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Modeling Heterogeneity and Serial Correlation of Non-Life
Insurance Policyholders Using a GLM-HMM Framework
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L3Department of Actuarial Sciences, Hacettepe University
2School for Business and Society, University of York

Abstract

This study proposes a GLM modulated by a discrete-time Hidden Markov Model (HMM) for
modeling claims in non-life insurance. The model is based on the integrated use of HMM and
GLM under a longitudinal data structure. Each hidden state represents a risk regime defined by
its own GLM parameters. Transitions between states are considered under three assumptions:
homogeneous, heterogeneous, and autoregressive heterogeneous structures. These assumptions
allow for the modeling of hidden states using observable risk factors and past claim frequencies.
Thus, the GLM-HMM allows for the integrated evaluation of unobservable heterogeneity, the
impact of observed risk factors, and the indirect effect of past claim observations (serial correla-
tion) on transitions between states. Parameter estimation is performed using the Baum—Welch
algorithm. The performance of the estimation procedure is examined using simulation-based
datasets. Additionally, a five-year longitudinal portfolio of motor insurance is analyzed. GLM,
GLMM, ZIP, and GLM-HMM models are estimated using data from the first four years. Net
premiums and expected claims costs were compared for the fifth year. The findings demon-
strate that the GLM-HMM model better accommodates hidden states to risk changes. This
model provides a practical and interpretable structure from an actuarial pricing perspective.
The GLM-HMM approach differs from static models and continuous random effects models. It
represents hidden states in claims data in a clear and consistent manner. In this respect, the
study offers a flexible and applicable framework for dynamic risk classification.

Keywords: Heterogeneity, serial correlation, HMM, GLM, actuarial pricing

1 Introduction

Some shortcomings of traditional methods in insurance claims modeling stem from two main fac-
tors. These two factors can affect the accuracy of existing models. First, unobservable differences
between individuals (heterogeneity) constitute a significant factor. Second, past claims influence
future claims; this refers to serial correlation. Although these two factors are often treated as in-
dependent problems, both point to risk dynamics that evolve over time and are hidden from direct
observation.

Heterogeneity refers to cross-sectional differences among policyholders due to unmeasurable in-
dividual characteristics (e.g., driving style, lifestyle). On the other hand, serial correlation refers to
the longitudinal influence of previously observed claims on future claim behavior. These two factors



increase variability in the frequency and severity of claims, creating uncertainty in the accuracy of
the insurer’s predictions.

Several approaches have been developed in the literature to deal with these challenges. Gen-
eralized Linear Mixed Models (GLMMs) attempt to capture heterogeneity by modeling observable
risk factors through fixed effects and unobservable individual differences through random effects.
More information on GLMMs can be found in Renshaw (1994), McCulloch and Searle (2004), and
Denuit and Trufin (2019)). An alternative approach, credibility theory, estimates individual risk lev-
els using historical claims, but these models generally assume that risk remains constant over time.
Furthermore, individual risk models provide a method for assessing serial correlation and individual
risk factors. This assumption has been a point of critique in the literature (De Pril & Dhaene,
1992). Time series models have also been applied to account for serial correlation in claim frequency
(Harvey & Fernandes, [1989).

State space models (SSM), developed to model time-dependent heterogeneity, treat unobservable
risk factors as dynamically changing hidden/latent variables. For related literature, see Pinquet et
al. (2001)), Bolancé et al. (2003), Brouhns et al. (2003), Pinquet (2020a)), and Lu (2021)). However,
these models require strict assumptions about the functional form of transitions, which may limit
their flexibility. On the other hand, time series models such as INAR(p) and INGARCH have
been proposed to model serial correlation in claim processes. For related works, refer to Lu (2021)),
Davis et al. (2021), and Ahn et al. (2023). Moreover, Pinquet (2020b) and Ahn et al. (2021) have
provided solutions for dynamic random effects with ARFIMA(0,d,0) structures taking into account
risk exposure.

In addition to modeling temporal and cross-sectional variability, another important consideration
in insurance modeling is the dependence between claim frequency and severity. The traditional
assumption of independence between these two components has been increasingly challenged in
recent literature. Empirical and theoretical studies (e.g., Wang and Yuen (2005) and Yuen et al.
(2002)) have shown that modeling the joint distribution of frequency and severity, especially using
copula-based methods or conjugate priors, leads to improved risk assessments. Recent studies have
highlighted the feasibility of modeling claim intensity conditional on claim frequency. This has
been explored either by incorporating frequency as a covariate or through conditional claims models
(Garrido et al., 2016; Jeong & Valdez, 2020; Lee & Shi, 2019). This approach to conditional
dependence closely reflects the framework adopted in our study.

To address the limitations of treating heterogeneity and serial correlation separately, we propose
a unified approach: the Generalized Linear Model modulated by a Hidden Markov Model (GLM-
HMM), where unobservable individual risk factors are represented by time-evolving hidden states.
This approach makes it possible to flexibly model both time-varying heterogeneity and autocorrela-
tion within a single framework.

The GLM-HMM model classifies individual policyholders into hidden risk states, where each state
reflects its own unique claim frequency. Transitions are modeled with an autoregressive structure
based on the influence of past claims on future risk states. This allows the model to capture both
cross-sectional and temporal variation simultaneously.

Zero-inflated and related mixture models have also been widely used in insurance claim modeling
to account for excess zeros and unobserved heterogeneity (Bermudez et al., |2020; Sarul & Sahin,
2015; Yip & Yau, [2005)). These models typically assume a hidden binary structure that distinguishes
between a structural zero state (e.g., non-claiming policyholders) and a conventional claim-generating
process. While useful, such models are inherently static, lacking explicit transition dynamics between
hidden states. From this perspective, zero-inflated models can be interpreted as simplified, two-state
versions of our proposed GLM-HMM framework—where hidden states evolve over time based on
observed behavior. Including zero-inflated models in our empirical comparisons allows us to assess



the added value of incorporating dynamic state transitions and modeling the temporal evolution of
individual risk.

While this structure has been successfully applied in areas such as speech recognition, genetic
sequencing and finance, this is the first time it has been reconstructed in the context of insurance
claim modeling to represent risks that evolve at the individual level and over time. Unlike traditional
ARFIMA or GLMM-based models, GLM-HMM provides a dynamic framework that can capture
sudden behavioral changes.

The validity of the model is evaluated both with real data sets and extensive simulation analysis.
The findings show that the GLM-HMM structure captures unobservable heterogeneity and serial
correlation simultaneously, providing higher forecasting accuracy and flexibility.

The rest of this paper is structured as follows: Section 2 presents the technical details of the
GLM-HMM framework and the parameter estimation procedure. Section 3 contains the application
of the model on a real data set and its comparative analysis with traditional approaches. Section 4
summarizes the findings and discusses the overall contributions of the study.

2 Generalized Linear Models Modulated by a Hidden Markov
Model (GLM-HMM)

In this section, we develop a modeling framework that integrates longitudinal data using a GLM-
HMM. This approach accounts for unobservable factors affecting claim behavior over time, enabling
more accurate modeling of individual-level risk. Model parameters are estimated using the Expecta-
tion—Maximization (EM) algorithm, an iterative technique suited for models with hidden variables.
HMMs are widely used in time series analysis, including speech recognition, as demonstrated
by early work such as Baum et al. (1970) and more recent contributions like Kosaka et al. (2005]).
Beyond this, HMMs have been extended to various actuarial contexts: for claim count series Paroli
et al. (2000)), discrete-valued series MacDonald and Zucchini (1997), categorical series Bartolucci
et al. (2010), and even circular series Holzmann et al. (2006) and Monbet et al. (2007)). Their use
in modeling aggregate claims has also been explored by Oflaz et al. (2019). A core assumption
of HMMs is local independence: observed responses are conditionally independent given a hidden
Markov process. Interest in mixed Markovian analysis for longitudinal data has grown rapidly.
Discrete-time models interpreted as mixtures of hidden Markov chains have been proposed (e.g.,
Poulsen (1983)), Langeheine and Van de Pol (1990)). HMMs have also been integrated into GLM
and GLMM frameworks, incorporating fixed or random effects for Poisson or binary data. For in-
stance, Humphreys (1998]) models subject-specific random effects influencing transition probabilities,
while Seltman (2002)) applies HMMs to cortisol level trajectories. MacKay (2003)) introduces mixed
hidden Markov models (MHMMs), allowing fixed and random effects in both observed and hidden
components. Altman (2007) extends this to multiple processes, and Maruotti and Rydén (2009)
adopts a semiparametric approach using an inhomogeneous Poisson kernel for random effects.

2.1 Model descriptions

To address inherent heterogeneity in insurance portfolios, we propose a GLM-HMM framework
that introduces a hidden state process—modelled via an HMM-—to capture unobserved risk factors.
Observable covariates influence the outcome through a GLM, while unobserved heterogeneity is
dynamically handled through the HMM’s hidden states. This dual-layer model flexibly captures
both time-varying and individual-specific risk features.



