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collapsing shell in anti-de Sitter space-time
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Abstract We consider a massless quantum scalar field on a two-dimensional
space-time describing a thin shell of matter collapsing to form a Schwarzschild-
anti-de Sitter black hole. At early times, before the shell starts to collapse, the
quantum field is in the vacuum state, corresponding to the Boulware vac-
uum on an eternal black hole space-time. The scalar field satisfies reflecting
boundary conditions on the anti-de Sitter boundary. Using the Davies-Fulling-
Unruh prescription for computing the renormalized expectation value of the
stress-energy tensor, we find that at late times the black hole is in thermal
equilibrium with a heat bath at the Hawking temperature, so the quantum
field is in a state analogous to the Hartle-Hawking vacuum on an eternal black
hole space-time.

Keywords Schwarzschild-anti de Sitter, quantum field theory in curved
space, Hawking radiation

PACS 04.62.+v, 04.70.Dy

1 Introduction

The study of quantum field theory on black hole space-times has a long history,
including the discovery of Hawking radiation from asymptotically flat black
holes [I]. At late times, far from an asymptotically flat black hole formed by
gravitational collapse, a static observer sees an outgoing flux of thermal radia-
tion at the Hawking temperature. Hawking’s original derivation [I] considered
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the fully dynamical space-time consisting of matter collapsing to form a black
hole. However, quantum field theory on static space-times is technically much
easier than on dynamical space-times. For an eternal Schwarzschild black hole,
the Unruh state [2] contains an outgoing thermal flux of radiation at future
null infinity, and therefore is the state analogous to that at late times for a
black hole formed by gravitational collapse.

Since all two-dimensional space-times are locally conformally flat, quan-
tum field theory on two-dimensional space-times is rather simpler than in
four space-time dimensions, particularly if one is considering dynamical space-
times. In particular, two-dimensional black hole space-times have proven to be
useful toy models for understanding various aspects of quantum field theory on
four-dimensional black holes, in particular Hawking radiation and black hole
evaporation [3]. One advantage of working in two space-time dimensions is that
there is an exact prescription [] for computing the renormalized expectation
value of the stress-energy tensor (T,,,) for a massless scalar field. Applying this
prescription to a two-dimensional asymptotically flat space-time describing a
black hole formed by gravitational collapse, it is found that at late times after
the gravitational collapse, far from the black hole (T},,) contains an outgoing
flux of energy compared to that at early times before the collapse starts [4].
This outgoing flux is the Hawking radiation and is also found in the expec-
tation value (T),,) for the Unruh vacuum state on an eternal two-dimensional
Schwarzschild black hole [5].

A natural question is how the above picture is modified in space-times
with different asymptotic structure. The case of a Schwarzschild-de Sitter
black hole was studied many years ago. Working in two space-time dimen-
sions, any static quantum state defined in the region between the event and
cosmological horizons must have a stress-energy tensor (I),,) which diverges
at either the event or the cosmological horizon [6l[7], in agreement with the
four-dimensional Kay-Wald theorem that there is no stationary, nonsingular
state on Schwarzschild-de Sitter space-time [8]. However, a nonstatic quantum
state can be defined which is regular on both the event and cosmological hori-
zons of an eternal Schwarzschild-de Sitter black hole [9[10]. The corresponding
state for a two-dimensional Schwarzschild-de Sitter black hole formed by grav-
itational collapse has also been considered [11].

A great deal of attention has been given to Hawking radiation from black
holes in asymptotically anti-de Sitter (adS) space-time, particularly in the con-
text of the adS/CFT (conformal field theory) correspondence (see, for exam-
ple, [12] for a review). Various authors have considered the definition of states
for quantum fields on asymptotically adS black hole backgrounds, largely fo-
cussing on the analogues of the Boulware [13] and Hartle-Hawking [14] states.
Some work on these states for eternal Schwarzschild-anti-de Sitter (SadS) black
holes in two or more dimensions can be found in [I5LI617I8T9L2021].

