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Physics-informed kernel mixtures for structural dynamics

D.J. Pitchforth®, M.R. Jones?, S.J. Gibson?®, E.J. Cross®

?Dynamics Research Group, Department of Mechanical Engineering, University of Sheffield, Mappin Street, Sheffield
S1 3JD, United Kingdom

Abstract

The effective integration of physical prior knowledge and measured data is critical for developing robust
physics-informed machine learning frameworks. Calibrating the balance between structured physical
approximations and data-driven flexibility is a key challenge of model development, particularly when
physical models are only valid within specific operational regimes. In such cases, a global reliance upon
a physical approximation can lead to model misspecification. This paper introduces a physics-informed
kernel mixture framework for Gaussian process regression, capable of dynamically varying the reliance
upon available physical knowledge based on identifiable switching variables. This ensures that physical
understanding is prioritised in valid regimes and relaxed in favour of flexible data-driven components
elsewhere. Rather than relying on soft constraints or loss-based penalties, known physics is explicitly
embedded within the construction of kernels, enforcing desirable properties within predictions (e.g.
quadratic lift force, localised behaviours). This allows model structure to mimic available physical
intuition in an interpretable manner. Furthermore, the framework incorporates regime-dependent
heteroscedastic noise to accurately capture varying uncertainty across different operational states.
The versatility of the physics-informed kernel mixture framework is demonstrated through two distinct
engineering case studies: the aerodynamic directional loading of a long-span suspension bridge and
the prediction of aircraft wing strain during in-flight manoeuvres. The proposed kernel structures
improve predictive accuracy and extrapolation whilst recovering an interpretable representation of

regime-dependent system behaviour.

Preprint submitted to Elsevier April 21, 2026



1. Introduction

Engineering knowledge provides a valuable resource for enhancing data-driven models, particularly
in applications where measurements are scarce, expensive, or difficult to obtain. Physics-informed
machine learning (PIML) [1l 2] seeks to exploit physical insight to improve predictive performance,
reduce data requirements, and provide insight into model behaviour. In engineering systems, where
physical understanding is often well developed but incomplete, combining physics-based and data-

driven approaches offers a promising route to robust and interpretable modelling [3].

A core challenge of PIML is calibrating how strongly a model should rely upon physical knowledge
relative to measured data [4, [5]. Physical models are necessarily built on simplifying assumptions
and approximations, which may only be valid under particular operating conditions. When these as-
sumptions hold, physical knowledge can provide strong inductive bias [6] and improved extrapolation
[7]; when they do not, an over-reliance on physics can be detrimental to predictive accuracy. Con-
versely, under-utilising available physical knowledge can waste valuable prior information and reduce

interpretability.

In many engineering systems, the validity of physical knowledge varies with time, operating regime, or
environmental conditions. This motivates a switching perspective, in which the relative contribution
of different model components vary across regimes. Engineering structures often exhibit intermittent
or condition-dependent physical effects that are poorly captured by data alone, particularly when such
behaviour is rare or unevenly sampled [8, @ 10]. Rather than enforcing a single global description,
these systems call for models that adapt their structure across operating conditions. Crucially, this
adaptation should be achieved in a controlled and interpretable manner, allowing the influence of

physical knowledge to change without sacrificing model transparency.

To capture a continuous, regime-dependent reliance upon physical knowledge, a modelling framework is
needed that allows physical assumptions to be strengthened or relaxed as operating conditions change.
Gaussian process (GP) regression provides exactly this capability, whilst quantifying uncertainty
in model components and their relative weighting. GPs are flexible, non-parametric, Bayesian models
that have been successfully applied to a range of engineering problems, including crack growth [IT]
12], tool wear [I3], and wind turbine power curves [14]. The covariance function (kernel) of a GP
encodes prior assumptions about system behaviour and can enforce properties such as smoothness,
periodicity, or locality [I5, [I6]. Carefully designed kernels can also embed physically meaningful
behaviours [17, 18] or enforce symmetries [19, 20]. Here, structured, physically-derived kernels are
combined with more flexible, general-purpose kernels to allow both physical insight and data-driven
adaptation within a unified GP framework. The proposed physics-informed kernel mixtures modulate

the relative explanatory power of model components as identifiable switching variable(s) change.



1.1. Related work

Modelling systems with regime-dependent behaviour is a foundational challenge in structural health
monitoring (SHM) [21], amongst many other fields. This section contextualises the proposed physics-
informed kernel mixture by exploring the evolution of general switching models, their application

within structural dynamics, and the recent development of physics-informed architectures.
Switching and regime-dependent models

Switching models provide a versatile framework for representing systems whose dynamics change
across operating regimes [22]. Within this class, discrete latent-switching approaches, such as Markov-
switching models [23], [24], represent system parameters that evolve according to a latent chain, with
extensions allowing for state-dependent transitions [25] or variable regime lengths [26]. While these
provide robust, interpretable regime representations, their transitions are inherently discrete. Conse-
quently, they are often complemented by models that capture gradual transitions or threshold-crossing
behaviour, such as Threshold AutoRegressive (TAR) [27] 28] and Smooth Transition AutoRegressive
(STAR) models [29].

Further flexibility is offered by Mixture-of-Experts (MoE) architectures [30, BI], which combine lo-
calised sub-models via gating functions. While these approaches are highly effective for point esti-
mation, there is an ongoing interest in integrating them into fully probabilistic frameworks to further
enhance the uncertainty quantification required for safety-critical engineering decisions [32, 21]. Gaus-
sian process (GP) mixture-of-experts [33} 134, [35] provide a Bayesian solution, though mixing is typically

controlled by latent gating rather than being explicitly tied to physical input locations.

At the kernel level, non-stationarity is addressed through change-point [36, 87] and multi-dimensional
change-surface models [38, 89]. Recently, Volodina [40] introduced a framework for non-stationary
kernel mixtures using deterministic, input-dependent weights to combine covariance components while

maintaining closed-form inference.
Switching models for structural dynamics

In structural health monitoring (SHM), the motivation for switching models often stems from physical
phenomena exhibiting distinct regime shifts; for example, the Z24 bridge’s natural frequencies exhibit
a sudden increase below a 0°C temperature threshold [4I]. To capture such non-stationarity, GPs
offer a flexible means of adapting covariance structures. Switched latent force models [42] have been
successfully applied to mechanical systems with discontinuous forces, such as identifying complex
stick-slip friction behavior [43]. Other regional adaptation strategies include Treed GPs [44], which
use hierarchical partitioning, and additive GPs [45], which decompose responses into interpretable

component functions.