To explore how different modeling assumptions affect claim frequency dynamics, we analyse
several extensions of the GLM-HMM based on alternative transition structures.

We consider a panel of M policyholders observed over T discrete time periods, indexed by
i=1,...,M and t = 0,...,T. Time t = 0 denotes the initial state, with no observed claims
(Nio =0,Y,0 =0), and ¢ > 1 refers to periods in which claims may occur. Figure [1| provides
a graphical representation of the data-generating process, where X, , C;;, N;:, and Y;; denote,
respectively, the observed covariates, hidden (unobserved) risk state, claim frequency, and aggregate
claim severity for policyholder ¢ at time ¢. The proposed extensions are highlighted by the red
arrows, which represent data-driven transition dynamics.

Figure 1: A graphical model of the proposed GLM-HMM for capturing the frequency-severity with
unobservable risk factors

Each individual’s covariates are represented as X;; € RP. The hidden state C;; € {1,...,m}
captures unobserved risk factors and evolves according to a discrete-time, first-order Markov process.
The observed response variables are the number of claims N; ; € N and the corresponding aggregate
claim amount Y; ; € Ry. Conditional on the hidden state C; ; and covariates X ;, the claim frequency
N; ; is modelled via a GLM from the exponential family. Similarly, conditional on N;; and X,
claim severity Y;; follows another GLM specification. These models are denoted by:

f(Ni,t | Ci,t = k,Xi,t) and f(Yi,t | Ni,tyXi,t);

depending on whether the outcome is discrete or continuous. Hidden state transitions are governed
by:

P(Ci,t =k | Ci,tfl = laNi,tflaXi,t) = q1,k|it>

allowing for dependence on prior state, observed covariates, and previous claim frequency. This
structure aligns with the mixed hidden Markov model (MHMM) framework introduced by Altman
(2007)), while incorporating features particularly relevant to non-life insurance settings. f(-) denotes
the probability distribution function associated with each response variable. For discrete outcomes
such as claim frequency, it corresponds to a probability mass function (pmf), while for continuous
outcomes such as claim severity, it denotes a probability density function (pdf). The notation P(-)
is used to represent the probability of an event, such as the initial hidden state or a transition in
the Markov process.

The claim frequency model is assumed to follow a distribution from the exponential family,



specifically characterized by the probability mass function:

n; 91‘ —a 91
f(Nig=mn54 | Cip =k, X;+) =exp (W) b(nit, ¢/vie),
it

N; ¢ is the observed claim count, C;; = k denotes the unobserved hidden state, X, ; represents the
vector of covariates, and v;+ is the exposure. The canonical parameter 6; . is linked to the linear
predictor via the function g(-):

g( zt) ztﬂk

where x;ﬁk represents the state-specific linear predictor.

Let Y; ; denote the aggregate claim severity. To avoid overfitting induced by conditioning directly
on the realized claim count, severity is modeled only for observations with at least one claim, i.e.,
conditional on N;; > 0.

Conditional on V; ; > 0 and covariates X ¢, claim severity is assumed to follow a distribution from
the exponential family,

it Vit — a(Vi
f(Yig =wyix [ Nip>0,X;4) = exp (y & g/ﬁ, b ’t)> b(yie, /i),
2,t

with canonical parameter 7y; ;. The corresponding linear predictor is specified as

g(’}/i,t) = xztwa

where g(+) is the log link and v is a vector of severity-specific regression coefficients. This conditional
formulation preserves the natural dependence between frequency and severity through the event
N, > 0, while preventing direct leakage of frequency information into the severity regression.

The complete-data likelihood for policyholder i, conditional on the hidden state sequence C; =
(Cit,...,Cir), is given by:

T
P(C;iq) HP(Ci,t|0i,t—1aNi,t—hXi,t)
———

e t=2 .
Initial state State transitions

T
x H FNit|City Xit)  f(Yie|Nig, Xit) -

t=1
Frequency model (pmf) Severity model (pdf)

This expression defines the complete data likelihood for policyholder i, incorporating the hidden
state process, the claim frequency model conditioned on the current hidden state, and the claim
severity model conditioned on both the observed claim count and covariates.

As the state sequence is unobserved C; = (C; 1, ..., C; 1), the marginal likelihood is obtained by
summing the complete data likelihood over all possible state paths in the finite set C7:

Y Li= ) P(N,Y;,Ci|X;)
C;eCT+1 c;ecT

T
Z P 7.1 HP 1t|Czt 1 7.t 1, zt Hf zt|C7,t;th) (Yvi,t|Ni,t7Xi,t)~
t=1

c;eCcT



Assuming independence across policyholders, the likelihood across all M policyholders is then:

M
= HE’L7
i=1

EH

H Z (;C“HP zt‘Czt 15 zt 1 zt)

i=1C;eCT t

J(Niw | Cipy Xi) f(Yiie | Nie, Xie)
1

where 6 denotes the vector of model parameters, and d¢, , specifies the initial distribution over
states. (See the details Altman, 2007)

Direct maximization of the marginal likelihood is computationally intractable due to the pres-
ence of unobserved hidden states. To address this, the Baum—Welch algorithm (a form of the EM
algorithm) is employed to iteratively estimate the model parameters. The transition probability
q,kjip denotes P(Ciy = k | Ciy—1 = I,Nijy—1,X;). The forward probabilities serve as a filter,
incorporating past information and updating beliefs as new data arrive:

air1(k) = Z%‘,t(l) Qi f(Nigr1 = nigrr | Cigrr =k, Xigy1)-
1=1
In contrast, backward probabilities refine parameter estimates by accounting for future observa-
tions not yet included in the forward recursion:

Bie(l) Z(H klit f(Nig1 = nigerr | Cippr = K, Xip41) B (k).
k=1
Together, these forward-backward recursions allow efficient computation of the posterior ex-
pectations of the hidden states. The state posterior probability 4y);+ and the transition posterior
probability 9 y|;; are given by:

i alt( )5z,t(k) P T— aiytfl()qlk\ztf( 1t‘Ct*k)ﬂzt( )
M S i) Bae (D) M T S i—1(3) djk f(Nie | Cie = k) Bre (k)

These expectations are subsequently utilized in the Maximization step (M-step), which aims to
maximize the expected complete-data log-likelihood. This optimization is typically carried out using
Newton-Raphson updates, yielding consistent and asymptotically normal parameter estimates (see
Cappé et al., 2009 Leroux, [1992).

Specifically, for parameter vector 6, the M-step maximizes:

M m
(o 1oy =>" { > ) log P(Ciy =1)
=1 =1

m

n
M= T
Ms
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estimates 6 from iteration 7.

The M-step then updates the parameters by maximizing £(6 | ™), subject to model constraints.
This typically involves solving nonlinear systems using iterative numerical methods such as Newton—
Raphson.

To examine the impact of modeling assumptions on the dynamics of the hidden state process,
we consider three nested specifications for the transition probabilities g ;. The first is the ho-
mogeneous assumption, in which transitions depend solely on the previous hidden state and remain
constant over time, i.e.,

(r)

where u and Uy ki ATC the posterior expectations from the E-step, computed using parameter

Qi = P(Cip =k | Ciy_1=1).

This is followed by a covariate-dependent assumption, where transitions are allowed to vary with
time-varying observed characteristics, given by

Qrjip = P(Cip =k | Cip1=1,Xi4).

Finally, we consider an autoregressive and covariate-dependent assumption, which additionally in-
corporates lagged claim frequency, allowing the transition dynamics to depend on the past claim
count as well:

Qijip = P(Cip =k | Ciyo1 =1, Niy_1, Xi).

This third specification generalizes the previous two and introduces greater flexibility to capture
temporal dependence and behavioral persistence in policyholder risk profiles. Further details on
each specification are provided in the subsections that follow.

Our approach extends the work of Altman (2007)), who developed MHMMs for longitudinal data
with covariate effects. In contrast, Verschuren (2022) introduced a hidden risk-profile framework
for experience rating, emphasizing empirical Bayes estimation. While both lines of work use hidden
Markov structures, our model differs in three important ways: (i) we jointly model claim frequency
and severity via GLMs; (ii) we allow for autoregressive transitions that account for claim history;
and (iii) we focus on structural modeling for risk segmentation, classification, and forecasting, rather
than pricing alone.

Thus, the contribution of this work lies in integrating frequency—severity modeling, dynamic
risk segmentation, and flexible state transitions into a coherent hidden-state framework, offering a
data-driven alternative to conventional GLM approaches in non-life insurance analytics.

2.2 Claim Frequency modeling under Alternative Transition Structures

We investigate how assumptions about the transition structure of the hidden states affect model
performance and interpretability. Specifically, we examine three versions of the GLM-HMM: the
first assumes homogeneous transition probabilities; the second incorporates heterogeneity through
observable covariates; and the third introduces serial dependence based on past outcomes. These
model specifications enable us to assess how different sources of heterogeneity—both observed and
unobserved—affect the modeling of claim frequency.