In this paper we address the question of the existence, for asymptotically
adS black holes, of a quantum state analogous to the Unruh vacuum [2] on
asymptotically flat black hole space-times. Working in two space-time dimen-
sions for simplicity, we consider an SadS black hole formed by the gravitational
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collapse of a thin shell of matter in anti-de Sitter space-time. This scenario has
been studied by a number of authors (see, for example, [22[231[24125]), largely
(but not exclusively) from the point of view of adS/CFT and with a particular
focus on the boundary theory. Here we work entirely in the bulk space-time,
using the standard techniques of quantum field theory in curved space. We
follow the approach of [4[911] to compute the renormalized expectation value
of the stress-energy tensor for a massless quantum scalar field propagating
on this background. Our aim is to compute the difference between the expec-
tation values at early times, before the collapse starts, and late times, long
after the black hole has formed, comparing the result with that in [4] for the
asymptotically flat case.

The outline of this paper is as follows. In section [2] we briefly review the
method of Davies-Fulling-Unruh (DFU) [] for computing the renormalized
expectation value of the stress-energy tensor on a two-dimensional space-time.
Our collapse scenario is discussed in section Bl focussing on the definition of
particular ingoing and outgoing null coordinates which are required for the
DFU method. We then apply the DFU method in section [ to compute the
difference in the expectation values of the stress-energy tensor at early and late
times. Section [l contains further discussion and our conclusions. Throughout
this paper we use units in which ¢ = A = G = kp = 1, and our two-dimensional
metric signature is (—, +).

2 Computation of (T, ) in two-dimensional space-times

We now briefly review the Davies-Fulling-Unruh (DFU) method [4] to compute
the renormalized expectation value of the stress-energy tensor, (I}, for a
massless quantum scalar field on a general two-dimensional space-time.

Any two-dimensional space-time is locally conformally flat and therefore
the metric can be written in the following form:

ds®> = —C(u,v) du dv, (1)

where C(u,v) is a function of the null coordinates v and v. A change of null
coordinates of the form @ = @(u), ¥ = (v) does not change the form (), but
does change the overall function C":

ds®> = —C(u,v) du dv, (2)

where s d
~ u dv
C(u,v) = C(u,v) pryrL (3)
We now consider a massless scalar field satisfying the Klein-Gordon equa-
tion on the space-time with metric (2). Following [4], we assume that there
exist null coordinates @ and ¥ such that the outgoing and ingoing wave modes
of the scalar field take, respectively, the standard form

1 o 1 -
—wu e—ZW’U (4)

VAT Wl ’ VAT Wl ’
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throughout the space-time. For a general dynamical space-time, the definition
of suitable null coordinates (%,?) is nontrivial. The metric function C' (2
will also, in general, be a complicated function of (u,v), particularly for a
dynamical space-time, in which case all the time-dependence is included in C.

Positive frequency modes are defined to be modes such that w > 0, and the
scalar field is written as a sum over positive and negative frequency modes.
The field is quantized by promoting the expansion coefficients to operators. We
define the vacuum state |0) to be that state annihilated by all the operators
which are coefficients of positive frequency modes.

In [4] it is shown that the renormalized stress-energy tensor for the quantum
scalar field in the state |0) takes the following form in (@, o) coordinates (see
also [26]):

1 R
(1)) = \/—_—g<Tﬁ ) + 0 — 75~ ()

Here the metric tensor g, ([2) has determinant g, and R is the Ricci scalar of
the metric (2)).

The first term in (@), (7); [7]), is a nonlocal contribution from flat space-
time and depends on the ranges of the null coordinates (@,7) in [@)). If the
space-time with metric (2] is conformal to the whole of Minkowski space-time,
then 4 and © may take any real value and (T} [5]) = 0. If, on the other hand,
the space-time under consideration is conformal only to part of Minkowski
space-time (so that the ranges of 4 and v are constrained), then (77 [n]) is
equal to the vacuum expectation value of the massless scalar field on that
portion of Minkowski space-time defined by the coordinates (@, v). If we are
considering a dynamical space-time, then all the time-dependence is contained
in the complicated metric function C in (2)). By definition the values taken by
the null coordinates (%, ?) do not depend on time and therefore (77 [n]) also
does not depend on time.

