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Fig. 1. Intersecting, smooth sinusoidal curves in (a), sorted by value in (b), revealing non-smooth cusps in 
the ``j-th entry by value'' function.

1. Introduction

Branching spaces, otherwise known as conical intersections, are crucial for determin
ing the dynamics of molecules and materials upon light excitation, molecular orbitals and 
material band structure. Their accurate description is especially important to advance 
our understanding of fundamental reactions like photosynthesis or vision [45]. The rele
vant regions, however, are characterized by avoided crossings, i.e., two hypersurfaces that 
touch and become degenerate, but do not cross. This leads to non-smooth hyper-surfaces, 
making common machine learning models fail in their accurate modeling [77].

The aim of this paper is thus to describe and analyze numerical methods for re
constructing multiple intersecting real-valued hyper-surfaces from unordered data using 
globally smooth interpolations. By unordered we mean that the information ``which sur
face'' an evaluation point belongs to is unavailable. All surfaces throughout this work will 
be real-valued graphs. Our focus will be on theoretical aspects in a relatively idealized 
setting.

By means of example, Fig. 1(a) shows three real analytic curves, which are then value
sorted in (b) resulting in cusps at intersection points. The latter is, e.g., the form of the 
adiabatic potential energy surfaces produced in computational quantum chemistry. Well
known results on polynomial approximation, which we review in Sections 3 and 4, tell us 
that the best-approximation rate in this case will be O(1/n), where n is the polynomial 
degree. On the other hand, if we knew the original analytic curves, i.e., if we could 
“disentangle'' the intersections, then standard polynomial approximation schemes would 
guarantee an exponential or even super-exponential rate.

Our investigation of reconstructing multiple intersecting graphs is motivated by appli
cations in computational chemistry, where touching adiabatic potential energy surfaces 
of molecules are frequently studied using machine learning algorithms [3,12,18,37,77,78] 
relying on smooth interpolants but analogous challenges also arise for interpolating band 
diagrams in materials science applications [54,58,85]. In most of these applications the 
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point-wise surface values are given as a list of real eigenvalues of a self-adjoint oper
ator, with degenerate eigenvalues corresponding to the hypersurface crossings we are 
concerned with. The spectrum of this operator is typically expensive to compute, which 
motivates the need to construct computationally efficient surrogates.

To circumvent the challenge posed by cusps near crossings of value-sorted surfaces, 
we introduce an approximation scheme based on approximating smooth invariants. For 
example, suppose the graphs are given by fi(x), i = 1, . . . ,m, x ∈ Rd then the power 
sum polynomials

pk(x) =
m ∑︂
j=1 

fj(x)k, k = 1, . . . ,m

are smooth functions of x (at least in the setting of Fig. 1). Moreover, the power sum 
polynomials form a complete set of invariants: from the values (pk)mk=1 one can, in prin
ciple, reconstruct the surface values (fi)mi=1. By approximating the smooth pk we can 
recover a fast convergence rate under general and natural assumptions on the graphs 
fi. Given an unseen input x one can then first predict the invariants pk(x) from which 
approximations to the surfaces fi(x) can then be reconstructed.

In practice, this procedure is numerically subtle, and the purpose of this work is there
fore to explore the numerical challenges that arise in its implementation. For example, we 
will work with a different set of invariants (the elementary symmetric polynomials) for 
which the reconstruction step can be formulated in terms of a companion matrix eigen
value problem equivalent to rootfinding for certain polynomials. In this setting there are 
several polynomial bases and companion matrix representations to choose from which 
are natural for different reasons and have distinct behavior in numerical practice.

Machine learning seams of conical intersection for chemistry applications based on 
elementary symmetric polynomials was previously suggested by Opalka and Domcke as 
well as Schuurman, Neville and Wang in [52,75] based on classical Frobenius companion 
matrices. Our approach expands on these references in key aspects: First, we explore 
two natural alternative companion matrix approaches for this purpose -- Schmeisser 
companion and Chebyshev colleague matrices -- which have theoretical and practical 
advantages. In particular, using Frobenius companion matrices for rootfinding problems 
can be unstable in a lot of practically important cases. The second key difference is 
that we provide a numerical analysis description of these approaches. The latter is of 
particular importance for the algorithm’s usefulness in the actual chemistry machine 
learning applications where understanding sensitivity of the methods to perturbations 
in the underlying data has critical consequences for performance and thus feasibility. We 
present numerous numerical experiments which agree with the results predicted by our 
analysis and test them in the application-relevant high noise regimes.
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2. Background

2.1. Elementary symmetric polynomials

A symmetric function f of m variables is a function that is invariant under permuta
tions of its arguments, i.e.,

f(x1, . . . , xm) = f(xσ1, . . . , xσm) ∀σ ∈ Sm,

or f ◦ σ = f in short. Certain types of symmetric polynomials, such as of elementary, 
homogeneous, monomial and power sum types (cf. [40, Ch.9]), are distinguished by var
ious convenient properties and have received much attention in the fields of algebraic 
geometry, combinatorics and beyond [16,40,65]. The numerical method we introduce in 
this paper relies primarily on properties of the elementary symmetric polynomials.

Definition 2.1. (Elementary symmetric polynomials, [16, Ch.2] & [40, Ch.9])
The k-th elementary symmetric polynomial (ESP) in m variables is defined by

sk(x1, . . . , xm) :=
∑︂

1≤j1<j2<···<jk≤m

k∏︂
i=1

xji .

For example,

s0(x1, x2, . . . , xm) = 1,

s1(x1, x2, . . . , xm) =
∑︂

1≤j≤m

xj ,

s2(x1, x2, . . . , xm) =
∑︂

1≤j<k≤m

xjxk,

...

sm(x1, x2, . . . , xm) =
m ∏︂
j=1

xj

and sk(x1, x2, . . . , xm) = 0 for k > m.

Among the important properties of the elementary symmetric polynomials is that they 
establish a connection between the coefficients of a polynomial and its roots [23,27,72], 
commonly known as Viète’s formula. We refer to [73, Section 3.2] for a proof.

Theorem 2.1 (Viète’s formula). Let p(x) = xn +
∑︁n−1

j=0 ajx
j be a degree n monic polyno

mial with coefficients aj ∈ R and (possibly complex and repeated) roots rj, j = 1, . . . , n, 
then
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sk(r1, . . . , rn) = (−1)kan−k.

2.2. Companion matrices

In this section we review companion matrices of polynomials and some related con
structions. Each square complex matrix A has an associated characteristic polynomial 
given by pA(λ) = det(λI −A), whose roots are precisely the eigenvalues of A [34,66]. 
Companion matrices [22,41,43] arise as the answer to the converse question: Given a 
polynomial p(x), can one construct a matrix Ap whose eigenvalues are the roots, i.e. 
p(x) = det(xI −Ap)? This question is particularly interesting for numerical computa
tions since it allows one to replace root finding problems with well-understood eigenvalue 
problems [1,2,15,69].

Theorem 2.2. (Frobenius companion matrix, [34, Ch.3]) Let p(x) = xn +
∑︁n−1

k=0 akx
k be 

a degree n monic polynomial. We define the companion matrix AF
p of p(x) as

AF
p =

⎛
⎜⎜⎜⎜⎝

0 0 . . . 0 −a0
1 0 . . . 0 −a1
0 1 . . . 0 −a2
...

