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ABSTRACT: We develop a novel approach to the Wilsonian renormalisation of Hamiltonians
for 2-dimensional quantum field theories on the cylinder described in the UV by marginally
relevant deformations of conformal field theories. To introduce a Wilsonian short-distance
cutoff we make essential use of free field realisations of the full vertex operator algebra in
the UV. Our method is intrinsically non-perturbative; we derive a Hamiltonian analogue of
Polchinski’s equation describing the flows of all couplings.

As a primary example of our general method, we apply it to the marginal anisotropic
deformation of the 8us Wess-Zumino-Witten model at level 1, which is equivalent to the
sine-Gordon model on the cylinder. In particular, we reproduce the standard renormalisation
group flow of the sine-Gordon model near the Kosterlitz-Thouless point to second order in
the couplings, a result usually derived using Lagrangian/path-integral methods.
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1 Introduction and overview

Renormalisation is one of the cornerstones of quantum field theory. The subject has evolved
from the perturbative “subtraction of infinities” in Feynman diagram computations in early
quantum electrodynamics to the Wilsonian paradigm [59], which formulates quantum field
theory in terms of scale-dependent effective descriptions. From this modern perspective, the
renormalisation group formalises the relationship between effective quantum field theories
defined at different energy scales (inverse-length scales), with high-energy degrees of freedom

systematically and continuously integrated out to yield low-energy descriptions.

1.1 Approaches to renormalisation
1.1.1 Rigorous perturbative renormalisation

The rigorous mathematical underpinning of the perturbative “subtraction of infinities” was
the culmination of a substantial body of work spanning several decades. It began with the
combinatorial study of nested divergences in Feynman graphs, formalised in the Bogolyubov-
Parasiuk-Hepp-Zimmermann (BPHZ) theorem [11, 50, 102]. This established that local
counterterms can be recursively constructed so as to render n-point Green’s functions finite to



all orders in perturbation theory (see, for instance, [16]). The BPHZ renormalisation scheme
finds its rigorous justification in the causal Epstein-Glaser axiomatic framework [33], in
which renormalisation arises from the non-unique extension of time-ordered operator-valued
distributions to coincident points rather than from the subtraction of divergent integrals.
Finally, Connes and Kreimer showed [17, 18] that the BPHZ recursion is equivalent to the
Birkhoff factorisation of regularised Feynman rules viewed as characters of the Hopf algebra
of Feynman graphs [63], thereby recasting perturbative renormalisation as a Riemann-Hilbert
problem.

1.1.2 Non-perturbative renormalisation: path-integrals

The development of the exact, functional, or non-perturbative renormalisation group in the
physics literature ran parallel to these mathematical advances in perturbative quantum field
theory. Building on Kadanoff’s coarse-graining intuition [56], Wilson cast quantum field theory
as a flow of effective actions obtained by successively integrating out high-energy modes [59].

This physical picture was first encoded into exact functional differential equations by
Wegner and Houghton [95] using a sharp momentum cutoff, which Polchinski then significantly
improved upon by working instead with a smooth cutoff regulator [79]. This flow equation was
subsequently reformulated by Wetterich [96] in terms of the so-called effective average action.
The resulting Wetterich equation is mathematically equivalent to Polchinski’s via a functional
Legendre transform, but provides a formulation in terms of macroscopic observables that
is often more suitable for non-perturbative approximation schemes and numerical analysis;
see e.g. [8, 24, 31] for extensive reviews.

It was only relatively recently that Costello established a rigorous mathematical foundation
for this Wilsonian approach in the context of Euclidean quantum field theory [19], see
also [20], by combining the concept of effective actions with the Batalin-Vilkovisky formalism.
Finally, the incorporation of these functional flow methods into the Lorentzian framework
of perturbative algebraic quantum field theory was recently achieved in [21, 22], thereby
reconciling the Wilsonian intuition with the rigorous axioms of local covariance.

1.1.3 Non-perturbative renormalisation: Hamiltonians

Most formulations of Wilsonian renormalisation are rooted in the path-integral formalism
or in perturbative Lagrangian frameworks, where the construction of the S-matrix typically
relies on the time-ordering intuition of the Dyson series.

Somewhat surprisingly, comparatively less attention has been devoted to the Hamiltonian
counterpart, despite the fact that Wilson’s original intuition [59, 97] was inherently based on
the diagonalisation of the Hamiltonian matrix in a basis of truncated states. This operator-
theoretic approach was explicitly formalised by Glazek and Wilson [42, 43] and Wegner [94]
through the method of continuous unitary similarity transformations to decouple high-energy
modes, a method known as the ‘Similarity Renormalisation Group’, while related schemes
were developed in [1, 2, 47, 73, 93].

In the Truncated Conformal Space Approach (TCSA) developed in [98], a marginally
relevant perturbation V of a conformal field theory with Hamiltonian Hy = Lo + Lo is
studied numerically by truncating the Hilbert space of the conformal field theory to the



finite-dimensional subspace of states with energy bounded by some fixed Epax. In this setting,
Wilsonian renormalisation techniques have been numerically used to reduce the dependence
of the results on the cutoff .y coming from the truncation, see for instance [34, 41, 84].

More recently, an extensive Hamiltonian renormalisation programme has been developed
by Thiemann and collaborators, see for instance [66, 67, 83, 90], which provides a rigorous
implementation of Kadanoff’s coarse-graining idea in the Hamiltonian formalism. Specifically,
in this approach, operator valued distributions are smeared using finite-dimensional spaces
of test functions labelled by integer resolution scales M € Z>; and the coarse-graining map
is defined from a finer graining M’ to a coarser one M < M’.

1.2 The Hamiltonian Polchinski equation

The main goal of this paper is to derive a Hamiltonian analogue of Polchinski’s equation for
effective Hamiltonians in the Wilsonian framework. We formulate our approach for quantum
field theories on the cylinder S x R, with spatial compactification = ~ = + L, described
in the UV by relevant or marginally relevant deformations of 2-dimensional conformal field
theories. We summarise below the content of section 3 where this framework is developed.

1.2.1 Free field realisations and smooth regularisations

Standard applications of the Wilsonian renormalisation group typically deal with scalar fields
#(x) on R?, where the separation of scales is implemented by a sharp momentum cutoff on
the Fourier modes qg(k) We are interested in perturbations of 2-dimensional conformal field
theories in the UV, which may not intrinsically be described in terms of free fields. To adapt
the standard Wilsonian philosophy, our starting point is therefore to make a choice of a free
field realisation of the underlying full vertex operator algebra. This is to be contrasted
with Costello’s approach [19] which employs the BV formalism and homological methods to
treat general interacting theories without necessarily mapping them to free fields.

However, the compact spatial geometry of the cylinder S' x R introduces another technical
subtlety: the Fourier modes of Hamiltonian fields on S' are discrete. In this setting, a standard
sharp cutoff on the mode numbers n € Z would necessarily be an integer, making it impossible
to derive continuous renormalisation group flow equations in the form of differential equations
with respect to the scale. To circumvent this, we must eschew sharp truncations in favour
of smooth regularisations. So instead of truncating the algebra of Fourier modes, we
introduce a continuous regulator directly into the canonical commutation relations of the free
fields, as detailed in section 3.1. For concreteness, consider a chiral free boson x(z) with modes
by, for n € Z satisfying the standard Heisenberg Lie algebra relations [by, by,] = ndp4m0. In
the regularised theory with short-distance cutoff ¢ > 0 we replace it by a smoothly regularised
chiral free boson x(x) whose modes b, for n € Z satisfy the modified relations

2m|n|e
[b7617 b'fn] =nn ( .‘L ‘ ) 6n+m,07 (11>

where the regulator 7 : R>¢p — R is a fixed but arbitrary smooth function such that 7(0) =1
and n(x) decays faster than any power as x — oc.

This smooth regularisation cures the ultraviolet divergences inherent in the short-distance
singularities of products of chiral bosons, which typically manifest as divergent series Y o ; n®.



Indeed, in the regularised theory these are replaced by finite, albeit e-dependent, series of the
form Y 07 n'n (%) More importantly, when the same regularisation is applied also to the
anti-chiral sector, operators which induce deformations away from the conformal field theory,
given by zero-modes of products of chiral and anti-chiral operators, have a well-defined action
on the Fock space of the free field realisation. A prototypical example is the radius-changing

operator fOL dx Oy x ()0 X () in the free compactified boson conformal field theory.

1.2.2 Effective Hamiltonian and Polchinski’s equation

Since the short-distance cutoff € > 0 used in (1.1) was arbitrary, physical observables in the
theory should not depend on it. Indeed, the core philosophy of Wilsonian renormalisation (see,
for instance, [51]) is that there is a notion of ‘separation of scale’ in the sense that the details
of the physics at length scales below the one we are concerned about should not be relevant.
In particular, physics at length scales longer than the cutoff ¢ > 0 should be independent of e.

To describe how we implement this idea in our setup, we focus here again for concreteness
on a theory with field content described by a chiral and anti-chiral boson x(x) and x(z).
Given any two scales € > € > 0, we introduce a ‘shell’ chiral boson Xa\e(w) with modes
bf;\E for every n € Z subject to certain commutation relations such that the modes of
X€ (x) + x>¢(z) satisfy the same commutation relations as those of x¢(z) given in (1.1);
and likewise for the anti-chiral sector. Then the Hamiltonian analogue of the procedure of
‘integrating out’ degrees of freedom between the cutoffs € and € amounts to the problem of
constructing an effective Hamiltonian Hglﬁ in the theory with larger cutoff ¢, i.e. built
from the chiral and anti-chiral fields x¢ (x) and x¢ (z), which describes the same physics as
the original Hamiltonian H€ in the theory with smaller cutoff €, i.e. built from the chiral
and anti-chiral fields x“(z) and x¢(z).

Our approach to defining the effective Hamiltonian HZ/H, spelled out in detail in section 3.2,
is to require that its imaginary-time evolution over an arbitrary but fixed time 7" matches
the imaginary-time evolution of the original Hamiltonian H€¢ at the lower cutoff € projected
down to the long-distance subspace, namely

e_THgff = Ple_THEPl. (12)

Here P; denotes the projection onto the long-distance subspace, which consists of states
where none of the ‘shell modes’ b€ ¢ are excited, i.e. the subspace where the shell sector is
in its vacuum state. In other words, the operator on the right hand side of (1.2) describes
the full imaginary-time evolution of all states in the long-distance subspace which end up
back in this subspace after an imaginary-time 7', including all virtual excursions into the
short-distance sector. The effective Hamiltonian Hg;f on the left hand side of (1.2) encodes
the same imaginary-time evolution over a time 7" but without ever leaving the long-distance
subspace, incorporating the effective dynamics of the shell degrees of freedom in the fields
X< () and Y €(z) which have been eliminated or ‘integrated out’.

This matching of evolution operators is similar in spirit to the path-integral formulation of
Wilsonian renormalisation in the presence of a high-energy cutoff. There the effective action
Sé\f;[(ﬁA/} for the low-energy field ¢* in the theory with cutoff A’ is defined by integrating out



shell degrees of freedom ¢ between the cutoffs A’ < A in the path-integral, namely
o= Sl /DéA\A’ e SM N+ (1.3)

where SA[¢*] denotes the action for the high-energy field ¢* = &N + ¢™ A in the theory
with cutoff A. Our definition (1.2) of the effective Hamiltonian Hf; can be viewed as a
Hamiltonian analogue of this standard definition (1.3) of the effective action. Indeed, one of
the main results of the paper, see section 3.2.3, is a Hamiltonian analogue of Polchinski’s
equation [79] derived using (1.2) in the case when the length scale cutoff varies infinitesimally
so that € = e+ de for small de. By working to leading order in de we derive the beta function
for all the couplings.

Our definition of the effective Hamiltonian in (1.2) differs conceptually from the one used
in the Similarity Renormalisation Group [1, 2, 42, 43, 47, 73, 93, 94]. The key idea behind
this approach is to seek a unitary similarity transformation of the Hamiltonian H” in the
theory with cutoff A which decouples the shell degrees of freedom between the cutoffs A’ < A
from the low-energy ones below the cutoff A’. In other words, one is after a unitary operator
Ua,ar such that the transformed Hamiltonian Uy A/HAUTA A is block-diagonal with respect to
the low- and high-energy subspaces, so that it sends, in particular, the low-energy subspace
to itself. The effective Hamiltonian at the cutoff A’ is then given simply by restricting this
transformed Hamiltonian to the low-energy subspace, i.e.

Hap = PiUp A HAUL /Py (1.4)

where P; is the projection onto the low-energy subspace. In practice, however, the Hamiltonian
HA can only be block-diagonalised perturbatively to the first few orders in both the couplings
and the ratio of energy scales A’/A, see for instance [2] for a nice application of these ideas
to the 4-dimensional ©? theory. In this approach, the virtual excursions into the shell sector
are captured by the unitary transformation which can effectively be seen as mapping the free
vacuum state of the shell sector in the regularised theory to the interacting one.

There are also similarities between our definition (1.2) and the construction of the effective
Hamiltonian in the recently proposed Hamiltonian Truncation Effective Theory [14, 26]. In
the method of Hamiltonian Truncation first introduced in [13], or the Truncated Conformal
Space Approach of [98], the truncated Hamiltonian is P;(Ho + V)P;, where P; here denotes
the projection onto the finite-dimensional subspace of states with total energy less than
some cutoff Eax, which can be diagonalised numerically. Hamiltonian Truncation Effective
Theory [14, 26], see also the related works [25, 32] and the very recent paper [70], offers a
systematic way of improving on the naive truncation P;(Hy+V)P; of the Hamiltonian by using
methods from effective field theory to construct an effective Hamiltonian which takes into
account the effects from states above the cutoff E,.. However, rather than use a similarity
transformation as in (1.4), the effective Hamiltonian is obtained by matching its transition
amplitudes (i.e. the matrix elements of the time evolution operator) between low-energy
states to the transition amplitudes of the full Hamiltonian between the same states.

The approaches of the Similarity Renormalisation Group and of Hamiltonian Trunca-
tion Effective Theory, as described above, were shown in [32, section 2.1] to be deeply



connected.! In fact, both approaches are influenced by well-known methods to calculate
effective Hamiltonians, such as Rayleigh-Schrédinger perturbation theory or Schrieffer-Wolff
transformations [12, 85]. Yet it is important to observe that these methods rely on a sharp
separation of energy scales in the spectrum of the unperturbed theory since they typically
involve denominators (Ej — El)_1 with differences between energy eigenvalues Ej, and Ej in
the high-energy and low-energy sectors. But in a smooth regularisation scheme like the one
we are using (1.1), following Polchinski’s original approach to Wilsonian renormalisation using
smooth high-energy cutoffs [79], the ‘shell’ modes to be integrated out in the construction of
the effective Hamiltonian inevitably include a tail with arbitrarily low energies, causing these
energy denominators to diverge. Our definition (1.2) of the effective Hamiltonian, which
closely mimics the path-integral definition of the effective action used in [79], does not rely
on the existence of an energy gap between short- and long-distance degrees of freedom.
Finally, let us note that the use of smooth regularisation in perturbative renormalisation
has independently been explored in the recent works [80, 81], see also [52, 53, 57]. The
motivation of [80, 81] for using smooth regularisations was also inspired by [89], see section 3.1,
so it would be interesting to understand if the framework developed there is related to ours.

1.3 Main example and future directions

The main example to which we apply the methods developed in section 3, briefly outlined
above in section 1.2, is the sine-Gordon model. We summarise below the content of section 4
where this example is studied in detail.

The quantum sine-Gordon model is a tremendously well studied quantum field theory
in 2 dimensions, with a vast literature initiated by Coleman’s seminal work [15] on its
equivalence to the massive Thirring model. This theory is simultaneously rich in non-
perturbative phenomena, in particular through its strong/weak coupling duality with the
massive Thirring model, see e.g. [71], yet sufficiently simple to be tractable, owing in part to
its integrability [64, 76, 87, 99, 100] (see also [91] for a recent review). As such, it provides
an ideal testing ground for exploring new and existing frameworks in 2-dimensional quantum
field theory, which explains why the literature on the sine-Gordon model continues to rapidly
expand even to this day. In particular, recent progress was made on describing the sine-Gordon
model from the perspective of perturbative algebraic quantum field theory [4, 101].

A remarkable feature of the quantum sine-Gordon model is that its renormalisation group
flow exhibits the famous Berezinskii-Kosterlitz-Thouless (BKT) transition [6, 7, 61]. This
phase transition, characterised by a separatrix dividing the massless and massive phases,
has been derived in many different formalisms. For instance, it was originally derived using
perturbative Wilsonian renormalisation techniques on the XY-model [60], which lies in the
same universality class as the sine-Gordon model, and later using standard field-theoretic
counterterm renormalization around the Kosterlitz-Thouless point [3, 5], using string theoretic
methods [68], using Polchinski’s equation [78] or using conformal perturbation theory, see
e.g. [36, section 4.6]. We refer also to [39, 72] for rigorous derivations and to [28-30] where
rigorous Euclidean path-integral methods are used, relating to the framework of constructive
quantum field theory [44]. While the BKT transition is seen already at second order in

We thank James Ingoldby for pointing this out to us.



the couplings around the Kosterlitz-Thouless point within these perturbative frameworks,
the renormalisation group flow of the sine-Gordon model has also been extensively studied
non-perturbatively using the functional renormalisation group, namely via the Wetterich
equation, see for instance [23, 74, 75] and also [49] for a recent comparison between the
non-perturbative and perturbative analyses.

Importantly for us, the sine-Gordon model on the cylinder can be described as a marginally
relevant perturbation of a 2-dimensional conformal field theory in the UV, namely the free
boson compactified at the self-dual radius. Explicitly, the sine-Gordon model is equivalent to
an anisotropic deformation of the 319 WZW model at level 1 [9, section 3g|, with Hamiltonian

Hog = 2L7T(L0+E0)+ilr/ode(ﬁ(x)J(x)+J(x)J+(a;))+8ng/OdeJB(x)J?’(x). (1.5)

The first term on the right hand side is the Hamiltonian of the 8us WZW model and the two
J J-deformations are written in terms of the chiral and anti-chiral 8us-currents of the WZW
model. The relationship with the sine-Gordon model, which is described by a single boson
field ®(x) and its conjugate momentum II(x), is seen directly by recalling that the chiral
and anti-chiral 8us-currents at level 1 admit a free field realisation in terms of chiral and
anti-chiral free bosons x(z) and x(x), respectively; see section 2.2 and section 4.1 for details.
Under this free field realisation the kinetic term of the sine-Gordon Hamiltonian arises as the
sum of the first and last terms in (1.5), with the chiral decompositions ®(x) = ¢(x) + ¢(x)
and II(z) = 0,¢(x) — 9.¢(z) related to the chiral and anti-chiral fields x(z) and x(z) by a
Bogolyubov transformation; see section 2.2.3 and section 4.1.2 for details. In particular, the
last term in (1.5) is the marginal perturbation inducing a radius change in the compactified free
boson from the self-dual radius to a generic radius R = 2/3 determined by go. The second term
in (1.5) then becomes proportional to the standard cosine potential fOL dx 8cos(BP(x))8p
which is relevant for 3% < 8m; see section 4.1.2.

As a non-trivial check of our approach to Wilsonian renormalisation in the Hamiltonian
formalism using a smooth regularisation a la Polchinski, outlined in section 1.2, the main goal
of section 4 is to rederive the renormalisation group flow equations to second order of the
marginal couplings g; and g2 in (1.5), with respect to the continuous short-distance cutoff
scale € > 0. With our normalisation conventions we recover the well-known renormalisation
group flow

€0cg1 = 9192, €Deg2 = g7 (1.6)

which exhibits the BKT transition; see figure 1 in the main text. The renormalisation group
flow (1.6) is universal, i.e. scheme independent, and was given in [100]. In fact, the flow derived
in [100] is an all-loop exact expression in a particular renormalisation scheme, obtained using
the Poincaré-Dulac theorem to fix the renormalisation scheme ambiguity of the subleading
coefficients. Note that a different all-loop extension of the universal leading-order flow (1.6)
was also given in [10, section III]. The latter is based on a conjectured exact expression for
the beta function of current-current deformations of 2-dimensional conformal field theories
with Kac-Moody current-algebra symmetry [40], obtained using Ward identity considerations.
However, a subsequent 4-loop computation of this renormalisation group flow using conformal



perturbation theory in [69] was found to be incompatible with the flow of [10, section III] in
an arbitrary renormalisation scheme. It would be interesting to push the computations in
the present Hamiltonian framework to higher order in perturbation theory to check these
all-loop exact extensions of the universal renormalisation group flow (1.6).

Finally, it would be interesting to apply the Hamiltonian framework developed in this
paper to other 2-dimensional quantum field theories on the cylinder S* x R, which can be
described by marginally relevant deformations of conformal field theories in the UV. For
concreteness we have focused on the 81y WZW model at level 1 because the associated
(anti-)chiral 8ug-current algebra admits a simple realisation in terms of a single free (anti-
)chiral boson. However, the method is expected to be applicable much more generally to any
quantum field theory whose conformal field theory in the UV can be realised in terms of
arbitrarily many free fields such as (anti-)chiral bosons, fermions, 37-systems or be-systems.

An obvious first step would be to explore the Wilsonian renormalisation flow of the massive
Thirring model, recently derived using functional renormalisation group methods in [77], by
realising the (anti-)chiral 8uy-current algebra at level 1 in terms of free (anti-)chiral fermions
instead of bosons, see [37]. Another natural next step is to apply our approach to affine Toda
field theories associated with higher rank Lie algebras g, for which the renormalisation group
equations have been derived using standard perturbative methods and which are known to
exhibit generalised BKT transitions [9, 45, 46]. Notably, the construction presented here
for 8us should admit a direct generalisation to higher rank in the case of simply-laced g
where the associated untwisted affine Kac-Moody algebra also has a basic representation
in terms of rk g bosons via the Frenkel-Kac construction; see [38] and [55, section 5.6]. A
particularly interesting direction for future research would be the application of these methods
to integrable o-models such as the Kliméik model [58] or the A-model [86]. Indeed, the study
of the UV limit of the Kliméik model in [62], and also very recently that of the A-model in [65],
served as one of the primary motivations for the present work, which seeks to provide a
systematic framework for constructing 2-dimensional quantum field theories that are described
in the UV as perturbations of conformal field theories with free field realisations.
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2 Background and motivation

We are interested in studying the renormalisation group flows of 2-dimensional quantum field
theories whose behaviour in the ultraviolet is described by marginally relevant perturbations of
2-dimensional conformal field theories. For ease of presentation, to motivate our approach we
focus on a particular class of 2-dimensional conformal field theories, the Wess-Zumino-Witten



(WZW) models, which exhibit left and right affine Kac-Moody algebra symmetries generated
by chiral and anti-chiral currents. In this setting, the marginally relevant operator inducing
the renormalisation group flow is a bilinear combination of these chiral and anti-chiral currents.

Throughout the rest of the paper we shall, in fact, further specialise to a particular
instance of this general setting which corresponds to the sine-Gordon model, to be discussed
in section 4. In this section we will therefore present the background relevant for this particular
case, but we expect the techniques outlined in the paper to be applicable much more generally.

2.1 Current algebras

We recall the definition of the untwisted affine Kac-Moody algebra in terms of generators and
relations in section 2.1.1. Two commuting copies of this algebra, encoded in the chiral and
anti-chiral currents, generate the full affine vertex algebra which underpins the conformal
structure of the Wess-Zumino-Witten model [27, section 15]. Since we will be primarily
interested in the example of the Lie algebra 815, we discuss the specifics of this case alongside
the general story. In section 2.1.2 we describe the usual change of variable from the plane
to the cylinder [27], giving rise to Fourier mode decompositions of the chiral and anti-chiral
currents on S'. Importantly, there is a subtle difference in sign between the currents which
leads to a whole class of local operators, coupling the two chiralities together, whose careful
treatment will require renormalisation. In section 2.1.3 we recall the definition of the chiral
and anti-chiral Virasoro generators in terms of the currents and express the Hamiltonian of
the WZW model in terms of the zero-modes of the stress-energy tensor.

2.1.1 Chiral and anti-chiral currents

Affine Kac-Moody algebras can be obtained as central extensions of loop algebras associated
with any finite-dimensional semisimple complex Lie algebra g.

Given an arbitrary basis J for a = 1,...,dim g of the Lie algebra g, we let f?. denote
the associated structure constants, so that [J%, .J%] = Do f%.J¢. When the reality conditions
imposed are such that (J%) = J?, it is customary to include an extra factor of i on the
right hand side so that f, is real; see e.g. [27, (13.2)]. We will be interested in different
reality conditions so we do not follow this convention. Let « : ¢ x ¢ — € be the normalised
Killing form on g defined for any x,y € g by r(x,y) = sivtr(ad(x)ad(y)), where h" is the
dual Coxeter number of g, and denote its components by x® = x(.J?, J?). The components
define an invertible matrix, since k is non-degenerate, and we denote the components of
its inverse by kgp. In the case ¢ = 8l of interest in this paper, we fix a standard basis
of J3,Jt and J~ with relations

[Tt J7]=J3, [J3, J%] = £2J%. (2.1)

The dual Coxeter number of 81y is h¥ = 2 so that x(J3,J?) =2 and x(J*,J7) = 1.
The untwisted affine Kac-Moody algebra associated with g is an infinite dimensional Lie
algebra, with generators J¢ for a =1,...,dimg and n € Z, and Lie bracket given by

(T3, T2 =" P ede  + k™ nbpim, (2.2a)

C



where k € C is called the level. In the chosen normalisation of the Killing form, the so-called
critical level is —h" and we shall henceforth assume that k # —h". Strictly speaking, the level
k in the above algebra (2.2a) should be replaced by a central element 1. However, when one
is only interested in considering representations of the untwisted affine Kac-Moody algebra
g on which this central element 1 acts as multiplication by the number k, it is standard to
work directly with the Lie algebra relations (2.2a) and refer to this as the untwisted affine
Kac-Moody algebra g at level k, often denoted in the literature simply by g.

We introduce a second copy of the untwisted affine Kac-Moody algebra whose generators
we denote by J¢ for a = 1,...,dimg and n € Z, satisfying the same Lie algebra relations
as in (2.2a), namely

[Ty Im) =D ed sy + kY 16 m 0. (2.2b)

C
In principle the level k here could be different from the one appearing in (2.2a), but in
the example we shall consider both levels coincide so we shall only consider this case. To
distinguish this second copy of the untwisted affine Kac-Moody algebra from g;. defined above,
we shall denote it as Ek We further take these two affine Kac-Moody algebras to commute, i.e.
we require [J2, J2] = 0, which amounts to working with the direct sum Lie algebra g @ Ek

The infinitely many generators of these two affine Kac-Moody algebras can be conveniently
organised into the chiral and anti-chiral currents as follows. To each basis element J* (or more
generally to any element of g) we can associate a pair of holomorphic and anti-holomorphic
currents in a complex variable z defined as

Jz] = Z Jazmn Joz] = Z Jognl (2.3)
nez nez
We use square bracket notation for the arguments z and z since we reserve the more
standard bracket notation for the Fourier mode decomposition of the same currents, see
section 2.1.2 below.

It is important to stress here that while z denotes the complex conjugate of z, the modes
j,‘zl and J are independent, and in particular they are not related by hermitian conjugation.
Instead, hermitian conjugation is defined using a choice of anti-linear involution 7: g — g
on the Lie algebra g, by letting X{ = —(7X)_, and X| := —(7X)_,, for every X € g and
n € 7. Note that the overall minus sign in these definitions is to ensure that ()7 defines an
anti-linear anti-involution on the Fourier modes. When g = 8ls we take 7 : 815 — 3[5 to be

the anti-linear involution defining the compact real form 8us of 8o, given by 7.J3 = —J3
and 7J* = —JF. We then have
Ut =72 )T =05, )t =, () =5, (2.4)

In terms of the currents (2.3), the pair of untwisted affine Kac-Moody algebra relations (2.2)
are then equivalently encoded in the singular part of the operator product expansions

F‘:ab clw
Pl ~ e + 5 1, (2.50)

_ _ Iiab 7C W
JOE ] ~ k_w)Q +y f“bc%]_[g.

