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ABSTRACT

MACKETT, R.L. {1979) The methematical representation of
a model of the relationships between transport and land use.
Leeds: University of Leeds, Inst, Transp. Stud., WP 123

This paper containg the mathematical deseriphion of a
model that represents the relationships between transport and
the spatial distribution of population, housing, jobs,
employment, shopping and land. This paper complements the
verbal description of the model elsewhere (Mackett, 1979b),
and is intended for the reader interested in the detailed
workings of the model. In the model, transport costs are
measured in generalised costs units for the public and private
rodes. The demolition and building of housing are calculated
within the model, taking any exocgenous information into account.
Economic activity is divided into twelve sectors  which are
allocated to three groups according to the degree of locational
response to changes in transport costs. In the model a
distinction is made between infrastructure, Tor example,
houses and jobs, and the allocation of peonle to them. The
allocation procedure ensures that those who have not moved
retain the same residential or employment location over time.
The distinction between infrastructure and activities means
that inequalities in their provision, for example, vacant houses
and Jobs, are included. ILand availability is taken into account
in the loeation of activities. The equation system 1s solved
using iterative techniques. After convergence a wide range
of information is obtained, including the spatial distribution
of population, housing and jobs, accessibility indicators,
modal splits and time and money expenditure on travel.




1. INTRODUCTION

In this paper the mathematical representation of the integrated
land use-transport model described elsewhere (Mackett, 1979b) is
presented. This is done on & topic-by—topic basis in the same order
as the other paper. In each topie the basic principle is described,
then the relevant equations are presented. In this way the individual
mechanisms can be seen and so compared with those in models of
individual sectors. The whole model and its behaviour over time is
described in Mackett (1979b), together with some comments on the
use of the model. This paper supercedes descriptions of earlier
versions of the model (Mackett, 197h,1976a)and it is intended to make
understanding of the behaviour of the individual components much

clearer.

5.  NOTATION

The model is représented by notation that has been derived with
the twin objectives of defining every variable explicitly and uniquely,
and being easily comprehensible. With such a complex model this is not
a trivial task. The following rules are used:

a) superscripts describe or qualify.the main variables; the
may be used singly or in comblnation;
b) subscripts are integer labels to which the variables refer,

for example zones or social groups;
c¢) superseripts are used to indicate the particular subscript

being used where this is necessary to ensure unique definition,

so that when a particular value is assigned to a subscript

the variable is still unique; ' |
d) whenever possible a variable is defined by its initial letter,

otherwise some other appropriate letter is used.



Main variables

Zonal varilables

= I e I N R == B B - R~

=

density of housing
employment |

car ownership level
housing .
Jobs

land area

number of cars owned
population
emplbyed'residents
attraction factor
expenditure
accessibility

housing demolition. factor

Spatial variables

o A orHEo!m

I

cost of travel (or parking)

number of buses used (between a pair of zones)

sales or demand for non-retail tertiary economie activity

trips
travel distance

travel time

Other .factors

TN <S5 g o R®"R H Q@ ' =

¢

balancing factor

balancing factor

growth factor for commuting and car ownership

number of iteration
balancing factor

survival or birth rate

rate (for conversion from one variable to another)

value of time

zonal sets (see below)

employment - demand ratio (for tertiary activities)

operating costs for cars

bus fare boarding element




f - bug fare distance element

g - inverse activity rate

o - ocecupancy rate (for housing and cars)

s — speed of travel

v — relative weighting on the value of time

x - expenditure (or demand) per head

§ - maximum proportion of housing in a zone occupied by a particular

social group that is defiolished within a4 time periocd

Superscripts

~ agricultural (land)

- built (housing)

- converted (housing)

- demolished {(housing)

— employment

- fixed (over time)

- developed (land)

- housing

- intrazonal (trips)

- mode of transport

- vacated by out-migrants

- car ownership group for shopping
car ownership group for work
- occupied (housing)

- primary and secondary economic activity
- social group

-~ residential

- tertiary activity

- total ‘

- residential mover set

- employment mover set

- work

- exogenously located

- survival

M o< =X = < YW oo "D E B R HME QR @ O e
|

~ zonal
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— available (land and housing)

o o
[

born

— car (for occupancy rate)

- out— commuting (from internal zones)
held off market (land)

- released for development {(land)

H ®m & H 0
1

- left at home (cars)

o]
1

of f-peak

- peak

- car ownership (growth factor)

in- commuting (to internal zones)
- unusable (land)

- vacant

g « B o H W
i

- walking (time or speed)
- waiting (time)
parking (cost)

IS
¥

- operating {cost)
max — maximum {population)
min - minimum (population)

ine - increment (over time)

Subsecripts

N - number of internal zones

M - number of all zones {internal and external)

i - zome

J — zone

¢ - city (that is, summed over all internal zones)
k - mode

m - car ownership group for shopping

n - car ownership group for work

p ~ primary and secondary economic activity
q - social group

s - tertiary economic activity

u - residential mover set

v — employment mover set




HMover sets

1 newly located residents
2 non-moving residents

v = 1 newly located workers
2

non-moving workers

Calibrated parameters

o — parameter representing non-linearities between a located
variable and the independent factors determining its location

B - parameter representing the deterrence effect of distance upon trip length

Zonal sets

qu residential zones with constrained population for social group g
qu residential zones with unconstrained population for social group g

£

work zones with constrained employment for social group q
th work zones with unconstrained employment for social group gq
zones with population located exogenously

Z6 zones with no houses demolished

Modal sets

yv(n) modes of transport available to those in car ownership group n

Time

(t} +time point t
(t-1,t) time period from t-1 to t

3. TRANSPORT

3.1 Basic principle

One of the main purposes of this model is to permit the examination
of the effect of changes in the transport system upon land use. Transport
is represented by the cost of travel between each pair of zones by
private and public modes of travel. In the model public transport
includes not only bus and train but all modes except car and motor-cycle

(which are the private modes). In a study concerned only with the
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behaviour of vehicular trips it is quite permissible to ignore those

who work at home, have no Jjob or fixed workplace, but in this study

in which the location of everybody living in the city is being considered,
these other cases cannot be ignored. In‘the main data source being used
(the Census of Population) those trips are classified as intrazonal and
so they are treated as such here. Similarly, it has not been found
practical to model walking trips explicitly (because of lack of data,
lack of information on walking béhaviour, insufficiently detailed
networks and computational constraints). Thus other modes are taken

into account by applying suitable factors to the intrazonal costs for

the public transport mode.

The interzonal cost functions are of the standard form used in
many transportation studies (for example, WYTCONSULT, 1976). There are
many weaknesses in such formulations, but the fact that they are so
widely used suggests that these are in agreement with the general

concensus in the field.

Different values are used for peak and off-peak. In the moael
the former are used for work journeys the latter for shopping. Clearly,
there are exceptions to these assumptions but again this is in line
with the usual fhinking. 7

3.2 Private mode - peak (c?. )

1jl

Three elements make up the cost of travel by car — the travel time,
the monetary cost of travel and the cost of parking (Cyp). The monetary
cost of travel is a function of distance (dijk)’ the perceived operating
cost per unit distance (cz) and the car occuvancy rate (ocp). Money
costs are converted to time units by dividing by the value of time,
thus:

Cime = Fipe * Gy + cfF

oCPy v

(1)

) o
3.3 Private mode off—peak (Cijl)

This is similar to the-peak function but different values of

travel time, car occupancy rate and parking charges are used:




© _, 0 z Yo
Ctjk tijk + di .kC + C~ ( 2)
co v
v
3.4 Public_mode - peak (except intrazonal) (Ciﬁz)

The cost of travel by public transport consists of four élements
- the travel time, the walking time at each end of the trip (t, tg)
the waiting time (+*P) taking into account the number of buses used
(Mij) and the fare paid (e+fdij), thus:

P = +P + W W s ¥ + 5 xXp ge+Td. . st
e 5y tijk v (ti tj) v Jij %P+ VJJJ_ i#j ( 3}

The terms v’ and v# allow for the fact that waiting and walking times
are generally held to be assigned greater values than in-vehicle time.
The use of the term Mij’ representing the number of buses used means
that in effect, a penalty is imposed if more than one bus is used,

since each must be waited for in turn.

o}

3.5 Public model off-peak (except intrazonal) (C .
1]

)

This is similar to the peak function except for the travel time

o}

el . x0y |
(t ijk)and waiting time (+7):
e+fd. .
o _ ,O W, W W X X0 i3 ..
= +t.. + T 4 M, .
Cijk tle v (tl tJ) + v 4lJt + - i#] (%)

3.6 Public mode — intragonal

As discussed above the public transport intrazoﬁal costs are
designed to represent walking rips and those with no fixed workplace
or working at home. This is done by averaging over the costs of
travel by bus, walking and in the case of peak, zero costs.

The peak intrazonal costs are given by:

—p W, W X, Xp 1K IK , w
_Lip p vy vt ¢ (e N MM * 443T553/5 ()

c®,
iik Zh ol
k=2 iik




where T§$ are the actual intrazonal trips by mode k, where k = 2

1k
represents motorised public transport, k = 3 represents walking and k = &
represents those who work at home (and hence have no journey to work

‘cost); 8" is the mean walking speed.

The equivalent off-peak costs are given by:

=0 WOW X0 i e IK , w IK .
.+ . + VM., + (e+fd.. v+ d. T, + T,
¢, = —ﬁ112 vty v 11t (e fdll)/v—/T112 d:LJ.III:|_13/S Tii) { 6)
11k
L IK
X L
11k

k=2

Since those who work at home make no trip as such they are
excluded from the peak cost calculation, but are included in.the off-peak

value since they will make other trips.

The intrazonal travel times in minutes are calculated by applying

a mean speed (peak or off-peak) to the intrazonal distance dii:

P _ P S

toag = 60 do. /s (7

o _ 0

iix = 00 43375 (&)
where si and s; are the peak and off-peak speeds by motorised public

transport respectively in kilometres per hour.

The intrazonal distances are computed based upon the area of
urban development in each zone (L?) in hectares:
G
L.
-2 1
4. =% 7 (9)

ii
The value of Lg is kept constant over forecasts since the slight change

in its value makes very little difference to the value of dii'

The use of the square root of two thirds the area is based upon assuming
that all the area of urbanization is ecircular and that trips are

evenly spread through thé zone. See Bonsall (1975) for further details.

