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ABSTRACT 

MACKETT, R.L. (1979) The mathematical representat ion of 
a model of  t h e  re la t ionsh ips  between t ranspor t  and land use. 
Leeds: Universi ty of Leeds, Ins t .  Transp. Stud., WP 123 

This paper contains t he  mathematical descr ip t ion  of a 
model t h a t  represents t h e  re la t ionsh ips  between t ranspor t  and 
t he  s p a t i a l  d i s t r i bu t ion  of population, housing, jobs, 
employment, shopping and land. This paper complements t he  
verbal descr ipt ion of t h e  model elsewhere (Mackett, 1979b), 
and i s  intended f o r  t h e  reader in te res ted  i n  t he  de ta i l ed  
workings of t h e  model. I n  t h e  model, t ranspor t  cos ts  a re  
measured i n  general ised costs  un i t s  f o r  t he  publ ic and pr iva te  
modes. The demolition and bui ld ing of housing a r e  ca lcu la ted 
within t he  model, tak ing any exogenous information i n t o  account. 
Economic a c t i v i t y  i s  divided i n to  twelve sectors which a r e  
a l located t o  th ree  groups according t o  t he  degree of locat iona l  
response t o  changes i n  t ranspor t  cos ts .  I n  t he  model a 
d is t inc t ion  i s  made between in f ras t ruc tu re ,  f o r  example, 
houses and jobs, and t h e  a l locat ion  of peoole t o  them. The 
a l locat ion  procedure ensures t h a t  those who have not moved 
re ta i n  t he  same res i den t i a l  o r  employment locat ion  over time. 
The d is t inc t ion  between in f ras t ruc ture  and a c t i v i t i e s  means 
t h a t  i nequa l i t i es  i n  t h e i r  provision, f o r  example, vacant houses 
and jobs, are  included. Land ava i l ab i l i t y  is  taken i n t o  account 
i n  t he  locat ion of a c t i v i t i e s .  The equation system i s  solved 
using i t e r a t i v e  techniques. After convergence a v ide range 
of information i s  obtained, including t he  spa t i a l  d i s t r i bu t i on  
of population, housing and jobs, access ib i l i t y  ind ica tors ,  
modal s p l i t s  and time and money expenditure on t r ave l .  



1. INTRODUCTION 

In this paper the mathematical representation of the integrated 

land use-transport model described elsewhere (14ackett , 197913) is 

presented. This is done on a topic-by-topic basis in the same order 

as the other paper. In each topic the basic principle is described, 

then the relevant equations are presented. In this way the individual 

mechanisms can be seen and so compared with those in models of 

individual sectors. The whole model and its behaviour over time is 

described in Mackett (1979b), together with some comments on the 

use of the model. This paper supercedes descriptions of earlier 

versions of the model (Mackett, 1974,197h) and it is intended to make 

understanding of the behaviour of the individual components much 

clea.rer . 

2. NOTATION 

The model is represented by notation that has been derived with 

the twin objectives of defining every variable explicitly and uniquely, 

and being easily comprehensible. With such a complex model this is not 

a trivial task. The following rules are used: 

a) superscripts describe or qualify the main variables; the 

may be used singly or in combination; 

b) subscripts are integer labels to which the variables refer, 

for example zones or social groups; 

c) superscripts are used to indicate the particular subscript 

being used where this is necessary to ensure unique definition, 

so that when a particular value is assigned to a subscript 

the variable is still unique; 

d) whenever possible a variable is defined by its initial letter, 

otherwise some other apprwpriate letter is used. 



Main variables 

Zonal variables 

D - density of housing 

E - employment 

F - car ownership leve l  

H - housing 

J - jobs 

L - land area 

N - number of cars owned 

P - population 

R - employed residents 

W - at t ract ion factor 

X - expenditure 

Y - access ib i l i ty  

h - housing demolition factor  

Spat ia l  variables 

C - cost of t rave l  (o r  ~ a r k i n g )  

?4 - number of buses used (between a pa i r  of zones) 

S - sales o r  demand for  non-retail t e r t i a r y  economic ac t i v i t y  

T - t r i p s  

d - t rave l  distance 

t - t rave l  time 

Other . factors 

A - balancing factor  

B - balancing factor 

G - growth factor for  commuting and car ownership 

I - number of i te ra t ion  

K - balancing factor 

Q - survival o r  b i r t h  ra te  

U - ra te  ( fo r  conversion from one variable t o  another) 

V - value of time 

Z - zonal se ts  (see below) 

b - - demand r a t i o  ( fo r  t e r t i a r y  a c t i v i t i e s )  - 
c - operating costs for  Cars 

e - bus fare boarding element 



f - bus fare distance element 

g - inverse ac t i v i t y  ra te  

o - occupancy r a t e  ( fo r  housing and cars )  

s - speed of t r ave l  

v - re la t i ve  weighting on the value of time 

x - expenditure (o r  demand) per head 

6 - maximum proportion of housing i n  a zone occupied by a par t icu lar  

soc ia l  group tha t  i s  dao l i shed within a time period 

Superscripts 

A - agr icu l tura l  ( land) 

B - bu i l t  (housing) 

C - converted (housing) 

D - demolished (housing) 

E - employment 

F - f ixed (over t ime) 

G - developed ( land) 

H - housing 

I - intrazonal ( t r i p s )  

K - mode of transport 

L - vacated by out-migrants 

M - car ownership group fo r  shopping 

N - car ownership group for  work 

0 - occupied (housing) 

P - primary and secondary economic act iv i ty  

Q - social  group 

R - res ident ia l  

S - t e r t i a r y  ac t i v i t y  

T - t o t a l  

U - res ident ia l  mover se t  

V - employment mover se t  

W - work 

X - exogenously located 

Y - survival 

Z - zonal 



a - ava i lab le  ( land and housing) 

b - born 

c - car  ( f o r  occupancy r a t e )  

f - out- commuting (from i n te rna l  zones) 

h - held off market ( land)  

g - re leased f o r  development ( land)  

1 - l e f t  at home ( ca rs )  

o - off-peak 

p - peak 

r - car  ownership (growth fac to r )  

t - in- commuting ( t o  i n t e rna l  zones) 

u - unusable ( land)  

v - vacant 

w - walking (t ime o r  speed) 

x - waiting ( t ime) 

y - parking ( c o s t )  

z - operat ing ( cos t )  

max - maximum (populat ion) - 
min - minimum (populat ion) - 
inc  - increment (over t ime) - 

Subscripts 

N - number of i n te rna l  zones 

M - number of a l l  zones ( i n t e rna l  and ex terna l )  

i - zone 

j - zone 

c - c i t y  ( t h a t  i s ,  summed over a l l  i n te rna l  zones) 

k - mode 

m - car  ownership group f o r  shopping 

n - car  ownership group f o r  work 

p - primary and secondary economic a c t i v i t y  

q - soc ia l  group 

s - t e r t i a r y  economic a c t i v i t y  

u - res iden t ia l  mover s e t  

v - employment mover s e t  



Mover s e t s  

u = 1 newly l oca ted  res iden ts  

u = 2 non-moving res iden ts  

v = 1 newly l oca ted  workers 

v = 2 non-moving workers 

Cal ibrated parameters 

a - parameter representine; non- l inear i t ies  between a loca ted 

va r iab le  and t h e  independent f a c t o r s  determining i t s  l oca t ion  

0 - parameter represent ing  t h e  deterrence e f fec t  of d is tance upon t r i p  length 

Zonal s e t s  

Z r e s i d e n t i a l  zones with constrained population f o r  s o c i a l  group q 
q l  

Z r e s i d e n t i a l  zones with e unconstrained population f o r  s o c i a l  group q 
q2 

Z work zones with constrained employment f o r  s o c i a l  group q 
q3 

Z work zones with unconstrained enp1o:pent f h r  s o c i a l  group q 
94 

Z zones with populat ion located exogenously 
(1 5 

Z6 
zones with no houses demolished 

Modal s e t s  

y (n )  modes of t ranspor t  ava i l ab le  t o  those i n  ca r  ownership group n 

Time 

(t ) t ime point  t 

(t-1,t) t ime per iod from t-1 t o  t 

3. TRANSPORT 

3.1 Basic p r inc ip le  

One of t h e  main purposes of t h i s  model i s  t o  permit t h e  examination 

of t h e  e f fec t  of changes i n  t h e  t ranspor t  system upon land use. Transport 

is represented by t h e  cos t  of t r a v e l  between each p a i r  o f  zones by 

p r i va te  and publ ic  modes of t r a v e l .  In t h e  model publ ic  t ranspor t  

includes not only bus and t r a i n  but al l  modes except c a r  and motor-cycle 

(which a r e  t h e  p r i v a t e  modes). I n  a study concerned only with t h e  



behaviour of vehicular t r i p s  it is  quite permissible t o  ignore those 

who work a t  home, have no job o r  fixed workplace, but i n  t h i s  study 

i n  which the  locationof everybody l iv ing i n  the  c i t y  i s  being considered, 

these other cases cannot be ignored. In the  main data source being used 

( the Census of population) those t r i p s  are c lass i f ied as intrazonal and 

so they are t rea ted  a s  such here. Similarly, it has not been found 

pract ica l  t o  model walking t r i p s  exp l i c i t l y  (because of lack of data, 

lack of information on walking behaviour, insuf f ic ient ly detai led 

networks and computational constraints) .  Thus other modes are  taken 

in to  account by aoplying sui table factors t o  the intrazonal costs f o r  

the public transport mode. 

The interzonal cost functions a re  of the  standard form used i n  

many transportat ion studies ( for  example, WYTCONSULT, 1976). There are 

many weaknesses i n  such formulations, but the fact  tha t  they a re  so 

widely used suggests t h a t  these are  i n  agreement with the general 

concensus i n  the f i e ld .  

Different values a re  used for  peak and off-peak. In the  model 

the former are used for  work journeys the l a t t e r  for  shopping. Clearly, 

there are exceptions t o  these assumptions but again t h i s  i s  i n  l i n e  

with the  usual thinking. 

P 3.2 Private mode - peak ( c . .  ) 
1 5 1  

Three elements make up the  cost of t rave l  by car - the t rave l  time, 

the monetary cost of t rave l  and the  cost of parking (cYP). The monetary 

cost of t rave l  i s  a function of dist,ance (d . .  ) ,  the perceived operating 
z 1Jk cost per uni t  distance ( c  ) and the  car occugancy ra te  (oCP).  Money 

costs a re  converted t o  time un i ts  by dividing by the value of time, 

thus : 

0 
3.3 Private mode off-peak ( C .  . ) 

1 5 1  

This is  similar t o  t,he peak function but d i f ferent  values of 

t rave l  time, car occupancy raze and parking charges arp used: 



a 
3.4 Public mode - peak (except intrazonal) (C.: ) 

152 

The cost of t r ave l  by public transport consists of four elements 

- the t rave l  time, t he  walking time a t  each end of the  t r i p  (tr,t!) 
J 

the  waiting time ( tXp) taking i n to  account the  number of buses used 

( M i j )  and the  fare paid (e+fd. .), thus: 
1J 

X 
The terms vW and v allow for  the  fact  tha t  waiting and walking times 

are generally held t o  be assigned greater values than in-vehicle time. 

The use of the term I t . . ,  representing the number of buses used means 
1 J  

tha t  i n  e f fect ,  a penalty i s  imposed i f  more than one bus i s  used, 

since each must be waited for  i n  turq.  

3.5 Public ~uodel off-peak (except intrazonal) (cO. . ) 
152 

This i s  similar t o  the peak function except for  the  t rave l  time 
XO ( to..  ) and waiting time ( t  ) :  

1Jk 

0 X e+fd. . 
c?. = t . .  + vW(tY + t W )  + v ?,I .tXO + 
1Jk 1 ~ k  

'J i # j  
J i J  v ( 4 )  

3.6 Public mode - intrazonal 

As discussed above the  public transport intrazonal costs a re  

designed t o  represent walkingkips and those with no f ixed workplace 

or working a t  home. This i s  done by averaging over the  costs of 

t rave l  by bus, walking and i n  t he  case of peak, zero costs.  

The peak intrazonal Costs are given by: 
w w - I K  7 + 2v t .  + v%. .tXP + (e+fd.. )h / T ~ ~ ~  + dii~;r3/sW /t ii2 1 11 11 - 

CP = ( 5)  
l j k  4 I 

T i i k  k =2 



where TIK are  the  actual  intrazonal t r i p s  by mode k, where k = 2 
l l k  

represents motorised public t ransport ,  k = 3 represents walking and k = 4 
represents those who work a t  home (and hence have no journey t o  work 

W 
cost )  ; s i s  the mean walking speed. 