...
. . .

...
...

0 0 . . . 1 −an−1

⎞
⎟⎟⎟⎟⎠ .

Then, the eigenvalues of the companion matrix AF
p are the roots of p(x).

Since matrix eigenvalues are preserved under similarity transforms, the Frobenius 
companion matrix AF

p is not a unique solution to p(x) = det(xI −A); see, e.g., the 
pentadiagonal Fiedler companion matrices [19,20,44]. Our work uses Schmeisser’s related 
construction of symmetric tridiagonal companian matrices [60].

Theorem 2.3 (Schmeisser companion matrix, [60]). Let p(x) = xn +
∑︁n−1

k=0 akx
k, aj ∈ R

be a monic polynomial of degree n with only real (but not necessarily distinct) roots. 
Then there exists a real symmetric tridiagonal matrix AS

p with non-negative off-diagonal 
entries

AS
p =

⎛
⎜⎜⎜⎜⎜⎜⎝

−q1(0) √
c1 0 . . . 0

√
c1 −q2(0) √

c2
. . . 0

0 √
c2 −q3(0)

. . .
...

...
. . . . . . . . . √

cn−1
0 . . . 0 √

cn−1 −qn(0)

⎞
⎟⎟⎟⎟⎟⎟⎠

, (2.1)

for which p(x) is the characteristic polynomial, that is

p(x) = det
(︁
xI −AS

p

)︁
.
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Furthermore, Algorithm 1 provides a constructive method to obtain the entries of AS
p.

Algorithm 1: Construction of sym. tridiagonal Schmeisser companion matrix [60].
Input: Monic polynomial p(x) = xn + an−1x

n−1 + ... + a0, aj ∈ R, with exclusively real roots of 
arbitrary multiplicity. Coefficient vectors sorted by ascending order, i.e. a = (a0, ..., an−1, 1)
and indexed by 1 : end.

Output: Diagonal and off-diagonal entries (q, c) of AS
p in Theorem 2.3.

1 Set y1 ← a and y2 ← a
′

n where a′ are the coefficients of p′(x).
2 for k = 1 to n do
3 (u, r) ← Quotient and remainder of polynomial division of y1 by y2.
4 if k < n then
5 y1 ← y2
6 y2 ← r

r[end]
7 c[k] ← −r[end]
8 end 
9 q[k] ← −u[1]

10 end 
11 return (q, c)

An attractive property of Schmeisser’s construction is that the eigenvalues of sym
metric tridiagonal matrices are not only guaranteed to be real but there are also efficient 
and well-understood numerical algorithms for the computation of these eigenvalues which 
guarantee real results, cf. [28,53].

2.3. Colleague matrices and Chebyshev polynomials

The final concept to review are the colleague matrices, which first require a brief 
discussion of rootfinding with Chebyshev polynomials. It is a classical question how 
polynomials behave under perturbations of their coefficients [24,25,48,83,84]. A first cau
tionary tale is immediately found in x2, where perturbation to x2+ϵ by a small 0 < ϵ ≪ 1
changes the roots from a multiplicity two real root at 0 to entirely imaginary roots ±i

√
ϵ

with the error scaling with 
√
ϵ ≫ ϵ. In this case the multiplicity causes the issue but as 

was shown by Wilkinson in [80] this is not always the case: Wilkinson’s example polyno
mial 

∏︁20
n=1(x−n) has exclusively real and distinct roots {1, 2, ..., 20} but when expanded 

into a monomial series has extremely poor numerical rootfinding conditioning, cf. [48] 
and [70, Part 3].

Despite these observations, polynomial rootfinding is not necessarily ill-conditioned. 
As described in [69], using a companion matrix based rootfinding method for a polyno
mial expressed in the monomial basis is well-behaved if the roots are near the complex 
unit circle but otherwise becomes ill-conditioned [63,68]. In general, the conditioning 
with respect to perturbed coefficients depends on (1) the multiplicities of the roots, (2) 
the basis in which a polynomial is expressed and (3) the location of its roots in the 
complex plane.

The Chebyshev polynomials of first kind {Tj(x)}j∈N0 are a basis of polynomials or
thogonal with respect to the following inner product:
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⟨Tn, Tm⟩T =
1 ∫︂

−1

Tn(x) Tm(x) 1 √
1 − x2

dx =

⎧⎪⎪⎨
⎪⎪⎩

0 if n ̸= m,

π if n = m = 0,
π
2 if n = m ̸= 0

and have many appealing theoretical and numerical properties [11,56,68]. Importantly, 
the roots of p(x) =

∑︁n
j=0 bjTj(x) are well-conditioned as a function of bj if its roots lie 

on or near [−1, 1] and an eigensolver for the matrix introduced in the following theorem 
is used [29,49,50,62,64,68].

Theorem 2.4 (Colleague matrix, [29,68]). The roots of the polynomial p(x) = Tn(x) +∑︁n−1
j=0 bjTj(x), bj ∈ R, are the eigenvalues of the following matrix which is commonly 

called the colleague matrix:

AC
p = H − 1

2e1c
⊤ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0 1
2

1
2 0 1

2
1
2

. . . . . .

. . . 0
√

2
2 √

2
2 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

− 1
2e1

(︂
bn−1 · · · b1

√
2b0

)︂
, (2.2)

Remark 2.1. The colleague matrix AC
p in Theorem 2.4 is an upper Hessenberg matrix 

and is expressed as a sum of a real symmetric matrix and a rank-1 perturbation.
An overview of numerical algorithms, as well as a provably component-wise backward 

stable O(n2) QR algorithm for the diagonalization of colleague matrices was recently 
given by Serkh and Rokhlin [62].

3. Reconstruction of multi-surfaces

3.1. Problem statement and preliminaries

We assume that a union of m ≥ 2 (hyper-)surfaces is given as graphs over some domain 
Ω ⊆ Rd and call such a collection a multi-surface for simplicity. In most applications the 
relevant range of m is between 2 and 100 but there are some where even higher m would 
be of interest. The methods we develop in the present work are in principle general, but 
in practice will likely be directly applicable only to relatively few surfaces (say, up to 
10).

Corresponding with our applications, we assume that at some finite collection of points 
x ∈ Ω ⊆ Rd we can evaluate the surfaces sorted by their values. Any ordering can always 
be sorted to match this scenario and thus this comes at no loss of generality. Notably 
this means that there will generally be non-smooth cusps in the j-th entry function of 
our data as shown in Fig. 1 causing challenges for globally smooth, e.g. polynomial, 
approximation approaches.
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Our aim is to reconstruct the multi-surface from given value-ordered point-wise data 
using a globally smooth interpolation method with good numerical properties (conver
gence, error control, etc.). This goal is motivated in large part by the use of machine 
learning approaches in the intended applications which rely on learning globally smooth 
interpolations. The following theorem provides the rigorous justification for reconstruct
ing the multi-surfaces in this way as opposed to simply approximating the non-smooth 
surfaces featuring cusps, cf. Fig. 1, directly.

Theorem 3.1. [68, Theorem 7.2] For ν ∈ N, let a function f and its derivatives up 
to f (ν−1) be absolutely continuous on [−1, 1] and let f (ν) satisfy V = ∥f (ν+1)∥1 < ∞
(bounded variation). Then for any n > ν, the degree n Chebyshev interpolation of f
denoted pn satisfies

∥f − pn∥∞ ≤ 4V 
ν(n− ν)ν = O(n−ν).