The intrazonal distance is used in the caleulation of the mean
walking time to publie transpert, which is taken to be half the mean

intrazonal distance up to a maximum of ten minutes:
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Y = 0.5(6Odii)

i —

)
K ) whichever is less ( 10)
)
= 10 )
It is quite recognised that some of the assumptions made here
are rather sweeping. Nonetheless this is a very difficult field and
it would be a mistake to be diverted from the main task of. producing

an operational integrated land use - transport model by detailed

considerations that are common to other models.

k. HOUSING T.OCATION

4,1 Basic principle

In reality the location of housing is largely a funetion
of the decisions by the local authority; consequently the model
facilitates the exogenous location of housing to represent a particular
poliey. However, housing locations may not have an explicit role
in some policies being tested, s0 a method has been developed making
the eﬁdogenous location of housing a function of the area of land
available for housing, the area of land already used by housing and
the relative inerease (or decrease) in the accessibility of other
residential areas and workplaces. The two area terms mean that new
housing is most likely to go to a zone that is about haif—developed,
since a zone on the fringe with little development is less likely
to have the necessary physical service provision in terms of sewers,
water, and so on, and a zone that is nearly full is unable to accomcdate
many more housing units. The accessibility termé are included to
represent the effects of substantial changes in travel costs associated
with a new road or bus service. The land market is an extremely
complex process and 1t would be impossible to represent it accurately
within this type of model, but by incorporating the accessibility
effects an approximation to the impact of new transport facilities on
the location of new housing is included. Using the ratio of accessibilities
at the current time point to that previously ensures that only large

changes have a significant effect.
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In the short run it is difficult to forecast accurately the

location of houses to be demolished, since this is largely a political
matter. Consequently the location of demolition is made a function of
the existing housing stock and a factor representing the propensity of

a zone to have the houses in it demolished. The allocation of demolished
houses to social“groups'is based.upon the hypothesis that the lower the
social status of the occupant of a house, the greater the probability
that it will be democlished.

4.2 New housing (H?)
This is located using the factors indicated above. The Lotal new
housing in the city (HE) is given, and a balancing factor_(B?) used

to ensure that the zonal allocations sum to this total:

H
B _ _BX B _BX, H Ha H,, R E o
B, = H + (Hc EH j)B L; (t)Li(t 1) Yi(t) Yi(t) | ( 11)
L YR (t-1) Yo(t-1)
1 1 1
_ H .
; o -1
. ey tie-1) /’Yﬁ(t) Yo(t) :
1 1 1 1
where B = | L T R = ( 12)
Cli=1 L. \ Yo (t-1)Y.(£-1)
1 1 1
to eﬁsure N B B | ( 13)
T OH. = H
. 1 C
1=1

X . . . . .
where H? is the new housing belng located exogenously in zone 1,

Y? is the accessibility to residential areas and YE is the accessibility
to employment areas. uH is a parameter designed to take into account

non-linearities between the values of H? and the locatiocnal factors.




4.3 Housing conversions

~ Beside being built, dweilings.can be created by conversion,
for example, splitting a house into two or more flats. Like new housing
this can be specified exogenously, or located endogenously on the basis
of the existing hou51ng pattern The total is spe01f1ed exogenously.

Thus the number of dwelllngs created by conversion (H } is given by:

N

c C H, (t-1)
. (t-1,t) = H (1-,—1 t) + (H (+-1,t) - & 7 (t—:L t))
i c j=1 9 N ﬁ;f%tiT- (1)
j=1

cx ' . . .
where H : is the number of housing conversions being located exogenously.

Housing conversions are assumed to take up no extra land.

L4 Housing demolition

Housing demolition is part of the urban renewal process, and as
such, part of the function of the loeal authority. Consequently, it
would normally be expected that the number of homes being demolished
is an exogenous input to the model. However, in a long run forecast
only the total demolitions in the study area may be known, so in this

case the number of demolitions in each zone (H } is given by:

HD(-1,8) = HO(t-1,8) + /ED(t-1,8) - ZHX(t-1,t) 7B H: (t-1)n. ( 15)
1 1 o] 3 J i 1
p_ -1
where B- = / & Hi(t—l)hi 7 ( 16)
i=] —
to enszure that
N |
I H; (t-1,8) = HD(tlt ( 17)
i=1 '

and hi is a factor representing the propensity of houses in & zone to
be demolished, since some zones will contain older houses and so more
likely to have houses demolished. Ideally data on the age of housing
would be used, but in the absence of such data a factor (h ) is
caleulated in the flrst time period, for which it is assumed that the
pattern of all demolition is-known, as is the case in this study.

Thus :
h, = By (1,2)/H; (1) (18)
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In reality many houses may be vacant for a long periecd
prior to demolition. In order to represent this effect,the proportion
of houses which are occupied in zones with no demolitions is found and
compared with the ﬁroportion in zones with houses being demolished. Any
excess vacant houses in the latter are assumed to be due to the effects
of blight and so are included iﬁ the demolished set; the other houses
demolished are taken to be océupied (the occupants being forced to
move out). Examination of the housing demolition policy being pursued
by Leeds M.D.Council shows that, in genersl, relatively small areas are
demolished at any one time (compared with the size of the zones). Whilst
the model explicitly ensures that the houses occupied by those of lowest
social status are the most likely to be demolished, a factor is applied
~to ensure that no one particular social group completely. removed from
a zone.

We define Z6 as the set of zones with no houses demolished, then

the number of vacant houses demolished (H?v

*

) is given by:

g - )
DV ieZ6 H?(t—l) 0 Jwhichever is
H; (t-1,t) = Hi(t—l) ( - Hi(t—l) ) greater ( 19)
£ H.{t-1) )
iEZ6 * i for iéZ6
DV )
or Hi (t-1,t) = 0O ) { 20)

The number of occupied houses that is demolished (H?O) is given by

a0 = # - pl’ | ( 21)

i i i

As described above, a factor (8) is applied to prevent the removal
of a complete social group because of demolition. If the total proportion
of occupied housing demolished is less than the value of &, the
number demolished occupied by each social group is the total demolished
up to the proportion given by &8, starting with the bottom soeial group
(q=3) and working up towards the top (g=1) :
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6]
I B0 (t-1,8) ¢ 6 H (-1) ( 22)
Q@ _ 0 _ Q
then H?q H? | §'>q H?q, g. _ _ ( 23)
Jwhichever is the less
)
Q _ .0 .
or H?q = 8 H (6-1) ) ( 24)

If the .total proportion of ocecupied houses in a zone demolished
is greater than the value of §, it is assumed that widespread
redevelopment is taking place and that the proportion of houses
occupied hy each social group that are demolished are identical:

0
i

If H?O (-1,8) > & HO(t-1) | ( 25)

, 0q ,._
then Hgg - H?o Hi {(t-1) ( 26)
z 109 (t-1)

g 4

k.5 Housing availability (H?q)

Within the model houses become available for occupation for two
reasons, either because they are neﬁly built or because they have been

vacated by out-migrants. Vacated housing (H?) is given by:

H?(t) = H,(t-1) - HE (t~1,t) - nggg(t)/oﬁg(t) ( 27)
The demolished housing is removed because it is no longer available
for occupation. The final term represents the number of houses being
occupied by non-moving population. The current housing occupancy
rate 1s used to reflect the fact that the actual number of people in
the home may have changed (due to birth death or migration) while

. 8till being occupied by the same family.

The total number of houses available (H?) is given by:

C
i

B = P+ E +H ( 28)
h 1 1
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In the model vacant houses are made available to the top (q=1)
social group; those houses that are still unoccupied are made available
to the next (lower) social group, and Ffinally the bottom (g=3) social

group have to choose from what is left, thus:

1A} a QU , HQ
H:> = Ho — % Py /O. ( 29)
ig i v il Tig’
where the second_term represenﬁs the number of houses newly occupied
by members of higher social groups.
Total housing in each zone (Hi) is given by

H.(t) = H.(t-1) + H? (t-1,t) - uP (t-1,t) + Hc(t—l,t) { 30)

i i i i

.6 Housing occupancy

In the model, the housing occupancy rate is allowed to vary between
social groups and across zones. It can also vary over time although this
is largely a secaling process, that is, the ratio of values in zones
tends to be maintained. The overall housing occupancy rate (ofg)

is found from:

09 ) = HOypo Q
Ouqtt) = ogglt-1) » PL(£) ( 31)
Hc(t) 4 e HQ(t-l)
cq

This formula ensures that the housing occupancy rate rises with an

increase in population or reduction in the number of houses.

This is disaggregated by zone to give the zonal values (o?g):
HQ — HQ.. HQ
oiq(t) = oiq(t 1) o, (t) ( 32)
HQ,,
ocq(t 1)

This is subject to there being sufficient housing in a zone to
accomodate the population, as computed by equation {( 134). If not

equation ( 191) is used.
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5. PRIMARY ECONOMIC ACTIVITY LOCATION

5.1 Basic principle

Primary economic activities are those activities that are
site-dependent and so not likely to be influenced significantly by
changes in transport costs. There is a strong case for the exogenous
location of any large changes in these sectors, otherwise keeping them
in much the same location over time. The three industries in this
category are agriculture, fishing and forestry, mining and quarrying,
and gas, water and electricity. Agriculture is being subjected to
many pressures from urban development and this is incorporated within
the model by using the area of agricultural land (found after other
activities have been‘distribuﬁed) as a locational factor. The other
factor is the employment in the sector at the previous point in time,
but using a calibrated parameter to reflect the fact that much
'rationalisation' is going ahead in this industry, so growth{or decline)
may well occur differentially in areas with large and small levels of
employment. This last factor is also used for the mining and gas, water

and electricity industries.

5.2 Agriculture (p=1)

. . . . P, .
The distribution of agricultural jobs (Jil) is given by:
P.
I (t) = JPX(t) + (JP (t) - gt (£))B? L? (t) JPX(t—l)_7gP ( 33)
ip ip ep j dp P Jp
L (t-1)

Pyo. .
A palancing factor (BP) is introduced to ensure that the sum of the

allocated values seems to the exogenously given total, thus:

A P
P~ i) P, b o1
B, = VAR ! (Jip {(t-1"p _/ ( 34)

1 A
Li(t—l)
P

to ensure I JP =J ' ( 35)
i ip ep
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5.3 Mining and quarrying (p=2) and gas, water and electricity (p=3)

As indicated above this is a simpler mechanism than the location of

agricultural Jobs:

P
P PX P PX P, P -p
J: {t) =d, (t) + /[ F _(¢t) -2 J, B_/d.(t-1 36
OREORYEROEER A SR, ( 36)
Again a balancing factor is used. Thus:
P -1
P . P o =
B =/ (J. (t-1 : 3
o= [3 W5 (t-1))% 7 ( 37)
P P
to ensure § J = J _ ( 38)
i 1P cp

6. SECONDARY ECONOMIC ACTIVITY LOCATION

6.1 Basic principle

These economic activities are manufacturing, construction, transport
and communication, and public administration and defence. These are
located in a similar manner to the primary economic activities, but
because these sectors are more responsive to changes in transport
availability, accessibility factors are. incorporated. Two accessibility
factors are included - to a supply of labour and to other industry.

It would be unrealistic to expect a change in transport costs to
have very much effect so the ratios of the accessibilities to these
two activities at the current time point to those at the previocus

time point are used.