In all three transition structures, the GLM formulation for the observation model remains consistent,
ensuring comparability across model variants. Let the claim frequency denoted by N;; for policy i
at time ¢ and hidden state C; ; follow a Markov process as given below:

F(Ni|Cie =k, Xi4) = exp(ni ;¢ — exp(0i0))(ni )" (2)
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(a) Graphical model of the homo- (b) Graphical model of the hetero- (c) Graphical model of the GLM-
geneous GLM-HMM with hidden geneous GLM-HMM incorporating HMM with outcome-dependent se-
risk influencing claim counts observable covariates rial transition dynamics

Figure 2: Alternative transition structures for the GLM-HMM claim frequency modeling

Let z; + be a set of p covariates that define the canonical parameter according to the regression model
as follows:

g(ei,t | Ci,t =k, Xy = ﬂfz‘,t) = ln(ei,t) = I'thﬁk (3)

where By = (Bk,0,Bk1,-- -+ Bkp—1,Pkp) 1S & (p + 1)-dimensional vector of the unknown regression
coefficients for the hidden state k. (For further details on the Poisson GLM assumption, refer to the
Appendix.)

2.2.1 Baseline Model: Homogeneous Transitions

The baseline GLM-HMM assumes constant transition probabilities across individuals and time,
corresponding to a time-homogeneous Markov chain (see Figure . The observed count outcomes
follow a Poisson GLM with a canonical log-link function (see Equations [2| and . The complete-
data log-likelihood £(-) integrates both the observation (emission) distribution and the hidden state
dynamics.

The Markovian state transitions are specified by the conditional probabilities

Qrjig=PCip =k |Cir1=1), Qit={qrlit}l k=15

with initial state distribution &;; = P(C;1 = [). Under the time- and individual-homogeneous
assumption, the transition and initial probabilities are invariant across ¢ and t, i.e.,

0i =01, Q)i = Qk-

Given the posterior expectations ty; ; and 9y y|;,; from the E-step, the complete-data log-likelihood
under the homogeneous model is given by:

Z{Zumllogal +i

=1 t=2

m
> Okjie log gk

1 k=1

T m
+ZZ k|zt10gf zt—nzt|Czt k7Xi,t)}~

t=1 k=1
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The posterior expectations are computed via the forward—backward algorithm as:

fglgs = it (k) Bi (k) By ke = @i—1(1) qui f( 1t‘Ct*k Xit) Bii(k)
S S e B T T S v () gy F(Nie | Cre = K X 0) B (W)
Finally, the GLM parameters are estimated by solving the score equations derived from the

expected complete-data log-likelihood. For each hidden state [ € {1,...,m}, the score equations
take the form:

M T

Zzul\zt logf( it — nzt|czt zt) 07

i=1 t=1 8/6
where 3; denotes the vector of GLM coeflicients associated with state [. These equations are typically
solved via iterative numerical methods such as Newton-Raphson or Fisher scoring within the M-step
of the EM algorithm.

2.2.2 Heterogeneous Transition Assumption via Covariates

This extension generalizes the transition dynamics of the GLM-HMM by allowing transition proba-
bilities to depend on time-varying covariates via a multinomial logistic regression. Specifically, the
probability of transitioning from hidden state [ at time ¢t — 1 to state k at time ¢ for individual ¢ is
modeled as

— 57,
O+ 0 2t gy i,
1+ Zh:l eXP(*(ﬂl,h + 51 xi,t)) (5)
1
Pi,t(Ci,t = m|Ci,t71 =1, xi,t) = poe— yifl=m
14+ 30 exp(— (i + 6 i)

Pi,t(Ci,t = k|Cz',t—1 = lvxi,t) =

where z; ; € RP is the covariate vector for individual ¢ at time ¢, 1, is the baseline logit intercept
for the transition from state [ to k, and §; € R is the vector of regression coefficients associated with
state [. The final state k = m serves as the reference category to ensure identifiability.

Here, 1, 1, is the baseline logit intercept, and d; the vector of covariate effects. Since state m acts
as the reference, parameters are interpreted relative to it: positive values of 7, or J; increase the
likelihood of transitioning from state ! to m. The transition matrix P;; collects these probabilities
row-wise for each originating state [, ensuring that each row sums to one.

As in the baseline model, claim counts are modeled via a Poisson GLM. The complete-data
log-likelihood becomes:

T m m
Z { Zum 11088+ >ty pjialog P(Ciw =k | Cio1 =1, X;4)

i=1 t=2 |=1 k=1

+Zzuk\zt10gf it =mnit| Cie =k, th,ﬁk)}

t=1 k=1

The posterior expectations are again computed via the forward-backward algorithm:

Gt s — Oéi,t(k)ﬁi,t(k) B, — Oéi,t—l(l)‘Jlkutf( zt|C1t*k th)ﬂu()
Mot S (1) B () S S i (D) @i f(Nig | Cot = s Xog) Bin(R)

The parameter estimates are obtained by solving the following estimating equations:
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M m
N 0
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These equations are typically solved iteratively during the M-step of the EM algorithm, using
numerical optimization techniques such as Newton-Raphson or Fisher scoring.

2.2.3 Autoregressive Heterogeneous Transitions via Past Claims and Covariates

This specification extends the transition structure by allowing transition probabilities to depend on
both time-varying covariates and the past claim count. Specifically, the probability of transitioning
from hidden state [ at time ¢ — 1 to state k at time ¢ for individual ¢ is modeled as

exp(—(muk + 6 @i + unip—1))

L+ m o exp(—(mn + 6] @i + qunie—1))
1

Piy(Cip =m|Ciy1 =1, Ti,nip1) = Cifk=m,

1+ exp( (M + 6 ie + cumie—1))

Pi(Ciy =k|Ci—1 =lLxig,nip—1) =

, if 1 #m,
(7)

where, 17,5 is the baseline logit intercept, §; the vector of covariate effects, and «a; captures the
autoregressive dependence on past claims. Since state m acts as the reference, parameters are
interpreted relative to it: positive values of 7k, §; or, a; increase the likelihood of transitioning
from state [ to m.

Claim frequency continue to follow a Poisson GLM, and the complete-data log-likelihood takes
the form:

Z Oy it log P(Cip =k [ Cig—1 =1, Nijp—1, Xit)
1 k=1 ®)

T m
+ZZ \ztlogf t_nzt|ct—szt)}

t=1 k=1

NE

i{i iigji,1 log 81+

=1 t=

(V)

l

The posterior expectations dy;; and 9y );; are computed via the forward-backward algorithm:

Gt s = Oéi’t(k) Bi’t(k) B o O‘i,tfl(l) q k|1tf( it | Czt = k Xz t) Bz t( )
M S (1) B () M T S S 1 (D) @ik f(Nit | Cig = ks Xi) Bin (k)

where g i = P(Cip =k | Cipo1 =1, Niy—1, Xit).
Parameter estimation proceeds by solving the following system of equations:
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These estimating equations are typically solved numerically during the M-step of the EM algo-
rithm.

In the following section, we present a simulation study evaluating the estimation performance
across three transition assumptions: homogeneous, heterogeneous, and autoregressive heteroge-
neous.

3 Simulation Study: Investigating Claim Frequency Dynam-
ics under Varying Model Assumptions

In this section, simulation analysis is designed to evaluate the statistical performance of the pro-
posed prediction procedure under different panel sizes and time horizons. Various experimental
scenarios are considered where the number of time periods is defined as (T in 5, 10, 50) and the
number of observational individual/units as (N in 100, 1000, 2000, 3000). In the simulation se-
tups, transition probabilities are examined separately within the framework of alternative transition
structures presented in the previous section: (i) the base model with homogeneous transitions, (ii)
heterogeneous transitions via observable covariates, and (iii) autoregressive heterogeneous transition
structures involving past claims and covariates. Simulation parameters are as follows: homogeneous
transitions are presented in Table heterogeneous transitions based on covariates in Table
and autoregressive heterogeneous transitions including past claims in Table [3.3]

In heterogeneous and autoregressive heterogeneous models, the tables present parameters for all
state transitions under a multilogistic formulation. For the definition in Equations and , the
intercept parameter (basic transition trend, 13 3) of the reference state is not defined.

Transition Probabilities (Homogeneous) | GLM Parameters
Parameters [ k=1 k=2 k=3 B = (811, 51,2)
) qik 1 090 0.10 - (-1.00,-1.00)
Case 1: 2-State o 2 0.90 0.10 ; (1.00,-0.50)
a1k 1 04 04 0.2 (-1.00,-1.00)
Case 2: 3-State G2k 2 030 040 0.30 (1.00,-0.50)
43k 3 0.00 0.20 0.80 (2.00,2.00)

Table 3.1: Benchmark parameter values used in the simulation study for the homogeneous transition
model, including transition probabilities and associated Poisson GLM coefficients.
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Heterogeneous Transition Parameters GLM Parameters
Parameters [ k=1 k=2 k=3 ) g B
Nk 1 -2.00 -0.50 - 0.50 0.25 (-1.00,-1.00)
N2k 2 -0.50 -2.00 - 0.75 0.50 (1.00,-0.50)
N3k 3 050 -0.50 - 1.00 0.75 (2.00,2.00)

Table 3.2: Benchmark parameter values for the simulation study under the heterogeneous transition
model, reporting transition logits (n;), covariate effects (9;),and GLM parameters (5;).

