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BIJECTIVE SOLUTIONS TO THE PENTAGON EQUATION

I. COLAZZO, J. OKNINSKI, AND A. VAN ANTWERPEN

ABSTRACT. A complete classification of all finite bijective set-theoretic solu-
tions (S, s) to the Pentagon Equation is obtained. First, it is shown that every
such solution determines a semigroup structure on the set S that is the di-
rect product E X G of a semigroup of left zeros E and a group G. Next, we
prove that this leads to a decomposition of the set S as a Cartesian product
X X A x G, for some sets X, A and to the discovery of a hidden group struc-
ture on A. Then an unexpected structure of a matched product of groups A, G
is found such that the solution (S, s) can be explicitly described as a lift of a
solution determined on the set A X G by this matched product of groups. Con-
versely, every matched product of groups leads to a family of solutions arising
in this way. Moreover, a simple criterion for the isomorphism of two solutions
is obtained. These results significantly extend those of Colazzo, Jespers, and
Kubat, in their treatment of the involutive case. Furthermore, connections
to solutions to the Yang—Baxter Equation and to the theory of skew braces
are uncovered. The latter motivate a further investigation of the relationship
between solutions to the Yang—Baxter Equation and the Pentagon Equation
at the set-theoretical level.

1. INTRODUCTION

A linear map v : V®V — V ® V on the tensor square of a vector space V is a
solution to the Pentagon Equation if, on V @ V ® V, one has

V23V13V12 = V12023,

where each v;; is the map applying v to the (7,j)-component and acting as the
identity on the remaining one. If S is a nonempty set and s: S x § — S x S is
a map, then the pair (5, s) is said to be a set-theoretic solution to the Pentagon
Equation if the equality
523513512 = S12523

holds on S x S x S, with the same notation agreement as above. Namely, if 7 :
Sx8 = SxS, 7(x,y) = (y,x) is the flip map then s;2 = s x id, s13 = (7 %
id)(id xs)(7 xid) and sg3 = id xs. Clearly, every set-theoretic solution (S, s) to the
Pentagon Equation extends linearly to a unique solution (V,v) on the vector space
V' with basis S.

The Pentagon Equation has appeared in several areas of mathematics, especially
in the theory of quantum groups and Hopf algebras, as well as in various contexts
of mathematical physics. In particular, these include: operators on Hilbert spaces
with applications to duality results on compact groups [ ; |, three dimen-
sional integrable systems and the so called tetrahedron equation [ ], conformal
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2 I. COLAZZO, J. OKNINSKI7 AND A. VAN ANTWERPEN

field theory | ], the Heisenberg double and classification problems for Hopf
algebras | ], Cuntz algebras | ]. The Pentagon Equation also appears
in low-dimensional topology in the construction of link invariants in the work of
Kashaev | ]. In | |, the set-theoretic version of the Pentagon Equation

was applied to the so called symmetrically factorizable Lie groups, while in | ]
it was considered in the context of the discrete Liouville equation. Moreover, non-
trivial relations between the Pentagon Equation and another important equation of
mathematical physics, the Yang—Baxter Equation, were indicated and investigated
by several authors. In particular, in | ] it is shown that the Pentagon Equation
plays the same role for the Heisenberg double as the Quantum Yang—Baxter Equa-
tion does for the Drinfeld double. The context of Hopf algebras and of the relations
between the Yang-Baxter and Pentagon Equations were studied also in | ]
Solutions to the Pentagon Equation also have appeared with different names. For
example, a unitary operator on the tensor square of a Hilbert space is said to be
multiplicative if it is a solution to the Pentagon Equation | ; ]; while in
[ ], for a fixed braided monoidal category A, amap V: A® A - A® A is said
to be a fusion operator if it satisfies the Pentagon Equation. Recently, set-theoretic
solutions to the Pentagon Equation received a lot of attention. They have been
approached via new methods, including methods of semigroup theory, with an ef-
fort to describe and classify certain special classes of such solutions, see |
; ; ; ; ]. In particular, Colazzo, Jespers and Kubat
[ ] completely classified involutive set-theoretic solutions (.5, s) (meaning that
= id) to the Pentagon Equation, while Castelli [ ] more recently obtained
a description of some other special classes of bijective set-theoretic solutions.

In this paper we deal with arbitrary finite bijective set-theoretic solutions (S, s)
to the Pentagon Equation and we provide a complete classification of all such so-
lutions. In particular, our results provide far-reaching extensions of those obtained
in [ ] and | ]

Surprisingly, matched products of groups play a crucial role in our main results.
These are also known as Zappa—Szép products or bicrossed products of groups, and
they arise as exact factorizations of groups, G = AB with A, B subgroups of G and
AN B = {1}. For a survey, with an emphasis on their role in the theory of the
Yang-Baxter Equation, we refer to the paper of Takeuchi | ]

Our main theorem can be formulated as follows (see Section 4 for the definition
of a matched pair of groups).

Theorem 1.1. Let (S, s) be a finite bijective set-theoretic solution to the Pentagon
Equation. Then there exists a matched pair of groups (A,G,0,8), a set X and
maps @, € Sym(X), for all a € A, such that S, as a set, is the Cartesian product
X x A x G and s is of the following form

(*) 8((0(, a, J)), (ﬁa ba y)) = ((Oé, a, -'L'y), (Wb(&m(a))*(ﬁb(ﬁ% b((sw(a))_la 05, (a) (y)))
for a,8 € X,a,b € A and x,y € G. Moreover, for any matched pair of groups
(A,G,0,0), a set X and maps p, € Sym(X), defined for all a € A, the map s
defined on S = X x AX G in (%) is a bijective set-theoretic solution to the Pentagon
Fquation.

There is also a natural notion of a homomorphism of set-theoretic solutions to
the Pentagon Equation (see Definition 2.2) and the proof of Theorem 1.1 yields a
transparent criterion for when two set-theoretic solutions are isomorphic. In fact,
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up to isomorphism the family of permutations {(,} is not essential, i.e. every finite
bijective solution is isomorphic to one of the form (¥) with ¢, = idx for all a € A.
In particular, up to isomorphism we may assume @, = idx for all a € A, and then
() becomes

8((0[, a, 3’3)7 (57 b7 y)) = ((Oé, aal‘y)v (57 b(éw(a))_l,géz(a)(y)»'

In addition, isomorphism classes of finite bijective solutions to the Pentagon Equa-
tion are in a bijection with pairs consisting of a positive integer and an isomorphism
class of matched pairs of groups (see Corollary 6.6). It is worth stressing that The-
orem 1.1 seems quite surprising, since the analogous problem on (describing all)
bijective set-theoretic solutions to the Yang-Baxter Equation has proved to be ex-
tremely difficult and remains wide open, see | ] and references therein.

By convention, if (S, s) is a set-theoretic solution to the Pentagon Equation, we
write s(x,y) = (¢ - y,0:(y)), for amap S x S — S, (z,y) — = -y and certain maps
0.: S — S, for x € S. It is well known that (5, -) is a semigroup, [ ].

The proof of our main theorem proceeds in several steps. The first step is crucial:
we show that as a semigroup S is a direct product S = E X G of a left zero semigroup
E (meaning that ef = e for every e, f € F) and a group G; see Theorem 2.4. Next
in Theorem 2.9 we prove that each map 6, for z € S, is a permutation of S.
This allows us to exploit group-theoretic tools, which turn out to be central in the
formulation and proof of our main results.

In Section 3, we introduce a notion of retract Ret(S,s) (see Proposition 3.4)
defined via a congruence on the semigroup (S,-). This retract again carries the
structure of a set-theoretic solution to the Pentagon Equation, which we denote
by Ret(S,s) = (S5,5). Then using the bijectivity of s we discover a dual bijective
set-theoretic solution (S, 7s717) that defines another semigroup structure (S, o) on
the set S. This yields a decomposition into a Cartesian product S = X x A x G
such that the underlying set of the retract S can be identified with A x G and the
set of idempotents E of S can be identified with X x A. Later, we show that the
retract operator is idempotent, in other words Ret(Ret(S, s)) = Ret(S, s), for any
finite bijective set-theoretic solution to the Pentagon Equation (.5, s). We empha-
size that our notion of retract differs from the retraction for set-theoretic solutions
to the Yang—Baxter Equation introduced in | ]. In the Yang—Baxter setting,
retraction is often iterated and serves as a measure of the complexity of the solution,
whereas in the present setting the retract is a key structural ingredient and, in the
finite bijective case, it allows one to reconstruct (.9, s) from Ret(S, s). In Section 4
we focus on irretractable solutions (S, s) = Ret(S,s) = (5,5), so S = A x G. Here
we show that for an irretractable solution the dual solution (S, 7s717) endows A
with a group structure and surprisingly switches the roles of A and G. This unrav-
els a hidden symmetry in the retract solution (S, 3) and leads to the construction of
a matched product of groups A and G in Theorem 5.4. Conversely, every matched
product of groups leads, in a natural way, to an irretractable solution to the Pen-
tagon Equation, and it turns out to be responsible for the formula describing the
set-theoretic solution (S,3), see Theorem 4.1. Finally, we show that the original
set-theoretic solution (S, s) is a natural extension (lift) of its retract, so that the
formula (x) follows, see Theorem 6.4.