6.2 Allocation to zones

The distribution of jobs in these sectors are given by:
. R B P
P PX ~P PX PP v.(t) Y. (%) o
J. (b)) =J. (L) + /J t) - L J. t B /J. (t—-1 i -
J(8) = T) + [T (8) - T3 (6) TB/T (6-1) S

1
- J R E
Yi(t—l)Yi(t 1}
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Again a balancing factor, ngis used. Its value is given by:

: P
. R E o | -1
8 = [FfF (e-1) Ll®) ¥5(0) Py ( 40)
P 1p. '1?{_""_"";}3"

Yi(t-l) i(t—:L)
to ensure that

. ‘ .
T ) = & ( b1)
1=1 ip cp

7. TERTIARY ECONOMIC ACTIVITY LOCATION

T.1 Basic principle

Tertiary economic activities are the retail and service sectors,
and the most responsive to changes in the transport networks. In fact,
the interzonal costs are incorporated directly into a model of the form
derived by Lakshmanen and Hansen (1965). TFor the retail sectors the
flows of cash from residential zones to shopping zones are derived.
From this, the total sales and employment in each zone can be found.
For the non-retail service sectors the employment is calculated in
terms of the demand for the activity generated by the population in
all zones. These sectors are business services, educational services
and personal serviceé. Much less is known about trip making
behaviour for these sectors than for retail activities, but it seems
reasonable to regard business services, which tend to be located
in the central area, as similar to the durable retail sector, and the
other two to behave more like the convenience retail sector with a
more dispersed distribution. These assumptions are unlikely to cause
serious errors since the model begins with the correct distribution
of employment in each sector and this is a major'determinant of {the
future location of the activities. Thus the calibrated parameters

for the retail sectors are applied to the non-retail service sector.
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It is useful to be able to incorporate some policy changes for
these sectors, for example the location of a new hypermarket, s0 a

term is included for this exogenoué location,

7.2 Residential demand for tertiary activity (Xism)

The residential demand for retail activity is measured in terms
of cash, found bylmultiplying the mean expenditure. per head by the
population, disaggregated by social group, and summing, thus:

X = P ( 42)

& x .
ism g 52 igm

where xsq is the mean expenditure per head by members of social group

QM

q, and Piqm is the population in soecial group q in zone i in car
availability group m. As explained below a distinction is made between
g car available for work and one available for shopping. The field

of car availability is another which is full of problems, with much more

research required.

The demand for non-retail service sectors is expressed in terms

of populaticn:

= M _
Xem = Fiam ( 13)

z
q

T.3 Residential demand from external zones

Less information is available for the external zones. The population
in each internal zone is generated within the model, but not for
external zomes. This is specified for the base year and, if desired
can be kept constant over time. The balancing factor Kg is used
to ensure the 'correct' total demand from external zones is met from
internal zones; keeping the population constant in external zones
means that the relative residential demand frbm each external zone
remains in the same proportion over time. If desired the proportion
can be changed (for example to represent a policy of a new town within

an external zone) by adding on a suitable population increment, thus
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P, (t) = P (¢t-1) + Plﬂg( t-1,6) for i =N+ 1, M ( 4h)

where Pigg( ~1,t} 1is this exogenous change in population in zone i.
Equation ( 44} could be expressed in terms of individual social groups,

or the existing rate be applied to the total:

P2 (4) = P. (%) U . ‘ ( L45)
iq i qi
where UE? is the proportion of population in zone i who are in soecial

group q.

The population is used in equations ( 42) and ( 43) above.

7.4 Interzonal demand (8. Jskm)

As indicated above, the interzonal demand is expressed in a fairly
standard form, but with two differences - the use of external zones, for
which there is less information than the internal zones, and the possible

exogenous location of economic activity.

The interzonal demand (S, ) is given by:

ijskm’
5 — 8 yad S oSX
Sijksm - A:Lsmxlsm— ( ) am + B sS / xp(- Bsm le) 1=1, X
J=1,M( L6)
5] as S .5X S o
Sijksm = stlsm— (W ) sm + B, SS /e p(-B sm le) 1= N+l’ M
J = N (u7)

where Wﬁs is the attraction of zone j for tertiary activity s, S§§
is the exogenously located tertiary activity in zone j (and may be zero),
S S 3 o, D
. 5 B. and K_ are balancing factors, C?. is the off-peak cost of
ism Js <! i3k
travel between zone 1 and zone j, and oo and Bsm are parameters obtained

. by calibration.

. s s
7.5 Balancing factors (A;_ ., B._, Ki)

The balancing factor A?sm is used %o ensure that the flows of
interzonal originating from each internal zone sum to the residential

demand given by equations ( k1) and ( 42). Thus:
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S - 3 ,a 5 . BX .5 L0
AP = [ﬁgi ng(m) ({st} sm + Bjss' Jexp( Bsmcijk);7 ( u8)

ism J= Js

to ensure that

¥

=1 ke%(m) sijskm = Xism. - . ( hQ)

The balancing faétor B§2 is used to ensure that the correct

additional exogenous demand for activity s is generated in zone J. Thus

= S -8 2
5 l-i=1 % ke%(m)Aiszism exp( Bsmcijk.

) J ( 50)

S .
* i=§+l i ks%(m) KeXs sm exp(-85

sm le
to ensure that

EI Nl S Sas 3

o
it & key%m)sijskm i & ke%(m)Aism Xism(wsm)-sm exp( Bsmcijk)

's
S SX

- i=§+l & ks§(m)Kinsm( ) sm exp(- Bsm 1Jk) - Sjs ( 51)

Equation ( 51) says tpét the total sales or demand located in zone J
less that located endogenously (represented by the second and third terms)

should equal the exogenously located activity.

The balancing factor KS is used to ensure that the model generates
the 'correct' flow of demand from the external zones. It is very difficult
to obtain a figure for the flow of cash (or demand) across a boundary,
but it is gquite easy to obtain a suitasble figure for the total sales in
the city or population served by a non-retail service and to incorporate

this into the equation. Thus Ks is given by:

& _ u0d c
Ks = l'SCS El JEl key(m) 1JSkm—/
S —
—1 £+1 =1 i ksy(m)({w Fam + B S ) exp(- Bsm 1Jk) / ( 52)

to ensure that

- 8T
1-§+l ng ksy( } Sijskm B Scs igl jgl % ke%(m) 8ijskm ( 53)
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éié is the total sales (or demand generated) in the eity. A value
for this can be obtained in the base year; to ensure that it rises with
population growth (and resl income growth for the retail sectors) it is
scaled by the total change in residential demand in the city. Thus for

retail sectors:

87 57 _
Sae (t) = Scs(t_l)‘i i xsqm(t)chm(t) | {54)
i é-xéqm(t-l)chm(t-l)
For non-retail tertiary seetd;s:
Z
£ (8) = £2(4-1) B (¢) (55)
P, (t-1)

7.6 Attraction factors (W;;)

The attraction factors for these sectors are the employment in the
sector at the previous timepoint, modified by the change in accessibility
to residential areas and to economic activity} The accessibility terms
mean that an improvement in the transport facilities will increase the
amount of tertiary activity in the zones with the increased accessibility.
This represents the increase in the number of shops_(or services) in the
zones. The change in the off-peak costs in equations (46) and (47)

represent an increase in the interzonal demand for the activity.
The attraction factor (W?S) is given by:

s 8 R
(t) = E . (t-1) Yi(

. .
Ss ; 3 (t) (56)
Y?(t—l) Yf(t—l)

W t) Y

[
T.7T Tertiary employment (Egs)

The total demand generated in each zone can be found by summation:
M
g I LZ S for j=1, K - (57)
. = ‘s or J=1,
I i1 m key(m) 1gska
Y/ . ;
For retall sectors S?s 1s the total sales of sector s in zone J.

c
Employment in sector s in each zone (EES) cah be found from:

S S8Z
B. =1 8.
Js g Js

(58)

- where b_ is the employment-demand ratio for section s. Its value is
‘given by

B 5
b =E /S
s es’“e

2 -
5

(59)

8 .
E,q is given exogenously, and ng is given by equations (54) and

(55) above.
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8. JOB LOCATTON

8.1 Basic principle

The model distributes jobs to zones by sector. These have to be

converted to social groups using suitable rate variables.

8,2 Job summation and conversion

The location of primary and secondary economie activity Jobs have
been found as described above. It 4s not practical using this formulation
for tertiary activity to make a distinction between jobs and employment

for these sectors, that is:

js = E?s . (60)

Where J?S is the number of Jobs in tertiary sector s in zone j.

The spatial distribution of jobs by social group (J?q) is given by:

22 L B S (61)
Ja ap Jp g8  gs
g 8
where ng is the proportion of jobs in primary or secondary sector p that
as .

is in social group g and U _ is the proportion of jobs in tertiary sector

as
s that is in social group q.

9. SURVIVAL

9.1 Baslec principle

Survival means that a person remains in the same residence or job
from one time point to the next. It is caleulated by applying survival
rates to the population or employment at one time point to find those

surviving to the next.

9.2 Survival in residences

During a time period those who live in a zone &t the beginning of
the period can do three things - dle, move out or survive. (We are
ignoring those who move out and back). Thus defining a survival rate
means that those who do not survive have either died or moved out. Also
during a time period people may be born. The number being born can be
calculated by applying a suitable rate to the population at the
beginning of the time period. These principles are basic to démographic
modelling where the populations at risk are usually disaggregated by age

and sex. In this model it is felt more useful to disaggregate the
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population by zone and social group (not normally done in demographic
modelling) so that the results a}e éompatible with the rest of the model.
I+ is not practical to obtain survival data disaggregated in both ways.
A further important point that has some bearing on this argument is that
many people are forced to move when their houses have been demolished;
and these must be taken into account in calculating the number of

survivors to prevent double counting.

The number of people in zone i, in social group g who have not
moved in during the preceding time period, that is, they have survived

QU . .
or been born (Piq2) is given by

R RPN P R . YQ . b9 ]pQ (4
pIo(8) = (g (8-1) - ) (61, e)epd + apg [P (e-1)  (62)

Hgg (t-1)
where Qgﬁ is the birth rate (persons born per head of the population)
in zone i Br meial group g and ng is the survival rate for members of
social group q in zone i. The housing terms are included to ensure that

those living in houses that have been demolished are not included as

survivors.

The number of employed residents surviving (R$22) is found by using

the inverse activity rate:

QU _ QU QU |
Rige = Fige / Bigo (63)
QU . . . . .. . .
where giq2 is the 1nverse activity rate for surviving population in

soeial group q in zone i, given by equation {130).

