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Abstract. Echo State Networks (ESNs) are stated in literature to use
a random structure to project an input sequence into a higher dimen-
sional space where the input becomes linearly separable. However, the
linear mathematics used for this projection are incapable of increasing
the dimensionality of the input, and the commonly used tanh() activa-
tion function tends not to produce much nonlinearity. Therefore, any
increase in dimensionality is due to the echoes of the ESN. We introduce
Lagged Input Regression Computation to investigate what types of ESN
can be replaced with simpler non-randomised structures. We show that
tanh()-based ESNs behave as simple linear memory systems, whereas
LeakyReLU provides a more effective non-linearity. We also show that
the use of certain orthogonal polynomials in defining nonlinear memory
capacity benchmarks gives a misleading impression of nonlinearity, due
to the relevant high order polynomials nevertheless containing a linear
term.

Keywords: Reservoir Computing - Echo State Networks - Memory Sys-
tems.

1 Introduction

Artificial Neural Networks (ANNs) [4] have become a popular tool: they are
widely used in Computer Science, and have wide ranging applications from Pat-
tern Recognition to Large Language Models. Of the various types of ANNs,
Recurrent Neural Networks (RNNs) [2] arguably have the most complexity, al-
lowing arbitrary connections between simulated neurons, rather than the more
structured approach seen in Feed Forward Neural Networks [4]. RNNs have the
primary advantage that they capture data within their recurrent connections,
making them suitable for temporal data or pattern recognition [2]. However, this
also comes with a disadvantage: they are more complex to train. For example,
to apply the backpropagation training techniques, it is necessary to unravel the
recurrent connections by applying backpropagation through time [I7].

In Section [3| we examine the various parts of the intuition behind ESNs and
show that, as commonly used in literature, the random recurrence of ESNs may
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not be as interesting as previously thought. In particular, we compare common
configurations of ESNs using the tanh() activation function with a completely
linear lagged input system. The result shows both that many ESNs do not exhibit
particularly nonlinear behaviour, as well as highlighting the potential power of
linear regression techniques on simple memory.

In Section {4} we introduce Lagged Input Regression Computation (LIRC),
which uses simple linear memory with a regression layer. We evaluate ESNs
against LIRC to show that tanh() ESNs can be approximated with a purely linear
system. We also show that the alternative LeakyReLU activation function does
not have the same behaviour, and is only approximable by a LIRC system under
specific, favourable conditions. Given that other authors [§] have shown that
ESNs exhibit nonlinear memory, we revisit this definition of nonlinear memory
and show that linear effects unintentionally dominate this measure.

2 Related Work

An ESN [I4] is a randomly connected, sparse, recurrent neural network with
a fixed activation function. In the literature, sigmoidal functions are typically
recommended, with the tanh() function normally being assumed[14]. Although
other authors have suggested using a rectified linear unit (ReLU) [12]. Input is
supplied to the ESN nodes through a randomly generated input weight matrix.
The internal connections of an ESN are given by a randomly generated matrix
that specifies the connections and their weights. When generating the weight
matrix, typically both the sparsity and spectral radius (the maximum of the
absolute values of the eigenvalues of the weight matrix) are specified. It is de-
sirable for ESNs to have the echo state property, which can be obtained with a
sigmoidal activation function and a spectral radius < 1 [6]. ESNs can also have
feedback, which is typically specified by a third randomly generated matrix. For
simplicity, here we consider only the case where feedback is not present.
A simple, non-feedback ESN is typically defined by the equation:

x(n+1) = f(Wx(n) + W™u(n)) (1)

where W is the random weight matrix, W is the random input weight matrix,
x(n) is the state of the ESN at time n, u(n) is the input at time n, and f is the
activation function. While this equation has no output feedback, the ESN may
have internal feedback through the graph described by W.