Autoregressive Heterogeneous Transition Parameters | GLM Parameters
Parameters [ k=1 k=2 k=3 ) o) I57}
Mk 1 -2.00 -0.50 - 0.50 0.25 (-1.00,-1.00)
T2k 2 -0.50 -2.00 - 0.75  0.50 (1.00,-0.50)
N3k 3 050 -0.50 - 1.00 0.75 (2.00,2.00)

Table 3.3: Benchmark parameter values for the simulation study under the autoregressive het-
erogeneous transition model, including transition logits (n;), covariate effects (¢;), autoregressive
coefficients (oy), and GLM parameters (5;).

Each hidden state C;; = [ represents a Poisson GLM component defined by state-specific pa-
rameters: 8; = (01,1, f1,2)- Negative coefficients represent the low-risk state, medium coefficients the
medium-risk state, and positive coefficients the high-risk state. The transition structure is designed
to minimize transitions between States 1 and 3, while State 2 serves as a moderate buffer state.

Under the homogeneous assumption (see Section , the number of time periods is set to
T =5, and the number of observational units is set to N = 1000, 2000, and 3000. Two configurations
are examined: a 2-state model (Case 1) and a 3-state model (Case 2). Under heterogeneous (see
Section and autoregressive heterogeneous assumptions (Section , two configurations are
considered. Case 1 consists of a 3-state model with (N, T) combinations of (50,100), (5,1000), and
(10,1000), to evaluate the effect of the number of time periods. Case 2 also uses a 3-state model;
here, the (N,T) combinations are (5,1000), (5,2000), and (5,3000) to evaluate the effect of the
number of observational units/individuals.

To evaluate the performance of the estimation procedure, setups established under each assump-
tion are repeated 100 times, and performance criteria are obtained from these repetitions.

Under heterogeneous transition and autoregressive heterogeneous assumptions, the intercept pa-
rameters 75, define the basic transition trends. Since the linear predictors enter the exponential
function with a negative sign in Equations and , more negative values of 7, correspond to
higher transition probabilities relative to the reference transition. For the departure state | = 1,
if 7911 = —2.00 and 7; 2 = —0.50, then, taking into consideration all other elements constant, the
probability of transition in State 1 is higher than the probability of transitioning to State 2. For
the departure state [ = 2, 72 2 = —2.00 indicates high persistence within State 2, while 13 ; = —0.50
reflects a lower probability of transition to State 1. For the departure state I = 3, 132 = —0.50 de-
scribes a tendency to transition to State 2, whereas 73 ; = 0.50 implies a relatively weaker probability
of transition to State 1.

The covariate coefficient (d;), representing observable risk factors, influences the transition prob-
abilities. This coeflicient is represented with negative signs in Equation and Equation .
Accordingly, positive values of §; increase the transition probabilities from the current state (which
is different from the reference state) to the reference state (M = 3), whereas negative values decrease
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these probabilities. Conversely, the effect is reversed when the current state is the reference state
(M = 3). For example, if §3 = 1.0, increasing z; ; reduces the probability of transition from State 3
to a different state and reinforces persistence in that state.

In the autoregressive heterogeneous transition assumption, the parameter «; introduces depen-
dence on the previous claim count N, ;_;. Due to the negative sign in Eq. , positive values of
«y imply that higher past claim counts increase the probability of transition from the current state
(which is different from the reference state) to the reference state (M = 3). The effect is reversed
when the current state is the reference state. For example, if J3 = 1.0, increasing z; ;+ reduces the
probability of transition from State 3 to another state and reinforces persistence in that state.

The multinomial logit formulation, which defines transition probabilities, provides an interpre-
tation of transition probabilities by using odds ratios relative to a reference state. Overall, this
parameterization yields hidden states for heterogeneity and comprehensible dynamical patterns by
including observable risk factors and autoregressive effects.

The summary results of the estimators obtained based on the simulation study are presented in
Tables [ATHA5] The GLM-HMM estimation procedure demonstrates its ability to accurately es-
timate homogeneous, heterogeneous, and autoregressive heterogeneous transition probabilities with
low bias, SD, and MSE.

The results of estimators (GLM (5. )-HMM(Q)) under the homogeneous transition assumption
are presented in Table As the sample size increases, the SD and MSE decrease in Case I and
Case II. These patterns are shown graphically in Figures [3al{3b}

The results of estimators (GLM (5. )-HMM (5. ,d.)) under the heterogeneous transition assump-
tion for Case I are presented in Table The results of estimators for Case I demonstrate significant
similarity in SD and MSE values across configurations (N, T') = (100, 50) and (1000, 5). This com-
parison is be explained by the fact that both configurations, (N,T) = (100, 50) and (1000, 5), have
the same total number of observations (N - T = 5000). In contrast, the SD and MSE are lower in
the (N,T) = (1000,10) configuration compared to the (100,50) and (1000, 5) setups. These pat-
terns for Case I are illustrated in Figure The decrease in SD and MSE values as the number of
observations increases suggests the efficacy of the estimation procedure.

The results of estimators (GLM (8. )-HMM (7. ,d.,«.)) under the autoregressive heterogeneous
transition assumption for Case I are presented in Table[A-4] The summary results of the estimators
under the autoregressive heterogeneous transition assumption are consistent with those obtained
under the heterogeneous transition assumption. These results for Case I are shown in Figure
As the number of observations increases, the SD and MSE decrease, impyling that the estimation
procedure is effective.

The summary results of the estimators for Case II are shown in Tables[A-3{AF for both heteroge-
neous transition and autoregressive heterogeneous assumptions. The transition parameters 7, i,
and the autoregressive coefficients «; exhibit increased efficiency with larger N when the transition
matrix is sampled more frequently. These results for Case I are shown in Figures illustrate
the results for Case II.

Under each transition assumption, it is observed that the 3. coefficients of the GLM have low
SD and MSE values. On the other hand, under the assumption of homogeneous transition, the SD
and MSE values of the estimators of transition probabilities are seen to be very close to the GLM
parameters. However, in heterogeneous and autoregressive heterogeneous transition assumptions, it
has been seen that the SD and MSE values of the parameters that direct the transition probabilities
(n.,., 0., and « ) are relatively higher. The main reason for this is that in the EM algorithm,
forward and backward filtering stages are carried out on transition probabilities, and the parameters
are estimated based on posterior probabilities following these stages. It is seen that some deviations
in the estimated parameters can lead to more limited deviations in transition probabilities. In
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Figure 3: Estimator performance under the homogeneous assumption.

this context, the transition probability matrices obtained using the actual values and the estimated

parameters are compared.

The comparison of the transition probability matrices is performed using the root mean square
error (RMSE) between the matrices computed from the true parameters and those obtained from
parameters estimated under different configurations, assuming an autoregressive heterogeneous tran-
sition structure. Transition probability matrices are evaluated considering different values of the
variables Zeurr € {0.25,0.5,0.75} and yprev € {0,1,2}. The RMSE value for each covariate combi-

nation is calculated as follows:

]
RMSE = [+ > (Qfi - Qi")”,
L,k
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Figure 4: Heterogeneous assumption (3-State).

where M = 3 denotes the number of transition states.

Figure[6]illustrates the RMSE trajectories of the transition probability matrices across 100 simula-
tion replications for each sample size-time configuration. These trajectories highlight the variability
in estimation error under different N and T settings.

Table [3.4] demonstrates that RMSE values are consistently low across simulation configurations.
For example, the minimum RMSE is approximately 0.005 for configurations such as (N = 1000, T =
10) and (N = 100,7 = 50). In addition, the mean and median RMSE values decrease as either
the number of individuals/units N or the number of time periods 7" increases, indicating improved
accuracy in estimating transition probabilities. The interquartile ranges (Q1-Q3) are relatively nar-
row across all configurations, suggesting limited variability in estimation error. Although relatively
large maximum RMSE values are occasionally observed, the overall distribution of RMSE remains
well concentrated, supporting the robustness of the transition probability matrix estimation under
the autoregressive heterogeneous transition assumption.
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Figure 5: Autoregressive heterogeneous assumption (3-State).

4 Model Comparison and Net Premium Calculation in Mo-
tor Insurance

In this section, five distinct models are compared to predict claims in a motor insurance portfolio.
The analysis is based on the Poisson GLM, GLMM, Zero Inflated Poisson GLM (ZIP), and GLM-
HMM frameworks. Using a longitudinal motor insurance dataset, parameter estimates for these
models are based on observations from the first four years. Based on these estimates, a comparative
analysis is conducted regarding net premiums and total claims costs for the fifth year.