9.3 Burvival in jobs

Survival in jobs is calculated in a similar way to that for
residences except that, because of the paucity of data on this topie,
the rates are not spatially disaggregated. Also, there is no equivalent

to births in the model. Thus the number of people remaining in the same

job in social group q in zone ] (E?ZQ) is given by:
Qv EQ @ ' :
E: () = EY (t-1 , 64
5q0(t) = a7 Bxy (451 | (6h)
where QEQis the employment'gﬁ}vival rate for social group g.

a
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The number of jobs available in new locations in each social
group (J Q) can be found by deducting the number of jobs fllled by

surv1v1ng workers from the total number of jobs given by equatlon (61):

aQ _ & _ Qv .
Yia T Yia " B (©5)

10. TOTAL EMPLOYED RESIDENTS, IN- AND QUT- COMMUTERS

10.1 Basic principle

~ The total population in each social group and the total number
of Jobs in each sector are specified exogenously. The number of employed
residents in each social group is computed within the model along with
the number of in- and out— commuters, that is the number of people who .
live in extermal zones and work in internal zones and those who work in
external zones and live in internal zomes respectively. A change in the
level of employment can be met by a change in the activity rate or the
number of in- or out- commuters. Since trip lengths are becoming longer
on average, the number of in- and out- commuters is. also increasing,
and so a suitable growth factor technique has been applied. This is done
by assuming that the rate of change from not commuting across the boundary
of a city, to being a commuter is constant over time. This reflects the
fact that the number of coﬁmuters in each direction has been increasing
over time, but,-because the factor is applied to a small remaining
number of people, there will not be exponential growth emptying the city
of employed residents and workers as would happen with some other methods.
The number of employed residents as well as the numbefs in- and out-

commuting is found.

10.2  Methodology
The growth factor for in-commuting for sceial group gq (GZ) is’

defined as:

t Q _ Rt Q _ _nti.
Gq = Ecq(t) qu(t) Beq (£-1) Rq(t 1) (66)
qu (+) qu (+-1)
Q

where Ecq is total employment in social group ¢ in the city, RE is the
number of in-commuters into the city. The factor for out-commuting Gg is

defined as:
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- 2@ /.y _ of Qo 1y _wf oy
G, = ch(t) Rq (t) ch(t 1) Rq(t 1) (67)

Q Q
ch(t) ‘ ch(t—l)

where qu is the number of employed residents in social group g living
in the city, Ri is the number of out-commuters in social group g. The

following relationship can be specified:

e _ . f_ Q@ ot o |
Req " Bq Beq " fg (63)

since both sides define those who both live and work in the city.

By manipulation of the above equations, the following are

determined: /
t - -8 B S ) Q N Q
Rq(t) = Ecq(t) [Gq Ecq {t )(E (t 1) R -; (+-1) {(69)
8% (£) = Y (t-1) 2 (4) - &F (t}] - (70)
eq cq [cq q

- B
Gq (ch(t 1) Ry (t=1))

£ t) + R;(t) | (71)

Ry (t) = Bi(s) - EX

11. CAR OWNERSHIP
1l.1 Basic pr1nc1ple

The forecasting of car ownership levels is fraught with dlfflcal+1es
and there is no generally accepted methodology. Tanner {19Tk4) has
devised one of the most well known. One of the basic principles of his
and other methodologies is the use of some form of logistic curve with
a saburation level of car ownership as asymptote. It is not practical
to include income which is one of the main components of cother car
ownership models within the model in this paper. Because 1t is desired
to include differences in car ownership level between small areas, which
is not done in car ownership forecasting, a method has been devised here
that is sxmple, uses a si mllarly-shaped curve to Tanner's and permits

forecasts toc be made for each Zone.
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11.2 Methodology
The rate of growth of change from not owning a car to owning & car

iz input at each time point for each social group (but may be zero if
desired). Since the level of car ownership is rising the factor is
app;ied to a smaller number over time so there is a gradualrslowing down
Kin’the rate of growth towards some level, which will be when every house-—

hold owns a car, that is, saturation.

The proportion of non—car owning households (Fin) is given by:

- _
Fiqe(t) = (1 - Gq(t-l,t))Fi t-1) { 12)

q2(
where G; is the-proportional change in the non-car ownership rate for
social group q. The proportion of households owning a car (Fiql) is

given by:

(t) = 1.0 - F. () . ( 73)

Fiq_l ig2

This may be converted to the eguivalent population:

() - Q |
Pt Fiqn(t)Piq(t) (T4)
when PQN is the population in soecial group g in car ownership group n

o e

in zone 1.
As indicated previously car ownership and car availability are

very complex fields, even in terms of definition, and even more so in

terms of modelling. In this study it has been assumed that members of

households‘that own cars have one available for the Journey to work.

It is then assumed that a car used for work is not available for shopping.

This is felt to be more realistic than assuming that any car owned is

available for shopping purposes. Thus, the proportion of cars left at

home in each zone (U?) is given by:

L Rliil‘
Ui=l.0-"—-—— : ( T5)
N.0°P
1
where Rgl is the number of employed residents in zone.i travelling to

work by car, l\Ti is the number of cars owned in zone i and O°F is the

peak occupancy rate.
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The number of people in households with a car availsble for shopping

(PQM ) is given by:

QM v
(o) = o e e | ( 76)

The number of people with no car available for shopping is given by:

QM _
pPo(6) = B2 (6) - 2P (e) o

12. POPULATION AND EMPLOYMENT LOCATION
12.1 Basic principle

The methodologies for the location of jobs and housing have already
been specified above. Here people are allowed 1o choose their workplaces
and residences. This is a fairly complex problem, because the equation
gystem has to be specified so that the solution agrees with information
from elsewhere. BSince people's residential and workplace distributions
will be known, the Jjourney to work pattern is an immediste product. This
is disaggregated by the mode of transport to work on the basis of the
relative cost of travel by each mode, and the car ownership.group at the
residential end. As in the rest of the model a social group disaggre—
gation is used and capacity constraints representing planning policies
are incorporated. A4s well as these constraints, cothers ensure the
correct numbers of in— and out—-commuters, and that some people

retairn . the same residential and/or employment location.

A1} these conditions lead to some rather complicated equations.

~12.2 Living and working in the eity

In this section equations will be defined for those people who

both live and work within the eity.

12.2.1 New locations of both home and job (u=l, v=1)

As described above, some capacity constraints may be applied. For
those living and working in zones with no such constraints (iEqu, jeth)

the.journej to work pattern is given by:

W E VoD N
.. = g . - s, = = 8) .
T} jqmuv Kﬁ Kﬁ W?anwfq exp( Bqn Cle) u=l, v=1 it , JeZ) ( 79)

where KR 1sto constraln on' the total number of newly located employed
r331dents in social group 4, ] KE is to constrain on the total number of
newly located workers in soclal group q, W?qn is the attraqtlon of zone i
for residents in social group q in car ownership group n and W?q is the

attraction of zone J for workers in socigl group 4.
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The equivalent equation for trips by newly located residents in
zones with capacity restraints is given by:
W QNuU

.. = k& A R. W exp(—éw c
ijqknuv q “iqnu “ignu ' jq an

P =1 w1 4 .
ijk) u=l v=1 15qu JEth ( 79)
where R?ggu is the number of employed residents in social group g, in
car ownership group n and mover group u living in zone i and Agénu is the
equivalent balancing factor.

The trip pattern for new locators working in a constrained employment

zone is given by:

¥  _ RN Qv Voo ~ . .
Tijqknuv a qu iqn EJQV exp( Bqn C?jk) u=1l v=1 1qu2 Jqu3 ( 80)
Qv

where quy is the number of people in soeial group q and employment mover

. . . W \ .
set v working in zone J, and qu 1s the equivalent balancing factor.

There may be some new locators both living and working in zones in

which constraints are applied:

=& g WU RV (-8 P

ijgknuv Aiqnu Jav Tiqnu Jav qan Cijk) u=l v=l 1equ JEZq

{ 81)

3

12.2.2 New residential locations, job fixed (u=1, v=2)

Since the employment end of the trip has not changed for these
workers there are only two equations - one for the residence zohe in the
constrained set and one for it in the unconstrained set. Those with both
ends of the trip unchanged are considered later. To distinguish
the non-moving workers with & new residential location from those with a
fixed residential location ancther subscript {u) has to be added. The

equation for residents living in a zone in the unconstrained set is:

W _ WooR gQUV

T, = B. A X cP
1 dJd qknuv a Jawv i1dn J quv

W . .
exp(-Bqn 1jk) u=l v=2 ;qug J=1,N

( 82)
QuUV . . .
jql2 is the number of people 1n social group q who have a new
residential location but have the same employment location in zone j.

where E

The equation for reszidents living in a zone in the constrained set is:

™ = gl gANU GQUV
ijgknuv Tigqnu Jgv ignu Jjquv

P _ . .
exp( Bqncijk) u=l v=2 ieZ ) J=1,N (83)
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12.2.3 Resgidence fixed but new employment location (u=2, v=1)

These equations are the converse of the equations above:

W - W : QN-UV - v o .

Tijqknuv_KggiqnuW?qgiqnuv p(Bq ij k) u=2 v=1 1=1N JEZqﬁ (8k)

W oo QNuv Qv

Tijqknuv A1q_nuBqu 1qnququexP( B an 1Jk) u=2 v=1 i= qu JEZqB (85)
QNUYV '

where R qn21 is the number of people in soc1al group g and car ownership

group n who have retained the same residential location in zone i but

have a new employment location.

12.2.4 Both residential and employment location fixed (u=2, v=2)

Those who have the same residential and employment location have
the same journey to work pattern as at the previous time point, but may
have changed car ownership group and mode of transport, so a fairly

tight constraint is imposed:

W wF T oW _ P .

ijgknuv Bqun ijan exp( Bqndgjk) w2 v=2 1=l J=1,N (86)
where Tqun is the number of people in social group g who are now in
car ownership group q who have retained the same residential location i

and employment loecation J.

This mechanism is rather different from that devised by Wilson (1970)
because, as shown in Mackett (1976b), that method would be inconsistent

if transport costs change.

12.3 Workers living in city but employed ocutside

The total number of workers who live in the city but work outside
(Rf) has been computed using equation (71). These are allocated to zones
using the mechanism described in Mackett (1974). There are three cases
at the residential end — a new residential location in a zone iﬁ either
the constrained or unconstrained set or an unchanged residential location.
No such distinction is made at the workplace location because the
employment characteristics of these people is a function of factors not
being considered for the external zones, and so all are 1ocated.at the

current time point. e



_30_

12.3.1 New residential loecation (u=1)

The equation for those living in zones in the unconstrained set

is:
W - " AP = . s _
Tijqknuv Kq Ki W?qn W?q exp( Bqn cijk) u=l v=l 18Zq2 j=N+1, M (87)

where Kg is a balancing factor corresponding with the term Rg. The

equivalent equation for those in zones in the constrained set is:

skt g WU B

™ —_ W = = 1 = '
15 qknnyKq Manu Riam Tig exp( sqncgjk) u=1l v=1 ieZ N+1l, M (88)

ql Y

12.3.2 Fixed residential location (u=2)

The equation for those who commute out of the city, but have not

changed thelr residential location is:

=i M gWUV LE

—W = = 1= Jm= ‘
ijgknuv qQ ignu “ignuv | § exp( Ban d?jk) u=2 v=1 i=1, N j=N+1, M (89)

12.4 Workers employed in the city but living outside

These workers journey to work behaviour is modelled in a similar
manner 4o the out-commuters, with the value of R; given by equation

(69) above.

