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 A B S T R A C T

Structural health monitoring (SHM) offers a promising path towards automated, long-term 
monitoring of critical infrastructure such as offshore structures and bridges. A crucial component 
of such monitoring schemes is the localisation of damage, with model-based SHM providing a 
possible framework for this task. Here, damage localisation can be achieved by minimising the 
discrepancy between the modal properties of a damaged state and those of a healthy reference. 
However, this process is severely hindered by changes in the modal properties induced by 
environmental and operational variations (EOVs). This difficulty is compounded by the fact 
that measurement data are often limited: data may be unavailable across the full operational 
span, may be missing because of sensor failure and dropout, or may be only sparsely sampled 
because of hardware constraints. In particular, mode shapes are often used without adequately 
accounting for the limited coverage of EOVs in continuous model-based damage localisation 
frameworks, resulting in inaccurate localisation.

This paper proposes a regression-based data normalisation scheme that learns mode shapes 
as functions of spatial coordinate and EOVs using Gaussian process regression, allowing them 
to vary across a structure’s operating envelope and thereby enabling model-based damage 
localisation under varying environmental and operational conditions. To further alleviate the 
problem of limited training data, two grey-box modelling strategies based on Gaussian processes 
that incorporate accessible engineering knowledge are considered: (i) a Hilbert-space Gaussian 
process enforcing boundary conditions, and (ii) a Gaussian process with a physics-based prior 
mean given by finite-element mode shapes. The focus is on long-term monitoring scenarios 
in which training data are limited and purely data-driven regression techniques perform 
poorly. Using the Leibniz University Test Structure for Monitoring, a representative real-world 
structure, this study demonstrates that incorporating accessible engineering-domain knowledge 
into Gaussian process models alleviates data scarcity and improves damage localisation under 
partially observed EOVs. These results highlight the practical value of the proposed grey-box 
models for SHM. They enable mode-shape normalisation for model-based damage localisation 
under environmental and operational variability, even when training data are limited, thereby 
enhancing continuous, long-term monitoring of operational structures.
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1. Introduction

Long-term, vibration-based structural health monitoring (SHM) identifies damage by continuously analysing a structure’s 
measured dynamic responses [1]. In many monitoring scenarios, it is desirable to go beyond damage detection and also locate its 
position. In particular, for large-scale structures, providing maintenance engineers with the location of damage can save considerable 
time and reduce costs. Among the available vibration-based techniques, vibration-based model updating, as an inverse method, offers 
a principled route to damage localisation [2]. The central premise is that changes in a structure’s geometry or material properties 
manifest themselves as changes in its dynamic responses [3]. Consequently, the experimentally identified modal properties, namely 
the scalar natural frequencies and the vector-valued mode shapes, no longer align with those predicted by the finite-element (FE) 
model of the undamaged structure [4]. The differences between measurement data and the FE model can be quantified using an 
objective function and reduced by treating them as an optimisation problem [5]. Here, the model’s stiffness parameters are iteratively 
adjusted to restore agreement with the measured observations, and the updated model provides quantitative insight into the probable 
location and severity of each stiffness reduction. Günther et al. [6] introduced a relative least-squares error metric, which is also 
employed in the present study. This metric eliminates the mismatch between measurement and the numerical model by considering 
changes relative to their respective damaged and healthy states. For example applications of this metric in model-based SHM, see 
Wolniak et al. [7] (single-objective) and Ragnitz et al. [8] (multi-objective).

Unfortunately, environmental and operational variations (EOVs) can affect the structure’s behaviour and mask damage-related 
changes in the modal properties [9]. Many authors have investigated the influence of EOVs on the natural frequencies of different 
structures, including bridges [10,11], bell towers [12], and wind turbine towers [13]. While previous studies demonstrate that EOVs 
heavily influence natural frequencies, mode shapes are generally considered to be more robust. Early studies by Li et al. [14] and Ni 
et al. [15] on cable-stayed bridges reported no significant influence of EOVs such as temperature and wind speed on the identified 
mode shapes, and Xia et al. [16] similarly observed no clear correlation between mode shapes and temperature or humidity for an 
outdoor reinforced-concrete slab, attributing this to EOVs acting approximately uniformly on the structure. However, Ni et al. [15] 
also noted that variations in the mode shapes due to EOVs might be masked by measurement errors, making it difficult to quantify the 
true impact of EOVs. More recent work provides stronger evidence that EOVs can systematically affect mode shapes: Xia et al. [17] 
showed that decreasing temperatures reduce the modal assurance criterion (MAC) values at the Guangzhou New TV Tower, indicating 
a correlation between temperature and mode shapes, attributable to non-uniform temperature distributions. Additionally, a study 
by Jonscher et al. [18] revealed a correlation between mode shapes and operational parameters, specifically the nacelle orientation 
of a 3.4 MW onshore wind turbine. Similar observations have also been reported for smaller-scale structures: Wernitz et al. [19] 
reported temperature-dependent variations in the MAC for the Leibniz University Test Structure for Monitoring (LUMO), a 9 metre 
high lattice tower. Collectively, these studies demonstrate that EOVs can cause non-negligible, systematic variability in mode shapes. 
This poses a particular challenge for model-based SHM approaches, which, as noted by Farrar et al. [20], still struggle to account 
for the EOVs inherent to almost all in-situ structures. For example, they showed that a nominally symmetric, north–south-oriented 
bridge exhibits markedly different first bending modes in the morning and early evening due to different sun heating of its opposing 
sides [10,20]. Such behaviour illustrates how EOV-induced variability complicates the selection of suitable reference mode shapes 
for model updating.

To avoid erroneous damage localisation, it is therefore essential to normalise the modal properties with respect to EOV-induced 
effects, a process commonly referred to as data normalisation. Early studies mitigated EOV-induced effects for model updating 
by either aligning measurements to a reference state [21–23] or incorporating temperature dependence directly into the FE 
model [24–26], with the latter, however, requiring significant computational resources, which limits its applicability to real-time-
capable SHM [27]. Because the objective function in this study employs a relative metric, data normalisation is required only for the 
measured modal properties. The FE model itself does not need to be adjusted to account for EOVs; only calibration to the healthy 
state is necessary. To embed data normalisation within a relative-metric objective function, a regression-based approach is required, 
in which the structural response is modelled explicitly as a function of the relevant EOVs [28–30]. A principal challenge is extending 
this approach to vector-valued mode shapes. In the context of model updating, Ragnitz et al. [23] proposed a clustering approach 
that groups mode shapes with similar EOV regimes, thereby enhancing the accuracy of the damage localisation. However, to the 
authors’ knowledge, no prior work has mitigated EOV-induced variations in mode shapes using a regression-based approach suitable 
for continuous model updating in the context of long-term, real-time-capable SHM. Such a regression-based approach significantly 
reduces the need for manual intervention (e.g., the choice of the number of clusters and cluster assignment) during model updating. 
Moreover, it enables the use of purely data-driven (black-box) models (e.g., vanilla neural networks) to extract complex relationships 
between EOVs and mode shapes directly from the data.

Whilst purely data-driven techniques are attractive for learning mode shapes, they are known to extrapolate poorly when EOV 
regimes are not represented in the training set. In the case of complete physical understanding, a physics-based (white-box) model 
can be applied. Because the model’s governing equations are fully explicit, its internal mechanics are transparent, enabling it to 
make predictions in EOV regimes that are not included in the training data. At the same time, fully characterising EOV-induced 
effects with white-box approaches is often challenging; for example, formulating first-principles models of the nonlinear behaviour 
at very low temperatures (e.g., due to variations in soil stiffness and material properties) in closed form is difficult. It is, therefore, 
reasonable to combine data-driven modelling (black box), which can extract hidden relationships from the measurement data with 
knowledge of the underlying physics (white box), to create a grey-box model capable of producing reliable predictions for previously 
unseen EOVs. A general overview of different kinds of grey-box models can be found in [31–33].
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In the context of SHM, Cross et al. [34] demonstrated through several case studies that Gaussian process (GP) regression is a 
suitable tool for grey-box modelling. As Bayesian nonparametric models, GPs offer several desirable properties for this setting. For 
the data-driven part, this includes the ability to capture a wide range of behaviours without being limited to a specific parametric 
model, requiring only a few a priori inputs, and handling noisy and uncertain observations [35]. For the physics-based part, prior 
knowledge can be embedded via the prior mean [36,37], kernel design [38,39], or general physical constraints (e.g., boundary 
conditions, monotonicity, convexity, inequality constraints) [40–43].