The equivalent off-peak costs a re  given by: 

Since those who work a t  home make no t r i p  as such they are 

excluded from the  peak cost calculat ion, but a re  included i n  the off-peak 

value since they w i l l  make other t r i p s .  

The intrazonal t rave l  times i n  minutes a re  calculated by applying 

a mean speed (peak or off-peak) t o  the intrazonal distance d . . :  
11 

0 
where sP and s are the  peak and off-peak speeds by motorised public 

k P 
transport respectively i n  kilometres per hour. 

The intrazonal distances are  computed based upon the area of 
G 

urban development i n  each zone ( L . )  i n  hectares: 
1 

G 
2 Li d. .  = -  - 

11 30 n 

G The value of L. i s  kept constant over forecasts since the s l igh t  change 
1 

i n  i ts value makes very l i t t l e  difference t o  the  value of dii. 

The use of the square root of two th i rds  the area i s  based upon assuming 

tha t  a l l  the area of urbanization i s  c i rcu lar  and tha t  t r i p s  are 

evenly spread through the  zone. See Bonsall (1975) for  fur ther de ta i l s .  

The intrazonal distance i s  used i n  the calculat ion of the  mean 

walking time t o  public t ransper t ,  which is taken t o  be half the mean 

intrazonal distance up t o  a maximum of ten minutes: 



t y  = 0 . 5 ( ~ T i )  ) 

S 
w ) whichever is  l e s s  

) 

It i s  qu i te  recognised t h a t  some of t he  assumptions made here 

a re  r a the r  sweeping. Nonetheless t h i s  i s  a very d i f f i c u l t  f i e l d  and 

it would be a mistake t o  be d iver ted from the  main t ask  of producing 

an operat ional in tegra ted land use - t ranspor t  model by de ta i l ed  

considerat ions t h a t  a r e  common t o  other  models. 

4. HOUSING LOCATION 

4.1 Basic p r inc ip le  

I n  r e a l i t y  t he  locat ion of housing i s  l a rge l y  a funct ion 

of t he  decisions by t h e  loca l  author i ty ;  consequently t h e  model 

f a c i l i t a t e s  t h e  exogenous locat ion of housing t o  represent  a pa r t i cu la r  

pol icy. However, housing locat ions may not have an exp l i c i t  r o l e  

i n  some po l i c ies  being tes ted .  so a method has been developed making 

t he  endogenous locat ion of housing a funct ion of t he  area of land 

ava i lab le  fo r  housing, t h e  area of land a l ready used by housing and 

t he  re l a t i ve  increase ( o r  decrease) i n  the access ib i l i t y  of o ther  

r es i den t i a l  a reas and workplaces. The two a rea  terms mean t h a t  new 

housing i s  most l i k e l y  t o  go t o  a zone t h a t  i s  about half-developed, 

s ince a zone on t h e  f r i nge  with l i t t l e  development i s  l e s s  l i k e l y  

t o  have t he  necessary physical serv ice provision i n  terms of sewers, 

water,  and so on, and a zone t h a t  i s  near ly  f u l l  i s  unable t o  accomodate 

many more housing u n i t s .  The access ib i l i t y  terms a re  included t o  

represent t h e  e f f ec t s  of subs tan t ia l  changes i n  t r a v e l  cos ts  associated 

with a new road o r  bus serv ice .  The land market i s  an extremely 

complex process and it would be impossible t o  represent it accurate ly  

within t h i s  type of model, but  by incorporat ing t h e  access ib i l i t y  

e f f ec t s  an approximation t o  t h e  impact of new t ranspor t  f a c i l i t i e s  on 

t h e  locat ion of new housing i s  included. Using t h e  r a t i o  of access ib i l i t i e s  

a t  t he  current t ime point  t o  t h a t  previously ensures t h a t  only la rge  

changes have a s ign i f i can t  e f f ec t .  



I n  the  short run it is  d i f f i cu l t  t o  forecast accurately the  

location of houses t o  be demolished, since t h i s  i s  largely a po l i t i ca l  

matter. Consequently t he  location of demolition i s  made a function of 

the  exist ing housing stock and a factor  representing the  propensity of 

a zone t o  have the houses i n  it demolished. The al locat ion of demolished 

houses t o  social  groups i s  based upon the hypothesis t ha t  the  lower the 

social  s ta tus  of the  occupant of a house, the greater the  probabi l i ty  
' 

tha t  it w i l l  be demolished. 

B 4.2 New housing ( H i )  

This i s  located using the factors indicated above. The t o t a l  new 
B .  H 

housing i n  the  c i t y  ( H  ) 1s given, and a balancing factor (B i )  used 
C 

t o  ensure tha t  the zonal al locations sum t o  t h i s  t o t a l :  

where H:' i s  the new housing being located exogenously i n  zone i, 
I 

R .  E .  
Y.  1s the access ib i l i ty  t o  res ident ia l  areas and Yi i s  the  access ib i l i ty  
1 

t o  employment areas. oH is a parameter designed t o  take in to  account 
B non-linearit ies between the  values of H. and the locat ional  factors.  
1 



4.3 Housing conversions 

Beside being built, dwellings can be created by conversion, 

for example, splitting a house into two or more flats. Like new housing 

this can be specified exogenously, or located endogenously on the basis 

of the existing housing pattern. The total is specified exogenously. 
C 

Thus the number of dwellings created by conversion (H.) is given by: 
1 

CX 
where H . is the number of housing conversions being located exogenously. 

1 

Housing conversions are assumed to take up no extra land. 

4.4 Housinp demolition 

Housing demolition is part of the urban renewal process, and as 

such, part of the function of the local authority. Consequently, it 

would normally be expected that the number of homes being demolished 

is an exogenous input to the model. However, in a long run forecast 

only the total demolitions in the study area may be known, so in this 
D 

case the number of demolitions in each zone (H.) is given by: 
1 

D nx m ~.(t-1,t) 1 = H. I (t-1,t) + t - t  - CH. (t-l,t)-~~~<(t-l)h~ ( 15) 
. J  
.1 - 

D - N -1 where B = 1 C ~.(t-l)h. - 
1 1-1 ( 16) 

i=l 

to ensure that. 

and h. is a factor representing the propensity of houses in a zone to 
1 

be demolished, since some zones will contain older houses and so more 

likely to have houses demolished. Ideally data on the age of housing 

would be used, but in the absence of such data a factor (h.) is 
1 

calculated in the first time period, for which it is assumed that the 

pattern of all demolition i-s known, as is the case in this study. 

Thus : DX 
h. = H. (1,2)/Hi (1) 

1 1 



In r e a l i t y  many houses may be vacant for  a long period 

pr ior  t o  demolition. In order t o  represent t h i s  e f fect , the proportion 

of hous'es which a re  occupied i n  zoned with no demolitions i s  found and 

compared with the  proportion i n  zones with houses being demolished. Any 

excess vacant houses i n  t he  l a t t e r  are assumed t o  be due t o  the  ef fects  

of bl ight and so a re  included i n  the  demolished s e t ;  t he  other houses 

demolished a re  taken t o  be occupied ( the  occupants being forced t o  

move out ) .  Examination of the housing demolition policy being pursued 

by Leeds M.D.Counci1 shows t h a t ,  i n  general, re la t i ve ly  small areas are 

demolished a t  any one time (compared with the s ize  of the  zones). Whilst 

the  model exp l i c i t l y  ensures tha t  the  houses occupied by those of lowest 

soc ia l  s ta tus  are the  most l i ke l y  t o  be demolished, a factor  is  applied 

t o  ensure tha t  no one par t icu lar  soc ia l  group completely removed from 

a zone. 

We define Z as the  se t  of zones with no houses demolished, then 6 
DV . 

the  number of vacant houses demolished (H .  ) 1s given by: 
1 

1 ) 

DV =z6 ~;( t - I )  o )whichever i s  
H. (t-1,t) = H i ( t - 1 )  - - H i - I  ) greater 

1 
( 19) 

1 H i ( t - l )  ) 
i~ Z6 

The number of occupied houses t h a t  is demolished (T) is given by 

As described above, a factor ( 6 )  i s  applied t o  prevent the removal 

of a complete social  group because of demolition. I f  the t o t a l  proportion 

of occupied housing demolished i s  l e s s  than the value of 6, the 

number demolished occupied by each social  group i s  the t o t a l  demolished 

up t o  the proportion given by 6, s ta r t ing  with the  bottom soc ia l  group 

(q=3) and working up towards the top (q=l) : 



then ZQ = P - i ) 
19 1 

9'>9 1 
)whichever is the  l e s s  

If the  t o t a l  proportion of occupied houses i n  a zone demolished 

i s  greater than the  value of 6 ,  it i s  assumed tha t  widespread 

redevelopment i s  taking place and that  the  proportion of houses 

occupied by each soc ia l  group tha t  are demolished are  ident ical :  

DO Hi 
then zQ = H. 

OQ (t-1) 
19 1 

z HOQ (t-1) 
B 

4.5 Housing ava i lab i l i t y  (H& ) 
19 

Within the  model houses become avai lable for  occupation for  two 

reasons, e i ther  because they a re  newly bu i l t  or  because they have been 
L .  

vacated by out-migrants. Vacated housing ( H i )  1s given by: 

D QU HQ ~ ; ( t )  = ~ ~ ( t - 1 )  - Hi (t-1,t) - CP. ( t ) / o .  ( t)  
q 192 19 

The demolished housing i s  removed because it i s  no longer avai lable 

for  occupation. The f i n a l  term represents the number of houses being 

occupied by non-moving population. The current housing occupancy 

ra te  i s  used t o  re f lec t  tine fac t  that  the actual number of people i n  

the home may have changed (due t o  birt4 death or migration) while 

s t i l l  being occupied by the  same family. 

The t o t a l  number of houses avai lable (H?) i s  given by: 
1 



I n  t he  model vacant houses are  made avai lable t o  the  top (q=l )  

social  group; those houses tha t  are s t i l l  unoccupied are  made avai lable 

t o  the  next (lower) soc ia l  group, and f ina l l y  the  bottom (q=3) soc ia l  

group have t o  choose from what i s  l e f t ,  thus: 

*ere the  second term represents the  number of houses newly occupied 

by members of higher soc ia l  groups. 

Total housing i n  each zone (H.) i s  given by 
1 

4.6 Housing occupancy 

In the  model, t he  housing occupancy ra te  i s  allowed t o  vary between 

social  groups and across zones. It can a lso vary over time although t h i s  

i s  largely a scal ing p r o c e ~ s ~ t h a t  i s ,  the ra t i o  of values i n  zones 

tends t o  be maintained. The overal l  housing occupancy ra te  (oHQ) 
cq 

i s  found from: 

This formula ensures tha t  the housing occupancy ra te  r i ses  with an 

increase i n  population o r  reduction i n  the number of houses. 

HQ This i s  disaggregated by zone t o  give the  zonal values (o.  ) :  
19 

This i s  subject t o  there being suf f ic ient  housing i n  a zone t o  

accomodate the population, as computed by equation ( 134). I f  not 

equation ( 191) i s  used. 



5. PRIMARY ECONOMIC ACTIVITY LOCATION 

5.1 Basic pr incip le 

Primary economic ac t i v i t i es  are those ac t i v i t i es  tha t  a re  

site-dependent and so not l i ke ly  t o  be influenced s ign i f icant ly  by 

changes i n  t ransport  costs. There i s  a strong case fo r  the  exogenous 

location of any la rge changes i n  these sectors,  otherwise keeping them 

i n  much the  s m e  locat ion over time. The three industr ies i n  t h i s  

category are agr icul ture,  f ishing and forestry, mining and quarrying, 

and gas, water and e lec t r i c i t y .  Agriculture i s  being subjected t o  

many pressures from urban development and t h i s  is incorporated within 

the model by using the  area of agr icul tural  land (found a f t e r  other 

ac t i v i t i es  have been distr ibuted) as a locat ional  factor.  The other 

factor is the employment i n  the  sector a t  the  previous point i n  time, 

but using a cal ibrated parameter t o  re f lec t  the  fact  t ha t  much 

' ra t ional isat ion '  i s  going ahead in t h i s  industry, so growth(or decl ine) 

may well occur d i f fe ren t ia l l y  i n  areas with large and small levels of 

employment. This l a s t  factor i s  a lso used for  the mining and gas, water 

and e lec t r i c i t y  industr ies.  