Although every matched pair of groups leads in a natural way to a set-theoretic
solution to the Pentagon Equation, in Section 7 we provide certain concrete con-
structions that may be used to illustrate the main ideas and strategy used in
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the paper. In particular, in the finite case the description of all involutive set-
theoretic solutions, obtained earlier in [ ], via a different approach, follows
easily from Theorem 1.1. Matched pairs of groups also appear naturally in the
theory of set-theoretic solutions to the Yang—Baxter Equation, see | ; ;

]. Moreover, braces and skew braces introduced by Rump in | ] and
by Guarnieri-Vendramin in | | in the context of set-theoretic solutions to the
Yang-Baxter Equation, canonically determine a matched pair of groups (see | ,
Lemma 5.9]). In the last section we show explicitly how skew braces also define
irretractable set-theoretic solutions to the Pentagon Equation. Thus, our results
open a new connection (at the set-theoretic level) between solutions to the Penta-
gon Equation and solutions to the Yang—Baxter Equation. Skew braces can also
be described in terms of regular subgroups of holomorphs | ]. This provides a
computationally efficient way of defining matched pairs of groups and creates also a
bridge with Hopf-Galois structures | ]. For more details we refer to Section 7.
We conclude by relating set-theoretic solutions to the Pentagon Equation to Hopf
algebras with positive bases. In particular, we recall that any finite set-theoretic
solution to the Pentagon Equation gives rise to a Hopf algebra with a positive ba-
sis | |, and we explain why Hopf-algebraic classification results do not directly
recover the set-theoretic classification we obtained in Theorem 1.1.

2. SET-THEORETIC BIJECTIVE SOLUTIONS TO THE PENTAGON EQUATION

In this section we prove key results on the semigroup structures arising from
finite set-theoretic bijective solutions to the Pentagon Equation.

Definition 2.1. A pair (5, s), where S is a set and s: S xS — 5 x S is said to be
a set-theoretic solution to the Pentagon Equation if the equality

(2.1) 523513512 = 512523
holdsin S x S x S.

From now on, by a solution to the PE we always mean a set-theoretic solution
to the Pentagon Equation.

Definition 2.2. Let (S, s) and (7,¢) be solutions to the PE. We say that a map
f: 8 — T is a homomorphism of solutions if the diagram

Sx§ Iy

| I

SxSwaT

commutes. The solutions (S,s), (T,t) are isomorphic if there exists a bijective
homomorphism of solutions f : .S — T.

By convention, if (S, s) is a solution to the PE, we write s(z,y) = (z - y,0.(vy)),
for a map S xS — S, (z,y) = x -y, and maps 0,: S — S for z,y € S.
The following lemma appears in | ].
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Lemma 2.3. Let S be a set and s: S xS — S xS be a map. Then (S,s) is a
solution to the PE if and only if

(2.2) - (y-z)=(x-y)- 2
(2.4) ng(y)ﬁx.y(z) = Gy(z),

for all x,y,z € S. Moreover, s is bijective if and only if for every x,y € S there
exists a unique pair (u,v) € S x S such that u-v =z and 0, (v) = y.

Proof. Tt is straightforward. O

In particular, every solution (S,s) carries a natural semigroup structure on S
and we will often simply write zy in place of x - y. If (S,-) is a group, then it is
easy to check that s(z,y) = (zy,y) is a bijective solution to the PE. Moreover,
Kashaev and Sergeev | ] proved that this is the only bijective solution when S
is equipped with a group structure via -.

The first crucial step towards our classification will be to describe the structure
of the semigroup S. Namely, we will prove that if (.S, s) is a finite bijective solution
to the PE then S is a left group, i.e. S is isomorphic to E X G where E is a set, G
is a group, and the multiplication on S is defined by

(e,9)(f,h) = (e, gh)

for every (e,g),(f,h) € E x G. We refer the reader to | ] for the necessary
background on semigroups.
For any semigroup S we denote with E(S) the set of idempotent elements of S.

Theorem 2.4. Let (S,s) be a finite bijective solution to the PE. Then S is a left
group.

Proof. By | , Proposition 2.2], if (S, s) is a solution to the PE of finite order,
then S is a simple semigroup. This implies, in particular, that if (.S, s) is bijective
and S is finite, S is a completely simple semigroup (cf | , page T6]).

By Rees’ theorem it follows that we may identify S with a completely simple
matrix semigroup M(G, I, A; P) with G a finite group whenever (S, s) is a finite
bijective solution to the PE. We recall that, if G is a group, I and A are non-empty
sets, and P is a matrix indexed by I and A with entries py; € G then the Rees
matriz semigroup S = M(G, I, A; P) is the set I x G x A with multiplication given
by

(ia g, A)(]a h7 M) = (7” gp)\7jh7 M)
In particular, the set of idempotent elements of S is given by
E(S) ={(i,py},\): i€ LA A}.
Ife= (i,p;il, A) € E(S), then the right ideal generated by e is

eS={(i,g,n): g € G,p € A}
and the left ideal generated by e is
Se={(j,9,\):jel,geG}

Let m = |I| and n = |A|. Then |eS| = |G||A] = n|G| and |Se| = |I||G| = m|G|.
Now notice that for every x = (i, g, 1) € S, there exist exactly m elements y € Se
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such that zy = e, i.e. y € {(j,p;ég’lp;;,k): j € I}. Therefore, we get nm|G|

different pairs (z,y) € S x S such that zy = e. Next, we use property (2.3) with
xy = e, and then y = ye and = = ex. So, in particular

0 (y) =0, (ye) =0, (y)ea:y (e) =0, (y)98(6)7
and 0, (y)L0(e), where as usual £ denotes the Green’s relation. It follows that
H0:(y) : vy = e}| < |S0.(e)| = m|G|. However, [{(z,y): xy = e}| = mn|G|. Since
s is bijective, considering the set

5T ({(zy, 0u(y)) s xy = €}),
we get that mn|G| < m|G|. Hence n = 1 and the statement follows. O

The second crucial step is to describe important properties of the maps 6, for
x € S. In particular, we will prove that all of them are bijective. We begin with
some preparatory lemmas.

Lemma 2.5. Let (S, s) be a finite bijective solution to the PE and set E = E(S).
Then 6, (E) C E for allx € S. In particular, s restricts to a finite bijective solution
on E (since E(S) is closed under multiplication,).

Moreover, if E(S) = S (equivalently S is a left zero semigroup), then for each x €
S the map 0, is bijective and is either the identity or a fixed-point free permutation.

Proof. By Theorem 2.4, S is a left group, so every element in E(S) is a right
identity, i.e. e = x for all z € S and e € E(S). Let € S and e € E(S). From
(2.3) it follows that

ie. 0,(e) € E(S).
For the second statement see [ , Lemma 2.4]. O

Lemma 2.6. Let (S, s) be a finite bijective solution to the PE and let e € E(S). If
x € eS, then 8y(x) € 0,(e)S.

Proof. By Lemma 2.5, 0,(e) € E(S). Let e € E(S), x € eS and y € S. By (2.3)
and from xz = ex we get
0y (x) = 0y(ex) = 0, (e)0ye(x) = Oy(e)0y(z),
hence 0,(x) € 6,(e)S. O
For a map 6: S — S let ~p be the relation {(a,b) € S x S| 6(a) =0(b)}.
Lemma 2.7. Let (S, s) be a finite bijective solution to the PE. Then the following
statements hold:

(1) ~g, = ~p,, for any z,y € S.

(2) 10:(S)| =104(S)|, for any xz,y € S.

(3) The relation ~ = r~y_, for any x, is a left congruence on S.
Proof. Let us prove (1). Let x,y € S. By equation (2.4),
(2.5) ~g
Moreover, since S is a left group, there exists v such that y = vxy. It follows that

(2.5) (2.5)

~O, = 00y S ~0,, C© ~o,. Therefore, ~p = ~p . Finally, let 2’ € S. Since S
is left simple, there exists z such that 2’ = zz. Then ~p , = ~p_, = ~g,.

~
Ty — Oy -
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We prove (2). Since ~g, is an equivalence relation, by (1) and the fact that S is
finite it follows that |6, (S)| = |0 (S)], for any z,z’ € S.