Regarding data normalisation, recent work has shown that grey-box models can successfully compensate for EOVs in natural 
frequencies [44,45]. By contrast, grey-box data normalisation of mode shapes for model-based damage localisation under envi-
ronmental and operational variability remains less established. This study addresses this gap by considering grey-box strategies 
for regression-based data normalisation that model the reference mode shape in the relative least-squares objective explicitly as a 
function of sensor position and EOVs, thereby aiming to improve robustness under limited training data and EOV coverage. From 
an engineering standpoint, prior knowledge of boundary conditions and an FE model are often available for the structure under 
investigation, offering two opportunities to embed domain knowledge. This study presents two grey-box models to support mode 
shape prediction under sparse or incomplete training data and limited EOV coverage:

(i) Physics-based boundary condition: The displacement boundary condition for the clamped end of a mode shape 𝝋 can be 
enforced by adopting a reduced-rank Hilbert-space GP whose eigenfunctions satisfy 𝝋(𝑥 = 0) = 0 by construction, where 𝑥
denotes a spatial coordinate.

(ii) Physics-based prior mean: The mode shape of an FE model of the structure is used as the GP’s prior mean, allowing the 
data-driven component to model only the residual variability. Consequently, EOV-induced effects, which are challenging to 
model explicitly in the FE model, are learned from the data, whereas the FE mode shape supplies solely spatial information.

To evaluate the performance of the proposed methods, several analysis scenarios are investigated that reflect key challenges in the 
practical deployment of SHM on operational structures. In this work, data are obtained from the Leibniz University Test Structure for 
Monitoring (LUMO) – an outdoor lattice used to benchmark SHM methods [19]. The first analysis scenario considers the situation 
in which training data are available across the relevant EOV range, but only as a limited number of sparse measurements. In 
smartphone-based SHM applications [46], for example, it is desirable to minimise the number of measurement intervals required for 
training data collection while still achieving adequate coverage of the full EOV range. The second addresses limited measurement 
locations, due to budget constraints or sensor failures. The third evaluates the models’ performance on previously unseen EOVs, 
as rare weather events are not represented in the training data. Finally, a prescribed damage scenario at LUMO is considered to 
assess continuous, model-based damage localisation using mode shapes alone, thereby isolating the impact of mode shape data 
normalisation. When employing the relative least-squares error metric, or any other discrepancy metric, reliable localisation is linked 
to accurate mode shape predictions across the range of EOVs, which, in turn, is crucial for reasonable maintenance decision-making.

A core focus of the work presented here is to identify the type of model that offers the best performance for predicting mode 
shapes of operational structures, thereby offering practical guidance for SHM practitioners. The analysis considers data-driven 
approaches as well as grey-box models that utilise available engineering knowledge for the task at hand. Discussion is offered on 
how the different forms of physical knowledge can assist in mode shape prediction, including scenarios where the available physics 
is not directly representative of behaviour outside the training data.

The remainder of the study is organised as follows. Section 2 introduces a regression-based data normalisation scheme to capture 
EOV effects on mode shapes and sets a black-box baseline via GP regression. Two strategies are then proposed for embedding 
engineering knowledge into GPs. Section 3 presents LUMO and quantifies its temperature-dependent mode shape variations. 
Section 4 examines the grey-box approaches under sparse and incomplete spatial coverage of the mode shapes. Furthermore, the 
robustness of each model to previously unseen EOVs is evaluated, and the role of physical knowledge in mode-shape prediction is 
discussed. Section 5 shows how a grey-box model can be integrated into a continuous, model-based damage-localisation framework 
on LUMO using mode shapes alone, with the training data covering only a limited range of EOVs.

2. Grey-box models

Gaussian process (GP) regression serves as the black-box model used in this study. It models the relationship between inputs 𝒙
and targets 𝒚 through a latent function 𝑓 (𝒙), accounting for additive Gaussian noise, such that 𝑦 = 𝑓 (𝒙)+𝜖, with 𝜖 ∼  (0, 𝜎2

𝑛
). Given 

training inputs 𝑿 = [𝒙1,𝒙2,… ,𝒙𝑛] and targets 𝒚, predictions at new points 𝒙∗ are obtained using Bayesian inference. A GP is solely 
defined by its mean function 𝑚(𝒙), typically set to zero, and its covariance (kernel) function 𝑘(𝒙,𝒙′): 

𝑓 (𝒙) ∼ (𝑚(𝒙), 𝑘(𝒙,𝒙′)). (1)

The kernel function quantifies input similarity and determines smoothness. A common choice is the squared-exponential (SE) kernel: 

𝑘SE(𝒙,𝒙
′) = 𝜎2

𝑓
exp

(
−
‖𝒙 − 𝒙′‖2

2𝓁2

)
, (2)

where 𝜎2
𝑓
 is the signal variance and 𝓁 the length scale. The SE kernel is employed throughout the present study. For a comprehensive 

treatment of GP theory, see Rasmussen et al. [35].
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Prior knowledge can be incorporated into a GP in several ways, yielding a spectrum of grey-box representations. The more 
physics-based information that is embedded (provided it is representative of the problem), the less the model must rely on data 
alone. Hence, a model lies towards the white end of the spectrum when extensive prior knowledge is supplied and towards the 
black end when only minimal prior knowledge is used [34]. For example, a GP with a zero-mean prior and an SE kernel is a purely 
data-driven black-box model, written as (0, 𝑘DATA), where the subscript DATA indicates the data-driven nature of the kernel. If 
the mean behaviour can be stated analytically, for example, via governing differential equations, a physics-based prior 𝑚P(𝐱) can 
be supplied, providing a light-grey model (𝑚P, 𝑘DATA). Here, 𝑚P captures the known physics P, while the kernel represents the 
residual variability [34]. When explicit governing equations cannot be derived, one can instead embed general physical constraints 
(e.g., boundary, monotonicity, convexity, or inequality conditions) directly into the GP. Such constraints require far less detailed 
physics than differential equations and are therefore easier to formulate and implement. Incorporating constraints positions the 
model towards the dark-grey end of the spectrum: physics-informed yet still reliant on data, with the SE kernel modelling any 
remaining unexplained variability. There are numerous ways to apply constraints [40]. The present study focuses on constrained 
GPs for learning mode shapes of a lattice tower. The constraints considered are physical boundary conditions, specifically the 
zero-displacement boundary condition of the form 𝝋(0) = 0 when predicting a mode shape 𝝋. In this context, Hilbert-space GPs 
(HSGP) [47] are examined, in which the covariance is reformulated as a Laplacian eigenfunction expansion, implicitly satisfying 
the boundary condition 𝝋(0) = 0. In this study, the HSGP is used exclusively with Dirichlet boundary conditions, following Solin 
et al. [47]. Although mixed boundary conditions (e.g., Dirichlet/Neumann or Robin) are, in principle, admissible, they lie outside the 
scope of this work and are left for future research. As an alternative way to incorporate the boundary condition 𝝋(0) = 0, this study 
also employs a straightforward virtual-point approach, denoted by VP(0, 𝑘DATA), which enforces the zero-displacement boundary 
condition by augmenting the training dataset  with noiseless pseudo-measurements equal to zero at the clamped end, yielding the 
augmented training dataset ̃. However, this approach might not always be the best option since it can only approximate surface 
constraints using a finite set of virtual points, and the number of virtual points grows exponentially with input dimension – an 
instance of the curse of dimensionality.