12.4.1 New employment location (v=1)

The equation for those working in zones in the unconstrained set

is:
W -t W-? - 1 S -
Tijqknuv’ Kq Ki_wﬁqn jq‘expéﬁqn Cijk) =l =1 i=K+1, M JEth (90}

where K# is a balancing factor corresponding to R;. The equivalent

equation for those working in zones in the constrained set is:

=x? ¥ W& W

= -V L = = 1= ]
3 jqkmuy g Biqv "ian Eiqv exp( sqn cijk) u=l, v=1, i=N+1, M JEZqS (91)

12.h.2 Fixed employment location

The equation for those who commute into the city and have retained

the same employment location is:

W t g0 R QUV W Ap . .
Ly = > ] . - T . -~ = =N+ =
T3 k™ Xq Bjqv ¥ign Eiquv P Bgn Chy) usl ve2 i=Wl, M j=1, N (92)
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12.5 Attraction factors

Two attraction factors'are used above for the allocation of newly
locating employed residents and workers to zones of residence and
employment. These are designed to reflect the relative attractiveness

of zoneg for these activities.

12.5.1 Residential attraction - internal zones (W?qn)

The main factor representing the attraction of & zone for residential

use is the availability of housing. The factor for members of social

group q and car ownership n is

' _ R
W (4) = Hi'q(t) 7.

0. Q f4_
in 1qn(t) Higfl(t) Piq(t 1) a, for i=1,N (93)

122 _(+) z P (t-1)
1g-1 q 19
H?i(t) is the number of houses available for members of social group q
in zone i, sinece at a macro level, this is the main determinant of the
attraction of a particular zone. If no houses are available the
attraction factor automatically becomes zero o no more people are
located there. The definition of housing availability in equation (29}
means that the higher one's social status the wider the choice of
housing - a fairly realistie approach. Fiqn is the car ownersﬁip level
for members of social group q in zone i. This is included to reflect
that fact that those with no car available will tend to be attracted to
areas with a low level of car ownership since these are more accessible
by public transport. Similarly those with a car avallable will tend %o
choose a location less accessible by public transport. The mode actually
used for the work trip will depend upon the relative cost of travel bj
each mode. The third term has a dual purpose. Firstly it represents
people's aspirations to locate in the most attractive housing available,
by making them choose housing that has been attractive to those of
higher social status since the term is the porportion of available
housing that has been cccupied by the next highest social group. The
second purpose is rather more pragmatic since the term helps ensure that
1t is the more attractive housing that is filled first; if it were not
used two zones with an equal number of housges sti1ll available, but one of
which had had most of its housing already filled, would tend to be equally

attractive, whereas the zone in which more houses have been filled is
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more attractive than the one in which few have chosen to locate. The
fourth term ensures that people tend to locate near those of similar
social status. The final term (ai)‘represents the enviromment, that
is, it is designed to represent the quelity of the area other than the
factors already discussed. Clearly quantificatidn of the enviromment
is fairly subjective. Because of this two different measures have been
used in this study. In the‘earlier work used for forecasts from 1966
to 1971 the form used was: -

8y = YD (8) / ¥p (4-1) (9h)
where Yf is the accessibility to shops. Its value is given by equation
(138). Because the ratio of the accessibility at two different time
points is being used, the values will, in general, be close to unity.
If new shops have been introduced into an area, the value will tend
to be greater than one, and so, it can be argued, making the area more
attractive fbr residence. The disadvantage of this formulation is that
because transport costs are ineluded in the factor, a change in such
costs tends to be over—emphasised, that is making areas which have
become relatively more accessible diéproportionately attractive.
Accessibility is already teken into account in the residential location

process. An improved version is used in later forecasts. It takes the

form:
_ G
a; = H( Hf(t 1,t) Lg (95)
T
; (1) L;

K is the number of houses

where Hi is the housingGstock in zone 1, Hp
demolished in zone i, L; is the area of zone 1 that has been developed
and Lg is the total area of 2one 1. That is, the larger the proportion
of houses not being demolished and the smaller the proportion of area

of land that has been developed the better the enviromment of that zone.
The proportion not being demolished is used rather than the inverse of
the proportion being demolished because a value of H? of zero would lead
0 the value of a. being undefined.

12.5.2 Residential attraction - external zones (WR n)

Since only some of the employed residents are being located in

externsl zones (those who work in the city) a different attraction factor
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is used. This causes no problem since the total number of in-commuters
in each social group (R;) has already been calculated in equation (69)
and so employed residents are being distributed between a set of zones on
the relative value of the attraction factor. Following on frﬁm this,
gsince it is only an‘attractibn factor the value can be kept constant over
time, implying no change in the relative values over time. However if
desired, the value can be changed, particularly to test the effect of

overall growth in one or more external zones. The value is given by:

W () = PP

iqn iqn (t) for i=N+l, M - o (96)

where either P?gn has been kept constant over time or the total

population increased:

Pﬁn(t) = F; n(t) Ugf(t) [Pi(_t—l) + P%EE ('t—l,t)J for i=N+1,M  (97)

where Fi n(t) is the car ownership level given by equations (72) and

(13). Ug?(t) is the proportion of population of zone i in social
group g and P%EE (t~1,t) is the population increment in zone i from

time t-1 to time t. In practice it may well be that U?g(t) is kept

constant over time. This is unlikely to lead toc serious error.

12.5.3 Employment attraction -~ internal zones (W?q)

The employment attraction factor is much simplerj it is the number

of jobs available in each zone, as given by equation (65):

E ag . '
W. =d. for j=1, N 8
5q = Jiq J=1, (98)
12.5.4 FEmployment attraction - external zones (W?q)

The employment attraction factor for external zones is the number
of jobs for the appropriate social group:
. = Jg for j=N+l1, M (99)
Ja Tda : .
The total number of jobs in each social group is not calculated
endogencusly so may either be kept constant over time for the same
reascns as the external residential attraction faector, or may be

increased exogenously, to represent an increase in the number of jobs
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in one or more external zones. This may be done for all Jjobs in

aggregate or for individual sectors:

Q [ _ Plnc _ ] QP [-s _ ine,, ] QS
qu(t) J {(t-1) + JP ==(t-1,t) qu+§ st(t l)+J§S (t-1,t) qu

for j=N+1,M (100)

where J? Js are the number of jobs in each primary or secondary, and
Jp I8 Pinc..

tertiary sector respectively, JJP Jsuuﬂ-are the increments in the

number of Jobs in each primary or secondary, and tertiary sector

) Qs

respectively and U and qu are the proportions of the Jjobs in the

respective sectors in each social group.

12.6 Capacity constraints

As indicated in the description of the trip distribution certain
capacity constraints can be applied. These serve two purposes = to
permit the incorporation of land use policies for testing with the
model and to remove assumpbtions about the equality of supply and demand.
The inequalities work by finding the appropriate distribution with all
zones in the unconstrained set, comparing the distribution with the
relevant capacity velue, moving zones in which the constraint is
violated to the constrained set and then computing a new distribution.
Since the excesses will have been redistributed to other zones, further
constraints may be viclated so the whole process is repeated until no

constraints are violated.

12.6.1 Population constraints

The main constraint on the location of population is the
availability of housing. This is particularly important since population
is being located by social group and only a limited quantity may be left

available for a particular social group; thus

pY < 129 M (101)
1q 1q 19
where H 88 1< the number of houses available, as given by equation (29)

19
and 033 is the appropriate housing occupancy rate as given by

equation (32).
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It may be desired to test the effect of a particular population

level for one or more social groups, hence:

Q _ X

iq = Fiq (102)

where Pgi is the exogenously defined population in social group q.

Similarly, it may be desired to ensure that a particular maximum

or minimum population is located in & gzone, that is:

PQ g P&E’P—c

iq € Tig (103)
Q in
Pry ¥ P?T (104)
max min . . . . . .
where Fr and P arethe maximun and minimum desired populetions in

soclal group q respectively. These can be used to ensure & particular

social mix in a zone.

12.6.2 Employment constraints

The employment constraint equivalent to that representing the

avallability of housing is the availability of jobs:

Q Q '
E.J'q s qu __ ' (105)

where J?q is the number of jobs, given by equation (61).

12.7 Non-moving workers

In-equation (86) above the number of people in each social group
who have retained the same residential and employment.locations over
the preceding time period was considered. The number.of people in this
category has to be calculated. As described above, only those who live
and work in the city are considered in this category; these are
calculated by assuming that the decision to retain either the residential
or employment location fixed is independent of the decision about the
location at the other end for those living and working in the city at
the previous time point. This arises from the lack of information upon
the relationship between residential and employment relocation. Thus

the number of people in éach social and car ownership group with a fixed

residential and employment-location is given by:




F _JFQN FQ ~ . .
Tijqn(t)—Riqg(t) qu(t) TLZIL ﬁjqknuv(t 1) -for i=1,N j=1,N (106)

Q fp1y w® 4l
Riq(t 1) qu(t 1)

FQN

where Riqn is the number of employed residents who worked in the city
at the previous time point who have kept the same residential location,

and are in soeial group g'and car ownership group n. Its value is given

byém QU N | W |
(t) £ Ik T. . (t-1) (107)
1qn agnB 521 u v n key(n) 1Jgknuv
iq(t—l)

It will be noted that the current car ownership level is being used

since people in this category may well have purchased {or sold) a car.
?Q is the number of workers who lived in the city at the previous time
point and have kept the same employment location and are in social group
qg.- Its value 1s given by:

FQ Qv N W -
E.(t) =B ,(¢) I ZIIZ Ts + ey 1) (108)
a4 —é?L——- i=1 u v n key(n) 199
EY (t-1) -
Ja

12.8 Balancing factors

Various balancing factors have been mentioned above. 1In general é
these are designed to ensure that the final solution is consistent with .
a particular set of values. DBecause this part of the model is fairly
complex the balancing factors have also to be complex, although their

basic form is simple.

12.8.1 Residential balancing factors (Aiqnu)

The balancing factor for newly locating employed residents in zones

in the constrained set (AW ) is:

1gnl

V
Z_ng B ql Jal XP( Bqn 1Jk

) + % KEwg exp(- B c?. )
Sez . @44
a3 alk

qn 1Jk

N M
Wo_QUV £ E W .p -1 ( 109)
ex p( g ) + % qu].j exp( Bqnci,jk) /

+ I B, .E:
j=1 992 Jal2 an 1Jk j=N41 494

to ensure that
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M o _ QU

Tijqknuv = Riqnu for 1;Zq1 (110)

The balancing factor for non-moving employed residents has one
term fewer than the one for newly locating residents, because those
who have retained the same employment location are considered

elsewhere. The balancing factor is given by:

W W Qv e
A. =|Z B, ) KEWE 1Y
igqnz ’. JqlEJqlexP( 6qncl k) z ] e p(- Bqnclgk)
Je? JeZ
a3 M qh .
K wE.’ . 1 (111)
j=m+1 & ol Bqn 131{)]

to ensure that

M
. W - paNUV s
jil key(n) Tiijnzl B Riqn21 for i=1, N (112)

12.8.2 Employment balancing factors (B;;)

The employment balancing factors are similar to those for residents.