The second term in (@), 6., is also nonlocal, and has components [4]:

O = fﬁé% (¢

N

),aﬁ Qﬂﬂ:*ﬁéé (CV*%)’M Ous = 055 = 0.
(6)

The third term in (@) is the usual conformal trace anomaly.

3 Collapse scenario

We consider a thin shell of matter collapsing in two-dimensional anti-de Sitter
(adS) space-time, shown in figure [Il The shell has radius S(¢) at time ¢. In
the far past, the shell is static and has radius Sy. It begins to collapse at some
time ¢ = ¢y and the collapse continues until a black hole of radius r, is formed.
We assume that Sy is much larger than rp,.
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singularity

Fig. 1 Space-time diagram for a black
hole formed by gravitational collapse of
a thin shell in anti-de Sitter space-time.
The black curve is the collapsing shell; null
infinity is denoted Z and H is the event

I horizon. The horizontal dotted line at the
top of the diagram is the space-time singu-
larity. The point Ps is where the collaps-
ing shell crosses the event horizon. The
black dot-dashed curve is an ingoing null
ray which is reflected at the origin at the
point P4 and then forms the event hori-
zon. Shown in blue (thick lines) is a null
ray which enters the shell just before the
black ray, emerging just before the horizon
forms. The blue ray enters the shell at the
point P; and exits at the point P>. The
red (thin) lines show a null ray which en-
ters the shell just after the black ray, and
hence remains inside the horizon. Solid
blue/red (thick/thin) lines denote outgo-
ing null rays, dot-dashed lines ingoing null
rays.

Exterior to the shell, the space-time has the Schwarzschild-anti-de Sitter
(SadS) metric

2M T2 2M T2 !
2 2 2
dsE<1T+£—2)dt+<1T+£—2) dr?, (7)

in terms of static coordinates (¢, r), where £ is the adS radius. Inside the shell,
the space-time is pure adS with metric

R? R2\ !
ds? = — (1 + 6—2) dT? + (1 + 6—2) dR?, (8)

again in terms of static coordinates, in this case denoted (T, R). On the shell,
at r = S(t) = R, the exterior () and interior (8) metrics must match, which
leads to the condition

C(y2M SN (AN 2M ST\ dS Y
S 02 dT S /2 dT

(1+§—§)+<1+i—j>_1 (Z—;)Q- (9)
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Exterior to the shell, we define the usual “tortoise” coordinate r, by

dr, oM 2\ *
dr<17+£—2) . (10)

By an appropriate choice of the constant of integration, we may take r, = 0
at Z, where r — oco. Before the formation of the event horizon, r, is defined
for all » > S(¢). Once the event horizon has formed, r, — —o0 as r — r. We
then define null coordinates (u,v) in the region exterior to the shell or event
horizon by

u=t-—r, v =141y, (11)

where u is constant on outgoing rays and v is constant on ingoing rays. Interior
to the shell, we also define a “tortoise” coordinate R, by

dR, R2\ !
== (1+£—2) , (12)

so that, with a suitable choice of integration constant,

1
R. = Ztarfl (%) ) (13)

and R, = 0 at the origin R = 0. Null coordinates (U, V) inside the shell are
then defined by
U=T-R,, V =T+ R., (14)

where U is constant on outgoing rays and V' is constant on ingoing rays.