If f is analytic in [−1, 1] then there exist constants c, α > 0 such that

∥f − pn∥∞ ≤ ce−αn.

The cusps seen in Fig. 1 correspond to the case ν = 1 in Theorem 3.1 (when rescaled 
to [−1, 1]), i.e. the cusp-containing surfaces are absolutely continuous but their deriva
tives which exist almost everywhere are not (though they have bounded variation). As 
a result, one should not expect convergence better than O(n−1) when using a global 
Chebyshev approximation for the j-th entry multi-surface functions. One readily ob
serves that if the ESPs are smooth then a Chebyshev interpolation of these functions 
converges exponentially in degree (interpolation point spacing and number, among other 
considerations, may put practical limitations on this theoretical behavior).

In the next sections we describe three closely related methods for the reconstruction of 
multi-surfaces from global interpolants of invariants. The three methods correspond, re
spectively, to employing Frobenius companion matrices, Schmeisser companion matrices 
and Chebyshev colleague matrices in the reconstruction, each with distinct conceptual 
or numerical advantages.

3.2. Reconstruction from invariants, Frobenius variant

We begin with the conceptually simplest variant using the classical Frobenius compan
ion matrices and motivate the other variants as modifications thereof. We first describe 
the idea of the method for the simple case of three intersecting, value-sorted surfaces 
f(x) = sort(f1(x), f2(x), f3(x)), then present the general case methods. First, we con
struct the ESP values of the surfaces at each given point, i.e. for the case of three surfaces 
we have
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s1(f(x)) = f(x)1 + f(x)2 + f(x)3,

s2(f(x)) = f(x)1f(x)2 + f(x)1f(x)3 + f(x)2f(x)3,

s3(f(x)) = f(x)1f(x)2f(x)3.

In a typical application scenario where one cannot evaluate the surfaces at arbitrary 
points but must instead work with pre-existing data, one would fit a (typically global) 
approximation of the three ESPs using e.g. orthogonal polynomials. Note that the j-th 
element of f(x), denoted f(x)j , is generally not equal to fj(x) due to the lack of sorting, 
cf. Fig. 1. However, by construction the ESPs are invariant under permutation of their 
arguments, meaning that any information about the sorting applied to f(x) is lost in 
this process. By Viète’ formula (Theorem 2.1), the values of f(x)j can be recovered from 
the ESPs by finding the roots of the monic polynomial

p(y) = y3 − s1(f(x))y2 + s2(f(x))y − s3(f(x)),

which we can achieve by computing the eigenvalues of its 3 × 3 Frobenius companion 
matrix AF

p (x) as defined in Section 2.2 at each point x ∈ Ω, with

AF
p (x) =

(︄0 0 s3(f(x))
1 0 −s2(f(x))
0 1 s1(f(x))

)︄
.

The order of the returned eigenvalues may differ depending on the solver, so to guarantee 
consistency we sort the obtained eigenvalues λAF

p (x) by value to obtain

sort(λAp(x)) = f(x) = sort(f1(x), f2(x), f3(x)).

In describing this method for the reconstruction of f(x) from its ESPs, it may appear 
as if we have walked in a circle and simply regained what we started from: We were given 
the value-sorted f(x), constructed the ESPs from it and recovered the value-sorted f(x)
from the associated companion matrix eigenvalue problem. The important observation 
which turns this into a useful framework is that while f(x) has cusps and is thus not 
well-approximated by globally smooth approximations (e.g. orthogonal polynomials), the 
ESPs are guaranteed to be smooth if any underlying smooth ordering of f(x) exists (by 
permutation invariance and linearity). Furthermore, as we will explore for conical cusps 
in the numerical experiments in Section 5.1.2, the only condition for well-approximable 
ESPs is their own smoothness which may be given even in situations where the underlying 
surfaces are not smooth.

The general procedure for arbitrary number of surfaces is described in Algorithm 2, 
which is exact in exact arithmetic. As mentioned in the introduction, Algorithm 2 is 
conceptually closely related to ideas suggested in [52,75].

There are several drawbacks of the method presented in Algorithm 2, first and fore
most the fact that near cusps (i.e. multiple roots of the underlying polynomial) the 
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Algorithm 2: Pointwise reconstruction from smooth interpolants via Frobenius 
companion matrix.

Input: Elementary symmetric polynomials s(f(x)) corresponding to an underlying multi-surface f(x)
with m entries at a given point x′ ∈ Ω ⊂ Rd.

Output: Pointwise values of multi-surface f(x′) sorted by value.
1 AF

p ← Companion matrix with coefficients (−1)m+1sm(f(x)) via Theorem 2.2.
2 λ ← eigenvalues(AF

p )
3 return sort(λ)

eigenvalue computation can produce incorrect complex roots due to numerical errors, 
which when interpreted in terms of their real or absolute values cause surfaces to clamp 
together instead of intersecting. Next, we discuss the Schmeisser variant which helps 
address some of the shortcomings.

3.3. Symmetric tridiagonal Schmeisser variant

In Algorithm 3 we present an algorithm which reconstructs pointwise multi-surface 
values from the globally smooth ESPs thereof using the Schmeisser companion matrix 
which due to its real symmetric nature is guaranteed to have real eigenvalues. If ap
propriate eigensolvers are used (denoted in Algorithm 3 as eigh() due to the NumPy 
convention), the numerical eigensolver is also guaranteed to produce real eigenvalues, 
making complex roots impossible -- albeit with a caveat.

Algorithm 3: Pointwise reconstruction from smooth interpolants from the 
Schmeisser companion matrix.

Input: Elementary symmetric polynomials s(f(x)) corresponding to an underlying multi-surface f(x)
with m entries at a given point x′ ∈ Ω ⊂ Rd.

Output: Pointwise values of multi-surface f(x′) sorted by value (guaranteed real).
1 AS

p ← Schmeisser companion matrix for (−1)m+1sm(f(x)) via Algorithm 1
2 λ ← eigh(AS

p)
3 return sort(λ)

Analogous to the discussion in the previous section, Algorithm 3 is exact in exact 
arithmetic. However, if there is sufficient noise on the input, then it is possible that the 
polynomial with theoretically guaranteed real roots is perturbed into a polynomial with 
complex roots (cf. the discussion in Section 2.3 for monomial series). If the Schmeisser 
construction in Algorithm 3 is attempted with a polynomial whose roots are complex, 
then it will fail since a polynomial with complex roots cannot have a Hermitian com
panion matrix. In practice the failing occurs such that the cj on the off-diagonals of the 
Schmeisser matrix (see the definition in Theorem 2.3) become negative due to noise or 
numerical round-off, causing the square root to be complex, resulting in a non-Hermitian 
matrix if complex square roots are allowed.

One way to avoid this is motivated by a classical result: Again analogous to the 
Frobenius method, the surface crossings occur precisely where two or more eigenvalues 
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are identical -- more precisely, no surfaces cross if all eigenvalues of the companion matrix 
are simple. Unlike for Frobenius companion matrices, however, one can often determine 
based on the off-diagonal entries of the Schmeisser companion matrix whether two or 
more surfaces are close to each other or crossing due the following classical result for 
symmetric tridiagonal matrix eigenvalues:

Lemma 3.2. ([53, Section 7]) Let A be a real symmetric tridiagonal matrix. If all the 
off-diagonal entries are positive, then all eigenvalues of A are simple.