To extract output, the values stored in the nodes of the ESN are passed
through a trained linear output layer.

y(n+1) = Wx(n) (2)

where W°U! is the trained output weight matrix, and y(n) is the output of
the ESN at time n. Typically, the output layer is trained through either linear
regression [23] or ridge regression [I3] methods, which allow the output layer to
be trained in a relatively trivial amount of time.
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ESNs have found use in predicting or classifying temporal data [14], where
the inherent recurrence of the ESN is most useful. Wringe et al. [22] present a
review of benchmarks used in the broader Reservoir Computing literature; the
majority of benchmarks used are indeed temporal, such as NARMA (Nonlinear
AutoRegressive Moving Average) [21I] or Mackey—Glass [16].

Recent work has called into question the way in which ESNs are generated
and used. Gauthier et al. [9] found that many of the tasks ESNs excel could
also be accomplished by a nonlinear vector autoregression (NVAR) machine [5].
NVAR machines make predictions based on (a) a number of previous timesteps
and (b) a number of nonlinear transformations. Those authors were not able to
explain which nonlinearites are most useful to which tasks, other than observing
that polynomials seem to have broad applicability.

Ma et al. [15] continued that work, introducing a non-random RC that cast
inputs into a substantially higher dimensional space, and using a nonlinear read-
out instead of an activation function. It resulted in an increase in model accuracy,
albeit with a larger state space than an NVAR machine. That work did not iden-
tify the cause of the result as being either the changes to the model readout or
the increase in dimensionality.

One pattern in prior research is a belief that the projection an ESN’s input
into a higher dimensional space leads to linear separability. If the dimensionality
of the ESN is increased in some way, then this leads to an increase in separa-
bility. This appears to be similar to a well known result in the study of ANNs,
Cover’s Theorem [7]. However, Cover’s Theorem specifically utilises nonlinear
projections to achieve linear separability of nonlinear properties. As we show in
this paper, the linearity of the input projection W", and the subsequent use of
the sigmoid activation function in its linear regime render the overall behaviour
of many ESNs to be predominantly linear.

3 Dissecting an ESN

Using the non-feedback ESN of Eqnl[I] we investigate how they achieve the lin-
ear separability property. The ESN equation has three main components: the
activation function f, the projection of input into a higher dimensional space
given by W, and the movement of information within the ESN structure given
by W. We examine these three components in turn.

3.1 Activation Function

The activation function f is commonly defined to be a sigmoidal function such
as tanh() or the logistic function 1/(1 — e*), see Figure [1| tanh() is close to the
identity function in the range [—1,1], and virtually identical to it in the range
[—0.5,0.5]. The Maclaurin series for tanh(z) [I] is z —23/3+O(2®), and so in the

latter range % ~ gg; = 0.083, or a less than 10% difference. Shrinking

the range further reduces this magnitude further.
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—— lIdentity —— Identity
5 tanh 5 RelLU
—— logistic —— LeakyRelLU
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Fig. 1: Sigmoidal activation functions Fig. 2: Rectifier activation functions

Within an echo state network, tanh() activation provides two properties: a
nonlinearity, and the ability to constrain values in the range [—1,1]. The latter
is seen as an important reminder of physicality; if an ESN approximates a phys-
ical system, then it cannot encode infinity. However, the similarity of tanh() to
the identity within the region where input is typically normalised may limit its
nonlinearity contribution. This combination of constraining to [—1,1] and the
near-linearity in this region seems a major drawback to the use of tanh() as an
activation function in the context of an ESN.

Does the internal dynamics of the ESN counter this, and move the value
into the nonlinear region of tanh()? We argue no. Consider the internal state x
of inputs to a given node. Each component is multiplied by a random weight
as given by the internal weight matrix W. If these weights have a mean of 0
(such as for uniform weights, or Gaussian weights), then approximately equal
numbers of these weights have a positive and negative sign. The internal state
values stored in an ESN are all within the image of the activation function,
[-1,1]. In literature, the weights of W are typically drawn from the uniform
distribution of [—1, 1] and then scaled by p, the spectral radius which is typically
< 1, resulting in weights in the interval [—p, p].