4.1 Dataset Description

The longitudinal dataset of motor insurance policies considered in this study is seen by Guillen et al.
for details. The data consist of annual policy-level observations for customers observed over
five years (2010-2014). Each policyholder is uniquely identified by a policy identification number
(PolID), and observations are ordered by year and policy number within each year.
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Figure 6: RMSE trajectories of transition probability matrices across simulation replications for
each sample size—time configuration.

Configuration Mean Min Max Q1 Median Q3
N=100 T=50 | 0.0390 | 0.0051 | 0.1962 | 0.0361 | 0.0561 | 0.0841
N=1000 T=5 | 0.0362 | 0.0083 | 0.2196 | 0.0411 | 0.0594 | 0.0841
N=1000 T=10 | 0.0271 | 0.0048 | 0.1655 | 0.0242 | 0.0381 | 0.0579
N=2000 T=5 | 0.0290 | 0.0083 | 0.1851 | 0.0296 | 0.0448 | 0.0642
N=3000 T=5 | 0.0259 | 0.0059 | 0.1892 | 0.0262 | 0.0397 | 0.0580

Table 3.4: Descriptive statistics for RMSE values of transition probability matrices across simulation
configurations.

The dataset includes demographic characteristics (gender, policyholder age, and customer senior-
ity), vehicle characteristics (vehicle age and engine power), policy characteristics (payment frequency,
presence of a second driver, number of policies held by the insured, and region of residence), and
claims experience. In this study, only variables related to motor insurance are considered; infor-
mation on home insurance is excluded from the analysis. Furthermore, five-year observations are
considered for each policy.

Claims information includes the annual number and amount of claims measured per policy year.

The dataset comprises annual observations for 13,284 distinct motor and home insurance poli-
cies, yielding a total of 122,935 policy-year observations. To mitigate computational time, model
estimations are conducted on subsamples obtained through Simple Random Sampling Without Re-
placement (SRSWOR).

Stratified sampling is applied to increase the representativeness of the estimation samples. Strata
are determined based on combinations of key risk and demographic variables such as claim count,
engine power, insured age, gender, and vehicle age; each unique combination forms a stratum.
Descriptive statistics for the complete dataset and random sample are shown in Table [A6]
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4.2 Comparative Evaluation of Predictive Models

This section provides a comparison of the predictive performance of various claim frequency models.
The comparison begins with the GLM, ZIP, GLMM, and then extends to hidden-state models
developed within the GLM-HMM framework. The Poisson GLM-HMM model is estimated under
three different transition specifications: (i) Homogeneous transitions: a time-independent transition
matrix; (ii) Heterogeneous transitions: transition dynamics driven by observable covariates; and (iii)
Autoregressive heterogeneous transitions: transition dynamics that depend on past hidden states as
well as observable covariates.

Model AIC BIC Deviance LogLik Parameter Estimate SE  tStat pValue

Bo -4.66 0.33 -14.02 < 0.001

GLM 1167 1187 961 -580 b1 1.18 0.53 2.23 0.0257

Ba 1.02 021 4.83 < 0.001

Bo -4.66 0.33 -14.02 < 0.001

b1 1.18 053 2.23 0.0258

GLMM 38451 38478 961 -580 3, 1.02 021 483 <0001
o ~0 - - -

@ 2.96 0.19 1547 < 0.001

Bo -1.83 044 -4.18 < 0.001

ZIP 1010 1037 802 -0 B1 1.50 0.63 2.39 0.0171

Ba 0.90 0.27 3.36 < 0.001

Table 4.1: The results of estimated parameters the base models : GLM, GLMM and ZIP

The results for the GLM, GLMM, and ZIP models are presented in Table [{d] In GLM, the
intersection term and all three coefficients representing engine power and the second driver indicator
are found to be statistically significant, providing a robust and reliable reference point for subsequent
hidden state modeling.

To account for unobserved group-level heterogeneity, a GLMM model including random intercept
was also estimated. As shown in Table [£.1] GLMM presents identical log-likelihood and bias values
to GLM, and the estimated variance of the random intercept is zero. This finding indicates the
absence of significant within-group variability and reveals that GLMM is equivalent to standard
GLM in terms of model fit. Although this equivalence exists, GLMM exhibits significantly higher
AIC and BIC values as a result of the penalty applied due to the additional random effects structure,
which does not contribute to explanatory power.

The ZIP model suggests an alternative approach to handling excess zeros by dividing the data
process into two components: a structural zero component and a counting component. The model’s
inflation parameter, «, was found to be statistically significant, indicating the presence of zero
inflation in the data. In the claim frequency modeling based on the ZIP model, while the intercept
and second driver effects retain their statistical significance, the coefficient related to the motor power
does not retain statistical significance. This supports the idea that the zero inflation component
effectively absorbs the variation that would otherwise be allocated to the covariates in the Poisson
GLM.

The presence of zero inflation, and the ZIP model demonstrates improved model fit compared
to the GLM according to the AIC and BIC criteria. However, in both models, the unobservable
heterogeneity that the proposed approach aims to capture with the hidden state structure is not
represented.

18



Tables present parameter estimation results, including AIC and BIC values, for Poisson
GLM-HMM models with 2 to 4 hidden states. Compared to the GLM and ZIP, all GLM-HMM
formulations are found to have lower AIC and BIC values. These results support that integrating
unobserved heterogeneity and temporal dependence, through hidden state transitions, significantly
improves model fit, with GLM-HMM models.

The Homogeneous The Heterogeneous The Autoregressive
Heterogeneous

GLM-HMM GLM-HMM CLM_HMM

State | Par. Est. SE tStat  pValue Est. SE tStat  pValue Est. SE tStat  pValue
B1,0 -9.78 13.20 -0.74 0.4588 -9.82 13.29 -0.74 0.4597 -9.82 13.2 -0.74 0.4596
1 B1,1 -4.45 25.37 -0.18 0.8609 -4.44  25.50 -0.17 0.8618 -4.44 254 -0.17 0.8618
B1,2 0.07 16.93  0.00 0.9967 | -0.05 17.76  0.00 0.9976 | -0.06 17.8  0.00 0.9971
B2,0 -3.70 0.34 -11.0 0.0000 -3.67 0.34 -10.9 0.0000 -3.67 0.34 -10.9 0.0000
2 B2,1 1.39 0.53 2.64 0.0082 1.37 0.53 2.59 0.0095 1.37  0.53  2.60 0.0094
B2,2 1.04 0.21 4.89 0.0000 1.04 0.21 4.90 0.0000 1.04 0.21  4.90 0.0000
AIC 920.89 916.92 920.55

BIC 986.76 982.79 999.59

Table 4.2: Comparison of GLM Parameter Estimates Across Homogeneous, Heterogeneous, and
Autoregressive 2-State GLM-HMM

The Homogeneous The Heterogeneous The Autoregressive
Heterogeneous

GLM-HMM GLM-HMM GLM_HMM

State | Par. Est. SE tStat  pValue Est. SE tStat  pValue Est. SE tStat  pValue

Bio | -9.39 12.71 -0.74 0.4601 | -9.42 12.74 -0.74 0.4598 | -9.38 12.92 -0.73  0.4678
1 B1,1 | -4.20 24.60 -0.17 0.8646 | -4.19 24.64 -0.17 0.8651 | -4.13 24.87 -0.17 0.8681
Bi2 | -0.48 18.23 -0.03 0.9792 | -0.50 18.41 -0.03 0.9783 | -0.62 19.39 -0.03 0.9746

B2,0 3.76 1.87 2.01 0.0447 3.84 1.89 2.04 0.0415 3.74 1.88 1.99 0.0462
2 B2,1 | 279 815  -3.43 0.0006 | -28.2 822 -3.43 0.0006 | -28.4 816 -3.49  0.0005
B2,2 6.07 1.60 3.80 0.0001 6.08 1.61 3.78 0.0002 6.08 1.60 3.81 0.0001

B30 | -420 037 -11.3 0.0000 | -4.14 037 -11.2  0.0000 | -4.14 0.37 -11.2  0.0000
3 B83,1 2.96 0.55 5.34 0.0000 2.89 0.55 5.23 0.0000 2.89 0.55 5.23 0.0000
B3,2 | -0.11 0.34 -0.32 0.7508 | -0.07 0.34 -0.22 0.8243 | -0.09 0.34 -0.25 0.8013

AIC 827.64 825.10 839.67

BIC 946.21 943.66 977.99

Table 4.3: Comparison of GLM Parameter Estimates Across Homogeneous, Heterogeneous, and
Autoregressive 3-State GLM-HMM

Under three transition assumptions (homogeneous, heterogeneous, and autoregressive heteroge-
neous), the estimated GLM components of GLM-HMM exhibit comparable values for all the assigned
hidden state numbers (2, 3, and 4). This consistency demonstrates that the model maintains similar
regimes or groups of GLM parameters regardless of the assumed transition structure. This supports
the idea that the proposed GLM-HMM framework successfully captures unobserved heterogeneity
and temporal dependence.