G (2.5b)
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We also have the regular operator product expansion J%[z]J[w] ~ 0 which encodes the fact
that the two copies of the affine Kac-Moody algebra mutually commute.

More general composite operators O]z, z], which may depend on both z and Zz, can then
be constructed as finite linear combinations of normal ordered products of derivatives of
the chiral and anti-chiral currents (2.3), namely

1

mCARAIO I

1

1
'OQ"TJ“T[Z}::—

n1 7b1[3
P AMAIC B

e (2.6)

my Ng

with mq,...,my,n1,...,ns € Z>¢ and ay,...,a;,b1,...,bs € {1,...,dimg} for any r,s €
Z>o. Under the state-field correspondence, such composite operators in the 2-dimensional
conformal field theory correspond to particular states in the full affine vertex algebra F*(g).
The latter is defined as the module over gy & Ek induced from the trivial representation of
the positive part of the Kac-Moody algebra, namely the 1-dimensional vector space C |0)
spanned by the vacuum state |0) with defining properties J2|0) = 0 and J%|0) = 0 for
alln > 0and a = 1,...,dimg. Specifically, the state-field correspondence associates the
operator (2.6) to the state

Ju L L L, 1]0) € FR(g). (2.7)

—mi1—1" —my —ni—1"
We refer for instance to [92] for a detailed description of the full affine vertex algebra F*(g).

2.1.2 Fourier mode decompositions

We are interested in 2-dimensional field theories on the cylinder S' x R, where S! represents
the compact spatial direction and R is the time direction. In the Hamiltonian formalism, such
a theory is described by a collection of fields on a constant-time Cauchy surface, i.e. a copy
of S', which therefore admit Fourier mode decompositions. In the context of a 2-dimensional
conformal field theory, this set-up can be obtained by means of the so-called radial quantisation
using a coordinate transformation from the plane to the cylinder [27, section 6.1].

Currents on the cylinder. Explicitly, let € [0, L] be a coordinate along the circle S!
where the length scale L € R~ represents the circumference of the cylinder, and let ¢ € R be
the time coordinate along the vertical direction on the cylinder. By introducing the complex
coordinate u = x + it on the cylinder, with the periodic identification v ~ v+ L, we can map
the cylinder to the plane using the conformal transformation v — z = €2/ Under the
inverse transformation, the chiral and anti-chiral currents (2.3) then get mapped to

2 p .

J () = %zja[z] = % 3 Jae2minu/L, (2.8a)
nez

_ o - 2 o

Jo (1) = %zﬂ{z} - % S Jaermine/l, (2.8b)
nez

see, e.g., [92, section 4.1]. In the latter, the coordinate transformation z = €™  iu is
considered but using instead the present coordinate transformation z = e2™%/L — 3 leads to
the additional factors of 2% Note, in particular, that (2.8) are really the expressions for the

8ly-currents in the coordinate iu, rather than . On the left hand sides of (2.8) we introduced

— 11 -



the bracket notation for the arguments v and u of the currents on the cylinder, by contrast
with the square bracket notation used in (2.3) for the currents on the z-plane. These are
sometimes denoted instead as J&, (u) and Jg (2), respectively, and similarly for the anti-chiral
currents, see e.g. [27], but since we will only be interested in the cylinder we omit the subscript
‘cyl” and instead reserve the bracket notation for the arguments of a current on the cylinder.

Restricting (2.8) to the constant time slice u = z € [0, L] leads to the desired Fourier
mode decompositions

92 A _ 92 o
Ja(:l,‘) _ f’ﬁ Z J;Ize—27rmax/L’ Ja(:l,‘) _ f’ﬁ Z J;Ize%rmm/L‘ (2.9)
nez nez

It follows using (2.4) that the currents (2.8) in the u coordinate on the cylinder satisfy
the simple reality conditions

Bt =7@), JE=JT@), P =70a), JEw!=JF@). (2.10)

Local operators. We pause here to make a trivial but crucial observation about the Fourier

mode expansions (2.9). Notice that the chiral modes J2 in the expansion of the current

2rinz/L while the anti-chiral modes J® in the

2minx /L

J%(x) come multiplied by the exponential e~
expansion of the current J%(z) come instead multiplied by the inverse exponential e
This property stems from the fact that the chiral and anti-chiral currents defined in (2.3)
were respectively holomorphic and anti-holomorphic in the variable z = e2™/L,

And although trivial, this observation has important implications on which kind of local
operators, i.e. integrals over = € S! of composite operators of the form (2.6), are well defined.
Indeed, integrals of purely chiral (or anti-chiral) composite operators lead to infinite sums
of normal ordered monomials of the form :Jp! ... Jgr: with ny + ...+ n, = 0. For instance,

when g = 8l, we may consider the local operator

2W/ da T3 () J3 () Zjinjﬁ (2.11)

n>0

From such a normal ordered infinite sum, only finitely many terms can act non-trivially on
any given state in a smooth representation of the chiral affine Kac-Moody algebra (2.2a).

In stark contrast, the integrals of composite operators (2.6) comprising both chiral and
anti-chiral pieces lead to infinite sums of products of chiral creation operators (J2 with n < 0)
with anti-chiral creation operators (J2 with n < 0). For instance, when g = 815 an example
of a local operator we will be interested in is

27r/ dz J3(z).J3 (2 ZJ,%J;;’. (2.12)
nEZ

The construction of g & Ek—representations on which such local operators have a well-defined
action requires some care. We will come back to this issue in section 3 below after describing
the kind of representation of interest for the sine-Gordon model in section 2.2.

— 12 —



2.1.3 Energy-momentum tensor

Two important composite operators are the holomorphic and anti-holomorphic components
of the energy-momentum tensor, which generate commuting chiral and anti-chiral copies of
the Virasoro algebra, given by the Sugawara construction

1 “ ]
T[z] = ST hY) %/{ab J42]0° 2], (2.13a)
Tla] = W %Hab (2] (2] (2.13b)

These operators correspond, under the state-field correspondence of Fk(g), to the chiral state
Q=3 (k+hY)" Y,y KapJ®1 21 |0) and anti-chiral state Q == §(k+h") ™13, kap %12 |0),
respectively. They expand as T[z] = Y,cz Loz """ % and T[2] = 3,cz Loz "% where the
chiral and anti-chiral Virasoro modes L, and L,, are given explicitly by

— a b |
L, = k:—i—hV S Kab Tyt (2.14a)
mEZ a,b
" 70 Tb .
mEZ a,b
kdimg

These generate two commuting copies of the Virasoro algebra with central charge ¢ = 777+.
It is well known, see for instance [27, (5.138)] or also [92, section 4.1.2], that under the inverse
of the conformal transformation u — z = €27/L the holomorphic and anti-holomorphic
components of the energy-momentum tensor (2.13) get mapped to

T(u) = (22)2(2%[2] _ ;4) (@) = <2L7T>2<22T[2] _ ;4) (2.15)

We note here the usual shifts by the constant —g; which originate from the Schwarzian
derivative terms in the transformation properties of the (anti-)holomorphic components of
the energy momentum tensor under conformal transformations [27, section 5.4.1].

The Hamiltonian of the WZW model on the circle is given in terms of (2.15) as

C
27T/ da T(z +—/ da Tz (L0+L0—12) (2.16)

2.2 Free field realisations

In view of studying the renormalisation group flow of the WZW model perturbed by marginally
relevant operators using a Wilsonian-type approach, we first need to introduce a Wilsonian
cutoff in the WZW model. Naturally, it is tempting to regularise the theory by truncating
the (anti-)chiral Kac-Moody currents at some energy cutoff A € Z~(, keeping only those
Fourier modes J and J_,‘f whose mode number n satisfy the bound |n| < A. Specifically, this
truncation is obtained by quotienting the direct sum of chiral and anti-chiral Kac-Moody
algebras with defining relations (2.2) by the ideal (J%,J%)/,>a, generated by the basis

elements we want to discard. However, we see from the first term on the right hand side
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of (2.2) that this ideal is in fact equal to the whole algebra. We will later introduce smooth
regularisation in section 3.1.2 for which the same problem persists.

If the underlying Lie algebra g were abelian, however, then only the second term on the
right hand side of the relation (2.2) would be present, i.e. the central extension term, and
there would be no such problem. In this abelian setting, the untwisted affine Kac-Moody
algebras (2.2a) and (2.2b) correspond to chiral and anti-chiral Heisenberg Lie algebras,
respectively, and describe the algebras of Fourier modes of derivatives of chiral and anti-chiral
free bosons; see section 2.2.1 below. The adjective ‘free’ here refers to the fact that the Lie
bracket of any two modes is central (we have not yet specified any Hamiltonian). Another
important example of free bosonic fields is given by the Sv-system, i.e. an infinite-dimensional
Weyl algebra.

As we will explain shortly in section 3.1, the algebras of Fourier modes of free bosonic
fields are easily regularised. In order to regularise the pair of affine Kac-Moody algebras (2.2)
we shall exploit the fact that these always admit free field realisations, such as free fermion
representations or the Wakimoto realisation which utilises a collection of both free chiral
bosons and SBvy-systems. For simplicity, in this paper we shall focus on the simplest type of free
field realisation of the untwisted affine Kac-Moody algebra. Namely, when ¢ is simply laced
and the level is k = 1 we have access to the basic, or vertex, representation of (2.2a) in terms
of rk g chiral free bosons, see e.g. [54, Theorem 14.8] or [27, section 15.6.3], and similarly
for (2.2b) in terms of rk g anti-chiral free bosons. In fact, for the purpose of describing
the sine-Gordon model in section 4 later, we shall be interested in the simplest such free
field realisation in the case when g = 8ly, for which only a single (anti-)chiral free boson
is needed [27, section 15.6.1].

Since it will play a crucial role in our description of the sine-Gordon model, and to set out
our conventions, we begin in section 2.2.1 by recalling the details of the basic representations
of the chiral and anti-chiral affine Kac-Moody algebras for 3ls at level 1. We then relate
these to the compactified free boson in section 2.2.2.

2.2.1 Chiral and anti-chiral free bosons

We begin by introducing the infinite-dimensional Lie algebra $ios of the modes xg, %o, b, and

b, for n € Z of the chiral and anti-chiral free bosons subject to the relations

[bna bm] = n5n+m,(]a [Bn, bm] = n6n+m,07 (2173)
[XO, bn] = ! [)_(0; Bn] - ! (217b)

7571 9 7571 9
VL% o v 0

for all m,n € Z, with all other Lie brackets between generators being zero. We define
hermitian conjugation ()7 : Hiog — Hiog on the generators as

x)=x0, Xb=%, bl=b.,, bl=b_,. (2.18)

We let $ C i denote the Lie subalgebra spanned by b,, and b, for all n € Z subject to
the relations (2.17a). We also let ., respectively $_, denote the subalgebra spanned by b,
and b,, for n > 0, respectively n < 0. Let 8 :=U ($) denote the universal enveloping algebra
of $. The reason for excluding the zero-modes xg and Xp is that these will play a separate
role later, entering the definition of intertwining operators between B-modules.
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Basic representation on the plane. The chiral and anti-chiral free bosons are defined
by their mode decompositions

xlzl = xale +x-[2, x[2 = x+[2] + x-[2]; (2.19)

which we separate into creation and annihilation parts (including, respectively, the zero
modes xg, Xo and by, by) as

X+[2] = %0+ b, — X-|z] = ——==bologz+ — > b,—, (2.20a)
' mn% VR
Yilz = ZB L Y_[2] = ———bglog z + —— ZB L. (2.20D)

n<0 ”4ﬂ n>0

Here we implicitly make a choice of branch cut for the logarithm so that the annihilation
parts x_[z] and x_[Z] of the chiral and anti-chiral free bosons (2.19) are only defined on the
complex z-plane with a cut from the origin to infinity. We will come back to this point shortly.

The commutation relations (2.17) of the modes of the chiral and anti-chiral free bosons (2.19)
are equivalently encoded in the singular parts of the operator product expansions

Xlelxlu] ~ — - log(= —w),  X[ZIX[a] ~ — log(z — ). (2.21)

The normalisation factor of ﬁ appearing in front of —log(z — w) here is directly related
to the factors of \/% which we chose to include in (2.17) and (2.20). Other factors are
sometimes used in the literature, a common choice being 1 as in [27, 15.6.1]. Our choice of
normalisation in (2.21) will later ensure that the compactified free boson X and its conjugate
momentum P, defined in section 2.2.2, satisfy canonical commutation relation with the
standard normalisations.

Note that the derivatives of the free bosons (2.19) have mode decompositions

—n—1
n< ) 85

nGZ nEZ

(2.22)

9.x[7]

Up to overall factors, these are of the same form as (2.3). Moreover, the relations in (2.17a) of
the Lie algebra $, take the same form as (2.2) for § & g with ¢ = (b) a 1-dimensional abelian
Lie algebra, which can be identified with a Cartan subalgebra ) = (J3) of 8l5. In this sense,
the derivatives (2.22) of the chiral and anti-chiral free bosons correspond to untwisted affine
Kac-Moody algebras associated with the abelian Lie algebra §. The basic representation
of éfz at level 1 extends this to a realisation of the untwisted affine Kac-Moody algebra
for the whole of 8[5 by realising the Kac-Moody currents J¥[z] in terms of normal ordered
exponentials of the same chiral free boson x[z], and similarly for the anti-chiral currents
J*[Z]. Explicitly, for any o € R we define the vertex operators

el Xzl = graxtlel giox—[2] etax[z]. — giax+[#] giax-[z] (2.23)
The basic representation of the chiral and anti-chiral 8ls-currents at level 1 is then given by
J3[2] = ivV8md. x|, JE[2] = eEiVBTxEl, (2.24a)

J2] = —ivBro:xlz),  JE[F] = e FVEEL (2.24D)

N
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The factors of v/81 appearing here relate back to the normalisation by ﬁ in the operator
product expansions (2.21), cf. [27, 15.6.1]. It is important to note here that the signs in the
exponents for chiral currents J*[z] and their anti-chiral counterparts J*[z] are opposite, as
is the overall sign in the expression for J3[z] compared to J3[z].

Basic representation on the cylinder. Under the inverse of the conformal transformation
u > z = >™/L the chiral and anti-chiral free bosons (2.19) transform simply as scalars, i.e.

x(w) =xlzl,  x(u) = x[2]. (2.25)

However, for reasons that will be explained shortly, we introduce a finer decomposition of
these fields by separating out the zero-mode part and defining

x(u) = x+(u) + xo(u) + x-(v),  X(@) = X+(@) + Xo(@) + X- (1) (2.26)
where each summand is given explicitly in the u coordinate by
1 1 : U
= —be2minu/L = bo— 2.27
X (u) i %;0 ~bne . xo(w) =X+ VT 07 (2.27a)
i 1- o T
Y+ (1) = —— ~ b2/ L Yo(@) = Xg — /Thy—. 2.27b
Xi< ) \/ZE:FTLZ>OTL X()( ) 0 ﬁ OL ( )

Recall that x_[z] and x_[z] in (2.20) were only defined on the cut z-plane. Correspondingly,
the fields x(u) and () are a priori only defined on a vertical strip {u =z +it|z € [0,L)}
in the complex u-plane. However, it is clear that the definitions (2.27) of these fields
extend naturally to the whole complex u-plane. In particular, x4 (u) and x4 (@) both extend
periodically with period L while, due to the zero-mode parts, we have the periodicity properties

X(u+ L) =x(u) +v/mbo,  x(a+L)=x(a)— vrbo (2.28)

for the chiral and anti-chiral free boson.
In terms of the u coordinate, the reality conditions (2.18) on the modes of the chiral and
anti-chiral free bosons translate to the simple reality condition

xw)'=x@),  x'=x@) (2.29)

on the fields themselves.

Using the finer decomposition (2.26) of the chiral and anti-chiral free bosons x(u) = x[]
and y(u) = x[z] which separates out the zero-modes, we use a slightly different notion of
normal ordered exponential to define chiral and anti-chiral vertex operators

i X(W), — gionxs () gioXo(u) giox— () i X(@), _ gia X () gia Xo(@ gt (@) (2.30)

which is to be compared with (2.23). It is important to note, in particular, that the normal
ordered exponentials (2.30) are still defined relative to the coordinate z since we are still
using the notion of creation and annihilation operators relative to this coordinate in (2.27).
We can then rewrite the basic representation (2.24) in the u coordinate as

2 .
J3(u) = V8mdyx(u), JE(u) = %:ei’mxw):, (2.31a)
7 (@) = VBroex(@),  JE(a) = %;eﬁ@i(ﬂ);. (2.31D)
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These relations can be obtained by combining the change of coordinate formulae in (2.8)
and (2.25) with the free field realisations (2.24) in the z-coordinate. In particular, when

deriving the expression for the currents .J3(u) and J3(u#) we note that under the change of

2miu/L 2mi

coordinate z = e we have 0, = %zﬁz and 03 = —=*20;. To see the expressions of
the currents J*(u) and J* (i), we note that the two notions of normal ordered exponentials
in (2.23) and (2.30) are just related by a factor of z since by the Baker-Campbell-Hausdorff

formula we have

- ii\/Sﬂ(beologz)
z 6:|:Z 87TX()6 \/E —e

ﬂ\/@(Xo*ﬁbO logZ) — oFiVETx0(u) (2.32)

It is now also immediate that the realisations of the 8lo-currents in (2.31) satisfy the
reality conditions (2.10) as a consequence of the reality condition (2.29) on the (anti-)chiral
free bosons. Specifically, to see that the normal ordered exponentials (2.30) satisfy the
reality conditions

(:e"C“X(“):)Jr = e tox(®), (:eio‘i(ﬂ):)Jr = eTtaX(W), (2.33)

one uses the fact that xo(u)T = xo(@), Xo(#)! = Xo(u) and x4 (u)" = x+(@), X+ (@) = ¥+ (u).
In particular, we observe that the simple reality condition (2.33) is a consequence of the zero-
mode pieces having been combined into a single exponential. By contrast, the normal ordered
exponentials (2.23) satisfy a slightly more involved reality condition. From now on we shall
refer to (2.31) as 8uy-currents to emphasise that they satisfy the reality conditions (2.10).

Energy-momentum tensor. Applying the basic representation (2.24) to the holomorphic

and anti-holomorphic components of the energy-momentum tensor (2.13) on the plane we

find, cf. [27, (15.233)],
T[z] = —2m:0,x|#]0:x]z]:, T[z] = —2m:0:x[2)0:X]Z]:. (2.34)
Moving to the cylinder using the transformation property (2.15), together with the fact that
x(u) = x[z], x(u) = x[z] and 0, = %z@z, Op = —%285 we find
w2 - w2
T(u) = 2D (Wdux(u): — g

T(u) = 2m:0x(w)dax(u): — ik (2.35)

Subsituting this into the Hamiltonian (2.16) of the WZW model on the cylinder we find

T
6L

In the first term we recognise the Hamiltonian of the free boson on the circle of circumference

Ho = /OL Az (:0:x(2)Dpx (2): + 0, % (2) Dy X (2):) (2.36a)

L, with our normalisation conventions for the chiral and anti-chiral free bosons x. Or in
other words, in the expression on the right hand side of (2.16) the operators Ly and Lo are
those of the free boson given in terms of the osscilators b,, and b, for n € Z by

1 -1 so-
Lo = §b3 +3 boyb,,  Lo= 5b%; + > b_yby. (2.36b)

n>0 n>0

The constant term —g- in (2.36), i.e. —2%1—'32 with ¢ = 1 in (2.16), is exactly the Casimir
energy, or vacuum energy, of the free boson on the cylinder with periodic boundary conditions,

see for instance [27, (6.88)—(6.89)].
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2.2.2 Compactified boson and dual boson

There is an obvious problem with the realisation (2.31) of the $ug-currents J3(u), J*(u)
and J3(u), JE(u). The currents were defined in section 2.1 by their Fourier mode decompo-
sitions (2.8) and so are manifestly periodic under u — u + L. By contrast, the definitions
of the chiral and anti-chiral free bosons x(u) and x(u) in (2.27) extended to the whole
complex wu-plane with the non-trivial periodicity property (2.28) under v — u + L. We
therefore need to ensure that the expressions on the right hand sides of (2.31) are themselves
periodic under u — u + L.

The derivatives 9, x(u) and dzx(u) are both periodic under u +— u+ L, as can be seen from
differentiating the relations (2.28). On the other hand, the periodicity of the vertex operators
:eEIVBTX(W): and 1eFVBTX(®): ig not immediate. Since X+ (u) and x4 (u) are both periodic,
one needs only to ensure that the zero-mode exponentials etiVBTX0(W) gand eFVETXO(W) gre
periodic under u — u + L. This, in turn, requires that the operators v/2by and v/2by take
integer values since it will then follow that v/87xo(u) and v/87xo () are defined up to integer
multiples of 2. In this case, the family of vertex operators (2.30) will be well defined on the
cylinder only for o € v/87Z, i.e. we will have a discrete family of full vertex operators

Vrs(u,0) = i VBTX(W). isVEBTX(W). (2.37)
labeled by pairs of integers (r,s) € Z2. By a slight abuse of notation we will just write
these full vertex operators with a single argument as V, s(u). Our immediate goal is thus to
introduce a representation §§ of the chiral and anti-chiral free bosons on which the zero-modes
V/2bg and v/2bg both act as integers. The expressions of the basic representation (2.31) will
then produce the desired periodic 3us-currents when acting on §.

Fock spaces. For any p,w € Z we let &, denote the Fock space over the Lie algebra §,
with defining relations (2.17a), whose highest weight state |p,w) is defined by the properties

p+w - p—w
bn|p7w> = W’pa’wﬁn,m bn|pa w> = WUO’ w>5n,0 (2-38)

for all n € Z>o. Specifically, Fp.w = Ind§+((7\p,w> is the module over $ induced from
the trivial 1-dimensional module C|p,w) over the Lie subalgebra $, defined by the rela-
tions (2.38). For reasons to be explained shortly, we say that states in the Fock space p.w
carry momentum p € Z and winding number w € Z. It follows from the relations (2.17b)
that the formal exponential operators of the zero-modes xg and Xg given by

vV 27r(x0 +X0) . ei\/ 27r(x0 —Xo0

pi=c  Fpw — Bt W= ) B — St (2.39)

define intertwining operators between Fock modules §, ., for different values of (p, w) € 72.
These operators create one unit of momentum and winding number, respectively, while their
inverses destroy the corresponding units. It will be convenient to define the shift operators
as the following simpler exponential operators

S = €i\/§x0 : %nw — %p+17w+1, (2403,)
S = 6i 870 : gp,w — %p—}-l,w—h (240b)
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*1 and §i1, appear as a factor in the vertex operators

since these operators and their inverses, s
:eFIVBTX(W); and :eFVETX@): respectively. Their only non-trivial commutation relations with

the generators of § are

bos:l:1 = Sil(bo + \/i), Bogil = §i1(50 + \/i) (2.41)

Note also that s = pw and 5 = pw~L.

We introduce the direct sum of Fock spaces with even total momentum and wind-
ing number

X = @ Spw (2.42)

PWEZ
pHwe2Z

which we refer to as the Fock space of the compact boson. It can be thought of as having
a unique vacuum |0) = [0,0) € Fo,0 since all other highest weight states |p, w) € Fp with
p+ w € 27 for the Lie algebra $ in (2.17a) can be created by applying a combination of the
intertwining operators in (2.40), which define endomorphisms s*!,s*! : & — §. Specifically,
for any p,w € Z with p + w € 2Z we have

ptw _p—

pow) = P10} = $5°5°510) = Vit o (w,@)0)] (2.43)

U—300

In other words, any state |p, w) with p+w € 2Z is created from |0) by the vertex operator (2.37)

on the cylinder, with labels (r,s) = (25%,25%) € Z?, inserted at infinity.

Completed Fock spaces. By construction, the zero-mode exponentials etiVBTX0(W) apq
etV8TX0(@) act on the Fock space §p,w as stle2milptwiu/L oy gHle2mi(w—p)a/L respectively.
These are manifestly periodic under v — u + L so that, when viewed as endomorphisms of ,
the operators eT1V8™0(u) and ¢+V8m0(@) are well defined on the cylinder, as required.

Strictly speaking, however, the formulae entering the basic representation (2.31) still
do not have a well defined action on the representation §. This point will be crucial in
section 3.1 so it is useful to already expand on it here.

The exponentials eFiVBTX-(u) apd eii@’z—(ﬂ), involving the annihilation parts of the
chiral and anti-chiral free bosons, act on § as finite sums, as do the expressions 9, x—(u)
and OyY_(u). By contrast, the exponentials e*1V8™x+ ) and ¢*1V8™x+(®) are formal infinite
sums of creation operators which do not truncate when acting on . The same goes for the
expressions 0, X+ (u) and dzX+(u). This can be remedied by introducing a formal completion
§ of §§ as follows.

Each Fock space §p,w, for any p,w € Z, has a natural Z>(-grading

S = P S, (2.44)

d>0

defined by letting the highest weight state |p, w) have grade 0 and by assigning grade n to the
modes b_,, and b_,, for any n € Z. A general state in the direct sum (2.44) is a finite sum of
states of definite grade. We define the formal completion of (2.44) as the direct product

Spw = [] 3%, (2.45)

d>0
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whose elements are formal infinite sums of states of all non-negative grades. One can equally
define this as the completion of the vector space §p., With respect to the linear topology
whose neighbourhoods of 0 are @ - %1(,?20 for all N > 0. By analogy with (2.42) we then
also define the completion of § as the direct sum

D Spw (2.46)

PWEZL
prwe2Z

The expressions in the basic representation (2. 31) which contain infinite sums of creation
modes, are then well-defined formal operators on % This formal completion is sufficient for
the perturbative Wilsonian analysis carried out below, and in particular for the leading-order
computations in section 4, since the latter are performed only after introducing the smooth
Wilsonian cutoff of section 3.1. However, it would be interesting to understand whether this
formal construction admits a more refined operator-theoretic formulation, for example using
analytic completions such as Gelfand triples (also known as rigged Hilbert spaces), as in the
recent treatment of exponential defect operators in [82]. We leave this question for future work.

Canonically conjugate fields. Having constructed a suitable representation of the algebra
B on which the formulae of the basic representation (2.31) produce 8us-currents which are
periodic under u — u + L, we may now introduce the main field of interest, the compact
boson X. We do this by combining the chiral and anti-chiral compact bosons as

X(u, @) = y(u) + x(q). (2.47)

By abuse of notation we will often write this field with a single argument as X(u) even though
it depends on both chiralities. In fact, since we are interested in Hamiltonian field theory we
will mostly deal with the restriction of X to the real axis, with explicit mode decomposition

YT o — b

X _ _
(1’) Xo + Xg + I

—27rinx/L 248
\/47‘(’ T;) ( )

for z € R, which satisfies the reality condition X(z)" = X(x) as a consequence of (2.29). The
periodicity properties (2.28) of the chiral and anti-chiral free bosons imply that

X(u+ L) = X(u) + v/7(bg — by). (2.49)

On the Fock space ., this takes the form X(u + L) = X(u) + 2rwR, where R, = 1/1/27 is
called the self-dual radius; see section 2.2.3. It is in this sense that the field X is compact: we
should view it as being valued in the circle of radius R, so that X ~ X+ 27 R, and hence X(u)
is well defined on the cylinder since X(u + L) ~ X(u). In the sector &, it winds w times
around the circle of radius R, as we go once around the cylinder. This is also the reason why
the label w € Z in the Fock space &, is referred to as the winding number.

