The

condition (3.103) is known as the renormalisation group equation. It ensures that the full

Hamiltonian Hϵ[(gj(ϵ))], with its parameters flowing with the cutoff ϵ, is actually independent

of the cutoff ϵ, as it should be since the cutoff is purely artificial and therefore unphysical.
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Beta functions. To be more explicit, we consider the usual situation where the potential

V(χϵ, χ̄ϵ) in (3.73) is given by a linear combination of local operators

V(χϵ, χ̄ϵ) =
∑

j

ϵ∆j−2gj(ϵ)

∫ L

0
dx Oϵ

j(x), (3.104)

where the densities Oϵ
j(x) are operators on S1 built out of the smoothly regularised (anti-)chiral

bosons χϵ(x), χ̄ϵ(x) and their derivatives, with conformal dimensions ∆j . The parameters

gj(ϵ) are the coupling constants for each of the local operators and in view of the above

discussion they are given an explicit cutoff dependence. We assume that the coupling constants

are all dimensionless and so we include an explicit factor of ϵ∆j−2 to ensure that the potential

itself has inverse length dimension, matching the dimension of the Hamiltonian.

As usual, the local operators appearing in the potential V(χϵ, χ̄ϵ) as in (3.104) fall into

three categories. The operator
∫ L

0 dx Oϵ
j(x) is said to be

relevant if ∆j < 2, marginal if ∆j = 2 and irrelevant if ∆j > 2.

Crucially, relevant/irrelevant operators are multiplied by negative/positive powers of the

cutoff ϵ, while marginal ones come without any additional cutoff dependent factors.

One should include in the potential (3.104) of the effective theory at the cutoff ϵ, all of

the possible local operators compatible with the symmetries of the theory under consideration.

Indeed, when performing the integration over the thin shell of thickness δϵ, the complicated

O(δϵ) expression on the right hand side of (3.102) will typically produce an infinite sum over

all possible local operators compatible with the symmetries of the theory. In other words,

if we assume that the collection of local operators in (3.104) is a complete set of all local

operators compatible with the symmetries of our theory then we can write

lim
ϵ′→ϵ

ϵ
δHϵ′

δϵ

[
(gj(ϵ))

]
= −

∑

j

ϵ∆j−2βqu
j

[
(gk(ϵ))

] ∫ L

0
dx Oϵ

j(x) (3.105)

for some coefficients βqu
j

[
(gk(ϵ))

]
depending on the original couplings in (3.104). Substitut-

ing (3.104) and (3.105) into the left hand side of the renormalisation group equation (3.103),

and setting to zero the coefficients of each local operator
∫ L

0 dx Oϵ
j(x), we obtain the beta

equation for the corresponding coupling gj(ϵ), namely

ϵ∂ϵgj = (2−∆j)gj + βqu
j [(gk)] =: βj [(gk)]. (3.106)

The first term on the right hand side is the ‘classical’ scaling dimension which stems from

the dimensionful prefactor ϵ∆j−2 in front of the coupling in (3.104), while the second term

is the ‘quantum’ correction coming from integrating out the thin shell degrees of freedom.

The sum of both terms defines the beta function βj [(gk)] of the coupling gj .

Comparison to Wilson-Polchinski. Our renormalisation group equation (3.103) for the

running of the couplings gj(ϵ) in the Hamiltonian Hϵ[(gj(ϵ))] bears a very close resemblance

to Polchinski’s equation [79] for the running of the couplings in the effective interaction

Sint
Λ with a smooth high energy cutoff Λ.
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To see this, we can use the explicit form (3.102) of the variation δHϵ′
to first order in δϵ

to compute the limit ϵ′ → ϵ on the left hand side of (3.103). Specifically, dividing (3.102)

by δϵ and taking the limit δϵ → 0, all higher order terms which are not explicitly written

in (3.102) disappear. On the other hand, since the couplings are all contained in the potential

part of the interacting Hamiltonian (3.73), we can write the first term on the left hand side

of (3.103) in terms of the potential as

∑

i

ϵ∂ϵgi(ϵ)
∂Hϵ

∂gi

[
(gj(ϵ))

]
=
∑

i

ϵ∂ϵgi(ϵ)
∂V(χϵ, χ̄ϵ)

∂gi

[
(gj(ϵ))

]
=: ϵ∂ϵV(χϵ, χ̄ϵ). (3.107)

Here the right hand side is just a shorthand for the middle expression, namely the derivative

ϵ∂ϵ is to be understood as acting only on the couplings in V(χϵ, χ̄ϵ). Putting all this together

we can then rewrite the renormalisation group equation (3.103) as

ϵ∂ϵV(χϵ, χ̄ϵ) = ϵ

∫ L

0
dx1

∫ L

0
dx2

(
Vϵ,(2,0)(x1, x2)∆ϵ

s(x1, x2) + Vϵ,(0,2)(x1, x2)∆̄ϵ
s(x1, x2)

)

− ϵ

2

∫ T

−T
dτ

∫ L

0
dx1

∫ L

0
dx2 Wϵ(τ) T

(
Vϵ,(1,0)(x1; τ)Vϵ,(1,0)(x2)∆ϵ

s(x1 − iτ, x2)

+ Vϵ,(0,1)(x1; τ)Vϵ,(0,1)(x2)∆̄ϵ
s(x1 + iτ, x2)

)
. (3.108)

This equation is structurally of the same form as Polchinski’s equation [79]. We can depict

it schematically as follows:

ϵ∂ϵ S1 = S1 +
∑

S1

The left hand side represents the flow of the coupling in front of one of the local operators in

the potential (3.104). Specifically, the red vertices in the diagrams represent densities Oϵ
j(x),

with each solid red line representing a constituent long distance (anti-)chiral boson χϵ(x),

χ̄ϵ(x) or their ∂x-derivatives. (We are simplifying the story here for illustration purposes.

In the main example of section 4 below we will be interested in densities Oϵ
j(x) given by

products of chiral and anti-chiral vertex operators as in (3.20), which diagrammatically would

be represented by vertices with arbitrarily many legs.) The blue vertex in the last diagram

represents a density Oϵ
j(x− iτ) that is shifted in the imaginary time direction, with each solid

blue line representing a constituent long distance (anti-)chiral boson χϵ(x− iτ), χ̄ϵ(x + iτ)

or their ∂x-derivatives. The dotted lines represent short distance propagators ∆ϵ
s for the

(anti-)chiral shell bosons χϵ′
∖ϵ, χ̄ϵ′

∖ϵ as defined in (3.72). Each red vertex is integrated over S1

while the blue vertex in the last diagram is integrated over the shaded blue region [−T, T ]×S1

on the cylinder ℝ× S1. The sum in the last diagram is over all ways of building the given

density Oϵ
j(x) on the left hand side from two other densities in the potential (3.104).

Renormalised trajectories. Each solution of the renormalisation group equations (3.106)

represents a particular quantum field theory built from the smoothly regularised (anti-)chiral
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bosons χϵ and χ̄ϵ. In particular, the Hamiltonian Hϵ[(gj(ϵ))] = Hϵ
0 + V(χϵ, χ̄ϵ) in (3.73),

with potential given by (3.104), describes the same theory at different values of the cutoff

ϵ > 0 in the sense described in section 3.2.2.

A fundamentally important class of solutions to the renormalisation group equation (3.106)

are the constant ones, which occur at the zeros of the beta function. These fixed points

typically represent conformal field theories which are intrinsically scale-invariant, allowing

the cutoff to be removed. Indeed, because the couplings do not run, the Hamiltonian Hϵ is

invariant under the flow and thus independent of the short distance cutoff ϵ.

Any Hamiltonian that is normal-ordered, has only marginal couplings and is block diagonal

in the sense introduced at the end of section 3.2.1, defines such a constant solution. Indeed,

as we saw in section 3.2.2, given any block diagonal Hamiltonian H̄ϵ at the cutoff ϵ, the

effective Hamiltonian at the longer cutoff ϵ′ > ϵ is given simply by the naive projection (3.81)

of H̄ϵ onto the long distance subspace H
ϵ′,ϵ
l , i.e. H̄

ϵ′,ϵ
eff = PlH̄

ϵPl. In particular, there is no

correction coming from the effective potential as in (3.88). Moreover, if H̄ϵ is normal-ordered

then by the discussion after (3.90) we have H̄
ϵ′,ϵ
eff = Hϵ′

+ O(δϵ2). In other words, the variation

of the Hamiltonian (3.101) resulting from integrating out a thin shell of short distance modes

vanishes to first order in δϵ. The quantum correction to the beta function, introduced

in (3.105), then vanishes when evaluated on the set of couplings g∗
j of our Hamiltonian Hϵ.

And if all these couplings are marginal, i.e. dimensionless, then the full beta function vanishes

βj [(g
∗
k)] = 0, implying by (3.106) that the couplings g∗

j are in fact constant.

The free Hamiltonian Hϵ
0 itself, introduced in (3.23), corresponds to a constant solution

of the renormalisation group equation (3.106), namely the trivial fixed point g∗
j = 0. This is

a smoothly regularised version of the WZW model associated with 𝔰𝔲2 at level 1, or rather

of its free field realisation (2.36) in terms of the free boson X and dual boson X̃ compactified

at the self-dual radius R◦ = 1/
√

2π from section 2.2.2. The 1-parameter family of free

bosons Φβ and dual bosons Φ̃β compactified at a generic radius R = 2/β, introduced in

section 2.2.3, also describe conformal field theories. As we will see in section 4 below, these

correspond to a line of fixed points in the renormalisation group flow parametrised by β

and connected by a marginal deformation.

We are mainly interested in non-trivial, i.e. non-constant, solutions to the renormalisation

group equation (3.106) which represent massive quantum field theories. The general solution

is specified by an initial condition at a fixed scale ϵ0, namely it can be written as

gj(ϵ) = gj
(
gk(ϵ0), ϵ/ϵ0

)
(3.109)

for some function gj of all the initial couplings gk(ϵ0) and the parameter ϵ/ϵ0 < 1.

Since we are interested in quantum field theories whose behaviour in the UV is described by

marginally relevant deformations of a 2-dimensional conformal field theory, we are particularly

interested in solutions (3.109) for which the initial couplings gk(ϵ0) in the UV limit ϵ0 → 0

approach those of a 2-dimensional conformal field theory. In other words, we are interested

in solutions gj(ϵ) to the renormalisation group equation (3.106) which are defined all the

way to the UV limit ϵ → 0 and such that:

a) all the irrelevant couplings are switched off in the UV, i.e.

lim
ϵ→0

gj(ϵ) = 0 if ∆j > 2, (3.110a)
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b) the marginal couplings approach the specific dimensionless constants gj∗ parameterising

the 2-dimensional conformal field theory in the UV, i.e.

lim
ϵ→0

gj(ϵ) = gj∗ if ∆j = 2, (3.110b)

c) the relevant couplings tend to zero sufficiently fast in the UV, namely

gj(ϵ) ∼
ϵ→0

(mjϵ)2−∆j if ∆j < 2 (3.110c)

for some mass scales mj .

Such a solution describes the renormalised trajectory emanating from the conformal field

theory in the UV described by the dimensionless parameters g∗
j for ∆j = 2.

4 The quantum sine-Gordon model on S1

We now apply the general method of Wilsonian renormalisation in the Hamiltonian framework

as developed in section 3 to our main example, the quantum sine-Gordon model. In section 4.1

we begin by relating this model to the anisotropic deformation of the 𝔰𝔲2 WZW at level

1. In section 4.2 we then compute the quantum beta functions of the marginal couplings

of the anisotropic deformation to derive the renormalisation group flow of the quantum

sine-Gordon model. We summarise the result obtained for this flow in section 4.3 and make

some further comments.