5.2 Agriculture ( p=l )  

P 
The d is t r ibut ion of agr icul tural  jobs (Jil) i s  given by: 

P 
A balancing factor (B ) i s  introduced t o  ensure tha t  the  sum of the  

P 
al located values seems t o  the  exogenously given t o t a l ,  thus: 

P P 
t o  ensure ? J. = J 

1 1P CP 



5.3 Mining and quarryinu (p=2) and gas, water and e l e c t r i c i t y  (p=3) 

A s  ind icated above t h i s  is a simpler mechanism than t h e  locat ion of 

ag r i cu l tu ra l  jobs: 
P 
L 

PX PX P P a - P J' ( t )  = J. ( t)  + f JP ( t)  - 5 Jjp B~/J~A~-~)J 
i p  IP CP 

( 36) 
J 

Again a balancing f ac to r  i s  used.Thus:  

P p --1 
BP = /: (J. (t-l))o~-/ 
P -i 1P 

P P 
t o  ensure E "iP 

= J  
CP 

6. SECONDARY ECONOMIC ACTIVITY LOCATION 

6.1 Basic pr inc ip le  

These economic a c t i v i t i e s  a re  manufacturing, construct ion,  t ranspor t  

and communication, and publ ic administrat ion and defence. These a re  

located i n  a s imi la r  manner t o  t he  primary economic a c t i v i t i e s ,  but  

because these sectors a re  more responsive t o  changes i n  t ranspor t  

ava i l ab i l i t y ,  access ib i l i t y  fac tors  a r e  incorporated. Two access ib i l i t y  

fac to rs  a re  included - t o  a supply of labour and t o  other  industry.  

It would be un rea l i s t i c  t o  expect a change i n  t ranspor t  cos ts  t o  

have very much e f fec t  so  t h e  r a t i o s  of t he  access ib i l i t i e s  t o  these 

two a c t i v i t i e s  at t he  current  time point t o  those a t  t he  previous 

time point a re  used. 

6.2 Al locat ion t o  zones 

The d is t r i bu t ion  of jobs i n  these sectors a re  given by: 

PX yf i ( t )  y f ( t )  cr P JP i t )  = ~ ? ~ ( t )  + ~ ~ : ( t )  - J t -  1 
IP IP J A J P  ( 39) 



P Again a balancing factor, B. is  used. I t s  value i s  given by: 
P 

t o  ensure tha t  

7. TERTIARY ECONOMIC ACTIVITY LOCATION 

7.1 Basic pr incip le 

Tert iary economic ac t i v i t i es  are the r e t a i l  and service sectors,  

and the  most responsive t o  changes i n  the transport networks. In fac t ,  

the  interzonal costs a re  incorporated d i rect ly  in to  a  model of the form 

derived by Lakshmanen and Hansen (1965). For the  r e t a i l  sectors the  

flows of cash from res ident ia l  zones t o  shopping zones are  derived. 

From t h i s ,  the  t o t a l  sales and employment i n  each zone can be found. 

For the  non-retail service sectors the employment i s  calculated i n  

terms of the demand for the  ac t i v i t y  generated by the  population i n  

a l l  zones. These sectors a re  business services, educational services 

and personal services. Much l e s s  i s  known about t r i p  making 

behaviour for  these sectors than for  r e t a i l  ac t i v i t i es ,  but it seems 

reasonable t o  regard business services, which tend t o  be located 

i n  the  central  area,  as similar t o  the durable r e t a i l  sector, and the  

other two t o  behave more l i ke  the  convenience r e t a i l  sector with a  

more dispersed distr ibut ion.  These assumptions a re  unl ikely t o  cause 

serious errors since the  model begins with the correct d is t r ibut ion 

of employment i n  each sector and t h i s  is a major determinant of the  

future location of t he  ac t i v i t i es .  Thus the  cal ibrated parameters 

for  the r e t a i l  sectors are applied t o  the non-retail service sector. 



It i s  useful t o  be able t o  incorporate some pol icy changes for  

these sectors,  for example the  locat ion of a new hypermarket, so a 

term is included for  t h i s  exogenous location. 

7.2 Residential demand fo r  t e r t i a r y  ac t i v i t y  (Xism) 

The res ident ia l  demand fo r  r e t a i l  ac t i v i t y  is  measured i n  terms 

of cash, found by multiplying the  mean expenditure per head by the  

population, disaggregated by social  groupsand summing, thus: 

where x is  the  mean expenditure per head by members of social  group sa 
A 

q, and P~ i s  the population i n  soc ia l  group q i n  zone i i n  car iqm 
ava i lab i l i t y  group m. A s  explained below a d is t inc t ion i s  made between 

a car avai lable for  work and one avai lable for  shopping. The f i e l d  

of car ava i lab i l i t y  i s  another which i s  f u l l  of problems, with much more 

research required. 

The demand fo r  non-retail service sectors is expressed i n  terms 

of population : 

X. - gM 
- ' 'iqm Ism 

7.3 Residential demand from external zones 

Less information i s  avai lable fo r  the external zones. The population 

i n  each internal  zone i s  generated within the model, but not f o r  

external zones. This i s  specif ied fo r  the base year and, i f  desired 

can be kept constant over time. The balancing factor K' i s  used 
S 

t o  ensure the 'correct '  t o t a l  demand from external zones i s  met from 

in terna l  zones; keeping the  population constant i n  external zones 

means tha t  the  re la t ive res ident ia l  demand from each external zone 

remains in the  same proportion over time. I f  desired the  proportion 

can be changed ( for  example t o  represent a policy of a new town within 

an external zone) by adding on a su i tab le  population increment, thus 

-. 



where e ( t - 1 , t )  i s  t h i s  exogenous change i n  population i n  zone i. 

Equation ( 44) could be expressed i n  terms of individual soc ia l  groups, 

or  the exist ing r a t e  be applied t o  the t o t a l :  

where U@ is  the  proportion of population i n  zone i who are i n  soc ia l  si 
group q. 

The population i s  used i n  equations ( 42) and ( 43)  above. 

7.4 Interzonal demand (S  i jskm ) 

As indicated above, the  interzonal demand i s  expressed i n  a f a i r l y  

standard form, but with two differences - the  use of external zones, for  

which there i s  l e s s  information than the in terna l  zones, and the  possible 

exogenous location of economic act iv i ty .  

The interzonal demand (Sijskm) i s  given by: 

s as s 0 = A ?  X. /-(w. ) sm + B! s?' Texp(-6 . . ) i = 1, N 'ijksrn i s m  l s n r  j s  JS JS- sm 1 jk  
j  = 1, M ( 46) 

3 .  SX 
where W .  1s the a t t rac t ion  of zone j f o r  t e r t i a r y  ac t i v i t y  s ,  S .  

J S JS 
i s  the exogenously located t e r t i a r y  ac t i v i t y  i n  zone j (and may be zero), 
s s S 0 

B. and Ks are  balancing factors,  * i smy  3s 'ijk i s  the off-peak cost of 

t rave l  between zone i and zone j ,  and as and 6' are parameters obtained 
sm sm 

by cal ibrat ion.  , 

S 7.5 Balancing factors (Aism, Bjs,  * )  

s 
The balancing factor  A. i s  used t o  ensure tha t  t he  flows of 

I s m  
interzonal originating from each in terna l  zone sum t o  the  res ident ia l  

demand given by equations ( 41)  and ( 42). Thus: 



t o  ensure tha t  

Y e s  = X. 
j=l k~y (m)  ijskm ism ( 49) 

The balancing factor  BS i s  used t o  ensure tha t  the  correct 
JS 

additionaL exogenous demand for  ac t i v i t y  s i s  generated i n  zone j .  Thus 

s r X. exp(-~Ssrn~yjk) 
B js  = ~-i!l kcy(m) i s m  ism 

-1 
+ . L z KSX. 

I= +1 m ksy(m) s i s m  ( 5 0 )  

t o  ensure tha t  

s s cc 
s 

Y c 
s 

- c N c  co. ) 
i=l m kcyfm)'i jskm i=l m kE$(m)Aism Xism(Wsm) Sm eXp(-Bsm 1 jk 

S s s 0 SX 
S 

- # c c ~ X  i= +I rn kEy(rn) s ism(wsm)asm e x ~ ( - B s m C i j k )  = S.  JS  
( 51) 

Equation ( 51) says tpa t  the  t o t a l  sales or demand located i n  zone j  

l ess  tha t  located endogenously (represented by the  second and t h i r d  terms) 

should equal the  exogenously located act iv i ty .  

The balancing factor  K: i s  used t o  ensure that  the  model generates 

the 'correct '  flow of demand from the external zones. It i s  very d i f f i cu l t  

t o  obtain a f igure for  the  flow of cash (o r  demand) across a boundary, 

but it i s  quite easy t o  obtain a sui table figure for  the  t o t a l  sa les i n  

the c i t y  or  population served by a non-retail service and t o  incorporate 

t h i s  in to  the  equation. Thus K S  i s  given by: 
S 

e 5 - -  i=l 9 ~ = l  3 rn I key(m) z s. .  I J S ~  v 
s S 

S ::x 5 0 / . r E ({Wjslasm + B .  S )exp(-A C.  ) 7 ( 5 2 )  
1- +I J-1 m k~y (m)  J S  j s  sm i j k  - 

t o  ensure tha t  

-. . - s z  - F . c c s . .  
1 I% kE$(m) 'ijskm - 'cs i=l j=l m k~y (m)  ijskm ( 53) 



s 
sc s  

i s  the t o t a l  sales (o r  demand i n  the  c i t y .  A value 

for  t h i s  can be obtained i n  the  base year; t o  ensure tha t  it r i ses  with 

population growth (and r e a l  income growth fo r  the r e t a i l  sectors)  it i s  

scaled by the  t o t a l  change i n  res ident ia l  demand i n  the  c i ty .  Thus for  

r e t a i l  sectors : 

- 
For non-retail t e r t i a r y  sectors : 

S 7.6 Attract ion factors (W' .  ) 
JS 

The a t t rac t ion  factors for  these sectors are the  employment i n  the  

sector a t  t he  previous timepoint, modified by the  change i n  access ib i l i ty  

t o  res ident ia l  areas and t o  economic act iv i ty .  The access ib i l i ty  terms 

mean tha t  an improvement i n  the  transport f a c i l i t i e s  w i l l  increase the 

amount of t e r t i a r y  ac t i v i t y  i n  the zones with the increased access ib i l i ty .  

This represents the  increase i n  the  number of shops (o r  services) in the 

zones. The change i n  the off-peak costs i n  equations ( 46 )  and (47)  

represent an increase i n  the interzonal demand for  the  ac t i v i t y .  

The a t t rac t ion  factor ( ) i s  given by: 
J  s  

7.7 Tert iary employment (ES ) 
J s 

The t o t a l  demand generated i n  each zone can be found by summation: 

sz M 
s = C C C  

' i j s ~  for  j=l, W 
jS i=l m k ~ y ( m )  

For r e t a i l  sectors s!' i s  the  t o t a l  sa les of sector s i n  zone j 
JS S 

Employment i n  sector s i n  each zone ( E .  ) can be found from: 
JS 

where b i s  the employment-demand ra t i o  for  section s .  Its value i s  
S 

given by 
S sz 

bs = Ecs'Scs 
s .  

Ec s 1s given exogenously, and s:: i s  given by equations ( 54 )  and 

(55)  above. 



8. JOB LOCATION 

8.1 Basic pr incip le 

The model d is t r ibutes jobs t o  zones by sector. These have t o  be 

converted t o  soc ia l  groups using sui table ra te  variables. 

8.2 Job summation and conversion 

The location of primary and secondary economic ac t i v i t y  jobs have 

been found as described above. It i s  not pract ica l  using t h i s  formulation. 

for  t e r t i a r y  ac t i v i t y  t o  make a d is t inc t ion between jobs and employment 

for  these sectors,  t ha t  i s :  

Where J! i s  the  number of jobs i n  t e r t i a r y  sector s i n  zone j. 
Js  

Q The spat ia l  d is t r ibut ion of jobs by social  group (J. ) i s  given by: 
J 9  

JQ = Z uW Jf) + Z uQS 9. 
9P J P  qs Js  

(61) 
J q  P 

where uQ i s  the proportion of jobs i n  primary or secondary sector p tha t  
9P 

i s  i n  social  group g and uQS i s  the  proportion of jobs i n  t e r t i a r y  sector 
qs 

s t ha t  i s  i n  soc ia l  group q. 

9. SURVIVAL 

9.1 Basic principle 

Survival means tha t  a person remains i n  the sane residence or job 

from one time point t o  the  next. It i s  calculated by applying survival 

ra tes  t o  the population or employment a t  one time point t o  f ind those 

surviving t o  the next. 