Next, we define the dual compact boson X as

X(u, ) = x(u) — x(). (2.50)
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We will also often denote this field with a single argument as X(u) for simplicity since we will
be mostly concerned with its restriction to the real axis, with explicit mode decomposition

X(SC) =Xg — Xg + \F(bg + b(] .’E + — —27rmm/L (251)
\/47r n;éO

for € R. It too satisfies the reality condition X(z)" = X(z). The properties (2.28) now imply
X(u+ L) = X(u) + /7 (bo + by), (2.52)

which on the Fock space ., takes the form X(z 4 L) = X(x) + 27pR,. The field X is thus
also compact: we should view it as taking values in a circle of the same radius R, as X so that
X ~ X 4 27 R,, and hence it is well defined on the cylinder since we have X(u + L) ~ X(u).
In the sector §p,w, the dual compact boson X winds p times around the circle of radius Ro.

To explain why this ‘dual winding number’ p is referred to as the momentum of the Fock
space Fp.w, we recall how the dual compact boson X is related to the conjugate momentum
of the compact boson X. Introduce the step-function of width L by

— 1 i 1 2min(z—y)/L
slx—y)=g@—y) =53 e : (2.53)
n#0
whose derivative is the Dirac comb with period L, namely
Oz —y) == Oge Z e?rinlz=y)/ (2.54)

nEZ

It then follows from the Fourier mode decompositions (2.27) of the chiral and anti-chiral free
bosons x(z) and (z) for € R and the relations (2.17a) that [x(z), x(y)] = —%e(z — y),
[X(z), X(y)] = se(z — y) and of course [x(z), X(y)] = 0. By definitions (2.47) and (2.50) of
the compact and dual compact bosons, we then immediately deduce that

X(@), X)) =0,  [X(2),X(y)] = ~ie(z —y),  [X(z),X(y)] =0 (2.55)

for any z,y € R. Defining the conjugate momentum as P(z) := 9,X(z) we then obtain
the canonical commutation relations

X(2), X(y)] =0,  [X(z),P(y)] =id(z—y),  [P(z),P(y)]=0. (2.56)

In other words, while the conjugate momentum P can be realized as a time-derivative of the
compact boson X, it is also obtained as a spatial derivative of the dual boson X.
Now the momentum has the following mode expansion

\/> Z 727rinz/L' (257)

nez

Its integral is the zero-mode momentum fOL dzP(z) = \/7(by + bg) which on the Fock space
Sp,w 1s quantised as p/R,, justifying the name ‘momentum’ for the label p. In particular,
the fact that the zero-mode momentum is quantised in integer multiples of 1/R, is consistent
with the compactification of the boson X on a circle of circumference 27 R,.
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Causal propagator. The real-time evolution of the free compact boson (2.48) on S is
given by the quantum operator in the Heisenberg picture

X(z,t) = et™MoX(z)e ™0 = y(x +t) + x(x — t) (2.58)

for t € R. The two argument notation here should not be confused with the one in (2.47),
but since we denote the latter simply by X(u) this should not lead to confusion. Note that
by using (2.49) we have the property X(z + L,t) = X(z,t) 4+ v/7(bg — bg), so that (2.58)
is well defined on the Lorentzian cylinder in the zero-winding sector $, o for any p € Z.
More generally, it is only defined on 2-dimensional Minkowski space. The commutator of the
quantum field (2.58) at two different space-time points (z,t) and (2/,¢') is given by

X(z,),X (2", 1')] = iAY (a, t; 2, 1), (2.59)
in terms of the causal propagator on the Lorentzian cylinder which reads

1
A (g b2t = §(s(x —a' —t+t)—e(x—a" +t-1)). (2.60)

Finally, we note using P(z) = 0;X(z,t)|;=0 that the canonical commutation relations (2.56)
all follow as a consequence of (2.59). In particular, the first relation follows from the fact that
the causal propagator (2.60) vanishes at space-like separated points and the second and third
relations follow using 9y A (z, t; 2/, ') |i—p—0 = 6(z — 2') and 0,0y AV (2, t; 2, t')|j—pr—g = O.
Note that (2.59) solves the 2-dimensional wave equation (—8? + 02)A%Y(z,t;2/,¢') = 0. It
can be written as a difference

Az, 2 ) = ACRyl(x,t;x',t') - Aiyl(x,t;:v’,t')
of the retarded and advanced causal Green’s functions defined by

Acyl

R/A(:c,t;a:’,t/) = F0(£ (t — ')AV (x, t; 27, 1)), (2.61)

where 0(z — y) == e(z — y) + 5. Using 9,0(t — ') = 6(t — ') and the fact that we can rewrite
the causal propagator (2.59) as A¥(z, t;2/, ') = 2(0(z —2' —t +t') —O(x — 2’ +t — 1)), we
find that (2.61) are indeed both Green’s functions for the wave operator, namely

(— 02 + ag)Ag}A(m, ta’ ) = 6(t —t)o(z — ). (2.62)

Free imaginary-time evolution. Although we are really interested in Hamiltonian field
theory on the circle S, it is useful to consider our fields as living on the extended Euclidean
cylinder iR x S' as in (2.8) for the chiral and anti-chiral currents J(u) and J%(i), or (2.26)
and (2.27) for the chiral and anti-chiral free bosons x(u) and x(u).

This extension of fields from S! to iR x S! respectively turns chiral and anti-chiral fields
on S! to holomorphic and anti-holomorphic fields on iR x S equipped with the complex
coordinate u = x — it where = € [0, L] is the coordinate along S* and 7 € R the coordinate
along the cylinder. Indeed, it follows from the definition of the WZW Hamiltonian in (2.16)
that the imaginary-time evolution of the chiral and anti-chiral currents J%(x) and J%(x) on
S1 are given by holomorphic and anti-holomorphic currents

J(x —it) = ™Mo Jo(z)e~ Mo, JUz + i) = ™Mo Je(z)e Ho, (2.63a)
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Equivalently, working in the free field realisation where Hg is the free boson Hamiltonian
given by (2.36), the free imaginary-time evolution turns the chiral and anti-chiral free bosons
into holomorphic and anti-holomorphic fields, respectively,

x(x —it) = e™Hoy(z)e Ho, X(z 4 i7) = e™Hox(z)e Ho, (2.63b)
In particular, the compact free boson (2.47) on the cylinder can be recovered from its Fourier
mode decomposition (2.48) on the circle by imaginary-time evolution, and likewise for the
dual compact boson (2.50) from (2.51). Note that fields on the cylinder iR x S* can be viewed
as operators in a Euclidean version of the Heisenberg picture while fields of interest on the
circle S' represent the same operators but in a Euclidean version of the Schrédinger picture.

It is important to note, however, that we are not working with Euclidean field theories. The
imaginary time 7 introduced by the extension from S! to iR x S! is a purely computational
tool, allowing us to use methods from conformal field theory such as operator product
expansions in (2.5) and (2.21). We saw another example of the use of imaginary-time
evolution in (2.43) where the highest-weight state |r + s,7 — s) € § for arbitrary (r,s) € Z?
could be created from the vacuum state |0) € & by inserting the vertex operator V, s(u, )
in (2.37) at infinity on the cylinder. This can be depicted pictorially as:

[r+s,r—3s)

The Hamiltonian fields and states live on the circle S* at 7 = 0 and the physical time-derivative
of fields in the Heisenberg picture is obtained by taking commutators with iHg, cf. (2.58).

Local operators. Coming back to the crucial point raised at the end of section 2.1.2, we can
use the basic representation (2.31) to express local operators of interest, given by integrals
over the circle of composite operators (2.6), directly in terms of modes of the chiral and
anti-chiral free bosons in §. Recall that there are two classes of local operators to consider.

Integrals of purely chiral (or anti-chiral) composite operators can be expressed as infinite
sums of normal ordered monomials :by, ...by,,:, with n; + ... 4+ n, bounded, multiplied
by a finite number of shift operators (2.40). For example, when g = 8y the chiral local
operator (2.11) can be expressed as

/ dz I3 () T3 (x) —4/ dz 0, x(2)0s x (& Zb b (2.64)

n>0

Since § is a direct sum (2.42) of Fock spaces $p, which are highest weight representations
of $, such normal ordered infinite sums are a well defined endomorphism of §.

On the other hand, integrals of a composite operator (2.6) which contains both chiral and
anti-chiral pieces lead to infinite sums of products of chiral creation opeators (b,, with n < 0)
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with anti-chiral creation operators (b, with n < 0). For instance, in the case g = 8l the
local operator (2.12) can be expressed in terms of chiral and anti-chiral free boson modes as

L B L i
217r/0 dz J3(x)J3(z) = 4/0 dz :0,x(2)0:x(x): = - 3" byby. (2.65)

Although the infinite sum over positive modes n > 0 has a well defined action on the direct
sum of Fock spaces §, the infinite sum over negative modes n < 0 does not. On the other hand,
the infinite sum over negative modes in (2.65) has a well defined action on the direct sum §
of completed Fock spaces, by definition of the latter, but the infinite sum over positive modes

does not. For instance, »_,, < b_mb_m|p, w) € % is a well defined state in the completion but

Z by.by, Z b_mb_m|p, w) = Z n?|p, w) (2.66)

n>0 m>0 n>0

produces a divergent infinite sum times the highest weight state |p,w), which is ill-defined.

2.2.3 Changing the compactification radius

We saw in section 2.2.2 that for the basic representation (2.31) to correctly produce 81o-
currents at level 1 living on the cylinder, we had to work in a particular representation §
of the algebra B ensuring that the boson X and dual boson X could be compactified on a
circle of radius R, = 1/v/2m. Recall that the compactifications
- & 1

X ~ X+ 27R,, XNX—i—R— (2.67)
(where in the second relation we wrote 27 R, = 1/R, for later convenience) were enforced
by the fact that these fields appear as exponents in the two parameter family (2.37) of
full vertex operators

V,(z) = VBT (rx (@) +sx(x)). _ :eR%(7“+S)X(90)+27riRc>(7"—8)>~<(w):7 (2.68)
labeled by pairs of integers (r,s) € Z2.

Rescaled canonically conjugate fields. It is clear from the compactification rules, written
in the form (2.67), how to change the compactification radius from the self-dual radius R, to
a generic radius R > 0. One should simply rescale the boson X by R/R, and correspondingly
rescale the dual boson X by R./R. The latter also ensures that the canonical commutation
relations (2.55) are preserved. Instead of dealing with the radius R directly, it will be more
convenient to work with the parameter 5 = 2/R so that the self-dual radius R, corresponds
to the value S, = /8. Thus, for generic § > 0, the rescaled compact boson and
dual boson are defined as

O (u,u) = \/E?X(u,ﬁ), (u, 1) = \/%X(u, u) (2.69)

for any u € C. These have the corresponding compactification rules

N |

O~ (2.70)
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The rescaled fields (2.69) should, more precisely, be denoted by ®5 and &)5 to emphasise
the dependence on the compactification radius R = 2/3. However, to ease notation we will
usually suppress the subscript 3 if the value of § is clear from the context. We will always
denote the compact boson and dual boson at the self-dual radius by X = @ = and X=a S

The rescaling (2.69) would be a benign transformation at the classical level. However, as
we will now explain, it is more subtle at the quantum level since it corresponds to a Bogoliubov
transformation on the modes of the chiral and anti-chiral free bosons y and x which has the
effect of mixing the chiralities as well as the notion of creation/annihilation operators.

By design, the rescaled fields (2.69) satisfy the same canonical commutation relations
as the original boson and dual boson, cf. (2.55),

[@(2), @(y)] =0,  [®(2), D(y)] = —ie(x —y),  [D(x),®(y)] =0 (2.71)
for any x,y € R. It follows that the rescaled fields (2.69) admit a mode decomposition of
the same form as the original boson and dual boson. That is, we can decompose them into
chiral and anti-chiral free bosons ¢ and ¢ as, cf. (2.47) and (2.50),

©(u, ) = ¢(u) +¢(@),  P(u,a) = $(u) — $(a). (2.72)

In turn, we can decompose ¢ and ¢ themselves into creation, zero-mode and annihilation
parts, cf. (2.26) and (2.27),

$(u) = b1 (u) + do(u) + ¢—(u),  d(u) = ¢ (u) + do(u) + o (u) (2.73)

where each summand is given explicitly in the u coordinate by

Ot (u) = \ﬁ Z —a e~ 2minu/L do(u) :==qo + ﬁag%, (2.74a)
$n>0
(Ei(’L_L = Z a 271'imi/L’ (2_50(@) = E]O — \/77'50%. (274b>

v $n>0

Here the modes qq, qo, a, and a,, for n € Z generate an infinite-dimensional Lie algebra with
the same defining relations as in (2.17), namely

[an7 am] - n5n+m,07 [5717 ém] - n5n+m,0) (2753)
1 1
yan] = ——0n.0, 4o, an] = ——0n.0-
Bogolyubov transformation. Restricting the relations (2.69) to the real axis and using
the expressions (2.47), (2.50) and (2.72) we find that the chiral and anti-chiral bosons ¢(z)

and ¢(x) associated with a general 3 > 0 are related to original ones x(z) and x(z) associated
with the self-dual value of /87 as

(2.75D)

¢(z) = ayx(z) —a-x(z),  é(z)=arx(z) —a-x(z) (2.76)
for all x € R, where we have introduced the parameters

s = 1<5 + M) (2.77)

2\\8r
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Comparing the mode expansions of both sides of (2.76), and noting that the chiral modes

—2minx/L

b, in (2.27) come multiplied by the exponential e while the anti-chiral modes b,

2minx /L

come with an oppositely signed exponential e , and likewise in the expansions (2.74),

we obtain the Bogolyubov type transformation

qo = a4Xg — a_Xo, an = atb, +a_b_,, (2.78a)

qo = Q4 Xp — A_Xq, a, = ayb, +a_b_, (2.78Db)

for all n € Z. We thus see that the modes of the rescaled chiral boson ® not only mix the
chiral and anti-chiral modes of X, but also its creation and annihilation modes. An immediate
consequence of this is that the notion of normal ordering depends on the compactification
radius R, or equivalently on the parameter 5 = 2/R. We will come back to how this affects
the family of vertex operators introduced in (2.68), in section 3.1.4 below.

It follows from the reality conditions (2.29) that the chiral and anti-chiral parts (2.76) of
the rescaled compact boson and dual boson (2.72) satisfy the same reality conditions

o) =), o) =o(x) (2.79)

for x € R. Equivalently, their modes (2.78) satisfy the same reality conditions q;r] = qo,

qg = qo, a, = a_, and a}, = a_, as in (2.18).
To close this section, we check that the Bogolyubov transformation (2.78) reproduces
the expected periodicity property on the rescaled field ®. In terms of the zero-modes qq

and qo the state (2.43) reads
Ip,w) = ¢ (5 452) a0 1 (=252 )0 gy

Crucially, by virtue of the second relations in (2.78) it is clear that the modes a,, and a, for
n > 0 do not annihilate the states |p, w). However, the zero modes act as

ao\p,w>:(ff%+2wf)rp,w>, aop,w>:(ffg—2wf)rp,w>. (2.80)

It follows from the decomposition (2.72) of ®(u) and the mode expansions of ¢(u) and ¢(u)
in (2.74) that ®(u+ L) = ®(u) + /7(ap — ap) and therefore, on the Fock space &, we
indeed have the expected periodicity relation ®(u + L) = ®(u) + 27nR with R := 2/p5.

3 Renormalisation of Hamiltonians

In this section we will develop a Wilsonian approach to the renormalisation of Hamiltonian
field theories on the circle S'. We begin in section 3.1 by introducing a short-distance cutoff
in the conformal field theory of the compactified free boson discussed in section 2.2.2. This
regularisation serves to control ultraviolet divergences, such as the one exhibited in (2.66).
In section 3.2 we then implement the Wilsonian renormalisation programme, whose guiding
principle is that long-distance physics should be insensitive to the details of the short-distance
cutoff. When applied to perturbations of the compactified free boson, this framework yields
renormalisation group equations governing the flow of all coupling constants.
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3.1 Regularisation

The first step in Wilsonian renormalisation is to introduce a high energy (or short distance)
cutoff A into the theory so as to keep ultraviolet divergences under control. And the standard
approach is to truncate the mode expansions of all the fields ¢ of the theory by working instead
with truncated fields ¢<(z) whose mode expansions only involve momenta of magnitude
below the Wilsonian cutoff A. As emphasised in section 2.2, we cannot apply such a truncation
procedure directly to the (anti-)chiral Kac-Moody currents J%(u) and J%(u) of the WZW
model since these are non-abelian. So our approach consists in using free field realisations of
these currents, which in our 3us case at level 1 is given by the basic representation (2.31) in
terms of chiral and anti-chiral free bosons x(u) and x(u), and regularise the free fields instead.

However, since we are working with a (Hamiltonian) field theory on a compact space, the
circle S, the mode decomposition of our free bosons y(u) and x(u) is a sum over the discrete
set of modes b,, and b,, with n € Z, given in (2.26) and (2.27). In this setting, a high energy
Wilsonian cutoff is an integer A € Z~( at which we choose to truncate these sum of modes,
since momentum is measured in integer multiples of 2% Yet our main goal is to describe the
renormalisation group equations for the couplings of perturbations of the WZW model, which
are conventionally described as differential equations with respect to a continuum length or
mass scale. The purpose of the present section is therefore to replace the above naive sharp
truncation of the chiral and anti-chiral bosons x and x by a more general smooth regularisation
depending on a smooth cutoff function 7 : R>9 — R and a continuous length scale € > 0.

In order to motivate such smooth regularisations, there is a mathematical analogy for why
smoothing the cutoff is a meaningful thing to do, coming from the regularisation of divergent
series [89, section 3.7]. We note that this analogy has already been explored recently in
the context of renormalisation in 4-dimensional quantum field theories [80, 81, 88]. In our
2-dimensional Hamiltonian setting on the circle S', however, the connection to regularisation
of divergent series is more than an analogy. Indeed, the divergent series in question, of the type
S ,>1 nF for some k > —1, are precisely the kind we encounter when computing the action of
certain non-chiral local operators such as (2.65) on the completed Fock space I, as in (2.66).

One way to obtain a finite result for a divergent series such as }_,,~y n would be to use

oo 1
ne1 75 for

Re(s) > 1, and can be analytically continued to C \ {1}. In particular, we have {(—1) = —

zeta function regularisation: the Riemann zeta function is defined as ((s) =

which suggests the finite value of —11—2 for the series. This result is obtained through complex
analytic methods, but in fact there is a way to find this result through real analytic methods
and regularising in the right way. If we sharply cut off the sum, we have

N 1 1
=-N24+>-N 3.1
nzzjln SN+ 5N, (3-1)

and each term is divergent as N — oo. To introduce the smooth regularisation we start
by viewing the sum as > 32 nn(f) where n(z) = 1,<1 denotes the indicator function for
the interval [0,1] C R>p. The function 7 suffers a discontinuity at 1, and so we smoothly
regularise by allowing 7 : R>o — IR to be any smooth function equal to 1 at the origin and
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tending to zero sufficiently fast at infinity. For any such 7, one finds the result

inﬁ(ﬁ,)=N2/Ooox7](x)d:c—112+0(]i]) (3.2)

While there is a large amount of choice for 1, and a divergence as N — oo generically remains,
the constant term —ﬁ is the same for each. It is also interesting to observe that for certain
well chosen functions 7, referred to as enhanced regulators in [80], the regularised series (3.2)
actually converges to the constant term in the limit N — oo; see section 3.1.3. The divergent
term will be important in our calculations, but analogously the results will not depend on
7, as expected for an arbitrarily chosen regulator.

We will now discuss how to implement these ideas to regularising our theory. We
begin in section 3.1.1 by explaining how to view the usual truncation of fields as a sharp
regularisation of the mode algebra (2.17). This then naturally extends to the notion of
smooth regularisation of the chiral and anti-chiral bosons in section 3.1.2. In section 3.1.3 we
recall how the theory of the Mellin transform can be used to efficiently compute the leading
asymptotics of regularised divergent series that we will encounter in the smoothly regularised
theory. Finally, in section 3.1.4 we close the discussion initiated in section 2.2.3 for changing
the compactification radius by discussing the effect of a Bogolyubov transformation (2.76)
on smoothly regularised vertex operators.

3.1.1 Truncation vs. regularisation

Truncated fields. A natural way to regularise our theory is to truncate all the free fields in
the basic realisation (2.31) to have energy below some fixed cutoff A € Z~y. More precisely, we
introduce the Lie subalgebra $2. € $ spanned by modes by, b, of the chiral and anti-chiral
bosons for which |n| < A, and denote its universal enveloping algebra by B . == U(9H2,.) C B.
Following the exact same steps as in section 2.2.1, we can then introduce the truncated
chiral and anti-chiral bosons x{}. and x5, directly in the cylinder coordinate u, as

Xéxrc(u) = Xé\rc,-l—(u) + XO(U) + X‘é\rc,—(u)7 Xt{xrc(a) = )Zé\rc,-l—(a) + XO(,&) + )_(‘é\rc,—(a)7 (333‘)

where the zero-mode parts are the same as in (2.26) but the creation and annihilation parts
are replaced with finite mode decompositions, namely

—2Tiny = — i 1- TN
X‘é\rc,:l:( = \/7 Z *b 2 /La Xé}rc,:l:(u) = \/47 Z *bnez /L' (33b)

0<Fn<A T o<n<A "

We can then define the truncated 3us-currents at level 1 by the exact same formulae
as in (2.31) but in terms of the truncated chiral and anti-chiral bosons, namely we set

/7 27T i T A u
trc ( ) 8UXtrc( ) Jtrc ( ) = f:ei \/87Xtrc( ):7 (343‘)
- _ 2 e—A s
T (@) = VBrOuxe(@), Tz (@) = TPV, (3.4b)

Note that the truncated chiral and anti-chiral bosons have the same periodicity property as
in (2.28) so that the discussion from section 2.2.2 carries over to the truncated setting. In
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particular, we can define the Fock spaces %ﬁw for p,w € Z over the truncated Heisenberg
Lie algebra 2. using the same relations as in (2.38) but for |n| < A, and then set

P s (3.5)

PWEZL
pHwe2Z
Since the algebra of modes $H2. is truncated, there is no need for completion here.
The truncated compact boson is then defined as X3 (u, @) = x.(u)+ X2 (@) foru € C
and the corresponding conjugate momentum is truncated to PA.(z) = Opxde () — Ouxbo(2)
for z € R. These now satisfy the regularised canonical commutation relations, cf. (2.56),

[Xtrc< ) Xtrc( )] 07 [X{ch( ) Ptrc( )] :iéA(‘T—y)ﬂ [Ptrc( ) Ptrc( )] =0 (36)

where we have introduced the regularised Dirac comb 65 (z —y) = + A eFrin(z=y)/L
cf. (2.54), such that 65 (z —y) = 0(x — y) in the limit A — oo when the cutoff is removed.
Finally, we can introduce the truncated Hamiltonian of the WZW model (2.36) as

L _ _ 27
HO tre /0 dx<a$X€\rc<x)aIX€\rc(w) + 8$X€\r0<x)aIX€\rc<x)> L (LO trc + I-0 trc) (373‘)

Note that we have not included the constant shift by —g7- as this will not play a role in when
we come to discuss the renormalisation of the sine-Gordon model in section 4. In the last
expression we have defined the truncated Virasoro zero-modes as

A

1- o

LO trc — b2 + Z b_ bn7 LO trc — §b(2) + Z b—nbn (37b)
n=1 n=1

Notice that the truncated Hamiltonian (3.7) still generates the free imaginary-time evolution

on the truncated chiral and anti-chiral bosons (3.3) exactly as in (2.63b), namely we have

THA

THA ( )e TH{)\trc O,trcxﬁc(x)eiTHg,trc_ (38&)

Xire(& —i7) = ™0 x (i Xire(@ +i7) =€

The same free imaginary-time evolution then also holds for the truncated 8us-currents (3.4),
exactly as in (2.63a), i.e.

TeM @ —ir) = eMhue 2N @)e ™Mhure, JEN @ 4 ir) = e Hiere JUA () M, (3.8D)

With these definitions in place, we can now justify the truncation by revisiting the
crucial observation at the end of section 2.1.2. A local operator such as (2.65), which in
the original theory was expressed as a problematic infinite sum of modes, is replaced in
the truncated theory by

L B ar A _
27‘(/ dz J trc trc ) = 4/0 dz 8;1;)({}(:(13)01«)(?1«(:(13) = fn:z_:A bnbn (39)

More generally, any integral over S of a composite operator (2.6) built from chiral and anti-
chiral pieces is replaced in the truncated theory by a finite sum of modes. As a consequence,
such truncated local operators have well-defined actions on the Fock representation (3.5). For
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example, the analogue of the problematic computation (2.66) in the truncated setting would
be to act with the positive mode part of (3.9) on the state 32 _ b b _|p, w) € i, i.e.

A A A
Z b.b, Z b_mb_m|p, w) = Z n?|p, w). (3.10)
n=1 m=1 n=1

In other words, the ill-defined divergent infinite sum in (2.66) is now replaced by a finite sum.
However, as explained at the start of this section, we would like to replace such sharply cut
off sums by smoothly regularised ones. As a first step in this direction, we begin by observing
that the above regularisation method can be implemented directly at the level of the algebra
by suitably modifying the Heisenberg Lie algebra relations (2.17a).

Regularised fields. Let $  be the sharply regularised Lie algebra of modes of the

log o
chiral and anti-chiral free bosons, generated by b2, b2

the relations, cf. (2.17),

for n € Z and x{, X} subject to

[bﬁ, bﬁl] = n1|n‘§A(5n+m7o, [Bﬁ, B%] = n1|n|§A(5n+m,0, (3.11&)
(X', b] = — (%6, bp) = — (3.11b)

——0n0, ——=0n
AT o AT 0

for all m,n € Z, with all other Lie brackets between generators being zero as before. In other
words, rather than discarding the high-energy modes b, and b,, with In| > A altogether, we
simply declare that they are central elements of the Lie algebra. We also let $* C ij})g
denote the Lie subalgebra spanned by the modes b and b2 for n € Z and let 8" = U(H")
be its universal enveloping algebra.

We introduce the sharply regularised chiral and anti-chiral bosons y* and y*
on S! by the exact same formulae as in (2.26) and (2.27) with u = x € [0, L], but where
all the modes b, b, for n € Z and xg, Xy are replaced by their regularised counterparts
b,‘}, Bﬁ for n € Z and xé\, i([)‘, respectively.

Using these we now define the sharply regularised 8us-current algebra at level 1 by
the same formulae as in (2.31) but in terms of the sharply regularised chiral and anti-chiral
bosons, namely for x € [0, L] we set

I ) = VErox M a),  JEMw) = %:eﬂ\@xwz, (3.12a)
T () = VEro M),  THMNa) = 2%:&“/%?%):. (3.12b)

The discussion from section 2.2.2 carries over verbatim to this sharply regularised setting.
However, by contrast with the truncated case above, since we now have modes b® and b2
for all n € Z we do need to consider the completed Fock spaces %ﬁw for p,w € Z over the
sharply regularised Heisenberg Lie algebra $*, which are defined using the same relations as
in (2.38) but now for the regularised modes b2 and b for all n € Z. We then set

= P . (3.13)

PWEZ
pHwe2Z
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The sharply regularised compact boson X* and the regularised conjugate momentum
P on S! are defined exactly as in section 2.2.2 but now in terms of the regularised modes
bA, bA for n € Z and x{, X{'. The Lie algebra relations (3.11) then lead to a regularised
version of the canonical commutation relations

X 2), XA =0, [XMa),PAy)] =iz —y),  [Px), P (y)] =0,

where 5 (z — y) is the regularised Dirac comb introduced after (3.6).
Following the definition of the free Hamiltonian (3.7) in the truncated case, we could now
similarly introduce the sharply regularised Hamiltonian of the WZW model (2.36) as

o

. (Ly +LD). (3.14a)

L
HY = /0 Az (:0: X (2) X (2): + :0: X" (2)0:X" ()?)
As in the truncation case we have not included the vacuum energy term as this will not be
needed in section 4 and we have introduced the sharply regularised Virasoro zero-modes as

1 a1 A r
LA — 5(bOA)2 +3 bA b, L= 5(bOA)2 +> b, bk, (3.14b)
n>0 n>0

However, the crucial difference with H) in the truncated setting is that the Hamiltonian (3.14)
does not generate free imaginary-time evolution (3.8). Indeed, this is because the commutation
relations (3.11a) for the modes b2 and b2 with |n| > A are frozen and hence H} induces
trivial dynamics on these modes. But since the sharply regularised bosons y* and y* are
given by the same formula as in (2.26) with Fourier expansions (2.27), the terms with mode
numbers |n| < A evolve freely while those with |n| > A do not evolve. This leads to a
complicated time evolution for x* and y*, which is no longer free.