Note that this implies that crossings may be close if an off-diagonal term cj of the 
Schmeisser companion matrix vanishes or approximately vanishes but the converse is 
not necessarily true as Wilkinson provided examples now known as Wilkinson matrices 
[81] which are symmetric, tridiagonal and have two very close but not exactly identical 
eigenvalues while having super and subdiagonal entries far removed from 0. Throughout 
numerous numerical experiments, however, no Wilkinson-like matrices were observed 
when constructing Schmeisser’s companion matrix.

To avoid small negative values in the cj from erroring in numerical implementations, 
one could introduce a filtering step into Algorithm 3, e.g. cj ← max(0, cj), effectively 
corresponding to a manual clamping of values or regularize the computation in one of 
many ways, corresponding to enforcing a minimum non-zero gap size. Beyond Wilkinson’s 
counterexamples, one must also consider that for any ϵ > 0 one chooses, surfaces can 
be constructed which come closer to touching than ϵ without in fact crossing. Post
processing approaches like this must thus be used with care and be adapted to the 
requirements of a specific application.

3.4. Chebyshev colleague matrix variant

A Chebyshev colleague matrix variant of Algorithms 2 and 3 is straightforward to 
construct as seen in Algorithm 4 but requires access to Chebyshev coefficients bj such 
that

Tm(y) +
m−1∑︂
j=0 

bj(x′)Tj(y) =
m ∑︂

k=0

(−1)m−ksm−k(f(x′))yk. (3.1)

Generically, the Chebyshev coefficients of any sufficiently regular function f can be ob
tained by the Chebyshev inner product (cf. [38, Ch.4])

bj = 2 
π
⟨f, Tj⟩T =

1 ∫︂
−1

f(x) Tj(x) 1 √
1 − x2

dx = 2 
π

π∫︂
0 

f(cos(θ)) cos(jθ)dθ,

where such an integral can be computed numerically or analytically. While we do not 
know of a closed-form representation of the required Chebyshev coefficients for Viète 
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Table 1
Monic Chebyshev coefficients bj for the order m Viete polynomial in (3.1).

m = 2 m = 3 m = 4
b0 1 + 2x1x2 −2(x1 + x2 + x3 + 2x1x2x3) 3 + 4x3x4 + 4x2(x3 + x4)

+ 4x1(x2 + x3 + x4 + 2x2x3x4)
b1 −2(x1 + x2) 3 + 4x2x3 + 4x1(x2 + x3) −2(3(x3 + x4) + x2(3 + 4x3x4)

+ x1(3 + 4x3x4 + 4x2(x3 + x4)))
b2 1 −2(x1 + x2 + x3) 4(1 + x3x4 + x2(x3 + x4) + x1(x2 + x3 + x4))
b3 1 −2(x1 + x2 + x3 + x4)
b4 1

polynomials, this poses no difficulty for our proposed algorithm as for any fixed number of 
intersecting surfaces m the coefficients can be symbolically pre-computed, e.g. using the 
following monomial conversion rule often used in the context of power sum economization 
[38,56,67].

Lemma 3.3 ([21]). Let n ∈ N0 and 
(︁ n
k

)︁
denote the binomial coefficient, then

xj =
j∑︂

k=0

γj,kTk(x),

where

γj,k =

⎧⎪⎪⎨
⎪⎪⎩

2−j
(︁

j
(j−k)/2

)︁
, if (j − k) even and k = 0,

21−j
(︁

j
(j−k)/2

)︁
, if (j − k) even and k ̸= 0,

0, else.

Alternatively, one can also use special case versions of Salzer’s algorithm [30,59]. Us
ing such procedures to compute Chebyshev coefficients is typically ill-advised in the 
context of function approximations since it involves first computing a non-Chebyshev 
series which can lead to loss of many of the Chebyshev polynomials’ advantageous ap
proximation properties and often requires higher precision arithmetic for sensible results, 
cf. [10]. However, in our method the degree of the polynomial is always fixed to the num
ber of intersecting surfaces m, meaning that the required form of the Chebyshev linear 
combinations of the ESPs can be symbolically pre-computed and then evaluated either 
directly or with certain backward stability guarantees using e.g. Clenshaw’s algorithm 
[9] (cf. [4,17]), instead of numerically computing the ESPs first. In Table 1 we provide a 
list of the first few coefficients computed using the general Wolfram Mathematica script 
in Appendix A which can be used to pre-compute them for arbitrary m. In general, if 
stability guarantees are required for this aspect of the algorithm, the most straightfor
ward approach is to use the known symbolic forms and proceed with this evaluation 
symbolically in parallel, though this was not done for any of the numerical experiments 
we conducted. 
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Algorithm 4: Pointwise reconstruction from smooth interpolants from the Cheby
shev colleague matrix.

Input: Chebyshev coefficients bj(x′) such that

Tm(y) +
m−1∑︂
j=0 

bj(x′)Tj(y) = κ
m ∑︂

k=0

(−1)m−k
sm−k(f(x′))yk

with arbitrary κ ∈ R \ {0} for an underlying multi-surface f(x) with m entries at a given 
point x′ ∈ Ω ⊂ Rd.

Output: Pointwise values of multi-surface f(x′) sorted by value.
1 AC

p ← Colleague matrix of bj via Theorem 2.4
2 λ ← eig(AC

p )
3 return sort(λ)

4. Sensitivity analysis

The chain of error propagation for our method is generally as follows in the most 
immediate use cases:

1. Point-wise value-sorted data is generated for a multi-surface f(x) subject to some 
noise ϵj on each entry, i.e. f̃(x)j = f(x)j ± ϵj . The nature of the noise is naturally 
application and implementation dependent.

2. From this data we compute the corresponding point-wise ESP or Chebyshev co
efficient values as described in Section 3.4. This process is essentially linear com
bination and in the worst case scenario results in data with errors on the order 
ϵ = (m + 1) maxj ϵj .

3. An interpolation of the ESPs or Chebyshev coefficients bj is computed. The error 
propagation into this step is sensitive to various aspects of the interpolation, including 
the interpolation degree used as well as the spacing of the data. Considering the 1D 
case for simplicity, if Chebyshev nodes are used for a Chebyshev interpolation then 
by Theorem 3.1 the error is expected to be

∥s(f(x))j − pn∥∞ ≤ ∥s(f(x))j − s(f̃(x))j∥∞ + ∥s(f̃(x))j − pn∥∞ = O(ϵ) + O(e−αn)

if the conditions of that Theorem are satisfied by the perturbed invariants.
4. From the interpolated perturbed invariants pn ≈ s(f̃(x))j , we reconstruct the desired 

multi-surface points using a companion matrix approach.