2.1. Hilbert-space GP

By defining eigenfunctions through boundary-value problems, HSGPs naturally incorporate physically meaningful constraints, 
eliminating the need for artificially imposed boundary observations [47]. HSGPs utilise reduced-rank approximations to efficiently 
represent covariance structures and facilitate the incorporation of constraints [48]. The central concept is the approximation of the 
full Gram matrix 𝑲 by a reduced-rank matrix 𝑲̃ , where the rank is 𝑚 < 𝑛, 𝑚 being the number of basis functions and 𝑛 the number 
of data points. The optimal reduced-rank approximation of 𝑲, with respect to the Frobenius norm, is 𝑲̃ = ΦΛΦ⊤, where Λ contains 
the leading 𝑚 eigenvalues of 𝑲 , and Φ consists of the corresponding orthonormal eigenvectors.

For stationary covariance functions, where the covariance 𝑘(𝒙,𝒙′) depends only on the separation 𝒓 = 𝒙−𝒙′, the Wiener–Khintchin 
theorem provides an integral representation through the spectral density 𝑆(𝜔): 

𝑘(𝒓) =
1

(2𝜋)𝑑 ∫ 𝑆(𝜔)𝑒i𝜔
⊤𝒓 𝑑𝜔,

𝑆(𝜔) = ∫ 𝑘(𝒓)𝑒−i𝜔
⊤𝒓 𝑑𝒓.

(3)

Specifically, for the SE kernel with length scale 𝓁 and magnitude 𝜎2
𝑓
, the spectral density is given by: 

𝑆SE(𝜔) = 𝜎2
𝑓
(2𝜋𝓁2)𝑑∕2 exp

(
−
1

2
𝓁
2‖𝜔‖2

)
. (4)

The eigenfunctions 𝜙𝑗 (𝒙) and eigenvalues 𝜆𝑗 used for the kernel approximation come from solving the Laplace eigenvalue problem 
with Dirichlet boundary conditions: 

{
−∇2𝜙𝑗 (𝒙) = 𝜆𝑗𝜙𝑗 (𝒙), 𝒙 ∈ 𝛺,

𝜙𝑗 (𝒙) = 0, 𝒙 ∈ 𝜕𝛺.
(5)

These eigenfunctions form an orthonormal basis, enabling the kernel approximation: 

𝑘(𝒙,𝒙′) ≈

𝑚∑

𝑗=1

𝑆(
√

𝜆𝑗 )𝜙𝑗 (𝒙)𝜙𝑗 (𝒙
′) = ΦΛΦ

⊤, (6)

with:

Φ𝑖 =
(
𝜙1(𝒙𝑖), 𝜙2(𝒙𝑖),… , 𝜙𝑚(𝒙𝑖)

)
, (7)

Λ = diag
(
𝑆(

√
𝜆1), 𝑆(

√
𝜆2),… , 𝑆(

√
𝜆𝑚)

)
, (8)

for 𝑖 = 1,… , 𝑛. For Gaussian likelihoods, predictions at a new input 𝒙∗ are efficiently approximated by: 
E[𝑓∗] ≈ Φ∗(Φ

⊤
Φ + 𝜎2

𝑛
Λ

−1)−1Φ⊤𝒚,

V[𝑓∗] ≈ 𝜎2
𝑛
Φ∗(Φ

⊤
Φ + 𝜎2

𝑛
Λ

−1)−1Φ⊤
∗
.

(9)
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This reduced-rank approach significantly improves computational efficiency, scaling as (𝑛𝑚2) for predictions and (𝑚3) for 
hyperparameter learning, compared to the standard (𝑛3) complexity of traditional GP methods. Regarding the choice of 𝑚, Solin 
et al. [47] showed that the HSGP converges to the full GP solution when the number of leading eigenfunctions, 𝑚, is large enough 
to resolve the short-length-scale behaviour. For the work conducted in this paper, 1024 eigenfunctions are used [47].

2.2. Physics-based prior mean

If parts of the mean behaviour can be expressed analytically, this knowledge can be encoded directly in the GP’s prior mean. 
Such a model is written as (𝑚P, 𝑘DATA), where the physics-based prior 𝑚P is complemented by the SE kernel to capture additional 
variability. A key advantage is that 𝑚P need not conform to any specific functional form, making this approach widely applicable 
across different domains [49,50]. In regions of sparse data coverage, the grey-box model (𝑚P, 𝑘DATA) relies more heavily on 𝑚P, 
thereby improving predictive accuracy. One way to incorporate physical knowledge into the prior mean is residual modelling, which 
replaces the original targets 𝒚 with the residual 𝜹 = 𝒚 − 𝑚P(𝑿) and the GP is denoted by 𝛿(0, 𝑘DATA). The model predictions are 
given by: 

𝒚 = 𝑚P(𝑿) + 𝛿(0, 𝑘DATA). (10)

In this study, the physics-based prior mean 𝑚P is given by the analytical mode shape obtained from an FE model of the structure. This 
analytical mode shape is independent of EOVs and encodes only spatial information. The EOV-induced effects, which are difficult 
to model explicitly in the FE model, are learned by the data-driven component of (𝑚P, 𝑘DATA).

2.3. Implementation and model updating procedure

The grey-box models1 considered in this study are used for regression-based data normalisation of mode shapes to enable model-
based damage localisation under EOVs and limited training data. Their implementation is as follows. For each mode shape, a single 
GP is trained on all available mode-shape amplitude observations across the sensor network. For each training sample, the inputs 
are the sensor position and the relevant EOVs, and the output is the modal amplitude at that position under those EOV conditions. 
Fig.  1 illustrates this setup.

With this formulation, the modal amplitudes at different sensor positions are modelled within a single GP through the sensor-
position component of the input. Hence, the dependence of the modal amplitude on sensor position is captured through the 
covariance kernel defined over the inputs.

During training, the inputs are scaled to the interval [−0.5, 0.5]. For all models except the HSGP, the targets are mean-
centred to enable a zero-mean GP formulation. By contrast, the HSGP is trained on the original targets because of the imposed 
boundary condition 𝝋(0) = 0. Kernel hyperparameters (cf. Eqs.  (2) and (4)) are learned by minimising the negative log marginal 
likelihood [35,48] using the L-BFGS optimiser.

As a subsequent step towards model-based damage localisation, model updating is performed in the deterministic setting of 
Ragnitz et al. [8]. Here, deterministic refers only to the optimisation stage of the model updating, where the global pattern search 
algorithm [52] is employed. As a deterministic optimisation method, it yields reproducible results for identical inputs. The objective 
is defined as a relative error in the coordinate-wise mode shape components and is closely related to the enhanced coordinate 
modal assurance criterion [53], thereby leveraging the full information content of the mode shapes. The relative metric between 
the undamaged (labelled 0) and damaged (labelled 1) states of the simulated (S) and measured (M) data is defined as 

𝜖𝝋 =

𝑁modes∑

𝑘=1

‖
(
𝝋𝑆1 ,𝑘

(Ξ) − 𝝋𝑆0 ,𝑘

)
−
(
𝝋𝑀1 ,𝑘

− 𝝋𝑀0 ,𝑘

)
‖2
2
, (11)

where 𝑁modes is the number of modes considered and Ξ is a design parameter set [6]. Eq.  (11) comprises two parts: the first 
represents the relative change in mode shapes predicted by the model being updated, while the second is based on the mode shapes 
extracted from measurements using BayOMA. To incorporate the grey-box predictions into the objective, the reference mode shapes 
𝝋𝑀0 ,𝑘

, 𝑘 = 1,… , 𝑁modes are replaced by the corresponding grey-box predictions 𝝋̂𝑀0 ,𝑘
.

3. Application case study: LUMO

The Leibniz University Test Structure for Monitoring (LUMO), depicted in Fig.  2(a), is a 9 m high steel lattice tower comprising 
three identical 3 m sections, weighing approximately 90 kg [19]. A key advantage of this test structure is that reversible local 
damage can be imposed: at six heights (DAM1–DAM6), up to three struts (weighing 55 g each) can be loosened or removed to 
induce local stiffness and mass changes (Fig.  2(b)). Eighteen uniaxial IEPE accelerometers are mounted in orthogonal pairs at nine 
measurement levels (ML1–ML9) to capture spatial motion (Fig.  2(b)).