Since ads is not a globally hyperbolic space-time, we need to impose bound-
ary conditions on the scalar field ¢. We use reflective boundary conditions [27],
setting the scalar field to vanish on Z. Exterior to the shell, the scalar field
modes therefore take the form

1 —iwu __ ,—iwv
G = \/TTI‘—M (6 e ) . (15)

Inside the shell, as can be seen in figure [Il there is an additional time-like
boundary at R = 0. We also use Dirichlet boundary conditions here, setting
¢ = 0 at R = 0, so that the field modes have the following form inside the

shell:

@w — ; (efin _ e—z‘wV) . (16)

VAT |w|
At very early times, before the shell has started to collapse, the space-time
is static. Exterior to the shell, the massless scalar field modes take the form
(3. In this region, we may take the null coordinates (@, 7) which define the
ingoing and outgoing waves to be

(17)

ST
Il
S

U= u,
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We define positive frequency modes to have w > 0, and expand the scalar field
in terms of the modes (IHl):

¢ =Y auby+aldl, (18)

where a star denotes complex conjugate. The field is quantized by promoting
the expansion coefficients (a,,, al,) to operators and then the vacuum state of
interest |0) is annihilated by the a,, operators, namely a,,|0) = 0.

At late times, long after the black hole has formed, the scalar field modes
exterior to the event horizon again have the form (I&]). However, the coordi-
nates (@, v) will not be given by () in this region, because the space-time is
dynamical. Let 4 = f(u) be a function of the exterior outgoing null coordinate.
Without loss of generality we may assume that 4 = v at Z. Therefore, at late
times, the field modes have the following form in (@, ¥) coordinates:

¢ o e—iwﬂ _ e—iwﬂ (19)

in order that the field vanishes on Z. At late times, since @ = f(u), the form

(@) becomes

¢ o eI (W) _ gmiwn, (20)

Since on Z the exterior null coordinates are equal, © = v, it must be the case
that o = f(v) at late times. In other words, the null coordinates (@, o) have
the same functional form at late times in terms of the exterior null coordinates
(u,v).

To find this functional form, consider modes seen by an observer far from
the black hole at late times. These modes must have exited the collapsing
shell shortly before the shell crossed the event horizon. Therefore consider the
outgoing null ray shown in blue (thick line) in figure [l This ray exits the
shell at the point P, just before the horizon forms. Let the finite time (as
seen by observers inside the shell) at which the shell enters the event horizon
(the point Ps in figure[l) be T'= Tp. In a neighbourhood of the point Ps, we
approximate the path of the shell as a function of the interior coordinate time
T as:

ST)=rpn+ ATy —1T), (21)

where A is a constant and we have ignored terms of higher order in Ty — T
Substituting (1)) in (@), we find, in a neighbourhood of Ps, that

(%)2 ~ W) 2 (To — T) 2, (22)

where we have retained only the leading order term. The function h(r) is
defined by
2M  r?

1-— T+£_2 = (T*Th)h(T), (23)
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so that h(ry) is finite. Therefore, at Pa, the interior and exterior time coordi-

nates are related by
To—T
t~ —h(ry) ' n < 0 ) ; (24)

B

for some constant B, where we have ignored terms which are finite as 7" —
Ty. Similarly, in a neighbourhood of Ps, the equation governing the exterior
tortoise coordinate r, (0] takes the form

dr, N 1

@ S Rt )

where we have ignored terms which are finite as r — 7. Integrating, we find

ro ~ h(rp) "' ln <%) ~ h(ry) "' In (W) , (26)

where we have retained only the leading order terms and B’ is another constant.
Therefore, at P,, we have

plus terms which are finite as T — Tj. Considering now the internal null
coordinates, in our small neighbourhood of P;, we have

dR,
dr

U=T-R, ~T— Ry(rp) — (S =)

T=Tp

-1y *1(”) Al14 _1(T T), (28)
~T — = tan —) = — —

] ] Iz ol
ignoring higher-order terms. Therefore, at P, the interior and exterior outgo-
ing null coordinates are related by

Tk (UOC_U>’ >

where Uy is the value of the interior null coordinate U at Ps (which is finite), C
is a constant and we have ignored terms which are finite as U — Up. Note that
U < Uy at P,. To match the modes (T, [I8) at P», such that the boundary
conditions at both Z and R = 0 are satisfied, it must be the case that the
functional relationship between v and V' is the same as that between u and U

at P, namely:
2 Uy -V
~ — 1 .
v nrm) n( 4 > (30)