When investigating parameter estimations for GLM-HMM models with 2-4 hidden states, it is
observed that some GLM covariates for hidden states are not statistically significant. This finding
is expected considering that some HMM states represent low-intensity or nearly constant processes
(e.g., zero inflation). In such cases, the limited effective sample size or the largely constant depen-
dent variable leads to high standard errors and, consequently, statistically insignificant coefficient
estimates. In contrast, hidden states with higher event frequencies or variability in the dependent
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The Homogeneous The Heterogeneous The Autoregressive
Heterogeneous

GLM-HMM GLM-HMM GLM_HMM

State | Par. Est. SE tStat  pValue Est. SE tStat  pValue Est. SE tStat  pValue

B1,0 -9.01 12.8 -0.70  0.4811 -9.03 129 -0.70 0.4854 | -9.04 13.0 -0.70 0.4870
1 B11 -4.02 245 -0.16 0.8701 -4.01 248 -0.16 0.8714 | -4.03 249 -0.16 0.8716
B1,2 -0.43 18.1  -0.02  0.9812 -0.55 19.1  -0.03 09771 | -0.55 19.2  -0.03 0.9773

B2,0 -9.01 12.8 -0.70  0.4815 -9.01 129 -0.70 0.4867 | -9.03 13.0 -0.69 0.4875
2 B2,1 -4.02 245 -0.16 0.8702 -4.01 24.8 -0.16 08717 | -4.02 249 -0.16 0.8717
B2,2 -0.43 18.1 -0.02  0.9811 -0.55 19.1 -0.03 0.9770 | -0.55 19.2  -0.03 0.9773

83,0 4.02 1.86  2.16 0.0307 4.06 1.85  2.20 0.0280 4.08 1.86 2.19 0.0283
3 B3,1 | -27.84 8.06 -3.45 0.0006 | -28.33 7.99 -3.55 0.0004 | -28.4 8.06 -3.53 0.0004
B3,2 6.02 1.58  3.82 0.0001 6.01 1.56  3.85 0.0001 6.03  1.57 3.84 0.0001

Ba,0 -3.99 037 -10.7  0.0000 -3.91 0.37 -10.5 0.0000 | -3.91 0.37 -10.51  0.0000
4 Ba 3.07 0.56  5.52 0.0000 2.98 0.55  5.38 0.0000 2.98 0.55 5.37 0.0000
Ba,2 -0.11 0.34 -0.31  0.7540 -0.06 033 -0.19 0.8526 | -0.08 0.34 -0.23 0.8209

AIC 782.00 785.71 793.64

BIC 966.43 970.13 1004.41

Table 4.4: Comparison of GLM Parameter Estimates Across Homogeneous, Heterogeneous, and
Autoregressive 4-State GLM-HMM

variable processes produce statistically significant and interpretable parameter estimates.

In the 2-state model (Table , the state-specific GLM condition is found to have a signif-
icantly negative intercept and covariate coefficients in state 1. This finding is consistent with a
low-expectation state where the predicted claim numbers are close to zero; consequently, negligible
covariate coeflicients are expected under this condition. In contrast, state 2 demonstrates significant
covariate effects and corresponds to a state with higher predicted claim frequency. Taken together,
these results reveal that state 1 represents a low-risk state, while state 2 represents a high-risk state.

In the 3-state model (Table , state 1, state 2, and state 3 exhibit distinct parameter patterns.
As in the 2-state specification, State 1 represents a low-risk state characterized by a significantly
negative intercept and covariant coefficients. The coefficients in State 2 are large and statistically
significant, which may indicate a clearly defined high-risk state. In State 3, some coeflicients are sig-
nificant, whereas others are not, which may suggest an intermediate or mixed-risk state. Nonetheless,
it is not straightforward to rank State 2 and State 3 in terms of overall “riskiness,” as the expected
claim counts depend on the covariate values within each state.

Consider two policies with the same engine power (140 HP) but different values on the second
driver display. ((z1,,%2,) = ([140, 0], [140,1])) The linear estimators corresponding to these policies
are calculated as follows:

9(07,) =3.74—28.45-0+6.08-140 = 6.79,  g(6},) = —4.14+2.89- 0 — 0.09 - 140 = —4.18,
g(03,) =3.74—28.45-1+6.08- 140 = —21.67,  g(3,) = —4.14+2.89-1 —0.09 - 140 = —1.29.

This numerical illustration demonstrates that risk expectations are a combined function of both
hidden state and observable covariates. In particular, the interaction between observable factors such
as engine power and the presence or absence of a second driver indicator is distinctly characterized in
state 2 and state 3 as defined above in the GLM specification. Consequently, GLM-HMMs provide
a flexible framework for capturing the interaction between observable risk factors and underlying,
unobservable heterogeneity. However, direct risk ranking due to this interaction may not always be
possible.

Finally, for the 4-state model (Table [£.4)), two of the hidden states exhibit almost identical
coefficients and p-values. This result indicates that the additional state does not add a significant

20



behavioral difference to the model. Therefore, it suggests that the model may be overparameterized.
This result is characteristic of overparameterized finite mixtures and HMMs, where additional states
tend to introduce redundancy rather than meaningful differentiation, as discussed in Frithwirth-
Schnatter (2006) and McLachlan et al. (2019).

Model State | k=1 k=2 k=3
GLM-HMM | I=1 | 0.72 0.27 0.01
1=2 | 0.56 0.44 0.01
M=3 1=3 | 0.26 0.02 0.72

Table 4.5: Estimated transition probabilities under the assumption of the Homogeneous GLM-HMM

Transitions

State Estimate SE  tStat pValue
Parameters

m,1 -3.71 0.17 -21.28 0.0000

k:1 1,2 -2.18 0.18 -12.06 0.0000
01 -0.72 0.68 -1.06 0.2881

2,1 -2.96 0.22 -13.40 0.0000

k:2 72,2 -3.34 0.22 -15.22  0.0000
O -0.57 0.80 -0.71  0.4750

13,1 0.81 0.08 10.50  0.0000

k:3 73,2 2.57 0.15 16.82  0.0000
03 -0.11 0.21 -0.52  0.6040

Table 4.6: Estimated transition parameters under the assumption of the Heterogeneous GLM-HMM
with covariates

Estimates of transition probabilities/parameters for GLM-HMMs under three different transi-
tion assumptions (homogeneous, heterogeneous, and autoregressive heterogeneous) reveal several
important findings regarding the model’s structure as reported in Tables and The
analysis shows that the constant transition components, represented by 1) 5, which define the base-
line transition probabilities, are statistically significant in both heterogeneous and autoregressive
heterogeneous models. However, the coefficients associated with heterogeneous and autoregressive
heterogeneous transition mechanisms—specifically §; (associated with observable risk variables) and
oy (associated with past-claims effects)—are generally statistically negligible. This observed pat-
tern suggests that the inclusion of covariant-driven or autoregressive dynamics does not significantly
enhance the model’s ability to represent state-switching behavior. This supports the idea that a
homogeneous transition structure is sufficient.

Comparing AIC and BIC values across the three transition assumptions consistently shows that
the homogeneous transition model yields lower values than the others for each number of hidden
states tested. This preference for a simpler structure compared to the other two assumptions is
strongly supported by the model selection criteria. These results reinforce the conclusion that
increasing complexity in the transition mechanism does not improve model performance in this
context.

Consequently, the homogeneous transition assumption is considered the most suitable option for
the analyses presented in the following section.
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Transitions

State Parameters Estimate SE  tStat pValue
M1 -4.01 0.20 -19.98 0.0000

1 mM,2 -0.91 0.23 -3.93 0.0001
' o1 -0.69 0.77  -0.90  0.3691
% -0.37 1.25 -0.30 0.7671

N2,1 -1.31 0.25 -5.27  0.0000

12 12,2 -4.05 0.23 -17.93 0.0000
' 02 -0.46 0.80 -0.58  0.5622
ag -0.44 1.43 -0.31 0.7582

3,1 0.95 0.08 11.94  0.0000

3 73,2 2.31 0.13 17.30  0.0000
' 03 -0.12 0.22 -0.58  0.5652
Qs -2.17 0.69 -3.14  0.0017

Table 4.7: Estimated transition parameters under the assumption of the Autoregressive Heteroge-
neous GLM-HMM with past claims and covariates

4.3 Expected Net Premiums with Incorporating Claim Severity

Building upon the frequency analysis performed in the previous section (estimated by the GLM, ZIP,
and GLM-HMM models), a claim severity component is added at this stage to obtain the expected
net/pure premiums or the expected claim cost ﬂ Since claim severity is observed only when at
least one claim occurs, the severity model is constructed based on positive frequency results. This
approach is consistent with standard actuarial practices and provides consistency with the structure
of the previously estimated frequency models.