Physics-informed switching models

A small number of physics-informed architectures explicitly model regime-dependent switching be-
tween physics and data components. MoE frameworks [31] exemplify this, allowing specialised physics-
informed experts to operate in distinct regions of the solution space. For instance, Chalapathi [46]
utilised an MoE neural network to enforce hard physical constraints by assigning different experts
to specific subproblems. Similarly, Yuan [47] integrated first-principles knowledge with multiple ex-
pert networks to predict energy consumption in hybrid manufacturing, using gating mechanisms to

adaptively combine outputs across shifting operating regimes.

Adaptive physics-informed modelling focuses on the dynamic balancing of data-driven and physical
influences. This is typically achieved in Neural Networks through automated loss weighting [48), [49]
50] or multi-objective optimization [51]. In the GP literature, the enforcement of localised physical
constraints, such as monotonicity in heat transfer problems [52], allows models to adapt to local
phenomena. While soft constraints are useful to ensure physical plausibility (e.g., rising temperatures),

they do not embed knowledge of governing equations into the prediction as we explicitly do here.

1.2. Contributions

While switching models, physics-informed machine learning, and non-stationary Gaussian processes
have been widely studied, relatively little attention has been given to modelling the regime-dependent
validity of physical knowledge within Gaussian processes. Classical change-point and switching GP
models typically focus on statistical regime changes, and many hybrid physics-informed architectures
rely on discrete expert selection or gating networks. As a result, the degree to which physical knowledge
influences predictions is often implicit, tied to discrete model choice, or difficult to interpret. This
motivates a framework in which the contribution of physics and data can vary continuously and is

interpretable across operating conditions.

This paper introduces a physics-informed kernel mixture framework that adaptively weights physi-
cal and data-driven components according to the validity of the underlying physics. The primary

contributions of this work are:

1. Physics-informed formulation of kernel mixtures: A novel extension to a kernel mixture
framework in which physical intuition of a systems’ behaviour is embedded directly within the
covariance function structure. The relative contribution of physics-informed and data-driven
kernel components vary continuously as a function of independent switching variable(s).

2. Interpretable and flexible representation of regime transitions.: Switching behaviour is
governed by kernel hyperparameters with clear physical interpretations, providing an intuitive
description of when transitions occur and how rapidly they take place. Multiple simpler kernels

may be combined as building blocks to represent more complex switching behaviours.



3. Integrated heteroscedastic uncertainty quantification: Regime-dependent noise terms
allow the model to capture varying levels of uncertainty across different operational states. This
is implemented at the covariance-function level, preserving standard GP regression and closed-

form inference.

The proposed methodology is demonstrated through two distinct engineering case studies, highlighting

its ability to improve predictive performance and capture regime-dependent physical behaviour.

2. Theoretical Foundation: Kernel Mixtures

A natural goal of regime-dependent and switching models is to capture the behaviour of multi-
ple processes and the mechanism through which they combine. Consider M independent processes
fi(z), fa(za), ... far(@m), each representing a different operating regime or physical phenomena.

These may be combined within a weighted sum to approximate a systems’ overall behaviour:

M
f@) =" wn(@m) fn(Tm) (1)

m=1
where {z,,, }M_, are the inputs to each process, and the weights {w,, (z,,)}}_, dictate the influence of
a particular process fp,(z,) at any given point. Weighted sums of processes form the basis for many
switching model architectures, largely defined by types of weighting function and what kind of model

is used to represent {fo,(x,)}M_,.

The framework developed in this paper builds upon the theory of non-stationary kernel mixtures,
that allow the covariance structure of a Gaussian process to vary across an input space. Following the
general formulation for weighted mixtures [40], a global covariance function k(z, z’) can be constructed

as a sum of M constituent kernels, each modulated by a deterministic weighting function w, (z,):
M
k(z,2') = win () wn(2') km (2, 2) (2)
m=1

Provided that the individual kernels k,,(x,2’) are valid (positive semi-definite and non-infinite), the
combination of kernels via linear operators remains a valid kernel. This ensures that more complex
kernel structures constructed using the framework remain valid. This is a versatile construction and

it generalises several established methodologies in the literature:

e Additive Kernels: Recovered when weights are globally constant (w,,(z) = 1 or w.,(z) = 0?),

resulting in a sum of kernels k = )" k,,, across input dimensions [45].

e Change-point Kernels: Typically utilised for M = 2 using sigmoidal weighting functions

Wy, (x) = m to blend two covariance structures across regimes [36].



¢ Treed GPs: Recovered when weights are a discrete indicator function (w,, € {0,1}), determined
by the leaves of a decision tree. This partitions the input space, with hard switches between

regimes [44].

While these existing approaches effectively capture statistical non-stationarity, they typically assume
that switching logic is a function of the primary process inputs z, while also taking a purely data-
driven approach to modelling the behaviour in each regime. The following section introduces a physics-
informed extension that leverages this mixture logic to include and model the regime-dependent validity

of physical prior knowledge using decoupled switching variables.

3. Proposed framework: Physics-informed kernel mixtures

As presented in the previous section, kernel mixtures provide a flexible framework, capable of varying
the influence of multiple stochastic model components whilst maintaining closed-form inference. Here,
a physics-informed extension is proposed, where kernels are constructed to modulate and interpret the

reliance on physical knowledge within Gaussian process regression.

First, a target process f(z,z) is defined as a weighted sum of M independent Gaussian processes:

M
flz,2) = Z Wi (2m) fm (Tm) (3)

m=1
where each component f,,(x,,) ~ GP (mm(zm), km(xm,x;n)) is modelled using either a physically-
derived kernel kppys(2m,2},) or a flexible, data-driven kernel kpasq(2m, 2},). This formulation decou-

ples the process inputs = and switching variables z:

e Process inputs © € X: These variables are directly involved in the physical process being

modelled, such as time, velocity or structural response measurements.

e Switching variables z € Z: An effective choice of z relates closely to how a physical relationship
might change. For example, temperature, humidity, excitation level, or measures of turbulence

can all affect the extent to which one might want to rely on a given piece of physical knowledge.

Following the derivation of the kernel mixture in Equation [2| a covariance function may be defined

over the joint input space of the process and switch (X x Z):
M
k(z, 2, xz,2") = Z Wi (2) Wi (2" ) o (2, 2. (4)
m=1

This formulation implies that the similarity between two points is not just a function of their process
space proximity (x vs z’), but also whether the operating conditions (z and z’) place them within the
same physical regime. This allows the model to treat identical process inputs differently if they occur

under different operating states.



The primary utility of the proposed framework lies in the ability to translate qualitative engineering
intuition into a quantitative, probabilistic covariance structure. By deriving kernels from the covariance
of a physical process, one can constrain the model to respect physical boundaries. While the framework
in this form is general, several key architectures outlined here arise from it that address common

challenges in structural dynamics.