Then the sum of the weighted inputs to a node is also likely to be in the
range [—p, p]. This is because the most likely outcome is for roughly an equal
number of input weights to be positive and negative, resulting in the expected
value of the sum to be close to 0. This can be seen empirically in Figure[3] which
shows the distribution of values over time evolves in an example ESN. The state
of the ESN is initialised to be uniform random [—1, 1] at time 0. By time 8, the
distribution of values has converged to a normal distribution. This experiment
has been repeated with a variety of different parameterisations, and provided
that the ESN is sufficiently large, this convergence is always seen.

As the number of input connections increases (increasing number of nodes),
we expect the central limit theorem to further compress the range of likely values
towards 0. While one could construct parameters to maximise the probability
of getting a positive or negative bias in the weights to a node — for example, a
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Fig. 3: Distribution of values over time in a 100-node ESN with a spectral radius of
0.8 and connectivity of 0.1 with a tanh() activation function

small value of N, a higher sparsity in W, or a higher spectral radius — reducing
the number of values summed also reduces the probability of getting an extreme
value. And most values in the ESN will still be in the linear region, as this
remains the most likely outcome.

An effective example of the apparent ineffectiveness of tanh() as a nonlinear-
ity is to apply the power method [11] to an ESN. The power method iterativly
calculates the maximum eigenvalue of a matrix using:

A = lim |A*b||

—_— 3
k—o0 ||Ak71b|| ( )

where b is an arbitrarily chosen initial input vector, A is a matrix and ||.|| is
a vector norm. Provided that b is nonzero in the direction of the associated
eigenvector and the maximum eigenvalue is strictly greater in magnitude than
all other eigenvalues, this sequence converges on the maximum eigenvalue. If not
(for example, in the case of complex conjugate eigenvalues), it oscillates between
the greatest eigenvalues.

Using a highly restricted case of ESNs where we can set u(0) = b,u(n+1) =
x(t) with W = 1 the identity, then x(n) = (tanh @ W)"(b). If tanh @W =~
W, then x(n) =~ W"(b), and the power iteration is applicable. Conversely, if
tanh @W % W, then the power iteration would not be applicable. In practice,
tanh @ W =~ W if the spectral radius of W lies within the mostly linear region
of tanh() between [—1,1]. Experimentally, this approach has been applied to
10,000 ESNs with unique maximum eigenvalues, with the size of the ESN varying
between [10, 100], spectral radius between [0.1,0.99] and connectivity between
[0.05,1.0], and in every case the power method converged.

Similar arguments as presented on tanh() can also be applied to the standard
logistic function, Figure [[] While the logistic function is mostly linear in the
region [—1, 1] it is not close to the identity. However, as the image of the standard
logistic function is [0, 1], repeated applications once again keep it within a mostly
linear section. If a linear transformation is applied to map the standard logistic
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tion on values in an ESN function on values in an ESN

sigmoids values back to the range [—1, 1], then the previously mentioned suite of
power method tests passes. While this transformation may seem to be adding an
additional step, an ESN includes a linear readout layer, which can incorporate
this transformation.

The Rectified Linear Unit (ReLU) is an alternative activation function (Fig-
ure [2)). ReLU maps all negative values to 0, and all positive values to them-
selves. This mapping of negative values to 0 causes any information represented
by those values to be lost. Again, if weights are distributed around 0, one may
expect that the sum of values is also distributed around 0. Absent any bias, an
ESN with the ReLU activation function may delete around 50% of the informa-
tion it contains with every timestep, and the remaining 50% is strictly linear.
This property makes it very difficult to apply arguments on how it behaves, and
typically the power method will not converge if the dominant eigenvector has a
negative value. Unlike with the standard logistic sigmoid, due to ReLLU deleting
information there is no linear transformation that can recover from this. The
range of ReLU not being finite is not relevant for the lack of convergence, as the
only requirement is that ReLLU is mostly linear in its image.

The LeakyReLU activation function is also somewhat common. Rather than
mapping values less than 0 to 0, LeakyReLU instead applies a small multiplier,
which means that information is no longer being deleted. For LeakyReLU, the
image of the function, I'm(LeakyReLU), is not confined to a region where the
function is strictly linear across the entire range. Instead, LeakyReL U is strictly
linear across exactly half of its image. This means that iterative methods are still
likely to succeed, as LeakyReLU is a mostly linear invertible function. However,
again, there is no linear transformation that can undo LeakyReLU over its entire
range. This results in the power method converging for LeakyReL.U, provided
that the spectral radius is not close to 0.