We now prove (3). By (1), ~y, = ~g,, for every z,y € S. We denote this
relation simply with ~. Let a ~ b and y € S. Then 6., (a) = 05, (b) for any z € S.
It follows that 6, (ya) 22 02 (y)bzy(a) = 0,(y)0zy (D) = 0. (yb). Therefore ~ is a
left congruence. O

Lemma 2.8. Let (S, s) be a finite bijective solution to the PE. Let e € E(S). Then,
there exists a subgroup H. of G. = eS, such that for any a,b € G,

a~b <= aH,=0bH,.
Proof. Define
H.={aeG.|a~e}.

We claim that H, is a subgroup of G.. Clearly e € H,. If a,b € H,, then for any
x € S we have

(2.6) 02(a) = 0 (e)
Then
(2.8) 0. (ab) = 0,(0)0,0(0) L7 0, (e)0,a(€) = 02 ()

where the last equality holds since, by Lemma 2.5, 6,(e),0..(e) € E(S) and any
idempotent element in S is a right identity.

Now, let a € H, and denote by a the unique element in G, such that aa = e = aa.
It follows that, for any z € S

0, (c) = 0.(aa) = 0,(a@)0sa(a) = 0,(a)0sa(e) = 0,(a),

where the last equality holds because 0,5(e) € E(S) and so it is a right identity.
It follows that a € H, so H, is a subgroup of G.. The assertion follows from
Lemma 2.7. ([

We are now ready to derive a key structural result that will clearly indicate that
group theoretical methods must naturally appear when dealing with finite bijective
solutions to the PE.

Theorem 2.9. If (S, s) is a finite bijective solution to the PE, then 0, is bijective
for every x € S.

Proof. Since (S, s) is a finite bijective solution to the PE, by Theorem 2.4 S is a
left group, i.e., S = E x G, where E = E(S) and G is a group. We write G, = eG
for e € E. By Lemma 2.7(1), if 2,y € S then 0y, (), 02y and 0, determine the
same congruence ~. Moreover, by (2.4) we have the inclusion of images 6,(S) C
0o, (y)(S). By Lemma 2.7(2), since S is finite, we get 0,(S) = 0y, (,,)(S) and also
0y (S)| = |02y (S)|. Applying Equation (2.4) yields that the restriction of 0y, (, to
024(S) is bijective.

On the other hand, the relation ~ = ~y_, for every x € .9, is a left congruence on
S by Lemma 2.7(3). And by Lemma 2.8, for any e € F we can define a group H, =
{a € G, | a ~ e} such that a,b € G, and a ~ b if and only if aH, = bH,.. Moreover
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JH. = Hy for every e, f € E. Now, since 0y, is bijective when restricted to
024 (S), we get that for every e € E(S)

(2.9) 102,(S) N H.| < 1.

But using Lemma 2.5 we have 0., (f)S = Gy, (y) and e = 0., (f) € 0.4(Gy) is the
identity of the group Gy, (s). Therefore 0,,(S) N He = {0.,(f)}. We know also
that every 6./, ¢/ € E(S), permutes the set E(S) (by Lemma 2.5) and 6. maps
every Gy into some Gy. Suppose that 6.,z € S, are not bijections. Then it follows
that (every) H. must be a nontrivial subgroup in G.. Therefore, (2.9) implies that
every nonidentity element h of the group Hy, () is not in the image of 6, for all
z,y € S. Soh ¢ J,cq0-(S). However, bijectivity of the solution s implies that
S =J,cg0-(S). This contradiction proves that every 6, must be bijective. O

Our final results in this section highlight the role of the maps 6. determined by
the idempotents e of the semigroup S.

Proposition 2.10. Let (S,s) be a finite bijective solution to the PE. Then, for
every x € S there exists an e € E(S) such that 8, = 0.. Moreover, the set 0 =
{0 | e € E(S)} is a group with identity 0y, .y independent of the choice of e € E(S).

Proof. We start by proving the latter claim. Let e € E(S). Then, by relation (2.4)
905 (6)96 = 90e(e)€ee = 96'

By Theorem 2.9, 0. is bijective, which shows that 0y, () = ids. Let e, f € E(S).
Then, by Lemma 2.5), E(S) is closed under 6., thus there is a fo € E(S) with
0.(f2) = f. Hence, as efy = ¢, we get

2.4)

(
070c = bp,(12)0cr. =" 0sa,

which shows that the set 0 is a submonoid of Sym(S). As the latter is finite, 0
is a subgroup.
Let z € S and let e € E(S). Then by (2.4)

991(6)0906 = 067

which is equivalent to

—1
O =0, (o) Fe-
As 0,(e) € E(S), the latter can be rewritten as 85 for some f € E(S). O

From now on we fix ey € E(S) and denote 1 = 0, (eo).

Proposition 2.11. Let (S, s) be a finite bijective solution to the PE. Denote G =
G1 =15. Then for any g € G, we have 0, = idsg.

Proof. By Proposition 2.10, §; = idg. Then

2.4
0405 = 09, ()01 = 0,

which shows that 6, = idg, by Theorem 2.9. O



SOLUTIONS TO THE PENTAGON EQUATION 9

3. THE RETRACT OF A BIJECTIVE SOLUTION

Since we assume that the solution (S, s) is bijective, the inverse map s=1 : S x
S — 5 x S can be exploited. As shown below, this leads to a dual solution of
the PE and the corresponding dual semigroup structure (5,0). In this section we
combine the structure of the left groups (5,-) and (5,0). In particular, we show
that the set of idempotent elements e € (S,-) with . = idg coincides with the
intersection of the corresponding subsemigroups of idempotents. This allows us
to define the retract of a bijective solution to the PE. In particular, it identifies
this intersection into a single element and produces an irretractable solution, i.e.
a solution with exactly one idempotent e € FE(S,-) such that §, = idg. While
the retract of (.S, s) has a substantially simpler structure than (S, s), Theorem 6.4
shows that nevertheless it retains enough information to completely recover (.5, s)
as a natural extension. This is in sharp contrast with the Yang—Baxter setting,
where the situation is more intricate and the retraction introduced in | ] can
be applied to a solution multiple times, yielding the multipermutation level as an
invariant measure of the complexity of the solution. Even though the retraction
and the multipermutation level of a solution to the Yang-Baxter Equation have
been widely studied and used, see for instance | ; ; ; I,
they do not provide a mechanism for reconstructing the orlglnal solution.

Let (S, s) be a bijective solution to the PE. Then we denote

s (z,y) = (Yy(2),y o z).
Then, as s is a solution to the PE, we have that

1 -1 _— 1.1
S12 513 323 893 812

(in other words, s~! satisfies the so called Reversed Pentagon Equation). As in
Lemma 2.3, this translates into the following equalities.

(3.1) zo(yox)=(zoy)ou,
(3‘2) (e (y) o 1/)zoy (x) =1, (y o $)7
(33) 1pwz(y)wzoy = '(/Jyv

which shows that ¢(x,y) = (z o y,%.(y)) is a bijective solution to PE. Hence, one
obtains the following proposition on the structure of (S, o).

Proposition 3.1. Let (S,s) be a finite bijective solution to the PE. Then (S,0) is
a left group.

Furthermore, we note consequences that follow from the equalities
sos ! =idgyg=stos.

Namely, for all z,y € S we have

(3.4) Yy(z)(yox) =z,
(3.5) Oy, @) (yox) =1y,
(3.6) Yo, (y)(y) = T,
(3.7) 02(y) o (zy) = y.
Define
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Hence, it follows easily that 6, respectively 1, is a homomorphism from (S, o),
respectively (5, ), to Sym(S). Denote
kerf ={se S |6, =ids},
and similarly
kery) = {s € S| s =idg}.
Lemma 3.2. Let (S, s) be a finite bijective solution to the PE. Denoting E = E(S,-)
and F = E(S,0), we get
ker0 NE ={0.(e) |ec E} =kery N F = {Y¢(f) | f € F}.
Proof. We present the proof that the first three sets are equal; then the last equality
is true by symmetry. As noted before, 0y, () = ids for all e € E. Moreover, if
e € ker N E, then 0.(e) = e, which shows the first equality.
Let e € ker@ N E. Then, by relation (3.7)
eoe=0.(e)o(ee) =e,
which shows that e is an idempotent in (5, 0). Hence, e € F'.
Let x € S. Then by (3.4) we find that
be(@)(€0) = .
Moreover, rewriting relation (3.5), one finds, as e € E, that

eoxr = 9;:(35)(6) ekl

by Lemma 2.5. Combining this information, since eox = 97;&1(1) (e) is a right identity,
we get that

z = the(z)(e0x) = Pe(),
which shows that 1, = idg. Thus, ker N E C kervy N F, the reverse equality is
analogous. O

The previous allows us to fully determine F' = E(S,0) and by symmetry E =
E(S,-). Recall that 1 = 0,,(eo), as fixed before Proposition 2.11.