Data are sampled at 1651.61 Hz and stored in 10-min blocks. Although temperature may vary along the LUMO’s height, the 
material temperature is measured only at the clamped end using a Pt100 sensor. Throughout this study, temperature refers to 
this measurement. Analysis is performed for three different conditions: Stiffening due to freezing (StE), healthy (H), and damaged 
(DAM6). These three states are listed in Table  1.

1 All models, except the HSGP, are implemented with GPJax [51]
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Fig. 1. Prediction scheme for mode shape 𝝋. The grey-box model takes sensor positions (SPs) and EOVs as inputs and predicts the EOV-dependent 
modal amplitude 𝝋(SP,EOV) at each sensor location. A grey-box model is trained jointly on data from all sensor positions, with the corresponding 
EOVs as additional inputs.

Table 1
States of the structure and corresponding labels.
 Condition of the structure Period of data acquisition Label  
 Stiffening effect 01.02.2021 to 08.02.2021 StE  
 Healthy 20.04.2021 to 04.05.2021 H  
 Damaged - one strut removed 04.05.2021 to 18.05.2021 DAM6 

Table 2
Comparison of MAC values for the first and second bend-
ing modes (B1-y, B1-x, B2-y, B2-x) for the states StE, H, 
and DAM6 (cf. Table  1). 𝝋 denotes the vector-valued mode 
shape.

Metric B1-y B1-x B2-y B2-x

MAC(𝝋H ,𝝋StE) 0.9996 0.9998 0.9995 0.9998

MAC(𝝋H ,𝝋DAM6) 1.0000 1.0000 0.9025 1.0000

For state StE, stiffening associated with freezing is assumed to induce nonlinear interactions between temperature and mode 
shapes [54]. State DAM6 corresponds to the damage location at position DAM6, shown in Fig.  2(b). Here, one strut is entirely 
removed (cf. Fig.  2(c)).

Following Ragnitz et al. [8,23], this study focuses on the mode shapes of the first two bending mode pairs. The mode shapes are 
extracted from measurement data using Bayesian operational modal analysis (BayOMA); a detailed description of the identification 
procedure is provided by Jonscher et al. [55]. The identified mode shapes were aligned to arbitrarily chosen reference shapes via 
a least-squares rotation, correcting for deviations in their vibration directions (cf. [8,23,55]). Fig.  3 shows example mode shapes 
identified with BayOMA from the measurement data for the states listed in Table  1.

It can be observed that mode shape B2-y (Fig.  3(c)) responds markedly to the removal of a strut (DAM6). For state StE, the mode 
shapes in Fig.  3 appear unchanged. Nevertheless, the modal assurance criterion (MAC) values in Table  2 reveal that the mode shapes 
B1-y, B1-x, and B2-x of state StE deviate more from state H than those of state DAM6 differ from state H.

Mechanical Systems and Signal Processing 253 (2026) 114353 

6 



S. Möller et al.

Fig. 2. Photograph of the LUMO structure (2(a)), a schematic of the structure highlighting the nine acceleration measurement levels (ML) and 
the damage locations (DAM) (2(b)), and the damage location 6 (DAM6) displaying the reversible damage mechanisms as well as the sensors at 
measurement level 9 (ML9) in the x and y directions (2(c)).

Fig. 3. The first two bending modes in the x- (3(b) and 3(d)) and y-directions (3(a) and 3(c)) for all three states considered. Depicted are the 
first identified mode shapes for state H and DAM6, while for state StE, the mode shape recorded at −9 ◦C is presented.

An analysis of the individual mode amplitudes at each ML in Fig.  4 shows that the observed discrepancy is driven by temperature 
dependence, including a step change at approximately 0◦C. This change is not negligible. For instance, at ML1, the modal amplitude 
changes by an average of 0.604% when the temperature moves from positive to negative values. In contrast, it changes by only 
0.097% between the healthy and damaged conditions in state DAM6 (one entire strut removed).
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Fig. 4. Temperature-dependent variations of the BayOMA-identified modal amplitudes for bending mode B1-x. (4(a)) estimated mode shape 
and undeformed configuration. (4(b)) Scatter plots of modal amplitudes versus temperature for each ML, including Spearman’s rank correlation 
coefficient 𝑟.

In this study, Spearman’s rank correlation coefficient 𝑟 is used to quantify the monotonic relationship between modal amplitude 
and temperature; values of +1 or −1 indicate a perfect monotonic increase or decrease, respectively. Using B1-x as an example, a clear 
relationship is observed across all MLs, despite the behaviour at ML5 (Fig.  4(b)). Two distinct trajectories for the modal amplitude 
are evident at ML3 and ML5-ML9, with the effect being most pronounced at ML5. The bifurcation is attributed to changes in soil 
stiffness: freezing and subsequent thawing affect the soil differently. This results in different structural responses and the formation 
of separate branches. Accordingly, the separation between the two trajectories is most pronounced at the lower measurement levels 
(ML5–ML9). It should be emphasised that the bifurcation behaviour is present only in the BayOMA-identified modal amplitudes 
used for training and is not imposed as prior knowledge or explicitly encoded in the considered grey-box formulations. In Fig.  4(b), 
it can also be observed that the modal amplitudes at different MLs vary in opposite directions, for example, ML1 versus ML4. This 
behaviour stems from the unit-norm constraint imposed on each mode shape identified using BayOMA. If one amplitude increases, 
another must decrease so that the overall shape retains unit length. In summary, temperature, particularly the transition region 
around 0◦C, strongly affects the investigated mode shapes, in line with the findings of Wernitz et al. [19]. It is therefore treated 
as the primary environmental driver in the subsequent regression-based data normalisation on LUMO. However, selecting relevant 
environmental variables is application-specific and will differ across other structures and SHM scenarios.

In this study, a single grey-box model is used to predict the mode shape 𝝋 across all measurement levels (cf. Section 2.3). The 
model takes ML height and temperature as inputs and predicts modal amplitudes as a function of both variables. Consequently, 
modal amplitudes at different MLs are not treated as independent outputs; rather, the dependence of modal amplitude on ML 
height is captured through the covariance kernel over the input variables. The physics-based prior mean is obtained from an 
FE model implemented in DeSiO, an in-house simulation tool [56]. The structural subsystem follows a multi-body finite-element 
framework composed of rigid bodies and geometrically exact beams. Geometric and material properties of LUMO are adopted from 
Wernitz et al. [19]; consistent with that work, the brace-leg welds and the flange connections between the segments are modelled 
as inflexible joints. The resulting FE model comprises 216 geometrically exact beams, with the base fixed rigidly to the ground. To 
validate the model, the first two bending mode shapes were extracted from measurement data using BayOMA and compared with 
the corresponding FE mode shapes using the MAC, yielding values of 0.999, 0.999, 0.996, and 0.995 for the first two bending mode 
pairs, indicating a high level of agreement.

4. Learning mode shapes with limited training data

Using data from LUMO, the proposed grey-box models introduced in Section 2 are evaluated through three representative analysis 
scenarios for practical SHM. The first scenario considers situations in which only limited training data are available. This setting 
is common in smartphone-based SHM applications, where measurements are recorded only by a smartphone [46]. In such cases, 
sparse training data arise when an operator wishes to gain insight into the health of a structure shortly after deployment, while still 
requiring good coverage of the EOV range, such that the full range of conditions must be sampled efficiently. A similar situation 
occurs with wireless or battery-powered sensors that can acquire only a few readings per day. Alternatively, an operator may be 
interested in monitoring a system over a limited but rare subset of environmental conditions, such as the transition between negative 
and positive temperatures. The second analysis scenario considers cases with limited measurement locations on the monitored 
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Fig. 5. Results for the prediction of mode shape B1-x for sparse temperature measurements: (5(a)) shows the nMSE for different bin sizes and 
(5(b)) depicts the predicted modal amplitudes corresponding to ML9 for a temperature bin size of 2 ◦C.

structure. This may arise when a monitoring team has a limited budget and can deploy only a small number of sensors, or when 
sensors have failed and are yet to be replaced, but predictions are still required at those locations. The final scenario, arguably the 
most challenging, addresses the case where EOVs fall outside the range observed during training. This may occur when predictions 
are required in operational or environmental regimes not covered by the training data, such as during rare weather events, or when 
the objective is long- or infinite-horizon health monitoring. In all three analysis scenarios, data from State StE (Table  1) are used 
to represent a practically relevant SHM setting in which the temperature-related transition around 0 ◦C strongly affects the modal 
amplitudes, only a limited number of trials is available and temperatures well below 0 ◦C are poorly represented.