To circumvent this problem, note that since the generators b2 for |n| > A span a central
ideal SN == (b2, B£>|n|> A in the sharply regularised Heisenberg Lie algebra (3.11), we should
instead be working in the quotient $*/JF* by this ideal. Of course, this just recovers the
earlier truncated setting since we have a canonical isomorphism of Lie algebras

o /S = o (3.15)

In particular, in the quotiented theory the Hamiltonian (3.14) does generate free evolution as in
the truncated theory. The advantage of rephrasing truncation in terms of sharp regularisation
is that it will allow us to vastly generalise the concept of truncation, see section 3.1.2 below.

In the sharply regularised theory, a local operator such as (2.65) would take the exact
same form as in the original theory without cutoff, namely

1 L _ L _
- / dz JN () T3 () = 4 / Az 0N ()07 (2): = = S bMBA. (3.16)
21 Jo 0

In particular, this is still an infinite sum but of the corresponding sharply regularised modes.
However, the key point is that the high energy modes bﬁ and Bﬁ for |n| > A span a central
ideal in $* and hence completely decouple from any computation. In other words, since
Sjé\rc is a quotient of $* by this central ideal, any computation in the sharply regularised
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theory agrees with the corresponding computation in the truncated theory after quotienting
by this central ideal. For example, the analogue of the problematic computation (2.66) in
the present sharply regularised setting would be to act with the positive mode part of (3.16)
on the state 3°,,-0b_mb_m|p,w) € &, namely

A
Z bﬁbﬁ Z b/—‘mb/—\m|p7w> = Z 7,L2]-|n|§A|p>w> = Z 7’L2|p, w>7 (317)
n=1

n>0 m>0 n>0

yielding exactly the same finite sum as in the truncated case (3.10).

3.1.2 Smooth regularisations

The advantage of having reformulated truncation in terms of sharp regularisation is that this
allows us to generalise the truncation scheme of section 3.1.1 by replacing the sharp cutoff
function 1}, <5 appearing in the regularised Heisenberg Lie algebra (3.11) by a smooth one.

Smooth cutoffs. We call : R>¢9 — R a cutoff function if it is smooth, analytic at zero
with 7(0) = 1 and decays faster than any inverse power of the argument = as z — oo, that is,

n(x) =0(z"") as x—oo forany reZx. (3.18)

For any € > 0, let $j,, ,, be the smoothly regularised Heisenberg Lie algebra with

cutoff function 7 generated by b€, b, for n € Z and x§, X§ with commutation relations

27|nle 2m|nle

i) = (P Joumor B = (T o, (3:199)
) 1

7571 ) 7571
VA o v 0

for all m,n € Z, with all other Lie brackets between generators being zero as before. Note

X6, bl = [x6. br] = (3.19b)

that we have switched to using a short-distance cutoff € rather than the high-energy cutoff A
used until now. In particular, ¢ has dimensions of length so that the argument of the cutoff
function 1 in (3.19a) is dimensionless. Let o, C ijogm be the Lie subalgebra spanned by the
modes b, and bf, for n € Z and let %fz =U (5%) be its universal enveloping algebra.
Recall from the discussion at the start of section 2.2 that sharp truncations cannot be
applied to the untwisted affine Kac-Moody algebras (2.2). Let us briefly comment here on why
smooth regularisations, in the above sense but applied directly to the algebra (2.2), are not
possible either. In order to produce smoothly regularised series, see (3.26) below, we would
need such a smooth regularisation to modify the central term, i.e. the second term on the

right hand side of (2.2), multiplying it by n(%) The Jacobi identity for such a smoothly
regularised algebra would then enforce (n + m)n(w) = m](%) + mn(%) for

any n, m € Z, which would be incompatible with the conditions for 1 to be a cutoff function.

We can introduce smoothly regularised fields following the exact same steps as for sharply
regularised fields in section 3.1.1. Specifically, we introduce the smoothly regularised chiral
and anti-chiral bosons x¢ and ¢ on S! exactly as in (2.26) and (2.27) with u = z € [0, L]

- 32 —



but using smoothly regularised modes by, Bfl for n € Z and x§, xi. Using these we then define
the smoothly regularised 3us-current algebra at level 1 as, cf. (2.31),

() = VBTOux (x),  JE(x) = %:eﬂ@fﬂw):, (3.20a)
T (2) = VBrdpx(z),  JE(x) = %:eﬂ@?(w);. (3.20b)

We then introduce the completed Fock spaces gfmw for p,w € Z over the smoothly regularised
Heisenberg Lie algebra ¢, which are defined using the same relations as in (2.38) but now
for the smoothly regularised modes b, and b, for all n € Z, and we also set

D T (3.21)

PWEZL
prwe2Z

The smoothly regularised compact boson X¢ and conjugate momentum P€ are defined
in terms of the smoothly regularised modes b, b¢, for n € Z and x§, x§. They satisfy

[Xe(x)v Xe(y)] =0, [Xe(x)’ Pﬁ(y)] = Zée(x - y)? [PG(‘T)7 Pe(y)] =0,

where we have introduced the smoothly regularised Dirac comb

2mnle (e
de(x —y) = I Z n<|L | )eQ’””(ff y)/L (3.22)

nez

which has the property that d.(z —y) — 6(z — y) as the cutoff € — 0 is removed.
Finally, we could proceed as in the sharply regularised case (3.14) and define the smoothly
regularised Hamiltonian of the WZW model (2.36) as

” L
(6) = / d.f(a:pxg(w)axxe(x) + 0‘%)7(6(2:,)815(6(33))’
0

where again we have omitted the vacuum energy term as it will not be needed in section 4.
However, we would face the same problem as noted in the sharply regularised case, namely
that this definition of Hfj would not induce free imaginary-time evolution of the smoothly
regularised fields x¢ and x¢, or indeed of the associated 8us-currents (3.20). To preserve the
free imaginary-time dynamics we will assume that the smooth cutoff function 7 is positive,
namely n(z) > 0 for all z € R>o, and define the free Hamiltonian instead as

) _
HE = %(Lg +LY), (3.23a)

in terms of the smoothly regularised Virasoro zero-modes which are now defined as, cf. (2.36b),

—

be . (3.23b)

)—nn

Lg:— (b) +Z e b b, Lg ==
n>0 L )

l\’)

n>0

In particular, the non-trivial prefactors in the sum over n > 0 are introduced to compensate
for the fact that the oscillators bS, and b, are no longer canonically normalised in the smoothly
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regularised relations (3.19a). As a result, we find that the free imaginary-time evolution of
the smoothly regularised chiral and anti-chiral bosons x¢ and x° is restored, namely

X(x —it) = e™Hox(2)e™ ™0, XE(z +i7) = eTHox(z)e MO, (3.24a)
and similarly for the associated 3us-currents (3.20), exactly as in (2.63a), i.e.
JV(x —ir) = ™0, J%¢ (z)e" ™0, JV (x4 i7) = ™0 J%¢ (2)e~ ™Mo, (3.24Db)

In the limit € — 0 when the cutoff is removed, we find using the property n(0) = 1 that the
action of H§ on states in the regularised Fock space (3.21) generated by creation operators
b¢ ,, and b¢ ,, with mode numbers n well below the cutoff, in the sense that n < ﬁ, tends

to the action of the original WZW Hamiltonian Hg in the basic representation (2.36), so
that (3.23) is indeed a regularisation of the latter. In other words, we have

0= /OL Az (:0, X (2) DX (2): + :0:X (2) 0 X (2):) 4 Oe) (3.25)

when acting on states if %E well below the cutoff in the above sense.

More generally, we could consider also cases where n(x) > 0 for all z € R>o (rather than
n(z) > 0), for example in the case when 7 is compactly supported. In such cases one should
proceed as in the sharply regularised setting by first quotienting by the ideal 7, generated by
all bf, and bf, for which 1(27[n|e/L) = 0. Working in the quotient $j /Sy, we can then define
the free Hamiltonian Hf exactly as in (3.23) but where the sum over n > 0 in (3.23b) is only
over modes b¢, and b¢, that have not been quotiented out, i.e. for which n(2w|n|e/L) # 0.
In the quotiented theory we then maintain the free time evolution (3.24a) of the chiral and
anti-chiral smoothly regularised bosons, and of the corresponding currents in (3.24b).

In the smoothly regularised theory, divergent infinite sums appearing in any computation
will automatically be smoothly regularised by the cutoff function n. For example, considering
once again the problematic computation (2.66), in the present smoothly regularised setting
we would find the regularised sum

5 b5 3 b lpw) = X (T Y. (3.26)

n>0 m>0 n>0

Examples of cutoffs. There is a huge freedom in the choice of cutoff function n : R>o — R.
We see from (3.22) that n determines the Fourier coefficients of the smoothly regularised Dirac
comb 6.(z —y). We will generally keep the cutoff function 7 arbitrary, but for completeness
we list here some examples related to various standard ways of regularising the Dirac comb.

The heat kernel Kr,(¢,x) on the circle of circumference L is the fundamental solution
to the 1-dimensional heat equation 0; K = 02K, with periodicity K (t,z + L) = K (t, )
and initial condition the Dirac comb K, (0,z) = §(z). It is given explicitly in terms of the
Jacobi theta function 63(z,q) = > ,cz q" 2= by

1
Ki(t,z) = z@g (7?,6_4”2'5@2). (3.27)
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Since by definition Ky (t,x —y) — d(z —y) as t — 0, the heat kernel provides a regularisation
of the Dirac comb with time t acting as the regularisation parameter. So if we define

1 1 |
benk(@ —y) = TKi( o —y) = 7 > e e/ minln)/L (3.28)

nezZ

then 6. hk(z—y) — 6(z—y) as e = 0. Comparing (3.28) with the general form of the smoothly
regularised Dirac comb in (3.22), we see that the heat kernel regularisation corresponds to
the choice of smooth cutoff function

2

Mk (T) = e . (3.29)

Another natural way to regularise the Dirac comb §(z—y) is to use point splitting, or the ie-
prescription. To do so, we split the sum over n € Z in (2.54) into two separate sums over n > 0
and n < 0, i.e. write 0(z —y) = 04(x —y) + 0_(z — y) with d4(z —y) = %ano e2min(@—y)/L
and 0_(x —y) = % Y >0 e~2min(@=y)/L Both sums can be made to converge by shifting their
arguments by tie, respectively. We then define

1 ,
deps(z —y) =04(z —y+ie)+0_(z—y—ie) = I Z e~ 2minle/Lg2min(z=y)/L (3.30)
nez

Comparing (3.30) with the general form of the regularised Dirac comb in (3.22), we see that
the point splitting regularisation corresponds to the choice of smooth cutoff function

Mps(@) = €. (3.31)

To produce another example of a smoothly regularised Dirac comb, consider the sharply
regularised Dirac comb from section 3.1.1, which we write here as

L
2me 1

1 ; 27|nle ,
6e,sh(x _ y) — Z Z 62mn(mfy)/L — E Z 778h< | | >62mn(my)/L (332)

L | nez L
TE

n=—1|

2

where LQLWEJ denotes the integer part of 2%5 and ngp () = 15<1 is the sharp cutoff function.
We then approximate this sharp cutoff function by a smooth bump function, e.g.

z2

St

mi(x) =4 ¢ 0 it s (3.33)
0 if x> 1.

to obtain the following smooth regularisation of the Dirac comb

L%J 2,22
1 Ul 4m*n’e (o
5e,bf($ - y) - Z E eXp (471_2”}262_112)6271—”“:E y)/L‘ (334)
n:_|—2£6

This is a finite sum as a result of the smooth cutoff function (3.33) being compactly supported.
Note, in particular, that this is an example of a cutoff function for which ne(x) > 0.
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3.1.3 Asymptotics of harmonic sums

In section 3.1.2 we set up a formalism that replaces divergent infinite sums with smoothly
regularised sums. We now need a way to efficiently compute the singular part of the
asymptotic behaviour of such regularised sum in the limit ¢ — 0 when the cutoff is removed.
A powerful framework for this is given by Mellin transform theory which we now review,
closely following [35].

Mellin transform. If f: (0,00) — R is a real-valued locally Lebesgue integrable function
then its Mellin transform is

Mf(@)is) = 1(s) = [ " f(@)a*1ds, (3.35)

where s takes values on an open vertical strip («, 5) == {s = o +it|o € (a, 8)} of the complex
plane. The largest such strip where the integral converges for f is its fundamental strip.

We will only consider functions f which decay faster than any power of x at infinity,
that is, f(z) = O(z™") as * — oo for all r € Z>p. The fundamental strip is then given
by a half-plane open strip («, c0) whose left boundary a € R is controlled by the leading
order asymptotics f(z) ~ cx™® as x — 01, for some ¢ # 0. More generally, the knowledge
of lower order terms in the asymptotics of f(x) as z — 0T allows us to extend f* to a
meromorphic function on a larger strip. There is a remarkable correspondence between
terms in the asymptotic expansion of f and terms in the singular expansion of f*, where
the singular expansion of a meromorphic function refers to the formal sum of the principal
parts at each of its poles following [35].

Suppose that as + — 0T we have the asymptotics

flx) = Z 65,km5(10g z)¥ 4+ 0(x")
(§k)eA

where the sum is over a finite subset A C {(§,k) € R X Z>o| —v < —§ < a}. Then the
Mellin transform f*(s) can be analytically continued to a meromorphic function on the open
strip (—<, 00) with the singular expansion [35, Theorem 3]

HOESDY

(& k)EA

(—l)kk!C&k
(S + é‘)k-{—l :

This result is known as the direct mapping theorem, giving the singular expansion of the
Mellin transform in terms of the coefficients of the asymptotic expansion of the original
function f. There is also a converse that holds under mild conditions, known as the converse
mapping theorem, which is stated as follows.

Let f: (0,00) — R be continuous, with Mellin transform f*(s) having a fundamental
strip (o, 00) for some o € R. Assume that f*(s) further admits a meromorphic continuation
to the open strip (7, 00) for some v < « with a finite number of poles, and is analytic on
Re(s) = «. Assume also that there exists a real number 1 € («, 00) such that

A (s)=0(|s|™") with r>1,
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when |s| — oo in v < Re(s) < n. If f*(s) admits the singular expansion

de
re= 3
(5%26/'1 (S - é‘)k

for s € (v, @), where the sum is over a finite subset A C {(§,k) € R x Z>o |y < £ < a},
then an asymptotic expansion of f(z) at 0 is

fw = 3 der Tt tog )t 4 0 ),
(Ehed "k —=1)!

Ezample 3.1. The Mellin transform of the point splitting cutoff function (3.31) is given by
the Gamma function

Nps(8) = / e %5 tdx = T(s).
0

This is analytic on the open strip (0, 00) and extends to a meromorphic function ', : C — C
with singular expansion

p(s) = 3 U 1

| Y
o oS +n
whose coefficients coincide with those of the Taylor expansion of (3.31) at z = 0. <

FEzample 3.2. The Mellin transform of the sharp high energy cutoff function ngy(z) = 1z<1 is

oo 1 1
i) = [ tagiat o= [ e de =

0 - 0 S
This is clearly analytic on the open strip (0,00) and defines a meromorphic function on
C with a simple pole at the origin of residue 1. The coeflicients of the singular expansion
ni(s) < 1 evidently match those of the Taylor expansion ng,(z) =1 at z = 0. <

In both of the above examples the Mellin transform could be computed exactly in terms
of standard functions whose singular expansion is well known. However, the full power
of the direct mapping theorem comes into play in situations when the Mellin transform
cannot be computed exactly. Indeed, despite not always having a closed formula for the
Mellin transform, its singular expansion can always be obtained directly from the asymptotic
expansion of the original function by virtue of the direct mapping theorem.

Harmonic sums. Our interest in Mellin transform theory is that it will allow us to compute
the singular behaviour of the asymptotics of smoothly regularised divergent series of the form

3 n"n<27;”6>, (3.36)

n>0

for any r € Z>_1, in the limit ¢ — 0 when the cutoff is removed.

Consider more generally a series of the form G(z) = Y_,,o 0 An g(pn), called a harmonic
sum, where g : R~o — R is the base function, (1, ),>0 is the sequence of frequencies and
(An)n>o0 the sequence of amplitudes. A key property of the Mellin transform is that, under
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suitable conditions specified in [35, Lemma 2], when applied to a harmonic sum it separates
the frequency-amplitude pair from the base function, in the sense that it factorises as

G*(s) = Als)g™(s) (3.37)

where A(s) :== Y, 50 An(pn) * is the associated Dirichlet series which encodes the information
about the frequencies and amplitudes.

In the case (3.36) of interest for us, we have A, = n" and pu, = n so that the associated
Dirichlet series is the shifted Riemann (-function A(s) = {(s—r). Moreover, the base function
is a choice of smooth cutoff function 7 : R>¢ — R which satisfies all the assumptions of [35,
Lemma 2] so the Mellin transform of (3.36) factorises as

J [Z n'n(nx); s] =((s —7)n*(s). (3.38)
n=1

Our strategy now is to recover the asymptotics of the sum (3.36) by finding the principal
parts of poles on the right-hand side of (3.38), then applying the converse mapping theorem.
—L— +4+0(s), where
7 here is the Euler-Mascheroni constant. As for 7*(s), since we are assuming that 7 is

We have the first two terms in the Laurent expansion ((s —r) =

analytic at = 0 with 1(0) = 1, see section 3.1.2, we have the asymptotic expansion at z =0
of the form n(x) = 1+O(z). The direct mapping theorem then tells us that n* is meromorphic
on the open strip (—1, 0c0) with singular expansion n*(s) < 1/s. In the case r = —1 we shall
also need the constant term in the Laurent expansion of n*(s) at s = 0, which reads

i} 1
n*(s) = S TlogCy — v+ 0(s),

where C, is defined by log Cy, — v = — [ n/(x) log z dz. The shift by the Euler-Mascheroni
constant is introduced for later convenience. Indeed, the constant term in the expansion is

7 (5)) o = = - (M (2): 8]) |y = Ml (log ) (); 0] = Tog Cy 7,
where in the first two steps we used basic properties of the Mellin transform listed in [35,
figure 1], explicitly [z (z);s] = —sn*(s) and L f*(s) = M[(log z) f(x); s] for any f, and
the last step is by definition of C,.
Putting together the above, when r = —1 we find that the Mellin transform of the
smoothly regularised harmonic series has the following singular expansion

=1 1 logC,
J [z:l nn(nx);s] =3 + 1,

S

Using the converse mapping theorem then gives the asymptotic expansion

1 /2mne
Z 77( L

n>0 n

) = —log (T) +log Cy, + O(e), (3.39)

where we have rescaled the variable z = 2me/L. On the other hand, when r > 0 we find that
the right hand side of (3.38) has the following singular expansion

M [Z nrn(nx);sl = <(=r) + Cor
n=1

S s—r—1’
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where Cy, == n*(r 4+ 1) = [5° 2"n(xz)dz. We immediately deduce using the converse mapping
theorem that we have the asymptotic expansion

() = () o votn 00

n>0

where again we have rescaled the variable x = 2me/L. Note that the asymptotic expan-
sion (3.40) can also be derived using the Euler-Maclaurin formula under slightly more
stringent conditions on the cutoff function 7.

Enhanced cutoff functions. As noticed in [80], it is possible to find enhanced cutoff
functions 7 such that the coefficient (), of the singular term in the asymptotic expan-
sion (3.40) vanishes for certain values of r € Z>¢. In this case, the singular term is removed
and the regularised sum converges in the limit ¢ — 0 to the constant value ((—r). For
example, with the choice of smooth cutoff function 7n(z) = e™* cos(z) we have C, 1 = 0 so that

2 1
Z ne 2™/ L qog ( 7TLn€> — —— as e€—0.
n>0

Such enhanced cutoff functions can be constructed for any non-negative integer r, as well as for
any subset of non-negative integers. We refer the reader to [80, section II.B] for more details.

In order for the coefficient Cy, = [5° 2"n(x)dx of the singular term in (3.40) to vanish
for some r € Z>o, the cutoff function 1 must necessarily take negative values. Yet this would
lead to several issues in our approach. Firstly, recall from section 3.1.2 that in order to
ensure that the smoothly regularised Hamiltonian Hf in (3.23) generates free imaginary-time
evolution on the smoothly regularised chiral and anti-chiral bosons x¢ and x¢, we had to
assume that the smooth cutoff function n was positive. Secondly, and relatedly, within our
implementation of the regularisation at the level of the Heisenberg algebra (3.19), enhanced
cutoff functions are intrinsically unphysical: for any sufficiently small cutoff €, there exists an
n € Z>; for which the corresponding operator bt , € B creates a state of negative norm.

This phenomenon is familiar in quantum field theory where unphysical regulators are
routinely employed. For example, Pauli-Villars regularisation introduces heavy auxiliary
fields with propagators of opposite sign to those of the physical fields, and hence with
associated negative-norm excitations. Dimensional regularisation (i.e. analytic continuation
in the spacetime dimension) is another widely used scheme whose lack of direct physical
interpretation is outweighed by the technical simplification it provides, in particular the
elimination of all but logarithmic divergences. Nevertheless, to avoid the complications
mentioned in the previous paragraph, in our approach we will not consider enhanced regulators.

By contrast, it is clear that there is no notion of enhanced cutoff function for the regularised
series (3.39) since, regardless of 7, the log e divergence will always be present. The significance
of the logarithmic divergence in (3.39) over the power-law divergences in (3.40) mirrors their
significance in renormalisation, where power-law divergences are regulator-dependent, while
logarithmic divergences are not and hence can be considered to be universal.

3.1.4 Regularised vertex operators

Recall from section 2.2.3 that moving from the self-dual compactification radius R, = 1/v/2m
to a generic radius R = 2/ with § > 0 is achieved simply by rescaling the compact boson

-39 —



and dual boson as in (2.69). In particular, reintroducing the parameter § in the notation of
the compact boson ®5 and dual boson ‘i)lg to specify the compactification radius R = 2/,
moving between two different radii R =2/ and R’ = 2/ is achieved by the simple rescaling

B0z = pBbs, D = 7104 (3.41)

On the other hand, the behaviour of the family of full vertex operators (2.68) under a
change of compactification radius is more delicate. Indeed, the definition of these operators
depends on a notion of normal ordering taken with respect to the creation and annihilation
modes of the chiral and anti-chiral free bosons x(u) and x(u). However, these fields mix
under the rescaling (2.69) via the relation (2.76). Consequently, the corresponding mode
operators are related by the Bogolyubov transformation (2.78), which intertwines creation
and annihilation operators and therefore complicates the transformation properties of the
normal-ordered products.

In order to both define the analogue of the family of full vertex operators (2.68) at a
generic radius R = 2/ and relate such vertex operators at two different radii R = 2/ and
R’ =2/4, it will be necessary to work with smoothly regularised bosons as introduced in
section 3.1.2. We shall therefore work with a smoothly regularised version of section 2.2.3, in
particular with the rescaled versions of the smoothly regularised compact boson and dual
boson, cf. (2.69), but restricted to S so

O (x) = \/?Xe(x), O () = \/BS?XE(SC). (3.42)
In what follows we fix a value of 8 so we will drop the subscript 8 from all fields for now.

Let §—84z denote the normal ordering with respect to the smoothly regularised chiral and
anti-chiral free bosons ¢¢(z) and ¢(z), i.e. using the analogue of the decomposition (2.73)
for the smoothly regularised fields. Consider the family of full vertex operators

VEE(z) = 8T THIP@HF 9B @)y (3.43)

oo

V8T (apr4a—s)¢ () 35 gei\/g(afr-‘raJrs)q;E(z) 35

I
oo

e

for (r,s) € Z?. In other words, the exponent in the first line is just the smoothly regularised
version of (2.68) rewritten using the rescaling (3.42), but the normal ordering used is 8—383
rather than :—: = 8—8_ &—. In the second line we have split the vertex operator into its chiral
and anti-chiral parts using the decomposition (2.72) and the definitions (2.77). Explicitly,
by analogy with the definition (2.30), or rather its smoothly regularised version, and the
definition of the normal ordering §—83 we have

310" (@) g, — (001 () oty () iadt () goiad )y _ giadh ()i0dh ()it (0)  (344)

for a € R. Following the discussion at the start of section 2.2.2, we note that the zero-mode
parts of these operators are not periodic under x +— = + L for general o € R, but one checks
that the zero-mode part of the particular combination in the second line of (3.43) is periodic
under = — = + L when acting on the representation (3.20). Therefore (3.43) is a well-defined
operator on the direct sum of completed smoothly regularised Fock spaces (3.20).
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The easiest way to relate the smoothly regularised full vertex operator (3.43) for generic
B to the smoothly regularised version of (2.68), defined at the self-dual radius, is to relate
both to the exponential of field

. A . . .
% +8)® () + %% — &) (x) = %(r + $)X(x) + 2miRo (1 — $)X(2) (3.45)
without normal ordering. Of course, working with un-normal-ordered exponentials is only
possible since we are using regularized fields. On the right hand sides of the expressions (3.44)
we can form the exponential without normal ordering by combining the different exponentials

into a single exponential using the Baker-Campbell-Hausdorff formula, which gives

2
0 100 (T) o _ i « 1 [27ne
oela ($)°/3 - e'LOé (3}) exp (87{' Z E'I’] < 7 s (346)
n>0
2
o i () o  _ iag®(z) a” 1 <27Tne> A
se 8g=e exp <8an>:on77 7 . (3.47)

Combining these results we obtain the desired expression for the family of full vertex
operators (3.43) in terms of a single exponential without normal ordering, namely

. 8 2
Bie (N — o (rs)XE () +2mi Ro (r—s) X< (x) 2 B _ 247r> 1 <27me>
Vis(a) = ot o (1 7+ =o)L (M)

where in the first exponential we have used the identity (3.45). Since this first exponential
is independent of /3, we see that the full vertex operators (3.43) are related for different
values of 5 by the exponential of a multiple of the smoothly regularised divergent sum (3.39).
Using the asymptotic expansion for the latter as ¢ — 0, from the results of section 3.1.3,
for any 8,5’ > 0 we obtain the asymptotics

32 12 Ar

ae \ 9 (fer o) +0=9* (35 - 3%)
(Gr)
Later we will be particularly interested in the special case when r = s, for which the full

vertex operator (3.43) simplifies to Vﬁf(x) = 86"5@;’@)85 and only involves the smoothly

V() ~

e—0

VTB;(SU)

regularised compact boson ®%, not the dual boson. Here we have reintroduced the subscript
B for clarity. Under a change of compactification radius from R = 2/8 to R' = 2/5" we
then obtain the simplified asymptotics

8@, (2) 2me\ EO (@)
3" T\ e g BP5(@) g .
In the particular case with r = £1 and 3’ = /87, which corresponds to the self-dual radius
R, = 1/v/27, we find

2
L iV/BEX(z), _ B 1 <27m€> 0 FiBEG ()
e : exp<<2 47T>E nn i e 83
n>0
8% _

2me \ 47 2
~ 0, EIBPG(2) o
e (CnL> o€ °op (349)

where for later purposes we have also included the exact expression in e.
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3.2 Effective Hamiltonians

In section 3.1 we introduced a general procedure for regularising the ultraviolet divergences
that arise in the Hamiltonian/operator formulation of the 81y WZW model at level 1 on the
circle S (see section 2). This was achieved by imposing a high-energy cutoff A, equivalently
a short-distance cutoff €, on the chiral and anti-chiral free bosons x and ¥ on S! in terms
of which the currents of the 3uy WZW model are realised (see section 2.2).