Proposition 3.3. Let (S, s) be a finite bijective solution to the PE. Then, one has
that F = (ker 6 N E)Gy. In particular, F is a subsemigroup of (S,-).

Proof. Let e € ker N E and g € G1. Then, by relation (3.7),

eg o eg = Oc(eg) o (eeg) = eg,
which shows that eg € F'. Hence, (ker N E)G;1 C F. In particular, as 1 = 6(e) €
ker® N E by Proposition 2.10, one obtains that G; = 1G; C F. Vice versa, one
notes that for any fi, fo € F one has, by rewriting relation (3.6), that

fifa =w;f1(f2)(f1>,

where the latter is in F' by Lemma 2.5. This shows that F' is a subsemigroup of
(Sv )

Let f € F. Then there exist e € F and g € G such that f = eg. It remains
to show that e € kerd. As G; C F and F is a subsemigroup of (S,-), it follows
that e = (eg)(g~!) € ENF, where g—! denotes the inverse of g in G;. Let y € S.
Considering relation (3.5), one finds that

Oc(y o, ' (e) =y.
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As e € F, one has, by applying Lemma 2.5 on the solution ¢ (introduced above
Proposition 3.1), that ¢, 1(e) € F. Thus, the above equality can be reduced to

Oc(y) = y.
Hence, e € ker 6, showing that 6, = idg and proving the result. O

Proposition 3.4. Let (S,s) be a finite bijective solution to the PE. For any ele-
ments e, f € E = E(S,:) and g,h € G1, define the following equivalence relation
onS: eg~ fh, if 0. = 0f and g = h. Denote S =S/ ~. Then s induces a bijective
solution (S,3), which we call the retract of (9, s).

Proof. Clearly, ~ is a congruence on the semigroup (.5,-). Let eg ~ fh such that
e,f € Fand g,h € Gi. Then . = 0y and g = h. Let ¢ € S. First, we claim that
0, is independent of the choice of the representing element in the congruence class
of ¢. Indeed, using relation (2.4) twice, we find that

—1 —1
Ocg = 0,(9)%9 = V9, (5)05 = 09>

which shows the claim. Secondly, using relation (2.3) and that e € E, one gets that

04(eg) = 04()04(9)-
Similarly,

04(f9) = 04(1)84(9)-
From relation (2.4) we get that

O0,(e) = Oo,(0)0ac05c" = 005" = 056, = b0, p)-
This means that that 6,(e) = 0,(f). So 04(eg) = 04(e)04(g) = 0,(f)04(g) = 0,(f9).

Thus, indeed, 0., and 04 induce the same map on S.
It now follows easily that S carries an induced semigroup structure and satisfies
relations (2.2), (2.3) and (2.4) for the maps induced by 6, for all ¢ € S, proving the

result. O

Let (S, s) be a finite bijective solution to the PE and (., 3) its retract. We denote
by

7:S—>Sr—-7T

the homomorphism from (S, -) to S with respect to the induced semigroup structure.
Moreover we denote with 6 the induced #-map for the retract. In other words

5(z,9) = (7y,0:(9))
for z,y € S.
Note that from the definition of the retract it easily follows that if e € E(S) and
x € S are such that e ~ z then z € E(S). In particular, 7(E(S)) = E(S) and we
denote it by E.
We will say that a solution (S, s) is irretractable if S = S.

Proposition 3.5. Let (S,s) be a finite bijective solution to the PE and (S,3) its
retract. Then, |ker@ N E| = 1. In particular, (S,35) is irretractable.



12 I. COLAZZO, J. OKNINSKI7 AND A. VAN ANTWERPEN

Proof. Let © € E with 6, = idg. Then there exists an e € E such that 7(e) = x.
Denote f = fc(e) € ker6. As 0.(f) = 0z(f) = f, it follows that 8y = y_(y), so that
0.(f) € ker 6. However,

egp(f)ee = 9f = idS,

which implies, using that 6.(f) € ker that 6, = Ge_el(f) = idg. This shows that
e € ker . Hence, both assertions follow by the remarks made before. O

4. FROM MATCHED PAIRS OF GROUPS TO IRRETRACTABLE SOLUTIONS

Recall that a quadruple (G, A, 0,0) is a matched pair of groups if A and G are
groups and there are a left action o : A — Sym(G) and a right action § : G —
Sym(A) such that

(4.1) oa(zy) = 04(2)05, (a) (¥)
(4.2) 0z (ab) = Gy, () (@)3 (b)

for all x,y € G and a,b € A. If the quadruple (G, 4, 0, ) forms a matched pair of
groups, then G x A is a group with multiplication

(z,a)(y,b) = (20a(y), 6y(a)b)

where a,b € A and z,y € G. The inverse of (z,a) is given by

(4.3) (2,0)" = (041 (271), 01 (a™1)).

This group will be denoted by G <1 A and it is known also as a biproduct or Zappa—
Szép product of G and A. We refer to | | for details. From equalities (4.1) and
(4.2), one gets

(4.4) (0a(@) ™ = 05,0 (),

(4.5) (02(a)) ! = bgu(wy(a™h).

Now we show that every matched pair of groups naturally leads to an irre-
tractable bijective solution to the PE.

Theorem 4.1. Let (G, A, 0,d) be a matched pair of groups and let S be the Carte-
sian product A X G of A and G. Then the map s: S xS — S x S defined by

(4.6) s((as2), (b)) = (@, 7). (b3 (@) 5.0 (1))
is an irretractable bijective solution to the PE.

Proof. Let us define on A x G the following operation

(4.7) (a,2)(b,y) = (a,zy).

Clearly, the latter endows A x G with a semigroup structure, even a left group.
Hence, (2.2) is satisfied. Moreover, let us also define

0(a,0) (b, y) = (b(6:(a) ™", 05, (a) ()
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for all a,b € A, z,y € G. Then
y 06, (a)(y) 9((1 zy) (C,Z)
1 06,(a) () (¢(0ay (@)
» 068, (a)(y)a Say(a) (Z))
105,(a) (¥) 06,8, (a) ()

(4.1)

=" (b(6z(a) ™", 05, () (y2))

= 9 (a, x)(b yZ) - 9 (a I)((b y)(C Z))
Hence, (2.3) is satisfied. Now, let us first compute

505“@)(9) (b(02 (a))_l) = 60(5m(a))71 T54(a)(Y) (b)(saaw(a)(y) ((0z (a))_l)

(4.5) _
= 5y(b)5asz<a><y)5oa(w>(a D)

5y( )80s (@), (o) () (@)
= y(b) oa(zy) ( )
=0y (b)(62y(a)) "

O(a,e) (0, Y)0(a,2) b,y (€, 2) = )
)

\_/\_/\_/\_/
._.

,_n

It follows that

-1

ee(a o (b y)e (a,z)(b,y) (C Z) = e(b((sm(a))*lyﬂam(a)(y))(C((Sxy(a)) ao'éxy(a)(z))

= (c(02y(a)) ™ (b, () (b0 (a))_l))_17U5a5m(a)(y)(b(Jm(a))*l)aﬁmy(a)(Z))
= (c(0zy(a))” ( ()(5a:y(a))71)71,Uay(b)([swy(a))—lUémy(a)(z))
= (c(8y (D) (62y(a) ™ 0ay (@) ™1, 05, (6) (6, (a))~ 180y (a) (2))
= (c(6,(0) ", 05, (2))
=0,y (c, 2).

Hence, (2.4) is satisfied.
We show that s is bijective. Let (a,z), (b,y) € S. Then we need to show that
there exist unique (c,u), (d,v) € S such that

s((¢,u), (d,v)) = ((a, 2), (b, y))-

Clearly, it is necessary by the definition of s that ¢ = a, uv =  and 05, (4)(v) = y.
Next, the equality x = wv is equivalent via application of o, in both terms, by
equality (4.1), to

0a(x) = 04(uv) = 04(u)0s, () (V) = 04(u)y.
Hence,
u=0, " (0a(2)y™").
Thus, v is uniquely determined as ad_ul(a)(y). Finally, d = b, (a), which shows that

such (c,u), (d,v) € S exist and are unique.
Now we are left to prove that (A x G, s) is irretractable. First note that A x {1}
coincides with the set of idempotents of A x G. Indeed

2

(a,z)(a,2) = (a,2) <= z=12" < =1
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Moreover, note that if (a,1) and (b,1) are such that
Oa,1y(c,2) = 01y (c, 2)
for every (c, z), then it follows that
(c(d1(a)) ™", 05,0y (2)) = (c(61(0) ", 75, (2))
= c(d1(a)) ™ = ¢(81(0)) 7" and a5, (a)(2) = 75,05 (2)

= ca ' =cb and 04(2) = 0p(2)

<~ a=b.
Hence,
(a,7) = (byy) <= Oy =0pyandr=y <= a=band z =y,
which means that (A x G, s) is irretractable. O

5. FROM IRRETRACTABLE SOLUTIONS TO MATCHED PAIRS OF GROUPS

In this section, we prove that finite irretractable bijective solutions to the PE
define matched pairs of groups. We will use again the element 1 € S, introduced
before Proposition 2.11 and used in the previous section and the notation ¢(z,y) =
(x 0y, (y)) for the map t = 7s~ 17 introduced in Section 3. We start with a few
technical lemmas.