For the remainder of this study, ‘‘predictions’’ refer to the GP posterior mean 𝜇pre unless stated otherwise.

4.1. Sparse temperature measurements

The first analysis scenario evaluates the methods’ ability to reconstruct LUMO mode shapes from sparsely sampled training data 
at different temperatures, as the representative EOV, while still covering the full temperature range. This mirrors SHM practice, 
where an operator may be interested only in a narrow environmental regime, for example, the transition across 0 ◦C. Accordingly, 
in this analysis scenario, the temperature range in the training data is restricted to [−5 ◦C, 9 ◦C], capturing the 0 ◦C transition 
that strongly affects modal amplitudes whilst keeping the training window narrow. To introduce sparsity into the training set, the 
measurements from all measurement levels are grouped into temperature bins of progressively finer width (2 ◦C, 1 ◦C, 0.5 ◦C, and 
0.25 ◦C). For a quantitative assessment, Fig.  5(a) presents the normalised mean-squared error (nMSE) of mode shape B1-x for each 
temperature-bin width. The metric is defined as: 

nMSE =
100

𝑁𝜎2
𝑦

(𝒚∗ − 𝒚)⊤(𝒚∗ − 𝒚), (12)

where 𝑁 is the number of points, 𝜎2
𝑦
 is the variance of the true targets 𝒚, and 𝒚∗ are the model predictions. Here, a score of 0 

indicates perfect agreement between the model predictions and the targets, whereas a score of 100 indicates that the model predicts 
the mean.

Fig.  5(a) reveals that using only the FE-mode-shape prior mean 𝑚P is the worst-performing approach. The incorporation of 
measurement data is therefore beneficial in all cases. For a temperature-bin width of 2 ◦C, the HSGP achieves the best predictive 
accuracy, which can be attributed to the explicit enforcement of the physical boundary condition, which introduces limited but 
reliable prior knowledge. By contrast, under highly sparse training-data coverage (bin size > 1◦C), the data-driven component of 
(𝑚P, 𝑘DATA) provides only limited corrective power, such that the posterior remains biased towards the imperfect prior mean 𝑚P. 
Consequently, (𝑚P, 𝑘DATA) attains a comparably low error, but remains slightly worse than the HSGP at a bin size of 2 ◦C. At the 
same bin width, VP(0, 𝑘DATA) performs slightly worse than the black-box baseline (0, 𝑘DATA), an effect attributed to the added 
virtual training points, which inflate the effective training set and exacerbate the curse of dimensionality. With sufficiently dense 
training-data coverage (bin size ≤ 0.5◦C), all models achieve comparable predictive accuracy. To illustrate these trends at the level 
of individual sensor locations, Fig.  5(b) shows the predicted modal amplitudes at ML9, the measurement level closest to the clamped 
end, for a temperature-bin width of 2 ◦C, corresponding to an extremely sparse training set. Since the available prior knowledge is 
purely spatial and does not encode temperature effects, neither grey-box formulation reproduces the two distinct trajectories that 
emerge during the step change. Moreover, the associated change in the characteristic length-scale cannot be captured by a standard 
SE kernel. Local approaches, such as change-point kernels [57] or mixture-of-experts models [58], could offer improvements; 
however, they require substantially more observational data to ensure a good model fit. As the purpose of this study is to investigate 
potential solutions for dealing with training data restrictions, these complex models are not pursued further here.
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Fig. 6. Predicted mode shape of B1-x at 1.34◦C for different grey-box models with uncertainty visualised by samples drawn from the joint GP 
posterior predictive distribution; the two lowest MLs (ML8 and ML9) are excluded from the training data: standard GP (6(a)), virtual point GP 
(6(b)), HSGP (6(c)), and GP with prior mean (6(d)).

Overall, when training data are highly sparse, it is preferable to impose only reliable prior knowledge. For mode shape prediction, 
for example, enforcing the boundary condition 𝝋(0) = 0 provides this kind of reliable prior knowledge. As training density increases, 
the predictive accuracy of the different models converges, and the data-driven component dominates while prior knowledge becomes 
secondary. Accordingly, any of the models considered may be employed from an SHM practitioner’s perspective.

4.2. Limited number of spatial measurement levels

A further challenge for continuous SHM based on mode shapes arises when measurements from specific MLs are unavailable, 
either due to sensors having yet to be installed (e.g., there is a restricted budget, limiting the total number of sensors that can 
be used) or failure, whilst predictions at those locations are still required. To study this scenario, the predictive accuracy of the 
grey-box models is evaluated under limited coverage of measurement locations. For this purpose, the well-covered training set with 
a temperature-bin width of 0.25◦C from the previous analysis scenario is used, but measurements from the two lowest levels (ML8 
and ML9; see Fig.  2(b)) are excluded from the training. The predictions of the models for the entire mode shape of the first bending 
mode B1-x at 1.34◦C (median temperature of the test data) are shown in Fig.  6. In addition, for each model, 100 samples drawn 
from the joint GP posterior predictive distribution are included to visualise predictive uncertainty across all MLs.

Fig.  6 illustrates that the purely data-driven model, (0, 𝑘DATA) (Fig.  6(a)), fails to reconstruct the full mode shape when the 
training data provide incomplete measurement-location coverage. Predictive uncertainty increases towards the clamped end, as 
these MLs are farther away from the lowest ML included in the training set. Adding the displacement constraint 𝝋(0) = 0 at the 
clamped end improves performance: both the trivial virtual-point model VP(0, 𝑘DATA) (Fig.  6(b)) and the HSGP (Fig.  6(c)) predict 
more accurately in regions beyond the training range. The HSGP achieves higher accuracy than the virtual-point variant because 
the sine eigenbasis of the Laplacian yields eigenfunctions that approximate LUMO’s bending modes [47]. For the B1-x mode shape, 
four representative HSGP eigenfunctions are illustrated in Fig.  7.

The four eigenfunctions shown in Fig.  7 qualitatively resemble the mode shapes of LUMO’s first two bending-mode pairs. Two 
observations regarding predictive uncertainty are worth noting. First, for both the virtual-point model and the HSGP, predictive 
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Fig. 7. Realisations of the HSGP eigenfunctions 𝜙𝑖 for predicting mode shape B1-x, illustrated for 𝑖 = 1, 50, 100, 150.

Table 3
Comparison of MAC, nMSE, and MNLPD for the first and second bending mode shapes 
(B1-y, B1-x, B2-y, B2-x) predicted by different grey-box models. 𝝋 denotes a vector-valued 
quantity, whereas 𝜇pre denotes the scalar posterior mean and 𝜎2

pre the posterior variance. 
MAC represents the average over all predictions. In each row, the best-performing model is 
highlighted in bold.
Identifier Metric (0, 𝑘DATA) VP(0, 𝑘DATA) HSGP (𝑚P , 𝑘DATA)