4.1 The Sine-Gordon Hamiltonian

In section 4.1.1 we introduce the anisotropic deformation of the 𝔰𝔲2 WZW model at level 1,

where to ensure that the perturbation is well defined we work with the smoothly regularised

version, at some cutoff ϵ > 0, of the compactified boson X = χ + χ̄ at the self-dual radius

R◦ = 1/
√

2π. In section 4.1.2 we relate this theory to the conventional description of the

sine-Gordon Hamiltonian, written in terms of the compactified boson Φϵ with cutoff dependent

radius R(ϵ) = 2/β(ϵ) and its conjugate momentum Πϵ, where β(ϵ) is related to one of the

couplings of the anisotropic deformation of the 𝔰𝔲2 WZW model at level 1.

4.1.1 Anisotropic deformation of the WZW model

Recall the Hamiltonian H0 of the WZW model (2.16). As already emphasised in section 2, our

goal is to describe quantum field theories on the compact space S1, in the Hamiltonian/opera-

tor formalism, whose behaviour in the ultraviolet is given by a marginally relevant deformation

of H0. And for simplicity we have been focusing throughout this paper on the Lie algebra 𝔰𝔲2.

In what follows we will consider the so called anisotropic deformation of the 𝔰𝔲2

WZW model, which breaks the 𝔰𝔲2 symmetry of the model down to its Cartan subalgebra

𝔲1, and whose Hamiltonian is given formally by

H = H0 +
g1

4π

∫ L

0
dx
(
J+(x)J̄−(x) + J−(x)J̄+(x)

)
+

g2

8π

∫ L

0
dx J3(x)J̄3(x) (4.1)

for some coupling constants g1 and g2, where the factors of 4π and 8π are introduced for

later convenience. Recall that Ja(x) and J̄a(x) denote the chiral and anti-chiral currents
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introduced in section 2.1.1 but expressed in the periodic complex coordinate u ∼ u + L on

the cylinder iℝ× S1, as in (2.8). Here we are restricting these currents to the real slice S1,

whose periodic coordinate we denote by x ∼ x + L, following the conventions of section 2.

The Hamiltonian (4.1) is only ‘formal’ in the sense that, as explained at the end of

section 2.2.2, the two operators defining the perturbation are integrals of local operators

coupling the two chiralities together and are therefore not well defined. Indeed, formal

expressions as in (2.65) produce divergent series when acting on the Fock space 𝔉̂, see (2.66).

In order to make sense of the deformed Hamiltonian (4.1) we therefore need to pass over

to the smoothly regularised theory at some cutoff ϵ > 0. As explained in section 3.1.2, the

smoothly regularised 𝔰𝔲2-currents at level 1 are then defined by the same expressions (3.20)

as the basic representation (2.31) but written in terms of the smoothly regularised chiral

and anti-chiral bosons χϵ and χ̄ϵ. We can now make sense of the formal expressions for

the two perturbing local operators in (4.1) by introducing the regularised counterparts of

their densities as

Oϵ
1(x) :=

1

4π

(
J+,ϵ(x)J̄−,ϵ(x) + J−,ϵ(x)J̄+,ϵ(x)

)

=
π

L2

(
:ei

√
8πχϵ(x)ei

√
8πχ̄ϵ(x): + :e−i

√
8πχϵ(x)e−i

√
8πχ̄ϵ(x):

)
, (4.2a)

Oϵ
2(x) :=

1

8π
J3,ϵ(x)J̄3,ϵ(x) = ∂xχϵ(x)∂xχ̄ϵ(x). (4.2b)

With these definitions in place, the desired Hamiltonian of the anisotropic deformation of the

𝔰𝔲2 WZW model at level 1 is given in the smoothly regularised theory at scale ϵ > 0 by

Hϵ = Hϵ
0 + g1(ϵ)

∫ L

0
dx Oϵ

1(x) + g2(ϵ)

∫ L

0
dx Oϵ

2(x), (4.3)

using the same notation convention as in (3.104) for the potential.

Since the expressions (4.2) are both smoothly regularised versions of operators of conformal

dimension 2 in the free compactified boson theory at the self-dual radius R◦ = 1/
√

2π, they

come multiplied by a factor of ϵ0 = 1, in accordance with (3.104). Technically, by the

general discussion in section 3.2.3, we should also include in the interaction term of the

Hamiltonian (4.3) all possible local operators that are compatible with the symmetry of the

two terms already written. In particular, this will include an infinite number of irrelevant

operators
∫ L

0 dx Oϵ
j(x), say labeled by j > 3, with their own independent couplings gj(ϵ).

Indeed, we shall see below in section 4.2 that an infinite number of irrelevant terms is

generated in the variation of the Hamiltonian (4.3) after integrating out a thin shell. Since we

will only be concerned with deriving the flows of the couplings g1 and g2 in (4.3), from now on

we will always suppress all the irrelevant operators. However, for illustration purposes we will

compute in section 4.2.1 a contribution to the flow of the constant term in the Hamiltonian,

so we explicitly include this coupling in our Hamiltonian and write

Hϵ := Hϵ
0 +

πg1(ϵ)

L2

∫ L

0
dx
(
:ei

√
8πχϵ(x)ei

√
8πχ̄ϵ(x): + :e−i

√
8πχϵ(x)e−i

√
8πχ̄ϵ(x):

)

+ g2(ϵ)

∫ L

0
dx ∂xχϵ(x)∂xχ̄ϵ(x) +

L

ϵ2
g3(ϵ). (4.4)
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The factor of L
ϵ2 comes from the fact that we should view the constant term as arising from

integrating the identity operator Oϵ
3(x) = 1 around the spatial direction, giving the factor of

L =
∫ L

0 dx Oϵ
3(x). And since the identity has conformal dimension 0, in order to have g3(ϵ)

non-dimensional we include an explicit factor of ϵ−2, in line with the general structure (3.104).

It will also be convenient later to split (4.2a) into its positively and negatively ‘charged’

parts as Oϵ
1(x) = Oϵ

1+(x) + Oϵ
1−(x) with

Oϵ
1±(x) :=

1

4π
J±,ϵ(x)J̄∓,ϵ(x) =

π

L2
:e±i

√
8πχϵ(x)e±i

√
8πχ̄ϵ(x):. (4.5)

4.1.2 Rewriting as the sine-Gordon Hamiltonian

Recall from (3.25) that Hϵ
0, defined in (3.23), is the usual expression for the free Hamiltonian

in terms of the smoothly regularised chiral and anti-chiral bosons χϵ and χ̄ϵ, up to O(ϵ). By

adding to this the perturbation by the marginal operator
∫ L

0 dx Oϵ
2(x) given by the first term

on the second line of (4.4), we obtain the quadratic Hamiltonian

Hϵ
0 + g2(ϵ)

∫ L

0
dx Oϵ

2(x) =

∫ L

0
dx

(
1 + 1

2g2(ϵ)

2
:(∂xXϵ(x))2: +

1− 1
2g2(ϵ)

2
:(Pϵ(x))2:

)
+ O(ϵ),

written in terms of the smoothly regularised version Xϵ(x) of the compactified boson (2.48)

at the self-dual radius R◦ = 1/
√

2π and the regularised version Pϵ(x) of its conjugate momen-

tum (2.57). Recall that P(x) = ∂xX̃(x) where X̃(x) is the dual compactified boson (2.51).

Now observe that by suitably rescaling the compactified boson and dual boson as in (2.69),

for some β = β(ϵ) depending on g2(ϵ), we can bring the above expression back into a canonically

normalised kinetic term for the rescaled compactified boson Φϵ(x), with radius R(ϵ) = 2/β(ϵ),

and its conjugate momentum Πϵ(x) = ∂xΦ̃ϵ(x). Specifically, we can write

Hϵ
0 + g2(ϵ)

∫ L

0
dx Oϵ

2(x) =
ν(ϵ)

2

∫ L

0
dx
(
⦂(∂xΦϵ(x))2

⦂β(ϵ) + ⦂(Πϵ(x))2
⦂β(ϵ)

)
(4.6)

− ν(ϵ)

2

(
β(ϵ)√

8π
−
√

8π

β(ϵ)

)2 2π

L

∑

n>0

nη

(
2πnϵ

L

)
+ O(ϵ),

where the parameter β(ϵ) determining the new radius of compactification R(ϵ) = 2/β(ϵ) and

the overall normalisation factor ν(ϵ) are given by

β(ϵ)2

8π
=

√√√√1− 1
2g2(ϵ)

1 + 1
2g2(ϵ)

, ν(ϵ) :=

√
1− 1

4
g2(ϵ)2 =

16πβ(ϵ)2

64π2 + β(ϵ)4
. (4.7)

The term in the second line of (4.6) is a normal ordering constant which comes from the fact

that we have changed the notion of normal ordering from :−: to ⦂−⦂β(ϵ). The former denotes

normal ordering with respect to the raising and lowering operators of the chiral and anti-chiral

bosons χϵ and χ̄ϵ while the latter denotes normal ordering with respect to the raising and

lowering operators of the chiral and anti-chiral bosons ϕϵ and ϕ̄ϵ. Specifically, we find

8π

β(ϵ)2
:(∂xXϵ(x))2: = ⦂(∂xΦϵ(x))2

⦂β(ϵ) +

(
1− 8π

β(ϵ)2

)
2π

L2

∑

n>0

nη

(
2πnϵ

L

)
,

β(ϵ)2

8π
:(Pϵ(x))2: = ⦂(Πϵ(x))2

⦂β(ϵ) +

(
1− β(ϵ)2

8π

)
2π

L2

∑

n>0

nη

(
2πnϵ

L

)

and adding these together leads to (4.6).
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It remains to rewrite the second term on the right hand side of (4.4), namely the operator∫ L
0 dx Oϵ

1(x) = 4π
L2

∫ L
0 dx :cos

(√
8πXϵ(x)

)
:, in terms of the rescaled compactified boson Φϵ(x)

and re-normal-order it at the new radius R(ϵ) = 2/β(ϵ). Doing so, we find

g1(ϵ)

∫ L

0
dx Oϵ

1(x) = ϵ
β(ϵ)2

4π
−2ν(ϵ)

2πλ(ϵ)

L
β(ϵ)2

4π

∫ L

0
dx ⦂cos

(
β(ϵ)Φϵ(x)

)
⦂β(ϵ) (4.8)

where we have included an overall factor of ν(ϵ) matching the one of the kinetic term in (4.6)

and the coupling λ(ϵ) is given using the exact expression on the right hand side of (3.49) by

λ(ϵ) =

(
ϵ

L

)2− β(ϵ)2

4π

exp

((
2− β(ϵ)2

4π

)∑

n>0

1

n
η

(
2πnϵ

L

))
g1(ϵ)√

1− 1
4g2(ϵ)2

. (4.9)

This is a dimensionless coupling since g1(ϵ) and g2(ϵ) are marginal and hence dimensionless,

and the prefactor in (4.9) is a function of the dimensionless ratio ϵ
L . Moreover, let us denote

the limiting value of the marginal coupling g2(ϵ) in the UV limit by g2∗ and suppose that the

marginal coupling g1(ϵ) in this limit tends to 0. More explicitly, let us suppose that

g1(ϵ) ∼
ϵ→0

(µ∗ϵ)2− β2
∗

4π , g2∗ := lim
ϵ→0

g2(ϵ),

for some mass scale µ∗. Let β∗ := limϵ→0 β(ϵ) denote the corresponding limiting value of

the marginal coupling β(ϵ) defined in (4.7). We then have

λ(ϵ) ∼
ϵ→0

(M∗ϵ)2− β2
∗

4π , M∗ :=
µ∗Cη

2π

(
4

β2∗
+

β2
∗

16π2

) 4π

8π−β2
∗

, (4.10)

where M∗ is a scheme-dependent mass scale (i.e. depending on the choice of η through Cη).