We now need to trace the ray back to early times. Following [2l[4], we
assume that the shell collapses sufficiently quickly that when the blue (thick
line) ray in figure [l enters the shell (at the point Py), the collapse process has
not started and the shell radius is much larger than the event horizon radius
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rp. In a neighbourhood of Py, it is the case that S — rp, is finite, dS/dT can
be taken to be approximately zero, and therefore, using (@), dt/dT can also
be taken to be approximately constant. Hence the exterior time coordinate t
is approximately a linear function of T', and similarly the radial coordinate r
is approximately a linear function of R. Therefore we can relate the interior
and exterior null coordinates in a neighbourhood of P; by

U = au+b, V ~ av + b, (31)

for some constants a and b, whose values are not important. At times earlier
than the point P;, the shell will again have a radius much larger than r,
and so the interior and exterior null coordinates are approximately related by
linear functions at each point on the shell at a time prior to P;.

Combining the relations (B1]) between the interior and exterior coordinates
at early times and (29] [B0)) at late times, we can now define the null coordinates
(u,v) at late times for the modes (), implicitly via the following relations:

2 o — 2 g — v
u= “hon) In < OD > + &(a), v = R In < OD ) + &(v), (32)
where D is a constant and £(@) is a function which is finite as @ — o, for a
constant 4o which is the value of @ on the future event horizon H.

Modes on the space-time exterior to the horizon at late times must have
4 < ug; those with @ > g lie behind the event horizon. Similarly, there is
a maximum value of v, say ¥y, for modes exterior to the event horizon at
late times. This corresponds to the value of ¥ for the ingoing ray which, after
reflection at the origin at the point Py in figure [ forms the event horizon.
The field modes ([9) must vanish at the origin, in particular at the point P,
where © = 5g and v = ¥y. Therefore we have 1y = vy.

4 (T,.) for the collapse scenario

We now use the definitions (I7, [B2) to compute the stress-energy tensor in the
vacuum state |0) using the method outlined in section[2l We consider only the
space-time exterior to either the collapsing shell or the event horizon. At early
times, using (@ [7), the metric () is simply

ds? = — <1 - ¥ + ;—2) du dv, (33)

so that the conformal factor is
Coarly (4,7) = C(r) =1 — ¥ + ;—z (34)
where C(r) is an implicit function of (u,v). From [B2), at late times we have
Fay=R_ 2 _ewm Fo=R-_ 1 e

du— h(ry) (2o — u) “do h(ra) (@ — )

(35)
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Therefore the metric (2) takes the form

du dv
2 _ it — —
ds* = —-C(r) o T du do, (36)
and the conformal factor is
Clate (U, 0) = C(r)F () F(v). (37)

We are interested in the difference in the expectation value of the stress-
energy tensor (T),,) (B at early and late times. As explained in section 2] the
first term in (B depends on the ranges of the coordinates (@, %) and hence is
the same at early and late times (since we have the same set of field modes at
both early and late times). The third term in (&) is also the same at both early
and late times, so, following [4l[I1] we focus on the second term, QTW = 0.
Consider 035; the calculation of 655 will proceed similarly.

At early times, using (17, B4]), we have simply

1 _ 1 1 1 1
carly .~ /¢, . —__— (Cz (C—a) 38
an 197 early < /—Cearly> - 1277 w ( )
and hence
2pearly _ 2early —%C% (c7t) . (39)
m ,uu

The calculation for late times is more complicated because of the relation-
ship (32) between the null coordinates (u,v) and (@, ). Using ([B7) we have

late __ _L, / 1 __
eﬂﬂ - 197 Clate <@>

-5 {f(u)Qc% (c) w TGP P (@) — %@f”(@} :
(40)

To compare the stress-energy tensors at early and late times as seen by a
static observer far from the black hole, we require the component 27.2*¢ in the
original exterior null coordinates (u,v). This is given by

2Tt = [F(w)] 72 e
1 1 _1 3 2 1 .
T lor {02 (C 2),uu T AF () [F'(w)]” - 2}-(&)3]: (u)} .(41)