An experimental evaluation of the activation functions can be performed by
plotting the distribution of values in an ESN before and after an activation
function is applied. This is shown in Figures [] and [5] for a 100 node ESN,
although these results are repeatable with many sizes or parameterisations. As
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in Figure[3] we see values consistent with a normal distribution. For LeakyReLU
the spread of the distribution is lower due to it compressing negative values,
thus reducing the average magnitude of values within the ESN. In Figure []
we see that values outside of the range [—1,1] are compressed, but otherwise
tanh() does not substantially change the distribution, with the new values still
being normally distributed. This is also true of the logistic function, although
the distribution of values afterwards is shifted to around 0.5. Figure [5] shows
LeakyReLU, and in this case the distribution is substantially altered below O,
although in a manner that can be recovered with a linear transformation of the
values below 0.

3.2 Linear Projections into Higher Dimensions

Having made an argument that standard sigmoid activation functions may not
be sufficiently nonlinear, we move onto the next portion of the ESN equation:
the input projection.

In order to examine the claim that an ESN projects input data into a higher
dimensional space where it becomes linearly separable, we examine W, which
implements the initial projection.

Recall some properties of functions. A function f : X — Y maps all points
in X onto some set of points in Y. If there is no x; # x2 € X such that
f(z1) = f(x2), then f is injective. If for all y € Y there exists € X such that
f(x) = y, then f is surjective. If f is both injective and surjective, then f is
bijective.

In order to project into a higher dimension, we need a function that maps
R™ — R"™, where m < n. There are bijective functions which do this; for exam-
ple, consider the function C' : R — R? defined by:

C(z) = (z1,x2) where
x1 comprises the odd digits in the decimal expansion of x

xo comprises the even digits in the decimal expansion of x (4)

However, such functions are rather unusual, and tend to have properties that do
not fit the spirit of ESNs as a theoretical model for reservoir computing, such
as here being discontinuous everywhere. In particular, no such bijective function
can be implemented by linear algebra, such as multiplication by a matrix. Indeed,
any linear projection from R — R™ results in a 1-dimensional line within R™.
We can show that linear algebra cannot map onto the whole higher-dimen-
sional space by applying the Rank-Nullity Theorem [20], which is also known as
the Fundamental Theorem of Linear Algebra.If W” is the matrix projecting the
m-~dimensional input u into n-dimensional space, then the Rank-Nullity Theorem
gives rank(W™) + nullity(W™) = m, where rank is the matrix rank function,
representing the dimension of the image, and nullity is the nullity of the matrix.
The nullity represents the dimension of the kernel of the matrix (unrelated to
the Kernel Rank measure in Reservoir Computing) , i.e. the dimension of the
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space of vectors where Wi"u; = W uy. This trivially implies dim(Im(W®)) <
dim(Domain(W™m)).

Therefore the transformed inputs occupy at most an m-dimensional hyper-
plane of the n-dimensional echo space. Contrary to the literature, the projection
provided by W cannot increase the dimensionality of the input, and may even
decrease it, if not chosen well. If the values of W' are chosen in a uniform
random manner from the range [—1, 1], the probability of a decrease in dimen-
sionality is negligible. However, the decrease in dimensionality is plausible if the
the values of W are chosen from a discrete set, such as {—1,0,1}.

If nullity(W™) = 0, then dim(Im(W™)) = dim(Domain(W™), and the
use of linear algebra guarantees the transformation is surjective. We can therefore
define W™ such that W/(W®u) = u. Note that this is not a bijection, as
there exist points in R™ which are not in Im(W™).

With W defined, we can show that the projection into a higher dimen-
sional space does not contribute to linear separability. Suppose that there exist
two sets of inputs A, B such that for all u, € 4 and u, € B, Wu, and Wiy,
are linearly separable by the hyperplane Hg., € R™. As W'" is a linear trans-
formation, we know that that all points Wu,, W u, lie on some hyperplane
Hiy,p given by Im(W™). As Hg., separates points that lie on H;y,, by hypoth-
esis, we know these two hyperplanes are not parallel. Therefore we can intersect
Hinp and Hg,p, to get Hyye. Finally, as points on Hyyy, trivially lie in Im (W), we
can transform an orthognal basis of H;,; using W, and find that W' ( H,,,;)
is a hyperplane that separates A and B.