Local physics validity: In many engineering scenarios, a physical law is derived under simplifying
assumptions (e.g., small-angle approximations or linear elastic behavior) that are only valid near a

specific design point zg. This can be encoded through a localised weighting function:

)

202 (5)

wlocal(z) = exXp (_

where the hyperparameter ¢ determines the width of the localised region and decay of trust in physical
knowledge. This weighting function can construct models that rely more heavily on the physical kernel
kphys when the operating variable z is near zp, but smoothly transitions to a more flexible data-driven

kernel kg4¢4 as the system enters other regimes.

Regime dependent transition: Certain physical phenomena in mechanical systems are only trig-
gered when environmental or operational thresholds are met, such as the onset of turbulence at high
Reynolds numbers or the amplification of structural non-linearities at high amplitudes. By employing
a sigmoid weighting function, physical knowledge can phase in or out across a threshold 7:

- 1
- 1+exp(—a(z— 2))

(6)

Wsig(2)

where the hyperparameters zy and a govern the where and how quickly the regime transition occurs.
Using a pair of opposing sigmoids allows for a smooth transition between models. This is particu-
larly valuable for avoiding the numerical instabilities and loss of gradient information associated with

discrete, non-differentiable change-points.

Multi-physics blending: When a system transitions between multiple distinct physical states, a

single switch is insufficient, M components may be handled using a softmax parameterization:

exp(gm (=) i
S exp(g;(2)) ™

Ws fmax (Z) =

where g,,,(2) are auxiliary functions, often linear transforms, that define the dominance of each regime.
This provides a mechanism to blend multiple states or phenomena present within a system, with
independent specification of when each occurs. This formulation of softmax ensures that all weights

consistently sum to 1.

Composite physical validity: In many mechanical systems, a physical law may be valid only

within a specific operating window that is defined by multiple constraints. For example, a physical



approximation might only be trusted during high-speed operation (sigmoid transition) but only for a

specific temperature range (local validity). This can be encoded by defining a composite weight:

wcomp(zla 252) = wsz’g(zl) X wlocal(ZQ) (8)

This multiplicative structure acts as a logical AND gate, ensuring the physical kernel kppn,s only
influences the posterior when both operational conditions are satisfied. Similar composite weights may
be constructed however best reflects physical intuition for a system. For example, later in this paper,
two sigmoids are composed to identify high speed northerly and southerly wind loading of a bridge

deck.

Regime-dependent heteroscedastic noise: Beyond the signal mean and covariance, physical
knowledge may extend to the expected noise present in a system. For instance, signals from a machine
tool may be significantly noisier during high-speed drilling. In such cases, the mixture can include a
heteroscedastic noise term €(z), where the observation noise is itself a function of the operating variable

zZ:

M
y=1[(z2)+ez), €ez)~N (07 > wm(Z)JZ,m> (9)

By assigning different noise levels to different regimes, a more representative representation of uncer-
tainty present within the system may be attained. This noise formulation is inherently less flexible
than fully non-parametric heteroscedastic models [53], as it requires a user to map their noise assump-
tions to weighting functions. However, in circumstances where it is desirable for noise to vary in a
structured manner (e.g. local change, linear/quadratic growth), it allows for a higher degree of control

over model behaviour. Exact inference is also maintained for the resulting mixture.
Application to structural dynamics

The proposed framework addresses the inherent non-stationarity of structural systems by encoding
regime-dependent constraints directly into the covariance structure. By mapping the switching variable
z to specific weighting functions, the model transitions between physically-derived and data-driven
kernels without the need for discrete boundaries. For smaller dataset sizes, the approach ensures the
resulting process remains a valid Gaussian process with an exact marginal likelihood. Consequently,
the model offers a tractable solution for Structural Health Monitoring (SHM) tasks where the reliability
of physical laws is often regime dependent. The applicability of models is demonstrated in the following

case studies involving a long-span suspension bridge and an aircraft wing.

4., Case study aims and benchmark models

The case studies in this paper perform two main roles; firstly, they aim to outline the kernel building

process, showing how physical understanding of a system can be embedded within a model using the



proposed framework. Although there are several decisions to be made (e.g. choice of weighting function,
switching variable), the authors argue that these may be made fairly intuitively, and using physical
insight to guide these decisions can be a strength of the approach. The second role of the case studies is
to compare the performance of the physics-informed kernel mixtures against a selection of benchmark
model architectures. These included data-driven, physics-informed, global and switching approaches.
They were selected to isolate and assess both the value of physical knowledge incorporation and the
benefit of a switching architecture. The benchmark models, against which we compare our approach,

are defined as follows:

e SE kernel: A global, stationary squared exponential kernel kgg(z,z’). This acts as a standard

non-parametric benchmark that assumes no regime-specific behavior or physical structure.

e Spectral mixture kernel: A highly flexible kernel that models the spectral density of a process
as a mixture of Gaussians [54]. Using @) additive kernel components, the kernel is able to discover

localised, periodic structure in data, without physical insight.

¢ Global physics-informed kernel: A global application of the additive kernel k(z,z’) =
kphys(x,2") + kpata(x,2"). This determines if a physical approximation may be utilised ap-

propriately by the model without an explicit switching mechanism.

¢ Black-box switching kernel: A non-stationary mixture of two data-driven kernels (ksg 1 and
ksg.2). To ensure a fair comparison, this benchmark utilises the same switching variables z and
sigmoidal weights w(z) as the proposed model. This isolates the contribution of the physical

kernel.

To measure the performance of models, two error metrics were used; the Normalised Mean Squared
Error (NMSE) and the mean standardised log loss (MSLL). The NMSE quantified the deviation of the
predictive mean from the true target and the MSLL provided a probabilistic measure of performance.

The MSLL is defined:

MSLL = 4 3" (- logp(y. X,y X.) + g ply . E(y), V(y)}. (10)

where the training set is denoted {X,y}, test inputs X, and test set observations y,. As this metric is
a measure of the negative log probability of the model, a lower value is indicative of a better fit. Models
were optimised in line with standard GP practice [15], using the Negative Log Marginal Likelihood
(NLML) as a cost function. Details of model training and computation time are provided in Appendix

C.



5. Case study A: Directional wind loading of the Tamar bridge

The Tamar Suspension Bridge is located in the south-west of the UK and was the feature of a moni-
toring campaign led by the Vibration Engineering Section (VES) at the University of Sheffield. The
bridge is 643m long, with two towers, each 73m in height; it also forms part of a major connection to
the city of Plymouth. For additional details on both the bridge and monitoring campaign, the reader
is directed towards [55] and [56].