Therefore the difference in the component (T, ) of the stress-energy tensor
between early and late times is

1 3 12 1 _
2rplate _ 2rpearly ! o 11
riye 21 = - e ) - )

h(ry)? B T3
1927 12
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where we have ignored terms which vanish as @ — g for late times, and

7, = M) (43)

is the Hawking temperature of the SadS black hole. The calculation of the
difference in the component (T, ) between early and late times proceeds in a
similar way and gives the same answer:

T3
12’

2T5z;te _ 2T53r1y _ (44)
again ignoring terms which vanish as v — vy = g for late times.

The final expression ([42)) for the difference in the component T, between
late and early times is the same as that found in [4] for an asymptotically
flat Schwarzschild black hole formed by gravitational collapse. However, the
difference in the other component (44]) vanishes in the asymptotically flat case
[4]. For an asymptotically flat black hole formed by gravitational collapse, at
late times there is an outgoing flux of thermal particles [4]. In the present case,
the outgoing flux in the T, component is matched by an incoming flux in the
Ty, component. We conclude that at late times the black hole is in thermal
equilibrium with a heat bath at the Hawking temperature.

5 Conclusions

In this paper we have considered a massless quantum scalar field on a two-
dimensional space-time describing a shell of matter collapsing to form a black
hole in anti-de Sitter (adS) space-time. Applying the techniques of quantum
field theory in curved space, the background geometry is purely classical and
we ignore the backreaction of the quantum field on the space-time geometry. At
early times, long before the shell starts to collapse, the scalar field exterior to
the shell is in the vacuum state, which is the state analogous to the Boulware
[13] vacuum on an eternal black hole space-time. We apply the method of
Davies-Fulling-Unruh (DFU) [4] to compute the difference in the renormalized
expectation value of the stress-energy tensor, (7),,), between early and late
times. At late times, we find that the Schwarzschild-adS (SadS) black hole,
formed by the gravitational collapse of the shell, is in thermal equilibrium
with a heat bath at the Hawking temperature. Therefore the quantum state
at late times is analogous to the Hartle-Hawking state [14] on an eternal black
hole geometry. We have studied a very simple two-dimensional toy model,
ignoring the backreaction of the quantum field on the space-time geometry,
and the scattering effects which are important for black holes in four or more
space-time dimensions.

In the introduction, we asked whether there is a state for SadS black hole
space-times which is analogous to the Unruh vacuum [2] for asymptotically
flat black holes. Our analysis has indicated that the state at late times for a
quantum field on a black hole in adS formed by gravitational collapse is in
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fact the Hartle-Hawking vacuum. It should be emphasised however, that our
choice of reflective boundary conditions on the adS boundary is crucial for
obtaining this result. For example, a toy model very similar to ours is studied
in [22], where it is concluded that the state soon after the black hole forms
will be analogous to the asymptotically flat space-time Unruh state (that is,
an outgoing flux of thermal radiation but no incoming flux). However, in [22]
reflecting boundary conditions are not imposed at Z. Another key part of
our analysis is that we have assumed that the shell collapses rapidly to form
the black hole. In [25], it was shown that the quantum field remains in the
Boulware-like state if the shell is lowered quasi-statically towards the event
horizon.

Our analysis makes no distinction between “small” and “large” (relative to
the adS length scale £) black holes, the latter of which are thermodynamically
stable [28] while the former are thermodynamically unstable and are there-
fore expected to evaporate. This is because we have considered a fixed (but
dynamical) space-time geometry and ignored backreaction effects, which may
be very significant for a collapsing shell of quantum matter in adS (see, for
example, [29]). It is known that even “large” asymptotically adS black holes
may evaporate if the boundary conditions on Z are changed, for example, by
coupling to an external field so that the adS boundary is at least partially
absorbing (see, for example, [30,[3TL32]). It would be interesting to extend our
work here to different boundary conditions on Z, but we leave this question
for a future investigation.
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