From the above it is clear that the ability to linearly separate points in echo
space is not a function of the projection into the higher dimensional space of the
ESN. Combined with the apparent insufficiently nonlinear activation functions,
we move onto the final part of the ESN equation — the connectivity of the nodes
— to attempt to identify how an ESN achieves linear separability.

3.3 Chains and Recurrence as Memory

Having established that the projection into the echo space of an ESN is not
responsible for any enhanced linear separability, the next step is to identify
where this capability comes from.

An ESN can be treated as a randomly connected graph. Recall that when
doing so, the weight matrix of the ESN can be treated as a weighted adjacency
matrix, allowing a matrix to be interpreted as a directed graph. Examples of this
are shown in Figures [l and [7] In these figures, the nodes labelled u; represent
where inputs u(t) enter the ESN. Other nodes sum the weighted inputs and then
apply the activation function.

Assuming that the activation function is not particularly significant, we can
identify two clear structures that have the potential for memory. First are ter-
minated chains, as shown in Figure[6] These are a simple chain of nodes within
the ESN with a clear end. From an input node, a terminated chain of length ¢
provides information on the past ¢ inputs. If the spectral radius of the ESN is
less than 1, then the values in these chains diminish as they progress along the
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Fig. 6: Multiplexed chains in an Fig.7: Loop in an ESN
ESN

chain. They diminish by a fixed amount: the product of the weights of the chain
to that point in history. Therefore, this diminishment is largely irrelevant, as the
linear regression output layer can learn these weights to recover the history.

The information provided by a chain is effectively equivalent to a single
dimension of the input. This means that multiple-dimensioned inputs require
multiple chains to attain the same memory. These chains can be multiplexed,
because the linear regression layer can solve linear algebra equations. For exam-
ple, in Figure [f] the node values x4, z5 and xg sum some combination of values
from all three inputs, at different stages of time. We can express the values of
these nodes at time t as:

Ty = w1w5u(t — 2)1 + w2w7u(t — 2)2 (5)
Iy = w1w4u(t — 2)1 + wgwgu(t — 2)2 (6)
Te = wgwgu(t - 2)2 + ’LU3’LL(t — 1)3 (7)

Given that the weights are typically randomly generated floating point values,
they are unlikely to be identical, and so these equations are likely to be inde-
pendent. Therefore, as we have three equations and the three values u(t — 2)q,
u(t —2)2 and u(t — 1)3 to recover, there is a linear solution, and therefore linear
regression can recover all three values. While this example used a sparse input
matrix for simplicity, meaning that not all nodes received all inputs, this also
holds for ESNs with a densely connected W™,

The second structure is a cycle of nodes, such as in Figure [7]] A cycle has
similar properties to a chain, especially if the number of nodes in the loop is large.
In this case, the diminishing of value due to the spectral radius ensures that even
a large initial input will be mostly insignificant once it has made its way around
the cycle. However, if the size of the loop is small, or the spectral radius is close to
1, then a cycle is noticeably different from a chain. In Figure[7] the cycle exhibits
memory modulo 4: the input is added to the residual value from 4 timesteps ago.
In practical terms, this means that a cycle can be sensitive to periodic inputs,
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Memory Compute
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History |t-1 a,X,+b,X,+CX+ ... Linear
Buffer |t-2 : Regression
t-3 AmX, +bmX, + Xy + . ..
Delay Single Layer
Line Perceptron

Fig. 8: LIRC Method

provided that the periodic input is of great enough magnitude to overcome the
diminishing of being passed through the cycle. However, a similar effect can
be accomplished with linear regression, provided that the stored history is long
enough.