9.2 Survival i n  residences 

During a time period those who l i v e  i n  a cone a t  the beginning of 

t he  period can do three things - die,  move out o r  survive. (We are 

ignoring those who move out and back). Thus defining a survival r a t e  

means tha t  those who do not survive have e i ther  died or moved out. Also 

during a time period people may be born. The number being born can be 

calculated by applying a sui table r a t e  t o  the population a t  the  

beginning of the time period. mese pr incip les are basic t o  demographic 

modelling where the populations a t  r i s k  are usually disaggregated by age 

and sex. In t h i s  model it is  f e l t  more useful t o  disaggregate the  



population by zone and soc ia l  group (not normally done i n  demographic 

modelling) so t h a t  the  resu l ts  a re  compatible with the r e s t  of the  model. 

It i s  not pract ica l  t o  obtain survival data disaggregated i n  both ways. 

A fur ther important point t h a t  has scane bearing on t h i s  argumenk is  tha t  

many people a re  forced t o  move when t h e i r  houses have been demolished, 

and these must be taken in to  account i n  calculat ing the  number of 

survivors t o  prevent double counting. 

The number of people i n  f ine i, i n  soc ia l  group q who have not 

moved i n  during the  preceding time period, t h a t  i s ,  they have survived 

or been born (pQU ) is given by 
192 

where Q ? ~  is  t he  b i r t h  r a t e  (persons born per head of t he  population) 
19 

i n  zone i fbr =cia1 group q and ~ f r ~  i s  the survival ra te  for  members of 
19 

social  group q i n  zone i. The housing terms are included t o  ensure tha t  

those l iv ing i n  houses tha t  have been demolished are not included as 

survivors. 

The number of employed residents surviving (R~' ) i s  found by using 
1 q2 

the inverse ac t i v i t y  ra te :  

where gQu i s  the inverse ac t i v i t y  ra te  for  surviving population i n  
1 92 

soc ia l  group q i n  zone i, given by equation (130). 

9.3 Survival i n  .jobs 

Survival i n  jobs i s  calculated i n  a similar way t o  t h a t  f o r  

residences except t h a t ,  because of the paucity of data on t h i s  topic,  

t he  ra tes  a re  not spa t ia l l y  disaggregated. Also, there is  no equivalent 

t o  b i r ths i n  the model. Thus the  number of people remaining i n  the same 

job i n  soc ia l  group q i n  zone j ( E ~ '  ) i s  given by: 
J 92 

EQ Q EQV ( t )  = Q Ejq (t-1) 
j 92 q 

EQ 
-. . 

where Q is the employment survival ra te  for  soc ia l  group q. 
9 



The number of jobs avai lable i n  new locations i n  each soc ia l  
aQ group (J. ) can be found by deducting the  number of jobs f i l l e d  by 
J 9  . 

surviving workers from the  t o t a l  number of jobs given by equation (61) :  

10. TOTAL EMPLOYED RESIDENTS, IN- 'AND OUT- COMMUTERS 

10.1 Basic pr incip le 

The t o t a l  population i n  each social  group and the t o t a l  number 

of jobs i n  each sector a re  specif ied exogenously. The number of employed 

residents i n  each soc ia l  group i s  computed within the model along with 

the number of in- and out- commuters, tha t  i s  the number of people who 

l i v e  i n  external zones and work i n  in terna l  zones and those who work i n  

external zones and l i v e  i n  in terna l  zones respectively. A change i n  the 

leve l  of employment can be met by a change i n  the ac t i v i t y  r a t e  or the  

number of in- or out- commuters. Since t r i p  lengths are becoming longer 

on average, the number of in- and out- commuters i s  a lso increasing, 

and so a sui table growth factor  technique has been applied. This i s  done 

by assuming t h a t  the r a t e  of change from not commuting across the boundary 

of a c i t y ,  t o  being a commuter is constant over time. This re f l ec t s  the 

fac t  t ha t  the  number of commuters i n  each direct ion has been increasing 

over time, but ,  because the  factor  i s  applied t o  a small remaining 

number of people, there w i l l  not be exponential growth emptying the c i t y  

of employed residents and workers as would happen with some other methods. 

The number of employed residents as well as  the numbers in- and out- 

commuting i s  found. 

10.2 Methodoloa 
t 

The growth factor for  in-commuting for  social  group q ( G  ) i s  
9 

defined as:  
/ 

t 
where EQ i s  t o t a l  employment i n  soc ia l  group q i n  the c i t p ,  R i s  the 

c q 9 
number of in-commuters in to  the  c i t y .  The factor  for  out-ccmunuting Gf i s  

9 
defined as: 



where RQ i s  t he  number of employed res idents  i n  soc ia l  group q l i v i ng  
cq f .  

i n  t he  c i t y ,  R 1s t he  number of out-commuters i n  s o c i a l  group q. The 
9 

following re la t ionsh ip  can be spec i f ied :  

s ince both s ides def ine those who both l i v e  and work i n  t h e  c i t y .  

By manipulation of t he  above equations, t h e  fol lowing a re  

determined: 

' Q t RQ ( t )  = RQ (t-1) . E  ( t )  - R ( t )  
cq cq 1 Cq 9 

cf (RQ (t-1) - R; (t-1)) 

1 
9 cq 

t Rf ( t )  = RQ ( t )  - E?t)  + R q ( t )  
9 c2  cq 

11. CAR OWNERSHIP 

11.1 Basic p r inc ip le  

The forecast ing of ca r  ownership l eve l s  is  f raught with d i f f i c u l t i e s  

and the re  i s  no general ly  accepted methodology. Tanner (1974) has 

devised one of t he  most wel l  known. One of t he  basic pr inc ip les  of h i s  

and o ther  methodologies is  t he  use of some form of l o g i s t i c  curve with 

a satura t ion  l e v e l  of car  ownership as  asymptote. It i s  not p rac t i ca l  

t o  include income which i s  one of t he  main components of other  car 

ownership models wi th in the model i n  t h i s  paper. Becailse it i s  des i re3 

t o  include di f ferences i n  ca r  ownership leve l  between small a reas,  iihich 

i s  not  done i n  ca r  ownership forecast ing,  a method has been devised here 

t h a t  i s  simple, uses a similarly-shaped curve t o  Tanner's and permits 

forecasts t o  be made f o r  kach zone. 



11.2 Methodolorn 

The rate of growth of change from not owning a car to owning a car 

is input at each time point for each social group (but may be zero if 

desired). Since the level of car ownership is rising the factor is 

applied to a smaller number over time so there is a gradual slowing down 

in the rate of growth towards some level, which will be when every house- 

hold owns a car, that is, saturation. 

The proportion of non-car owning households (Fiq2) is given by: 

where G~ is the-proportional change in the non-car ownership rate for 
9 

social group q. The proportion of households owning a car (F. ) is 
1 s-l 

given by: 

F. (t) = 1.0 - F (t) . 
1 iq2 

( 7 3 )  

This may be converted to the equivalent population: 

when P? is the population in social group q in car ownership group n 
1 qn 

in zone i. 

As indicated previously car ownership and car availability are 

very complex fields, even in terms of definition, and even more so in 

terms of modelling. In this study it has been assumed that members of 

households that own cars have one available for the journey to work. 

It is then assumed that a car used for work is not available for shopping. 

This is felt to be more realistic than assuming that any car owned is 

available for shopping purposes. Thus, the proportion of cars left at 
L .  home in each zone (Ui) 1s given by: 

where R!!! is the number of empzoyed residents in zone i travelling to 

work by car, Ni is the number of cars owned in zone i and oCP is the 

peak occupancy rate. 



The number of people i n  households with a car  avai lable for  shopping 
w (P. ) i s  given by: 
1 sl 

The number of people with no car avai lable for  shopping is given by: 

P&" ( t )  = PQ ( t )  - pE1(t)  
1 92 19 

12. POPULATION ANI) EMPLOYMENT LOCATION 

12.1 Basic pr incip le 

The methodologies for  t he  location of jobs and housing have already 

been specif ied above. Here people are allowed t o  choose t h e i r  workplaces 

and residences. This is  a f a i r l y  complex problem, because the  equation 

system has t o  be specif ied so tha t  the solut ion agrees with information 

from elsewhere. Since people's resident ia l  and workplace d is t r ibut ions 

w i l l  be knowrthe journey t o  work pat tern is an innnediate product. This 

i s  disaggregated by the  mode of transport t o  work on the basis of the 

re la t i ve  cost of t r ave l  by each mode, and the car ownership group a t  the 

res ident ia l  end. A s  i n  the  r e s t  of the model a social  group disaggre- 

gation is used and capacity constraints representing planning pol ic ies 

are incorporated. A s  well as these constraints, others ensure the  

correct numbers of in- and out-commuter$ and tha t  some people 

retairi . the same res ident ia l  and/or employment location. 

A l l  these conditions lead t o  some rather complicated equations. 

12.2 Living and working i n  the  c i t y  

In t h i s  section equations w i l l  be defined for  those people who 

both l i v e  and work within the c i t y .  

12.2.1 New locations of both home and job (u=l ,  v=l) 

A s  described above, some capacity constraints may be applied. For 

those l i v ing  and working i n  zones with no such constraints ( ~ E Z  , j "Zq4) 
s2 

the  journey t o  work pat tern is  given by: 

where l? ist 'o constrain on the  t o t a l  number of newly located employed 
9 

residents i n  soc ia l  group q ,  is  t o  constrain on the  t o t a l  number of 
9 

newly located workers i n  soc ia l  group q, W? i s  the a t t rac t ion  of zone i 
Iqn 

for  residents i n  soc ia l  group q i n  car  ownership group n and W! i s  the  
J 9 

at t rac t ion  of zone j for  workers i n  soc ia l  group q. 



The equivalent equation for trips by newly located residents in 

zones with capacity restraints is given by: 

8 = 8 A" R&NU W! exp(-~' c?. ) u=l v=l ~ E Z  ~ E Z  ( 7 9 )  
ijqknuv q iqnu iqnu jq qn l ~ k  ~1 ~4 

where R&NU is the number of employed residents in social group q, in 
i qnu 

car ownership group n and mover group u living in zone i and Aiqnu is the 

equivalent balancing factor. 

The trip pattern for new locators working in a constrained employment 

zone is given by: 

W 
T.. = K  B eQV exp(-8Y_ C E ~ ~ )  U=I v=l i ~ z  j ~ z  ( 80) 
1Jqknuv q jq iqn jqv 92 q3 

where E~~ is the number of people in social group q and employment mover 
j qv w 

set v working in zone j, and B is the equivalent balancing factor. 
j q 

There may be sane new locators both living and working in zones in 

which constraints are applied: 

8 - - B~ R. &NU E~~ exp(-6' c?. ) u=l v=l ~ E Z  
ijqknuv Aiqnu jqv lqnu jqv qn 1 ~ k  ql jEZq3 

( 81) 
12.2.2 New residential locations, .job fixed (u=l, v=2) 

Since the employment e ~ d  of the trip has not changed for these 

workers there are only two equations - one for the residence zone in the 

constrained set and one for it in the unconstrained set. Those with both 

ends of the trip unchanged are considered later. To distinguish 

the non-moving workers with a new residential location from those with a 

fixed residential location another subscript (u) has to be added. The 

equation for residents living in a zone in the unconstrained set is: 

W 
T. = K~ gw W? E~~ 
ljqknuv q jqv iqn jquv exp(-6' qn c?. 1 ~ k  ) u=lv=2 ~ E Z  S2 j = 1 , ~  

( 82) 

where E QW is the number of people in social group q who have a new 
5212 

residential location but have the same employment location in zone j. 

The equation for residents living in a zone in the constrained set is: 

w T.. =A. W BW R?JU EQW 
i j qknuv iqnu jqv iqnu j quv exp(-&cYjk) u=l v=2 irZ 1 ,  (83) 

q-1 



12.2.3 Residence fixed but new employment locat ion (u=2, v=l )  

These equations a re  the  converse of the  equations above: 

W 
T. w P = K ~ A W  2 RF exp(6 C.  . ) u=2 v= l  i = l ~  j ~ z  ljqknuv q lqnu j q  iqnuv qn 1 ~ k  ~4 (84) 

W W W  
T . .  

W 
=A. B'. F i F  E? exp(-6 c?. ) u=2 v=l  i = l , N  j E Z  

1 ~qknuv lqnu J qv lqnuv J qv qn 1 ~ k  q3 (85) 

i s  the  number of people i n  soc ia l  group q and car  ownership 
where 'iqn21 
group n who have retained the  same res ident ia l  locat ion i n  zone i but 

have a new employment location. 