Lemma 5.1. Let (S, ) be a finite irretractable bijective solution to the PE. Then
G =1-5 is a subgroup of (S,-) and coincides with E(S,0). Similarly, A=10S5 is
a subgroup of (S,0) and coincides with E(S,-).
Proof. By Proposition 3.3 we have E(S,0) = F = (ker N E(S,-))G;. Since (S, s)
is irretractable, necessarily ker6 N E(S,-) = {1}, hence E(S,0) = G; = G. By
symmetry, applying the same argument to the solution ¢ = 7s~!7, one also obtains
A=E(S,-). O
Lemma 5.2. Let (S, s) be a finite irretractable bijective solution to the PE and let
A=10S and G=1-8. Then

e the map o : A — Sym(G) defined by oq(x) = 1-04,1)(1,7) is a left action

of (A,0) on the set G,
o the map § : G — Sym(A) defined by 6,(a) = (Lo 4-1y(a™,1))7  is a
right action of (G,-) on the set A.
Proof. Let o : A — Sym(G) be defined by o4(x) = 1-0(,,1)(1,2) and let the map
§ : G — Sym(A) be defined by d,(a) = (10 v z-1)(a!,1))7 . Let a,b € A and
x,y € G. Since 6 is a homomorphism from (S, o) to Sym(S), it follows that
0a0b(x) =1 0(0,1)(L,1-0,1)(1, 2))
=1-0(,1)((1,1) - 0p,1)(1,2))
2.3

= 0(a,1)(1,1) - O(a,1).1,1)0,1) (1, )
=1 0(a,1)00,1)(1, )
=1- 0(a0b71)(17 l‘)

= Jaob(m).
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Let us define 0’ : G — Sym(A) by 07,(a) = 1011 4)(a, 1) and prove that it is a left
action of (G,-) on the set A. Indeed,
U;;O-;/(a) =1lo ¢(1,w)(1a 1o ¢(1,y) (a7 1))
=1 1[}(1,1')((17 1) © 1/’(1,3;) (av 1))

(3.2)
="1091,0)(1,1) 0 Y ,2)01,1)¥1 ) (@, 1)
=109 iyl
=1 q/}(l,xy)(aa 1)
!

= 04y (a).

Finally, as o’ is a left action and 6, (a) = (0/_,(a™"))™*, we have

80y (a) = 8,(c)—1 (™)1

Hence 4 is a right action of (G, -) on the set A. O

Lemma 5.3. Let (S,s) be a finite irretractable bijective solution to the PE. With
the notation of Lemma 5.2 one has for any a € A and x € G that

Oy (1) = (1,2) 0 5L, (a7, 1))

-1

)
.2) Oa,1)(1,0) = 9(9(&,1)(1@)
) w(l,m)(a7 1) = (a7 1) : 9(::1)(17 Iil)
—1
) Yaayo(a) = Yy (1)

Proof. First, by definition of s and s™!, one obtains that
ST (@D, (L) = (@74, 1), (L) ol (a=h, 1)),
This implies that
s((a™, 1), (L@) 0wy (@, 1)) = (WGh, (a1, 1), (1)),
In particular, one finds that 6(,-1,1)((1,2) o w(fl?z)(a’l, 1)) = (1,z). As @ is an
action of (A, o) on the set S, this can be rewritten to
a(L,2) = (L2) 0 U3, (a1, 1),
which shows the first equality.
Second, by relation (2.4), one finds that
090y 100 @ 0) = O1.0)-

As 01 ) = idg, due to Proposition 2.11, the previous can be rewritten to

-1
O@n2) = b, | (1.0)°

which shows the second equality.
Third, by definition of s, one finds that

s((a, 1),9(_;1)(1@71)) = ((a,1) - 0(_;1)(1,:1771), (1,271)).
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Applying s~! on both sides of the equality, one finds in particular that
<a7 1) = w(l,x)*l((aa 1) ' 9(71%1)(17 x_l))'
As 1) is a left action of (G,-) on S, this can be rewritten to

w(Lw) (CL, 1) = (a7 1) ! 0(_;1)(1, Jf),
which shows the third equality.
Finally, by relation (3.3), it follows that
Y1y (e 1)V (1,2)0(a,1) = V(a,1)-

As the latter, by a symmetric result to Proposition 2.11, is the identity on S, one
finds that

1
Payo(a) = Yy (a1)
which shows the result. (I

We are now ready for the main result of this section.

Theorem 5.4. Let (S, s) be a finite irretractable bijective solution to the PE. Then
A and G form a matched pair of groups with respect to o and § defined in Lemma 5.2
and (S, s) is isomorphic to the solution associated to (A, G,o,0) as in Theorem 4.1.

Proof. By Lemma 5.2 one has a left action o : A — Sym(G) and a right action
0 : G — Sym(A). To show that the quadruple (G, A,0,0) is a matched pair of
groups, it remains to show that for any x,y € G and a,b € A one has that

Ua(xy) = Ja(x)aém(a)(y)
50(ab) = 6 2) (@) (D).
We start with the former. Let a € A and z,y € G.
o-a(my) =1 9(0,,1)(1; xy)
=1 9(0,,1)((177:)(17:'-/))
(2.3)
="1- 0(&,1)(17x)o(a,l)(l,z)(lay)
(5-2) —1
= Ua(x) : 99(,,,,1)(1,$)(17y)

(5.1) -1
- O'a(ZZ?) : 0(1@)011)(—1;)((171,1)(1’y)'

As 0 is a left action of (S, 0) on the set S and 6 ;) = ids for all y € G, one obtains
that

1 _p-1
(5.5) 0(1,m)ow(—1}1)(a*1,1) o 9(171)01/1(1;)(“’1’1)'

Hence, reprising the earlier calculation,

_ -1
Ua($y) - O'a(f.l?) 9(17Z)O¢(71}x)(a_1’1)(1,y)

_ -1
- Oa(x) ! 0(171)0,‘&(—1;)(a—1’1)(17y)

= O—a(x) ! 0((5m(a),1)(17y)a
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where we used the fact that v is an action of G on S and 6 is an action of A on
S. As (1,1) is a right identity of (.S, -), one can continue the chain of equalities as
follows.

ga(®y) = 0a(®) - 05, (a),1)(1,y)
=0q(x) - (1,1) - 035, (a),1)(1, )
=04(x) - 05, (a) ()

Finally, it remains to show that
62(ab) = 8y, (2)(a)d5 (D).
We have
Sp(aob) =0, (b oa™t)!

= ((L 1)o 77/1(1,1:71)(1771 oa !, 1))_1

" (1,1) 01,1y (071, 1) 0 Yhy y-1y0p-1,1) (@™, 1))
(L,1) 0tz (071 1) o (1,1) 0 ¥ p-1yop-1,1y (@™, 1))
(1,1) 0 th((1,a-1)oo-1,1y (@™, 1))71 0 64(b)

‘ -1
= ((171) ow@;(ll’w,l)(bf{l)(a_l;1)) 0(5$(b>

—1

-1

-1
(5.3) -1 -1
N <(1’ Lo ®=10-0,0, ) (1L,e) (a ’1)) © 92(b).
As 1) is a left action of (S, -) on the set S and ¢, 1) = ids for all a € A, one obtains

that
—1 _ w—l
b=t1)0,0, (1) (1,1)0p,1)(1,2)°
where we also applied that 6 is a left action of (S,0) on S to cancel the inverses of

0 and b. Hence, reprising the previous calculation,

-1
do(acb) = <(1’ Le (_17171,1)%9‘1 (l,gg)(ai17 1)> 0 62(b)

b=11)
—1
= ((1’ 1> © wa}l)'e(b,1)(l,w) (G,_l, 1)) © 5$<b)

-1
= ((L 1o 1&(_171%(36))(@_1, 1)) © 6z(b),

where one applies the definition of . As 1 is an action of G on S, one finds from
the previous that

5x(a o b) = ((1, 1) o ¢(176b(z)71)(a71, 1))
= 505(1') (a) o §$(b)

Hence, the quadruple (G, A, 0,6) is a matched pair of groups, as claimed.