By comparing the right hand side of (4.8) with the general form (3.104) of an interaction

term in the Hamiltonian, and using the fact that λ(ϵ) is dimensionless, we read off from the

power of ϵ the well-known conformal dimension ∆∗ = β2
∗/4π of the full vertex operators

⦂e±iβ∗Φ(x)
⦂β∗ = ⦂e±iβ∗ϕ(x)

⦂β∗⦂e±iβ∗ϕ̄(x)
⦂β∗ , (4.11)

in the conformal field theory of the compactified boson Φ(x) = ϕ(x) + ϕ̄(x), defined in

section 2.2.3, with compactification radius R∗ = 2/β∗. Specifically, (4.11) is the product

of a chiral and an anti-chiral vertex operator, both of which have conformal dimension

β2
∗/8π [27, (6.60)].

Note also that the origin of the factor of L−β2
∗/4π appearing in (4.8), in the limit ϵ→ 0, is

the same as that of the factor of L−1 in the free field realisations of the currents J±(u) and

J̄±(u) in (2.31), which led to the factor of L−2 in the cosine potential in the Hamiltonian (4.4).

Indeed, since ⦂e±iβ∗ϕ[z]
⦂β∗ is a conformal primary of conformal dimension β2

∗/8π it picks up

a factor of (2πz/L)β2
∗/8π under a coordinate transformation from the z-coordinate on the

plane to the u-coordinate on the cylinder. The power of zβ2
∗/8π is then absorbed into the

definition of the vertex operator ⦂e±iβ∗ϕ(u)
⦂β∗ where the zero-mode are combined into a single

exponential as in (2.30). Specifically, the analogue of the computation (2.32) reads

z
β2

∗
8π e±iβ∗q0e

±iβ∗

(
− i√

4π
a0 log z

)
= e

±iβ∗

(
q0− i√

4π
a0 log z

)
= e±iβ∗ϕ0(u) (4.12)
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where in the first step we have used the commutation relations (2.75) and in the last step we

used the explicit change of coordinate z = e2πiu/L and the definition (2.74) of the zero-mode

ϕ0(u) in the cylinder coordinate u. The same holds for the anti-chiral vertex operator.

In summary, the anisotropic deformation of the 𝔰𝔲2 WZW model at level 1 in the smoothly

regularised theory at cutoff ϵ > 0, defined in (4.4), takes the form

Hϵ = ν(ϵ)

∫ L

0
dx

(
1

2
⦂(∂xΦϵ(x))2

⦂β(ϵ) +
1

2
⦂(Πϵ(x))2

⦂β(ϵ) +ϵ
β(ϵ)2

4π
−2 2πλ(ϵ)

L
β(ϵ)2

4π

⦂cos
(
β(ϵ)Φϵ(x)

)
⦂β(ϵ)

)

+
L

ϵ2

(
g3(ϵ)− ν(ϵ)

4π

(
β(ϵ)√

8π
−
√

8π

β(ϵ)

)2

Cη,1

)
− πδc∗

6L
+O(ϵ).

(4.13)

In the first two lines on the right hand side we recognise the usual sine-Gordon Hamiltonian,

up to an overall normalisation factor ν(ϵ), written in terms of the smoothly regularised boson

Φϵ(x) with compactification radius R(ϵ) = 2/β(ϵ) and its conjugate momentum Πϵ(x). The

first term in the last line on the right hand side of (4.13) is a scheme-dependent correction (i.e.

depending on the choice of smooth cutoff function η) to the divergent O(ϵ−2) term introduced

by hand in (4.4). The last term on the right hand side of (4.13) is a scheme-independent

shift to the finite Casimir energy, namely the constant term − πc
6L with c = 1 in (2.36a)

which we have been omitting, where

δc∗ := −ν∗
2

(
β∗√
8π
−
√

8π

β∗

)2

(4.14)

and we have introduced the UV limit ν∗ = limϵ→0 ν(ϵ).

Applying the renormalisation procedure from section 3 to the Hamiltonian Hϵ in section 4.2

below will lead to the renormalisation group flows of all the parameters g1, g2 and g3 of the

anisotropic deformation of the 𝔰𝔲2 WZW at level 1 introduced in (4.4). We will then be able

to map this to the renormalisation group flow of the couplings λ, β and ν of the sine-Gordon

Hamiltonian (4.13) using the explicit transformations (4.7) and (4.9).

4.2 Integrating out a thin shell

We are now in a position to apply the general renormalisation procedure described in section 3

to the regularised Hamiltonian (4.4) at hand. The majority of this subsection will be dedicated

to calculating the variation δHϵ′
of the Hamiltonian (4.4) from integrating out a thin shell

as in section 3.2.2. We will use the explicit form of this variation given by (3.102). In fact,

since (4.4) is normal-ordered, the second term on the right hand side of that expression

vanishes; see the discussion after (3.90). The expression we shall use for the variation is then

δHϵ′
=

δϵ

2

∫ T

−T
dτ

∫ L

0
dx1

∫ L

0
dx2 Wϵ(τ) T

(
Vϵ′,(1,0)(x1; τ)Vϵ′,(1,0)(x2)∆ϵ

s(x1 − iτ, x2) (4.15)

+ Vϵ′,(0,1)(x1; τ)Vϵ′,(0,1)(x2)∆̄ϵ
s(x1 + iτ, x2)

)
+ O(δϵ2).

From now on we will be working perturbatively in the couplings g1 and g2, see (4.4), in

order to simplify the time evolution of operators by H̄ϵ
bd = Hϵ′

0 + V(χϵ′
+ χϵ′

∖ϵ, χ̄ϵ′
+ χ̄ϵ′

∖ϵ)bd.
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The expression (4.15) for the variation δHϵ′
of a normal-ordered potential is quadratic in the

potential and therefore already quadratic in these couplings g1 and g2. The imaginary-time

evolutions Vϵ′,(1,0)(x1; τ) and Vϵ′,(0,1)(x1; τ) of these potentials defined by conjugation by

the exponential of τ H̄ϵ
bd rather than the exponential of τ Hϵ′

0 , will only introduce further

powers of g1 and g2. Thus the imaginary-time evolution by H̄ϵ
bd can simply be replaced by

the free imaginary-time evolution by Hϵ′

0 to leading order in the couplings g1 and g2. In

other words, we shall work with the variation

δHϵ′
=

δϵ

2

∫ T

−T
dτ

∫ L

0
dx1

∫ L

0
dx2 Wϵ(τ) T

(
Vϵ′,(1,0)(x1, τ)Vϵ′,(1,0)(x2)∆ϵ

s(x1 − iτ, x2)

+Vϵ′,(0,1)(x1, τ)Vϵ′,(0,1)(x2)∆̄ϵ
s(x1 + iτ, x2)

)
+ O(δϵ2), (4.16)

where we use the simple comma notation for the dependence on the imaginary-time τ , by

contrast with the semicolon notation in (4.15) denoting imaginary-time evolution by the full

Hamiltonian H̄ϵ
bd. It will be important to recall from (3.24a) that the free imaginary-time τ

evolution of the smoothly regularised chiral and anti-chiral bosons χϵ(x) and χ̄ϵ(x) is given

simply by a shift of their arguments by ∓iτ , respectively.

The regularised potential is

V(χϵ, χ̄ϵ) =
πg1(ϵ)

L2

∫ L

0
dx
(
:ei

√
8πχϵ(x)ei

√
8πχ̄ϵ(x): + :e−i

√
8πχϵ(x)e−i

√
8πχ̄ϵ(x):

)

+ g2(ϵ)

∫ L

0
dx ∂xχϵ(x)∂xχ̄ϵ(x) +

L

ϵ2
g3(ϵ). (4.17)

To compute Vϵ′,(1,0) and Vϵ′,(0,1), as defined in (3.75), we apply the splitting morphism (3.55)

to the expression (4.17), which amounts to replacing χϵ by χϵ′
+ χϵ′

∖ϵ and χ̄ϵ by χ̄ϵ′
+ χ̄ϵ′

∖ϵ,

and then expand to first order in the short distance fields χϵ′
∖ϵ and χ̄ϵ′

∖ϵ. Bringing the g2 term

in this first order expansion to the same form as in (3.75) requires performing an integration

by parts. Since χϵ′
∖ϵ(x) has no zero-mode it is periodic and therefore there is no boundary

term from the integration by parts. The resulting expression for Vϵ′,(1,0) can be written as

Vϵ′,(1,0)(x) = V
ϵ′,(1,0)
1 (x) + V

ϵ′,(1,0)
2 (x), (4.18)

where to break up the calculation of δHϵ′
later we have split this into two contributions

V
ϵ′,(1,0)
1 (x) =

π

L2
i
√

8π
(
:ei

√
8πχϵ′

(x)ei
√

8πχ̄ϵ′
(x):− :e−i

√
8πχϵ′

(x)e−i
√

8πχ̄ϵ′
(x):
)
, (4.19a)

V
ϵ′,(1,0)
2 (x) = −∂2

xχ̄ϵ′
(x). (4.19b)

The expression for Vϵ′,(0,1)(x) = V
ϵ′,(0,1)
1 (x) + V

ϵ′,(0,1)
2 (x) is identical, but with the roles of

the fields χϵ′
and χ̄ϵ′

interchanged. In particular, we note that

V
ϵ′,(0,1)
1 (x) = V

ϵ′,(1,0)
1 (x). (4.20)

Splitting the potential into two pieces allows us to break up the calculation of δHϵ′
into

four parts, namely δHϵ′
=
∑2

i,j=1 δHϵ′

ij with

δHϵ′

ij =
δϵ

2
gi(ϵ)gj(ϵ)

∫ T

−T
dτ

∫ L

0
dx1

∫ L

0
dx2 Wϵ(τ) T

(
V

ϵ′,(1,0)
i (x1, τ)V

ϵ′,(1,0)
j (x2)∆ϵ

s(x1 − iτ, x2)

+ V
ϵ′,(0,1)
i (x1, τ)V

ϵ′,(0,1)
j (x2)∆̄ϵ

s(x1 + iτ, x2)
)

+ O(δϵ2). (4.21)
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To remove the time-ordering symbol it will be convenient to further split each piece into two,

by breaking up the integral over τ ∈ [−T, T ] into the forward-time part τ ∈ [0, T ], namely

δHϵ′

ij↑ =
δϵ

2
gi(ϵ)gj(ϵ)

∫ T

0
dτ

∫ L

0
dx1

∫ L

0
dx2 Wϵ(τ)

(
V

ϵ′,(1,0)
i (x1, τ)V

ϵ′,(1,0)
j (x2)∆ϵ

s(x1 − iτ, x2)

+ V
ϵ′,(0,1)
i (x1, τ)V

ϵ′,(0,1)
j (x2)∆̄ϵ

s(x1 + iτ, x2)
)

+ O(δϵ2), (4.22)

and the backward-time part τ ∈ [−T, 0] which we denote by δHϵ′

ij↓. We will also split these

into their chiral parts, with a superscript ‘(1, 0)’ for the Vϵ,(1,0)(x)-dependent term, i.e.