12.2.4 Both res ident ia l  and employment locat ion fixed (u=2, v=2) 

Those who have the  same res ident ia l  and employment locat ion have 

the  same journey t o  work pat tern as a t  the previous time point,  but may 

have changed car  ownership group and mode of t ransport ,  so a f a i r l y  

t i gh t  constraint i s  imposed: 

W T. WF F W 
=B..  T . .  exp(-6 . ) u=2 v=2 i=1,~ j = 1 , ~  

ljqknuv l jqn l jqn  qn 1 ~ k  

where ~f is the number of people i n  soc ia l  group q who are  now i n  
l j  w 

car ownership group q who have retained the  same res ident ia l  locat ion i 

and employment locat ion j. 

This mechanism is rather  di f ferent  from tha t  devised by Wilson (1970) 

because, as shown i n  Mackett (1976b), tha t  method would be inconsistent 

i f  transport costs change. 

12.3 Workers l i v ing  i n  c i t y  but employed outside 

The t o t a l  number of workers who l i v e  i n  the c i t y  but work outside 
f  

( R  ) has been computed using equation (71) .  These a re  al located t o  zones 
9 

using the  mechanism described i n  Mackett (1974). There are three cases 

a t  the  res ident ia l  end - a new res ident ia l  location i n  a zone i n  e i ther  

the constrained or  unconstrained se t  o r  an unchanged res ident ia l  location. 

No such d is t inc t ion i s  made a t  the  workplace location because the  

employment character is t ics  of these people i s  a function of factors not 

being considered for  t he  external zones, and so a l l  are located a t  the 

current time point. 



12.3.1 New res ident ia l  locat ion (u=l )  

The equation f o r  those l i v ing  i n  zones i n  the  unconstrained s e t  

is: 

where K~ is a balancing factor corresponding with the  term Rf The 
Q q' 

equivalent equation for  those i n  zones i n  the constrained se t  is: 

P - R?" 8 exp( -fjW CP . ) u=l i j qknuv-Kq Aiqnu lqnu jq qn 1 ~ k  v = l i ~ Z  q l  j=N+l,M (88) 

12.3.2 Fixed res ident ia l  locat ion (u=2) 

The equation for  those who commute out of the c i t y ,  but have not 

changed t h e i r  res iden t ia l  locat ion is :  

T?. = K A. I3&NW exp(-0' $. ) u=2 v=l  i=l, N j = N + 1 ,  M (89) 
ljqknuv q lqnu lqnuv jq qn 1 ~ k  

12.4 Workers employed i n  the  c i t y  but l i v ing  outside 

These workers journey t o  work behaviour i s  modelled i n  a similar 
t .  manner t o  the out-commuters, with the value of R glven by equation 
9 

(69 )  above. 

12.4.1 New employment locat ion ( v = l )  

The equation for  those working i n  zones i n  the unconstrained se t  

i s :  

W T . .  W = 2 8 W! expCBqn cf jk) u=l v=l  i=N+1, M ~ E Z  
l~qknuv  q q iqn J Q  s4  (90) 

t .  where K 1s a balancing factor corresponding t o  R~ The equivalent 
9 9' 

equation for  those working i n  zones i n  the constrained se t  i s :  

d!. =K B .  W! E~~ exp(-0' c?. ) u=l,  v=l, i=N+l, M ~ E Z  (91) 
ljqknuv q jqv iqn jqv qn I J ~  q3 

12.4.2 Fixed employment locat ion 

The equation for  those who -. commute in to  the c i t y  and have retained 

the  same employment locat ion i s :  

W T .  = K  B W?? gQW exp(-Bqn c?. lJh ) u=l -2 i=N+l, M j=l, N (92) i jqknuv q jqv iqn jquv 



12.5 Attract ion factors 

Two a t t rac t ion  factors a re  used above fo r  the  al locat ion of newly 

locating employed residents and workers t o  zones of residence and 

employment. These a re  designed t o  re f lec t  the  re la t i ve  at t ract iveness 

of zones for  these ac t i v i t i es .  

12.5.1 Residential a t t rac t ion  - in terna l  zones (W? ) 
1 qn 

The main factor  representing the a t t rac t ion  of a zone for  resident ia l  

use i s  t he  ava i lab i l i t y  of housing. The factor for  members of soc ia l  

group q and car ownership n is 

aQ H. ( t )  i s  the number of houses avai lable for  members of soc ia l  group q 
1 q 

i n  zone i, since a t  a macro leve l ,  t h i s  i s  the  main determinant of the 

a t t rac t ion  of a par t icu lar  zone. I f  no houses are  avai lable the  

at t ract ion factor automatically becomes zero so no more people a re  

located there. The def in i t ion of housing ava i lab i l i t y  i n  equation (29) 

means tha t  the  higher one's soc ia l  s ta tus the wider the  choice of 

housing - a f a i r l y  r e a l i s t i c  approach. F. i s  the car ownership leve l  
1 qn 

for  members of soc ia l  group q i n  zone i. This i s  included t o  re f lec t  

t ha t  fac t  t ha t  those with no car avai lable w i l l  tend t o  be at t racted t o  

areas with a low leve l  of car ownership since these are more accessible 

by public transport.  Similarly those with a car avai lable w i l l  tend t o  

choose a location l e s s  accessible by public t ransport .  The mode actual ly 

used f o r  the work t r i p  w i l l  depend upon the re la t i ve  cost of t rave l  by 

each mode. The t h i r d  term has a dual purpose. F i r s t l y  it represents 

people's aspirat ions t o  locate i n  the most a t t rac t i ve  housing avai lable, 

by making them choose housing tha t  has been a t t rac t i ve  t o  those of 

higher soc ia l  s ta tus  since the  term i s  the porportion of avai lable 

housing tha t  has been occupied by the  next highest soc ia l  group. The 

second purpose is rather  more pragmatic since the term helps ensure tha t  

it is the  more a t t rac t i ve  housing tha t  i s  f i l l e d  f i r s t ;  if it were not 

used two zones with an equal number of houses st i l l  avai lable,  but one of 

which had had most of i ts  housing already f i l l e d ,  would tend t o  be equally 

a t t rac t i ve ,  whereas the  zone i n  which more houses have been f i l l e d  is 



more a t t rac t i ve  than the  one i n  which few have chosen t o  locate.  The 

fourth term ensures tha t  people tend t o  locate near those of s imi lar  

soc ia l  s ta tus.  The f i n a l  term (ai)  represents the environment, t ha t  

i s ,  it i s  designed t o  represent the  qual i ty of the  area other than the 

factors already discussed. Clearly quanti f icat ion of the  environment 

i s  f a i r l y  subjective. Because of t h i s  two dif ferent measures have been 

used i n  t h i s  study. In the  e a r l i e r  work used for  forecasts from 1966 

t o  1971the form used was: 

S .  
where Yi i s  the access ib i l i ty  t o  shops. I t s  value i s  given by equation 

(138). Because the  r a t i o  of t he  access ib i l i ty  a t  two di f ferent  time 

points i s  being used, the  values w i l l ,  i n  general, be close t o  unity. 

I f  new shops have been introduced in to  an area, the  value w i l l  tend 

t o  be greater than one, and so, it can be argued, making the  area more 

a t t rac t i ve  for  residence. The disadvantage of t h i s  formulation i s  t ha t  

because transport costs a re  included i n  the factor,  a change i n  such 

costs tends t o  be over-emphasised, t ha t  i s  making areas which have 

become re la t i ve ly  more accessible disproportionately a t t rac t i ve .  

Accessibi l i ty i s  already taken in to  account i n  the  res ident ia l  locat ion 

process. An improved version is used i n  l a t e r  forecasts. It takes the 

form : 

D where H. i s  the housing stock i n  zone i, Hi i s  the number of houses 
1 

G .  
demolished i n  zone i ,  L. 1s the area of zone i tha t  has been developed 

1 
T .  

and Li 1s the  t o t a l  area of zone i. That is, the larger  the proportion 

of houses not being demolished and the  smaller the proportion of area 

of land tha t  has been developed the  be t te r  the environment of t ha t  zone. 

The proportion not being demolished is used rather  than the  inverse of 

the proportion being demolished because a value of Hf)  of zero would lead 
1 

t o  the value of ai being undefined. 

-. 
12.5.2 Residential a t t rac t ion  - external zones (W! ) 

1 qn 
Since only some of the  employed residents a re  being located i n  

external zones (those who work i n  the  c i t y )  a dif ferent a t t rac t ion  factor 



i s  used. This causes no problem since the  t o t a l  number of i n - c m u t e r s  
t 

i n  each social  group (R ) has already been calculated i n  equation (69) 
9 

and so employed residents a re  being distr ibuted between a s e t  of zones on 

the re la t i ve  value of the  a t t rac t ion  factor. Following on from t h i s ,  

since it is  only an a t t rac t ion  factor the value can be kept constant over 

time, implying no change i n  t he  re la t i ve  values over time. However if 

desired, the  value can be changed, part icular ly t o  t e s t  the  ef fect  of 

overal l  growth i n  one or more external zones. The value is  given by: 

W? ( t)  = p E n  ( t )  for  i=N+l, M 
1qn 

where e i ther  P&N has been kept constant over time or  the  to ta l  
1 qn 

population increased: 

P? ( t )  = F. ( t )  U + (t-1,t) for  i=N+l,M (97) 
1 qn 1 qn 

where F. ( t )  is  the car  ownership leve l  given by equations (72) and 
19" 

(73). U . ( t)  i s  the  proportion of population of zone i i n  soc ia l  

group q and (t-1,t) i s  the  population increment i n  zone i from 
ZQ time t-1 t o  time t. I n  pract ice it may well be tha t  U. ( t )  i s  kept 
1q 

constant over time. This is unl ikely t o  lead t o  serious er ror .  

12.5.3 lhployment a t t rac t ion  - in terna l  zones (2 ) 
54 

The employment a t t rac t ion  factor is much simpler; it is  the  number 

of jobs avai lable i n  each zone, as given by equation (65):  

wE = J"Q f o r  j=l, N 
jq  jq 

12.5.4 lhployment a t t rac t ion  - external zones (2 ) 
54 

The employment a t t rac t ion  factor  f o r  external zones i s  the number 

of jobs Tor the  appropriate soc ia l  group: 

8 = .JQ for  j=N+l, M 
39 jq 

The t o t a l  number of jobs i n  each soc ia l  group i s  not calculated 

endogenously so  may e i ther  be kept constant over time fo r  the  same 

reasons as the  external res iden t ia l  a t t ract ion factor,  or  may be 

increased exogenously, t o  represent an increase i n  the number of jobs 



i n  one or  more external zones. This may be done for  a l l  jobs i n  

aggregate or for  individual sectors:  

Q r P Pinc J.  ( t )  = x J.  (t-1) + J.-(t-1,t) uW+z J'S ( t - l ) + f k ( t - 1 , t )  
J9  L JP JP 3 ' l P s [ J s  J S 

for  j=N+l,M (100) 
P 

where J .  J B  are the  number of jobs i n  each primary o r  secondary, and 
JP JS , Pinc t e r t i a r y  sector respectively, J - and are  the increments i n  the  . 

jp J S  
number of jobs i n  each primary or secondary, and t e r t i a r y  sector 

respectively and uW and a re  the  proportions of the  jobs i n  t he  
9P qs 

respective sectors i n  each social  group. 

12.6 Capacity constraints 

As indicated i n  the  descript ion of the t r i p  d is t r ibut ion certain 

capacity constraints can be applied. These serve two purposes - t o  

permit the incorporation of land use pol ic ies fo r  tes t ing  with the  

model and t o  remove assumptions about the equali ty of supply and demand. 

The inequal i t ies work by f inding the appropriate d is t r ibut ion with a l l  

zones i n  the  unconstrained s e t ,  comparing the d is t r ibut ion with the  

relevant capacity value, moving zones i n  which the constraint is  

violated t o  the  constrained se t  and then computing a new distr ibut ion.  

Since the  excesses w i l l  have been redistr ibuted t o  other zones, further 

constraints may be violated so the  whole process is repeated u n t i l  no 

constraints are violated. 

12.6 .I Population constraints 

The main constraint on the  locat ion of population i s  t he  

ava i lab i l i t y  of housing. This i s  part icular ly important since population 

is  being located by soc ia l  group and only a l imited quantity may be l e f t  

avai lable for  a par t icu lar  soc ia l  group; thus 

where H~~ i s  the number of houses avai lable, as given by equation (29) 
H Q ' ~  

and o. is  the  appropriate housing occupancy r a t e  as given by 
19 

equation (32). 
-. . 