The next step in the Wilsonian approach to renormalisation is to isolate a ‘shell’ of
higher-energy modes from the regularised free fields x* and y*, namely those with energies
between the original cutoff A and a lower cutoff A’ < A. Or in terms of short-distance
cutoffs, this corresponds to isolating a ‘shell’ of shorter-distance degrees of freedom from the
regularised fields x¢ and Y€, lying between the original cutoff € and a longer cutoff € > .

Given two short distance cutoffs € > ¢ > 0, in section 3.2.1 we describe how to split the
smoothly regularised Heisenberg Lie algebra $j associated with the shorter cutoff € into the
same Lie algebra bf{ associated with the longer cutoff ¢ and a new ‘shell’ Lie algebra 55%’\5
representing short distance modes between the two cutoffs € and €. Specifically, this split
is encoded as an embedding of Lie algebras $; — .f)%/ &) 5%/\6; more precisely, see (3.55).
This embedding is then used to introduce a representation H¢ ¢ of the smoothly regularised
Heisenberg Lie algebra $; which canonically splits into a direct sum (3.65) of ‘long’ and
‘short’ distance subspaces denoted respectively as Hf/’e and ’H;l’e.

The final and key step in Wilsonian renormalisation is to ‘integrate out’ the short distance
degrees of freedom. The phrase ‘integrate out’ here comes from the action formalism where the
short distance degrees of freedom between two energy scales A’ < A are explicitly integrated
out in the path-integral to produce an effective action for the low energy degrees of freedom
below the cutoff A’. The key feature of this low energy effective action at the lower cutoff
A’ is that it captures the same physics as the original action at the higher energy cutoff A
in the sense that their corresponding partition functions agree.

The purpose of section 3.2.2 is to implement this ‘integrating out’ procedure at the
Hamiltonian level. Our starting point is to consider a Hamiltonian H¢ in the regularised theory
at some length scale cutoff € > 0 which is described as a perturbation H® = H§ + V(x¢, x¢) of
the free Hamiltonian Hf of the smoothly regularised theory by a potential term which couples
together the chiral and anti-chiral bosons x¢ and €. This Hamiltonian acts on the space of
states H¢ ¢ constructed in section 3.2.1 which splits into a direct sum H¢ ¢ = Hf/’e @ ’Hgl’ﬁ of
‘long’ and ‘short’ distance subspaces. We then seek to construct an effective Hamiltonian
IZI;C’f6 built in terms of the degrees of freedom of the regularised theory at a larger cutoff
¢ > ¢, and thus acting on the long distance subspace 'Hf/’e, which captures the same dynamics
as the original Hamiltonian H€¢ restricted to this subspace. More precisely, our proposal
is to define the effective Hamiltonian l:lz;’fe by requiring that its imaginary-time evolution
operator agrees with that of the original Hamiltonian H® when restricted to states in the
long distance subspace ’Hlel’e.

By letting the length scale cutoff € vary infinitesimally, in section 3.2.3 we derive a
Hamiltonian version of Polchinski’s equation [79] for the effective potential V(x¢, x¢) at the
cutoff € > 0, see (3.108), which describes the variation of the Hamiltonian H® = H§ + V(x¢, x°)
with respect to the cutoff € as we ‘integrate out’ a thin shell of short distance modes. We
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then use this to relate the variation of the Hamiltonian under this ‘integrating out’ procedure
to the beta functions for the couplings of the interaction terms appearing in the effective
potential V(x¢, x¢).

3.2.1 Short/long distance splitting

Truncation and sharp regularisation. When dealing with truncated chiral and anti-chiral
bosons Xﬁc and )Zﬁc, separating out the higher-energy modes is straightforward. Indeed, recall
that these were defined in (3.3) as Fourier polynomials on S'. We can single out the modes
with energies between A and a lower energy cutoff A’ < A by introducing the ‘shell’ fields

ANA AN ANA “ANA (= —ANA = —“ANA (=
Xtrz (U) = Xtr;—l— (U) + Xtr;,— (u)v Xtrz (u) = Xtrg,—l- (u) + Xtrz,— (u)a
with the creation and annihilation parts defined by
’ ) 1 . , 1 1- o
th;\ra/:}: (u) — 7bne—2mnu/L —ANA (,a) — *bnEQWWU/L.

= S >
VAT o men VAT ) Cman ™

This allows us to decompose the truncated fields as
A A AN A (- S SANA (-
Xtrc(u) = Xtrc(u) + Xtr; (U), Xtrc(u) = Xtrc(u) + Xtr; (U), (350)
which is the usual decomposition of truncated fields into high and low energy parts.
In order to obtain an analogue of (3.50) for smoothly regularised fields, following sec-
tion 3.1.1 we first need to reformulate this decomposition for truncated fields in terms of

sharply regularised fields. For any A > A’ > 0, let us therefore introduce the Lie algebra
HM A with generators b2 and b2 for n € Z \ {0} subject to the relations

[bﬁ\A/, b;}z\A/] — n(1|n‘§A — 1|n|§A’)6n+m,0a (3.513)
[67/1\\/\’, B%\A’] = n(]_m\SA — 1|n|§A/)5n+m,0a (351b)
for m,n € Z \ {0}. As in the definition of the Lie algebra b{(\)g in section 3.1.1, the

modes b and b exist for every n € Z \ {0} but we enforce that they are central
if n € Z\ {0} lies outside of the range A’ < n < A. Let 8" == U(H™ ) denote the
universal enveloping algebra.

The analogue of the high/low energy splitting (3.50) is then implemented in the sharply

regularised setting by noting that we have a natural embedding of Lie algebras
At iy — 5&; ® 9N (3.52a)
defined on generators as mapping
s —xd, by b)Y, b b pMY, (3.52b)
s — %, by b, bl bA 4 (3.52¢)

for n € 7 \ {0}. If we introduce the ‘shell’ chiral boson "' (z) := Xﬁ\A/ (z) + x> (2)

and anti-chiral boson Y (z) = )ZQ\A/ (z) + X' (z) where the creation and annihilation

parts are defined by the same formulae as in (2.27) but using the modes bA>A" and b4,
then the decompositions in (3.50) get replaced by the statements

s (@) = XV (@) + XMV (@), s (@) = ¥V (@) + X (@), (3.53)

Note that (3.52) induces a morphism of algebras ¢y 5/ : B — VA @ BAA
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Smooth regularisation. Recall the smoothly regularised Heisenberg Lie algebra $; with
cutoff function n : Rsy — R as introduced in section 3.1.2. Having just reformulated
the separation of high and low energy modes as a morphism of sharply regularised Lie
algebras (3.52), we can now similarly separate the short and long distance degrees of freedom
in the smoothly regularised setting as follows. For any ¢ > € > 0 we can introduce, by direct
analogy with (3.51), the Lie algebra 3557'\6 with generators b¢ ¢ and bS, ¢ for n € Z \ {0}
satisfying the relations

/ / 27|nle 27r|n]e’>
be e peNe] — _
[”’m]”ML)”(L
Cie o 27|nle 27r]n]e’)
be ™€ peNe] = -
["’m]”[”(L>”(L

for all m,n € Z\{0}. Asin the sharply regularised case (3.52), the short/long distance splitting
is then implemented in the smoothly regularised setting as an embedding of Lie algebras

Sere t Diogn — Diog.y ® D (3.55a)

which is defined on generators as

S gm0, (3.54a)

S0 (3.54b)

XG> x5, b5 —bf, b — b +bS e (3.55b)
XG> X5, b§—>b§, b — b 4 bS . (3.55¢)
for every n € Z \ {0}. Introducing the ‘shell’ chiral boson x¢>¢(z) = Xi\e(a:) + X () and

the ‘shell’ anti-chiral boson Y¢ >¢(z) = )Zi\e(:z:) + X< ¢(x) where the creation and annihilation

parts are defined by the same formulae as in (2.27) but using the modes b¢ ¢ and b, ¢,
we have the decompositions

sore(X(2)) = X7 (@) + X (), o (X)) = X7 (@) + X (). (3.56)

Introducing the ‘shell’ compact boson X¢ ¢(z) = x¢ > ¢(z)+x¢ >¢(z) we have the corresponding
decomposition ¢ (X¢(z)) = X (x)+X (x). Letting 23767'\6 = U(g;}’\f) denote the universal
enveloping algebra of ﬁf;\e, as usual, we note that (3.55) induces a morphism of algebras

See t By, — B @ B; (3.57)

Fock space of a shell. Recall from section 2.2.2 the family of Fock spaces $,, ., over the
Heisenberg Lie algebra $ with highest weight state |p, w), for any p,w € Z. The exponentials
of the zero-modes xg and Xg of the Lie algebra $,¢ introduced in (2.39) provided intertwining
operators between these different Fock spaces. The completed Fock spaces §p,w were defined
in (2.45) using the natural Z>p-grading on $, . by total mode number. In section 3.1.2
we also introduced the analogues g, , and %;w over the smoothly regularised Heisenberg
Lie algebra $;. ,

We now consider the construction of Fock spaces over the Lie algebra $; ~¢ with defining
relations (3.54). The key difference is that since this Lie algebra does not involve zero-modes,
we can only define a single Fock space over it, which we will denote by %E/\e, whose highest

>e’\5

weight state |0 is defined by the properties

o) =0, B =0 (3.58)
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for all n € Z~g. There is a natural Z>o-grading, cf. (2.44),

%e’\e _ @%2’\5 (3'59)

d>0

defined by letting the highest weight state \O>E/\6 have grade 0 and by assigning grade n
to the modes b > and b" )¢ for any n € Z \ {0}. It will be convenient to also introduce
the subspace of strictly positive grade states

5= P I (3.60)

d>0

Noting that the grade 0 subspace is spanned by the highest weight state, i.e. %6/\6 =C \0>5/\6,
we then have the following important direct sum decomposition

=0l @ FL" (3.61)

We will be interested in the tensor product
F =8 @G (3.62)
which is canonically a module over the direct sum Lie algebra 55; &) Sj;l\e. Crucially, using

€' \e

the embedding of Lie algebras (3.55), or more precisely its restriction ¢/ : o, — Sf)f{ ®© 9,

the tensor product (3.62) defines a representation over $;,- Consider the subspaces
F =g @ C |0, (3.63a)
B = 0§ (3.63b)
of §+¢, which we refer to as its long and short distance subspaces, respectively. Indeed,
the subspace g, * only contains excitations by modes bf; and sz/ of the Heisenberg Lie algebra
$;, with the longer length scale cutoff ¢ > e. By contrast, the subspace ¢ ¢ contains at

least one excitation by the modes bf;\€ and Bf;\e from the short distance ‘shell’ Lie algebra
ij;\e. Importantly, using (3.61) we obtain a direct sum decomposition of vector spaces

F=g @ g (3.64)

Following (2.45), we consider the completions of the tensor product (3.62) and its long
and short distance subspaces (3.63) with respect to the total Z>¢-grading on the tensor
product. We will denote these completions by H¢*, ”Hlel’e and Hgl’ﬁ, respectively. The
decomposition (3.64) extends to these completions, namely

= U @ HE (3.65)
Note that we have the important canonical isomorphism
e~ g (3.66)

so that #¢€ includes as a direct summand the completed space of states (3.21) in the smoothly
regularised theory at the larger length scale cutoff ¢ > e.
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It will be useful to introduce the following piece of notation and terminology. Let
Py MO = MG, Pyt O o M (3.67)

onto the long and short distance subspaces of ¢ relative to the decomposition (3.65). We
say that an operator O € End H < is block diagonal if it does not mix the short and long
distance subspaces, i.e. we have P;OP, = P,OP; = 0 so that O = P;OP; + P,OP,. On the
other hand, we say that O is pure mixing, or block off-diagonal, if P;,OP; = P,OP;, =0
so that O = P,0OP, + P,OP;. We can always decompose any operator O € End ¢ into its
block diagonal and pure mixing parts as O = Opq + Opm where

Opq := P;,0P; 4+ P,0OPy, Opm = P,0P, + P,OP;. (368)
3.2.2 Integrating out a thin shell

Infinitesimally thin shell. Now that we are working with an arbitrary smooth cutoff
function 7, it makes sense to vary the cutoff € infinitesimally. Indeed, recall that in the
truncation setting of section 3.1.1 the cutoff A necessarily had to be an integer, since
+A represented the bounds in the truncated sums, such as in (3.3b). Likewise, in the
sharply regularised setting, although A could now be a real number, the sharply regularised
algebra (3.11) only depends on the integer part |A] of A since for all n € Z the condition
that |n| < A is equivalent to |n| < |A]|. So in the sharply regularised setting the cutoff
A is effectively still an integer.

By contrast, the smoothly regularised algebra (3.19) depends smoothly on the length scale
cutoff ¢, which can be an arbitrary positive real number. Since we will be interested in varying
the cutoff smoothly in section 3.2.3, to derive renormalisation group flows, from this section
onward we will focus on the case when the thickness of the ‘shell’ de = ¢’ — € is infinitesimally
small, and will only work to first order in de. We will make extensive use of the fact that in
this ‘thin shell’ limit the ‘shell’ Heisenberg Lie algebra (3.54) expands to first order in de as

, / 2 2
[bS ™€, b ] = —n|n|2n'< ”’L”k)a%m,oae +O(5¢%), (3.692)
S e Cele 2, (2m|n|e 9
(b8 ™€, bE ] = —n|n|f77 7 On+m,00€ + O(d€”). (3.69Db)

for all n,m € Z \ {0}. Recall from section 3.2.1 that the smoothly regularised short
distance chiral and anti-chiral bosons on the circle S' have no zero-mode contribution, only
creation/annihilation parts, i.e. X< €(u) = Xi\e( w) 4+ x> () and Y (a) = X€ ~(u) +
X< (@) as in (2.26) but with the zero-modes removed. We can write their mode expansions

explicitly as

e’\e e € —27rmu/L *6,\6

X \/EZ ) X \/EZ

E € 27rznu/L (370)

The 2-point functions of these chiral and anti-chiral bosons coincide up to conjugation and
can be computed in the thin shell limit using (3.69) to be, for u;,uy € C,

/

NEO] X (ur ) X (ug) |O>E/\E = de AS(u1, uz) + O(5€?), (3.71a)

’

0| % —¢ ()X (o) |O>6/\6 = Je A;(ﬂl, ug) + 0(562) (3.71b)
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where we have defined

1 2mne 2min

AS(ug,uz) == —— Z 17’( ) exp ( (ug — u1)>, (3.72a)
2L = L L

= 1 2mne 2min

A, 1) = —— n'( ) exp ( (g — ug)). (3.72b)
2L = L L

Introducing interactions. Recall the free Hamiltonian Hf in the regularised theory with
cutoff € defined in (3.23). We are interested in adding to it an interaction term V(x¢, x¢)
which couples together the two chiralities of the compact boson X¢. The interaction may also
depend on spatial derivatives of x¢ and x¢ but we will always omit those from the notation
for simplicity. Consider the Hamiltonian

HE == Hf + V(x5 x°). (3.73)

This operator defines an endomorphism H¢ € End %E of the completed space of states (3.21)
in the smoothly regularised theory at cutoff e. However, in order to be able to ‘integrate out’
the short distance modes we first need to let this Hamiltonian act on the space of states H <.

To begin with, the free part Hf of the Hamiltonian (3.73) generates free time evolution
on the fields x¢, x¢ regularised at the cutoff € > 0, so in the effective Hamiltonian acting
on the short distance subspace ’Hf/’e we can simply replace this term by the sum of the free
Hamiltonian HE , which generates the same free time evolution on Xe/, )25/ regularised at the
larger cutoff € > €, and a free Hamiltonian Hgl\e, which generates the free time evolution on
the shell fields x¢>¢, ¥ €. The latter has an explicit expression similar to (3.23) assuming
that 7 is monotonically decreasing so that the difference n(%) - n(%ﬂlel)
the right hand side of (3.54) is non-vanishing.

Dealing with the interaction term in (3.73) is more complicated. To let it act on HE € we

appearing on

apply the splitting morphism (3.55) which using (3.56) has the effect of replacing the fields

ce'\e

x¢ and x¢ by XEI + XGI\E and )ZEI 4+ x° ¢, respectively. This leads to the Hamiltonian
He — H(EJ/ + HB’\e +V(X5’ + X€l\€7>2€, + —e’\e). (374>

The issue, of course, is that this potential term need not preserve the long distance subspace
Hle/’6 since it can contain pure mixing terms, in the terminology introduced at the end of
section 3.2.1, that would take us out of the long distance space ’Hlel’6 and into the short
distance one H;lve. To isolate these problematic terms it is useful to start by expanding the

potential in (3.74) in terms of the short distance bosons x¢>¢(z) and ¥ >¢(z) as

VO R ) = VO E) 3.75)
L ’ ’ L ! !
+ / dx Ve (10) ()x " (x) + / dz V¢ ’(0’1)(33))26 ~(x)
0 0
L L ! ! /
+ / day / dzaVE O (21, mo)x (1) (22)
0 0
L L ! ! !
+ / d.%‘l / d.%QV6 (0.2) ($1, .%2))26 \6($1))€6 \6(.1‘2)
0 0

L L / ’ ’
+/ dx1/ gV (wy, o) (21)X " (w2) + -
0 0
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where the coefficient operators V(o) (z) depend only on the long distance (anti-)chiral
bosons x¢ (), X¢ () and their d,-derivatives. By using (3.70) we can rewrite (3.75) explicitly
as an expansion in terms of chiral and anti-chiral short distance modes as

V(Xe' + Xe aX + Xe \e) V(Xe' Z Ve (1,0) be NE
\/47‘( .
7&0 n;ﬁO

1 1 2.0 / / 1 1 ’ 0.2)C / =
~ > oy < )bZ“bin\e—E > %Vz,r(n Jb b,
n,m##0 n,m#0
1 1 ¢ €/ \epe' e
- > %Vnﬁ’l)bn\ b+ ... (3.76)

where for example the coefficients of the purely chiral terms shown are given by

/ L ! .
Vz,(l,()) — / dx V€ ,(1,0) (x)e—sznm/L’ (377)
0
, L L , ) )
Vfl,’r(r%()) — / daxy / dxy Ve ,(2,0) (xl, $2)6727mn11/L6727mmx2/L' (378)
0 0

Each sum on the right hand side of (3.76) is a mixture of block diagonal and pure mixing
parts. For instance, in the first sum over n # 0, the chiral modes with n < 0 send ’Hf’\E
to H;’\e and hence contribute to the pure mixing part, but they also send H;l\e to itself,
therefore also contributing to the block diagonal part. The chiral terms with n > 0 also
contribute to both the block diagonal and pure mixing parts. Explicitly, for n > 0 we have
(b3 pq = bEn Py, (b3 L = I Py (B5) g = Pabl >, (b ) = Publ e
(b3 )pa =L Psy (BL3) 0 = BEa Pl (B )y = Py, () L, = Pib

(3.79)

p

However, notice that the purely (anti-)chiral double sums on the second line of (3.76) with
n > 0 and m = —n only contribute to the block diagonal part since they create and then
annihilate the same short distance (anti-)chiral excitation.

Effective Hamiltonian. Consider the decomposition of (3.74) into its block diagonal and
pure mixing parts

HE = Hiq + HE . (3.80)

Our goal is to describe an effective Hamiltonian Flsf’fe on the long distance subspace Hle/’e which
captures the same dynamics as the original Hamiltonian (3.80) restricted to this subspace.

Naively, one could try to define the effective Hamiltonian on the long distance subspace
Hfl’e by simply projecting H¢ onto this subspace, namely

HE < PHP, € End 1 . (3.81)

The problem is that the latter depends only on the block diagonal piece Hﬁd and is completely
independent of the pure mixing term Hgm. In other words, the approximation_in (3.81) would
be exact only if the original Hamiltonian had no pure mixing term, i.e. if Hf = 0.
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It is important at this point to emphasise that we are not, at least in this section, treating
the potential term in (3.74) as a small perturbation. Instead, as previously mentioned, we
are working perturbatively in the shell thickness Je, specifically to first order. In fact, as we
shall see, since the right hand side of the ‘shell’ Heisenberg Lie algebra (3.69) is of order Je,
virtual excursion into the shell subspace 7—[2/76 and back will cost a factor of de. But I:Ilf)]rn is

pure mixing so its effect is precisely to move between the short and long distance subspaces.

€
pm>

to second order. We are therefore treating Izlgm in the decomposition (3.80) as a perturbation

This means that we will effectively be working perturbatively in H and more specifically
and seeking corrections to the naive effective Hamiltonian (3.81) of second order in H;m.

In order to construct a long distance effective Hamiltonian that reproduces the dynamics of
the full Hamiltonian H¢ on the long distance subspace, instead of focusing on the Hamiltonians
themselves, as in (3.81), we will consider directly their associated evolution operators. Just as
in the free theory, see section 2.2.2, it will be convenient to consider imaginary-time evolution
to construct the effective Hamiltonian. So consider the exponential operator

. L _ T
e TH® — o= T(Hy +HLm) — e_THEd’T%[ — / dTHEm(T):| (3.82)
0

for any T € R~q. In the last expression here we have introduced the imaginary-time ordering
symbol 7. In particular, the time-ordered exponential ’T&p is defined by its Dyson expansion,
with factors evaluated at larger values of 7 placed to the left of those evaluated at smaller
values of 7. We also use the notation

O(7) == e"Hha0e Hia, (3.83)

for the imaginary-time evolution of an operator O € End HE e by the block diagonal part
Hf 4 of the full interacting Hamiltonian H¢. In order to derive the last expression in (3.82), it
is useful to consider the operator U(T') = eTH5ae=TH . This satisfies the first order linear
differential equation U (T) = —eTHEdeZIIEJme*T':'G = —Hgm(T)U(T) and initial condition
U(0) = 1, which specifies it uniquely. But another solution of this differential equation
and initial condition is given by the imaginary-time ordered exponential on the right hand
side of (3.82).

We can now introduce the effective Hamiltonian 7;2; € End Hf,’e by the condition that
the associated imaginary-time evolution operator under a time 7" > 0 coincides with the
restriction to the long distance subspace ’;’-llel’6 of the imaginary-time evolution operator (3.82)

in the full theory, i.e.
G_TH;“; = Ple_THEPl. (3.84)

It is important to note that such a relation cannot hold for every T' € R~¢. Indeed, although
the left hand side of (3.84) is a representation of the semi-group (R~q,+) under composition,
ie. efTH:/ffeeleHZ/ffe = ef(TJrT/)F'Z/ffE for any T, T" € R, this is not the case of the right hand
side since between two successive imaginary-time evolutions by times 7”7 and T under the full
Hamiltonian H¢ we are artificially projecting back to the long distance subspace. Thus T' > 0

in (3.84) will be a fized imaginary time on which the effective Hamiltonian explicitly depends.
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Since formula (3.84) is defining an effective Hamiltonian in the regularised theory at
the length scale cutoff ¢, a natural choice for the imaginary time T would be the cutoff ¢
itself, i.e. T = ¢ the smallest available distance in the regularised theory. However, as we
shall see in the main example of section 4, the choice of T will not have any impact on the
renormalisation group flow of the theory, at least not to the perturbative order we will be
working at. So from now on we will keep the imaginary time 7" in (3.84) fixed but arbitrary.

The explicit T-dependence of (3.84) should be understood in light of the comparison
with other notions of effective Hamiltonian discussed in section 1.2.2 of the Introduction. In
particular, in Hamiltonian Truncation Effective Theory [14, 26] the effective Hamiltonian
is defined by matching transition amplitudes between low-energy states, which amounts
to comparing the real-time evolution generated by the full and effective Hamiltonians in
an infinite-time limit. By contrast, our prescription (3.84) matches a finite imaginary-time
evolution operator. Taking 7' — oo in (3.84) would therefore not reproduce the same real-
time matching condition, but would instead isolate the large imaginary-time behaviour of
the projected evolution operator, dominated by the lowest-energy eigenstates of the full
Hamiltonian with nonzero projection onto the long-distance subspace. Keeping T finite
instead allows for the physically motivated choice T' ~ €' discussed above. At higher orders
in perturbation theory, where a genuine T-dependence may survive, clarifying its conceptual
role in the present Hamiltonian Wilsonian framework remains an interesting open question.

Recall that we only wish to work up to second order in the pure mixing part I:Igm of (3.80)
since this will be sufficient to determine the effective Hamiltonian Hg’f,fe up to the first order
in the shell thickness de. In what follows we begin to unpack the definition (3.84) to obtain
the desired expression for the effective Hamiltonian HZ;’; at order Je.

Restricting both sides of (3.82) to the long distance subspace Hf/’ﬁ and using the defini-
tion (3.84) of the effective Hamiltonian on the left hand side, we obtain

*e’,e e T _
e THeg — TP P p, <T&p{— /0 dTH;m(T)]>Pl. (3.85)
On the right hand side we have used the fact that
Ple*TF'Ed _ PlefTPll:FPlfTPSFIGPS _ PlefTPlHGPlefTPSI:FPS _ efTPlFI‘PlPl
which follows from repeatedly using the identities P;P; = PsP; = 0, in particular in the second
equality to show that P;HP; and P H P, commute since their product in either order vanishes.
It is convenient to introduce the long distance effective potential V;°(T'), for an interaction

of imaginary-time T' > 0, as the operator logarithm of the second factor on the right hand
side of (3.85). Specifically, we set

e/,e T _
TV (1) pl<7%{_ / dTH;m(T)DPZ. (3.86)
0

This allows us to rewrite the definition of the effective Hamiltonian (3.85) as

— !/ — ’
o~ THS — —TPHP, —TVG(T) (3.87)
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€

pm> SO in order to work to the

We will see shortly that the effective potential is second order in H
desired first order in de we will only need an expression for the effective Hamiltonian up to first

order in VZ;;(T). Using the expansion of the Baker-Campbell-Hausdorff formula in the form

ady O(Y?),

X _
log(e*e )_X+1_e—adx

which follows from a well-known integral expression for the Baker-Campbell-Hausdorff formula,
see for instance [48], and applying it to the right hand side of (3.87) we obtain

a adHe € e € e 2
ﬁVeé (T) + O(Veg (T)?). (3.88)
— €

F';%E =P/HP;, —

In the second term on the right hand side we have implicitly used the fact that the adjoint
action of Hj 4  on an operator in End ”HlE *“ coincides with the adjoint action of P;H¢P;.

Block diagonal contribution. Since we are working to first order in de, we can obtain
an explicit expression for the block diagonal contribution P;HP; to the effective Hamilto-
nian (3.88). The free Hamiltonian H§ + HB/\E in (3.74) satisfies Py(H§ + HB/\E)PI = Hg,
so we focus on the potential.