Available data from the bridge spans a three-year period from 2007 to 2011, with access to measure-
ments from accelerometers, strain gauges, anemometers, temperatures, humidity and traffic levels.
Here, a section of this dataset (2500 points) is used from the summer of 2008, focussing on measure-
ments of wind speed, wind direction and vertical deck acceleration. The aim of this case study is to
investigate the presence of changing physical behaviours from a full scale engineering structure. The
example chosen here is the dependency of response to wind load on wind direction. Orientated in the
east-west direction, the bridge is subject to higher deck accelerations when winds blow perpendicular
to this at high speeds [55]. This is shown in plots of wind speed vs deck acceleration, separated by
wind direction in Figure
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Figure 1: Wind speed vs vertical deck acceleration for a section of the Tamar bridge dataset. Winds are separated
by direction, into northerly winds (0 £ 20°), easterly winds (90 £ 20°), southerly winds (180 £ 20°) and westerly
winds (270 4 20°). The northerly and southerly winds blow sideways across the bridge and induce much higher deck

accelerations, particularly at high wind speeds.
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5.1. Kernel design

When utilising the framework, the construction of the kernel should mimic available physical intuition
of how a system behaves. This will influence the choice of physical approximations, derived physical
kernels, weighting functions and switching variables. For the Tamar bridge, the directional relationship

between wind speed and deck response y(u, 6) is formulated:

y(u,0) = fi(u) + fa(u,0) + e (11)

where u is wind speed, 6 is wind angle, fi(u) is the deck response to low-speed winds, fo(u, ) is the
deck response to high-speed lateral winds and € is noise. The cause of this directional relationship may

be explained as lift force, incited by a pressure difference as wind flows over the bridge deck [57]:

1
L= QpC'LAu2 (12)

where p is fluid density, C, is lift coefficient, A is projected area and u is wind speed. The quadratic
term in this expression aligns with the observations in Figure [1} particularly for southerly winds. To
incorporate this knowledge within our model, a second order polynomial kernel is used to represent
lift force:

krife(u,u’) = U%(UUT +¢)? (13)

where o scales the variance and ¢ allows the introduction of lower order terms (linears and constants).
Draws from this kernel will be quadratic, enforcing desirable structure within the predictions of the
model. To modulate the reliance upon the physical kernel, a composite weighting function (Equation

, with two sigmoids is used:

Weomp (U, 0) = Weig(W) X We;q(cos(26)) (14)

where ws;, are sigmoidal weighting functions (Equation @, u is wind speed and 6 is wind angle. The
term cos(26) is used as measure of how well a wind direction aligns with north or south, enforcing

symmetry within the kernel. This is used to construct a physics-informed kernel mixture of the form:

k(ev 9/; Uu, U/) = wcomp(u7 ’U/, 0; 0/) wcomp(ua 'Ll/, 03 0/) kLift(uv ul)

Introduce lift force at high N/S winds...
(15)
+ wcomp(_uv —'LL/, _0, _9/) wcomp(_uv —'LL/, _0, _9/) kSE (U, ul)

. otherwise, use a Squared Exponential kernel.

The aim of this structure is to allow the knowledge of lift force to be utilised only for higher speed

northerly and southerly winds. The construction of the kernel required a physical intuition of this,

11



however it was not necessary to know the specific speed or angle when this should occur. By fitting

this kernel to data, it is possible to retrieve and interpret this information.

Additionally, to capture the growing variance present within the data when lift is induced, it is possible
to introduce regime-dependent heteroscedastic noise. Here, in line with Equation [0} a noise scaling
linearly with wind speed is used:

e(u) ~ N (0, w(u) o2) (16)

n

where w(u) = u for linearly scaling noise. A prediction incorporating the heteroscedastic noise is
shown in Figure Its implementation is also compared with a more flexible approach to modelling
heteroscedasticity, where an additional Gaussian process prior is placed over the noise (see|Appendix B

for details). We term this the non-parametric heteroscedastic noise model.

5.2. Results

The performance of the physics-informed kernel mixtures is evaluated against the benchmark models
described in Section[d] Predictions of the best performing benchmark model and the proposed approach
are shown in Figures [2] and [3] For the Tamar bridge, the capability of models to predict well at high
deck responses and wind speeds was of particular interest. This is when the environmental loading of
the bridge is highest and when prediction accuracy is most critical, but it is also however where we
have the fewest data points. To test and demonstrate extrapolation capability, models were trained
on a random scatter of 300 datapoints up a maximum of 30mph wind speeds. This training scenario
is designed to showcase how physics-informed kernels can work in the common situation of incomplete
data across operational windows. For a full training data regime, one typically wouldn’t expect to see
any advantage in performance of a physics-informed kernel. In such a case, purely data-based models

would naturally be just as capable of capturing the trends.

A summary of kernel structures and a comparison of model performance is shown in Table For
conciseness, only deck response plots for selected models are shown in this section, with all other

model plots available in Appendix A.1.

The best performing benchmark model was the SE kernel mixture with an NMSE of 31.16% NMSE
and MSLL of -0.844. This model contained equivalent switching capabilities to the proposed approach,
a composite sigmoidal weighting function acting on wind speed and direction, but did not contain a
physically derived kernel. A prediction of deck response for this model is shown in Figure 2] Due
to its switching architecture, it is able to identify the changing regimes fairly well. However, due
to relying upon stationary SE kernels, the model is not able to extrapolate beyond the 30mph wind
speeds observed during training. Instead, the prediction trends back toward the posterior mean and

the predictive variance expands to reflect the model’s reduced confidence in its prediction.

12



Table 1: Model performance and computation times for Case Study A: Tamar Bridge wind loading. Additional details

of optimisation, hardware and computation cost are provided in Appendix C.

Model Kernel structure NMSE (%) MSLL
SE kernel ksg 64.42 -0.778
Q=3 1.9 q
SM kernel SOk ke, 75.70 -0.369
PI global krige +kse 32.51 -0.825
SE mixture Weompkse1 + (1 — Weomp)ksE,2 31.16 -0.844
PI mixture WeompkLift + (1 — Weomp)ksE 26.10 -0.847
Het. PI mixture kpr+ e(u) 25.38 -1.058
Het N-P. PI mixture See Appendix B 29.99 -1.037
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Figure 2: Predictions of vertical deck acceleration on the Tamar bridge, separated by wind direction, using an SE kernel
mixture. The model is able to identify the regime-dependent behaviour, but is unable to extrapolate effectively beyond

the 30mph maximum wind speeds observed during training.