B1-y
MAC(𝝋pre ,𝝋true) 0.963 0.997 0.997 𝟏.𝟎𝟎𝟎

nMSE(𝜇pre , 𝑦true) 5.061 0.434 0.360 𝟎.𝟎𝟏𝟎

MNLPD(𝜇pre , 𝜎
2
pre , 𝑦true) −2.012 −2.811 −3.674 −𝟓.𝟑𝟕𝟒

B1-x
MAC(𝝋pre ,𝝋true) 0.937 0.993 0.998 𝟏.𝟎𝟎𝟎

nMSE(𝜇pre , 𝑦true) 12.502 1.258 0.290 𝟎.𝟎𝟎𝟕

MNLPD(𝜇pre , 𝜎
2
pre , 𝑦true) −3.844 −4.304 −4.818 −𝟓.𝟒𝟏𝟐

B2-y
MAC(𝝋pre ,𝝋true) 0.956 0.994 0.996 𝟏.𝟎𝟎𝟎

nMSE(𝜇pre , 𝑦true) 5.542 0.664 0.450 𝟎.𝟎𝟏𝟒

MNLPD(𝜇pre , 𝜎
2
pre , 𝑦true) −1.177 1.221 −1.746 −𝟒.𝟕𝟓𝟒

B2-x
MAC(𝝋pre ,𝝋true) 0.904 0.990 0.994 𝟎.𝟗𝟗𝟗

nMSE(𝜇pre , 𝑦true) 11.240 1.158 0.716 𝟎.𝟎𝟔𝟕

MNLPD(𝜇pre , 𝜎
2
pre , 𝑦true) −3.451 −3.118 −4.328 −𝟒.𝟒𝟑𝟐

uncertainty decreases towards the clamped end, as prior knowledge is introduced through the displacement constraint at that 
boundary. Second, the virtual-point approach exhibits lower predictive uncertainty than the HSGP at unobserved MLs, yet its 
posterior mean is inaccurate there, indicating overconfidence in these regions. The uncertainty estimates of the HSGP, by contrast, 
are more consistent with its predictive performance. The grey-box model with a physics-based prior mean, (𝑚P, 𝑘DATA), depicted in 
Fig.  6(d), achieves the best overall agreement with the true mode shape, including in unobserved regions. This behaviour is consistent 
with the informative structure introduced through the prior mean, which stabilises predictions beyond the observed ML range. 
However, compared with the virtual-point approach and the HSGP, predictive uncertainty near the clamped end is larger, since 
the displacement constraint is enforced only implicitly through the prior mean rather than explicitly. Assessing such differences in 
predictive uncertainty requires a metric that evaluates not only the posterior mean but also the quality of the predictive distribution. 
To this end, the mean negative log predictive density (MNLPD) is introduced as a complementary metric alongside the nMSE (cf. 
Eq.  (12)). The MNLPD over all test points is computed as: 

MNLPD =
1

𝑁

𝑁∑

𝑖=1

(
1

2
log(2𝜋𝜎2

𝑖
) +

(𝑦𝑖 − 𝜇𝑖)
2

2𝜎2
𝑖

)
, (13)

where 𝜇𝑖 and 𝜎2𝑖  denote the posterior predictive mean and variance at the 𝑖th test point, respectively. The first term penalises unneces-
sarily large predictive variances, while the second penalises inaccurate point predictions relative to the predictive uncertainty. Unlike 
the nMSE, which evaluates only the posterior mean, the MNLPD therefore assesses how well the full predictive distribution explains 
the test data. Although absolute MNLPD values are difficult to interpret in isolation, comparisons across models are meaningful: a 
lower MNLPD indicates a model that is both more accurate and better calibrated.

To facilitate quantitative comparison, the nMSE, MNLPD and MAC for the test data are reported in Table  3. The MAC measures 
the overall mode shape similarity, the nMSE evaluates pointwise discrepancies in the posterior mean, and the MNLPD additionally 
assesses the quality of the predictive uncertainty.

Table  3 confirms the qualitative observations in Fig.  6: increasing the amount of incorporated prior knowledge consistently 
improves model performance, as reflected by monotonically decreasing nMSE and MNLPD values from (0, 𝑘DATA) to (𝑚P, 𝑘DATA). 
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A notable exception is the virtual-point approach, which exhibits a degraded MNLPD relative to (0, 𝑘DATA) for the second bending 
mode shapes. For B2-y in particular, it yields a markedly larger MNLPD despite achieving a relatively low nMSE compared with the 
black-box baseline, pointing to poor calibration of the predictive distribution. This is consistent with the overconfidence observed 
in Fig.  6(c), where the virtual-point approach assigns overly small predictive variances despite inaccurate point predictions. Finally, 
the MAC values confirm that both the HSGP and (𝑚P, 𝑘DATA) accurately recover the full mode shapes even in the presence of 
missing measurement levels.

For practical SHM, when measurement-location coverage is incomplete and prior knowledge in the form of an FE mode shape is 
available, the grey-box model should incorporate this explicitly through the prior mean 𝑚P. Where such knowledge is unavailable, 
the HSGP remains a sound choice for prediction under limited ML coverage. By contrast, a purely data-driven model is not advisable 
in this setting.

4.3. Prediction for unknown temperatures

The third analysis scenario addresses out-of-range temperatures, arguably the most challenging setting for mode shape prediction. 
Such incomplete EOV coverage is common when the training period is short, monitoring starts soon after construction, or rare 
weather regimes occur. Accordingly, the proposed grey-box models are evaluated under previously unseen temperature ranges. 
Specifically, for LUMO, measurements at very low temperatures are assumed to be unavailable; the training set is thus restricted to 
temperatures above −5 ◦C, reflecting the site conditions. Note that the available prior knowledge is limited to spatial information 
and does not encode temperature effects. Therefore, the prior mean 𝑚P of (𝑚P, 𝑘DATA) constrains solutions to physically plausible 
shapes but cannot capture the nonlinear step across 0◦C observed in Fig.  3(b). Consequently, this step cannot be learned without 
representative training data [34].

The grey-box models are tested on data below −5 ◦C, requiring them to make predictions for temperatures beyond their training 
range. Fig.  8 shows an example prediction for mode shape B1-x at the lowest temperature (−9 ◦C) included in the test data. In 
addition, for each model, 100 samples drawn from the joint GP posterior predictive distribution are included to visualise predictive 
uncertainty across all MLs.

Both the black-box model (0, 𝑘DATA) and the grey-box model VP(0, 𝑘DATA) (Figs.  8(a) and 8(b)) fail to reproduce the B1-x 
mode shape under previously unseen temperature conditions. In both cases, predictive uncertainty remains large, indicating low 
confidence in the corresponding predictions, and the prior knowledge introduced via virtual points does not appear to reduce it. 
In contrast, the HSGP (Fig.  8(c)) delivers substantially better predictions. Although it enforces only the displacement condition 
𝝋(0) = 0 at the clamped end, with covariance represented via a Laplacian sine-eigenfunction expansion with Dirichlet boundary 
conditions (see also Section 4.2), the incorporated prior knowledge is purely spatial and limited to this boundary constraint. This is 
consistent with the reduced prediction accuracy away from the clamped end, most notably at LUMO’s free end (ML1), with additional 
discrepancies at ML4 (highlighted in Fig.  8(c)) and ML7. Regarding predictive uncertainty, it is also evident that uncertainty across 
the higher MLs is larger than in the previous analysis scenario (cf. Fig.  6(c)). This is expected: in the present scenario, the unobserved 
variable is temperature, which affects predictions at all MLs, whereas previously the missing information was confined to the lowest 
two MLs. Importantly, uncertainty near the clamped end remains comparatively low in Fig.  8(c), indicating that explicitly enforcing 
𝝋(0) = 0 locally reduces predictive uncertainty even when temperature is unobserved.

The grey-box model (𝑚P, 𝑘DATA), shown in Fig.  8(d), again achieves the highest overall accuracy under unobserved tem-
peratures and exhibits the lowest predictive uncertainty among the models in Fig.  8, although this uncertainty is higher than 
in the previous analysis scenario (cf. Fig.  6(d)). These results show that explicitly encoding prior knowledge via the GP prior 
mean substantially reduces predictive uncertainty. While this is beneficial when the prior mean is informative, this can also 
lead to overconfident predictions if the prior mean is misspecified, since the model may remain highly confident even when the 
physics-based prior mean is misleading.

To examine the ML-wise behaviour in more detail, particularly in regions where boundary effects are expected to be most 
influential, Fig.  9 shows predictions across the full temperature range for ML9, the measurement level closest to the clamped end.