Let N, ; denote the claim frequency for policyholder ¢ in year ¢, and define the indicator

Ii,t = 1{Ni,t > 0}
For all observations with I; ; = 1, we estimate a Gamma GLM with log link of the form

S
YY) ~ Gamma(pis, ), log(uis) = ao +aXiy, (10)
where Yl(f ) is the positive claim severity.
The fitted severity model provides an estimate of the conditional expectation

B | Niy > 0).

In order to calculate the expected net premium, the severity model is explicitly integrated with
each of the three frequency models mentioned above. Regardless of the specific claim number
distribution used, the expected claim cost is formally expressed as follows:

Nt
E[Sis] = P(Niy > 0)E | > Y7 | Niy >0

)

m=1

I The terms expected net premium, pure premium, and claim cost are used interchangeably in the actuarial litera-
ture. All refer to the expected claim amount and differ only in terminology, not in definition. In this paper, the term
net premium is adopted as the principal term, while claim cost is used as a descriptive synonym where helpful.
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In the Poisson GLM, P(N;; > 0) =1 —exp(—X; ).
In the ZIP model, the claim occurrence probability (P(N; ) > 0) is adjusted for zero inflation and
equals

P(Niy >0)=(1—e%) (1—e ),

where o denotes the parameter of zero-inflation.

In the GLM-HMM frequency model, the claim occurrence probability (P(N;:) > 0) is obtained by
integrating the state-specific Poisson densities with the predicted state probabilities. When using
the corrected state probabilities or the stationary distribution of the three-state homogeneous model,
the probability of claim occurring is expressed as follows:

P(N;, > 0) = iyi,t,l(k) i@i,t(k, 01 -exn(-21)]
k=1

=1

Here, )\ilz is the expected value of the Poisson distribution for the hidden state I; v; ;—1 (k) represents
the probability of being in state k at time ¢ — 1.

The gamma-based severity model is considered with each frequency specification (GLM, ZIP, and
the proposed three-state homogeneous GLM-HMM), including covariates where necessary or using
only the intercept term. In this context, the hidden state dynamics of each individual/policyholder
are examined in detail, and the impact of these dynamics on expected costs is analyzed. The
calculated net premiums reflect the combined effects of both observed risk factors and hidden states.
This structure allows for a more comprehensive examination of the simultaneous effects on premiums.
Thus, traditional actuarial pricing approaches and advanced methods based on HMM-GLM can be
evaluated comparatively.

Model Coefficient Estimate SE t-Stat p-value AIC BIC
Intercept-only Intercept 7.3519 0.2613 28.135 0.001 1218 1221
Intercept  ~ —8.7 x 107 — — NA

1 ~ 3.8 x 107 - - NA
T ~ 6.5 x 1078 - - NA
Covariate-based T3 ~ —3.6x107® - - NA 30197 30215
T4 ~ 6.9 x 1077 - - NA
Ts5 ~ —4.0 x 107 - - NA
Tg ~ —8.4 x 107 - - NA

Table 4.8: Gamma Severity Model Estimates. Covariates: x; = Gender, o = Age of Client, z3 =
Age of Car, 4, = Car Power, x5 = Second Driver Indicator, x4 = Client Seniority.

During the fitting process of the severity model, it has demonstrated that the inclusion of all or
a subset of covariates causes unstable or difficult-to-interpret parameter estimates (see Table for
details). The GLM output of the covariate-based Gamma model distinctly demonstrates extremely
huge coefficients, inflated t-statistics, and dramatically elevated AIC and BIC values in comparison
to simpler model specifications. In contrast, the Gamma model containing only the intercept term
provides a numerically stable and interpretable estimate of the underlying claim severity. This
simpler model compromises the capacity to fully capture covariate heterogeneity at the severity level.
However, its numerical reliability makes it the most suitable option for reliably calculating expected
net premiums or expected claim costs. Heterogeneity is captured in the frequency component within
this modeling framework; a simpler strategy can be considered a reasonable approach.
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Three different modeling approaches (GLM, ZIP, and three-state GLM-HMM) for claim fre-
quency and severity are compared. Model parameters are estimated using data from the first four
years; prediction performance is evaluated for the fifth year, both at the aggregate and individual
policy levels.

The aggregate mean and total predicted claim cost presented at the time point (¢ = 5) illus-
trate significant differences in predictive accuracy. Specifically, the standard GLM substantially
overestimates the total predicted cost (45,754.95) when benchmarked against the observed total
cost (20,284.21). The ZIP model partially mitigates this issue by accounting for excess zero claims,
resulting in a reduced total predicted cost (35,878.08). Crucially, the 3-state GLM-HMM achieves
the closest approximation to the observed total cost (24,111.70), underscoring the superior capacity
of the HMM framework to capture unobservable heterogeneity and dynamic shifts within the claim
frequency modeling.

Model Mean Claims Total Claims Difference from Observed
Observed 15.1375 20,284.21 —

GLM 34.1455 45,754.95 +25,470.74

71P 26.7747 35,878.08 +15,593.87
GLM-HMM 17.9938 24,111.70 +3,827.49

Table 4.9: Aggregate Predicted and Observed Claims at t =5

The individual estimation error metrics, detailed in Table[4.10, demonstrate that the GLM-HMM
approach consistently outperforms both the standard GLM and ZIP models in terms of performance.
The HMM framework produced the lowest Mean Absolute Error (MAE = 31.11) and the lowest
RMSE = 206.77. Additionally, the Kendall rank correlation reveals that the HMM model exhibits
superior performance in maintaining the observed risk ranking (7 = 0.13), while the correlations of
the GLM and ZIP models with the actual risk rankings remain negligible.

Model MAE RMSE Telative g dan -
Error
GLM 484543 211.1156  33.7271 0.0247
ZIP 412502 210.0779  26.4426 0.0247

HMM  31.1214 206.7716  16.9727 0.1299

Table 4.10: Individual Prediction Error Metrics at t = 5

A comparison of three frequency models (GLM, ZIP, and 3-state GLM-HMM) allows for an
examination of differences in forecasting accuracy. Standard GLM, neglecting the zero-inflation
phenomenon, tends to systematically overestimate costs and fails to capture temporal patterns in
claims numbers. While the ZIP model improves forecasts by addressing the excess zeros issue, it fails
to capture changes in risk factors that are not observable over time. In contrast, 3-state GLM-HMM
models Poisson claims numbers based on hidden conditions and simultaneously models the transition
dynamics between these conditions. This integrated approach provides the most accurate forecasts at
both the aggregate and individual levels, enabling superior differentiation and classification between
high-risk and low-risk policyholders.
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5 Conclusions

This study introduces the GLM-HMM framework, which specifically captures unobservable het-
erogeneity in claim frequency, for modeling insurance claims. The framework uses hidden states
to identify unobservable heterogeneity evolving over time, enabling dynamic modeling of risk at
the individual level. The framework also supports different transition structures (homogeneous,
covariant-dependent, and autoregressive) to reflect temporal dependencies and heterogeneity in the
data.

The study demonstrates that autoregressive transitions, incorporating past claim frequencies and
covariates, provide the greatest flexibility and improve model fit, particularly in capturing persistent
behavioral dynamics among policyholders. Homogeneous transitions, while computationally simpler,
fall short in accounting for significant temporal dependencies. The GLM-HMM framework combines
the advantages of GLMs for claim frequency and severity, offering a more unified approach that avoids
the limitations of addressing frequency and severity separately. This integration is of importance to
non-life insurance analytics, improving the accuracy of both claim numbers and costs.

A simulation study evaluated the performance of the parameter estimation procedure with dif-
ferent transition assumptions (homogeneous, heterogeneous, and autoregressive heterogeneous) and
showed that larger sample sizes and longer time periods increased the prediction accuracy of the
transition probabilities. The estimated transition probabilities suggest it to be reliable under the
homogeneous transition assumption. More complex heterogeneous and autoregressive transition as-
sumptions, however, show higher variability in the estimated parameters. Nevertheless, when the
effect of the parameters on transition probabilities is examined under these complex assumptions,
the predictions are still found to be stable.

When comparing different approaches, such as Poisson GLM, GLMM, and ZIP for modeling
motor claims, the GLM-HMM framework has consistently proven to be more effective than the
other models. In particular, the three-state GLM-HMM has provided the most reliable results in
estimating claims costs by better capturing unobservable heterogeneity and changes over time in
policyholders’ risk profiles. By identifying hidden risk groups, insurers can obtain a clearer basis
for segmentation and, in turn, derive premiums that are both equitable and actuarially sound. Al-
though the implementation of GLM-HMMSs entails additional computational and methodological
complexity—particularly for large-scale portfolios—continued advances in computing power, esti-
mation algorithms, and data availability are likely to reduce these practical barriers over time,
supporting broader adoption in routine insurance analytics. To model claim severity, simple mod-
els containing only one intercept term—such as Gamma GLM-—provided stable results by offering
accurate and interpretable net premium estimates. In contrast, more complex severity models often
showed instability in their predictions.