For those working in zones in the constrained set the factor is:

W = W Q,NU W r P
qul [.ZZ AiqanignlexP( Bqnclgk) KiW?qnexp( Bqn le)
le'ql - EZqE
¥ v QNuVv W oAD M t W -1 (113)
I A:'L nERianlexP(_Bqnci'k)+ : K W? neXP( B nci k)]
i=] ¢ IE ¢ j=pey 4 19 an-"1J
to ensure that
M
o Qv -
I LI z lfquknul Erq for dezgs (11k)

i=1 n key(n) 1

The factor for non-moving workers is:

Wo_ W Quu Igﬂf{
qu2_[§ 7 AiqaniqnlexP( Bqn 1Jk) T A g xp(- B'n 1Jk)
ieZ _ ‘ 1gZ,
gl f q2
oM, R Ve -1
+ iiN+1K iqnexP(_Bqncijk)] (115)

t0 ensure that
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M
W QUV e
I 3% T, . = E, for j=1, N (116)
i=1 1 key(n) 1jqknl?2 Jal2
. . WE
12.8.3 Fixed journey to work pattern (Bijqn)

A balaneing factor has to be defined to ensure the correct trip
distribution for those who have retained the same residential and
employment location for use in equation (86).

It is given by:

W -1 '
= [z exp(-8 )] (117)
1an key(n) an 1Jk
to ensure that
z TW. knoo = Tf. , Tor i=1, ¥ j=1, N - (118)
Key(n) 9 Ja
12.8.4 Total newly locating employed residents (Kﬁ)

The number of newly locating employed residents in zones in the

unconstrained set can be found from:

N
R -g? -y RW - 3 ¥ (119)
cgl cq ieZql 1gl $=1 1g2
that is, it is the total employed residents in the social group less

those living in zones in the unconstrained set and non-moving employed

residents. The equivalent balancing factor Ki is calculated from:

W W
K. = RS 1/[;: Lz w? Lz B B exp(-g, cF.)
q A g nokey(n) I jer 9 i an id
g2 q2
E | v _squv W op
+ . 4 . . - £,
? K Ja exp(~ Bqn le) .E BJq2E3q12 exp( Bqn Cle)
JEZ J=1
alt
M £ -
+ 3. K W exp(-8 ncf k)] (120)
J=N+1 4 an i

to ensure that:

M
5 T %z ¥ Tr;knlv = RSUl (121)
:i.s:Z.2 j=1 n key(n) v J 9 :

a
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12.8.5 Total newly locating employment (K‘z)

The number of newly locating workers in zones in the unconstrained

set can be found from:

' N

BV~ oy gV

Jal 5=1 Jg2
a3 _

W = 5@

eql = “eq -z

jeZ

(122)

The balancing factor to ensure that the total number of trips in

this category sums te this total (Kﬁ) is defined by:

=Y/ zz e (z A R exp(-g"

q cal jazqhn key(n) 94 iEZQI 1qnl iqnl

gn le)

exp{~ 8" P, )

+ I KR WR ex W CP W
a p{- By gWUY anCi sk

i
J+ % AL
iezée ign 1jk s ign? 1qn21

M

+ 3z ke Wt e:cp(B

| 12
2 % i 1)) (123)

to ensure that:

M '
5T T X 5 T?. — EQVl (124)
i=1 jeth n key(n) u JaEnu e

12.8.6 Qut—-commuters from the city (Kz)

A constraint is imposed to ensure that the trips across the city
boundary by those living inside sum to the total given by equation (T1).

Its value is given by:

k=R /[z Wi t: (2 KW exp(-8"cP)
2 "s=n+1 92 n key(n) iE:Zq2 9 1q an 1J

. N
vz &Y R (7 P Yz AY Q’NUvexp -8 Y P, W G

. ignlignl xp an ijk’ .- 1qn2 igqn2l an ijk
1e? 1=1
ql
-to ensure. that:
N M -
W
5z I X T, . = Y - (126)

- z 1Jgknul
i=1 j=N+1 n key(n) u 9% 1
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12.8.7 In-commuters into the city (K;)

A similar constraint is imposed to ensure that the trips across
the city boundary by those working in the city sum to the total given
by equation (€9). Tts value is given by:

M
K=R/[x oz % . (2 KW exp(-8) cP)
i=f+l n " key(n) jEth e J4 < J

WoLQv
+ B B. _E; _exp
. Jal jaql
jeg jal a4 _
q3

N
_a¥ P - oW
( Bqncijk)+j£lqu2quleexP( Bqnc£jk))] (127)

+0 ensure that

M N
z I LI I Tg. knul = R" (128)
i=N+1 j=1 n key(n) v 49 9

12.9 Inverse getivity rate

The inverse activity rate is the ratio of the population to the
employed residents in the same area. In most applications of this type
of model a single value is used. In this study not only is the value
disaggregated by social group but also by zone. This is done by scaling
the values at the previous time period by the ratib of the total value
at the current time point to the previous value. It 1s necessary to
allow for slightly different values for newly locating employed residents
ffom those for non-movers to ensure that the total number of employed
residents sums to the total given by equation (70) and the sum of the
population equals the exogenously defined total. The differences arise
from the spatial variation in the inverse aectivity rate and have been

found to be very small.
The overall inverse activity rate for the city is:

ggq(t) = qu(t)/ﬂgq(t) . (129)

The inverse activity rate for non-movers in each zone (g?EB):

gp(t)mer (t-1) gl (t)/gl (+-1) (130)
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The value of_g?q(t—l) can be found from:
Q (41 = PP (-1} /RY (4
Bio(t71) = P7 (+-1)/R; ($-1) (131)
. . Qu .
The zonal value for newly locating employed residents (giql) is
QU QU ¥ QU
gr (t)=g () (P_(t)- z P’ _ -1 Pr.) (132)
igl ig2 eq i=1 ig2 1eZ. igl
. a1
R LW (4
. 192 “1g2
1ed
q2
12.10 Population location

The number of newly located employed residents in each social and
car ownership group (R?ggl) can be found by summation:
M

W R .
R?’Ngl =1 3 % Ty, for i=l,N | (133)
¢ j=1 key(n) v 9%

The population in each zone in each social group (qu) is given by:

@ QU QU . .
. =g, . + P, = :
qu 8iq1 rzl qunl qu2 for i=1, N {(134)
12.11 Employment location

Q

The employment in each zone for each social group (qu) is obtained
by adding together the surviving workers from equation (64) and the
newly located workers obtained by summation:

M

Eg = Egvg + X Lz I T
Je Jq i=1 n key(n) u

W

ijgknuv (135)

13, ACCESSIBILITIES

13.1 Basic principles

The concept of accessibility has been used in several places above
as the link between transport and land use. It is computed implicitly

within the previously defingd equations.
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13.2 Accessibility to residents (Y?)

The accessibility to residents is used in the location of housing
and industry. It could be calculated especially, but this is not

necessary because examination of the ‘term BW in equation (113) shows

Jal
that not only does this contain the size and the distance terms but also
W

A

Jignu

same employment opportunities. The value used is that for the middle

which can be interpreted as the competition from others for the

social group since this is by far the largest. Thus:

_ W o -
Y, = 1.0/B3, (136)
13.3 Accessibility to employment (Yf)
The qunl term may be interpreted as the inverse of the accessibility

to economic activity. The value for car owners (n=1) is used because

it contalns the cost of travel by both modes. Thus:

E _ W
Y. = 1.0/Ai211 _(137)

. . g
13.4 Accessibility to shops (Yi)

The accessibility to shops used in the location of residents in
houses is found by using the inverse of the balancing factor in
equation (48) for those with a car available (so that both modes are
included)}. The values for convenience and durable shopping are multiplied
together:

s _ s 8 ' .
YY = 1.0/A7), AT, (138)

1h. LAND TAKE
1k.1 Basiec principle

. The availability of land is a very important factor in the location
of activities in the city. This is taken into account in the model by
allocating activities in a particular sequence; the sequence is
exogenous new housing, primar} and secondary economic activity (except
agriculture), tertiary economic-activity, endogenous new housing and

finally agriculture. Exogenous housing, if any, is given priority to
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fepresent the allocation of land for this specific purpose. Economic
activity is given priority‘over other housing because, in general, it

can outbid housing for a_particulaf parcel of land which is why

economic activity tends to be conecentrated at the'most accessible part

of the city, that is, the centre. On some occasions there is insufficient
land available to locate the aectivity at the density being used in the
model, so like Lowry (1964) in his model, overcrowding is assumed to
ocecur, because it is felf that loeational factors are more important

than the density of a particular activity.‘

Y)

1k4.2 Density of housing (Df

The density of housing (DE) is calculated from the previous time

point:

D.

H
5 (

t) = Hi(t—l)/Lg(t~l) , (139)

where Lg(t—l) is the area of land occupied by housing.

The area of land released by the demolition of housing (L?) is

found using the density of housing at the previous time point:

L,

D
5 (

t).= H?(t-l,t)/D?(t—l) | \ (1k0)

14.3 Exogenous new housing

The density at which new housing is being located (D?X) may be

specified, otherwise the current value is used:
D:" = D, - l (1L1)

The area of land used by exogenously located housing can then be
calculated, except in cagses when there is insufficient land available
for the housing in which case the density is allowed to rise ,so that

housing can be accommodated, that is

LgK = H?X/DFX . T whichever (1k2)
1 1 1
or >is :
HX _ T _ .U,y _-H, .y _-h D
L;" = L; Li(t) Li(t 1) Li(t) + Li(t) i less (143)
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where LE is the total area of land in each zone, Lg is the area of
unusable land in each zone, LE is the area of land used by housing

and L? is the ares of land being held off the market. Unusable land
is that which cannot be used for any sort of development. Land being
held off the market is not currently available, but may becbme 50 in
the future, or it may be land such as Green Belt that is not developed

for political reasons.

14.4 Land availsble for primary and secondary economic activity

As indicated above, primary and secondary economic activity
{except agriculture) is given next priority. The area available

T

> e ) is given by:
i
p=2
: rPeor T oY)t (e ) s e )+ (6) -1 (8) o (1hh)
i 7171 i i i i
p=2
14.5 Land used by primary and secondary economic activity

(except agriculture)

Land is usged by primary and secondary economic activity at the
current density as long as there is sufficient land available; if

there is not the density is assumed to rise, that is

T p T p

_ _ P P, L.