We now investigate properties of the final step of the above sequence. An important 
result for understanding the sensitivity of our reconstruction methods to perturbations 
in exact arithmetic is the following classical theorem on the conditioning of polynomial 
rootfinding in Chebyshev and monomial power bases.
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Theorem 4.1. [7, Theorem 4.1] Let r denote a real-valued root of multiplicity ℓ on the 
interval x ∈ [−1, 1] of a polynomial

p(x) =
n ∑︂

j=0 
bjϕj(x), x ∈ [−1, 1],

where either ϕj(x) = Tj(x) or ϕj(x) = xj, both of which satisfy |ϕj(x)| ≤ 1 for all 
x ∈ [−1, 1]. Furthermore, let r̃ denote the root of the perturbed polynomial p̃(x) with 
modified k-th coefficient:

p̃(x) = (bk ± ϵ)ϕk(x) +
n ∑︂

j=0,j ̸=k

bjϕj(x), x ∈ [−1, 1].

Then, the shift of the root caused by the perturbation 0 < ϵ ≪ 1 is bounded by

|r − r̃| ≤ ϵ
1
ℓ ⃓⃓⃓ 1 
ℓ!
dℓp 
dxℓ

(r)
⃓⃓⃓− 1

ℓ + O
(︂
ϵ

ℓ+1
ℓ 
)︂
.

Abstractly, without taking numerical errors during the rootfinding into account, The
orem 4.1 tells us that if | 1 

ℓ!
dℓp 
dxℓ (r)|−

1
ℓ is negligible our method will have errors of order √

ϵ where two surfaces cross and of order ϵ where no surfaces cross, where ϵ is the local 
absolute error in our interpolation of the ESPs or Chebyshev coefficients as seen e.g. in 
Table 1. However, in general the applicability of the condition |ϵ| ≪ 1 strongly depends 
on the value of the relevant derivatives near the root. In the intended application of 
ℓ ∈ {1, 2} the additional term represents the reciprocal quantity of the first and second 
derivatives near the given root which intuitively means that for ℓ = 1 the error can be 
made arbitrarily large the closer a polynomial is to being constant near its root (or the 
slower its derivative changes for ℓ = 2). An illustrative example provided by one of the 
anonymous reviewers is found in the roots of p1(x) = x9−10−18 and p2(x) = x9 +10−18. 
Despite the perturbation being only of order 10−18 the root perturbations are at least 
of order 10−3 and inspection of |dp1

dx (r)|−1 reveals that it is of order 1015. Since this 
problem requires specific circumstances to occur we have not observed this source of 
error in practice in our application-oriented numerical examples, though we nevertheless 
highlight that inspection of the derivatives near crossings in particular is essential and 
should be included in implementations to flag potentially unstable zones with need for 
better data or bespoke treatment as part of a piece-wise method. Note for this purpose 
that the derivatives of the Viète formula polynomial in Theorem 2.1 are readily accessible 
given the point-wise constant ESP coefficients.

Theorem 4.1 further shows that the errors of distinct roots are not coupled in well
behaved cases, i.e. are not affected by multiplicities other than their own. This means 
that there is no pollution to the other surfaces at points where two surfaces cross.

In the following sections we collect further results which can be used to understand the 
error incurred from the Schmeisser and Chebyshev colleague reconstruction approaches. 
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The sensitivity analysis necessarily differs between these methods as the Schmeisser ma
trix is something we have to construct using polynomial division, cf. Algorithm 1, which 
is an equivalent procedure to deconvolution. Since deconvolution is widely understood to 
be a numerically unstable process, we will focus the stability analysis for the Schmeisser 
companion matrix on perturbations on the companion matrices themselves, where mean
ingful error bounds can be given. In a practical application, however, care must be taken 
that sufficient precision is available for the polynomial division to proceed which may be 
done by using higher precision arithmetic, symbolic calculations or pre-processing steps 
as appropriate. In contrast, for the Chebyshev colleague matrix approach a classical re
sult allows us to consider both perturbations to the ESP coefficients and the colleague 
matrix simultaneously, and thus effectively fully characterize the sensitivity to noise in 
the data.

4.1. Errors in the Chebyshev colleague matrix method

The Chebyshev colleague matrix approach shares a key strength with the Frobenius 
approach in that once the coefficients bj(x) discussed in Theorem 2.4 are computed there 
is no further error accumulation in the construction of the colleague matrix. A major 
drawback compared to the Schmeisser approach, however, is that the colleague matrix 
is in general not symmetric and thus the algorithm cannot guarantee real eigenvalues 
being returned for sufficiently large perturbations. To understand the sensitivity of the 
Chebyshev colleague reconstruction method we can leverage results for the error control 
of Chebyshev series rootfinding.

Theorem 4.2. [51, Corollary 5.4] Let AC
p = H − e1c

⊤ with H = H⊤ be the Cheby
shev colleague matrix of a polynomial p(x) = Tn(x) +

∑︁n−1
j=0 bjTj(x) with bj ∈ R as in 

Theorem 2.4 and ||δH||2 ≤ ϵH , ||δe1||2 ≤ ϵ1 and ||δc||2 ≤ ϵc. Then the perturbed matrix

AC
p + δAC

p := H + δH − 1
2(e1 + δe1)(c + δc)⊤

is the colleague matrix corresponding to a polynomial

p(x) + δp(x) =
n ∑︂

j=0 
(bj + δbj)Tj(x),

with perturbed coefficients bj + δbj, for which we have the bounds

|δbj | ≤ (6∥c∥2ϵ1 + 2
√
nϵc + (5 + 16

√
n∥c∥2)ϵH)n2 + 𝒪(ϵ2H + ϵ21 + ϵ2c).

Remark 4.1. In the context of our problem, perturbations occur at the level of the data 
and thus the ESPs to be interpolated. The perturbations ϵ1 and ϵH are of the order of 
numerical precision and can normally be neglected. The bound from Theorem 4.2 then 
simply reads
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|δbj | ≤ 2n5/2∥δc∥2 + C∥δc∥2
2,

where C may depend on ∥c∥2 and n.

If a backward stable algorithm is used to compute the eigenvalues of the colleague 
matrix, then the rootfinding is backward stable as a function of perturbations of the 
Chebyshev series’ coefficients, cf. [50, Cor. 2.8, Rem. 2.9] and [62]. Since no deconvolution 
is needed for the construction of the Chebyshev colleague matrix, the approach based 
on it is expected to perform well in generic circumstances.

4.2. Errors in the Schmeisser companion matrix method

Error bounds for the numerical eigenvalue problem associated with symmetric tridi
agonal matrices have been a topic of long standing research [28,82]. More recent re
sults [31--33] allow for the characterization of upper and lower bounds for the eigenvalues 
of symmetric tridiagonal interval matrices which are defined as follows.

Definition 4.1 (Symmetric tridiagonal interval matrix). We define the symmetric tridi
agonal interval matrix A = [A,A] to be the set of all symmetric tridiagonal matrices Aj

with entries taken from two given intervals, that is with all aj ∈ [aj , aj ] with j = 1, ..., n
and all bj ∈ [bj , bj ] with j = 2, ..., n.

We can think of interval matrices as representing a matrix with error bounds on each 
of its entries. These objects are studied in the field of interval arithmetic, providing an 
elegant way for rigorous numerics with guaranteed error bounds [46,47,71]. We seek error 
bounds on the eigenvalues, i.e. eigenvalue intervals 𝝀j = [λj , λj ], of an interval matrix A. 
Note that any method to determine the upper bounds λj could be used to determine the 
lower bounds via the transformation A ↦→ −A, cf. [31,32]. The following result, stated 
without proof in [57] and proved in [32], establishes a key result.