δH
ϵ′(1,0)
ij↑ =

δϵ

2
gi(ϵ)gj(ϵ)

∫ T

0
dτ

∫ L

0
dx1

∫ L

0
dx2 Wϵ(τ) (4.23)

× V
ϵ′,(1,0)
i (x1, τ)V

ϵ′,(1,0)
j (x2)∆ϵ

s(x1 − iτ, x2) + O(δϵ2),

and a superscript ‘(0, 1)’ for the corresponding Vϵ,(0,1)(x)-dependent term. Finally, it will

also be convenient to split V
ϵ′,(1,0)
1 (x) in (4.19a) into its two different charges, introducing

V
ϵ′,(1,0)
1± (x) = ± π

L2
i
√

8π:e±i
√

8πχϵ′
(x)e±i

√
8πχ̄ϵ′

(x): (4.24)

so that V
ϵ′,(1,0)
1 (x) = V

ϵ′,(1,0)
1+ (x)+V

ϵ′,(1,0)
1− (x) and similarly V

ϵ′,(0,1)
1 (x) = V

ϵ′,(0,1)
1+ (x)+V

ϵ′,(0,1)
1− (x).

4.2.1 δH
ϵ′

22
variation

We will calculate the contribution δH
ϵ′(1,0)
22↑ to δHϵ′

22 = δH
ϵ′(1,0)
22↑ + δH

ϵ′(1,0)
22↓ + δH

ϵ′(0,1)
22↑ + δH

ϵ′(0,1)
22↓ ,

the calculations for the other three terms being almost identical.

Written out in full, δH
ϵ′(1,0)
22↑ is

δH
ϵ′(1,0)
22↑ =

1

2
δϵg2(ϵ)2

∫ T

0
dτ

∫ L

0
dx1

∫ L

0
dx2Wϵ(τ) (4.25)

×∆ϵ
s(x1 − iτ, x2)∂2

x1
χ̄ϵ′

(x1 + iτ)∂2
x2

χ̄ϵ′
(x2) + O(δϵ2),

where recall that we are working to leading order in the couplings so χ̄ϵ′
(x1 +iτ) represents the

free imaginary-time evolution of the anti-chiral boson χ̄ϵ′
(x1), as defined in (3.24a). Writing

out the mode expansions for the 2-point function ∆ϵ
s(x1 − iτ, x2) in (3.72a) and for the

anti-chiral boson χ̄ϵ′
, cf. (2.26) and (2.27), and evaluating the integrals over x1 and x2 gives

δH
ϵ′(1,0)
22↑ =

π3

L3
δϵg2(ϵ)2

∫ T

0
dτWϵ(τ)

∑

n>0

n2η′
(

2πnϵ′

L

)
b̄ϵ′

n b̄ϵ′

−ne−4πnτ/L + O(δϵ2). (4.26)

Recall from discussion in section 3.2.3 that the Wilsonian renormalisation procedure computes

the flows of the couplings for a complete basis of local operators that can appear in the

potential, as in (3.104). Since any regularised operator can always be rewritten as a linear

combination of normal-ordered operators, it is natural to work with a basis of normal-ordered

local operators in the expansion (3.104). We therefore commute the modes on the right hand

side of (4.26) to get the normal-ordered expression

δH
ϵ′(1,0)
22↑ =

π3

L3
δϵg2(ϵ)2

∫ T

0
dτWϵ(τ)

∑

n>0

n2η′
(

2πnϵ′

L

)
b̄ϵ′

−nb̄ϵ′

n e−4πnτ/L (4.27)

+
π3

L3
δϵg2(ϵ)2

∫ T

0
dτWϵ(τ)

∑

n>0

n3η′
(

2πnϵ′

L

)
η

(
2πnϵ′

L

)
e−4πnτ/L + O(δϵ2).
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To determine the beta function of the couplings in front of each local operator, as defined

in (3.105), we compute the following limit

lim
ϵ′→ϵ

ϵ
δH

ϵ′(1,0)
22↑
δϵ

=
π3ϵ

L3
g2(ϵ)2

∫ T

0
dτWϵ(τ)

∑

n>0

n2η′
(

2πnϵ

L

)
b̄ϵ

−nb̄ϵ
ne−4πnτ/L (4.28)

+
π3ϵ

L3
g2(ϵ)2

∫ T

0
dτWϵ(τ)

∑

n>0

n3η′
(

2πnϵ

L

)
η

(
2πnϵ

L

)
e−4πnτ/L.

The first term on the right hand side represents an infinite sum of irrelevant operators. This

can be seen by expanding the operator Wϵ(τ) in non-negative powers of τ , as we will explain

in detail below, and expanding the smooth function η′(2πnϵ
L

)
in non-negative powers of ϵ.

Note that the latter expansion is justified since each term in the sum over n > 0 corresponds

to a different operator b̄ϵ
−nb̄ϵ

n. So, for instance, at leading order in this ϵ-expansion we obtain

the formal infinite sum ϵ
L3

∑
n>0 n2b̄ϵ

−nb̄ϵ
ne−4πnτ/L which is a well-defined operator in the

smoothly regularised theory. Expanding also the operator Wϵ(τ) in τ , to zeroth order it can

be replaced by the identity operator (see below). Therefore after performing the integral

over τ ∈ [0, T ] we obtain the operator 1
L2

∑
n>0 nb̄ϵ

−nb̄ϵ
n which is indeed proportional to the

irrelevant operator
∫ L

0 :∂xχ̄ϵ(x)∂2
xχ̄ϵ(x): of conformal dimension ∆ = 3 and comes multiplied

by ϵ = ϵ∆−2, in agreement with the general structure of local operators in (3.104).

The second term on the right hand side of (4.28) is a regularised divergent sum which will

contribute to the running of the constant term g0(ϵ) of the Hamiltonian (4.4). Its asymptotics

can be obtained using Mellin transform theory as outlined in section 3.1.3.

Before calculating these asymptotics, let us first discuss the effect of Wϵ(τ) which we can

expand as Wϵ(τ) = id +
∑

k>0 τkWϵ(k), recalling from its definition (3.96) that Wϵ(0) = id.

The τ integral in the second line of (4.28) can then be evaluated term by term, and due

to the exponential factor e−4πnτ/L, at order τk for k > 0 the τ integral will contribute an

additional negative power n−k to the sum over n > 0. Importantly, the more negative the

power of n in the sum is, the less singular the resulting asymptotics in ϵ will be. Therefore,

if we focus on the leading singular behaviour for the sum, we can replace Wϵ(τ) with the

identity operator. Making this simplification and evaluating the τ integral we get

lim
ϵ′→ϵ

ϵ
δH

ϵ′(1,0)
22↑
δϵ

=
π2ϵ

4L2
g2(ϵ)2

∑

n>0

n2η′
(

2πnϵ

L

)
η

(
2πnϵ

L

)
+ subleading in ϵ, (4.29)

and using the asymptotic expansion (3.40) for the sum over n > 0, with r = 2 and the choice

of cutoff function η given here by η′η, we find

lim
ϵ′→ϵ

ϵ
δH

ϵ′(1,0)
22↑
δϵ

=
Cη′η,2

32π

L

ϵ2
g2(ϵ)2 + subleading in ϵ. (4.30)

In fact, for this particular calculation we can say something stronger about the subleading

terms, although the above argument still holds and will be used again later. In the case

at hand, Wϵ(τ) is being applied to the identity operator. From the definition of Wϵ(τ)

given in (3.96), and since we are considering here the case 0 ≤ τ ≤ T , we can write its
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expansion in powers of τ explicitly as

Wϵ(τ) = 1 +
∑

n>0

e
nT adH̄ϵ

bd (1− e
−τadH̄ϵ

bd ) = 1 +
∑

k>0

τk (−1)k+1

k!

∑

n>0

e
nT adH̄ϵ

bd adk
H̄ϵ

bd
, (4.31)

which provides the explicit form of the operators Wϵ(k) for k > 0 introduced earlier. In fact,

recall from the paragraph following (4.15) that since we are working only perturbatively to

second order in the couplings, to this order we can replace all instances of the block-diagonal

part of the interacting Hamiltonian H̄ϵ
bd by the free Hamiltonian Hϵ′

0 . In other words, we

can rewrite (4.31) simply as

Wϵ(τ) = 1 +
∑

k>0

τk (−1)k+1

k!

∑

n>0

e
nT ad

H̄ϵ′
0 adk

H̄ϵ′
0

. (4.32)

Now observe that since ad
H̄ϵ′

0
(or indeed also adH̄ϵ

bd
) annihilates the identity operator, so

do all the operators Wϵ(k) for k > 0. And so, in the present case, it turns out that the

approximation we made above of replacing Wϵ(τ) with the identity operator is in fact exact.

There are therefore no subleading terms in ϵ in (4.29) so that (4.30) becomes, more precisely,

lim
ϵ′→ϵ

ϵ
δH

ϵ′(1,0)
22↑
δϵ

=
Cη′η,2

32π

L

ϵ2
g2(ϵ)2 + O(ϵ). (4.33)

Using (4.33) and the analogous results from the other pieces δH
ϵ′(1,0)
22↓ , δH

ϵ′(0,1)
22↑ and δH

ϵ′(0,1)
22↓ ,

and recalling the definition of the coupling g3(ϵ) in (4.4), we obtain the contribution from

the variation δHϵ
22 to the quantum beta function for g3(ϵ) as defined by (3.105). Specifically,

recalling the minus sign on the right hand side of (3.105) we have

βqu
3

[
(gk(ϵ))

]
= −Cη′η,2

8π
g2(ϵ)2 + . . . , (4.34)

with ‘. . .’ denoting possible corrections coming from the other variations.

4.2.2 δH
ϵ′

21
and δH

ϵ′

12
variations

We begin by evaluating the δH
ϵ′(1,0)
21↑ component, defined in (4.23), of the variation δHϵ′

21. In

fact, recalling the notation (4.24) of the two summands in (4.19a), it will be convenient to

further split δH
ϵ′(1,0)
21↑ into two pieces

δH
ϵ′(1,0)
21↑,± =

δϵ

2
g1(ϵ)g2(ϵ)

∫ T

0
dτ

∫ L

0
dx1

∫ L

0
dx2 Wϵ(τ)

× V
ϵ′,(1,0)
2 (x1, τ)V

ϵ′,(1,0)
1± (x2)∆ϵ

s(x1 − iτ, x2) + O(δϵ2)

where the positively/negatively charged component (4.24) of V
ϵ′,(1,0)
1 (x) is taken. Written

out in full using (4.19b) and (4.24), the above explicitly reads

δH
ϵ′(1,0)
21↑,± = ∓πδϵ

2L2
g1(ϵ)g2(ϵ)

∫ T

0
dτ

∫ L

0
dx1

∫ L

0
dx2Wϵ(τ)∆ϵ

s(x1 − iτ, x2) (4.35)

× ∂2
x1

χ̄ϵ′
(x1 + iτ)i

√
8π:e±i

√
8πχϵ′

(x2)e±i
√

8πχ̄ϵ′
(x2): + O(δϵ2).
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Using the explicit expression (3.72a) for the 2-point function ∆ϵ
s(x1 − iτ, x2) and expanding

the operator ∂2
x1

χ̄ϵ′
(x1 + iτ) in terms of modes, we can evaluate the x1 integral to obtain

δH
ϵ′(1,0)
21↑,± = ±πδϵ

2L2
g1(ϵ)g2(ϵ)

∫ T

0
dτ

∫ L

0
dx2Wϵ(τ)

∑

n>0

b̄ϵ′

n :e±i
√

8πχϵ′
(x2)e±i

√
8πχ̄ϵ′

(x2): (4.36)

× 1√
2

(
2π

L

)2

nη′
(

2πnϵ′

L

)
e−4πnτ/Le2πinx2/L + O(δϵ2).