Let (S, s") be the solution associated to the matched pair of groups (G, A, 0, 0)
constructed in Theorem 4.1 with corresponding map 6" and semigroup (5,-'). It is
clear that the semigroups (S5, ) and (S, ') coincide. Hence, it remains to show that
for any (a,z) = (a,1)(1,z) € S, one has that Gza,z) =0(,2) Let be Aand y € G.
Then, by relation (2.3), it is sufficient to show that 67, ,(b,1) = 0(44)(b,1) and

(a,)

o d,(b)
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(L,1) -6, ,)(1,y) = (L, 1) - 0(a0)(1,y). We start with the former. By definition of
¢’, we have that

0(a.)(0,1) = (bo (8z(a)) ", 1)
=bo(1,1) 0t -1y(at,1).
As (1,2) and (1, 1) are left identities for (S, 0) one can rewrite the latter into
() (0, 1) = (0, 1) 0 (1,2) 0 1 o1y (@™, 1)
D (5,1) 0001y (1,2)
=050 (1)
= Bl (0, 1),
which shows the first required equality. Finally, let y € G. Then
(L,1) 00 (1,y) = (1,0, (a).1) (%))
= (L) 00 0p, 1 @159,
where the latter equality holds by equality (5.5). Continuing the chain of equalities,
(1,1) - 00y (Ly) = (L) O pag -y (1Y)
WD 0 (1Y)

(5.1) _
= ( ) 99( 1)(193)(1"9)

1, 1) : e(a,z)(l?y)a

which shows that 8’ = 6. Hence, the result follows. O

62

Let us now discuss isomorphisms of irretractable solutions. We will see that iso-
morphic irretractable solutions correspond to isomorphic matched pairs of groups.

Here (and throughout), the notion of isomorphism for matched pairs is the nat-
ural one: we say that (A, G,0,0) and (A’,G’,0’,8") are isomorphic matched pairs
if there exist group isomorphisms f: A — A’ and g : G — G’ such that

9(0a(2)) = 0y (9(x)) and  f(dz(a)) = &y, (f(a))
foralla € A and z € G.

Proposition 5.5. Let (A,G,0,6) and (A',G',0’,48") be isomorphic matched pairs
of groups. Then (A X G,s) and (A" x G',§'), the irretractable bijective solutions to
the PE as defined in Theorem 4.1, are isomorphic.

Proof. Let a,b € A and z,y € G. By definition of isomorphism of matched pairs
we have

fla,z)f(b,y) = (f(a), f2(2))(f1(b), f2(y)) = (f1(a), fa(2) f2(y))
= (fi(a), fa(zy)) = f(a,zy) = f((a,2)(b,y)).
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Moreover,
FOa,2) (b,y) = F(0(02(a)) ™, 05,0y (1) = (f1(b(62(a)) "), f2(05, () ()
= (/1(0) f1(0z(a )) Jfl(s (@ f2(¥))
= (f1(b)(6 fg(ac)fl(a)) ) 6}2(1)f1(a)f2(y))
e(fl fa( ))(f1(b)7f2(y)) :0}(a,z)f(b7y)'

Hence,

(f x s((a, ), (b,y))

(f x f)((a,2)(b,y),0a,2)(b,y))
= (fla,2)f(0,y),0}(a,0)f (b:9)) = 8" (f(a, ), f(b,y))
=s'(f x f(a,2), (b,y)).

Hence (5, s) and (S’,s’) are isomorphic solutions. O

Next, we will prove the converse. First, note that if (S, s) and (5’,s’) are iso-
morphic solutions and (5, s) is bijective and irretractable then so is (57, s).

Proposition 5.6. Let (S,s) and (S’,s") be finite irretractable solutions to the PE.
Then there exists an isomorphism of the underlying matched pairs.

Proof. Without loss of generality (see Theorem 5.4) let us assume that (S, s) and
(S,s’) are, respectively, the solutions associated to the matched pairs (A4, G, g, 9)
and (A',G',0',¢"). Let f be the isomorphism between the solutions (5,s) and
(S',s). Clearly, f defines an isomorphism of the left groups (S, -) and (5’,-). Since
f maps A x {1} = E(S,-) onto E(S’,-) = A’ x {1}, f induces a bijective map from
A to A’ which we denote f1. Note that as (1,1) is the unique idempotent in S with
01,1y = idg, one finds that f(1,1) = (1,1). Hence, f restricts to an isomorphism
between (1,1)S = {1} x G and {1} x G’. Thus, f induces an isomorphism f5 from
G to G'. To summarize, for a € A and = € G one has f(a,z) = (f1(a), f2(z)). Next
we show that f; is an isomorphism between (A, o) and (A’,0). Let a,b € A. Then,

(f x fs((@ 1), (b,1)) = (f x /)((a, 1), (boa,1)) = ((f1(a), 1), (fi(boa),1)).
On the other hand, we obtain that
© (f X f)((aila 1)5 (b7 1)) = ((fl(a)’ 1)7 (fl(b) © fl(a)7 1))

Hence, f1 is an isomorphism between A and A’. It remains to show that f respects
the actions o and §. Let a € A and x € G. Then

(f x Ps((a,2), (1,1)) = (f x f)(a,2), (0x(a) 7", 1)) = (f(a,2), (f1(0z(a) "), 1))

Similarly,

s'(f x N)((a,2),(1,1) = ((f1(a), f2(2)), (0, ) (f1(a)) 71, 1)).

As f1 is a group morphism, this shows that f10,(a) = 5}2(T)(f1(a)). Applying a
similar reasoning on the tuple ((a, 1), (1,x)) one finds that foo,(z) = a}l(a)(fg(x)).
Hence, f is an isomorphism of the matched pairs (4, G, 0,d) and (4',G',0’,8"). O
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6. A COMPLETE DESCRIPTION OF FINITE BIJECTIVE SOLUTIONS

In this section, we first describe extensions of a finite irretractable bijective
solution and then we provide a full classification of all finite bijective solutions (up
to isomorphism).

Lemma 6.1. Let (S,s) be a finite bijective solution to the PE. Let e € E(S,-).
Then, the equivalence class of e under the retract ~ has exactly |ker 6 N E(S, )]
elements. In particular, denoting by E the set of idempotents of the retract S, one
can identify E(S,-) with the Cartesian product of ker N E(S,-) and E.

Proof. Let a € E(S,-). Let b € S be in the equivalence class of a under the retract
~2, i.e. 0, = 0. Then, by definition of =, one has that b € E(S,-). Recall that
(S,0) is a left group. Hence, there exists an & € S such that xoa =b. As 0 is a
morphism of (S, 0) to Sym(S), we find that

Ha = Hb = ewoa = 9$9a~

Thus, 6, € kerf. Moreover, by Proposition 3.3, E(S,-) is a sub left group of
(S,0), which shows that 2 € FE(S,-) Nkerf. This shows that there are at most
|ker & N E(S, )| elements in the equivalence class of a. Vice versa, one sees easily
that for any = € ker N E(S,-) one has that 0,0, = 0, and x 0 a € E(S,-) for any
a € E(S,-). Hence, z oa is in the equivalence class of e under ~. As (S, 0) is a left
group, one obtains at least | ker § N E(S,-)| elements in the equivalence class of a,
which proves the result. (I

Recall that, for a finite irretractable bijective solution (S, s), the set S can be
identified with the Cartesian product of A and G as in Lemma 5.1.

Proposition 6.2. Let (S,s) be a finite irretractable bijective solution to the PE,
let X be a finite set, and let p, be a permutation of X, for every a € A. Then
§ (X x8)x (X x8)—= (X x8)x (X xS) defined by

s'((e,a,2), (8,b,9)) = ((a, 4, 29), (€35, (ay) -1 96 (B): Oae) (0:9)))
is a solution to the PE.
Proof. By Theorem 5.4, s’ can be written as follows
S (@00, 2), (8,5,)) = (0,0,39), (9371, 0y 1008 b(62 (@), 0, ().