The best performing model was the physics-informed kernel mixture with linearly scaling heteroscedas-
tic noise, achieving an NMSE of 25.38% and a MSLL of -1.058. The influence of the physically derived
lift kernel can be seen in Figure 3] Unlike the SE kernel mixture, the model is able to extrapolate
beyond the maximum wind speeds seen during training. In this region, without access to measured
data, the model relies upon the quadratic approximation of lift force. Importantly, due to the switching
architecture, it is not introduced in to the easterly or westerly winds. For the global physics informed

model however, this was not the case, resulting in increased model errors. For example, the prediction
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of deck acceleration for easterly and westerly winds was pulled upwards by the presence of high speed
southerly training data. Although these points do occupy different places in the input space [u, 6], the
global physical kernel could not effectively separate these relationships. A suspected reason for this
is an over estimation for the lengthscale acting on wind angle, preventing predictions varying quickly

enough w.r.t this variable.
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Figure 3: Predictions of vertical deck acceleration on the Tamar bridge, separated by wind direction, using a physics
informed change-point kernel (Equation with linearly scaling heteroscedastic noise (Equation . The model is
able to identify regime-dependent behaviour and extrapolate beyond the 30mph maximum wind speeds observed during
training. The regime-dependent noise also provides a more realistic capture of uncertainty, decreasing model confidence

when lift is induced.

Along with a change in mean signal behaviour, introduced via a quadratic lift force, there is a grow-
ing noise level when lift is induced. Here, as wind speed increases, so too does the magnitude of
aerodynamic fluctuations and turbulence-induced vibrations. Models utilising a global noise variance
are unable to capture this effectively, either over estimating the noise level at lower wind speeds, un-
derestimating the noise during lift, or a compromise of both. The two heteroscedastic models are
better able to reflect the underlying confidence in model predictions, including our trust within the
physical lift approximation. A quadratic approximation of lift (Equation is based on quasi-steady
pressure differences, neglecting unsteady flow and local pressure fluctuations [58]. These differences
are amplified at higher wind speeds. Based on this physical intuition of how model noise should be-
have, embedding this within the kernel structure enforced desirable behaviour without the additional
flexibility of a fully non-parametric heteroscedastic approach. When available, an awareness of where

physical approximations remain valid can be a valuable resource to encode within a model structure.
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The prediction of the non-parametric heteroscedastic noise model is shown in Figure [ This model
was able to discover the growing noise variance with wind speed during lift, without additional physical
insight encoded in the noise process. However, overall, the model performs worse than the linearly
scaling noise of the kernel mixture. At lower data quantities, such as the test scenario in the case
study, the flexibility of the non-parametric heteroscedastic model makes it challenging to fit both the
changepoint and a flexible noise model, which results in inflated uncertainty bounds compared to the
linear noise model. For example, at high easterly and westerly winds, where no lift was generated
the non-parametric heteroscedastic noise expands greatly. Given the training data, and the detection
of growing noise with wind speed, this is an expected outcome. Without higher speed wind data
(>30mph), or an enforced regime switching noise (the linear noise model) there is little to model
behaviour in these regions. An expansion of uncertainty in low data areas is generally a desirable
property of a model to avoid overfitting, however physical knowledge can provide a valuable resource

to overcome high uncertainty in a meaningful way, even in a reduced training data regime.
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Figure 4: Predictions of vertical deck acceleration on the Tamar bridge, separated by wind direction, using a physics
informed change-point kernel with fully non-parametric heteroscedastic noise. The model is able to identify regime-
dependent behaviour and extrapolate beyond the 30mph maximum wind speeds observed during training. The regime-

dependent noise is more flexible than the enforced linear scaling of the proposed approach in Figure

Missing data for specific regimes is a common phenomena within many engineering datasets due to
high variability of environments, rarity of events and other factors. For the section of the dataset used
for this work, there was a lack of high speed northerly wind data, making predictions in this region
challenging. In the UK, the prevailing wind direction is typically south-westerly, causing an increased

likelihood to encounter higher wind speeds in this direction [59]. This is further exaggerated near the
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south-west, coast, where the Tamar bridge is located. The rarity of higher speed northerly winds does
not make a models’ performance during their occurrence any less important and an effective model
should be able to cope with reduced data in this region. The choice of the switching architecture was
important here; opting to use a sigmoidal weight (Equation [6) on cos(26) rather than a local weight
(Equation [5)) directly on 6. This performed two roles: to enforce symmetry within the kernel, utilising
high speed southerly wind data to inform northerly predictions and to avoid complications around the

0° — 360° threshold.

A point of discussion relevant to kernel design is the number of hyperparameters within the model.
Typically, the construction of more complex kernels comes at the expense of the introduction of ad-
ditional hyperparameters, therefore increasing computational demands for optimisation. Here, the
number of hyperparameters grows from three for the SE kernel, to eleven for the physics-informed
change-point kernel leading to an increase in computation time. To alleviate this, several of the intro-
duced hyperparameters were bounded during the optimisation. For example, the switching location of
the wind speed sigmoid ., was bounded between 5 and 30 mph. The use of physical knowledge to

reduce optimiser search space is one of the advantages of hyperparameters with physical meaning.

Another common motivation for PIML methods is an ability to provide additional interpretability
within results. This is achieved here through the physically informative hyperparameters of the sigmoid
kernels. Plots displaying the sigmoids learned from the data, constructed using these hyperparameters,
are shown in Figure [5] These plots are able to intuitively display, in terms of where and how quickly,
how the relationships modelled within the data change. Here, the model was able to learn from the
data that changing direction of wind rapidly introduced lift force as wind approached northerly and
southerly directions (cos(20) — 1). The dependency of the relationship on wind speed was more
gradual, seen within the shallower gradient of the learned wind speed sigmoid. The yellow region of
the 2d sigmoid surface highlights a region of high speed northerly and southerly winds in which the

lift force kernel has the highest explanatory power within the model.

6. Case study B: Changing physical behaviour of an aircraft wing

The second case study focuses on the prediction of aircraft wing strain during aerial manoeuvres and
how a changing physical relationship is induced due to the inputs of the pilot. Reed [60] previously
achieved success modelling wing strain with MLP networks, resulting in an ability to estimate fatigue
damage for the wing within +3%. Later work of Fuentes [61] and Gibson [62] on the dataset used GP
regression to enable access to a full predictive distribution over the strains. Gibson explored how draws

from the predictive distribution may be propagated to achieve distributions over the fatigue damage.