At previously unseen temperatures, neither the (0, 𝑘DATA) nor the VP(0, 𝑘DATA) can predict the modal amplitude at ML9; see 
Fig.  9(a). The poor predictive accuracy of (0, 𝑘DATA) is expected, as a purely data-driven GP cannot predict beyond its training 
range. The introduction of virtual point constraints also fails to improve the robustness of the model: the added boundary condition 
only has a local influence, and since ML height and temperature form a two-dimensional input surface, the boundary condition 
𝝋(0) = 0 could only be approximated (see Section 2). At a temperature of −9 ◦C, the model predicts 𝝋(0) = 0.1123, indicating that 
the available training samples from state StE are insufficient to enforce the boundary constraint accurately. By contrast, Fig.  9(b) 
shows that, for out-of-range temperatures, (𝑚P, 𝑘DATA) reverts to its prior mean 𝑚P, thereby limiting the prediction error relative 
to the models in Fig.  9(a); note the markedly different y-axis scales in Figs.  9(a) and 9(b). The HSGP also performs comparatively 
well near the clamped end owing to its sine eigenbasis of the Laplacian. The squared-error results in Fig.  10 confirm that the HSGP 
and (𝑚P, 𝑘DATA) substantially reduce the error relative to the other approaches, whereas the virtual-point model even exceeds the 
error of the black-box baseline.

After examining the predictions near the clamped end, where the prior knowledge 𝝋(0) = 0 is most relevant, the next step is to 
investigate predictive accuracy at higher MLs. Since Fig.  8(d) shows that the most significant deviation for (𝑚P, 𝑘DATA) occurs at 
ML4, Fig.  11 presents the temperature-dependent predictions at ML4 for the black-box GP, the HSGP, and (𝑚P, 𝑘DATA) across the 
full temperature range of State StE. Since VP(0, 𝑘DATA) did not offer an improvement over the black-box model, this approach is 
omitted from this analysis.
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Fig. 8. Mode shape B1-x predictions of the GP models at an unseen temperature of −9 ◦C, including samples drawn from the joint GP posterior 
predictive distribution: standard GP (8(a)), virtual point GP (8(b)), HSGP (8(c)), and GP with prior mean (8(d)). ML9 and ML4 are highlighted 
as ML9 is closest to the clamped end, and (𝑚P, 𝑘DATA) exhibits a noticeable deviation at ML4.

Fig. 9. Predictions of the black-box model and the virtual point approach for the modal amplitude at ML9 across the full temperature range for 
mode shape B1-x (9(a)). Fig.  9(b) contrasts the HSGP and prior-mean GP predictions. Note the different y-axis scales in Figs.  9(a) and 9(b).

Within the training range, the black-box GP, the HSGP, and the prior-mean grey-box model (𝑚P, 𝑘DATA) all reproduce the 
measured temperature-dependent trend. Beyond the training data, the predictions of the considered models revert, by construction, 
to their respective prior means. For (𝑚P, 𝑘DATA), this means falling back to the FE-based prior mean 𝑚P, so its extrapolations remain 
physically consistent with the FE mode shapes. Because the HSGP operates on the original targets, its predictions at temperatures 
not represented in the training data differ from those of the black-box model.
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Fig. 10. Squared error of all models for mode shape B1-x at ML9.

Fig. 11. Results for the prediction of the modal amplitude at ML4 over the complete temperature range for B1-x.

Table 4
Comparison of MAC, nMSE, and MNLPD for the first and second bending mode shapes 
(B1-y, B1-x, B2-y, B2-x) predicted by different grey-box models. 𝝋 denotes a vector-valued 
quantity, whereas 𝜇pre denotes the scalar posterior mean and 𝜎2

pre the posterior variance. 
MAC represents the average over all predictions. In each row, the best-performing model is 
highlighted in bold.
Identifier Metric (0, 𝑘DATA) VP(0, 𝑘DATA) HSGP (𝑚P , 𝑘DATA)

B1-y
MAC(𝝋pre ,𝝋true) 0.999 0.986 0.999 𝟏.𝟎𝟎𝟎

nMSE(𝜇pre , 𝑦true) 0.179 1.821 0.092 𝟎.𝟎𝟐𝟗

MNLPD(𝜇pre , 𝜎
2
pre , 𝑦true) −3.879 −3.325 −𝟒.𝟔𝟔𝟏 −4.564

B1-x
MAC(𝝋pre ,𝝋true) 0.990 0.977 1.000 𝟏.𝟎𝟎𝟎

nMSE(𝜇pre , 𝑦true) 1.802 4.060 0.140 𝟎.𝟎𝟒𝟏

MNLPD(𝜇pre , 𝜎
2
pre , 𝑦true) −3.622 −3.116 −𝟒.𝟔𝟐𝟏 −4.353

B2-y
MAC(𝝋pre ,𝝋true) 0.800 0.984 0.999 𝟎.𝟗𝟗𝟗

nMSE(𝜇pre , 𝑦true) 24.101 1.812 0.140 𝟎.𝟏𝟐𝟎

MNLPD(𝜇pre , 𝜎
2
pre , 𝑦true) −2.458 −3.430 −3.427 −𝟑.𝟕𝟏𝟏

B2-x
MAC(𝝋pre ,𝝋true) 0.974 0.968 0.999 𝟎.𝟗𝟗𝟗

nMSE(𝜇pre , 𝑦true) 2.936 3.801 0.155 𝟎.𝟎𝟕𝟖

MNLPD(𝜇pre , 𝜎
2
pre , 𝑦true) −3.363 −2.990 −3.762 −𝟑.𝟗𝟒𝟓

Table  4 summarises the quantitative results for mode shapes B1-y, B1-x, B2-y, and B2-x, reporting MAC, nMSE, and MNLPD 
values evaluated on the test set.

As shown in Table  4, incorporating prior knowledge through the grey-box models HSGP or (𝑚P, 𝑘DATA) improves prediction 
accuracy at unseen temperatures compared with both the trivial virtual-point model VP(0, 𝑘DATA) and the black-box baseline. 
For the first bending-mode pair, the HSGP achieves lower MNLPD values than (𝑚P, 𝑘DATA), even though the latter yields lower 
nMSE values. This discrepancy suggests that (𝑚P, 𝑘DATA) produces overly small predictive variances in the extrapolation regime, 
resulting in overconfident predictions despite accurate posterior means. It is also worth noting that, although the black-box baseline 
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Table 5
Characterisation of the reference states. The four mode shapes (B1-x, 
B1-y, B2-x, B2-y) belonging to each state (Reference 1, Reference 2, 
Reference 3) were identified using BayOMA.
 Name Temperature [◦C] Date  
 Reference 1 15.75 21-Apr-2021 07:39 
 Reference 2 5.26 21-Apr-2021 19:59 
 Reference 3 19.53 21-Apr-2021 08:59 

and the virtual-point approach exhibit larger nMSE values, their MNLPD values are not penalised as heavily as those nMSE values 
might suggest. This indicates that their broader predictive distributions partially compensate for inaccurate posterior means under 
out-of-range conditions.

Overall, for temperatures outside the training range, the HSGP is particularly effective near the clamped end, where the enforced 
zero-displacement boundary condition provides a firm guide for mode-shape prediction. This advantage does not necessarily carry 
over to higher MLs. Accordingly, if the prediction location is unspecified or spans higher MLs, (𝑚P, 𝑘DATA) is a more robust choice 
from a SHM practitioner’s perspective, as it delivers more uniform performance across the structure.

5. Application for damage localisation via model updating

Finally, a prescribed damage scenario at LUMO is considered to assess continuous, model-based damage localisation using mode 
shapes alone, thereby isolating the impact of mode shape data normalisation. When employing the relative least-squares error metric, 
or any other discrepancy metric, reliable localisation is linked to accurate mode shape predictions across the range of EOVs, which, 
in turn, is crucial for reasonable maintenance decision-making. As in the third analysis scenario (cf. Section 4.3), SHM operators 
typically face limited EOV coverage in the available training data for continuous monitoring, which is arguably the most challenging 
setting for mode shape prediction. The final analysis scenario, therefore, evaluates how the proposed methods affect localisation 
accuracy when EOV coverage in the training data is limited. In practical SHM, this means starting monitoring soon after installation, 
whilst training data do not span the EOV range expected under damage. Generally, grey-box models can eliminate the need to select 
a representative reference shape manually, and unlike black-box models, yield reliable mode shape predictions even for EOV regimes 
that are poorly represented in the training data.