Theorem 4.3. [32, Theorem 3.1] Let 𝝀j(A) denote the j-th eigenvalue interval of the 
symmetric tridiagonal interval matrix A = [A,A]. We denote by Ac and AΔ the mid 
point and radius matrices of the interval matrix defined by

Ac := 1
2
(︁
A + A

)︁
, AΔ := 1

2
(︁
A−A

)︁
.

Then

𝝀j(A) ⊆ [λj(Ac) − ρ(AΔ), λj(Ac) + ρ(AΔ)],

where ρ(AΔ) := max{|λ1(AΔ)|, ..., |λn(AΔ)|} denotes the spectral radius of AΔ.
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In the context of the Schmeisser method discussed in Section 3, the natural interpre
tation of the interval matrix A = [A,A] is as

A = A± ℰc = [A− ℰc, A + ℰc],

where ℰc is an upper bound for the absolute error accumulated in the construction of the 
Schmeisser companion matrix via Algorithm 1. Defined in this way, the radius matrix 
AΔ = ℰc is simply an absolute error bound matrix. With this established, we can state 
error bounds for computing the eigenvalues of a Schmeisser companion matrix.

Theorem 4.4. Let A(x) be a symmetric tridiagonal Schmeisser companion matrix with 
real, non-negative entries at each point x ∈ Ω ⊂ R and let ℰc be a symmetric tridiagonal 
Toeplitz matrix with a = b = c = εc ≥ 0. Then for any family of matrices Â(x) ∈
[A(x) − ℰc, A(x) + ℰc] we have

λj(Â(x)) ∈ 𝝀j([A(x) − ℰc, A(x) + ℰc]) ⊆ [λj(A(x)) − 3εc, λj(A(x)) + 3εc]

and furthermore

sup 
x∈Ω

|λj(A(x)) − λj(Â(x))| ≤ 3εc.

Proof. From Theorem 4.3 we have

λj(Â(x)) ∈𝝀j([A(x) − ℰc, A(x) + ℰc])
= [λj(A(x)) − max

j
{|λj(ℰc)|}, λj(A(x)) + max

j
{|λj(ℰc)|}]

That maxj{|λj(ℰc)|} ≤ 3εc then follows from the Gershgorin circle theorem [6,26] since 
ℰc is a tridiagonal Toeplitz matrix with a = b = c = εc ≥ 0. The authors wish to thank 
the anonymous reviewer who helped to substantially simplify a prior version of this proof 
by suggesting reduction to the Gershgorin circle theorem. □

Theorem 4.4 establishes that the method in Algorithm 3 converges uniformly as a 
function of perturbations on the elements of the Schmeisser companion matrix. It is 
important to remind ourselves that this unfortunately does not necessarily translate to 
well-behaved convergence in terms of the error in an approximation of the ESPs and 
underlying data, since the construction of the Schmeisser companion matrix involves the 
numerically ill-conditioned step of polynomial division, which is mathematically equiva
lent to a deconvolution.

There are thus two primary drawbacks to the Schmeisser approach: First, the con
struction algorithm will fail if it is started with a ESP polynomial perturbed in such a 
way that its roots are no longer strictly real (though this can be substantially alleviated) 
and second, while there are tight error bounds for the eigenvalue computation once the 
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Schmeisser matrix is constructed, the stability of the Schmeisser construction algorithm 
itself is in doubt due to the equivalence of polynomial division and deconvolution. It 
remains to be seen whether the latter shortcoming can be addressed without costly use 
of higher precision arithmetic in the construction process, e.g. by pre-processing steps.

5. Numerical experiments

In this section we illustrate the performance of the proposed reconstruction methods 
in various toy problems designed to showcase generic interesting behavior with respect 
to convergence and stability as well as two applications-oriented examples with more 
complex behavior. In the context of the relevant applications, the most widely used error 
concepts are those of mean absolute error (MAE) and root mean square error (RMSE) 
rather than the more strict maximum absolute error often encountered in the context of 
polynomial approximations. While very useful for discussing worst-case behavior in toy 
problems with full control of the data, maximum absolute error is much more sensitive 
to outliers and thus less useful when investigating the different error behaviors in the 
application-adjacent examples. On the other hand, MAE and RMSE risk masking the 
extent to which the direct reconstruction method performs poorly by averaging out the 
error over the rest of the domain.

Thus, while we still also present these more conventional errors, we will introduce a 
gap-weighted error to discuss the specific behavior of interest which is the resolution of 
surface crossings in a multi-surface. Denoting by

Δijf(x) := f(x)j − f(x)i,

the difference between the i-th and j-th components of a multisurface f at x, we introduce 
the following gap-weighted error for approximate reconstructions f̃

errΔ(f , f̃) = max 
x∈Ω,i̸=j

|Δij f̃(x) − Δijf(x)|
ϵW + |Δijf(x)| (5.1)

where ϵW > 0 is a suitably small parameter to prevent the denominator from reaching 0
at crossings which we interpret as a target accuracy. This error places additional weight 
on good approximations near cusps as Δijf(x) → 0 as x approaches a crossing site. We 
note that errΔ is invariant under permutations of the surfaces. For all our numerical 
experiments we choose ϵW = 5 × 10−2.

5.1. Toy problems

5.1.1. Smooth intersecting sinusoid surfaces
We begin with the problem shown in the introduction in Fig. 1 featuring the following 

three intersecting sinusoid curves on [0, 2]:
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Fig. 2. (a-b) Semi-logarithmic maximum absolute error and gap weighted error on all 1000 random grid
points (sampled uniformly) for the problem in Eqs. (5.2)--(5.4) solved via Frobenius, Schmeisser companion, 
Chebyshev colleague or direct Chebyshev interpolation approaches. (c-d) show analogous error plots with 
added perturbations of indicated magnitude on the surface or ESP evaluations.

z1(x) = sin(x), (5.2)

z2(x) = cos(2x), (5.3)

z3(x) = sin(2x). (5.4)

Fig. 2(a) shows maximum absolute error plots for the reconstruction using our proposed 
methods as well as a direct Chebyshev interpolation of the cusps as in Fig. 1(b) as 
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Fig. 3. Endpoint plot of Fig. 2(c) including some additional data points, showing that the converged (in 
degree) error for using the Chebyshev colleague approach for the problem in (5.2)--(5.4) scales like the 
square root of the perturbations, consistent with Theorem 4.1 in light of the multiplicity 2 roots observed 
in this problem, cf. Fig. 1.

a function of the interpolation degree using 1000 randomly distributed points as data 
(sampled from a uniform distribution), while Fig. 2(b) shows the gap weighted error 
defined in (5.1). As expected from the description given in Section 4, the companion 
matrix approaches achieve spectral convergence in degree given data saturation while 
attempting to simply resolve the cusps directly with Chebyshev polynomials results in 
approximately O(n−1) convergence. Fig. 2(c) and (d) show analogous error plots but 
at each point the evaluation of the ESPs (and Chebyshev equivalents) are perturbed 
by the indicated different magnitude random amounts ϵj. We observe that in this more 
realistic scenario for machine learning applications, while the convergence rate is capped 
at a fixed amount, our methods nevertheless perform better once ϵj ⪅ 0.001 for the 
Schmeisser variant and ϵj ⪅ 0.01 for the Chebyshev colleague approach. Fig. 3 shows 
that the observed error behavior with respect to the magnitude of perturbations using 
the Chebyshev colleague method agrees with the prediction of Theorem 4.1.