Next, as in section 4.2.1, we bring this expression to normal-order form by commuting the

mode b̄ϵ′

n past the vertex operator, using its commutator with the anti-chiral vertex operator

[
b̄ϵ′

n , :e±i
√

8πχ̄ϵ′
(x):
]

= ±
√

2e−2πinx/Lη

(
2πnϵ′

L

)
:e±i

√
8πχ̄ϵ′

(x):. (4.37)

The resulting normal-ordered version of (4.36) then takes the form

δH
ϵ′(1,0)
21↑,± = ±πδϵ

2L2
g1(ϵ)g2(ϵ)

∫ T

0
dτ

∫ L

0
dx2Wϵ(τ)

∑

n>0

:e±i
√

8πχϵ′
(x2)e±i

√
8πχ̄ϵ′

(x2):b̄ϵ′

n (4.38)

× 1√
2

(
2π

L

)2

nη′
(

2πnϵ′

L

)
e−4πnτ/Le2πinx2/L

+
πδϵ

2L2
g1(ϵ)g2(ϵ)

∫ T

0
dτ

∫ L

0
dx2Wϵ(τ):e±i

√
8πχϵ′

(x2)e±i
√

8πχ̄ϵ′
(x2):

×
(

2π

L

)2 ∑

n>0

nη′
(

2πnϵ′

L

)
η

(
2πnϵ′

L

)
e−4πnτ/L + O(δϵ2).

For similar reasons to the discussion after (4.28) in section 4.2.1, the first of these terms,

which takes up the first two lines, represents an infinite sum of irrelevant operators. Indeed, it

consists of operators of conformal dimension at least 3 and after dividing by δϵ and multiplying

through by ϵ to compute the limit (3.105), these operators will all come multiplied by strictly

positive powers of ϵ, in accordance with the general pattern (3.104).

Consider now the second term on the right hand side of (4.38), which takes up the

last two lines. Using the argument from section 4.2.1 we can replace Wϵ(τ) by the identity

operator up to subleading terms in ϵ, and in fact such terms will be non-singular. We can

then evaluate the τ integral in the second term on the right hand side of (4.38) to obtain

δH
ϵ′(1,0)
21↑,± =

1

4
δϵg1(ϵ)g2(ϵ)

π

L2

∫ L

0
dx2:e±i

√
8πχϵ′

(x2)e±i
√

8πχ̄ϵ′
(x2): (4.39)

× 2π

L

∑

n>0

(1− e−4πnT/L)η′
(

2πnϵ′

L

)
η

(
2πnϵ′

L

)
+ O(log ϵ′, δϵ2),

where the O(log ϵ′) terms account for the infinite sum of irrelevant operators coming from

the O(τ) terms in the expansion of Wϵ(τ). Indeed, as explained in section 4.2.1, due to the

presence of the exponential e−4πnτ/L, a power τk with k > 0 will introduce an additional

factor of n−k upon integrating over τ , rendering the sum over n > 0 in the second term

on the right hand side of (4.38) more convergent. The term which is linear in τ produces

a regularised harmonic sum whose leading asymptotics is a term O(log ϵ′) by (3.39). The

factor of 1− e−4πnT/L in (4.39) can be replaced with 1 as the sum involving the exponential
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e−4πnT/L produces a non-singular expression in ϵ′. Dividing the expression (4.39) by δϵ and

multiplying through by ϵ to compute the limit as in (3.105) we find

lim
ϵ′→ϵ

ϵ′ δH
ϵ′(1,0)
21↑,±
δϵ

=
1

4
ϵg1(ϵ)g2(ϵ)

2π

L

∑

n>0

η′
(

2πnϵ

L

)
η

(
2πnϵ

L

)∫ L

0
dx Oϵ

1±(x) + O(ϵ log ϵ)

(4.40)

where we have used the defintion (4.5). The asymptotics of the sum is computed using

Mellin transform theory from section 3.1.3, specifically the regularised series (3.40) with

r = 0, yielding

lim
ϵ′→ϵ

ϵ
δH

ϵ′(1,0)
21↑,±
δϵ

=
1

4
g1(ϵ)g2(ϵ)Cη′η,0

∫ L

0
dx Oϵ

1±(x) + O(ϵ). (4.41)

It is important to note here that the constant Cη′η,0 =
∫∞

0 η′(x)η(x)dx = 1
2 [η(x)2]∞0 = −1

2

is, in fact, independent of the choice of cutoff function η : ℝ≥0 → ℝ>0. This is to be

expected since we are computing here the running of the coupling of a marginal operator∫ L
0 dx Oϵ′

1±(x) which is tied to logarithmic divergences and, unlike polynomial divergences,

these are generally scheme independent. Indeed, the result (4.41) is to be compared with the

result (4.33) that controlled the running of the relevant coupling g3(ϵ) of the identity operator,

i.e. the constant term in the Hamiltonian (4.4), and which is tied to a polynomial divergence

whose scheme-dependence is manifest in the fact that the coefficient Cη′η,2 appearing in (4.33)

is η-dependent.

Finally, adding together the two contributions obtained in (4.41) and using the fact that

Oϵ
1(x) = Oϵ

1+(x) + Oϵ
1−(x) from section 4.1.1 gives

lim
ϵ′→ϵ

ϵ
δH

ϵ′(1,0)
21↑
δϵ

= −1

8
g1(ϵ)g2(ϵ)

∫ L

0
dx Oϵ

1(x) + O(ϵ). (4.42)

Similar calculations for the variations δH
ϵ′(0,1)
21↑ , δH

ϵ′(1,0)
21↓ and δH

ϵ′(0,1)
21↓ lead to the same result

as the right hand side of (4.42), so that altogether we obtain

lim
ϵ′→ϵ

ϵ
δHϵ′

21

δϵ
= −1

2
g1(ϵ)g2(ϵ)

∫ L

0
dx Oϵ

1(x) + O(ϵ). (4.43)

Consider now the variation δHϵ′

12 in which the vertex operators V
ϵ′,(1,0)
1 (x1) and V

ϵ′,(0,1)
1 (x1)

are imaginary-time evolved. The result in this case turns out to be exactly the same as (4.43)

but the intermediate steps are slightly different. For illustration purposes we will focus here

on the backward-time evolved part δHϵ′

12↓ of the variation, recall the definition (4.22), since

in our previous computation we looked at the forward-time evolved one. We will briefly

sketch the computation of the variation δH
ϵ′(1,0)
12↓,± , the other cases forming δHϵ′

12 being very

similar. So our starting point is

δH
ϵ′(1,0)
12↓,± = ∓πδϵ

2L2
g1(ϵ)g2(ϵ)

∫ 0

−T
dτ

∫ L

0
dx1

∫ L

0
dx2Wϵ(τ)∆ϵ

s(x2, x1 − iτ) (4.44)

× ∂2
x2

χ̄ϵ′
(x2)i

√
8π:e±i

√
8πχϵ′

(x1−iτ)e±i
√

8πχ̄ϵ′
(x1+iτ): + O(δϵ2),

– 69 –



J
H
E
P
0
7
(
2
0
2
6
)
0
2
4

which is to be compared with the starting point (4.35) of our previous computation. Note,

in particular, that it is now the vertex operator which is being imaginary-time evolved and,

since we are considering the range of integration τ ∈ [−T, 0], it is sitting to the right of

∂2
x2

χ̄ϵ′
(x2). Recall, moreover, the abuse of notation used in (3.98) which explains the order

of the arguments in the 2-point function ∆ϵ
s(x2, x1 − iτ).

Carrying out the x2 integral and commuting the mode b̄ϵ′

n past the vertex operator using

the identity in (4.37) gives

δH
ϵ′(1,0)
12↓,± = irrelevant operators (4.45)

+
πδϵ

2L2
g1(ϵ)g2(ϵ)

∫ 0

−T
dτ

∫ L

0
dx1Wϵ(τ):e±i

√
8πχϵ′

(x1−iτ)e±i
√

8πχ̄ϵ′
(x1+iτ):

×
(

2π

L

)2 ∑

n>0

nη′
(

2πnϵ′

L

)
η

(
2πnϵ′

L

)
e4πnτ/L + O(δϵ2),

which is to be compared with (4.38) from the above computation. The ‘irrelevant operators’

here refers to the analogue of the first two lines of (4.38) which consists of irrelevant operators,

again by the same arguments as in the discussion after (4.28) in section 4.2.1. The term written

in (4.45) and the second term on the right hand side of (4.38) are almost identical. Aside from

the fact that (4.45) involves an integral over τ ∈ [−T, 0] and a positive exponential e4πnτ/L,

as we are considering the backward-time evolved case, the main difference is that the vertex

operators appearing in (4.45) are imaginary-time evolved, while the ones in (4.38) were not.

To deal with the additional time-evolution of the vertex operators, we can expand them

in τ and use the same argument as given before (4.29) to show that the τ -dependent terms

in this expansion will correspond to irrelevant operators. We can thus effectively remove the

imaginary-time dependence of the vertex operators in (4.45), and the rest of the computation

then follows through exactly as above and leads to the same result as in (4.43), namely

lim
ϵ′→ϵ

ϵ
δHϵ′

12

δϵ
= −1

2
g1(ϵ)g2(ϵ)

∫ L

0
dx Oϵ

1(x) + O(ϵ). (4.46)

Combining the results (4.43) and (4.46) we can finally read off the quantum beta function,

defined in (3.105), for the coupling g1(ϵ) of the operator
∫ L

0 dx Oϵ
1(x) to be

βqu
1 [(gk(ϵ))] = g1(ϵ)g2(ϵ) + . . . , (4.47)

where as in (4.34), ‘. . .’ denotes possible corrections coming from the other variations.

4.2.3 δH
ϵ′

11
variation

As with the previous calculations, to compute δHϵ′

11 we will start with the δH
ϵ′(1,0)
11↑ piece. In

fact, it follows from the definition (4.23) and using the relation (4.20) that δH
ϵ′(0,1)
11↑ is given

by the exact same expression as δH
ϵ′(1,0)
11↑ but with ∆ϵ

s(x1− iτ, x2) replaced by ∆̄ϵ
s(x1 + iτ, x2).

Recalling from the definition of the shell 2-point functions (3.72) that ∆̄ϵ
s(x1 + iτ, x2) is the

complex conjugate of ∆ϵ
s(x1 − iτ, x2), we introduce their sum

∆̂ϵ(x1 − x2, τ) := ∆ϵ
s(x1 − iτ, x2) + ∆̄ϵ

s(x1 + iτ, x2) = 2Re
(
∆ϵ

s(x1 − iτ, x2)
)

(4.48)

= − 1

L

∑

n>0

η′(2πnϵ

L

)
cos

(2πn

L
(x2 − x1)

)
e−2πnτ/L,
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where we have dropped the ‘s’-subscript, standing for ‘shell’, for simplicity. The forward-time

contribution (4.22) to the variation δHϵ′

11 is then given simply by

δHϵ′

11↑ =
δϵ

2
g1(ϵ)2

∫ T

0
dτ

∫ L

0
dx1

∫ L

0
dx2 Wϵ(τ)∆̂ϵ(x1 − x2, τ) (4.49)

× V
ϵ′,(1,0)
1 (x1, τ)V

ϵ′,(1,0)
1 (x2) + O(δϵ2),

and the corresponding backward-time contribution takes the same form with the integral over

τ ∈ [−T, 0], the two vertex operators swapped and ∆̂ϵ(x1−x2, τ) replaced by ∆̂ϵ(x1−x2,−τ).

We further split the computation of (4.49) into four parts by defining

δHϵ′

11↑,rs :=
δϵ

2
g1(ϵ)2

∫ T

0
dτ

∫ L

0
dx1

∫ L

0
dx2 Wϵ(τ)∆̂ϵ(x1 − x2, τ) (4.50)

× V
ϵ′,(1,0)
1r (x1, τ)V

ϵ′,(1,0)
1s (x2) + O(δϵ2)

=
δϵ

2

(
π

L2

)2

(−8πrs)g1(ϵ)2
∫ T

0
dτ

∫ L

0
dx1

∫ L

0
dx2Wϵ(τ)∆̂ϵ(x1 − x2, τ)

× :eir
√

8πχϵ′
(x1−iτ)eir

√
8πχ̄ϵ′

(x1+iτ)::eis
√

8πχϵ′
(x2)eis

√
8πχ̄ϵ′

(x2): + O(δϵ2),

where r, s ∈ {±1} and it is understood that when these appear as subscripts we just write

the corresponding sign ± rather than ±1, e.g. δHϵ′

11↑,rs = δHϵ′

11↑,++ when r = s = 1.