As an ESN is randomly connected, these chain and loop structures occur
at random. They may also be combined with other structures, for example, a
chain-like structure with extra inputs. These combinations are not necessarily
significant, as they all constitute linear algebra. A combination of values may
change the way in which information is recovered, but provided that the history
of time ¢ is comprised of weights that form a basis for the input, a linear regression
layer can extract that history.

Unlike the cases of input projection and the activation function, the chains of
nodes within an ESN do increase the dimensionality of the state of the ESN. By
encoding the values of previous inputs, by storing history, the amount of data
available increases.

This raises a question: can we increase the dimensionality by simpler means?

4 LIRC: Lagged Input Regression Computation

To recap: we have shown that the tanh() activation function and linear projection
into a higher dimensional space do not yield an increase in dimensionality. In
this situation, the only increase in dimensionality is given by the memory of the
ESN storing past values. One question that arises is can the setup be simplified
and memory provided by simply time-lagging inputs?

Time-lagged data is not a new idea in reservoir computing: delay-lines [19]
are commonly used to implement feedback in physical systems. An alternative
is the so-called “single dynamical node” approach of Appeltant et al. [3], which
stores the last n outputs. In both cases, either the virtual nodes of the delay
line or output buffer of the single dynamical node are then utilised by a linear
regression layer which can be trained to a task. Both of these approaches can be
adapted to store information on past inputs.
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While delay-lines and the single dynamical node approach use linear regres-
sion, more recent work has identified that the capability for nonlinear readout
[9/15] can be beneficial. Therefore, in addition to using Linear Regression, we also
propose the use of a trained nonlinear readout, in the form of a single layer per-
ceptron (SLP). Use of an SLP sidesteps the need to define a precise nonlinearity,
whilst still being easy to train.

The combination of time lagged inputs and regression results is here named
Lagged Input Regression Computation (LIRC). LIRC separates the memory and
computational aspects of a system (Figure . This enhances the understand-
ability of the system, and in some configurations may be simpler to implement.

4.1 Comparison to ESNs

The first evaluation of LIRC as an approach is to compare against ESNs. In this
case, randomly generated ESNs are used as a benchmark that LIRC methods
attempt to predict. Depending on the LIRC methods with the greatest accuracy,
we can make statements about the complexity of the ESN. To ensure a wide
variety of configurations were tested, we conducted a parameter sweep on the
spectral radius, connectivity, size and activation function of the ESN, with all
tests being carried out against all combinations of LIRC approximations. All
experiments were repeated 5 times with different random seeds to verify the
results. Accuracy is measured using the coefficient of determination R? [10]; for
the presented heatmaps, values below 0 are deemed sufficiently inaccurate to
be unusable and clamped to 0. More parameters were explored than can be
represented on a 2D heatmap; each cell represents the average of all experiments
with those parameters (100 experiments per cell). The effects of parameters not
mentioned in the graphs, such as spectral radius, were observed to be minimal.

Figure |§| shows that ESNs with a tanh() activation function are trivially
approximable via linear regression on time lagged inputs. Even in cases where
the ESN is small or the connectivity is low, this holds true, with a minimum
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accuracy of 98% being observed. However, linear regression is unable to han-
dle the LeakyReLU activation function (Figure , due to the nonlinearity of
LeakyReLU occurring at 0, thus meaning the linear regression layer can train to
fit only half of the output data.

In order to achieve more accurate results for LeakyReLU, it is necessary to use
the SLP (Figuresand; however, even this requires favourable conditions to
achieve a high level of accuracy, with a large size, unreasonably high connectivity
and increased available memory required to achieve greater than 80% accuracy.
This illustrates that when choosing a nonlinearity for an ESN, the probability
of the nonlinearity having a significant impact must be taken into account.

There is a noticeable improvement in the accuracy of the approximation when
using a Delay Line for memory with LeakyReLU, as shown in Figure [I2| where
the greatest accuracy is 0.92, as opposed to 0.79 in Figure [I1] This suggests that
the unbounded nature of the LeakyReLU activation may be capable of causing
data to persist in cycles more than is the case with tanh. However, an increase
in accuracy of the approximation indicates that the ESN is not providing more
computational ability than a LIRC-SLP with the same number of nodes. As
SLPs are simpler to compute and better studied, this raises questions around
the efficacy of large ESNs. Smaller ESNs are less approximable, and therefore
give a different computation to an equivalently sized LIRC-SLP.