It may be desired t o  t e s t  the  ef fect  of a par t icu lar  population 

leve l  for  one or  more soc ia l  groups, hence: 

where P@ i s  t he  exogenously defined population i n  soc ia l  group q. 
i q  

Similarly, it may be desired t o  ensure tha t  a par t icu lar  maximum 

or  minimum population i s  located i n  a zone, t h a t  i s :  

where + and & are the  maximum and minimum desired populations i n  
1'4 19  

social  group q respectively. These can be used t o  ensure a par t icu lar  

social  mix i n  a zone. 

12.6.2 Buploment constraints 

The employment constraint equivalent t o  t ha t  representing the  

ava i lab i l i t y  of housing is  the ava i lab i l i t y  of jobs: 

where J$ i s  the  number of jobs, given by equation (61 ) . 
j q 

12.7 Non-movinu workers 

In equation (86) above the  number of people i n  each soc ia l  group 

who have retained the  same res ident ia l  and employment locat ions over 

the  preceding time period was considered. The number of people i n  t h i s  

category has t o  be calculated. As described above, only those who l i v e  

and work i n  the  c i t y  a re  considered i n  t h i s  category; these are  

calculated by assuming tha t  the decision t o  re ta in  e i ther  the  res ident ia l  

or  employment location f ixed is independent of the decision about the 

location a t  the other end fo r  those l iv ing and working i n  the  c i t y  a t  

the  previous time point.  This a r ises  from the lack of information upon 

the  relat ionship between res ident ia l  and employment relocation. Thus 

the  number of people i n  each soc ia l  and car ownership group with a fixed 

res ident ia l  and employment-location i s  given by: 



FQJ FQ ( t ) = R i  ,(t) F. ( t )  C C I: C 3? (t-1) f o r  i = l , N  j = l , N  (106) 
Ti j qn - u v n k ~ y ( n )  i j qknuv 

RQ (t-1) EQ (t-1) 
1q J 9  

where R?$ i s  the  number of employed residents who worked i n  t he  c i t y  

a t  the  previous time point who have kept the same res ident ia l  location, 

and are  i n  social  group q and car ownership group n. I t s  value i s  given 

by: %. 

IU 

Fw=~m ( t )  C E C C C w -  
Riqn iqn2 

I. 
~j qknuv (t-1) j=l u v n key(n) 

RQ (t-1) 
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It w i l l  be noted tha t  the  current car ownership leve l  i s  being used 

since people i n  t h i s  category may well have purchased (o r  sold)  a car. 

EFQ i s  the  number of workers who l ived i n  the c i t y  a t  the previous time 
J 9 

point and have kept the  same employment location and are i n  soc ia l  group 

q. I t s  value i s  given by: 

FQ QV 
N 

E .  ( t)  = E .  2(t)  C C C C C 
W 

T. 
J9  1 j qknuv 

(t-1) - i=l u v n kEy(n) 

12.8 Balancing fa- 

Various balancing factors have been mentioned above. In general 

these are  designed t o  ensure tha t  the  f ina l  solut ion i s  consistent with 

a par t icu lar  se t  of values. Because t h i s  part  of the  model i s  f a i r l y  

complex the  balancing factors have a lso t o  be complex, although t h e i r  

basic form i s  simple. 

W 12.8.1 Residential balancing factors ( A .  ) 
1 qnu 

The balancing factor for  newly locating employed residents i n  zones 
W 

i n  the  constrained se t  (Aiqnl) is: 

- 
t o  ensure tha t  



M 
C C W am = R. 

Tijqknuv lqnu for  ~ E Z  
j=1 k ~ y ( n )  v q-l 

The balancing factor for  non-moving employed residents has one 

term fewer than the  one for  newly locating residents,  because those 

who have retained the  same employment locat ion a re  considered 

elsewhere. The balancing factor is given by: 

t o  ensure tha t  

M 
i W = R .  Q J ~  for  i=l, N 

j=1 k ~ y  (n ) 
Tijqkn21 1qn21 

12.8.2 Employment balancing factors (B!~ ) 
J 9 

The employment balancing factors are similar t o  those for  residents. 

For those working i n  zones i n  the  constrained se t  the  factor is: 

t o  ensure tha t  

M 
i c c  i +J = E~~ for  j ~ z  

i=l n k ~ y ( n )  u i j qknul j  q l  93 

The factor for  non-moving workers is: 

M W' ' p  ) -1 
C . .  3 + c $ 8  exp(-i3qnlJk 

i = N + 1  9 

t o  ensure tha t  



M 
C C C  

W = E QW 
Ti j  qknl2 j q12 for  j=l, N 

i=l n key(n) 

WF 
12.8.3 Fixed .journey t o  work pat tern (B. . ) 

1Jqn 

A balancing factor  has t o  be defined t o  ensure the correct t r i p  

d is t r ibut ion for  those who have retained the  same res ident ia l  and 

employment location for  use i n  equation (86).  

It i s  given by: 

t o  ensure tha t  

I: 
W 

T . .  - - F 
1 J qkn22 Ti j qn 

for  i=l, N j=1, N 
k ~ y ( n )  

12.8.4 Total newly locat ing employed residents (K~ )  
9 

The number of newly locat ing employed residents i n  zones i n  the  

unconstrained se t  can be found from: 

tha t  i s ,  it i s  the t o t a l  employed residents i n  the  soc ia l  group l e s s  

those l iv ing i n  zones i n  t he  unconstrained se t  and non-moving employed 

residents. The equivalent balancing factor 8 i s  calculated from: 
9 

t o  ensure tha t :  



12.8.5 Total newly locating employment (I?) 

The number of newly locating workers i n  zones i n  the  unconstrained 

se t  can be found from: 

The balancing factor t o  ensure tha t  the  t o t a l  number of t r i p s  i n  

t h i s  category sums t o  t h i s  t o t a l  (I?) i s  defined by: 
9 

t o  ensure tha t  : 

M 
C C E C 

W I T .  - QV 
i J qknuv - Ec q~ 

i=l j ~ z  n kEy(n) u 
94 

12.8.6 
f Out-commuters from the  c i t y  (Kq)  

A constraint is imposed t o  ensure tha t  the t r i p s  across the c i t y  

boundary by those l i v ing  inside sum t o  the t o t a l  given by equation (71).  

I t s  value i s  given by: 

w P ( E  exp(-0 C . . )  
j = N + l  J q  n kEy(n) ~ E Z  q lqn qn 1 ~ k  

q2 

W R? eq(-BqnCijk)+.C W P IJ Aiqn2Riqn21exp(-8W W QNW C! )I (i.25) 
+ Aiqnl l qn l  

i E Z  
qn i j k  

1=1 
cil 

t o  ensure tha t :  



12.8.7 t 1n-commuters in to  the  c i t y  (Kq)  

A similar constraint is  imposed t o  ensure tha t  the  t r i p s  across 

the  c i t y  boundary by those working i n  the c i t y  sum t o  the  t o t a l  given 

by equation (69).  I t s  value is  given by: 

t o  ensure tha t  

12.9 Inverse ac t i v i t y  r a t e  

The inverse ac t i v i t y  ra te  is the  ra t i o  of the population t o  the  

employed residents i n  the  same area. I n  most a-pplications of t h i s  type 

of model a single value i s  used. In t h i s  study not only i s  t he  value 

disaggregated by soc ia l  group but a lso  by zone. This is  done by scal ing 

the values a t  the previous time period by the r a t i o  of the t o t a l  value 

a t  the  current time point t o  the previous value. It is  necessary t o  

allow for  s l igh t l y  d i f ferent  values fo r  newly locating employed residents 

from those for  non-movers t o  ensure tha t  the  t o t a l  number of employed 

residents sums t o  the  t o t a l  given by equation (70) and the sum of the  

population equals t he  exogenously defined to ta l .  The differences a r i se  

from the  spa t ia l  var iat ion i n  the inverse ac t i v i t y  ra te  and have been 

found t o  be very small. 

The overal l  inverse ac t i v i t y  r a t e  for  the c i t y  i s :  

The inverse ac t i v i t y  r a t e  for  non-movers i n  each zone (gQu ) :  
192 . 



The value of gQ (t-1) can be found from: 
19  

'he zonal value for  newly locating employed residents ( g z l )  i s  

12.10 population-location 

The number of newly located employed residents i n  each soc ia l  and 

car ownership group ( R W  ) can be found by summation: i qnl 

M 
R ? = I : I :  W Ti j qknuv for  i = l , N  
lqnl j=l kcy(n) v 

Q The population i n  each zone i n  each social  group (P. ) i s  given by: 
l q  

P = Qu + P .  Q" for  i=l, N 
i q  'iql Riqnl  1q2 

12.11 E2nployment locat ion 
Q The employment i n  each zone for  each social  group ( E .  ) i s  obtained 
J9  

by adding together t he  surviving workers from equation (64)  and the 

newly located workers obtained by summation: 

M 
EQ = EQ' + I: I: I: I T'. 

W 

Jq Jq2 i=l n k ~ y ( n )  u i j qknuv 

13. ACCESSIBILITIES 

13.1 Basic pr incip les 

The concept of access ib i l i t y  has been used i n  several places above 

as the  l i nk  between transport  and land use. It i s  computed impl ic i t ly  

within the previously clefifled equations. 



13.2 Accessibi l i ty t o  residents ($) 

The access ib i l i ty  t o  residents is used i n  the  locat ion of housing 

and industry. It could be calculated especial ly, but t h i s  i s  not 

necessary because examination of the  term B' i n  equation (113) shows 
j q l  

tha t  not only does t h i s  contain the s ize and the distance terms but a lso 
W 

*iqnu 
which can be interpreted as the  competition from others for the 

same employment opportunities. The value used is tha t  f o r  t he  middle 

soc ia l  group since t h i s  i s  by fa r  the  largest .  Thus: 

13.3 
E 

Accessibi l i ty t o  employment (Yi) 

The A!' term may be interpreted as the  inverse of the  access ib i l i ty  
iqn l  

t o  economic act iv i ty .  The value for  car owners (n=l )  is  used because 

it contains the  cost of t r a v e l  by both modes. Thus: 

s 
13.4 Accessibi l i ty t o  shops (Yi) 

The access ib i l i ty  t o  shops used i n  the locat ion of residents i n  

houses is found by using the  inverse of the balancing factor  i n  

equation (48) for  those with a car avai lable (so tha t  both modes are  

included). The values for  convenience and durable shopping are mult ipl ied 

together : 

14.  LAND TAKE 

1 4 . 1  Basic pr incip le 

The ava i lab i l i t y  of land is  a very important factor  i n  the location 

of ac t i v i t i es  i n  the c i t y .  This i s  taken in to  account i n  the  model by 

al locat ing ac t i v i t i es  i n  a par t icu lar  sequence; the sequence i s  

exogenous new housing, primary and secondary economic ac t i v i t y  (except 

agr icu l ture) ,  t e r t i a r y  economic-'activity, endogenous new housing and 

f i na l l y  agriculture. Exogenous housing, i f  any, is  given p r i o r i t y  t o  



represent the  al locat ion of land fo r  t h i s  speci f ic  purpose. Economic 

ac t i v i t y  i s  given p r i o r i t y  over other housing because, i n  general, it 

can outbid housing for  a par t icu lar  parcel of land which i s  why 

economic ac t i v i t y  tends t o  be concentrated a t  the most accessible park 

of the  c i t y ,  t ha t  i s ,  the centre. On some occasions there is  insuf f ic ient  

land avai lable t o  locate the ac t i v i t y  a t  the  density being used i n  the  

model, so l i k e  Lowry (1964) i n  h i s  model, overcrowding i s  assumed t o  

occur, because it i s  f e l t  t h a t  locat ional  factors  a re  more important 

than the  density of a par t icu lar  act iv i ty .  

14.2 H Density of housing (Di) 
H 

The density of housing (Di) i s  calculated from the  previous time 

point : 

H where L . ( t - 1 )  i s  the  area of land occupied by housing. 
1 

D The area of land released by the demolition of housing (Li) i s  

found using the  density of housing a t  the previous time point:  

14.3 Exonenous new housing 
HX The density a t  which new housing i s  being located (Di  ) may be 

specif ied, otherwise the  current value i s  used: 

The area of land used by exogenously located housine; can then be 

calculated, except i n  cases when there i s  insuf f ic ient  land avai lable 

for  the housing i n  which case the  density is  allowed t o  r i s e - s o  t h a t  

housing can be accommodated, t ha t  i s  

whichever (142 

-. . 
H h D 

1 1 1 1 

I 
HX = LT - L U ( ~ )  - ~ . ( t - l )  - ~ . ( t )  + ~ ~ ( t )  i l ess  Li r' 



T U 
where L. i s  t he  t o t a l  area of land i n  each zone, Li i s  the  area of 

1 H 
unusable land i n  each zone, Li is  the  area of land used by housing 

h 
and Li is  the  area of land being held off the market. Unusable land 

i s  t ha t  which cannot be used for  any sor t  of development. Land being 

held off the market i s  not currently avai lable, but may become so in 

the  future,  or  it may be land such as Green Belt tha t  i s  not developed 

. for  po l i t i ca l  reasons. 