To evaluate the right hand side of (4.50) it will be useful to first compute the operator

product of two regularised vertex operators, of charge r and s, with one located at x1 − iτ

and the other located at x2. Recalling that normal ordering of vertex operators in the

coordinate on the cylinder is defined as in (2.30), and likewise for the regularised versions,

we find for the chiral part

:eir
√

8πχϵ′
(x1−iτ)::eis

√
8πχϵ′

(x2): = :ei
√

8π(rχϵ′
(x1−iτ)+sχϵ′

(x2)): (4.51)

× e−8πrs[χϵ′
−(x1−iτ),χϵ′

+(x2)]e2rsπi(x1−x2−iτ)/L

using the Baker-Campbell-Hausdorff formula. In particular, the final exponential factor comes

from combining the two zero mode exponentials into a single exponential. The commutator

can be evaluated to give

[χϵ′

−(x1 − iτ), χϵ′

+(x2)] =
1

4π

∑

n>0

1

n
η

(
2πnϵ′

L

)
e−2πin(x1−x2−iτ)/L. (4.52)

Combining with the anti-chiral regularised vertex operators, we have

:eir
√

8πχϵ′
(x1−iτ)eir

√
8πχ̄ϵ′

(x1+iτ)::eis
√

8πχϵ′
(x2)eis

√
8πχ̄ϵ′

(x2): (4.53)

= :ei
√

8π(rχϵ′
(x1−iτ)+sχϵ′

(x2))::ei
√

8π(rχ̄ϵ′
(x1+iτ)+sχ̄ϵ′

(x2)): e−4rsRe(G(x1−x2−iτ ;ϵ′))e4rsπτ/L,

where we have introduced the smoothly regularised series depending on a complex param-

eter u ∈ ℂ,

G(u; ϵ) :=
∑

n>0

e−2πinu/L

n
η

(
2πnϵ

L

)
. (4.54)
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Substituting (4.53) into the right hand side of (4.50) we obtain

δHϵ′

11↑,rs =
δϵ

2

(
π

L2

)2

(−8πrs)g1(ϵ)2
∫ T

0
dτ

∫ L

0
dx1

∫ L

0
dx2Wϵ(τ) (4.55)

× :ei
√

8π(rχϵ(x1−iτ)+sχϵ(x2))::ei
√

8π(rχ̄ϵ(x1+iτ)+sχ̄ϵ(x2)):

× e−4rsRe(G(x1−x2−iτ ;ϵ))e4rsπτ/L ∆̂ϵ(x1 − x2, τ) + O(δϵ2).

Since we are working only up to O(δϵ2) and the leading term is already linear in δϵ = ϵ′ − ϵ,

we have replaced all ϵ′ on the right hand side by ϵ.

As in section 4.2.1 and section 4.2.2, we will use the variation (4.55) to determine the

renormalisation group flows of the couplings written explicitly in (4.4), according to (3.105).

It then remains to work out the singular behaviour of (4.55) as ϵ → 0. Specifically, we

will focus on the marginal couplings g1 and g2 so we are primarily interested in O(ϵ−1)

terms since when multiplied by ϵ and divided by δϵ, as in (3.105), such singularities will

contribute to the flow of g1 and g2.

Note that the series (4.54) appears in (4.55) evaluated at u = x1− x2− iτ ∈ ℂ, for which

Im(u) ≤ 0 since τ ≥ 0. In this region, the series (4.54) is convergent even when the regularising

factor η(2πnϵ/L) is not present, except at the point u = 0. In fact, we need the behaviour of

the exponential e−4rsRe(G(u;ϵ)) which is worked out in appendix A. When τ > 0 we can apply

the identity (A.6) to u = x1 − x2 − iτ , which satisfies Im(u) < 0, to obtain the relation

e−4rsRe(G(x1−x2−iτ ;ϵ)) =
∣∣1− e−2πi(x1−x2)/Le−2π(τ−a1ϵ)/L

∣∣4rs
+ O(ϵ2), (4.56)

where a1 := η′(0) denotes the first coefficient in the Taylor expansion of η at the origin. We

will assume a1 < 0 so that τ − a1ϵ > 0 for τ > 0. Note also from the definitions (4.48)

and (4.54) that we have the simple relation

∆̂ϵ(x, τ) = − 1

2π
∂ϵRe

(
G(x− iτ ; ϵ)

)
, (4.57)

for x ∈ ℝ and τ ≥ 0. Given the expression (4.56), there are now two distinct cases to consider,

depending on the sign of the product rs in the exponent; see in particular (A.7).

When rs > 0, the expression on the right hand side of (4.56) is regular in ϵ and of order

at least O(ϵ2) for all x1, x2 ∈ [0, L] and τ ≥ 0, covering the entire integration region of (4.55).

Moreover, the series ∆̂ϵ(x1−x2, τ) in (4.48) will produce a divergence of order at most O(ϵ−1)

by the theory of Mellin transforms from section 3.1.3. So overall, the variation (4.55) will

produce only regular terms in ϵ. Indeed, expanding the normal-ordered operator in (4.55) for

u = x1 − x2 − iτ near the origin we obtain operators of the form

:∂m
x2

χϵ(x2)∂n
x2

χϵ(x2)e2ir
√

8πχϵ(x2)e2ir
√

8πχ̄ϵ(x2): (4.58)

for m, n ∈ ℤ≥0, which have conformal dimension m + n + 8 > 2 and are therefore irrelevant.

The other case is when rs < 0, i.e. r = ±1 = −s, and without loss of generality we will

focus on the case r = 1. In this case, (4.56) has a singularity of order O(ϵ−4) at the coinciding

point limit |x1 − x2 − iτ | → 0, see (A.7). This is the familiar |z − w|−4 singularity coming

from the product of the leading order singularities in the operator product expansions (2.5)
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of the chiral and anti-chiral Kac-Moody currents, namely J+[z] with J−[w] and J̄+[z̄] with

J̄−[w̄]. To obtain also the subleading orders in the singularity we expand the normal-ordered

operators appearing in (4.55) in the limit |x1 − iτ − x2| → 0. We find

:ei
√

8π(χϵ(x1−iτ)−χϵ(x2))::ei
√

8π(χ̄ϵ(x1+iτ)−χ̄ϵ(x2)): (4.59)

= 1 + i
√

8π
L

2π

(
(e2πi(x1−iτ−x2)/L − 1)∂x2χϵ(x2) + (e2πi(x1+iτ−x2)/L − 1)∂x2χ̄ϵ(x2)

)

− 8π

(
L

2π

)2 (∣∣e2πi(x1−x2)/Le−2πτ/L − 1
∣∣2∂x2χϵ(x2)∂x2χ̄ϵ(x2)

+
1

2

(
e2πi(x1−x2)/Le−2πτ/L − 1

)2
:(∂x2χϵ(x2))2:

+
1

2

(
e−2πi(x1−x2)/Le−2πτ/L − 1

)2
:(∂x2χ̄ϵ(x2))2:

)
+ . . .

where for later convenience we performed the expansion in the coordinate z = eiu on the

plane, but still wrote coefficient fields in this expansion using the cylinder coordinate u.

The leading 1 on the right hand side of (4.59) will produce a correction of order O(g2
1) to

the quantum beta function (4.34) of the coupling g3 of the identity operator, i.e. the constant

term in the Hamiltonian (4.4). However, the detailed computation of δHϵ′

22 in section 4.2.1 was

for illustration purposes since we are focusing on deriving the flows of the marginal couplings

g1 and g2, and from now on we will therefore ignore the contribution from 1 in (4.59).

Next, let us consider the second term on the right hand side of (4.59), involving the

linear combination of the operators ∂x2χϵ(x2) and ∂x2χ̄ϵ(x2). Upon substituting it into (4.55)

with r = −s = 1 and performing the integral over x2 (after changing variables in the double

integral over x1 and x2 to the variables x = x1 − x2 and x2), we are left simply with a

linear combination of the zero-modes bϵ
0 and b̄ϵ

0. These are acted on by Wϵ(τ) but using the

explicit form (4.32) of this operator and of the regularised free Hamiltonian in (3.23), we

see that Wϵ(τ)bϵ
0 = bϵ

0 and Wϵ(τ)b̄ϵ
0 = b̄ϵ

0. This particular piece of the variation δHϵ′

11+,+−
would therefore produce a flow in the coupling of the zero mode of the chiral and anti-chiral

bosons
∫ L

0 dx∂xχϵ(x) and
∫ L

0 dx∂xχ̄ϵ(x), which we have not explicitly included in our original

Hamiltonian (4.4). We will also ignore these since we are focusing on the marginal couplings

g1 and g2. In fact, just like the identity operator, these zero-mode operators have minimal

impact on renormalisation as they are block diagonal in the sense of section 3.2.1 and hence

do not contribute to the quantum beta function of any coupling. Note also that terms

proportional to higher order derivatives of the fields, starting with ∂2
x2

χϵ(x2) and ∂2
x2

χ̄ϵ(x2),

which we have omitted in (4.59), are total derivatives of periodic operators in x2 and hence

vanish upon integration over x2 ∈ [0, L].

Let us then focus on the last term written on the right hand side of (4.59), which takes up

the last three lines. We will focus on the first of these three lines, namely the term proportional

to ∂x2χϵ(x2)∂x2χ̄ϵ(x2), since the other two lines will turn out not to be singular in ϵ. We will

comment on this point at the end of this section. Since we are focusing on a particular term
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from the expansion (4.59), let us denote its contribution to the variation δHϵ′

11↑,+− as

δHϵ′

11↑,+−
∣∣
Oϵ

2
= −8π2

L2
δϵg1(ϵ)2

∫ T

0
dτ

∫ L/2

−L/2
dx

∫ L

0
dx2Wϵ(τ)Oϵ

2(x2) (4.60)

× |1− e2πix/Le−2πτ/L|2∆̂ϵ(x, τ)e4Re(G(x−iτ ;ϵ))e−4πτ/L + O(ϵ0, δϵ2).

Here we have used the fact that the integrand in (4.55) is periodic in x1 to shift the integration

range from x1, x2 ∈ [0, L] to x1 ∈ [−L/2 + x2, L/2 + x2] and x2 ∈ [0, L]. Then after inserting

the expansion (4.59) we have changed variable from x1 to x := x1 − x2 ∈ [−L/2, L/2].

In (4.60) we are also anticipating that the first term on the right hand side will generate

infinitely many non-singular terms as ϵ→ 0, for instance the subleading terms in the expansion

of Wϵ(τ) in powers of τ , and we are including a term O(ϵ0) to cancel these off. In other words,

as the notation suggests, (4.60) corresponds exactly to the term inducing the quantum beta

function of the coupling g2(ϵ), i.e. of the operator
∫ L

0 dx Oϵ
2(x). Recall the definition (4.2b)

of the operator Oϵ
2(x). Our goal is therefore to extract the singular in ϵ contribution to

the first term on the right hand side of (4.60).