4.2 Nonlinear memory capacity

Next we turn to evaluating the linear regression based LIRC models for nonlinear
memory capacity. This may seem unusual; a linear system should not be able to
exhibit nonlinear behaviour. However, we have shown that we can approximate
an ESN with the tanh() activation function to a high degree of accuracy with a
linear system. This is apparently at odds with the results of Dambre et al. [§],
who show that ESNs exhibit nonlinear memory of odd degree, measured using
the orthogonal set of Legendre Polynomials (used for uniform random input).
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This same nonlinear memory capacity exists in our linear system for odd
degrees of Legendre Polynomials (e.g. Figure [13|for Ps). This is because all odd
degrees of Legendre Polynomials include a linear term. For example, P3(x) =
$(52% —3z). As 2 — 0, the linear term dominates. Therefore, there is a region of
the odd degree Legendre Polynomials that is approximable by a linear system,
with the size of this region decreasing for higher degrees of Legendre Polyno-
mial, explaining the apparent nonlinear memory capacity. This observation also
applies to other orthogonal polynomials, such as Hermite Polynomials used with
Gaussian inputs [§].

Even degrees of the Legendre Polynomial lack this linear term, and so are
not approximable in this manner, but are zero for the reason Dambre et al. [§]
give: tanh() is an odd function, which matches the odd degrees.

Dambre et al. [8] also observe that by changing the input scaling, the system
appears to become more nonlinear, as the contribution of higher degrees becomes
greater. This is correct, but somewhat misleading. Changing the input scaling
stetches the polynomial (Figure [14), which increases the range of the linearly
approximable region. For P;(0.25x), the function is almost entirely linear across
[—1, 1]. If this range exceeds [—1, 1], then the tanh() activation clamps the values,
resulting in the linear section becoming nonlinear. The effect of this is that as
the scaling changes, so does the Legendre Polynomial that is most approximable
by a linear system. While this scaling is not reflected exactly in an ESN or linear
approximation due to the summation of values in the ESN, in Figure [I3] we do
see that the optimal P; memory is at a scaling of 0.8.

5 Conclusion

Several of the claims in the literature about how ESNs perform their computa-
tions, and what computations they perform, may be overstated.

ESNs with the commonly-used tanh() activation function can be accurately
approximated by performing linear regression on time lagged inputs. This is due
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to the nonlinearity of tanh() not being substantial for the majority of values
likely to occur within such an ESN. tanh() ESNs tend to behave as linear mem-
ory systems, with the linear regression layer unscrambling the random weighted
connections within an ESN to recover data. Linear regression over simple time-
lagged memory structures is sufficient to solve many problems, and should be
used as a control case when evaluating ESN performance.

The LeakyReLU activation function is not approximable by linear regres-
sion to the same degree. Even when using the more powerful SLP-based re-
gression method, LeakyReLU ESNs require favourable conditions to be well
approximated. Despite being effectively a choice between two linear functions,
LeakyReLLU produces more complex dynamics in an ESN by virtue of the non-
linearity being more likely to be exploited.

Other authors have demonstrated nonlinear memory capacity in tanh() ESNs.
These results can be explained by the odd order Legendre Polynomials contain-
ing a linear term, which dominates the nonlinear terms for sufficiently small
input values. When this linear term dominates in the range [—1, 1], the Leg-
endre Polynomial is approximable by linear regression. By varying the scaling
factor, it is possible to vary which of the Legendre Polynomials contributes most
nonlinear memory capacity. This gives the illusion of nonlinear memory capacity,
when in fact only linear memory capacity is being demonstrated.

Further work is needed to evaluate other activation functions, and to deter-
mine the desirable properties for an activation function of an ESN, or indeed if
an ESN is still a useful tool given recent work that utilised simplified structures
to achieve similar results [9/I8]. In addition, it may be necessary to revisit the
use of orthogonal polynomials for determining nonlinear memory capacity.
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