14.4  Land avai lable for  primary and secondary economic ac t i v i t y  

As indicated above, primary and secondary economic ac t i v i t y  

(except agr icul ture) is given next p r io r i t y .  The area avai lable 

' Pa 
( E Li ) i s  given by: 
p=2 

14.5 Land used by primary and secondary economic a c t i v i t y  

(except agr icul ture) 

Land i s  used by primary and secondary economic ac t i v i t y  a t  the 

current density as long as there is suf f ic ient  land avai lable;  if 

there i s  not the density is  assumed t o  r i s e ,  t ha t  i s  

7 7 P P P - 
E Lr ( t )  = E L (t-1) J. (t)lJip(t-l) i whichever 

CP 1 P 
(145) 

p=2 IP p=2 

J l ess  

The land used by each sector is  given by 

P P P LP ( t )  = L: ( t - 1 ) ~ ~  ( t ) / J i  ( t-1) E L. ( t )  for  p=2, 7 
1P - p=2 l p  



14.6 Land avai lable for  t e r t i a r y  economic ac t i v i t y  

Tert iary economic ac t i v i t y  is  given next p r i o r i t y  for  location. 
Sa The land avai lable (C L ~ ~ )  i s  given by: 

S 

14.7 Land used by t e r t i a r y  economic ac t i v i t y  

In re ta i l ing ,  and,to some extent, other service a c t i v i t i e s ,  there 

has been an increase i n  the  floorspace per employee ra t i o ,  re f lec t ing 

the  move towards supermarkets and discount shopping. It is  r e a l i s t i c ,  

therefore not t o  regard a decrease i n  t e r t i a r y  ac t i v i t y  i n  a zone as 

.necessar i ly  leading t o  a decrease i n  the  area used. Once again, 

suf f ic ient  land must be avai lable t o  locate the ac t i v i t y ,  or  e lse  the 

density r i ses .  Because of the  d i f f i cu l ty  of dist inguishing between the 

various categories on land use maps, these sectors a re  t rea ted  i n  

aggregate. The al locat ion of land i s  calculated as follows: 

S s if z ~ ~ ~ ( t )  3 c ~ ~ ~ ( t - 1 )  (149 
S S 

S s s s 
then C L i s ( t )  = Z Lis( t -1)  E E ~ ~ ( ~ ) / x  ~ ~ ~ ( t - 1 )  whichever (150) 

S S S S 

s s if C E i s ( t )  < c Eis( t -1)  i s  (151) 
S S 

S s 
then c ~ ~ ~ ( t )  = E ~ ~ ~ ( t - 1 )  j l e s s .  

I 
(152) 

S S 

s I 
or c ~ ~ ~ ( t )  = C  ~!?(t) (153) 

S S 3 

14.8 Land avai lable for  housing 
Ha 

The land avai lable for  endogenously located housing ( L ~  ) i s  given by: 

This term is  used i n  equation (11) t o  locate the  new housing where ' 

L? i s  the  area of land released for  housing development, given by 
1 

equation (163). 



14.9 Land used by h o u s i q  
HB 

The area of land used by new housing (Li ) is  given by: 

H 
The t o t a l  area of land used by housing i n  each zone (L.) is  given by: 

1 

14.10 Land developed 

Developed land is  t h a t  occupied by economic ac t i v i t y  (other than 

agr icul ture) and housing, with the  proviso tha t  land once developed 

cannot become undeveloped, t ha t  i s ,  the  area developed w i l l  not decrease. 
G 

Hence the  area of developed land (Li) is  given by: 

' whichever (157) 
p=2 S I 

] greater 

14.11 Agricultural land 

In an urban area, agr icu l tura l  land is a residual  category, 

gradually being eaten i n to  by urban development. I f  land being held 

off the  market i s ,  i n  f a c t  Green Belt,then caremust be taken t o  prevent 

double counting. I f  there is  land i n  t h i s  category, it i s  assumed tha t  

it is  a l l  i n  agr icul ture usage, and so not avai lable for  urban 

development but t h a t  a l l  other agr icu l tura l  land is  potent ia l ly  avai lable 

for  development. The quanti ty of agr icu l tura l  land t h a t  is  potent ia l ly  

AGa) is given by avai lable for  development (Li  

-. . J greater (160) 

A h 
where L. is  t he  area of agr icul ture land and Li i s  the  area of land 

1 

being held off the market. 



Agricultural land that is not Green Belt is assumed to be equally 

available as other undeveloped land for development, thus the land left 
A 

for agricultural usage (Li) is given by 

14.12 Land released for develoment a 

The model has been designed so that areas of land in each zone can 

be held off the market, that is development is not permitted there. 

Land can be released for building during any time period. This can 

either be specified for each zone, or for the whole city, in which case 

it is allocated to zones in proportion to the area being held off. Thus, 
h .  the area of land being held off, Li is given by: 

h h hinc h hinc L. I (t) = L. I (t-l)+~~-(t-l,t)-~E[~~(t-l)+~~-(t-l,t)] (162) 

hinc ~[~?(t-l)+~.--(t-l,t)J 
j J J 

hinc where Li- (t-1,t) is the increase in the area of land in zone i being 

held off the market and L: is the total area of land in the city 

released for development. 

It may be desired to release land for just housing development; 

this is given by: 

where L? is the area of land in zone i released for housing' development. 
1 

14.13 Vacant land 

The area of land that could have been used for development, but, 
v 

in fact, is still available, L. is given by: 
1' 



15 INEQUALITIES I N  THE PROVISION OF HOUSING AND JOBS 

15.1 Basic pr incip le 

One of the  main cr i t ic isms made of t h i s  type of model i s  t ha t  

supply i s  assumed t o  match demand exactly. This is  not so  i n  t h i s  

par t icu lar  model. I n e q d i t y  i n  the housing market i s  represented by 

vacant dwellings o r  overcrowding. In the job market it is  represented 

by vacant jobs o r  changes i n  the  ac t i v i t y  ra te ,  re f lec t ing marginal 

workers, for  example, housewives o r  those who are frequently unemployed, 

entering o r  leaving the  employment market i n  response t o  changes i n  

the  t o t a l  number of jobs available. A s  described above the  houses 

and jobs a re  located f i r s t ,  then people se lect  from amongst those 

avai lable. Vacancies a re  simply those not f i l l ed .  Demand exceeding 

supply i s  l e s s  easy t o  represent, since by def in i t ion those who do not 

have a job o r  house cannot have a spa t i a l  labe l  attached i n  the same 

way as those who do. 

15.2 Over-provision of housinp - vacant housing 

The supply of housing (H i )  i n  each zone is given by equation ( 30) 

and the  number occupied i s  given by: 

Vacant housing i n  each zone i s  then given by: 

15.3 Under-provision of housing - overcrowding 

Overcrowding is taken t o  occur when the occupancy r a t e  for  one or  

more zones has t o  be increased i n  order t o  ensure tha t  a l l  the  population 

can be accomodated. Because the lowest social  group i s  located l a s t  

they a re  most l i ke ly  t o  be overcrowded by t h i s  def in i t ion ( re f lec t ing 

the  r e a l i t i e s  of the world). The housing occupancy ra te  i s  calculated 

using equations ( 31) and ( 32). An increase i n  the leve l  of population 

without a concomitant r i s e  i n  the number of houses w i l l  lead t o  a r i s e  

i n  the  occupancy ra te .  The scal ing of the  occupancy r a t e  i n  t h i s  manner 

does not, however, neccesarily lead t o  equal i ty i n  the provision of 



housing because of the  spa t ia l  variat ion i n  the  occupancy ra te ,  part icular ly 

i f  not a l l  houses were f i l l e d  a t  the previous time point. 

I f  t h i s  occurs the  population i s  located i n  t he  housing using 

aQ XQ H. 0. 
pQU = l q  l q  1 gQU 1 cW 
1 sl aQ 

iEz2 191 n iqnl 
C H. 

i E Z 2  19 i q  

thus overriding the  value of t he  housing occupancy r a t e  computed using 

equation ( 32). 

15.4 Over-provision of jobs - vacant jobs 

The t o t a l  number of jobs i n  each zone i s  given by equation ( 61) 
and the  totalnumber working i n  each zone by equation ( 135). Vacant 

VQ jobs (J.  ) can be found by subtraction: 
J9 

15.5 Under-provision of jobs - underemployment 

The model can be run assuming a l l  jobs are f i l l e d ,  t ha t  i s  

This may well be t rue  when a declining area is being modelled. This 

value of E~ w i l l  then be used i n  equation ( 70) t o  calculate If' and so 
c Q Cq i n  equation ( 129 ) t o  calculate the  inverse ac t i v i t y  ra te  g Consequently 

cq' 
a f a l l  i n  the  number of jobs w i l l  lead t o  a f a l l  i n  the  ac t i v i t y  r a t e ,  

re f lec t ing a reduction i n  the number of persons employed. 
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16. EXOGENOUS MCATION AM) THE INCORPORATION OF PLANNING CONSTRAINTS 

16.1 Basic pr incip le 

Several of the locat ion equations defined above have included the  

variables being located exogenously t o  represent planning po l ic ies,  o r  for  

tes t ing  the  model under d i f ferent  assumptions. In t h i s  sect ion these w i l l  

be drawn together and any addit ional checks tha t  must be made,described. 

16.2 Housing locations 

B 
The location of housing (Hi) is given by equation ( 11) which can be 

used t o  t e s t  the  impact of a new housing development by giving values 

t o  gX. It is important t o  check t h a t  t he  t o t a l  new housing being 
1 

located i s  greater o r  equal t o  the  sum of a l l  being located exogenously, 

tha t  is  

I f  t h i s  i s  violated the  t o t a l  number of new houses being located is  

adjusted automatically and the  model operator informed. 

16.3 Primary and secondary economic ac t i v i t y  location 

Equation ( 33), ( 36) and ( 39) include terms for  the exogenous location 

of jobs. These would be used t o  examine the ef fect  of a new indust r ia l  

es ta te ,  for  example. A simi lar  check t o  tha t  f o r  housing is made: 

Again the t o t a l  number of jobs i s  adjusted if necessary. 

16.4 Tert iary economic ac t i v i t y  locat ion 

Equations ( 46) and ( 47) include sa les i n  shops being located 

exogenously .(SSX). This can be calculated from the equivalent number of 
JS 

jobs using: -. 



This method works for  marginal cases, f o r  example the  locat ion of a new 

hypermaxket i n  one zone, o r  new centres i n  a few zones. However, i f  it 

i s  desired t o  t e s t  a completely new pattern of t e r t i a r y  ac t i v i t y  a 

s l igh t l y  dif ferent method i s  used. F i rs t l y  a check is  made: 

tha t  i s , a l l  t e r t i a r y  employment i n  a sector is being located exogenously. 

(The term 0.001 i s  used because equal i t ies  cannot be guaranteed t o  be met 

with rea l  numbers on a computer). If t h i s  inequali ty is met the t e r t i a r y  

employment i s  given by: 

S s SX S 0 

' i js l~n = K X .  B. S. exp(-8 C.. ) 
S 1Sm J S  J S  SUl 1 ~ k  i=N+l,M, j = l , N  

Since only a portion of the  sa les i n  external zones are  forecast  by 

the  model it is  not feas ib le  t o  se t  these exogenously. Hence equation 

( 46) i s  used fo r  these. Additional sales could be added i n  these zones. 