In this work we will illustrate the proposed method using a dataset from an aircraft in flight which
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high speeds.

includes time histories of strain measurements and pilot controls (see [60} [61L [62]). Models predict wing
strain from a subsection of the dataset, where the pilot used an input to the rudder to cause the aircraft
to turn. A time series of the wing strain and rudder angle is shown in Figure[6] At high rudder angles,
an aircraft will turn about its Z axis, and the introduction of some additional dynamic behaviour can
be seen. A comparison of the induced dynamic behaviours across the three aerial manoeuvres is shown
in Figure[7] A similar frequency content, with peaks at 11Hz and 32.5H z is shared between the three

turns.

6.1. Kernel design

The wing strain is considered to consist of two main parts: a quasi-static component, capturing the
more slowly varying relationship between flight parameters and strain; and a dynamic component,
induced by oscillations occurring during manoeuvres. In this case, the manoeuvre of interest is a sharp
turn due to a high rudder angle. To represent this, the problem is structured as:

y(X) = f1(X) - £2(X) +

Quasi-static component Dynamic, manoeuvre-induced behaviour ~Noise

To capture the relationship between measured flight parameters and the wing strain, in line with
previous kernel selections within the literature [61} [62], we employ the Squared Exponential (SE)

kernel:

1
ksp(Xpi, Xp)) = ofexp <—§(XF1)TA_1(X}N)> + 0063 (18)
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Figure 6: Time series plots of wing strain and rudder angle. Three consecutive, aerial turns are highlighted in blue,

orange and green.

where O']% is the signal variance, o2 is the noise variance, A is the matrix of length scales such that

diag(A) = [13,13, ...,1%] for a D dimensional input and X, is a matrix of measured flight parameters.

To capture the oscillatory behaviour, highlighted in Figure [7] a covariance function is employed that
can model vibrating systems and has been directly derived from an equation of motion of a stochastic
vibrating system (SDOF kernel [17]):

o2

_ T ¢l Cwn
4m2(wf;e (cos(wdT) + iy szn(wd|7'|)> (19)

kspor(T)

where the hyperparameters of the kernel now relate to physical properties of a SDOF oscillator: m is the
mass, ( = 0/2\/% is the damping ratio, w,, = \/% is the natural frequency and wg = an
is the damped natural frequency. Draws from this kernel are constrained to obey the behaviour
of an SDOF oscillator, a useful property to encode, particulary where we are interested in fatigue
performance. Here the SDOF kernel aims to capture the oscillatory behaviour of the wing, similarly
to how previous implementations of the kernel have been used to represent modes of an oscillating
cantilever beam [63]. Due to the presence of two peak frequencies, believed to be caused by two modes
of the wing being excited, it is necessary to use a sum of SDOF kernels:

N
kvpor = Z kspor(t:t) (20)
i=1

where, here, N = 2. A feature of the dataset, and one of the primary reasons it has been selected for

this case study, is that the dynamic behaviour is intermittent. To allow the SDOF kernel to be phased
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Figure 7: A comparison of the time series and frequency content of the three sharp aerial turns from Figurela The same
colours: blue, orange and green are used for each turn. Two peak frequencies of 11Hz and 32.5Hz are observed across

the three turns.
in and out appropriately, it is integrated in a change-point structure of the form:

k(X,X') = kse(Xri, Xipy)
—_— ——

Quasi-static signal component captured with an SE kernel...

N (21)
+ ko (RUDD,RUDD) (Y "k pop(t, t)
=1

. whilst introducing the SDOF kernel(s) for rudder-based manoeuvres.

where Xp; is a matrix of flight parameters, RUDD is the rudder angle and ¢ is the time vector. Note
an important difference here compared with the Tamar Bridge kernel construction in Equation [15}
rather than switching to and from a pair of kernels (kr;r, and ksg for the Tamar case study), the SE
kernel kgp remains active and the physics-informed kernel kspopr is being phased in and out. The
most appropriate way to utilise sigmoid kernels, and therefore define how the kernel may switch, will

vary by use case.

6.2. Results

A focus of the earlier Tamar Bridge case study was the utilisation of physical knowledge to assist with
extrapolation and heteroscedastic noise, here, for the second case study, an emphasis is instead placed
on interpolation and dynamic behaviour. A key strength of the SDOF kernel is an ability to help with
the upsampling of response data [I7]. To test this capability, models were trained on data at 64Hz
and tasked with upsampling to 128Hz. The three manoeuvres, highlighted in Figure [f] took place
over a time period of 200 seconds, resulting in a test set size of 25,600 datapoints and a training set

size of 12,800 datapoints. For purposes of model comparison, without additional variation induced
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by approximate inference schemes, exact inference is used for the models in the case study, however
it is acknowledged that a sparse implementation would be more practical for datasets of this size.
The performance of models is compared in Table ] (NMSE) and [B| (MSLL). Details of hardware and

computation times are provided in Appendix C.

Table 2: Predictive accuracy (NMSE (%)) comparison for Case Study B: Aircraft wing strain during in-flight manoeuvres.

Model Kernel structure Full series Turn1l Turn 2 Turn 3
SE kernel ksg 0.01380 22.851 1.876 5.413
SM kernel Zgzg kgE k%os 0.00881 4.613 0.354 1.579
PI global ksg + ZzN:Q kéDOF 0.01340 22.860 1.859 5.404
SE mixture ksE + wsig ksE 0.01160 5.859 0.445 2.022

PI mixture ksp +wsg o kipop ~ 0.00749  2.944  0.301  0.872

Table 3: Probabilistic performance (MSLL) comparison for Case Study B: Aircraft wing strain during in-flight manoeu-

vres.

Model Kernel structure Full series Turn1l Turn 2 Turn 3
SE kernel ksk -4.240 0.255 -1.968 -1.484
SM kernel 297kl kL, -4.453 1525 -2.101  -1.998
PI global ksy + 2?22 kinor -4.290 0.257 -1.971 -1.485
SE mixture  ksg + wsig ksE -4.461 -1.499 -1.947 -1.881
PI mixture ksg + wsig S kipop  -4.615 -1.759 -2.107  -2.095

Across the full duration of the time series, all candidate models demonstrated a high level of predictive
fidelity, reflected in the low NMSEs (< 0.014%) and MSLLs (< —4.240). This indicates that even the
baseline architectures capture the primary quasi-static trends effectively. As a task of interpolation,
one would expect a GP to perform well here, even without any inclusion of prior knowledge. The
primary areas of interest, and where model performance deviates most, is when dynamic behaviour
is induced due to the turning of the aircraft. In terms of overall error, the performance during these
manoeuvres does not, greatly impact the overall time series, however for fatigue analysis, the estimation

of peak loads (e.g. during turns) and identification of loading cycles is of high importance.