As we are considering a toy problem with controlled uniform distribution perturba
tions without outliers or sampling bias related sources of error, the gap weighted error 
loosely retains the hierarchy seen in the max abs errors.

Next we consider the following three intersecting 2D surfaces (cf. Fig. 4):

z̃1(x, y) = 2 sin
(︂

6(x+y)
5 

)︂
, (5.5)

z̃2(x, y) = 2
3 − cos(x− y), (5.6)

z̃3(x, y) = 1. (5.7)
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Fig. 4. (a) shows the surfaces z̃ in (5.5)--(5.7), (b) shows a corresponding value-ordered reconstruction with 
cusps.

Fig. 5. (a) shows a semi-logarithmic plot of the max. abs. error for the problem in (5.5)--(5.7) using the 
Chebyshev colleague approach, (b) shows an analogous plot for reconstructing the conical cusp problem in 
(5.10)--(5.11).

We plot the max. abs. error of the direct reconstruction, Chebyshev colleague and 
Schmeisser companion approaches, including various levels of perturbation, in Fig. 5.

For the sake of presentation clarity we will henceforth mostly restrict our error plots 
to comparisons of Chebyshev colleague matrix and direct method reconstructions as 
the colleague matrix approach consistently performs either better or equivalently to 
Schmeisser or Frobenius companion matrix approaches without additional processing. 
Furthermore, we will only show max. abs. errors unless a meaningful qualitative difference 
in behavior could be observed from showing other types of errors. 
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5.1.2. Conical cusps in two dimensional surfaces
Let two 2D surfaces z1 and z2 be given as the two solutions of

z(x, y)2 =
(︂x
a 

)︂2
+
(︂y
b 

)︂2
,

with 0 ̸= a, b ∈ R, i.e.

z1(x, y) =
√︁

a2y2+b2x2

ab , (5.8)

z2(x, y) = −
√︁

a2y2+b2x2

ab . (5.9)

While neither z1(x, y) nor z2(x, y) are even once continuously differentiable, it is easy to 
observe that their elementary symmetric polynomials are smooth:

s1(z(x, y)) = z1(x, y) + z2(x, y) = 0,

s2(z(x, y)) = z1(x, y)z2(x, y) = −
(︁
x
a 
)︁2 − (︁

y
b 
)︁2

.

These surfaces describe the asymptotic behavior near conical cusps. Unfortunately the 
problem in (5.8)--(5.9) is too simple for a computational toy problem since s1, s2 are 
low degree polynomials and the reconstructions using companion matrix methods are 
thus almost immediately exact to their full precision. Thus, to make the problem more 
interesting, we consider a non-algebraic modification

z̃1(x, y) = sinh
(︂√︁

a2y2+b2x2

ab 

)︂
, (5.10)

z̃2(x, y) = sinh
(︂
−

√︁
a2y2+b2x2

ab 

)︂
, (5.11)

which also has a conical cusp at (x, y) = (0, 0) with smooth ESPs:

s̃1(z̃(x, y)) = z̃1(x, y) + z̃2(x, y) = 0,

s̃2(z̃(x, y)) = z̃1(x, y)z̃2(x, y) = − sinh2
(︂√︁

a2y2+b2x2

ab 

)︂
.

We plot the surfaces z1(x, y), z2(x, y) as well as the smooth ESP s̃2(z(x, y)) with (a, b) =
(4
3 ,

12
5 ) in Fig. 6 and the error of the Chebyshev colleague approach for both problems in 

Fig. 5(b), showing that the method performs well for conical cusps. In Section 5.2.1 we 
explore the electronic band structure of graphene which is an example of an application 
featuring multiple conical cusps. 

5.1.3. Non-smooth ESPs
If all to-be-reconstructed surfaces are smooth then it is guaranteed that the ESPs 

as well as the Chebyshev equivalents will be smooth. Furthermore, we have seen in the 
previous section that for certain cases of interest, e.g. conical intersections, it is possible 
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Fig. 6. (a) shows z̃ = (z̃1(x, y), z̃2(x, y) in Eq. (5.10)--(5.11) for (a, b) = ( 4
3 ,

12
5 ), (b) shows the corresponding 

smooth ESP s̃2(z(x, y)).

that the ESPs are smooth even if the underlying surfaces are not. In this section we 
consider a special case relevant for applications featuring non-smooth ESPs.

For simplicity we will consider a 1D example: We begin with a stack of m surfaces, 
ordered by their lowest attained value such that every surface intersects the next at least 
once in the domain of interest. We then consider the problem of reconstructing m− 1
underlying surfaces from value ordered data such that at least one non-differentiable 
cusp remains in the highest value entry of our multi-surface data. Specifically, we will 
be considering the same problem from Section 5.1.1 and Fig. 1 but adding a fourth, 
not-to-be-reconstructed surface

z4(x) = 1
3 + cos

(︁ 2x
3 
)︁
. (5.12)

This scenario is significant for applications since e.g. the hierarchy of excited states 
involves in principle infinitely many stacked energy surfaces where one must choose an 
application-driven but ultimately arbitrary cutoff point.

We plot max. abs. errors for reconstructing the first three value-sorted surfaces de
scribed in (5.2)--(5.4) and (5.12) using direct interpolation and Chebyshev colleague 
matrix methods in Fig. 7(b). One observes that while the colleague matrix approach 
outperforms the direct method, the differences are less pronounced than in the case of 
smooth invariants. The observed behavior is expected since including a cusp in the in
variants causes similar problems for the companion matrix approaches as it does for the 
direct method. The fact we still observe better errors is likewise expected since the num
ber of cusps in the invariants is less than or equal to the number of unmatched / leftover 
cusps in the top surface times the number of surfaces to reconstruct, which is always 
less than or equal to the number of cusps in the original data. Informally, fewer cusps 
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Fig. 7. (a) Intersecting, smooth sinusoidal curves in (5.2)--(5.4) and (5.12) pointwise sorted by values, cf. 
Fig. 1. Reconstructing only the lowest three layers leaves a cusp in the third layer near x ≈ 1.32. (b) Linear 
scale max. abs. error plot for reconstructing the lowest three value-sorted surfaces from (a).

in the data lead to an expectation of better polynomial approximations, albeit only by 
constant factors. The companion matrix methods perform best in stacked surface sce
narios if the cutoff surface is chosen such that the fewest possible number of cusps are 
left unmatched in the top layer. It is an interesting question whether there are practical 
ways to artificially match the leftover cusp in the top layer to restore smooth invariants.

5.2. Example applications

5.2.1. Conical cusps in the electronic band structure of graphene
Graphene consists of carbon atoms arranged in a hexagonal honeycomb lattice. For a 

single layer of graphene a tight-binding model (considering only nearest-neighbor inter
actions) can be used to obtain a Hamiltonian whose conduction and valance bands can 
be explicitly computed [39,61,74]:

E(k) = ± γ0

√︃
1 + 4 cos2

(︁
akx

2 
)︁

+ 4 cos
(︁
akx

2 
)︁
cos

(︂√
3aky

2 

)︂
, (5.13)

where k = [kx, ky] denotes the electron wave vector and γ0 ≈ 2.8 eV, a ≈ 2.46Å are 
physical constants. For thorough discussions of the physics and chemistry of graphene 
we refer to [8,39] and the references therein.