Clearly, X x S has a structure of a left group with respect to the multiplication
given by (o, a,2)(8,b,y) = (a,a,zy) and equality (2.2) is satisfied. Hence, it
remains to show equalities (2.3) and (2.4). We start with equality (2.3). Let
a,B,v € X,a,b,c€ Aand x,y,z € G. Then,

gza,a,z) ((57 b7 y) ('Y, &) Z)) = Hza,a,z) (57 bv yZ)
= (Lpl;;i(a)—l @b(ﬁ)a e(a,z) (b7 yz))
= ((pl;i(a)*l Qpb(ﬁ)a e(a,z) (b7 y)e(a,a:y) (C, Z))
On the other hand, one has that
eza,a,x) (ﬁ7 b7 y)aza,a,xy) (77 ¢ Z)
By 180 B B )P ) 1061 Oy (2)
:((pl;;i (a)—1 Pb (18)7 9(a7:v) (ba y)o(a,zy) (C7 Z)) .
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As equality (2.3) holds for (S,s), it follows indeed that equality (2.3) holds for
(X x S,s"). It remains to prove equality (2.4). Note that, by the definition of ',

/ /

1
GEa,aw)(ﬂ,b,y)e(a,a,:py) (v,¢,2) = ezc,e(a’m)(b,y)) ((PaSzy(a)*l ee(7), 6)(a,ﬂﬁy) (c,2)),

for some ¢ € X. This in turn is equal to

1

- -1
(‘pc&ry(a)*lé NCHOR Pcday(a) =1 Pes,, (a)~1 Pc(7): 00, o (0.9)0(a,ay) (€, 2))-

T8 (

This can be simplified to
((pf;iy(a)‘l%(;z(a)<y>(b5x(a)‘1)‘1 ©c(7) 00, 1y (b:9) b (a,2y) (€5 2)).
Note that by equality (4.2), one has that
8y (b) = Gy, 0y () (002(a) T1)8y0(a) = b5, () (B (@) ™)y ().

Applying this formula on the previous expression, one simplifies it to

900_5,1&’(1))—1 QOC(’Y)a 00(,1@) (b,y)e(a,a:y) (Ca Z))
As
05,5, (13 ¢:2) = (005" 4 -196(1): 009 (€5 2)),

one finds that equality (2.4) holds for (X x S,s’) as it holds for (S,s). Hence,
(X x S,¢') is a solution to the PE. Moreover, (X x S,s’) is bijective. Indeed, let
(a,a,2),(8,b,y) € X x S be given. Then we need to show there exist unique
(v,¢,2), (¢, d,w) € X x S such that

s'((7:¢,2), (¢, d,w)) = (@, a,2), (8,6, y)).
One finds that this implies that

S((C, Z)7 (d,w)) = ((av $)7 (b7 y))

As (S, s) is bijective, it is known that there exist such unique pairs (c, z), (d,w) € S.
By the definition of s it is clear that v = a. Finally, as the maps  are permutations
and depend only on the pairs (¢, z), (d,w), it follows that there indeed exists a
unique ¢ € X such that

3((77 ) 2)7 (<» d, w)) = ((av a, .Z‘), (67 b, y)),
proving the result. ([

The solution (S5’,s’) constructed in Proposition 6.2 will be called the extension
of (S,s) by X and ¢ = {¢,: a € A} and denoted by Ext% (S, s).

Proposition 6.3. Let (S,s) be a finite irretractable bijective solution to the PE
corresponding to the matched pair (A,G,0,d). Let X be a non-empty set. Then,
Ext% (S, s) is isomorphic to Ext% (S, s), for any sets of bijections ¢ and p.

Proof. Define the map & : Ext% (S, s) — Ext5 (S, s) by

{(a,r,a) = (P:Zl%(a)a z,a).

Clearly, £ is a bijective map. Denote Ext%.(S,s) = (X x S, s,) and Ext5(S,s) =
(X % 8,s,). Then for any (a, a,x),(8,b,y) € X x5, by the definition of s,, s, and
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&, one has that
(§ X f)‘%?((avaﬂ JJ) (ﬁ b, y))
= (€ x O)((@,a,2Y), (Ppsr (a)-196(8): b(62(a) ", 75, (a) ()

= (P2 ' Pa(@), 4, 2Y), (Pps. (a)-1 P05, ()1 P (a)fﬁﬂb(ﬁ) b(82(a) ™", 05, a)(¥)))
= ((pa "wala), a,2y), (pps. 4 1%( ), b(dz(a) ™", 75, () ()

= ((pa " pal@),a,2y), (5. (01605 91(B), (0, ( )) 105,(a)(¥)))

= 50((pa ' pa(a), 0, 2), (p, " 00(8), b, y))

= 50(§ x §)((a,0,), (B, b, ).

This shows that £ is an isomorphism of solutions. ([

Hence, up to isomorphism there is only one extension for a given finite irre-
tractable bijective solution (S, s) and a non-empty set X.

Now we show that every finite bijective solution to the PE can be obtained as
the extension of its retract. In view of Proposition 6.3, this is in a big contrast
to the case of the retract operation on set-theoretic solutions to the Yang-Baxter
Equation, see the discussion at the beginning of Section 3.

Theorem 6.4. Let (5,s) be a finite bijective solution to the PE and let (S,3) be
its retract. Then (S, s) is an extension of (S,3) by X =ker6 N E(S, ).

Proof. Note that, by Lemma 6.1, one can identify the set S with X x A x G, where
the decomposition S = A x G with matched pair of groups (4, G, o, §) is such as in
Theorem 5.4 and X is the set ker N E(S,-). Let o, 8 € X,a,b € A and z,y € G.
Then there exist v € X,c € A and z € G such that
0(a,a,a:) (,8, b, y) = (7’ ) Z)
As taking the retract of a solution is a morphism of solutions, one finds that (¢, z) =
0(a,z)(b,y). Hence,
H(Q,a,m) (ﬂ7 b, y) = (77 e(a,x) (ba y))
As 0(q,a,0) = O(a’,a,) for all @’ € X, the element v is independent of a. Moreover,
by equality (2.3), one has that
e(a,a,z) (ﬁv b7 y) = e(a,a,m) (Ba b» 1)9(a,a,m) (Ba ba y)7

which shows that ~ is independent of y. Finally, notice that
Vaa2) = 0000 (01,071 = O b0 (a),1)-
Thus, v depends on ¢,,(a) instead of on a and = separately. Hence, denote
9(a,a,z) (53 bv y) = (77&» (a),b(ﬁ)u e(a,z) (bv y))
Note that the maps n are bijective, as s is bijective. We examine equality (2.4) to

obtain conditions on the maps 7. Let «, 8,7 € X,a,b,c € A and x,y,z € G. Then
for some ¢ € X one has

00 (a0 (B O(cva) (75 € 2)
=062 (@) 1,05, oy (1)) (M6, (@), (1) Dy (@) 71, 05, () (2))
Z(Uaaéz(a)(y) (662 (a) 1) 680y ()~ sy ()1 (V)5 dy W)
=15, ()8, ()1 ¢80y (@)1 5,y (a),c (V)5 &y W),
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with d € A and w € G. Calculating the right hand side of equality (2.4) and
equating its first component with the first component in the previous calculation,
one finds the equality

7]5y (b)dzy(a)=1,cozy (a)*lntgzy(a)*l,c = 7)% (b),c*
Note that as d,, and d, are bijective maps, this can be rewritten such that for any
a,b,c € A one has that
Mba—1,ca=1Ma-1,c = Tb,c-
Note that 71,.(y) = 7 as this corresponds to 6(4,1,1)(7, ¢, 1) = (7,¢,1). Moreover, if
we let @ = ¢, then we see that
nbcfl,lnc,c = Mb,c-
Applying this equality for b = 1, we find that

Ne=1 1Me,e = M,e = idx
Hence,
_ _ -1
Mo, = Mbe—1,1Tc,e = 77bc—1,17IC7171~

Denote ¢; = 77;11 ;- Then, one reformulates the equality to

Mo = Ppor Pe-
Applying this in the formula for 6, we obtain that

e(oz,a,:v) (67 ba y) = ((@Z;Si(a)*l @b(ﬁ)v e(a,z) (ba y))

Thus, we have shown that every finite bijective solution can be written as an ex-
tension of its retract as in Proposition 6.2. ([l

In summary, one obtains our main result which is the following complete char-
acterization of finite bijective solutions to the PE.

Theorem 6.5. Let (A, G,0,d) be a matched pair of groups. Then, for any non-
empty set X and set of permutations {p, | a € A}, the following defines a bijective
solution to the PE on X x A x G,

8((0‘7 a,x), (ﬁv b, y)) = ((av a, (Ey), (Qob_((lsm(a))flgob(ﬂ)v b(éz(a))il’aém(a)(y)))'

Vice versa, every finite bijective solution (S,s) to the PE is such a solution, where
the corresponding matched pair (A, G, 0,0) is determined by the retract of (S, s), as
in Theorem 5.4.

We conclude this section with an explicit description of isomorphism classes of
finite bijective solutions to the PE.