The prediction of the physics-informed kernel mixture across the full timeseries had an NMSE of
0.00749%, beating the 0.00881% NMSE of the best performing benchmark model (spectral mixture
kernel). A large contributor to this was an improved ability to capture the dynamic content through

the phasing in of SDOF kernels during turning manoeuvres. This is highlighted by the prediction plots
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in Figures[§land [0} The NMSE for turns 1, 2 and 3 dropped from 4.613%, 0.354% and 1.579% for the
SM kernel to 2.944%, 0.301% and 0.872%, with the physically-informed change-point kernel better able
to capture the structure present within the signal. Both kernel structures are inherently well suited
to modelling periodic structure present within signals, however they differ in their methodology. The
SM kernel is designed to perform automated ‘pattern discovery’ without requiring prior knowledge of
a system’s physical properties [54]. Although it may enforce locality of behaviour to some extent, via
multiplicative ksp kernel components, it does not involve an explicit switching mechanism. Further

work pursuing the integration of switching capabilities in this context could be an interesting avenue.
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Figure 8: Predictions of inner port side wing strain during the three in-flight turns using a spectral mixture kernel with

3 components.

The benefits of both the switching architecture and the physically derived SDOF kernel can be isolated
through a comparison of the proposed approach with the global physics-informed model and the SE
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Figure 9: Predictions of inner port side wing strain during the three in-flight turns using a physics-informed change-point

kernel.

kernel mixture. These models contain either SDOF kernels or a switching mechanism, but not both. In
the case of the SE kernel mixture, the model is able to switch to a lower length scale during high rudder
angles and is better able to capture the higher frequency behaviour present in the signal. As expected,
this performed better than a single stationary SE kernel, but was worse than either the spectral mixture
or the proposed approach. SE kernels, even with short lengthscales, are not derived specifically for
modelling periodic signals. The performance of the global physics-informed kernel was much closer to
that of a standard SE kernel than any of the switching approaches, with the SDOF kernel failing to
capture the high frequency content during manoeuvres. Without a switching mechanism, the fit of
the SDOF kernel to the whole timeseries is calculated during training. Since the manouvres represent

only a small percentage of the time series, low amplitude, low frequency fits of the kernel produce
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low log loss minima. To alleviate these problems, it is possible to bound or constrain the physical
hyperparameters of the kernel e.g. analyse the frequency content of a signal prior to modelling and
fix the w,. However, since high frequency oscillations were not desirable during the majority of the

signal, this could worsen overall performance for the global approach.

6.3. Model interpretability

As also discussed in the Tamar Bridge case study, another notable benefit from PIML models alongside
increased performance is an additional degree of insight in to model results. For the change-point
kernel, this came from two main sources: the hyperparameters of the weighting functions, providing
information about how the model was switching between kernel components, and the hyperparameters
of the SDOF kernel, relating to physical properties of an SDOF oscillator. Here, we look to interpret the
model’s switching behaviour, with plots constructed using the learned sigmoid kernel hyperparameters
shown in Figure[TI0] The degree of interpretability is inherently tied to the choice of weighting functions
and kernels. In this example, the location and gradient terms of the sigmoid function determine the

specific rudder angle and speed at which dynamic behaviour is introduced.
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Figure 10: Interpretation of model switching using the learned sigmoid kernel hyperparameters. (Top) A time series plot
of the rudder angle passed through the sigmoid function, o(Rudder angle). The ‘active’ region is observed to coincide
with the oscillatory behaviour seen in the wing strain. (Bottom) A time series plot of the rudder angle, showing where

it exceeds the sigmoid switching location zg.
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The top subplot of Figure [I0] shows the reconstructed sigmoid function from the learned hyperparam-
eters xg = 22.59° and a = 3.099. Within the change-point structure, this produces a switching of the
SDOF kernel from fully inactive, to fully active within in a window of approximately 21 — 24° rudder
angle. The relatively steep gradient of the sigmoid, combined with a rapid change of rudder angle
during the in-flight manoeuvre, produces a sudden switch within the model. An almost step function
like time series plot of the rudder angle passed through the sigmoid function ¢(RUDD) can be seen
within the bottom subplot of Figure For the modelling of in-flight manoeuvres, one might expect
a fairly sudden switching of behaviour, however for any application, similar plots to this can provide
a useful way to interpret when and how different parts of the model are being phased into or out of

predictions.

7. Summary and conclusions

This paper presented a physics-informed kernel mixture framework for regime-dependent reliance upon
physical knowledge in Gaussian process regression. Building upon existing non-stationary and change-
point kernel architectures, that primarily capture statistical differences in signals, the proposed ap-
proach uses switching mechanisms to model and intepret the reliance upon physically-derived kernels
based on environmental switching variables. This provides a promising tool to cope with both regime-
switching and varied presence of known or partially known physical behaviours. Two engineering case
studies were used to highlight how the model structure can be used to improve performance and provide

insight in to a models’ results.

A dataset of directional wind loading of the Tamar bridge was used to highlight a case where physical
knowledge of a phenomena may only apply in particular regimes. The lift force induced by high wind
speed, represented here with a polynomial kernel, only acted when wind hit the bridge side-on. The
change-point kernel was able to learn this and present results of the changing regimes in an interpretable
manner. The model was able to extrapolate for regions of high speed northerly winds, for which a
scarcity of measured data was available. Additionally, it was shown how the change-point kernel may
be used in a heteroscedastic setting, where observation noise is a function of the inputs; in this case,

wind speed, providing better fitted confidence bounds.

Data from an aircraft was used to investigate oscillatory behaviour within the wings, induced during in-
flight manoeuvring. The behaviour was found to occur during sharp turns of the aircraft (high rudder
angles), and was represented using a SDOF kernel within the change point structure. The model
was able to effectively upsample from 64Hz to 128Hz and provide a breakdown of static and dynamic
signal components. Compared with a purely data-based approach, model performance during three
aerial manoeuvres was improved from 22.851%, 1.876% and 5.413% to 2.944%, 0.301% and 0.872%

respectively, with performance across the complete time series improving by almost a factor of two.
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The work and contribution here exploits the ease of making combinations in the Gaussian process
framework. Here we are explicitly advocating for embedding known physics into kernel functions,
where the physics will then play an integral role in model predictions (as opposed to, for example, a
soft constraint). The framework shown here then provides a suitable means in which the reliance on
this physics can change based on how relevant it is to operational conditions. The paper has shown
that this works very well where we indeed have access to or intuition of some of the governing processes
at work in the situation we are modelling - of course, this would not be true without that physical
insight. The approach here is not intended to be generic, rather to exploit what is known in the
right places. In our approach we are reliant, therefore, on having knowledge of some of the governing
physics and being able to derive appropriate kernels to represent it. In cases where such insight is not
available, future work could explore the integration of automated kernel discovery methods [64] or the
use of pattern discovery kernels [54] within the switching framework to handle less-defined physical

regimes.