In the expansion (3.76) of the potential, any term containing an odd number of chiral or
anti-chiral shell oscillators will necessarily have a different number of creation and annihilation
operators, and thus such terms cannot contribute to P;HP;. In the same vein, the terms in
the expansion (3.76) which contain an even number of chiral and anti-chiral shell oscillators
will only contribute to P;HP; if they consist of normal ordered creation/annihilation pairs
of the same chirality, i.e. if they are of the form

N M

[T b5 bns TT by b, (3.89)
i—1 j=1

for some n; >0 fori=1,...,N and m; >0 for j =1,..., M with N, M € Z>,. Using the
‘thin shell’ Heisenberg Lie algebra relations (3.69) we see that such an operator contributes
a term to P;HP; which is of order §eVt™ . Since we are working to first order in de, the
only terms contributing to this order are the ones with (N, M) = (0,0), (1,0) and (0, 1),
i.e. the leading term V(XE/7 )‘(5/) and the purely chiral/anti-chiral terms in the second line
on the right hand side of (3.76). In other words, we have

— ! / ! L L !
PHP, =Hf +V(x“,x°) + 56/ dz‘l/ dxzo (V6 (2.0) (x1,2) A% (21, x2)
0 0
4+ ve(0.2) (z1, xg)Ag(xl, :L‘z)) + 0(562)

¢ e —¢ 56 2Tne 6/, , E/, ,
=Hy + V(X X) — 57 2 #(L) (Vi B0+ v 52 + 0(6%). (3.90)
n>0

Notice that if the potential in (3.74) was originally normal ordered then we would in fact have
V;:E’LO) = V;7’£%2) =0 and so P{HP; = H§ +V(x,x%) + O(6¢?). In this case, to first order

in de the block diagonal piece P;HP; of the effective Hamiltonian (3.88) at the larger cutoff
¢’ > € takes the exact same form as the original Hamiltonian (3.73) at the smaller cutoff e.
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One can think of each individual chiral and anti-chiral creation/annihilation pair in (3.89),

namely the individual products bf{.\ebe_/;.e and Bﬁ;b\.EBﬁ_/;f_, as virtual excursions into the short
T 7 J J _

distance sector H;l\e of the space of states ¢ €. In other words, even though P;HP; is an

’
operator in End H; ™, it receives contributions at order de from processes which involve the

temporary excitation of a mode of the short distance (anti-)chiral bosons XN and €.
Effective potential contribution. We now turn to the evaluation of the O(d¢) contribution
of the effective potential Vg (T) to the effective Hamiltonian HSg, i.e. the second term on
the right hand side of (3.88).

Expanding the right hand side of (3.86) to second order in IZIE,m gives

e e 1 T T _ _ _
Vel = Py + < /0 dr /0 dry Py (T (Hp (1) Hppa (72)) )P+ O((HE) ). (3.91)
The absence of the linear term on the right hand side follows using the fact that

PiHg, ()P = Premba (PiHG, Py + PoHE, Pr)e ™ HhaP,
= PleTHEdPlH;mPSB_THEdPZ + PleTHEdPSH;mPl€_TH€del =0 (392)

where in the first step we used the definitions (3.83) and (3.68). Then the last equality follows
from the fact that |:|6bd is block diagonal so that P,e™MbaP, = 0 using P;P, = P,P; = 0, and
similarly we have that Pye ™5aP; = 0. A similar argument shows that all the terms in the
expansion with an odd power of HS vanish, hence why (3.91) holds to O((HS,,)%).

Combining this with the expansion of the operator logarithm log(1 + A) = A + O(A?)
for some operator A € End ”Hlel’e, and noting that P; acts as the identity on ”Hlel’e, we can
expand the effective potential (3.86) as

VS (T) = —% log (Pl (T%[ - /OT dTH;m(T)DPZ>
- _% /0 " an /O " dn, Py (T (Hgy () H (72)) ) Pr 4+ O((HE,) ). (3.93)

Note that the N*P term in this expansion, i.e. the term of order (Hgm)QN , represents N virtual
excursions from the long distance subspace into the shell subspace and back; schematically

_ € e _ _ € e _
P;HP, HS P HeP; P;HP;, HS PsHeP;

e e € e / \ € e e e
;e 1 1 He<

In particular, when the operator I:|1€om(7') for 7 € [0, 7] is acting on the long distance subspace
it can be replaced by PsH¢(7)P; and when it is acting on the shell subspace it can be replaced
instead by P;H¢(7)P..

It will be convenient to split the double integral over the square (71,72) € [0,7]? in (3.93)
into the two sub-regions where the difference 7 := 7 — 73 is such that 7 € [0, 7] and 7 € [T, 0].
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Explicitly, we can rewrite the effective potential (3.93) as
! 1 T T=r To adpe _ _
VZfE‘E(T) = _ﬁ/o dTA d7_2 e 2 HI)dPlHIEDm(T)HE)mPl
1 /0 T 7 adge I -
_ ﬁ/J dr [ dmye™ S PIHG G (1P O((FG)Y). (394)

Applying the operator acting on the effective potential in (3.88) then allows us to perform
the integrals over 7o explicitly to find
Tadﬁgd € e 1 T € e e e \4
RV (T) = — [ A W) PUT (Hi () Hg ) Py O((Fg) ) (3.95)

1—e bd

where W¢(7) is a weighting operator defined by

o . (1 T adngd), if0<7<T, (3.96)
T)= — Tadae —T He He °
1 e g, (e g, _ eTaded), if —T<7<0.

Note, in particular, that W¢(7) is continuous at 7 = 0 where it is just the identity operator
W¢€(0) = id and it vanishes at the boundaries of the integration domain, namely W¢(£7") = 0.

Finally, by the same argument that led to (3.90), the only contribution to the effective
potential (3.93) at order de is

Tadgﬁd / de [T L g
C Tadng, e :77/ dT/ dz / dars WE(r 3.97
i (T > ), | day | de (1) (3.97)
% (Ve’,(l,o) (z1; T)Velv(lvo) (x2)AL(z1 — iT,22)

+ VO 1 VO (@) A (w1 + 7, 2)

Se [0 L L
- —/ dT/ dx1/ dze WE(T)
2 Jor 0 0
X (V€/7(1’0) (xg)Ve/’(LO) (x1;7)AL (22, 21 —iT)

VO (@)D (g4 1) A (2, 1 + 7)) + O(662),

where the semicolon notation for the imaginary-time dependence, such as Ve’ (1,0) (z1; 7'), is

defined by conjugating by e™ba as in (3.83), e.g. V(10 (1;7) := e™MhaVe - (10) (1) e~ ™Hia,

It will be convenient to abuse the notation of the imaginary-time ordering symbol T

here and write the above expression more simply as

Taud,q1id e Se (T L L . (3.98)

-2V (T :——/ dT/ dxl/ daxe WE(T 3.98
1 _ eTadHEd eff ( ) 2 7 0 0 ( )

X T (VO (g 1)V OO (29) AL (w1 — i, )

+ VEOD (21 WV OD (29) A (4 + i, acg)) + O(3€%).

In other words, when the 2-point functions AS(zy —i7, z2) and AS(z; +47, x3) of the chiral and
anti-chiral shell bosons, defined in (3.72), appear inside an imaginary-time ordered product
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T of two operators, the order of their arguments depends on which of the two operators
comes first, as can be seen in the full expression (3.97).

In order to see why (3.97) holds, we first observe that since the free part Hgl + Hg\6
in (3.74) is block diagonal it does not contribute to I:Igm(T). The contribution from the
potential part is found using the expansion (3.75) to be

— L ! ! L ! !
Hom(7) = / REAVARIC (x;7)X° (= iT)pm + / dx V¢ ’(0’1)(33; T)X " (x +iT)pm  (3.99)
0 0

L L ) , )
+ / daxy / day Ve (20) (1,29, 7) (X (21 — im) X" (22 — iT))pm
0 0

pm

L L / ! /
+ / dzq / dzoV© (0.2) (1, 22;7) (X (21 +i7)X° (22 + 7))
0 0

L L , / /
+ / day / dazoVE ’(1’1)(331, zo;7) (X (21 —iT)X (2 +i7)) A+
0 0

pm
where the dependence on the imaginary time 7 is defined by conjugating by e™Hia as in (3.83).
In particular, it follows using the Baker-Campbell-Hausdorff formula that the imaginary time

evolution of Y >¢()pm and X< ¢(x)pm by €™ba coincide with their free evolution by e™o ™

up to terms that are either at least quadratic in the short distance modes bﬁ:\ﬁ or of order at
least de. Similarly, every other term in the expansion (3.99), from the second line onwards on
the right hand side, is at least of quadratic order in the short distance modes b;' ~€ and of
order at least de. Hence, since we are working to first order in de, the only contribution to the
right hand side of (3.95) comes from the term written, of order (Izlfjm)Q, with Hgm(T) replaced
simply by fOL da Ve 0 (2 7)< (2 — 7)) pm + fOL dz VO (2 7)Y ~¢(2 +47) pm. The desired
result (3.97) now follows since Pyx€ “(u1)x¢ ¢ (ug)P; and Pyye (1) “(ug)P; are just given
by multiplication by the shell propagators de AS(uy,us) and de AS (g, Us) defined in (3.72).

3.2.3 Renormalisation group flow

It is useful at this point to summarise the result of section 3.2.2. We considered in (3.73) a
family of interacting Hamiltonians H¢, labelled by the cutoff scale € > 0, defined by adding
to the free Hamiltonian H{ of the smoothly regularised theory at cutoff €, see (3.23), a
potential term V(x¢, x¢) of the smoothly regularised chiral and anti-chiral bosons x¢ and
X¢. Starting from a given cutoff € > 0, we introduced an effective Hamiltonian HZ;’; at a
larger cutoff € > € by the requirement in (3.84) that its imaginary-time evolution for a fixed
time T > 0 coincides with that of the original Hamiltonian H® when restricted to states
in the long distance subspace (3.66). When the cutoff is varied infinitesimally, we worked
out this effective Hamiltonian to first order in de. Combining (3.88) with (3.90) and (3.98),
the final expression takes the form

_ , L L , , _
Hzf,fe =H" + 56/ dxq / dxg (V6 (2.0) (1'1, iL'Q)AZ(J?l, $2) 4 V€ (0,2) (.Tl, .Q?g)AZ(I’l, .%'2))
0 0

o ﬁ r L L € €’,(1,0) €’,(1,0) € o
5 dr [ day [ dza W(7) T(V (x1,T)V (x2)AS (21 — iT, x2)
=T 0 0

+ VEOD (@, VO (25) A (21 + i, 25) ) + O(3€?),  (3.100)
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where we recall definition of the propagators de AS(uy, uz) and de AS (1, 1) for both the shell
chiral and anti-chiral bosons ¢ >¢(u) and x¢ >¢(u) in (3.72).

Cutoff independence. Given two distinct cutoffs € > ¢, we cannot directly compare the
two Hamiltonians H¢ and H¢ since they are defined in the smoothly regularised theories using
the same cutoff function 7 but at the different cutoff scales € and €, respectively. The effective
Hamiltonian l:lz;f is what enables such a comparison. Indeed, by definition, it encodes the
same (imaginary-time 7T') evolution at the longer cutoff scale € > € as the Hamiltonian H® does
at the smaller cutoff scale e. We can thus compare H¢ and H¢ by considering the difference

SHE = HY — HYf (3.101)

in the smoothly regularised theory at the cutoff ¢. If this difference were zero, i.e. HE = 0,
then the Hamiltonian H® would be independent of the cutoff € in the sense that the (imaginary-
time T') evolution of the Hamiltonians H® and H for two different cutoffs € > € would coincide
when projected onto the long distance subspace ’Hle/’e. However, it follows from (3.100) that
in the limit de = ¢ — e — 0 the difference (3.101) can be expressed to leading order in Je as

/

€ doe [T L L € €,(1,0) €,(1,0) € .
5H :5/ dT/ dwl/ day WE(r) T (VOO (g 1)V (25) Ay — iy m0)  (3.102)
- Jo 0
+ VOOD (21 1) VOO (29) AS (2 + i, 962))

L L _
~de [ oy [ (VA0 (@1, 0) AL, a) + VO (a1, 3) Al (01,2) + O(6€4).
0 0

Although the second term on the right hand side will vanish if the potential V(x¢, x¢) is normal
ordered, as explained in section 3.2.2, there is no reason for the first term to vanish. Indeed, as
we will see in the main example in section 4, this term typically produces an infinite series in e.

The key idea behind Wilsonian renormalisation, in the present Hamiltonian setting, is to
allow various parameters in the Hamiltonian H¢ of the smoothly regularised theory at cutoff
€ to depend themselves on the cutoff in such a way as to compensate for the variation (3.101)
of the Hamiltonian as we integrate out short distance degrees of freedom.

In other words, if the family of smoothly regularised interacting Hamiltonians H® depends
on a (possibly infinite) collection of parameters (g;), namely H® = H[(g;)], then we let these
parameters depend on € and require that

€ €

3 e0i(6) I [(g5(e)] + im <201 [(g5(e))] = 0. (3.103)

p qg; e/ —e

Here, the second term encodes the variation (3.101) of H[(g;(€))] arising from the process of
integrating out the short distance degrees of freedom ¢ “¢(u) and Y “¢(u) in a thin shell
of thickness de. The first sum on the left hand side describes the compensatory variation of
H¢[(g;(e))] coming from the explicit dependence of the parameters g;(e) on the cutoff. The
condition (3.103) is known as the renormalisation group equation. It ensures that the full
Hamiltonian H[(g;(e))], with its parameters flowing with the cutoff €, is actually independent
of the cutoff €, as it should be since the cutoff is purely artificial and therefore unphysical.
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Beta functions. To be more explicit, we consider the usual situation where the potential
V(x4 x) in (3.73) is given by a linear combination of local operators

€ —€\ __ A;—=2 L €
VR = 306 20,(0) [ drOja), (3.104)

where the densities O5(z) are operators on S' built out of the smoothly regularised (anti-)chiral
bosons x(z), X“(z) and their derivatives, with conformal dimensions A;. The parameters
gj(€) are the coupling constants for each of the local operators and in view of the above
discussion they are given an explicit cutoff dependence. We assume that the coupling constants
are all dimensionless and so we include an explicit factor of €272 to ensure that the potential
itself has inverse length dimension, matching the dimension of the Hamiltonian.

As usual, the local operators appearing in the potential V(x¢, x¢) as in (3.104) fall into
three categories. The operator fOL dz Of(x) is said to be

relevant if A; <2, marginalif A; =2 and irrelevant if A; > 2.

Crucially, relevant /irrelevant operators are multiplied by negative/positive powers of the
cutoff €, while marginal ones come without any additional cutoff dependent factors.

One should include in the potential (3.104) of the effective theory at the cutoff €, all of
the possible local operators compatible with the symmetries of the theory under consideration.
Indeed, when performing the integration over the thin shell of thickness de, the complicated
O(de) expression on the right hand side of (3.102) will typically produce an infinite sum over
all possible local operators compatible with the symmetries of the theory. In other words,
if we assume that the collection of local operators in (3.104) is a complete set of all local
operators compatible with the symmetries of our theory then we can write

€ L
i 5 ()] = = S lan(0)] | 0w 05 (3.105)

e/ —e

for some coefficients B?u [(gx(€))] depending on the original couplings in (3.104). Substitut-
ing (3.104) and (3.105) into the left hand side of the renormalisation group equation (3.103),
and setting to zero the coefficients of each local operator fOL dz O;(x), we obtain the beta
equation for the corresponding coupling g;(€), namely

€0egj = (2= Aj)g; + B} [(g0)] = Bil(gw)]- (3.106)

The first term on the right hand side is the ‘classical’ scaling dimension which stems from

the dimensionful prefactor €2/~2 in front of the coupling in (3.104), while the second term
is the ‘quantum’ correction coming from integrating out the thin shell degrees of freedom.

The sum of both terms defines the beta function j3;[(gx)] of the coupling g;.

Comparison to Wilson-Polchinski. Our renormalisation group equation (3.103) for the
running of the couplings g;(€) in the Hamiltonian H[(g;(€))] bears a very close resemblance
to Polchinski’s equation [79] for the running of the couplings in the effective interaction
St with a smooth high energy cutoff A.
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To see this, we can use the explicit form (3.102) of the variation dH to first order in de
to compute the limit ¢ — € on the left hand side of (3.103). Specifically, dividing (3.102)
by de and taking the limit de — 0, all higher order terms which are not explicitly written
in (3.102) disappear. On the other hand, since the couplings are all contained in the potential
part of the interacting Hamiltonian (3.73), we can write the first term on the left hand side
of (3.103) in terms of the potential as
€ € €
> () G [(g5()] = 3 a0 X (g, 0)] = v k). (3107)
i gi P dgi
Here the right hand side is just a shorthand for the middle expression, namely the derivative
€0 is to be understood as acting only on the couplings in V(x¢, x¢). Putting all this together
we can then rewrite the renormalisation group equation (3.103) as

L L _
€O V(x5 X) = e/ dxl/ dxo (Ve,(z,o) (21, 22) A& (21, 22) + VOO (21, 29) A (a1, xg))
0 0

e [T L L € €,(1,0) €,(1,0) € :
— 7/ dT/ dxl/ dzo W (T)T(V’ Ny T)VOS (29) Al (21 — iT, 22)
2J)-r 0 0
+ VEOD (2 1IVEOD (@) AS @y +i7,22)). (3.108)

This equation is structurally of the same form as Polchinski’s equation [79]. We can depict
it schematically as follows:

D D D
ﬂr ll“zs

The left hand side represents the flow of the coupling in front of one of the local operators in
the potential (3.104). Specifically, the red vertices in the diagrams represent densities O5(z),
with each solid red line representing a constituent long distance (anti-)chiral boson x¢(x),
X¢(x) or their J,-derivatives. (We are simplifying the story here for illustration purposes.
In the main example of section 4 below we will be interested in densities Of(x) given by
products of chiral and anti-chiral vertex operators as in (3.20), which diagrammatically would
be represented by vertices with arbitrarily many legs.) The blue vertex in the last diagram
represents a density O;(l‘ —47) that is shifted in the imaginary time direction, with each solid
blue line representing a constituent long distance (anti-)chiral boson x¢(x — i7), x¢(x + 1)
or their 0,-derivatives. The dotted lines represent short distance propagators A{ for the
(anti-)chiral shell bosons x¢ ¢, x¢ ¢ as defined in (3.72). Each red vertex is integrated over S’
while the blue vertex in the last diagram is integrated over the shaded blue region [T, T] x S*
on the cylinder R x S'. The sum in the last diagram is over all ways of building the given
density Of(x) on the left hand side from two other densities in the potential (3.104).

Renormalised trajectories. Each solution of the renormalisation group equations (3.106)
represents a particular quantum field theory built from the smoothly regularised (anti-)chiral
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bosons x¢ and x°. In particular, the Hamiltonian H[(g;(€))] = H§ + V(x¢, x°) in (3.73),
with potential given by (3.104), describes the same theory at different values of the cutoff
€ > 0 in the sense described in section 3.2.2.

A fundamentally important class of solutions to the renormalisation group equation (3.106)
are the constant ones, which occur at the zeros of the beta function. These fixed points
typically represent conformal field theories which are intrinsically scale-invariant, allowing
the cutoff to be removed. Indeed, because the couplings do not run, the Hamiltonian H€ is
invariant under the flow and thus independent of the short distance cutoff e.

Any Hamiltonian that is normal-ordered, has only marginal couplings and is block diagonal
in the sense introduced at the end of section 3.2.1, defines such a constant solution. Indeed,
as we saw in section 3.2.2, given any block diagonal Hamiltonian H¢ at the cutoff €, the
effective Hamiltonian at the longer cutoff € > € is given simply by the naive projection (3.81)
of H¢ onto the long distance subspace Hf,’e, ie. Hzlf’fe = P;HP;. In particular, there is no
correction coming from the effective potential as in (3.88). Moreover, if H¢ is normal-ordered
then by the discussion after (3.90) we have _Z;if = HY + 0(8¢?). In other words, the variation
of the Hamiltonian (3.101) resulting from integrating out a thin shell of short distance modes
vanishes to first order in de. The quantum correction to the beta function, introduced
in (3.105), then vanishes when evaluated on the set of couplings g; of our Hamiltonian H®.
And if all these couplings are marginal, i.e. dimensionless, then the full beta function vanishes
B;l(g;)] = 0, implying by (3.106) that the couplings g; are in fact constant.

The free Hamiltonian Hf itself, introduced in (3.23), corresponds to a constant solution
of the renormalisation group equation (3.106), namely the trivial fixed point g; = 0. This is
a smoothly regularised version of the WZW model associated with 3us at level 1, or rather
of its free field realisation (2.36) in terms of the free boson X and dual boson X compactified
at the self-dual radius R, = 1/ /27 from section 2.2.2. The 1-parameter family of free
bosons ®z and dual bosons &?5 compactified at a generic radius R = 2/f, introduced in
section 2.2.3, also describe conformal field theories. As we will see in section 4 below, these
correspond to a line of fixed points in the renormalisation group flow parametrised by 3
and connected by a marginal deformation.

We are mainly interested in non-trivial, i.e. non-constant, solutions to the renormalisation
group equation (3.106) which represent massive quantum field theories. The general solution
is specified by an initial condition at a fixed scale €g, namely it can be written as

9i(€) = g;(gr (o), €/€0) (3.109)

for some function g; of all the initial couplings gi(€ep) and the parameter /ey < 1.

Since we are interested in quantum field theories whose behaviour in the UV is described by
marginally relevant deformations of a 2-dimensional conformal field theory, we are particularly
interested in solutions (3.109) for which the initial couplings gi(eo) in the UV limit ¢g — 0
approach those of a 2-dimensional conformal field theory. In other words, we are interested
in solutions g;(€) to the renormalisation group equation (3.106) which are defined all the
way to the UV limit ¢ — 0 and such that:

a) all the irrelevant couplings are switched off in the UV, i.e.

li_I}l’(l)gj(é) =0 if A]’ > 2 (3110&)
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b) the marginal couplings approach the specific dimensionless constants g, parameterising
the 2-dimensional conformal field theory in the UV, i.e.

(lgi_l’)r(l)gj(é) = Gjx if Aj = 2, (3110b)

c¢) the relevant couplings tend to zero sufficiently fast in the UV, namely

gi(e) ~ (mje)> ™% if A; <2 (3.110c)

e—0

for some mass scales m;.

Such a solution describes the renormalised trajectory emanating from the conformal field
theory in the UV described by the dimensionless parameters g; for A; = 2.

4 The quantum sine-Gordon model on S?

We now apply the general method of Wilsonian renormalisation in the Hamiltonian framework
as developed in section 3 to our main example, the quantum sine-Gordon model. In section 4.1
we begin by relating this model to the anisotropic deformation of the duy WZW at level
1. In section 4.2 we then compute the quantum beta functions of the marginal couplings
of the anisotropic deformation to derive the renormalisation group flow of the quantum
sine-Gordon model. We summarise the result obtained for this flow in section 4.3 and make
some further comments.

4.1 The Sine-Gordon Hamiltonian

In section 4.1.1 we introduce the anisotropic deformation of the 819 WZW model at level 1,
where to ensure that the perturbation is well defined we work with the smoothly regularised
version, at some cutoff € > 0, of the compactified boson X = x + x at the self-dual radius
R,=1/ V27, In section 4.1.2 we relate this theory to the conventional description of the
sine-Gordon Hamiltonian, written in terms of the compactified boson ®¢ with cutoff dependent
radius R(e) = 2/8(e) and its conjugate momentum II¢, where §(e) is related to one of the
couplings of the anisotropic deformation of the 3us WZW model at level 1.

4.1.1 Anisotropic deformation of the WZW model

Recall the Hamiltonian Hy of the WZW model (2.16). As already emphasised in section 2, our
goal is to describe quantum field theories on the compact space S', in the Hamiltonian /opera-
tor formalism, whose behaviour in the ultraviolet is given by a marginally relevant deformation
of Hp. And for simplicity we have been focusing throughout this paper on the Lie algebra 8us.

In what follows we will consider the so called anisotropic deformation of the 3uo
WZW model, which breaks the 8115 symmetry of the model down to its Cartan subalgebra
u;, and whose Hamiltonian is given formally by

L _ _ L _

H = Ho + gi/ dz(J*+ (2)J(2) + I~ ()T (2)) + gi/ dz J3(@) 3 (z)  (4.1)
47 Jo 81 Jo

for some coupling constants ¢g; and g2, where the factors of 47 and 87 are introduced for

later convenience. Recall that J%(z) and J%(z) denote the chiral and anti-chiral currents
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introduced in section 2.1.1 but expressed in the periodic complex coordinate u ~ v+ L on
the cylinder iR x S!, as in (2.8). Here we are restricting these currents to the real slice S*,
whose periodic coordinate we denote by x ~ x + L, following the conventions of section 2.

The Hamiltonian (4.1) is only ‘formal’ in the sense that, as explained at the end of
section 2.2.2, the two operators defining the perturbation are integrals of local operators
coupling the two chiralities together and are therefore not well defined. Indeed, formal
expressions as in (2.65) produce divergent series when acting on the Fock space &, see (2.66).

In order to make sense of the deformed Hamiltonian (4.1) we therefore need to pass over
to the smoothly regularised theory at some cutoff € > 0. As explained in section 3.1.2, the
smoothly regularised 3ug-currents at level 1 are then defined by the same expressions (3.20)
as the basic representation (2.31) but written in terms of the smoothly regularised chiral
and anti-chiral bosons x¢ and x¢. We can now make sense of the formal expressions for
the two perturbing local operators in (4.1) by introducing the regularised counterparts of

their densities as

05(a) i= 1 (TP5()T~(a) + T () TP (x)

= %(:eimxe(x)eimf@: + :e_imxe(x)e_iMXe(x)i), (4.2a)
1 T —€
05(x) = o T (27 (a) = (1) (). (1.20)

With these definitions in place, the desired Hamiltonian of the anisotropic deformation of the
31y WZW model at level 1 is given in the smoothly regularised theory at scale € > 0 by

L L
HE = H + g1(e) /0 dz 0% () + g(e) /0 dz 05(x), (4.3)

using the same notation convention as in (3.104) for the potential.

Since the expressions (4.2) are both smoothly regularised versions of operators of conformal
dimension 2 in the free compactified boson theory at the self-dual radius R, = 1/v/27, they
come multiplied by a factor of € = 1, in accordance with (3.104). Technically, by the
general discussion in section 3.2.3, we should also include in the interaction term of the
Hamiltonian (4.3) all possible local operators that are compatible with the symmetry of the
two terms already written. In particular, this will include an infinite number of irrelevant
operators fOL dz O5(x), say labeled by j > 3, with their own independent couplings g;(e).
Indeed, we shall see below in section 4.2 that an infinite number of irrelevant terms is
generated in the variation of the Hamiltonian (4.3) after integrating out a thin shell. Since we
will only be concerned with deriving the flows of the couplings ¢g; and g9 in (4.3), from now on
we will always suppress all the irrelevant operators. However, for illustration purposes we will
compute in section 4.2.1 a contribution to the flow of the constant term in the Hamiltonian,
so we explicitly include this coupling in our Hamiltonian and write

L
HE = HS + WQLIQ(G)/ dx(:eimxé(m)eimxe(m):+:€—imxe(x)e—i\/%26(x):)
0

+02(0) [ A @O @) + sl (4.4
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The factor of 6% comes from the fact that we should view the constant term as arising from
integrating the identity operator O§(x) = 1 around the spatial direction, giving the factor of
L= fOL dz O§(z). And since the identity has conformal dimension 0, in order to have g3(e)
non-dimensional we include an explicit factor of =2, in line with the general structure (3.104).

It will also be convenient later to split (4.2a) into its positively and negatively ‘charged’
parts as Of(z) = Of, (z) + Of_(x) with

€ TF,€ ™ ivV8mxe(x iV 8mx (x
$(x) = Ji (2)T7(a) = £5:* VBIX(2) RVBTX(2). (4.5)

4.1.2 Rewriting as the sine-Gordon Hamiltonian

Recall from (3.25) that Hf, defined in (3.23), is the usual expression for the free Hamiltonian
in terms of the smoothly regularised chiral and anti-chiral bosons x¢ and x¢, up to O(e). By
adding to this the perturbation by the marginal operator fOL dz O5(z) given by the first term
on the second line of (4.4), we obtain the quadratic Hamiltonian

Lao(e ~1
HG + g2(c) /OL dz 0() = /OL dx(1+ 2292( ) (% (a)): + L2209, 292( ‘) (Pf(g:))zz) +0(e),

written in terms of the smoothly regularised version X¢(x) of the compactified boson (2.48)
at the self-dual radius R, = 1/v/27 and the regularised version P¢(z) of its conjugate momen-
tum (2.57). Recall that P(z) = §,X(x) where X(z) is the dual compactified boson (2.51).