E Lip(t) = E ch(t 1) Jip(t)/JiP(t 1) whichever (145)
p=2 p=2 .

or: is

T T

by L? (¢) = % Lia(t} less (146)
p=2 1P p=p P
The land used by each sector is given by

'T , .

P _ P, _\.P P, _ P _
Lip(t) = Lip(t l)JiD(t)/JiP(t 1) z Lip(t) for p=2, T (1h7)

p=2
g tf (£-1)3F (£)/95 (4-1)
p=2 ip ip ip ‘
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14.6 Land available for. tertiary economic activity

Tertiary economic activity is given next priority for loecation.

The land available (I sz) is given by:

s
T T
5 sz = 3 Lia - 3 LE (1L8)
- B p=2 p p=2 p :
ik, 7 Land used by tertiary economic activity

In retailing, and,to some extent, other service activities, there
has been an increase in the floorspace per employee ratio, reflecting
the move towards supermarkets and discount sh0ppihg. It is realistic,
therefore not to regard a decrease in tertiary activity in a zone as

.necessarily leading to a decrease in the area used. Once again,
sufficient land must be available to locate the activity, or else the
density rises. Because of the difficulty of distinguishing between the
various categories on land use maps, these sectors are treated in

aggregate., The allocation of land is ealeulated as follows:

. s s : ]
ir ¢ E; (t) » £ B ($-1) (1k9)
8 s
then T I° (£) = £ L° (4-1) ZES (£)/% E° (4-1) whichever (150)
is is is * Tis
s 5 8 s
ir pES_(t) <z EY_(t-1) } is (151)
is is
5 s E :
then 3 LS (t) =¢ 1.5 {(t-1) i less ° (152)
is is |
s s |
S _ Sa i
or & L7 (t)=12L (t) ; (153)
s . B : o
14.8 Land available for housing
The land avallable for endogenously located housing (L?a) is given by:
il B e I g fi - (154)
i is is i
5 8
This term is used in'equation (11) to locate the new housing where °
ng is the area of land released for housing development, given by

equation (163).
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1k.9 Land used by housing

The area of land used by new housing (L?B) is given by:
HB,, \_ _ NX, o H HX
LyP(6)=[H; (£) - K} (£1]/D5(£) + 17 (2) (155)

The total area of land used by housing in each zone (L?) is given by:

B\ _ -H,_ HB,,, D\ . o
L;(t) = Lo (t-1) + L (t) .Li(t) _ (156)
1k.10 Land,_developed

Developed land is that occupied by economiec activity (other than
agriculture) and housing, with the proviso that land once developed
cannot become undeveloped, that is, the area developed will not decrease.

Hence the area of developed land (Lg) is given by:

G T p S H N
Li(t) = I Io {f) + L L7 (%) + L.(t) '  whichever {(157)
i . Tip is i
p=2 s
or , > 1is
G G
Li(t) = Li(t—l) : greater (158)
14,11 Agricultural land

In an urban area, agricultural land is a residual category,

gradually being eaten into by urban development. If land being held

- off the market is, in fact Green Belt,then cakemust be taken to prevent
double counting. If there is land in this category, it is assumed that
it is all in agrieculture usage, and so not-available for urban
development but that all other agriculiural land is potentially available
for development. The quantity of agricuitural land that is potentially
available for &evelo?meﬁt (L?Ga) iz given by

L?Ga(t) - L?(t—l) K L?(t) ' 1 whichever (159)
or . 7 : _ P is
LiGa =0 greater ' : (160)

 where L? is the area of agriculture land and L? is the area of lsnd

being held off the market.
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Agricultural land that is not Green Belt is assumed to be egually
available as other undeveloped land for development, thus the land left
for agricultural usage (L ) is given by

A = e Aca el G,

Li(t) = l( t=1) - Ly (t) Li(t) Li(t 1} (161)
T U h G D
Ly Li(t)-Li(t)—Li(t-1)+Li(t)

1k.12 Land released for development »

The model has been de51gned so that areas of land in each zone can
be held off the market, that is development is not permitted there.
Land can be released for building during any time period. This can
either be specified for each zone, or for the whole city, in which case
it is allocated to zones in proportion to the area being held off. Thus,
the area of land being held off, L? is given by:

hinc

hlnc(t -1 t)—Tg[ h(t 1)41

L?(t) = L (£-1)4L 208 (4-1,1)] | (162)

z[L (£-1)+ L?lnc(t 1,t)]
3

where thnc {t-1,t) is the increase in the area of land in zone i being

held off the market and Lf is ‘the total area of land in the eity

released for development.

It mey be desired to release land for just housing development;

this 1s given by:

Hg, + _ . HE h, :

L. (t) = Lc_(t) L; () . (163)
sL2 (%)
J

where L?g is the area of land in zone i released for housing development.

1h.13 Vacant land
The area of land that could have been pSed for development, but,

in fact, is still available, Lg, is given by:

wWarloGoho Y : (16%)
i 1 i i 71 , ,
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15 INEQUALITIES IN THE PROVISION OF HOUSING AND JOBS:

15.1 Basie principle

One of the main criticisms made of this type of model is that
supply is assumed to match demand exasctly. This is not so in this
particular model. Inequality in the housing market is represented.by
vacant dwellings or overcrowding. .In the job market it is represented
by vacant jobs or changes in the activity rate, reflecting marginal
workers, for example, housewives or those who are frequently unemployed,
entering or leaving the employment market in response to changes in
the total number of jobs available. As described above the houses
and jobs are located first, then people select from amongst those
available. Vacancies are simply those not filled. Demand exceeding
supply is less easy to represent, since by definition those who do not
have & job or house cannot have a spatial l&bel'attached in the same

way as those who do.

15.2 Over—-provision of housing — vacant housing

The supply of housing (Hi) in each zone is given by equation ( 30)

and the number occupied is given by:
o _ q , HQ -
H, = é Piq/oiq ( 165)

Vacaent housing in each zone is then given by:

= 5 -H | ( 166)

i i

He <
o

H

15.3 Under—-provision of housing — overcrowding

Overcrowding is taken to occur when the occupancy rate for one or '
more zones has to be increased in order to ensure that all the population.
can be accomodated. Because the lowest social grbup is located last
they are most likely to be overcrowded by this definition (reflecting
the realities of the world). The housing occupancy rate is calculated
using equations ( 31) and ( 32). An increase in the level of population
without & concomitant rise in -the number of houses will lead to a rise
in the occupancy rate. The scaling of the occupancy rate in this manner

does not, however, neccesarily lead to equality in the provision of
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housing because of the spatial variation in the occupancy rate, particularly

if not all houses were filled at the previous time point.

Overcrowding "cccurs if

W 5 gV y g2 H ( 167)

. %L R, > . .
glql n 1ignl »\iEZQ ig 01q

. L
1%,

If this occurs the population is located in the housing using

H%Q 6@Q

W ig Tig I g?gl z R?gﬂl _ ' { 168)
o = 14
1gl 5 HgQ.oﬁq 2

i€z, 1@ iq

thus overriding the value of the housing occupancy rate computed using

equation { 32).

15.4 Over-provision of jobs ~ vacant jobs

The total number of jobs in each zone is given by equation ( 61)
and the totel number working in each zone by eguation { 135). Vacant

jobs (Jgg) can be found by subtraction:

9 ( 169)

JYQ = Jg - E.
Ja Ja Ja
15.5 Under-provision of jobs — underemployment
The model can be run assuming all jobs are filled, that is
Q q
E = J 0
o1 = Jeg ( 170)

This may well be true when a declining area is being modelled. This

Q
eq Q
in equation ( 129} to calculate the inverse activity rate ng‘ Consequently

value of E* will then be used in equation ( 70) to calculate éi; and so

a fall in the number of jobs will lead to a fall in the activity rate,

reflecting a reduction in the number of persons employed.




- 50 -

16. EXOGENOUS LOCATION AND-THE INCORPORATION OF PLANNING CORSTRAINTS

16.1 Basic prineciple

Several of the location equations defined above have included the
variables being located exogenously to represent planning policies, or for
testing the model under different assumptions. In this section these will

be drawn together and any additional checks that must be madeydescribed.

16.2 Housing locations

The location of housing (H?) is gifen by equation (. 11) which can be
used to test the impact of & new housing development by giviﬁg values
to HB§. Tt is importent to check that the total new housing being
" located is greater or equal to the sum of all being located exogenously,

that is
N X
B ozt By . ( 171)
1=1 .
If this is violated the total number of new houses being located is
adjusted autcomatically and the model operator informed.

16.3 Primary and secondary economic asctivity location

Equation { 33), ( 36) and { 39) include terms for the exogenous location
of jobs. These would be used to examine the effect of a new industrial

estate, for example. A similar check to that for housing is made:

N .
gfP 5 5 oFX 172
ep ¥ 32, “ip (172)

Again the total number of jobs iz adjusted if necessary.

16.4 Tertiary economic activity location

Equations ( 46) and { 47) include sales in shops being located
exogenously_(sgg). This can be calculated from the equivalent pumber of
jobs usingr e

S S
S5 = Eygfhg ( 173)
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This method works for marginal cases, for example the location of a new
hypermarket in one zone, or new centres in a few zones. However, if it
is desired to test a completely new pattern of tertiary activity a

slightly different method is used. Firstly 8 check is made:

N
§=1 J s 0.001 C(17h)
5 : .
cs

that is, all tertiary employment in a sector is being located exogenously.
(The term 0.001 is used because equalities cannot be guaranteed to be met
with real numbers on a computer). If this inequality is met the tertiary

employment is given by:

3 L5 48X

Sijeim = ArsaienisSis TP Belip ) 1=l M=l W ( 175)
I 5 5X .8 0 . . _

Since only a portion of the sales in external zones are forecast by
the model it is not feasible to set these exogenously. Hence equation
( 46) is used for these. Additional sales could be added in these zones.

The balancing factors are given by:

N m
s — S o5X
A = /5 ¢ B gS (~ B . ) + 3 ({wS }sm
S = S L LIt et R = 1 Key(m)
5 5% -1
¢ BiaS5s) el 7 ( 277)
to ensure that
m .
E oz S.. . =X, 178
J=1 Key(m) 1jsKm ism (17 )

N , M 1

S _ 8 _S8 A0 S c©
3js ZiﬁlAismxism exp Bli:mcijk) +iE - KsXism exp(- ézm 13k) / (1179)
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to ensure that

I;:I 3 g,.. = gX ' ( 180)
i=l Key(m) ijakn L

16.5 Jobs disaggregated by social group

The equations above can be used to locate all jobs by sector,
exogenously. However, equation ( 61) would still be used to determine the
social group disaggregation. The proportions defined by the terms
Ugif and UQS are kept constant over time, so may not be terribly accurate
and so it 1s possible to override these by specifying the location of Jjobs
disaggregated by social group. It should be noted that this can only
be done if the employient in all sectors in a particular zone is being
located exogenously. If jobs in all zones are being set exogenously,

then the totel is used for the number employed:

If Ef;{ 50 for all i = 1,8 o 181)
N
2 = g¥ ( 182)
cq J=1 J4 .