We can use (4.57) to rewrite (4.60) as

δHϵ′

11↑,+−
∣∣
Oϵ

2
= ∂ϵ

(
π

L2

∫ T

0
dτ

∫ L/2

−L/2
dx |1− e2πix/Le−2πτ/L|2e4Re(G(x−iτ ;ϵ))e−4πτ/L

)

× δϵg1(ϵ)2
∫ L

0
dx2Wϵ(τ)Oϵ

2(x2) + O(ϵ0, δϵ2). (4.61)

It therefore remains to determine the singular behaviour of the double integral in brackets on

the right hand side of (4.61) as ϵ→ 0. Since this comes from the singularity of e4Re(G(x−iτ ;ϵ))

as x, τ, ϵ→ 0, in order to extract the most singular term we can approximate the integrand

in the region where x, τ and ϵ are small. Explicitly, using (4.56) we find

e4Re(G(x−iτ ;ϵ)) ≈
(

L

2π

)4 1

(x2 + (τ − a1ϵ)2)2
. (4.62)

Using also the approximations |1− e2πix/Le−2πτ/L|2 ≈
(

2π
L

)2
(x2 + τ2) and e−4πτ/L ≈ 1, and

expanding the operator Wϵ(τ) =
∑

k≥0 τkWϵ(k) in powers of τ as in section 4.2.1, where we

set Wϵ(0) := id, we may rewrite (4.61) as

δHϵ′

11↑,+−
∣∣
Oϵ

2
=
∑

k≥0

(
1

4π

∫ T

0
dτ

∫ ∞

−∞
dx

τk(x2 + τ2)

(x2 + (τ − a1ϵ)2)2

)
(4.63)

× δϵg1(ϵ)2
∫ L

0
dx2 Wϵ(k)Oϵ

2(x2) + O(ϵ0, δϵ2).

Since the singular behaviour in ϵ comes from the region of integration near x = 0 we have

also extended the integration region from x ∈ [−L/2, L/2] to x ∈ ℝ. The double integral

in the brackets in (4.63) can now be evaluated explicitly and we find that for k > 0 this

contributes regular terms in ϵ, see section B.1 for details. It follows that none of the terms

k > 0 in the above sum will contribute to the flow of marginal or relevant operators. The

double integral for k = 0 evaluates to, again see section B.1 for details,

1

4π

∫ T

0
dτ

∫ ∞

−∞
dx

x2 + τ2

(x2 + (τ − a1ϵ)2)2
= −1

4
log ϵ + O(ϵ0). (4.64)
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Ignoring the regular piece as usual and substituting the singular part back into (4.63) gives

δHϵ′

11↑,+−
∣∣
Oϵ

2
= −δϵ

4ϵ
g1(ϵ)2

∫ L

0
dx Oϵ

2(x) + O(ϵ0, δϵ2). (4.65)

The other contributions coming from the variations δHϵ′

11↓,+−, δHϵ′

11↑,−+ and δHϵ′

11↓,−+ lead

to the same exact expression. By adding together these different variations, we finally read

off the quantum beta function (3.105) of the coupling g2 to be

βqu
2 [(gk(ϵ))] = g1(ϵ)2 + . . . (4.66)

where as usual ‘. . .’ denotes possible corrections coming from the other variations.

Finally, let us return to the comment made before (4.60) about the analogous computation

for last two lines on the right hand side of (4.59). In fact, we will focus on the chiral operator

:(∂x2χϵ′
(x2))2:, the second last term on the right hand side of (4.59), and since the computation

is very similar to the one for Oϵ
2(x) described in detail above, we will only highlight the

main differences with that computation. And the analogous computation for the anti-chiral

operator :(∂x2χ̄ϵ′
(x2))2: in the last line on the right hand side of (4.59) will be almost identical.

The contribution to δHϵ′

11↑,+− coming from the second last line of (4.59) reads, cf. (4.61),

δHϵ′

11↑,+−
∣∣
:(∂χϵ)2:

= ∂ϵ

(
π

2L2

∫ T

0
dτ

∫ L/2

−L/2
dx
(
e2πix/Le−2πτ/L − 1

)2
e4Re(G(x−iτ ;ϵ))e−4πτ/L

)

× δϵg1(ϵ)2
∫ L

0
dx2Wϵ(τ):

(
∂x2χϵ(x2)

)2
: + O(ϵ0, δϵ2). (4.67)

Using the same approximation (4.62) that led to (4.63) we now have the following analoguous

expansion

δHϵ′

11↑,+−
∣∣
:(∂χϵ)2:

=
∑

k≥0

(
1

8π

∫ T

0
dτ

∫ ∞

−∞
dx

τk(x− iτ)2

(x2 + (τ − a1ϵ)2)2

)
(4.68)

× δϵg1(ϵ)2
∫ L

0
dx2 Wϵ(k):(∂x2χϵ(x2))2: + O(ϵ0, δϵ2).

However, unlike the double integral with k = 0 appearing in (4.63), one can show that the

double integrals in (4.68) are regular as ϵ→ 0 for all k ≥ 0, see section B.2. The same is true

of the variations δHϵ′

11↓,+−, δHϵ′

11↑,−+ and δHϵ′

11↓,−+, so it follows that there is no contribution

to the flow of the coefficient of the free Hamiltonian Hϵ
0, which justifies a posteriori why we

did not include an explicit ϵ-dependent coefficient in front of Hϵ
0 in (4.4).

4.3 Renormalisation group flows

In this section we will briefly analyse the renormalisation group flows of the couplings in the

Hamiltonian (4.4) using their quantum beta functions derived in section 4.2. Before doing so,

it will be helpful to summarise the computation in section 4.2 and the results obtained.

Our starting point in section 4.2 was the formula (4.16) for the variation of the full

interacting Hamiltonian Hϵ′
after integrating out an infinitesimally thin shell of short distance

degrees of freedom between the cutoffs ϵ′ = ϵ + δϵ and ϵ. This formula involves the first order
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variations Vϵ′,(1,0)(x) and Vϵ′,(0,1)(x) of the potential V(χϵ, χ̄ϵ) with respect to short distance

chiral and anti-chiral bosons χϵ′
∖ϵ(x) and χ̄ϵ′

∖ϵ(x); see (3.75) for the precise definition. The

expression we took for the potential in section 4.2 was (4.17), which is a linear combination

of the two regularised marginal operators Oϵ
1(x) and Oϵ

2(x) in (4.2) and the relevant identity

operator Oϵ
3(x) = 1. Since the variation δHϵ′

in (4.16) is bilinear in the variations of the

potential V(χϵ, χ̄ϵ) and the identity operator clearly has vanishing variations, the computation

of δHϵ′
broke up into four parts δHϵ′

= δHϵ′

11 + δHϵ′

12 + δHϵ′

21 + δHϵ′

22. And by computing

these four variations separately, we identified the pieces which contributed to the quantum

beta functions (3.105) of the three coupling parameters g1(ϵ), g2(ϵ) and g3(ϵ) appearing

in the Hamiltonian (4.4). Focusing only on the marginal couplings g1(ϵ), g2(ϵ), we found

the quantum beta functions

βqu
1 [(gk(ϵ))] = g1(ϵ)g2(ϵ) + . . . , βqu

2 [(gk(ϵ))] = g1(ϵ)2 + . . . (4.69)

4.3.1 Irrelevant coupling contributions

Recall from section 4.1.1, or the general discussion in section 3.2.3, that we should really include

into the potential V(χϵ, χ̄ϵ) all possible local operators compatible with the symmetries of our

theory, as in (3.104), which will in particular include an infinite sum of irrelevant operators.

Indeed, all these operators will inevitably be generated from the procedure of integrating

out a thin shell of short distance modes and so should be included in the potential from the

outset in order to ensure self-consistency of the renormalisation group equation (3.103).

The ellipses ‘. . .’ in (4.69) encode precisely the contributions to the quantum beta functions

of the couplings g1(ϵ) and g2(ϵ) from the irrelevant operators we have omitted from the

potential (3.75). To give an example, recall the full vertex operators (2.37) labelled by pairs

of integers (r, s) ∈ ℤ
2, of conformal dimension r2 + s2, and consider the family of operators

∫ L

0
dx Oϵ

(r)(x) =
(2π)2r2−1

L2r2

∫ L

0
dx
(
:eir

√
8πχϵ(x)eir

√
8πχ̄ϵ(x): + :e−ir

√
8πχϵ(x)e−ir

√
8πχ̄ϵ(x):

)

(4.70)

for any r ∈ ℤ>1. Note that the origin of the prefactor of (2π/L)2r2
is the same as explained

in the paragraph around (4.12) since the integrand is a sum of full vertex operators of

conformal dimension 2r2. In particular, the local operators in (4.70) are all irrelevant since

2r2 > 2 and would appear in the general potential (3.104) with a prefactor of ϵ2r2−2. We

saw an example of such an operator being generated from the procedure of integrating the

thin shell in section 4.2.3, specifically the irrelevant operator (4.58) with m = n = 0 which

corresponds to the positive charge part of (4.70) with r = 2. Letting g(r)(ϵ) denote the

couplings of the operator (4.70), its quantum beta function βqu
(r)[(gk(ϵ))] would therefore

receive a contribution of the form

βqu
(r)

[
(gk(ϵ))

]
= c(r),1g1(ϵ)2 + . . . (4.71)

for some constant c(r),1 which could be computed following the analysis of section 4.2.3.

On the other hand, the contribution of the couplings g(r)(ϵ) to the quantum beta

function βqu
2 [(gk(ϵ))], say, of the coupling g2(ϵ) could be computed using a very similar

calculation to that of δHϵ′

11 in section 4.2.3, replacing the role of the full vertex opera-

tors :e±i
√

8πχϵ(x)e±i
√

8πχ̄ϵ(x): there by :e±ir
√

8πχϵ(x)e±ir
√

8πχ̄ϵ(x):. A similar expansion as the
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one in (4.59) of these full vertex operators would also involve the quadratic operators

∂x2χϵ(x2)∂x2χ̄ϵ(x2), :(∂x2χϵ(x2))2: and :(∂x2χ̄ϵ(x2))2:, leading to infinitely many corrections

βqu
2 [(gk(ϵ))] = g1(ϵ)2 +

∑

r>1

c2,(r)g(r)(ϵ)
2 + . . . (4.72)

for some coefficients c2,(r) that could be computed along the same lines as in section 4.2.3.

However, the corrections from the irrelevant couplings in (4.72) represent higher order

corrections in the marginal couplings g1(ϵ) and g2(ϵ). Indeed, the general solution to the

beta equation for the coupling g(r)(ϵ) takes the form

g(r)(ϵ) = g(r)(ϵ0)

(
ϵ0

ϵ

)2r2−2

+

∫ ϵ

ϵ0

dt

t

(
t

ϵ

)2r2−2

βqu
(r)

[
(gk(t))

]
. (4.73)

As explained in section 3.2.3, we are interested in the renormalised trajectory which is a

particular solution to the renormalisation group equation for which the irrelevant couplings,

such as g(r), are all switched off in the UV limit ϵ→ 0, see (3.110a). In other words, for the

renormalised trajectory we set the initial condition in (4.73) to g(r)(ϵ0) = 0 in the continuum

limit ϵ0 → 0. Since the quantum beta function (4.71) for the coupling g(r)(ϵ) is quadratic in

the marginal coupling g1(ϵ), its contribution to the quantum beta function of g2(ϵ) in (4.72)

will be subleading (of order g1(ϵ)4). In fact, even if we are not on the renormalised trajectory,

the first term on the right hand side of (4.73) is exponentially suppressed in the RG time

t = log(ϵ/ϵ0), so that the second term becomes dominant. This is the concept of universality:

if we include any amount of the irrelevant couplings g(r)(ϵ0) at some small UV scale ϵ0, the

trajectory will asymptotically approach the renormalised one as we increase the length scale ϵ.