The balancing factors  a re  given by: 

t o  ensure t h a t  

and 

s M - -1 
B& = LYE 1=1 A. i s m  X. i s m  exp(-erncyjk) + c x:xism exp(-e,~Y jk)-/ ( 179) 

-. i=N+1 



t o  ensure tha t  

16.5 Jobs disaggregated by soc ia l  RrouE 

The equations above can be used t o  locate a l l  jobs by sec to r ,  

exogenously. However, equation ( 61) would st i l l  be used t o  determine the 

soc ia l  group disaggregation. The proportions defined by the  terms 

Uq: and IJQs are  kept constant over time, so may not be t e r r i b l y  accurate 
9P qs 

and so it is  possible t o  override these by specifying the  location of jobs 

disaggregated by soc ia l  group. It should be noted tha t  t h i s  can only 

be done i f  t he  employment i n  a l l  sectors i n  a par t icu lar  zone i s  being 

located exogenously. I f  jobs i n  all zones are  being se t  exogenously, 

then the t o t a l  i s  used for  the  number employed: 

~f " 2  o for  a l l  i = 1 , N  
*j q 

16.6 Population 

Equatiom ( 103) and ( 104) can be used t o  se t  the  population 

maxima or  minima in  one o r  more zones. Clearly the  following must hold: 

and 

-. 
Also, checks must be made t o  ensure t h a t  the number of survivors does 

not exceed the  exogenous leve l  o r  maximum for a part icular  zone: 



If e i ther  of these i s  v io lated the value of pZ2 i s  adjusted 

accordingly and the  model operator informed. A t  f i r s t  s ight  t h i s  may 

appear t o  be inconsistent with equation (62),  but because of the  nature 

of the  model and the  need t o  assume ra tes  remain constant over time, 

it i s  not surprising tha t  the  model cannot automatically cope with a l l  

possible values of exogenously specif ied variables. The important 

point is  for  the  model user t o  be made aware of what i s  happening and 

t o  ac t  if he so des i res,  ra ther  than t ry ing the impossible task of 

producing a foolproof model. 

I f  the population has been se t  exogenously there may be a s l i gh t  

problem t o  a l locate a l l  the  population a t  the value of the inverse 

ac t i v i t y  r a t e  defined by equation (1321, since the  value of P. may be 
19 

very di f ferent  from the  value t h a t  would be calculated endogenously. 

Hence if: 

P? > 0 for  any i 
19 

( 187) 

where 2 i s  the se t  of zones for  which pQX z 0 .  The value of gQu is 
5 19 1 

the  value computed from equation (. 132) but a new value can be computed 

t o  ensure consistency: 

An analogous calculat ion on the  housing occupancy r a t e  can be made 

t o  ensure tha t  the desired population i s  located i n  the  avai lable housing: 



where H. is  the  t o t a l  housing given by equation ( 30). If t h i s  condition 
1 

i s  violated, then the  housing occupancy ra te  i s  given by: 

A similar check i s  carr ied out on the non-moving population given by 

equation ( 62),  but t h i s  i s  unlikely t o  be violbted unless there i s  a very 

large number of survivors i n  one or  more zones. A check i s  made on the  

t o t a l  number of non-moving employed residents: 

QU check C R. Q 
i=l 1q2 Rcq 

If not 

then a new value of the  non-moving population i s  found: 

and then values are used i n  preference t o  those given by equation ( 62). 

Once again a f lex ib le  approach is being taken if values computed using 

equation ( 62) are inconsistent with the  t o t a l  value given by equation ( 70)  

an adjustment i s  made t o  the  values. This does not upset the  overal l  

logic of the  model, but does allow the  model t o  be used consistently. 

The various checks and adjustments outl ined i n  t h i s  section have 

been devised a f t e r  empirical tes t ing  of the model. They only apply 

under the  conditions s ta ted  an4 are  a necessary accompaniment t o  a model 

tha t  can be used fo r  forecasting under so many di f ferent  conditions. 



17 CONVERGENCE OF THE MODEL 

17.1 Basic principle 

The complex interactions within the model and the intractability 

of the solution mean that an iterative solution method has to be used. 

This means that a convergence test has to be carried out on the outer 

loop, as well as all those on all the balancing factor calculations. 

The test is to ensure that none of the zonal values varies from the 

equivalent value on the previous iteration by more than some small 

fraction, in this case taken to be 0.18. 

17.2 The convergence test 

The test is carried out on the employed residents in each social 

group, in each zone and may be expressed as: 

Ri (I) - Ri (1-1) < A for all i and q 

R. (1-1) 
19 

where I is the iteration number and A is some small value. 

The test is only carried out on the second and subsequent iterations. 

Experience with the model has shown that it is possible for oscillations 

to occur. Generally this means that the following sequence is occurring: 

decentralized employment followed by centralized population, leading 

to centralized employment, followed by decentralized population which leads 

to decentralized employment and so on. To check for this the following 

test is carried out on the eleventh and subsequent iterations: 

R.q(l) L - 'iq('-*) < A for all i and q ( 196) 

R. (1-2) 
19 

The oscillations generally imply some small error has occurred. If no 

such test was applied the model would continue running until forcibly 

stopped by the computer operators. 



18. OUTPUT INDICATORS 

18.1 Basic pr incip les 

A model as complex a s  the one being described here produces vast 

quanti t ies of resu l ts .  These include the zonal d is t r ibut ions of housing 

population and employment, plus t r i p  patterns. To f a c i l i t a t e  interpretat ion 

of the  changes being examined a se t  of indicators are computed a f t e r  

the  finalconvergence a t  each time point. The indicators computed include 

the modal s p l i t ,  time and money expenditure and various access ib i l i ty  

measures. One of t he  main uses of the  model i s  for  exmining the  impact 

of a part icular  change; consequently it is  necessary t o  be able t o  compare 

the  resu l ts  of two runs of the  model. This i s  done by s tor ing the 

resu l ts  from one appl icat ion and then a f t e r  the  second has been run 

inputt ing the  resu l ts  from the  f i r s t  and calculat ing measures of t he  

deviations between the  equivalent d istr ibut ions of a c t i v i t i e s  and t r i p s .  

18.2 Zonal d is t r ibut ions 

The following items are  output for  each zone for  each time point: 

( a )  Housing - t o t a l  

- new 

- demolished 

- occupied 

-vacant 

(b )  Population - t o t a l  

- by soc ia l  group 

( c )  Employment - t o t a l  

- by soc ia l  group 

(d )  Jobs - t o t a l  

- by 12 industr ies 

- vacant 

( e )  Sales i n  shops - by goods type (convenience and durable) 

( f )  Land - agr icul tural  -. 
- primary and secondary economic ac t i v i t y  (excluding agr icul ture) 

- t e r t i a r y  economic ac t i v i t y  

- housing 

- developed 

- unused 



The zonal values are aggregated to three sets, deferred as 

inner city, inner suburbs and outer suburbs, so that the decentralizaton 

effects of policies can be seen. 

18.3 Accessibility measures 

Accessibility is a useful concept for examining the impact of change 

upon groups since it includes both transport and land use, and so can 

reflect a change in either. 

One useful accessibility measure was devised by Hansen (19591, which 

may be shown as 

where Yiis the accessibility of zone i, W. is a measure of the attraction 
J 

of zone j and f(c ) is a decreasing function of the cost of travel 
ij 

between zones i and j. 

In this model costs are known for each mode, and there is a cost 

function for each car ownership group. The cost function is that used 

in the model. Values can be calculated for the appropriate disaggregation, 

for example, by social group. The accessibility to jobs for each 

social group is, thus, given by: 

The accessibility to all jobs is obtained by summation: 

Similarly the accessibility to the supply of labour in each social group 

is given by: 



The t o t a l  access ib i l i ty  t o  a l l  labour is found by summation: 

The access ib i l i ty  t o  each t e r t i a r y  economic ac t i v i t y  can be found i n  

a similar manner: 

The access ib i l i ty  t o  t h e  population who are customers or users of each 

t e r t i a r y  ac t i v i t y  is  given by: 

The access ib i l i ty  t o  some or a l l  the t e r t i a r y  sectors o r  users of a l l  

t e r t i a r y  sectors can be obtained by summation: 

and 

R 8s 
Y.  = C Yis 

1 
S 

In section 13 above the  interpretat ion of the  inverse of the 

balancing factors as access ib i l i ty  functions containing competition 

terms was discussed. Because the  values a re  obtained by mutual i te ra t ion  

the  values of the  factors are not unique, although the product of each 

pa i r  of A.  and B.  values i s .  Consequently, no meaningfil interpretat ion 
1 J 

can be made of individual values. However, re la t i ve  comparisons can 

be made. The f i r s t  of these i s  the access ib i l i ty  advantage of car 

owners compared t o  non-car owners found by calculat ing the  r a t i o  of the 

two A .  values. Values are obtained for  each social  group for  
1 qn 

the  journey t o  work, and for  shopping. The second measure i s  the -. 
re la t i ve  value over space, found by dividing each value by, say, the  

most cent ra l  one. This can be found for  each car ownership group and 



social  group for  the  re la t i ve  access ib i l i ty  t o  employment, and fo r  the 

re la t i ve  access ib i l i ty  t o  labour i n  each soc ia l  group. Similar values 

can be found from the  balancing factors found i n  the  calculat ion of 

t e r t i a r y  ac t i v i t y  location. 

18.4 Modal s p l i t  

The modal s p l i t ,  expressed a s  the proportion using each mode, can 

be found a t  a var ie ty  of spa t ia l  levels,  and by various disaggregations. 

It can be found for  everybody i n  the  system o r  just those with a car 

avai lable. 

Tne three spa t i a l  scales a re  the  whole study area,each zone of 

residence, and the  three aggregations of zones, plus the  external zone 

system. The modal s p l i t  t o  work can be found for  each soc ia l  group and 

i n  aggregate fo r  each of the  spa t i a l  scales. Similarly the  values fo r  

each t e r t i a r y  ac t i v i t y  a re  found a t  the three spa t i a l  scales. In 

addition the values a re  found for  the two shopping modes together, plus 

the modal s p l i t  of a r r i va ls  a t  each zone of shopping. 

By way of an example, the modal s p l i t  for  the journey t o  work for  

a l l  i n  the  study area i s  given by: 

W 
CCCCCC Tijqknuv 
i j qnuv 

W 
C Tijqknuv 
i j qnkuv 

18.5 Expenditures on the  ,iourney .to work 

The generalised cost measure used i n  t h i s  model contains both money 

and time elements. It i s  useful t o  f ind the implications of expenditure 

on each; since money expenditure represents a t ransfer  from individuals 

t o  organizations, f o r  example petrol  companies, bus operators (who may 

be loca l  government) and national government (v ia  taxes),. Time expenditure 

represents the amount of t rave l  made by individuals. The t o t a l  expenditure 

on t rave l  i n  money and time, by each mode i s  calculated, plus the  mean 



i n  money and time, by users of each mode, by members of each car ownership 

group and by members of each car ownership group using each mode, as well 

as  the  overal l  mean. A l l  these calculat ions are made fo r  the whole 

study area, each se t  of zones and each soc ia l  group. The t o t a l  distance 
t rave l led and the energy used by each mode a re  a lso calculated. 

In addition t o  t he  money and time expenditures the mean t rave l  cost 

i n  generalised cost un i ts  is  found fo r  the journey t o  work for  t he  whole 

study area for  each mode, and each car ownership group, both for  each soc ia l  

group and overal l .  The equivalent costs are found for  each t e r t i a r y  act iv i ty .  

As an example the mean t rave l  time for  the journey t o  work for  

each soc ia l  group by each mode i n  the study area is given by: 

ECCCC T . .  P t .  E~ = i jnuv l j ~ k n u v  i j k  
sk 

cEccC Tijqknuv 
i jnuv 

18.6 Comparisons between forecasts 

Comparisons between forecasts are made using the following variables: 

New housing i n  each zone 

Total population i n  each zone 

Population by social  group i n  each zone 

Total emplopent i n  each zone 

Fmplopent by soc ia l  group i n  each zone 

Jobs by 12 indust r ia l  sectors i n  each zone 

Trips t o  work between each pai r  of zones 

Trips t o  work by each mode between each pai r  of zones. 

For each of these variables the  percentage deviation from the  basic I 
forecast induced by the  par t icu lar  change being tested is found. This 

can be used e i ther  t o  f ind how much ef fect  a part icular  pol icy has or 

t o  see how sensi t ive a par t icu lar  variable i s  t o  changes i n  the  inputs. 



In t h i s  paper the  mathematical descript ion of a fa i r l ysoph is t i ca ted  

model representing the  interact ion between transport  and the locat ion of 

population, housing,employment, shopping and jobs has been presented. 

The model has evolved from a long process of consideration of theory 

and model appl icat ion. The model may contain some par ts  t h a t  a re  l ess  

sophist icated than i s  desirable, nonetheless, taken overa l l  it represents 

an extremely useful planning instrument which has been tes ted  against 

rea l  data and provides good resu l ts  (Mackett, 1979a). It w i l l  be 

fur ther developed i n  a project i n  which the  ef fects  of t ransport  costs 

on location and commuting patterns i n  London and South-East England 

w i l l  be examined (Kirkby, Mackett and Nash, 1979). This project w i l l  

y ie ld fur ther insights in to  the interact ion between transport and land use. 
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