Now observe that by suitably rescaling the compactified boson and dual boson as in (2.69),
for some 8 = (€) depending on gs(€), we can bring the above expression back into a canonically
normalised kinetic term for the rescaled compactified boson ®¢(z), with radius R(e) = 2/5(e),
and its conjugate momentum II¢(z) = 9,®¢(x). Specifically, we can write

L
S+ gale /dxoe - “/ dz(3(0,(2)) %8 5(0) + 8 (T (2)) 8 (e)) (4.6)

where the parameter ((€) determining the new radius of compactification R(e) = 2/5(e) and

the overall normalisation factor v(e) are given by

Ble)* | 1—39a(e) [ 1674(e)
8T 1+ 2go(e)’ o) = 6472 + B( ) (47)

The term in the second line of (4.6) is a normal ordering constant which comes from the fact

that we have changed the notion of normal ordering from :—: to 8—8g(.). The former denotes
normal ordering with respect to the raising and lowering operators of the chiral and anti-chiral
bosons x¢ and x© while the latter denotes normal ordering with respect to the raising and
lowering operators of the chiral and anti-chiral bosons ¢¢ and ¢¢. Specifically, we find

ﬁé;)Q (P(@))% = 3(I1°(2)) 819 + (1 B 53222)?; > nn(%ane)

and adding these together leads to (4.6).
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It remains to rewrite the second term on the right hand side of (4.4), namely the operator
fOL dz O§(z) = 1% [y L da :cos (V8mX<(z)):, in terms of the rescaled compactified boson ®¢(x)
and re-normal-order it at the new radius R(e) = 2/8(e). Doing so, we find

( M 27r/\
/de = 2y BUQ / dz scos (8(€)@()) 8 (e) (4.8)

where we have included an overall factor of v(e) matching the one of the kinetic term in (4.6)
and the coupling A(e) is given using the exact expression on the right hand side of (3.49) by

0= (1) (- 20) S () L o

n>0

This is a dimensionless coupling since g1(€) and g2(€) are marginal and hence dimensionless,
and the prefactor in (4.9) is a function of the dimensionless ratio +. Moreover, let us denote
the limiting value of the marginal coupling ga(€) in the UV limit by go. and suppose that the
marginal coupling g;(€) in this limit tends to 0. More explicitly, let us suppose that

9 B T
gi(€) ~ (ux€)" 7 g2« = lim ga(e),

e—0

for some mass scale .. Let S, := lim.0 3(¢) denote the corresponding limiting value of
the marginal coupling (e) defined in (4.7). We then have

82 Cy B e
2——% o M* * *
M)~ (Mo %, M= (62 + 167T2> , (4.10)
where M, is a scheme-dependent mass scale (i.e. depending on the choice of n through C,).
By comparing the right hand side of (4.8) with the general form (3.104) of an interaction
term in the Hamiltonian, and using the fact that A(e) is dimensionless, we read off from the
power of € the well-known conformal dimension A, = 32/4r of the full vertex operators

geiiﬁ*<1>(x)gﬁ* _ 8€iiﬁ*¢(z)gﬁ*geii,ﬁ*dg(x)gﬂ*’ (4.11)

in the conformal field theory of the compactified boson ®(z) = ¢(x) + ¢(z), defined in
section 2.2.3, with compactification radius R, = 2/8,. Specifically, (4.11) is the product
of a chiral and an anti-chiral vertex operator, both of which have conformal dimension
B2/8m [27, (6.60)].

Note also that the origin of the factor of L=Bi/4n appearing in (4.8), in the limit € — 0, is
the same as that of the factor of L=! in the free field realisations of the currents J*(u) and
J*(u) in (2.31), which led to the factor of L=2 in the cosine potential in the Hamiltonian (4.4).
Indeed, since ge*F+9lzlg 3, is a conformal primary of conformal dimension 32/8n it picks up
a factor of (2mz/L)%/8™ under a coordinate transformation from the z-coordinate on the
plane to the u-coordinate on the cylinder. The power of 2P2/87 s then absorbed into the
definition of the vertex operator ge*i#+¢(u)g 83, where the zero-mode are combined into a single
exponential as in (2.30). Specifically, the analogue of the computation (2.32) reads

z87r eilﬁ*% +iB. (—\/%ao logz> _ eizﬂ* (%-ﬁao logz) — FiBrdo(u) (4.12)
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where in the first step we have used the commutation relations (2.75) and in the last step we
used the explicit change of coordinate z = €2>™*/L and the definition (2.74) of the zero-mode
¢o(u) in the cylinder coordinate u. The same holds for the anti-chiral vertex operator.

In summary, the anisotropic deformation of the 8us WZW model at level 1 in the smoothly
regularised theory at cutoff € > 0, defined in (4.4), takes the form

. L 1 . 1, . 8% _52m\(e .
H :y(e)/o dx(28(6x<1> (x))285(6)+§8(ﬂ (:c))285(6)+e rrai B(iQ) gcos (B(e)® (1‘))85(6))
L 4w

2
+6L2<93(e) ”(6)(5(6) ‘/g) 0,7,1>7"SC*+0(6).

~am \VBr B(e)
(4.13)

In the first two lines on the right hand side we recognise the usual sine-Gordon Hamiltonian,
up to an overall normalisation factor v(e€), written in terms of the smoothly regularised boson
®€(x) with compactification radius R(e) = 2/5(¢) and its conjugate momentum II¢(x). The
first term in the last line on the right hand side of (4.13) is a scheme-dependent correction (i.e.
depending on the choice of smooth cutoff function ) to the divergent O(¢~2) term introduced
by hand in (4.4). The last term on the right hand side of (4.13) is a scheme-independent
shift to the finite Casimir energy, namely the constant term —Z7 with ¢ = 1 in (2.36a)
which we have been omitting, where

0Ccy = —

”( By @)2 (4.14)

2\Ver 8.

and we have introduced the UV limit v, = lim._,ov(e).

Applying the renormalisation procedure from section 3 to the Hamiltonian H¢ in section 4.2
below will lead to the renormalisation group flows of all the parameters gi, g2 and g3 of the
anisotropic deformation of the 8uy WZW at level 1 introduced in (4.4). We will then be able
to map this to the renormalisation group flow of the couplings A, 5 and v of the sine-Gordon
Hamiltonian (4.13) using the explicit transformations (4.7) and (4.9).

4.2 Integrating out a thin shell

We are now in a position to apply the general renormalisation procedure described in section 3
to the regularised Hamiltonian (4.4) at hand. The majority of this subsection will be dedicated
to calculating the variation § H¢ of the Hamiltonian (4.4) from integrating out a thin shell
as in section 3.2.2. We will use the explicit form of this variation given by (3.102). In fact,
since (4.4) is normal-ordered, the second term on the right hand side of that expression
vanishes; see the discussion after (3.90). The expression we shall use for the variation is then

’

56 T L L ’ ’
SHY = 5/ dT/ dxl/ dmgwe(T)T(VE (L0 (g )V (1) A (21 — i, p)  (4.15)
=T 0 0
+ VEOD (g 7)WVEOD (25) AS (21 + i, 22) ) + O(0€2).

From now on we will be working perturbatively in the couplings ¢g; and g, see (4.4), in
order to simplify the time evolution of operators by Flf)d = Hgl + V(Xe/ + XX+ )ZE/\E)bd.
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The expression (4.15) for the variation dH¢ of a normal-ordered potential is quadratic in the
potential and therefore already quadratic in these couplings g; and g2. The imaginary-time
evolutions V¢-(1.0) (z1;7) and Vfl’(o’l)(acl; 7) of these potentials defined by conjugation by
the exponential of Tl:lgd rather than the exponential of 7 HE , will only introduce further
powers of g; and go. Thus the imaginary-time evolution by Izlgd can simply be replaced by
the free imaginary-time evolution by Hf)/ to leading order in the couplings g; and go. In
other words, we shall work with the variation

’ 56 T L L ’ /
SHY = 5/ dT/ dml/ day WE(r) T (VSO0 (g, )V 00 () AS (a1 — i, )
=T 0 0
FVEOD (g IV OD (20) AL (2 + i, x2>) +0(5é%), (4.16)

where we use the simple comma notation for the dependence on the imaginary-time 7, by
contrast with the semicolon notation in (4.15) denoting imaginary-time evolution by the full
Hamiltonian I:lf)d. It will be important to recall from (3.24a) that the free imaginary-time 7
evolution of the smoothly regularised chiral and anti-chiral bosons x¢(z) and x“(z) is given
simply by a shift of their arguments by Fit, respectively.

The regularised potential is

V(X5 X) = 7(9L12(6) /0 dx (:e“/gx (2) iVBTX(2), | o=iVBTX“(2) g —iv/BTX (m):)

+ g2(€) /OL dz 0y x(x) 0 X () + égg(e). (4.17)

To compute V(10 and V€01 ag defined in (3.75), we apply the splitting morphism (3. 55)

€' \e ce'\e

and X° by X< + x>,
and then expand to first order in the short distance fields y¢ ¢ and ¢ €. Bringing the go term

to the expression (4.17), which amounts to replacing x¢ by x¢ + x

in this first order expansion to the same form as in (3.75) requires performing an integration

by parts. Since XE/\E(x) has no zero-mode it is periodic and therefore there is no boundary

",(1,0)

term from the integration by parts. The resulting expression for V¢ can be written as

ve (L0 () = Vi/’(l’o)( )+Ve (1, 0)( ), (4.18)

where to break up the calculation of §H¢ later we have split this into two contributions
V0 () — zf( VB (@) yivBrR (@), _ :e—imxe’(me—w%*cg(w);), (4.19a)
Vs »(10) (x) = —ng (). (4.19b)

The expression for V€01 (z) = Vi”(o’l)(m) + Vgl’(o’l)(a:) is identical, but with the roles of
the fields x¢ and Y¢ interchanged. In particular, we note that

Vi O (@) = v 0 ). (4.20)

Splitting the potential into two pieces allows us to break up the calculation of § H¢ into
four parts, namely dH¢ = 12,]-21 5H§;- with

.S T L L y y .
oH§; = Eegi(e)gj(e)/ dT/ dzl/ dze WE(T) T(Vi ’(1’0)(931,7')Vj ’(1’0)(332)A§(x1 — T, 22)
-T 0 0

+ Vi OV @y, VSO @) A @y + i m)) +O(0R). (4.21)

— 064 —



To remove the time-ordering symbol it will be convenient to further split each piece into two,
by breaking up the integral over 7 € [T, T] into the forward-time part 7 € [0, 7], namely

5H1JT g] / dT/ dl‘l/ d(L‘QW6 (1 0)( 177')\/;,7(170)(1'2)A§(x1_iT7x2)
+ VOO (g v ”<m2>A2<x1 i, 32)) + O(3€),  (4.22)

and the backward-time part 7 € [T, 0] which we denote by & Hf; 1 We will also split these
into their chiral parts, with a superscript ‘(1,0)’ for the V¢(1-0)(z)-dependent term, i.e.

€10 Je T L L .
5HUT = Egi(e)gj(e)/o dT/0 da:l/o dza W(T) (4.23)

8 VSI’(LO) (z1, T)V] ' (1,0) (z2) A& (z1 — i, m2) + 0(562)’

and a superscript ‘(0, 1)’ for the corresponding VE’(O*l)(x)—dependent term. Finally, it will
also be convenient to split V]’ o 0)( ) in (4.19a) into its two different charges, introducing

Vii( 7 )(33) = i%i\/ 87T:eﬂ‘/§xd(w)6ﬂ\/§;‘d(x)i (4.24)

so that Vi’ £ 0)( )= Vi/_’F(I’O) (x)+VilL(1’ )( ) and similarly V-’ (0, 1)( )= Vil(o’l)(."E)—I—Vi/’(o’l)(:n),

4.2.1 6H§'2 variation

We will calculate the contribution 5H;/2(T1’0) to (5H = 5H22(T1 0) + 5H22(¢1 0) + 5H512($’1) + 5H§/2(f’1),

the calculations for the other three terms being almost identical.

Written out in full, 5H22(T1 0) is

SHo ) = 7569 / dr / da / dayWe (7 (4.25)
X AL (w1 — iT, 22)02 X (21 + i7)02,X° (22) + O(3€?),

where recall that we are working to leading order in the couplings so )Zel(xl +47) represents the
free imaginary-time evolution of the anti-chiral boson )Zel(xl), as defined in (3.24a). Writing
out the mode expansions for the 2-point function A§(z; — i1, 22) in (3.72a) and for the
anti-chiral boson )Zel cf. (2.26) and (2.27), and evaluating the integrals over x; and x2 gives

SHG ") = 569 / drWe(7) 3 n?y '<2”£“ ) bb e /L £ O(5e%).  (4.26)
n>0

Recall from discussion in section 3.2.3 that the Wilsonian renormalisation procedure computes
the flows of the couplings for a complete basis of local operators that can appear in the
potential, as in (3.104). Since any regularised operator can always be rewritten as a linear
combination of normal-ordered operators, it is natural to work with a basis of normal-ordered
local operators in the expansion (3.104). We therefore commute the modes on the right hand
side of (4.26) to get the normal-ordered expression

2 /
SH ") = L3(5692 / drWe(r) 3 n?y (”L”G)bf b e~/ (4.27)

—n TL
n>0

21 2mne’
5692 / drWe(r Z n ( e ) n ( WLG > e 4™/ L 0(5¢%).
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To determine the beta function of the couplings in front of each local operator, as defined
n (3.105), we compute the following limit

5H52(¢1’0) 2mne y—
El/lim>E T gg / drWe(r < T > b¢ b e 4T (4.28)
n>0
92 / drWe (7 Z " (271'716) . (27m6> o—dmnT/L
n>0 L

The first term on the right hand side represents an infinite sum of irrelevant operators. This
can be seen by expanding the operator W¢(7) in non-negative powers of 7, as we will explain

2””5) in non-negative powers of e.

in detail below, and expanding the smooth function »’(
Note that the latter expansion is justified since each term in the sum over n > 0 corresponds
to a different operator b,nbfl So, for instance, at leading order in this e-expansion we obtain
the formal infinite sum 53,50 n?be , b¢e~*™7/L which is a well-defined operator in the
smoothly regularised theory. Expanding also the operator W¢(7) in 7, to zeroth order it can
be replaced by the identity operator (See below). Therefore after performing the integral

over T € [0,T] we obtain the operator Lz 2 n>0 nb¢ b€, which is indeed proportional to the

—-_n-n
irrelevant operator fo :0: X ()02 (): of conformal dimension A = 3 and comes multiplied
by € = €272, in agreement with the general structure of local operators in (3.104).

The second term on the right hand side of (4.28) is a regularised divergent sum which will
contribute to the running of the constant term go(e) of the Hamiltonian (4.4). Its asymptotics
can be obtained using Mellin transform theory as outlined in section 3.1.3.

Before calculating these asymptotics, let us first discuss the effect of W¢(7) which we can
expand as W(7) = id + Y4 o T*WF) | recalling from its definition (3.96) that W¢(0) = id.
The 7 integral in the second line of (4.28) can then be evaluated term by term, and due

—4mn7/L at order 7F for k > 0 the 7 integral will contribute an

to the exponential factor e
additional negative power n™* to the sum over n > 0. Importantly, the more negative the
power of n in the sum is, the less singular the resulting asymptotics in € will be. Therefore,
if we focus on the leading singular behaviour for the sum, we can replace W¢(7) with the

identity operator. Making this simplification and evaluating the 7 integral we get

6H6/(170) 2 2
I}Ln € 2622 = 4L2 92 Z n?n < 7me) n ( 7TLn€> + subleading in e, (4.29)
€ €

and using the asymptotic expansion (3.40) for the sum over n > 0, with » = 2 and the choice
of cutoff function 7 given here by 7n'n, we find

SHOMO o p
6l,igl6 € ?g = 3"27;2 — ga(e )2 + subleading in e. (4.30)

In fact, for this particular calculation we can say something stronger about the subleading
terms, although the above argument still holds and will be used again later. In the case
at hand, W¢(7) is being applied to the identity operator. From the definition of W¢(7)
given in (3.96), and since we are considering here the case 0 < 7 < T, we can write its
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expansion in powers of 7 explicitly as

k+1
Tadge dpe Tadge
_1—1—2 e a1l —e " Mha) —l—i—E " E e’ " Mha ad’,f,e, (4.31)
n>0 k>0 ! n>0

which provides the explicit form of the operators W€*) for k& > 0 introduced earlier. In fact,
recall from the paragraph following (4.15) that since we are working only perturbatively to
second order in the couplings, to this order we can replace all instances of the block-diagonal
part of the interacting Hamiltonian Izlf)d by the free Hamiltonian Hg’. In other words, we
can rewrite (4.31) simply as

— 1y A DT 5 T g dfy (4.32)

k>0 k! n>0

Now observe that since ady- (or indeed also adHe ) annihilates the identity operator, so

do all the operators We(k) for k > 0. And so, in the present case, it turns out that the
approximation we made above of replacing W¢(7) with the identity operator is in fact exact.
There are therefore no subleading terms in € in (4.29) so that (4.30) becomes, more precisely,

6He/(1,0) C I
lim e—22 17,2 S02(e )2+ 0(e). (4.33)

e/ —e d€ - 327

Using (4.33) and the analogous results from the other pieces ¢ H;Q&1 0) ,0 H22($ ) and § H;Q(f’l),
and recalling the definition of the coupling g3(€) in (4.4), we obtain the contribution from
the variation dHS, to the quantum beta function for gs(e) as defined by (3.105). Specifically,
recalling the minus sign on the right hand side of (3.105) we have

Cyino
(0] = ——22ga(0)? + .., (434)
with *...” denoting possible corrections coming from the other variations.

4.2.2 6H§'1 and 6H§I2 variations

We begin by evaluating the § H;ll(Tl’O) component, defined in (4.23), of the variation 6HS). In

fact, recalling the notation (4.24) of the two summands in (4.19a), it will be convenient to
further split 5H21(T 9 into two pieces

5H;f;i>_— €)ga(e / dT/ dxl/ dag We(T
x VG (10 (:cl,f)vl’jflvo) (22) A (21 — iT, 22) + O(3€2)

where the positively /negatively charged component (4.24) of Vi,’(l’o) () is taken. Written
out in full using (4.19b) and (4.24), the above explicitly reads

€'(1,0) moe T L L € € .
Sy = F 220 01(€)g2(6) /0 dr / dz, / dzoWE (1) A (21 — i7, 20) (4.35)

X 3212 (z1 + i7)iV/8m: eFIVERX (22) gEivBTX (22), :+ 0(8¢).
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Using the explicit expression (3.72a) for the 2-point function A(x; — i1, z2) and expanding
the operator 8%15(6/ (x1 +i7) in terms of modes, we can evaluate the z; integral to obtain

(1,0 moe T L e pe . HiVBTXE (22)  +iv/Bry® (
6H21(T,i) = iﬁgl(e)gg(e)/o dT/0 dzaWe(T) Zobn:ejE VBIX® (w2) EiVETXS (22), (4.36)
n>

1 /2m\? 2mne ,
% ﬁ (;) nn/ < TIZLG ) e—47rn7'/L627r2n1‘2/L 4 0(562)

Next, as in section 4.2.1, we bring this expression to normal-order form by commuting the

mode B;’ past the vertex operator, using its commutator with the anti-chiral vertex operator

e ii\/S?)‘(‘%:):) —2minz/L 2mne iim_el(z)
[bS,,:e ] =4+V2e n{—p ) X AR (4.37)

The resulting normal-ordered version of (4.36) then takes the form

€ (1,0 Toe T L € ivBIXE (x iVETRE (22) .1n€’
5H21(T,i) = :I:ng(e)gg(e)/o dT/O dzoWe(T) z‘;:ei VBIX® (w2) iV BTx ( 2:bS  (4.38)
n>

1 2 ? ! 2mne’ —4mnt /L 2minze /L
ARG (L> " ( L )e ¢
mo€ T L . VB (23) iv/ETRE (22)
+ ﬁgl(e)gz(e)/o dT/0 dzaWe(7T):e X (w2) X (w2).
2
% <2I7j> Z nn/ (27T£Le’> . <2W£€,> 6747rn7'/L + 0(562)

n>0

For similar reasons to the discussion after (4.28) in section 4.2.1, the first of these terms,
which takes up the first two lines, represents an infinite sum of irrelevant operators. Indeed, it
consists of operators of conformal dimension at least 3 and after dividing by de and multiplying
through by € to compute the limit (3.105), these operators will all come multiplied by strictly
positive powers of ¢, in accordance with the general pattern (3.104).

Consider now the second term on the right hand side of (4.38), which takes up the
last two lines. Using the argument from section 4.2.1 we can replace W¢(7) by the identity
operator up to subleading terms in ¢, and in fact such terms will be non-singular. We can
then evaluate the 7 integral in the second term on the right hand side of (4.38) to obtain

e 1 L :/ ¢ e
5H21(¢1:i) = 15691(6)92(6)%/0 dazg:e1VETXE (@2) gFIVETX® (22), (4.39)
M, st ,<27me’> <27me’> ;o
X = Z(l e n i A7 + O(log €', de”),

n>0

where the O(log€') terms account for the infinite sum of irrelevant operators coming from
the O(7) terms in the expansion of W¢(7). Indeed, as explained in section 4.2.1, due to the

—4mnt/L o power 7% with k& > 0 will introduce an additional

presence of the exponential e
factor of n=* upon integrating over 7, rendering the sum over n > 0 in the second term
on the right hand side of (4.38) more convergent. The term which is linear in 7 produces
a regularised harmonic sum whose leading asymptotics is a term O(log€’) by (3.39). The

factor of 1 — e~4™T/L in (4.39) can be replaced with 1 as the sum involving the exponential
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e~4m™T/L produces a non-singular expression in €. Dividing the expression (4.39) by de and

multiplying through by € to compute the limit as in (3.105) we find

€'(1,0)
e L 02T 5 ,(27rne) (27m€
de et 2\ T )

) /OL dz Oy (z) + O(eloge)
(4.40)

where we have used the defintion (4.5). The asymptotics of the sum is computed using
Mellin transform theory from section 3.1.3, specifically the regularised series (3.40) with
= 0, yielding
(1,0
9 H§1(¢,i) 1 L .
b 191(6)92(6)077’77,0 A dz O1L(z) + O(e). (4.41)

lim
e/ —e

It is important to note here that the constant Cy,0 = [5° 7' (z)n(z)dz = S[n(z)2)F = -1
is, in fact, independent of the choice of cutoff function 7 : R>9 — R~o. This is to be
expected since we are computing here the running of the coupling of a marginal operator
fOL dx Oi/i (z) which is tied to logarithmic divergences and, unlike polynomial divergences,
these are generally scheme independent. Indeed, the result (4.41) is to be compared with the
result (4.33) that controlled the running of the relevant coupling g3(€) of the identity operator,
i.e. the constant term in the Hamiltonian (4.4), and which is tied to a polynomial divergence
whose scheme-dependence is manifest in the fact that the coefficient Cyy, o appearing in (4.33)
is n-dependent.

Finally, adding together the two contributions obtained in (4.41) and using the fact that

Of(z) = Of, (z) + Of_(z) from section 4.1.1 gives

) 5H;l1(T1’0) 1 L .
lim e——— = —*91(6)92(6)/ dz Of(z) + O(e). (4.42)
€' —e de 8 0

Similar calculations for the variations § H;ll(g ’1), ) H;ll(j’o) and J H;l(f’l) lead to the same result

as the right hand side of (4.42), so that altogether we obtain

L
Lo L g /0 dz O (z) + O(e). (4.43)

Consider now the variation §HS, in which the vertex operators Vi/’(l’o) (1) and Vi/’(o’l) (x1)
are imaginary-time evolved. The result in this case turns out to be exactly the same as (4.43)
but the intermediate steps are slightly different. For illustration purposes we will focus here
on the backward-time evolved part § H§/2 | of the variation, recall the definition (4.22), since
in our previous computation we looked at the forward-time evolved one. We will briefly
sketch the computation of the variation 0 Higi’i), the other cases forming § Hil2 being very
similar. So our starting point is

5H12(¢li) = $2L291 )ga(e / dT/ dxl/ dzoWe(T) AL (22, 21 — iT) (4.44)

X 832226 (:Ez)i\/Siw:ei“/S?X (ml_ZT)eiiM’zel(m1+iT): + 0(3€%),

— 069 —



which is to be compared with the starting point (4.35) of our previous computation. Note,
in particular, that it is now the vertex operator which is being imaginary-time evolved and,
since we are considering the range of integration 7 € [—T,0], it is sitting to the right of
92, X (#2). Recall, moreover, the abuse of notation used in (3.98) which explains the order
of the arguments in the 2-point function AS(xg, 21 — iT).

Carrying out the z9 integral and commuting the mode t_),i/ past the vertex operator using
the identity in (4.37) gives

6Hil2(i’i) = irrelevant operators (4.45)
0 L . ¢ . . _e! .
+ L(s;gl (6)92(6) / dr / daq We (T):e:tZ\/S?X (11—27)6:&\/8770( (CEl—‘r’LT):
2L -T 0
2\ 2 2mne 2mne’
% () Z nn/ ( ) n ( ) e47rnT/L + 0(562),
L = L L

)

which is to be compared with (4.38) from the above computation. The ‘irrelevant operators
here refers to the analogue of the first two lines of (4.38) which consists of irrelevant operators,
again by the same arguments as in the discussion after (4.28) in section 4.2.1. The term written
in (4.45) and the second term on the right hand side of (4.38) are almost identical. Aside from
the fact that (4.45) involves an integral over 7 € [—T,0] and a positive exponential e*™"7/L
as we are considering the backward-time evolved case, the main difference is that the vertex
operators appearing in (4.45) are imaginary-time evolved, while the ones in (4.38) were not.
To deal with the additional time-evolution of the vertex operators, we can expand them
in 7 and use the same argument as given before (4.29) to show that the 7-dependent terms
in this expansion will correspond to irrelevant operators. We can thus effectively remove the
imaginary-time dependence of the vertex operators in (4.45), and the rest of the computation
then follows through exactly as above and leads to the same result as in (4.43), namely

OH{, _ _lgl(e)gz(e) /OL dx O5(z) + O(e). (4.46)

e/ —e € 2
Combining the results (4.43) and (4.46) we can finally read off the quantum beta function,
defined in (3.105), for the coupling g;(€) of the operator fOL dz Of(x) to be

1 [(gr(€)] = g1(€)g2(e) + ..., (4.47)

where as in (4.34), ‘...” denotes possible corrections coming from the other variations.

4.2.3 6H‘i’1 variation

As with the previous calculations, to compute ¢ Hﬁll we will start with the § Hil(Tl 0) piece. In

fact, it follows from the definition (4.23) and using the relation (4.20) that ¢ Hill(g b g given

by the exact same expression as & Hill(Tl ) but with A (xy —iT, z2) replace_d by AS(z1 + i, T2).
Recalling from the definition of the shell 2-point functions (3.72) that AS(x; + iT, x2) is the

complex conjugate of AS(x1 — iT,x2), we introduce their sum

A(z) — 29, 7) = AS(x1 — iT, 2) + AS(x1 + 07, 22) = 2Re(AS (21 — iT, 22)) (4.48)
1 2mne 2mn R ——"
= L%‘;n( 7 ) cos (- (w2 —an))e ,
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where we have dropped the ‘s’-subscript, standing for ‘shell’, for simplicity. The forward-time
contribution (4.22) to the variation §H¢| is then given simply by

s = Xon(0) / dr / day / dey We(r)A () — 3, 7) (4.49)
x VO (a1 (29) 4+ O(5¢2),

and the corresponding backward-time contribution takes the same form with the integral over
T € [T, 0], the two vertex operators swapped and A¢(z1 — x9, 7) replaced by A€(x; —z2, —7).
We further split the computation of (4.49) into four parts by defining

, Se , [T L L N
OHT 4 s = 591(6) /0 dT/O d:nl/o dzo WE(T)A (21 — 29, T) (4.50)

x< Vi, T>Vi’;“’°><x2> +0(5¢%)

:626(22> (—87rs)gi(e / dT/ dxl/ dzoWe (T (a:l—:cg, T)

> :eir\/gx (II*ZT)elT\/gX (I1+ZT)::eZS\/§X (xz)ezsx/gx (302):4_0((562)7

where 7, s € {£1} and it is understood that when these appear as subscripts we just write
the corresponding sign + rather than +1, e.g. <5H§/1T7TS = 5H§1T,++ when r = s = 1.