As seen in Fig. 9(a), graphene’s conduction and valence bands touch at the so-called 
Dirac points, making it a zero-gap semiconductor. In the language of the previous sections 
this means that the conduction-valence multi-surface of graphene has multiple conical 
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Fig. 8. max. abs. error in (a) and gap weighted error in (b) on a 150 × 150 grid using the Chebyshev 
colleague matrix and direct interpolation methods with varying data perturbation ϵj for the Graphene 
example described in (5.13).

intersections. The electronic band structure of graphene thus constitutes a more advanced 
and application-oriented version of results discussed in Section 5.1.2. In Fig. 8 we plot the 
maximum absolute error for reconstructing the bands with various levels of perturbations 
prior to polynomial interpolation of the invariants.

In Fig. 9 we provide a visual comparison of the avoided crossings obtained using a 
direct interpolation of the surfaces versus those obtained via the Chebyshev colleague 
method, showing substantially better resolved Dirac cones. Fig. 9 also provides a clear 
demonstration of another key strength of this approach: Unlike a direct interpolation 
attempt, the presence of cusps does not pollute the rest of the multi-surface.

5.2.2. Energy surfaces of a sulfur dioxide (SO2) molecule
In this section we use our method to reconstruct the energy surfaces for sulfur dioxide 

(SO2), a molecule consisting of a sulfur and two oxygen atoms as pictured in Fig. 10, 
from global interpolants. We pre-compute (unordered) energies associated with different 
relative positions for different angles θ and distances d1 and d2 between the sulfur atom 
and respective oxygen atoms using a linear vibronic coupling (LVC) model of SO2 [36, 
55,76].

For larger molecules it would be natural to machine learn the ESPs from limited pre
computed samples using frameworks such as the atomic cluster expansion (ACE) [13,14] 
or MACE [5]. The example of SO2 is sufficiently small, however, that we can treat 
the problem directly using Chebyshev polynomials since as seen in Fig. 10 the state is 
up to global symmetries fully determined from coordinate triplets such as (θ, d1, d2) or 



T.S. Gutleb et al. / Linear Algebra and its Applications 745 (2026) 54--85 79

Fig. 9. (a) shows scaled, reconstructed Graphene conduction and valence bands using a Chebyshev colleague 
method (tot. degree n = 40) with the underlying data randomly perturbed by ϵj ∈ (0, 10−3], (b) shows 
analogous reconstruction using direct approximation with Chebyshev polynomials (tot. degree n = 40) and 
exact data.

Fig. 10. Schematic of SO2 molecule described by coordinate triplet (θ, d1, d2). 

(θ, d1−d2, d1 +d2). Since a conical intersection is known to occur in the potential energy 
surfaces for d1 − d2 ≈ 0, cf. [79], we will use the latter set of internal coordinates.

As the energy surfaces for this setup are three-dimensional, a direct visualization is 
effectively impossible. We thus instead plot projected slices of our data in Fig. 12 showing 
the presence of a cusp. Since the underlying data is obtained from an LVC model, 
giving approximations to the actual electronic structure of the system, the results of 
this section are to be interpreted as relying on highly perturbed data of a non-negligible 
but unspecified amount similar to the scenario one would encounter in more complex 
computational chemistry applications. Errors due to outliers in the data dominate the 
max. abs. errors as well as overall MAE when reconstructing the surfaces, see Fig. 11(a), 
and thus as discussed at the beginning of Section 5 mask the improvement near the 
cusps plainly visible in Fig. 12. The gap weighted error defined in Eq. (5.1) which we 
plot in Fig. 11(b) provides a natural quantitative measure to distinguish between the 
cusp resolution quality of direct reconstructions and the Chebyshev colleague matrix 
approach.
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Fig. 11. (a) Semi-logarithmic error plot showing obtained MAE and max. abs. errors of the direct and 
Chebyshev colleague matrix methods associated with different configurations of SO2, cf. Fig. 12. (b) is an 
analogous plot showing gap weighted errors.

6. Discussion

We described a Schmeisser companion and Chebyshev colleague method to recon
struct a multi-surface from unordered or value-sorted data and explored their numerical 
properties. The methods have attractive approximation properties in low noise context 
and retain some of these properties into the more application-relevant noisy regimes. 
The primary expected value of these methods is improved resolution of multi-surface 
cusps with globally smooth interpolations or alternatively equivalent quality resolution 
of cusps at lower polynomial degree.

Throughout the paper we have mentioned opportunities to add pre- or post-processing 
steps in order to further improve the practical usefulness of these methods. An alterna
tive approach could be the use of different smooth invariants altogether. A particularly 
interesting future direction would be the combination of such companion matrix based 
methods with machine learning models for molecular properties such as the atomic clus
ter expansion (ACE) [13,14] and related MACE [5] frameworks which rely on polynomial 
interpolations and are thus a natural fit.
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Fig. 12. (a) shows cusp presence for a three-dimensional SO2 dataset. The presented scatter plots are 1D 
θ-projections of 2D-slices with d1 − d2 ≈ 0 aiming to visualize the presence of a cusp. (b) and (c) show 
reconstructions using Chebyshev colleague and direct methods at total degree n = 28. (d-f) show zoomed-in 
segments of (a-c).
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Appendix A. Wolfram Mathematica script to pre-compute Chebyshev coefficients for 
Viète polynomials

The following script was tested in Wolfram Mathematica 13.3.1.0 [35]. The symbolic 
version of Salzer’s algorithm is modified from a version published at [42].

In[1]:=

(* Returns the k -th ESP for n variables *)

xList[k_]:="x"< >ToString[#]&/@Range[k]

ESP[k_ ,n_]:=SymmetricPolynomial[k,xList[n]]

(* Compute Viete polynomial *)

VietePolynomial[m_] := Sum[( -1)^(m -k)*ESP[m -k ,m]*λλλ^k ,{k ,0 ,m}]

In[4]:=

(* Symbolic version of Salzer ’s algorithm *)

ComputeCoefficients[poly_]:=Module[{c ,n ,a},

c=CoefficientList[poly ,λ]; n=Length[c] -1; Remove[a];

a[0 ,2]=c[[n -1]]+c[[n+1]]/2; a[1 ,2]=c[[n]]; a[2 ,2]=c[[n+1]]/2;

Do[a[0 ,k+1]=c[[n -k]]+a[1 ,k]/2;

a[1 ,k+1]=a[0 ,k]+a[2 ,k]/2;

Do[a[m ,k+1]=(a[m+1 ,k]+a[m -1 ,k])/2 ,{m ,2 ,k -1}];

a[k ,k+1]=a[k -1 ,k]/2;

a[k+1 ,k+1]=a[k ,k]/2 ,{k ,2 ,n -1}];

Table[a[m ,n]/a[n ,n] ,{m ,0 ,n}]];

After initializing the above functions and fixing a given m, the command
Table[ComputeCoefficients[VietePolynomial[k]],k,2,m]//TableForm
will output a table like Table 1.
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