One of the benefits of the implementation here is closed form inference for posterior distributions, which
was of benefit in particular in the first test case where we embedded a physics-informed heteroscedastic
noise. Staying closed form, however, for the majority of GP models, requires a restriction to small
datasets. To extend the applicability of this framework to large-scale SHM datasets, the adoption
of sparse GP approximations and variational inference techniques remains a necessary and promising

avenue for future research.
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Appendix A. Prediction plots for all models

Appendiz A.1. Case study A: Directional wind loading of the Tamar bridge
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Figure A.11: Predictions of vertical deck acceleration on the Tamar bridge, separated by wind direction, using a squared

exponential kernel. The model was trained on a random scatter of 300 datapoints up a maximum of 30mph wind speeds
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Figure A.12: Predictions of vertical deck acceleration on the Tamar bridge, separated by wind direction, using a spectral
mixture kernel with 3 components. The model was trained on a random scatter of 300 datapoints up a maximum of

30mph wind speeds
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Figure A.14: Predictions of vertical deck acceleration on the Tamar bridge, separated by wind direction, using a black-

box change-point kernel. The model was trained on a random scatter of 300 datapoints up a maximum of 30mph wind

speeds
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Figure A.15: Predictions of vertical deck acceleration on the Tamar bridge, separated by wind direction, using a physics

informed change-point kernel with a global noise variance. The model was trained on a random scatter of 300 datapoints
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Figure A.16: Predictions of vertical deck acceleration on the Tamar bridge, separated by wind direction, using a physics
informed change-point kernel with heteroscedastic regime-dependent noise. The model was trained on a random scatter

of 300 datapoints up a maximum of 30mph wind speeds
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Appendiz A.2. Case study B: Changing physical behaviour of an aircraft wing
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Figure A.17: Predictions of inner port side wing strain during the three in-flight turns using a squared exponential

kernel.
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Figure A.18: Predictions of inner port side wing strain during the three in-flight turns using a spectral mixture kernel

with 3 components.

35



Figure A.19: Predictions of inner port side wing strain during the three in-flight turns using a global physics-informed

kernel.
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Figure A.20: Predictions of inner port side wing strain during the three in-flight turns using a SE kernel mixture.
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Figure A.21: Predictions of inner port side wing strain during the three in-flight turns using a physics-informed kernel

mixture.

Appendix B. Non-parametric heteroscedastic noise

For the non-parametric, heteroscedastic noise model implemented in Section 4, the assumption (arising
from standard GP theory) is made that the observation noise (see Equation can be modelled as a
draw from a Gaussian distribution with zero mean and variance o2. More succinctly, deck acceleration

a is modelled as,

a=f0,u)+e f~GP0,K), e~N(0,02) (B.1)

where the latent function f captures both the and lift and nominal/operational forces through the
switching kernel. Such a model provides no mechanism for allowing the variance on the measurements

to change dependent upon the input values (e.g. wind speed), instead imposing a noise model with

38



a fixed variance. This results in the uncertainty bounds that are returned by the global noise models
models being too large at low wind speeds in northerly and southern directions, and is a consequence
of having to compensate for the larger variance seen at higher wind speeds. A more appropriate model

would allow for tighter confidence regions at lower wind speeds, that can widen at higher wind speeds.

To that end, we now consider a heteroscedastic noise process, where the observation noise itself becomes

a function of the inputs, resulting in a model of the form,

a= f(l,u)+e€0,u), f~GP0O,K), e~N(0,7(0,u)) (B.2)

This formulation adds an additional step into the inference procedure; estimating the new observation
variance term r(6,u). A common approach is to place a second Gaussian process prior over the term,
effectively treating the noise variance as a latent function to be learnt instead of a fixed parameter,

and can be expressed as,

r(0,u) ~ GP (. k, ). (B.3)

where - is the mean of the noise process, and k,. the covariance function. Here, we use a linear mean
function to avoid imposing an arbitrary noise scale, with the squared exponential function used for
the kernel. The overall model therefore now contains two GPs; one that governs the predictions of
the noiseless underlying process, and another that captures the noise. Such a model is defined as a
heteroscedastic Gaussian process (HGP). Although the use of a heteroscedastic noise model enhances
the predictive power of the model, both the evidence and predictive distributions (the conditional mean
and variance) are no longer analytically tractable. To perform inference here, we follow the variational

approximation scheme as detailed in [53].

Appendix C. Computational complexity

The computational cost of Gaussian process regression is dominated by the inversion of the covariance
matrix, which scales as O(n?®) with the number of training points n. In this study, model hyperparam-

eters O were optimised by minimizing the Negative Log-Marginal Likelihood (NLML):

1 1 n
L(0) = inKy_ly + 3 log | Ky| + 5 log 27 (C.1)
where K, = K + 021 is the covariance matrix for the noisy targets y [15]. To handle the many minima

present in the surfaces associated with mixture kernels, a Quantum Particle Swarm Optimization
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(QPSO) algorithm was employed. The optimizer was configured with a population size of 200 and a

termination tolerance of 1 x 1073.

For the workstation used in this study (DELL Precision 5820, Intel Core i9-10900X CPU, 3.70GHz,
64GB RAM), the dataset sizes for case study B represent the practical upper limit for closed-form
inference. Table and Table provide the training times for Case Studies A (n = 300) and B
(n = 12,800), respectively.

Table C.4: Kernel structures and computation times for Case Study A: Tamar Bridge.

Model Kernel structure Comp. time (s)
SE kernel kSE 16.86
SM kernel 2977 kdpkd, 74.53
PI global krite + ks 20.57

SE mixture Weompksg,1 + (1 — Weomp )ksE,2  29.31

PI mixture wcompkLift + (1 - wcomp)kSE 27.05

Table C.5: Kernel structures and computation times for Case Study B: Aircraft wing strain.

Model Kernel structure Comp. time
SE kernel kse 09 h 02 min
SM kernel ZQ;S kdpkd 19 h 39 min
Plglobal  ksp+ Y0 kipor 11 h 28 min
SE mixture ksg + wsighse 12 h 14 min

PI mixture  wsig,1kse + Wsig,2 Zf\;:lz kinop 14 h 42 min

As demonstrated in Case Study B, exact inference runtimes grow rapidly for moderate dataset sizes,
with limits of 10,000-15,000 typical for a modern desktop computer. For a comparative case study,
with emphasis on studying the effects of kernel structure, exact inference allowed a comparison of
models without any additional variablity introduced due to approximate inference schemes. For larger
datasets, and a more practical approach to implementation, the adoption of sparse GP formulations

[65] would be necessary.
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