To evaluate the right hand side of (4.50) it will be useful to first compute the operator
product of two regularised vertex operators, of charge r and s, with one located at x1 — it
and the other located at x9. Recalling that normal ordering of vertex operators in the
coordinate on the cylinder is defined as in (2.30), and likewise for the regularised versions,
we find for the chiral part

:eirx/gxel(:vl —i'r)::eisx/gxel(an): _ :eiM(TXEI(wl —iT)+SX€/ ($2)): (451)
« 6—871’7"8[)(6_/ (z1 —iT),Xi ($2)}62rs7ri(:p17x27i7)/L
using the Baker-Campbell-Hausdorff formula. In particular, the final exponential factor comes

from combining the two zero mode exponentials into a single exponential. The commutator
can be evaluated to give

/

! 1 1 2mne —2min(x1 —x2—iT
W= imlen] = g 32 (TS ) s

L
Combining with the anti-chiral regularised vertex operators, we have
zeir\/gxél (z1—iT) eir\/gxel (x1+i7)::ei5\/§xel (xg)eisx/gxﬁl (zg): (453>

_ ,ei\/Sﬂ(T‘Xel (xlfi‘r)JrsXE,(acg)) ,,ei\/Sﬂ'(r)Z‘/(x1+iT)+5)25/ (z2)). ef4rsRe(G(:L‘17x27i7;e’))64rs7rT/L
=: B : ,

where we have introduced the smoothly regularised series depending on a complex param-
eter u € C,

€—2Trinu/L 2Tne
G(u;€) = Z - n( 7 ) (4.54)
n>0
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Substituting (4.53) into the right hand side of (4.50) we obtain

¢ de (T .
OHT 4,5 = 5 (L2> (—8mrs)gi(e / d’i'/ da:l/ dzoWe(T (4.55)
X ¢ \/877T (rx(x1—im)+sx (a2 2\/87(7'9( (z1+47)+sx° (:pg))

X 674TSR6(G(‘T17"”27”;6))64”W/L A(z1 — 32, 7) + O(6€2).

Since we are working only up to O(d¢?) and the leading term is already linear in de = €’ — ¢,
we have replaced all € on the right hand side by e.

As in section 4.2.1 and section 4.2.2, we will use the variation (4.55) to determine the
renormalisation group flows of the couplings written explicitly in (4.4), according to (3.105).
It then remains to work out the singular behaviour of (4.55) as e — 0. Specifically, we
will focus on the marginal couplings g; and go so we are primarily interested in O(e™1)
terms since when multiplied by € and divided by de, as in (3.105), such singularities will
contribute to the flow of g; and go.

Note that the series (4.54) appears in (4.55) evaluated at u = 1 — xo —iT € C, for which
Im(u) < 0since 7 > 0. In this region, the series (4.54) is convergent even when the regularising
factor n(2mne/L) is not present, except at the point u = 0. In fact, we need the behaviour of
the exponential e~4"sRe(G(w:€) which is worked out in appendix A. When 7 > 0 we can apply
the identity (A.6) to u = x1 — xo — i7, which satisfies Im(u) < 0, to obtain the relation

e—4rsRe(G(:cl—zg—iT;e)) _ |1 _ 6—27ri(x1—mg)/Le—27r(T—ale)/L|4rs + 0(62), (4.56)

where a1 :=1/(0) denotes the first coefficient in the Taylor expansion of 7 at the origin. We
will assume a; < 0 so that 7 — aje > 0 for 7 > 0. Note also from the definitions (4.48)
and (4.54) that we have the simple relation

~

Az, 7) = —%&Re(G(a: —ire)), (4.57)

for z € R and 7 > 0. Given the expression (4.56), there are now two distinct cases to consider,
depending on the sign of the product rs in the exponent; see in particular (A.7).

When rs > 0, the expression on the right hand side of (4.56) is regular in € and of order
at least O(e?) for all x1, 2 € [0, L] and 7 > 0, covering the entire integration region of (4.55).
Moreover, the series Ae(xl — 9, 7) in (4.48) will produce a divergence of order at most O(e~1!)
by the theory of Mellin transforms from section 3.1.3. So overall, the variation (4.55) will
produce only regular terms in e. Indeed, expanding the normal-ordered operator in (4.55) for
u = x1 — X2 — 1T near the origin we obtain operators of the form

a@x ( )8;12 Xe (x2)€2i7'\/§xﬁ(x2)62i7'\/§>’<5(12): (458)

for m,n € Z>o, which have conformal dimension m 4+ n 4 8 > 2 and are therefore irrelevant.

The other case is when rs < 0, i.e. r = £1 = —s, and without loss of generality we will
focus on the case r = 1. In this case, (4.56) has a singularity of order O(e~*) at the coinciding
point limit |z — 2o — i7| — 0, see (A.7). This is the familiar |z — w|~* singularity coming
from the product of the leading order singularities in the operator product expansions (2.5)

- 72 —



of the chiral and anti-chiral Kac-Moody currents, namely J*[z] with J~[w] and J*[z] with
J~[w]. To obtain also the subleading orders in the singularity we expand the normal-ordered
operators appearing in (4.55) in the limit |x; — i7 — 29| — 0. We find

VR (21—i7) X (22)) . IVBR (R (21 +7) X (22)), (4.59)
=141 /871'% ((627ri(m1—i7——:p2)/L . 1)812)(6(.%‘2) + (627ri(:£1+i7—m2)/L o 1)8x2>26(x2)>
L\? , .
—m (o2 ) (eI 10,3 22) 00y X2

—_

b L (emitm—en) Le=2m/L 1y, (9, ()

— N

+ f(e_Qﬂi(xl_IQ)/Le_zw/L — 1)2:(8932)26(362))2:) +...

\V)

where for later convenience we performed the expansion in the coordinate z = e on the
plane, but still wrote coefficient fields in this expansion using the cylinder coordinate w.

The leading 1 on the right hand side of (4.59) will produce a correction of order O(g?) to
the quantum beta function (4.34) of the coupling g3 of the identity operator, i.e. the constant
term in the Hamiltonian (4.4). However, the detailed computation of GHS, in section 4.2.1 was
for illustration purposes since we are focusing on deriving the flows of the marginal couplings
g1 and g9, and from now on we will therefore ignore the contribution from 1 in (4.59).

Next, let us consider the second term on the right hand side of (4.59), involving the
linear combination of the operators 0, x(x2) and 9, X(x2). Upon substituting it into (4.55)
with r = —s = 1 and performing the integral over xs (after changing variables in the double
integral over z; and xy to the variables z = 1 — x9 and x32), we are left simply with a
linear combination of the zero-modes b§ and b§. These are acted on by W¢(7) but using the
explicit form (4.32) of this operator and of the regularised free Hamiltonian in (3.23), we
see that W¢(7)b§ = b§ and W¢(7)b§ = b§. This particular piece of the variation 6H§/1+,+_
would therefore produce a flow in the coupling of the zero mode of the chiral and anti-chiral
bosons fOL dzd, x(x) and fOL dzd, x¢(x), which we have not explicitly included in our original
Hamiltonian (4.4). We will also ignore these since we are focusing on the marginal couplings
g1 and go. In fact, just like the identity operator, these zero-mode operators have minimal
impact on renormalisation as they are block diagonal in the sense of section 3.2.1 and hence
do not contribute to the quantum beta function of any coupling. Note also that terms
proportional to higher order derivatives of the fields, starting with 02, x“(x2) and 92, x“(w2),
which we have omitted in (4.59), are total derivatives of periodic operators in z2 and hence
vanish upon integration over xo € [0, L].

Let us then focus on the last term written on the right hand side of (4.59), which takes up
the last three lines. We will focus on the first of these three lines, namely the term proportional
to Oz, X (22)0s, X (z2), since the other two lines will turn out not to be singular in e. We will
comment on this point at the end of this section. Since we are focusing on a particular term
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from the expansion (4.59), let us denote its contribution to the variation § Hilm L as

¢ 87T2 2 T
M1y loy =~ o [ o [

« |1 o eQﬂiJ?/Le—QTFT/L|2A€(x’ 7_)e4Re(G(:n—i’r;e))e—47rT/L + 0(60, 562).

L/2 L
dx/ dzoWe(1)05(22) (4.60)
0

Here we have used the fact that the integrand in (4.55) is periodic in x; to shift the integration
range from z1,x9 € [0, L] to 21 € [=L/2 + x2,L/2 + x9] and x2 € [0, L]. Then after inserting
the expansion (4.59) we have changed variable from x; to x == x; —x2 € [-L/2,L/2].

In (4.60) we are also anticipating that the first term on the right hand side will generate
infinitely many non-singular terms as € — 0, for instance the subleading terms in the expansion
of W¢(7) in powers of 7, and we are including a term O(e") to cancel these off. In other words,
as the notation suggests, (4.60) corresponds exactly to the term inducing the quantum beta
function of the coupling ga(€), i.e. of the operator fOL dz O5(x). Recall the definition (4.2b)
of the operator O5(x). Our goal is therefore to extract the singular in e contribution to
the first term on the right hand side of (4.60).

We can use (4.57) to rewrite (4.60) as

-0 . /T dr /L/2 dax ’1 - e27riac/Le—27rT/L‘264Re(G(ac—i’r;e))e—47rT/L
(0J3 ‘\ 12 0

SHE .
11,4 L)

L
« Segu(€)’ /0 dzoWe (1)05(22) + O(,6¢%).  (4.61)

It therefore remains to determine the singular behaviour of the double integral in brackets on
the right hand side of (4.61) as € — 0. Since this comes from the singularity of eRe(G(z—iTse))
as x,T,e — 0, in order to extract the most singular term we can approximate the integrand
in the region where z, 7 and € are small. Explicitly, using (4.56) we find

64Re(G(a:—iT;e)) ~ < L 1 (4.62)

4
27r> (22 + (T — a1€)?)?
Using also the approximations |1 — e27@/Le=277/L|2 ~ (%)Q(a@Q +72) and e /L x~ 1, and
expanding the operator We(1) = >, W) in powers of T as in section 4.2.1, where we
set W) = id, we may rewrite (4.61) as

05 (e f o [ ) (159

k>0

L

L
< degr(0 [ daa WIO5(a2) + O(e,5¢2).
0

Since the singular behaviour in € comes from the region of integration near x = 0 we have
also extended the integration region from = € [-L/2,L/2] to € R. The double integral
in the brackets in (4.63) can now be evaluated explicitly and we find that for k£ > 0 this
contributes regular terms in €, see section B.1 for details. It follows that none of the terms
k > 0 in the above sum will contribute to the flow of marginal or relevant operators. The
double integral for £ = 0 evaluates to, again see section B.1 for details,

i Jo ¢ d =-7! %) 4.64
47T/o T/_oo T2+ (1 — are)?)? 1 loge+O(€) (4.64)
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Ignoring the regular piece as usual and substituting the singular part back into (4.63) gives

L
—%91(6)2 / dz 0%(z) + O(&, 6¢2). (4.65)
€ 0

The other contributions coming from the variations § Hill Lt 1) Hi/m_ 4 and 1) Hill L=t lead
to the same exact expression. By adding together these different variations, we finally read
off the quantum beta function (3.105) of the coupling g2 to be

5" [(gr(e)] = g1(e)* + ... (4.66)

where as usual ‘...” denotes possible corrections coming from the other variations.

Finally, let us return to the comment made before (4.60) about the analogous computation
for last two lines on the right hand side of (4.59). In fact, we will focus on the chiral operator
(D2, X (22))%:, the second last term on the right hand side of (4.59), and since the computation
is very similar to the one for O$(x) described in detail above, we will only highlight the
main differences with that computation. And the analogous computation for the anti-chiral
operator :(9y,X¢ (z2))?: in the last line on the right hand side of (4.59) will be almost identical.
The contribution to ¢ Hilm +_ coming from the second last line of (4.59) reads, cf. (4.61),

L/2 .
27rm? L —2n7/L 2 _4Re(G(z—iTie)) ,—4nT/L
6H11T+ |(3X <2L2/ dT/L/2 / / 71) € (e ))6 / )

x Segu(e)? /0 dzaWE(r): (B, X (22))%: + O(2,6¢2).  (4.67)

Using the same approximation (4.62) that led to (4.63) we now have the following analoguous
expansion

OHT gy = (/ dr/ o s i_—l;)j)z)z> (4.68)

X deqae / Ay W (8, x“(22))%: + O(e, 8¢%).

However, unlike the double integral with k£ = 0 appearing in (4.63), one can show that the
double integrals in (4.68) are regular as e — 0 for all & > 0, see section B.2. The same is true
of the variations 6H, ) Hilm_ 4 and ¢ He', J.—+» so it follows that there is no contribution
to the flow of the coefficient of the free Hamiltonian H§, which justifies a posteriori why we
did not include an explicit e-dependent coefficient in front of H§ in (4.4).

4.3 Renormalisation group flows

In this section we will briefly analyse the renormalisation group flows of the couplings in the
Hamiltonian (4.4) using their quantum beta functions derived in section 4.2. Before doing so,
it will be helpful to summarise the computation in section 4.2 and the results obtained.
Our starting point in section 4.2 was the formula (4.16) for the variation of the full
interacting Hamiltonian H¢ after integrating out an infinitesimally thin shell of short distance
degrees of freedom between the cutoffs ¢ = € + de and e. This formula involves the first order
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variations V€10 (z) and V€ (%1) () of the potential V(x¢, x¢) with respect to short distance
chiral and anti-chiral bosons x¢ >¢(z) and x >¢(z); see (3.75) for the precise definition. The
expression we took for the potential in section 4.2 was (4.17), which is a linear combination

5(x) in (4.2) and the relevant identity

operator O§(z) = 1. Since the variation §H¢ in (4.16) is bilinear in the variations of the

of the two regularised marginal operators Of(z) and O3

potential V(x¢, x¢) and the identity operator clearly has vanishing variations, the computation
of 6H¢ broke up into four parts SH® = §HS, + SHS, + JHS; + dHS,. And by computing
these four variations separately, we identified the pieces which contributed to the quantum
beta functions (3.105) of the three coupling parameters gi(€), g2(€) and gs(€) appearing
in the Hamiltonian (4.4). Focusing only on the marginal couplings gi(€), g2(€), we found
the quantum beta functions

B l(gr(€)] = g1(e)gz(e) + ..., B [(gr()] = g(e)* + ... (4.69)

4.3.1 Irrelevant coupling contributions

Recall from section 4.1.1, or the general discussion in section 3.2.3, that we should really include
into the potential V(x¢, x¢) all possible local operators compatible with the symmetries of our
theory, as in (3.104), which will in particular include an infinite sum of irrelevant operators.
Indeed, all these operators will inevitably be generated from the procedure of integrating
out a thin shell of short distance modes and so should be included in the potential from the
outset in order to ensure self-consistency of the renormalisation group equation (3.103).
The ellipses ‘. .." in (4.69) encode precisely the contributions to the quantum beta functions
of the couplings ¢;(€) and ga2(€) from the irrelevant operators we have omitted from the
potential (3.75). To give an example, recall the full vertex operators (2.37) labelled by pairs
of integers (r, s) € Z2, of conformal dimension 72 + s2, and consider the family of operators

/ 40 () = 2 / " (VI T @), i B ) i) )
L2r 0

(4.70)
for any 7 € Z,. Note that the origin of the prefactor of (2/L)*” is the same as explained
in the paragraph around (4.12) since the integrand is a sum of full vertex operators of
conformal dimension 272. In particular, the local operators in (4.70) are all irrelevant since
2r2 > 2 and would appear in the general potential (3.104) with a prefactor of €2’~2 We
saw an example of such an operator being generated from the procedure of integrating the
thin shell in section 4.2.3, specifically the irrelevant operator (4.58) with m = n = 0 which
corresponds to the positive charge part of (4.70) with r = 2. Letting g(,)(¢) denote the
couplings of the operator (4.70), its quantum beta function Bg}l)[(gk(e))] would therefore
receive a contribution of the form

B [(91()] = c(191()* + ... (4.71)

for some constant c(;); which could be computed following the analysis of section 4.2.3.
On the other hand, the contribution of the couplings g(r)(e) to the quantum beta
function 35" [(gx(€))], say, of the coupling g2(€) could be computed using a very similar

calculation to that of (5H11 in section 4.2.3, replacing the role of the full vertex opera-
tors :eTV8TX (@) o£iVBTX (@) there by eI VBIX (@) o £irVBTX (@), A similar expansion as the
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one in (4.59) of these full vertex operators would also involve the quadratic operators
Oy XE(22) Oy X (12), :(02y X (w2))?: and :(Dyy X (w2))?:, leading to infinitely many corrections

S k()] = g1(€)* + Y e (g () + ... (4.72)
r>1

for some coefficients ¢y (,y that could be computed along the same lines as in section 4.2.3.
However, the corrections from the irrelevant couplings in (4.72) represent higher order
corrections in the marginal couplings g1(€) and ga(€). Indeed, the general solution to the
beta equation for the coupling g(,)(e) takes the form

9y (€) = g(r)(€0) (?)2T22 + /: % (t)ZTZZ ([ ()] (4.73)

0 €

As explained in section 3.2.3, we are interested in the renormalised trajectory which is a
particular solution to the renormalisation group equation for which the irrelevant couplings,
such as g(;), are all switched off in the UV limit ¢ — 0, see (3.110a). In other words, for the
renormalised trajectory we set the initial condition in (4.73) to g(,)(€o) = 0 in the continuum
limit €g — 0. Since the quantum beta function (4.71) for the coupling g(,)(€) is quadratic in
the marginal coupling g¢; (€), its contribution to the quantum beta function of gs(€) in (4.72)
will be subleading (of order g;(e)*). In fact, even if we are not on the renormalised trajectory,
the first term on the right hand side of (4.73) is exponentially suppressed in the RG time
t = log(e/ep), so that the second term becomes dominant. This is the concept of universality:
if we include any amount of the irrelevant couplings g(,(€o) at some small UV scale ¢y, the
trajectory will asymptotically approach the renormalised one as we increase the length scale e.

4.3.2 Berezinskii-Kosterlitz-Thouless transition

The upshot of section 4.3.1 is that since we are working perturbatively to second order in
the marginal couplings g1 (¢) and ga(€), we can ignore the ellipses ‘..." in the quantum beta
functions (4.69). The renormalisation group equations for the two marginal couplings g; (e)
and g2(€), up to second order, therefore take the simple form

€0cg1 = G192, dega = g (4.74)

The integral curves of the flow are depicted in figure 1.

The flow in (4.74) coincides with the 2-loop renormalisation group flow of the anisotropic
deformation of the 8us WZW model at level 1 derived using conformal perturbation theory,
see for instance [100, (5.5)] or also [10, (2.3) & (2.4)] expanded to second order in the couplings.
To make the comparison with the literature more explicit, recall from section 4.1.1 that the
Hamiltonian we are considering is (4.4), which using the definitions (3.20) of the regularised
chiral and anti-chiral currents J%¢(z) and J%¢(z) can be rewritten as

€ L = - € L -
He = g+ 210 | et @I (@) + T @) T @) + 21 | da @) )

Recall also from section 2.1.1 that the operator product expansion of the 8ug-currents J¢|z]
in (2.5), with our convention for the normalisations of the 8l generators in (2.1) and the
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Figure 1. A plot of the 2-loop renormalisation group flow of the anisotropic deformation of the 314
WZW model at level 1, in the marginal (g2, g1)-plane near the Kosterlitz-Thouless point (ga, g1) = (0,0).
The gray arrows indicate the direction of the flow. The blue/orange curves correspond to different
negative/positive values of the 2-loop renormalisation group invariant C' = g7 — g3. The green lines
are the separatrices go = —|g1| corresponding to the Berezinskii-Kosterlitz-Thouless transition which
separates the massless phase, where the theory flows to a massless free boson in the IR, from the
massive phase where the mass grows in the IR. The shaded region where C' < 0 and go > 0 contains
the renormalised trajectories emanating from the one parameter family of conformal field theories
given by the free compactified boson with radius R = 2/, depicted by the red line along the positive
real axis g1 = 0 and g2 > 0.

bilinear form & : 8ly x 8ly — C defined after (2.1), takes the explicit form

2 2JF [w] _ 1 J3w]
311 73001 30,0 7E ] + N
J° 2] J° [w] ) J2Z]J T [w] ~ £ — JT[z]J 7 [w] ) +z—w'
Comparing with [10, (2.1)] we see that J3; [2] = $J3[2] and JiE 2] = \%Ji [2], so that our

definition of the marginal couplings ¢g; and go agrees with the one used in the perturbation [10,
(2.2)]. Likewise, comparing with [100, (5.2)] we see that J3[2] = 2 J3[z] and JE2] = JH[2),
so that our marginals are related to those of [100, (5.1)] by g1 = g1 and g2 = gj.

A Asymptotic expansion of G(u; €)

We will use Mellin transform theory from section 3.1.3 to evaluate the asymptotics with
respect to € of the regularised series G(u;e€) defined in (4.54).

The function G(u;e€) is a harmonic series depending on a complex parameter v € C, with
base function given by the smooth cutoff function 7 : R>o — R, the sequence of frequencies
fin = 2mn/L and the sequence of amplitudes \, = e~2™"%/L /n_ So the associated Dirichlet
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series, which depends on the parameter u, is given by

L e—27rinu/L

9= Y M) = (52) ¥ S (A1)
n>0 2r) 5o v

which converges absolutely for all s € C when Im(u) < 0. Given the Dirichlet series (A.1),
the Mellin transform of G(u;e€) is then the function G*(u;s) depending on the parameter
u and given by

G*(u;8) = A(u; s)n*(s). (A.2)

Now suppose that the smooth cutoff function 1 expands as n(x) = 1+ 3" a2 +O0(z").
Its Mellin transform is a holomorphic function n* : (0, c0) — C which by the direct mapping
theorem can be analytically continued to a meromorphic function n* : (—r,oc0) — C with
the singular expansion

And since A(u;s) is entire in s if Im(u) < 0, it follows that (A.2) is a meromorphic function
G*(u;—) : (—r,00) — C with singular expansion, for Im(u) < 0, given by

A' 7'lAu—n

+Z s+n

To compute the coefficients A(u; —n), first note that we have A(u;0) = —log(1 — e~ 2m%/L),
Also, differentiating with respect to the parameter u we obtain

G*(u;s)

L )3—1 e—QTrinu/L

10y A(u; s) = (

o =A(u; s — 1),

B
n>0 n

from which it follows that A(u; —n) = (i0,)"A(u; 0) for every n > 0.
We therefore conclude by the converse mapping theorem that for Im(u) < 0 we have
the asymptotic expansion

G(u;e) Z ap(1€0y)" A(u; 0) + O(€") (A.3)

as € — 0. Restricting to the case r = 2 we may rewrite this expansion as

G(u;€) = A(u;0) + iared, Alu; 0) + O(€?)
= A(u +ia16;0) + O(e?) = —log (1 — e~ 2mu/Le2mare/Ly | O (e2), (A4)

where the second equality follows from recognising the first two terms in the second expression
as those of the Taylor expansion of A(u + iaie;0) for small e. Notice that if we take the
limit 4 — 0 on both sides of (A.4), we obtain

lim G(u;€) = —loge — log (27211) + O(e), (A.5)

u—0
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which is consistent, at least at leading order, with the asymptotics of the regularised harmonic
series (3.39). The disagreement between the subleading O(1) terms in (A.5) and (3.39)
suggests that taking the limit v — 0 in G(u;€) does not commute with taking the e — 0
asymptotics. In any case, we note that this subleading O(1) term is scheme-dependent (i.e.
depends on the choice of smooth cutoff function 7).

Multiplying both sides of the relation (A.4) by —4rs with r,s € {+1} and then expo-
nentiating we obtain

6747‘8G(u;€) — (1 o 6727riu/L627ra16/L)47“s + 0(62)-

And finally, taking the modulus of both sides leads to the relation

6—4rsRe(G(u;€)) — |1 _ e_Qﬂiu/L627ra1€/L‘4rs + 0(62), (Aﬁ)

valid for Im(u) < 0. In particular, the right hand side of (A.6) represents a regular expansion
in € for all Im(u) < 0, but in the limit v — 0 it follows from (A.5) that

lim 6—4rsRe(G(u;e)) — 641"5 + 0(1)’ (A7)

u—0

which contains a singular term if rs < 0.

B Asymptotics of a family of double integrals

In this appendix we compute the singular part of the asymptotic behaviour as € — 0 of the
family of double integrals appearing in (4.63) and (4.68), namely

Iy, = E/o dr /_OO dx @2t (a2’ (B.1a)
1 T 00 Tk (z — ir)?
=3 B.1
= S /0 ar [oo d (22 + (7 — a1€)?)? (B-1b)

labelled by k € Z>¢. It will be useful to recall in what follows that a; < 0, so that 7 —aje > 0
since 7 > 0 and ¢ > 0.
B.1 Asymptotics of the double integrals I}

The inner z-integral in (B.1la) can be evaluated using a contour integral. Specifically, closing
the contour off using a semicircle in the upper half plane and using the residue theorem we find

1 /OO . z? + 72 _ (- are)® + 7‘2. (B.2)
A7 Jooo (22 + (T — a1€)?)? 8(1 — are)?

Since —aje > 0 it follows that the singularity of (B.2) lies outside the range of integration of
the 7-integral in (B.1a). To evaluate this T-integral we break it up into two pieces Iy, = I, + I/
where we have defined

1 /T T* 1 /T Th+2
I, = f/ d I = f/ dr——. B.3
8 o TT—ale’ 8 o T(T—ale)?’ (B.3)
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The first integral for k = 0 evaluates immediately to
1 1 1 0
=3 log(T — aje) — glog(—ale) =-3 loge+ O(e€”). (B.4)

The remaining integrals Ij, for k& > 0 can be determined using the recurrence relation

T—alek 1&E
Ik—8/ dr 8;( >I]€ n (Ile)n

T — aie€

_(T—ae)k—(—ae 1&E , n
= - 3k — - gnz::l <n> Iy _n(—are) (B.5)

from which it follows that I, = O(e”) for all k > 0. The second integral in (B.3) for
k = 0 evaluates to
T T? — 2a,€T 1

1 1
I = = log(T — — Zlog(— - =1 0() (B.6
0 ] Og( CL1€) ] Og( 0/16) 4(T — CL1€) + 16(T — CL16)2 ] og e+ (6 ) ( )

and using a similar recurrence relation as in (B.5) we find that I}, = O(°) for all k > 0.
Putting together all the above we deduce that, for & > 0,

T o0 k(.2 2 1 0 —
1/ dT/ do T (x*+7°) _ 4})oge+0(e ), k=0 (B.7)
4 Jo o (224 (T — a1€)?)? O(e"), k> 0.

B.2 Asymptotics of the double integrals Jj

The inner z-integral in (B.1b) can similarly be evaluated using a contour integral, by closing
the contour off using a semicircle in the upper half plane and using the residue theorem.
This time we find

o0 x —ir)? T —are)? — 72
! / da;(xQ ( ) _ w9 (B.8)

St + (1 —a16)2)?2  16(17 —aze)d ’

so that we have Ji = 1(I} — I}/) written in terms of the pair of integrals defined in (B.3). It
now follows from the above asymptotic expansions of these integrals as ¢ — 0, computed
in section B.1, that J, = O(e°) for all k > 0, i.e.

oo F(x — i1)?
1/Td7'/OO dx(:pz ( ) = 0(%). (B.9)

87 Jo + (1 — ar€)?)?
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