Corollary 6.6. Let (S,s) and (S',s") be finite bijective solutions to the PE. Let
(A,G,0,0) and (A',G',0’,8") be the matched pairs determined by the retracts of
(S,s) and (S', s'), respectively, and let X, X' be the corresponding extension sets in
Theorem 6.5. Then the following are equivalent:

(1) (S,s) = (5',s") as set-theoretic solutions to the PE,

(2) |X|=|X'| and (A,G,0,0) = (A',G',0',0") as matched pairs.
In particular, the isomorphism classes of finite bijective solutions to the PE are in
a bijection with pairs consisting of an isomorphism class of matched pairs of groups
and a positive integer.
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Proof. By Theorem 6.5, any finite bijective solution is isomorphic to one of the form
X x A x G with X a set and (4,G) a matched pair of groups determined by its
retract. Its isomorphism class is determined uniquely by the isomorphism class of
the matched product, Proposition 5.6, and the cardinality of X, Proposition 6.3. [

7. CONCLUDING REMARKS AND EXAMPLES

We first show that, as a direct consequence of Proposition 6.3 and Theorem 6.4,
one recovers the classification of involutive solutions obtained in [ ], in the
finite case.

Let (S, s) be a finite bijective solution to the PE such that s? = id. Then, by
Theorem 6.4, (S,s) is an extension of its retract (S,3). Since s> = id then also
52 = id. By Theorem 5.4 we have

#((a,), (b,y)) = ((a, 2905, (@) (1)), (0(0:(@)) ™ (day () ™", 75, ()75, (a) (V)))-

(

Hence, yos,(a)(y) = 1. Since each §, is bijective, it follows that o.(y) = y~',
for every y € G and ¢ € A. Moreover, we obtain (6,(a))™!(6zy(a))™! = 1, for
all z,y € G and a € A. Therefore, , = 4, for all x,z € G and (6,(a))? = 1.
Consequently, A is an elementary abelian 2-group. Since o is a left action of A on
G, we have 04, = 0,0, and hence y = y~! for every y € G and o, = id for every
a € A. In particular, G is an elementary abelian 2-group. Since ¢ is a right action
of G on A, we get that 0, = J,0,, so that §, = id for every x € G. Therefore
G x A is an ordinary direct product of groups. Conversely, it is easy to see that if
G and A are elementary abelian 2-groups, o, = id for every a € A, and §, = id for
every x € G, then conditions (4.1) and (4.2) are satisfied and the solution defined
in Theorem 4.1 is involutive. So, in view of Proposition 6.3 and Theorem 6.4, we
recover the main result of | -

We next describe several sources of matched products of groups, and hence of
explicit irretractable bijective solutions to the PE via Theorem 4.1. We start with a
basic construction (the semidirect product) and then discuss examples arising from
skew braces via holomorph/permutation-group methods.

Example 7.1. Let G and A be groups and assume A acts on G by automorphisms,
equivalently we are given a group homomorphism o : A — Aut(G). Define a right
action 0: G — Sym(A) to be trivial, i.e. 6, =id 4 for all z € G. Then (G, A, ,0) is
a matched pair of groups: condition (4.1) reduces to o,(zy) = 04(x)04(y), i.e. 04 €
Aut(@) and condition (4.2) is trivially satisfied. The corresponding irretractable
solution according to Theorem 6.5 is s : (4 x G)? — (A x G)? defined by

s((a,2), (b)) = ((a,2y), (ba™ ", 74 (y)))-
In this case, our matched product of groups can be identified with the inner semidi-

rect product G x A of its normal subgroup G and a subgroup A and o, (z) = ara™?
forae A,z € G.

More generally, exact factorizations provide one of the most concrete sources
of matched pairs. Recall that a group S factorizes through subgroups G and A if
S = G A, and the factorization is exact if moreover GNA = {1} (equivalently: every
s € S has a unique decomposition s = za with = € G, a € A). In this situation one
defines mutual actions by the unique decomposition

ar = (a>z)(a<dz), a€ A, zeg,
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with a> 2 € G and a<x € A. Then (G, A,<,>) defines a matched pair of groups
and the resulting matched product G 1 A recovers S.

Clearly, there are many matched pairs of groups that do not come from (semi)direct
products, in the sense that neither factor is normal. For example, the alternating
group As admits an exact factorization A5 = AG with G 2 C5 and A =2 A;. In
this case, both actions o and § are nontrivial.

A particularly rich and well-studied source of such structures comes from skew
braces, which are central in the theory of set-theoretic solutions to the Yang-Baxter
Equation: given a skew brace one obtains a (non-degenerate) set-theoretic solution,
and conversely every non-degenerate such solution yields a skew brace [ ] (see
also the earlier group-with-braiding approach of Lu—Yan—Zhu [ ). Braces,
and later skew braces, were introduced by Rump | ] and by Guarnieri-
Vendramin | ], and they have played a central role in the subject; see, for
instance, | ; ; ; ] and the recent survey | | and refer-
ences therein. Moreover, a skew brace canonically determines a matched pair of
groups in which the multiplicative group acts on itself from the left and from the
right [ , Lemma 5.9]. By Theorem 6.5, this matched pair also produces an irre-
tractable set-theoretic solution to the PE. This highlights an interesting connection
between set-theoretic solutions to the Yang-Baxter Equation and to the PE; some
connections between the two equations in their general form have already been
pointed out in | ; ; ].

Example 7.2. Let (B,+,0) be a skew brace | ]. Recall that we can define
a left action A : (B,0) — Aut(B,+) by A\y(b) = —a + a o b and a right action
p: (B,o) = Sym(B) by pp(a) = (Aa(b)) 0caob. It is known that (B, o) with respect
to the actions A and p forms a matched pair of groups, see for instance | ,
Lemma 5.9]. Therefore, any skew brace yields an irretractable bijective solution
(B x B, s) to the PE such that

S((a’ x)7 (bv y)) = ((a7 T o y)’ (b © (pw(a))/a )‘pz(a) (y)))
= ((a,z0y),(bo (2" 0ca—2a'),(a' +2) o (d +y))).

Skew braces can also be described in terms of regular subgroups of holomorphs.
Fix an additive group (B, +). Then skew brace structures on B correspond to reg-
ular subgroups of the holomorph Hol(B, +) = (B, +) x Aut(B, +) up to conjugacy;
see, for instance, | ; ]. Each such regular subgroup determines a skew
brace, and Example 7.2 then yields an explicit irretractable solution to the PE.

This holomorph perspective extends further to the notion of skew bracoids. Let
H be a group and let G < Hol(H) act transitively on the underlying set of H
via the natural holomorph action. Following | ], the pair (G, H) is called a
skew bracoid if this action is transitive; it is said to contain a brace if G contains
a regular subgroup of Hol(H). If (G,H) is a skew bracoid containing a brace,
then G' admits an exact factorization G = HS, where S = Stabg(1), which yields
a matched pair between H and S | , Proposition 2.2]. Consequently, skew
bracoids containing a brace provide further examples of matched pairs and, via
Theorem 6.5, of irretractable bijective solutions to the PE.

This also creates a bridge to Hopf—Galois theory. By the Greither—Pareigis the-
orem, Hopf-Galois structures on a finite separable field extension correspond to
transitive subgroups of a suitable permutation group. Byott’s reformulation | |
expresses this in terms of transitive subgroups inside suitable holomorphs, reducing
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classification to the study of transitive holomorph subgroups. In this context, algo-
rithms that enumerate transitive subgroups have been developed; see for instance
[ ; ]. Therefore, these computational outputs also provide effective in-
put for constructing matched pairs and hence irretractable solutions to the PE via
Theorem 6.5.

We conclude by exploring the relation between set-theoretic solutions to the PE
and Hopf algebras with positive bases. Recently, the first author and Janssens
[ | investigated the relationship between bijective set-theoretic solutions to the
PE and Hopf algebras, making explicit at the set-theoretic level a connection orig-
inating in work of Militaru [ ] and Davydov | ]. In particular, | ]
proves that any finite set-theoretic solution gives rise to a Hopf algebra with the so
called positive basis property. Even if this is shown without using the full strength
of the classification in Theorem 1.1, the argument relies on Theorem 2.4 where
we prove that the semigroup S associated to a set-theoretic solution to the PE is

a left group. In addition, [ ] extends the Lu—Yan-Zhu theory of Hopf alge-
bras with positive bases [ | to arbitrary fields of characteristic 0 (see | )
Corollary B]).

It is then natural to ask whether the Lu—Yan—Zhu classification | ] could

provide an alternative proof of Theorem 1.1. As explained in the remark following
[ , Corollary B] this approach does not directly recover the set-theoretic classifi-
cation. The obstruction is twofold: first, the Hopf algebra decomposition obtained
via the Fundamental Theorem of Hopf modules does not preserve the canonical
bases; second, the groups arising in the resulting factorization appear only after
a non-explicit rescaling procedure. Overcoming these obstacles would require an
explicit description of all set-theoretic bases of the relevant bicrossed product Hopf
algebra.
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