16.6 Population

Equations { 103) and { 104) can be used to set the population

maxima or minima in one or more zones. Clearly the following must hold:

N Q .
T X Pog ( 183)
i=1 -

and
N Pgin Q ' '
215 iq € Feg i - ( 18L4)

Alsd, checks must be made to ensure that the numbér of survivors does

not exceed the exogenous level or maximum for a particular zone:
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QU 1Q
Piqe € Fig (185)
QU ax ‘
Pigp € P‘-i“T (186)
QU

If either of these is vioclated the value of Pi ig adjusted

accordingly and the model operator informed. At figit gight this may
appear to be inconsistent with equation (62), but because of the nature
of the model and the need to assume rates remsin constant over time,

it is not surprising that the model cannot automatically cope with all
possible values of exogenously specified variables. The important
point is for the model user to be made aware of ﬁhat is happening and
to act if he so desires, rather than trying the impossible task of

producing a foolproof model.

If the population has been set exogenously there may be a slight
problem to allocate all the population at the value of the inverse
activity rate defined by equation (132}, since the value of Piq_may e

very different from the value that would be calculated endogenously.

Hence if:
P?§ 3 O for any i ( 187)
then W QX Tq QU 1) QU
R, = P; (R~ =% RY - % Ry .) :
igl igu cq . gl ... ja2 { 188)
5 J=1
e Qu a5
1al b pX / ggUl
je2 Jq Ja.
.45
. | . Qx QU .
where %_ 1s the set of zones for which P.” 2 0. The value of g, 18
-5 iq 1ql :

the value computed from equation {. 132} but & new value can be computed
to ensure consistency:
w'

€iql Piqu / Riql ‘ ' ( 189)

An analogous calculation on the housing occupancy rate can be made

to ensure that the desired population is located in the available housing:




QX Q.
check I Piq(t) Ocq(t 1)
4 oh(t-1) omd(+)

< H. ( 190)

where H.1 is the total housing given by equation { 30). If this condition

is violated, then the housing occupancy rate is given by:

o) = ofg-1) oHw) pX HQ

iq ig ig™ : ) 1q2 cq(F -1) { 191)
B S T e o)

4 similar check is carried out on the non-moving population given by
equation { 62), but this is unlikely tO'be_vidlated unless there is a very
large number of survivors in one or more zones. A check is made on the

total number of non-moving employed residents:

N
check ¥ RQU < RQ ‘ { 192)
. 192 eq
1=1
If not
QU .4
Riq2 - ch 19 / g g . { 193)
N QU /
L Jq2 Jq2
J=1

then a new value of the non-moving population is found:

/
w’/ _ W W
and then values are used in preference to those given by equation ( 62).
Once again a flexible approach is being teken if values computed using
equation { 62) are inconsistent with the total value given by equation { T70)
an adjustment is made to the values. This does not upset the overall

logic of the model, but does allow the model to be used consistently.

The various checks and adjustments outlined in this section have
been devised after empirical- testing of the model. ' They only apply
under the conditions stated and are a necessary accompaniment to a model

that can be used for forecasting under so many different conditionms.




17 CONVERGENCE OF THE MODEL

17.1 Basic principle

The complex interactions within the model and the intractability
of the solution mean that an iterative solution method has to be used.
This means that a convergence test has to be carried out on the outer
loops &s well as all those on all the balancing factor calculations.
The test iz to ensure that none of the zonal values varies from the.
equivalent value on the previous iteration by more than some small

fraction, in this case taken to be 0.1%.

17.2 The convergence test

The test is carried out on the employéd residents in each social
group, in each zone and may be expressed as:
Riq(I) - Riq(I—l)
Riq(I—l)

< A for all i and g ( 195)

where T is the iteration number and A iz some small value.

The test is only carried out on the second and subsequent iterations.
Experience with the model has shown that it is possible for oscillations
to occur. Generally this means that the following sequence is ocecurring:
decentralized employment followed by centralized population, leading
to centralized employment, followed by decentralized population which leads
to decentralized employment and so on. To check for this the following
" test is carried out on the eleventh and subsequent iterations:

Riq(I) - Riq(I—E) < A for all i and q ( 196)

Riq(I-E)

The oscillations generally imply some small error has occurred. If no
such test was applied the model would continue running until foreibly

stopped by the computer operators.
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18. OUTPUT INDICATORS

18.1 Basic principles

A model as complex as the one being described here produces vast
quantitigs of results. These include the zonal distributions of housing
population and employment, plus trip patterns. To facilitate interpretation
of the changes being examined s set of indicators are computed after
the finalconvergence at each time point. The indicators computed include
the modal split, time and money expenditure and various accessibility
measures. One of the main uses of the model is for examining the impact
of a particular change; conseguently it is necessary to be able to compare
the results of two runs of the model. This is done by storing the
results from one application and then after the second has been run
inputting the results from the first and calculating measures of the

deviations between the equivalent distributions of activities and trips.

18.2 Zonal distributions

The following items are output for each zone for each time point:

(a) Housing - total
- nevw
- demolished
~- occupied

—vacant

(p) Population — total

by social group

1

(¢} Employment — total

by soeial group

(d) Jobs - total _
- by 12 industries

- vacant
(e} 8ales in shops — by goodg type (convenience and durable)

(f) Land - agricultural o
- primary and secondary economic activity (excluding agricultufe)
- tertiary economic activity

- housing

- developed

- unused
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The zonal values are aggregated to three sets, deferred as
inner city, inner suburbs and outer suburbs, so that the decentralizaton

effects of policies can be seen.

18.3 Accessibillity measures

Accessibility is a useful concept for examining the impact of change
upon groups since it includes both transport and land use, and so can

reflect a change in either.

One useful accessibility measure was devised by Hansen (1959), which

may be shown as

Y, = § Wj f(cij) _ | ( 197)

vhere Y;is the accessibility of zone i, Wj is a measure of the attraction
of zone j and f(cij) is a decreasing function of the cost of travel '

between zones i and j.

In this model costs are known for each mode, and there is a cost
function for each car ownership group. The cost function is that used
in the model. Values can be calculated for the appropriate disaggregation,
for example, by social group. The accessibility to jobs for each

social group is, thus, given by:

JQ Q W
Y.r = J% I ¢ exp(-B¥ CP, ) { 198)
i~ Qg () an Lk

The accessibility to all jobs is obtained by summation:

J . Ja
Yi bl E Y.

2 Yig ( 199)

Similarly the accessibility to the supply of labour in each social group

is given by:

Y?i = I R ¢ o3 exp(—sW cs.. ) ( 200)
b
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The total accessibility to all labour is found by summation:
o= 9 ( 201)

1 i
q a

The accessibility to each tertiary economic activity can be found in

a similar manner:

Y. = £E, I L exp(—BS c2.) { 202)
3 . )

The accessibility to the popﬁlation who are custamers or users of each

tertiary activity is given by:

) exp(-BS Cijk) { 203)

The accessibility to some or all the tertiary sectors or users of all

tertiary sectors can be obtained by summation:

e - ( 204)
1 18 .
8
and
R RS
Yi = I Y ( 205)

In section 12 above the interpretation of the inverse of the
balancing factors as accessibility functions containing competition
terms was discussed. Because the values are obtained by mutual iteration
the values of the factors are not uhique, although the produét of each
pair of Ai and Bj values is. Consequently, no meaningful interpretation
can be made of individual values. However, relative comparisons can
be made. The first of these is the accessibility advantage of car
owners compared %o non-car owners found By caleulating the ratio of the
two.Aiqn values. Values are obtained for each social group for
the journey to work, and for shopping. The second measure is the
relative value over 5pace, fouﬁadby dividing each value by, say, the

most central one. This can be found for each car ownership group and
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social group for the relative accessibility to employment, and for the
relative accessibility to labour in each social group. Similar values
can be found from the balancing factors found in the caleulation of

tertiary activity location.

18.% Modal split

The modal split, expresséd as the proportion using each mode, can
be found at a variety of spatial levels, and by various disaggregations.
It can be found for everybody in the system or just those with a car

aveilable.

The three spatial scales are the whole study area, each zone of
residence, and the three aggregations of zones, plus the external zone
system. The modal split to work can be found for each social group and
in aggregate for each of the spatial scales. Similarly the values for
each tertiary activity are found at the three spatial scales. In
addition the values are found for the two shopping modes together, plus

the modal split of arrivals at each zone of shopping.
By way of an example, the modal split for the Jjourney to work for
all in the study area is given by:

LIZXILL TW

i jqnuv 1jgknuv

PESESIE T?. -
1jankuv 44

18.5 Expenditures on the journey o work

The generalised cost measure used in this model contains both money
and time elements. It 1s useful to find the implications of expenditure
on each; since money expenditure represents a transfer from individuals
to organizations, for example petrol companies, bus operators (who may
be local government) and national government (via taxes). Time expenditure
represents the amount of travel made by individuasls. The total expenditure

on travel in money and time, by each mode is ealculated, plus the mean
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in money and time, by users of each mode, by members of each car ownership
group and by mewbers of each car ownership group using each mode, as well
as the overall mean. All these calculations are made for the whole

study area, each set of zones and esch socisl group. The total distance
travelled and the energy used by each mode are also calculated.
In addition to the money and time expenditures the mean travel cost

in generalised cost units is found for the journey to work for the whole
study area for each mode, and each car owmership group, both for each social

group and overall. The equivalent costs are found for each tertiary activity.

As an example the mean travel time for the journey to work for

each social group by each mode in the study area is given by:

P
LILLE T

tQK =" ijnuv ijqkan'tle : ( 206)
qk -
LZZZT T..
. . 1jgknuv
ijnuv

18.6 Comparisons between forecasts

Comparisons between forecasts are made using the following variables:

(a). New housing in esch zone

(b) Total population in each zone

(¢) Population by social group in each zone
(d) Total employment in each zone

(e) Employment by social group in each zone
(f} Jobs by 12 industrial sectors in each zone
{g) Trips to work between each pair of zones

{h) Trips to work by each mode between each pair of zones.

For each of these variables the percentage deviation from the basic
forecast induced by the particular change being tested is found. This
can be used either to find how much effect a particular policy has or

to see how sensitive a particular variable is to changes in the inputs.
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19. CONCLUSIONS

In this paper the mathematical description of a fairly sophisticated
model representing the interaction between transport and the location of
population, housing, employment, shopping and Jjobs has been presented.

The model has evolved from a long process of consideration of theory

and model application. The model may contain some parts that are less
sophisticated than is desirsble, noneﬁheless, taken overall it represents
an extremely useful planning instrument which has been tested against
real data and provides gbod results (Mackett, 1979a). It will be
further developed in & project in which the effects of transport costs
on location and commuting patterns in London and South-East England

will be examined (Kirkby, Mackett and Nash, 1979). This project will

yield further insights into the interaction between transport and land use.
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