4.3.2 Berezinskii-Kosterlitz-Thouless transition

The upshot of section 4.3.1 is that since we are working perturbatively to second order in

the marginal couplings g1(ϵ) and g2(ϵ), we can ignore the ellipses ‘. . .’ in the quantum beta

functions (4.69). The renormalisation group equations for the two marginal couplings g1(ϵ)

and g2(ϵ), up to second order, therefore take the simple form

ϵ∂ϵg1 = g1g2, ϵ∂ϵg2 = g2
1. (4.74)

The integral curves of the flow are depicted in figure 1.

The flow in (4.74) coincides with the 2-loop renormalisation group flow of the anisotropic

deformation of the 𝔰𝔲2 WZW model at level 1 derived using conformal perturbation theory,

see for instance [100, (5.5)] or also [10, (2.3) & (2.4)] expanded to second order in the couplings.

To make the comparison with the literature more explicit, recall from section 4.1.1 that the

Hamiltonian we are considering is (4.4), which using the definitions (3.20) of the regularised

chiral and anti-chiral currents Ja,ϵ(x) and J̄a,ϵ(x) can be rewritten as

Hϵ = Hϵ
0 +

g1(ϵ)

4π

∫ L

0
dx
(
J+,ϵ(x)J̄−,ϵ(x) + J−,ϵ(x)J̄+,ϵ(x)

)
+

g2(ϵ)

8π

∫ L

0
dx J3,ϵ(x)J̄3,ϵ(x).

Recall also from section 2.1.1 that the operator product expansion of the 𝔰𝔲2-currents Ja[z]

in (2.5), with our convention for the normalisations of the 𝔰𝔩2 generators in (2.1) and the
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Figure 1. A plot of the 2-loop renormalisation group flow of the anisotropic deformation of the 𝔰𝔲2

WZW model at level 1, in the marginal (g2, g1)-plane near the Kosterlitz-Thouless point (g2, g1) = (0, 0).

The gray arrows indicate the direction of the flow. The blue/orange curves correspond to different

negative/positive values of the 2-loop renormalisation group invariant C = g2

1
− g2

2
. The green lines

are the separatrices g2 = −|g1| corresponding to the Berezinskii-Kosterlitz-Thouless transition which

separates the massless phase, where the theory flows to a massless free boson in the IR, from the

massive phase where the mass grows in the IR. The shaded region where C < 0 and g2 > 0 contains

the renormalised trajectories emanating from the one parameter family of conformal field theories

given by the free compactified boson with radius R = 2/β, depicted by the red line along the positive

real axis g1 = 0 and g2 ≥ 0.

bilinear form κ : 𝔰𝔩2 × 𝔰𝔩2 → ℂ defined after (2.1), takes the explicit form

J3[z]J3[w] ∼ 2

(z − w)2
, J3[z]J±[w] ∼ ±2J±[w]

z − w
, J+[z]J−[w] ∼ 1

(z − w)2
+

J3[w]

z − w
.

Comparing with [10, (2.1)] we see that J3
BL[z] = 1

2J3[z] and J±
BL[z] = 1√

2
J±[z], so that our

definition of the marginal couplings g1 and g2 agrees with the one used in the perturbation [10,

(2.2)]. Likewise, comparing with [100, (5.2)] we see that J3
Z[z] = 1

2J3[z] and J±
Z [z] = J±[z],

so that our marginals are related to those of [100, (5.1)] by g1 = g⊥ and g2 = g||.

A Asymptotic expansion of G(u; ϵ)

We will use Mellin transform theory from section 3.1.3 to evaluate the asymptotics with

respect to ϵ of the regularised series G(u; ϵ) defined in (4.54).

The function G(u; ϵ) is a harmonic series depending on a complex parameter u ∈ ℂ, with

base function given by the smooth cutoff function η : ℝ≥0 → ℝ, the sequence of frequencies

µn = 2πn/L and the sequence of amplitudes λn = e−2πinu/L/n. So the associated Dirichlet
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series, which depends on the parameter u, is given by

Λ(u; s) :=
∑

n>0

λn(µn)−s =

(
L

2π

)s ∑

n>0

e−2πinu/L

ns+1
, (A.1)

which converges absolutely for all s ∈ ℂ when Im(u) < 0. Given the Dirichlet series (A.1),

the Mellin transform of G(u; ϵ) is then the function G∗(u; s) depending on the parameter

u and given by

G∗(u; s) = Λ(u; s)η∗(s). (A.2)

Now suppose that the smooth cutoff function η expands as η(x) = 1+
∑r−1

n=1 anxn +O(xr).

Its Mellin transform is a holomorphic function η∗ : ⟨0,∞⟩ → ℂ which by the direct mapping

theorem can be analytically continued to a meromorphic function η∗ : ⟨−r,∞⟩ → ℂ with

the singular expansion

η∗(s) ≍ 1

s
+

r−1∑

n=1

an

s + n
.

And since Λ(u; s) is entire in s if Im(u) < 0, it follows that (A.2) is a meromorphic function

G∗(u;−) : ⟨−r,∞⟩ → ℂ with singular expansion, for Im(u) < 0, given by

G∗(u; s) ≍ Λ(u; 0)

s
+

r−1∑

n=1

Λ(u;−n)an

s + n
.

To compute the coefficients Λ(u;−n), first note that we have Λ(u; 0) = − log(1− e−2πiu/L).

Also, differentiating with respect to the parameter u we obtain

i∂uΛ(u; s) =

(
L

2π

)s−1 ∑

n>0

e−2πinu/L

ns
= Λ(u; s− 1),

from which it follows that Λ(u;−n) = (i∂u)nΛ(u; 0) for every n ≥ 0.

We therefore conclude by the converse mapping theorem that for Im(u) < 0 we have

the asymptotic expansion

G(u; ϵ) = Λ(u; 0) +
r−1∑

n=1

an(iϵ∂u)nΛ(u; 0) + O(ϵr) (A.3)

as ϵ → 0. Restricting to the case r = 2 we may rewrite this expansion as

G(u; ϵ) = Λ(u; 0) + ia1ϵ∂uΛ(u; 0) + O(ϵ2)

= Λ
(
u + ia1ϵ; 0

)
+ O(ϵ2) = − log

(
1− e−2πiu/Le2πa1ϵ/L)+ O(ϵ2), (A.4)

where the second equality follows from recognising the first two terms in the second expression

as those of the Taylor expansion of Λ
(
u + ia1ϵ; 0

)
for small ϵ. Notice that if we take the

limit u → 0 on both sides of (A.4), we obtain

lim
u→0

G(u; ϵ) = − log ϵ− log

(
2πa1

L

)
+ O(ϵ), (A.5)
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which is consistent, at least at leading order, with the asymptotics of the regularised harmonic

series (3.39). The disagreement between the subleading O(1) terms in (A.5) and (3.39)

suggests that taking the limit u → 0 in G(u; ϵ) does not commute with taking the ϵ → 0

asymptotics. In any case, we note that this subleading O(1) term is scheme-dependent (i.e.

depends on the choice of smooth cutoff function η).

Multiplying both sides of the relation (A.4) by −4rs with r, s ∈ {±1} and then expo-

nentiating we obtain

e−4rsG(u;ϵ) =
(
1− e−2πiu/Le2πa1ϵ/L)4rs

+ O(ϵ2).

And finally, taking the modulus of both sides leads to the relation

e−4rsRe(G(u;ϵ)) =
∣∣1− e−2πiu/Le2πa1ϵ/L

∣∣4rs
+ O(ϵ2), (A.6)

valid for Im(u) < 0. In particular, the right hand side of (A.6) represents a regular expansion

in ϵ for all Im(u) < 0, but in the limit u → 0 it follows from (A.5) that

lim
u→0

e−4rsRe(G(u;ϵ)) = ϵ4rs + O(1), (A.7)

which contains a singular term if rs < 0.

B Asymptotics of a family of double integrals

In this appendix we compute the singular part of the asymptotic behaviour as ϵ→ 0 of the

family of double integrals appearing in (4.63) and (4.68), namely

Ik :=
1

4π

∫ T

0
dτ

∫ ∞

−∞
dx

τk(x2 + τ2)

(x2 + (τ − a1ϵ)2)2
, (B.1a)

Jk :=
1

8π

∫ T

0
dτ

∫ ∞

−∞
dx

τk(x− iτ)2

(x2 + (τ − a1ϵ)2)2
(B.1b)

labelled by k ∈ ℤ≥0. It will be useful to recall in what follows that a1 < 0, so that τ −a1ϵ > 0

since τ ≥ 0 and ϵ > 0.

B.1 Asymptotics of the double integrals Ik

The inner x-integral in (B.1a) can be evaluated using a contour integral. Specifically, closing

the contour off using a semicircle in the upper half plane and using the residue theorem we find

1

4π

∫ ∞

−∞
dx

x2 + τ2

(x2 + (τ − a1ϵ)2)2
=

(τ − a1ϵ)2 + τ2

8(τ − a1ϵ)3
. (B.2)

Since −a1ϵ > 0 it follows that the singularity of (B.2) lies outside the range of integration of

the τ -integral in (B.1a). To evaluate this τ -integral we break it up into two pieces Ik = I ′
k +I ′′

k

where we have defined

I ′
k :=

1

8

∫ T

0
dτ

τk

τ − a1ϵ
, I ′′

k :=
1

8

∫ T

0
dτ

τk+2

(τ − a1ϵ)3
. (B.3)
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The first integral for k = 0 evaluates immediately to

I ′
0 =

1

8
log(T − a1ϵ)− 1

8
log(−a1ϵ) = −1

8
log ϵ + O(ϵ0). (B.4)

The remaining integrals I ′
k for k > 0 can be determined using the recurrence relation

I ′
k =

1

8

∫ T

0
dτ

(τ − a1ϵ)k

τ − a1ϵ
− 1

8

k∑

n=1

(
k

n

)
I ′

k−n(−a1ϵ)n

=
(T − a1ϵ)k − (−a1ϵ)k

8k
− 1

8

k∑

n=1

(
k

n

)
I ′

k−n(−a1ϵ)n (B.5)

from which it follows that I ′
k = O(ϵ0) for all k > 0. The second integral in (B.3) for

k = 0 evaluates to

I ′′
0 =

1

8
log(T − a1ϵ)− 1

8
log(−a1ϵ)− T

4(T − a1ϵ)
+

T 2 − 2a1ϵT

16(T − a1ϵ)2
= −1

8
log ϵ + O(ϵ0) (B.6)

and using a similar recurrence relation as in (B.5) we find that I ′
k = O(ϵ0) for all k > 0.

Putting together all the above we deduce that, for k ≥ 0,

1

4π

∫ T

0
dτ

∫ ∞

−∞
dx

τk(x2 + τ2)

(x2 + (τ − a1ϵ)2)2
=

{
−1

4 log ϵ + O(ϵ0), k = 0

O(ϵ0), k > 0.
(B.7)

B.2 Asymptotics of the double integrals Jk

The inner x-integral in (B.1b) can similarly be evaluated using a contour integral, by closing

the contour off using a semicircle in the upper half plane and using the residue theorem.

This time we find

1

8π

∫ ∞

−∞
dx

(x− iτ)2

(x2 + (τ − a1ϵ)2)2
=

(τ − a1ϵ)2 − τ2

16(τ − a1ϵ)3
, (B.8)

so that we have Jk = 1
2(I ′

k − I ′′
k ) written in terms of the pair of integrals defined in (B.3). It

now follows from the above asymptotic expansions of these integrals as ϵ → 0, computed

in section B.1, that Jk = O(ϵ0) for all k ≥ 0, i.e.

1

8π

∫ T

0
dτ

∫ ∞

−∞
dx

τk(x− iτ)2

(x2 + (τ − a1ϵ)2)2
= O(ϵ0). (B.9)
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