For this analysis scenario, state H serves as the undamaged dataset and only temperatures above 15◦C are included in the training 
data. Damage localisation is assessed for a single strut removal at location DAM6 (Table  1). Note that our aim is not to exhaustively 
localise damage at the LUMO. Rather, the analysis examines how mode shapes can be predicted under different kinds of limited 
training data and how these predictions can be leveraged for model-based damage localisation. For a comprehensive treatment of 
model-based damage localisation, the interested reader is referred to Ragnitz et al. [8].

5.1. Damage localisation without data normalisation

To initially demonstrate the advantage of regression-based data normalisation within the relative metric approach, three 
reference states for 𝝋𝑀0 ,𝑘

, 𝑘 = 1,… , 𝑁modes, have been selected; these are summarised in Table  5.
The authors acknowledge that the choice of the reference states listed in Table  5 could be improved, for example, by applying 

clustering techniques such as those proposed by Ragnitz et al. [23]. However, even with this approach, the task of defining clusters 
– and thus choosing an appropriate reference state – remains. Fig.  12 presents the localisation results for the damage scenario DAM6 
using the reference states listed in Table  5.

Fig.  12 shows that using the reference states of Table  5 in Eq.  (11) makes the result highly sensitive to which reference is 
chosen. When the chosen reference is good (e.g., corresponds to the mean temperature of state DAM6 (15.33 ◦C)), the correct 
damage position is identified in 94.76% of the 725 datasets examined (Reference 1). A less suitable reference reduces this rate to 
66.21% (Reference 2), and in the worst case, damage localisation succeeds in only 8.69% of the datasets (Reference 3). As it is 
challenging to select an appropriate reference mode a priori, and potential misidentifications due to an unsuitable reference mode 
can be costly – particularly for hard-to-access structures such as offshore wind turbines – it is reasonable to model the reference 
mode shape as an explicit function of EOVs via a regression-based data-normalisation scheme, thus avoiding manual selection of 
the reference mode.

5.2. Damage localisation with data normalisation

To assess the impact of the proposed methods on localisation accuracy under limited EOV coverage in the training data, two 
training regimes are considered: (i) all data from State H are used for training; the mean temperatures are similar for State H 
(11.31 ◦C) and the damaged state DAM6 (15.33 ◦C); (ii) to emulate early post-installation SHM, the training set is restricted to 
temperatures above 15 ◦C. In the latter, temperatures below the damaged state’s mean are absent, corresponding to initiating 
monitoring shortly after installation, before the training data span the full EOV range present in the damaged state. To integrate 
regression-based data normalisation into the model-updating procedure for damage localisation, an appropriate grey-box model 
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Fig. 12. Results of the damage localisation using three different fixed reference mode shapes. The arrow indicates the true position of the 
removed strut.

Fig. 13. Results of the damage localisation for full and incomplete training data (𝑇 ≥ 15 ◦C) using black-box and grey-box-based data 
normalisation schemes. The arrow indicates the true position of the removed strut, and 𝑇  represents the temperature.

must be selected. As stated in the third analysis scenario (Section 4.3), (𝑚P, 𝑘DATA) is preferred to the HSGP for predictions at 
temperatures outside the training range, unless prior expert knowledge gives reasons to focus on the area near the clamped end. 
Because no such assumption is generally justified for LUMO, the present analysis employs the grey-box model with the FE-based 
prior mean 𝑚P. Throughout this analysis scenario, this grey-box model is benchmarked against the black-box baseline (0, 𝑘DATA). 
Both models are applied to model the reference mode shapes 𝝋𝑀0 ,𝑘

, 𝑘 = 1,… , 𝑁modes (cf. Eq.  (11)), with respect to temperature 
variations. The results for the damage localisation of state DAM6 are depicted in Fig.  13.

Mechanical Systems and Signal Processing 253 (2026) 114353 

16 



S. Möller et al.

Applying both data normalisation strategies within the model updating yields good localisation accuracy when using complete 
training data. Here, the black-box model (0, 𝑘DATA) identifies the damage location in 87.73% of the 725 evaluated datasets. In 
comparison, the grey-box model correctly identifies the damage position in 90.76% of the evaluated datasets. This result is consistent 
with the assumption that, as the training set becomes more complete, the grey- and black-box models exhibit comparable accuracy, 
since the data-driven component dominates in both. Consequently, the grey-box model (𝑚P, 𝑘DATA) can learn the discrepancies 
between the FE model and the measurements, making it superior to simply adopting the FE mode shape as a fixed reference. When 
the training data are incomplete (temperature ≥ 15◦C), the black-box model identifies the correct damage position in only 43.70% 
of the datasets, while the grey-box model achieves 68.55%. The grey-box model identifies the damage position more accurately 
because, in the absence of observations, it reverts to its physics-based prior mean. Consequently, in the relative metric (cf. Eq. 
(11)), 𝝋𝑆0 ,𝑘

= 𝝋𝑀0 ,𝑘
, so the corresponding terms cancel, and zero-order errors may arise. Model updating then depends on the 

quality of the simulated data for the unknown temperatures.

6. Conclusions and future work

This paper proposes a regression-based data normalisation scheme that models mode shapes as functions of spatial coordinate 
and EOVs. It embeds this representation into a relative least-squares objective for model-based SHM. To further address the issue of 
limited training data, two GP-based grey-box approaches are compared that incorporate physical knowledge in two ways. First, 
constraint-based models impose the clamped end displacement condition 𝝋(0) = 0 either through an HSGP or, more trivially, 
through virtual points. Second, a physics-based prior-mean GP uses FE mode shapes as the prior mean 𝑚P, leaving EOV effects 
to the data-driven residual.

Using the Leibniz University Test Structure for Monitoring (LUMO), three analysis scenarios are evaluated that reflect practical 
SHM challenges: sparse training data, limited measurement locations, and out-of-range temperatures. Across these settings, grey-
box models that embed engineering knowledge consistently outperform a black-box baseline. A prior mean GP is appealing when 
predictions are required across the entire structure, and some EOV regimes are missing from the training data, whereas the HSGP 
is preferable for highly sparse data or for out-of-range predictions near the clamped end. The virtual-point approach VP(0, 𝑘DATA)

proves unsuitable under limited training data. Finally, the grey-box normalisation is integrated into continuous, model-based damage 
localisation on LUMO using mode shapes alone: using the prior-mean GP, the true damage location is identified in 90.76% of datasets 
with full training coverage and in 68.55% when training is restricted to 𝑇 ≥ 15 ◦C (versus 43.70% for the black-box GP). These results 
provide clear guidance: impose boundary-aware HSGP under severe sparsity or near the clamp; otherwise, prefer an FE-informed 
prior-mean GP for robust, real-time-capable model-based damage localisation.

This work provides a foundation for grey-box-enhanced model updating in long-term, real-time-capable SHM. While the present 
study focuses on a lattice tower (LUMO), the proposed framework is general and targets model-based damage localisation under 
EOVs using mode shapes. Provided that practitioners can extract sufficiently meaningful mode shapes, define a suitable damage 
parametrisation for model-based damage localisation, and account for the relevant EOV–DSF relationships, this methodology offers 
broad potential across a range of SHM applications. This is especially true where prior knowledge, such as an FE model or boundary-
condition information, is available. However, applying this framework to other domains, such as bridges or wind turbines, will 
require specific considerations unique to those structures, which will be the focus of future research. Another important direction 
for further work is to investigate how predictive uncertainty can be used to account for mode-shape identification uncertainty, 
including whether parts of this uncertainty are input-dependent and may therefore be better captured by heteroscedastic GP models. 
In addition, regime-switching phenomena such as freeze-thaw behaviour could be addressed using local models, such as change-point 
kernels or mixture-of-experts, that encode regime-specific physical priors, thereby combining different kinds of prior knowledge 
about the temperature dependence of the modal amplitudes.
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