From an insurance perspective, these findings highlight the familiar trade-off between parsimony
and flexibility. Simpler homogeneous specifications are typically easier to implement, communicate,
and govern within pricing and risk frameworks, including regulatory and internal model oversight.
More flexible heterogeneous and time-varying structures, however, can better reflect hidden het-
erogeneity and evolving policyholder risk, potentially improving risk differentiation and portfolio
management. In practice, model choice should be guided by the intended use case and the balance
between predictive performance, interpretability, and operational feasibility.

As future work, the GLM-HMM framework could be extended to model claim severity using
more complex hidden structures or alternative distributions. Applying the GLM-HMM framework
to reserve processes or different insurance portfolios, in addition to net premium and expected claim
cost calculations, would provide valuable insights. Understanding how covariate choices influence
transition dynamics and model interpretability is an important area for future research. Gaining
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deeper insight into these factors could help the framework be applied more widely and effectively in
claim modeling.

Appendix
This appendix presents supplementary materials supporting the main results, including Poisson GLM
specifications and simulation analyses of claim frequency dynamics under various assumptions.

Poisson GLM Framework Specifications

Claim frequency NV, ; for policy ¢ at time ¢, conditional on hidden state C; ;, follows a Markov process
with transition probabilities f(C;;, =k | Ci1—1 =1) = qi ., and conditional distribution

exp(n; ;¢ — exp(6;;))
’I’Li,t!

J(Nig | Cigs Xig) =

)

where 6; ; is the canonical parameter. This corresponds to a Poisson distribution in the exponential
dispersion family with

1
o=1, wvie=1a(bi) =exp(ir), bnis, ¢/vizg) = —-

NG -

)

Let x;+ be a p-dimensional covariate vector; the canonical parameter links as In(6; ;) = th B, where
Br = (Br,-- .. Prp) is the coefficient vector for hidden state k.

This GLM structure follows Denuit and Trufin, 2019, While widely used, limitations like overdis-
persion or serial dependence motivate empirical validation or alternative models (e.g., negative bi-
nomial).

Simulation Implementation Details

The simulation code is implemented in MATLAB and structured to ensure reproducibility. Each
random number generator is seeded in a consistent, deterministic manner using subject, time, and
simulation identifiers. Transition matrices in the heterogeneous setup were computed via a multino-
mial logistic regression model applied to time-varying covariates, including functions of past claims.
Claim frequencies are generated using a Poisson distribution, with potential extension to binomial
and negative binomial settings.

All generated datasets include ground truth values of the hidden state sequences, covariates, and
simulated responses, enabling direct comparison between true and estimated parameters. The final
simulation array stores individual IDs, time indices, hidden states, covariates, response values, and
(for time-varying models) the one-hot encoded true state indicators.

Simulation-Based Analysis of Claim Frequency

Simulation studies assess claim frequency under different model assumptions.

Summary Tables of Quantitative Outcomes

Tables below compare estimation performance (SD and MSE) for parameter estimators in simu-
lations with Homogeneous Transitions (Section [2.2.1]) for 2- and 3-state models (see Table [A.1]).
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2-State
(T,N)=(5,1000) (T,N)=(5,2000) (T,N)=(5,3000)
Mean SD MSE Mean SD MSE Mean SD MSE
Bio: 0.5 | 0.4494 0.0420 0.0028 | 0.4559 0.0274 0.0017 | 0.4737 0.0302 0.0012
Bi1: 0.5 | 0.56322 0.0272 0.0008 | 0.5312 0.0229 0.0005 | 0.5238 0.0194 0.0006
B0 0.75 | 0.7492 0.0635 0.0040 | 0.7647 0.0426 0.0018 | 0.7826 0.0370 0.0016
B21: 1.5 1.507 0.0345 0.0013 | 1.491 0.0273 0.0007 | 1.4729 0.0229 0.0006
qi,i: 0.9 | 0.8989 0.0133 0.0002 | 0.8956 0.0092 0.0002 | 0.8959 0.0083 0.0001
qi2: 0.1 | 0.1011 0.0162 0.0003 | 0.1014 0.0099 0.0001 | 0.1041 0.0080 0.0001
g2,1: 0.3 | 0.2926 0.0133 0.0002 | 0.2932 0.0092 0.0002 | 0.2969 0.0083 0.0001
g2,2: 0.7 | 07074 0.0162 0.0003 | 0.7068 0.0099 0.0001 | 0.7031 0.0080 0.0001
3-State
(T,N)=(5,1000) (T,N)=(5,2000) (T,N)=(5,3000)
Mean SD MSE Mean SD MSE Mean SD MSE
Bio: 0.5 | 04945 0.0888 0.0080 | 0.5039 0.0580 0.0034 | 0.5113 0.0510 0.0027
Bi,1: 0.5 | 0.4983 0.0533 0.0041 | 0.5111 0.0364 0.0022 | 0.5201 0.0316 0.0013
B2,0:  0.75 | 0.6466 0.0260 0.0007 | 0.6784 0.0191 0.0004 | 0.6958 0.0168 0.0005
B21: 1.5 | 1.6166 0.1378 0.0194 | 1.5931 0.0935 0.0087 | 1.5769 0.0662 0.0043
B3,0: 1 0.974  0.0735 0.0059 | 0.9917 0.0549 0.0036 | 1.0129 0.0450 0.0027
B3,1: 2 2.0293 0.0366 0.0013 | 2.0113 0.0260 0.0007 | 1.9857 0.0236 0.0006
gii: 0.4 | 03928 0.0248 0.0007 | 0.3989 0.0183 0.0004 | 0.3988 0.0151 0.0002
qi,2: 0.4 | 0.2896 0.0177 0.0003 | 0.2937 0.0121 0.0002 | 0.2945 0.0100 0.0001
qi,3: 0.2 | 03175 0.0075 0.0001 | 0.3074 0.0045 0.0000 | 0.3067 0.0040 0.0000
g2,1: 0.3 | 0.3043 0.0304 0.0011 | 0.3078 0.0231 0.0005 | 0.3101 0.0197 0.0004
g2 04 0.394  0.0294 0.0009 | 0.3901 0.0216 0.0006 | 0.3868 0.0163 0.0005
g2,3: 0.3 | 0.3017 0.0240 0.0006 | 0.3021 0.0148 0.0002 | 0.3031 0.0122 0.0002
qs,1: 0 0.0089 0.0211 0.0004 | 0.006 0.0130 0.0002 | 0.0061 0.0122 0.0002
gs2: 0.2 | 0.1968 0.0214 0.0006 | 0.1966 0.0159 0.0004 | 0.1993 0.0126 0.0003
g3,3: 0.8 | 0.7943 0.0240 0.0007 | 0.7974 0.0148 0.0003 | 0.7946 0.0115 0.0002

Parameters

Parameters

Table A.1: Descriptive statistics of parameter estimates across 100 batches for ((T;N) = (5; 1000,
2000, 3000)) in State 2 and State 3 under the homogeneous assumption.

Heterogeneous Transition Assumption via Covariates: Table summarize the SD
and MSE of the parameter estimators for the simulation study with the heterogeneous transition
assumption (see Section [2.2.2) in a 3-state model configuration.
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Case 1
(T,N)=(50,100) (T,N)=(5,1000) (T,N)=(10,1000)
BIAS SD MSE BIAS SD MSE BIAS SD MSE
B1,0:  -1.00 | -0.0243 0.1309 0.0176 | -0.0823 0.1381 0.0256 | -0.0151 0.0878 0.0079
B1,1: -1.00 | 0.0916 0.2710 0.0811 | -0.0994 0.2768 0.0857 | -0.0893 0.1805 0.0402
B2,0: 1.00 -0.0214  0.0441 0.0024 | -0.0739 0.0391 0.0070 -0.0288 0.0300 0.0017
B2,1: -0.50 | 0.0289  0.0781 0.0069 | 0.0540  0.0677 0.0075 | 0.0199 0.0484 0.0027
B3,0:  2.00 0.0023  0.0250 0.0006 | -0.0040 0.0207 0.0004 | 0.0001 0.0166 0.0003
B3,1: 2.00 0.0001  0.0306 0.0009 | 0.0048 0.0274 0.0008 | 0.0020 0.0216 0.0005
ni,1: -2.00 | 0.0440  0.1572 0.0264 | 0.0097 0.1939 0.0373 | 0.0505 0.1255 0.0181
ni,2:  -0.50 | 0.0488  0.1810 0.0348 | 0.0025 0.2252 0.0502 | 0.0928  0.1501  0.0309
01: 0.50 | -0.0508 0.2938 0.0880 | 0.0068 0.3343 0.1107 | 0.0032 0.2147 0.0456
n2,1:  -0.50 | 0.0306 0.1906 0.0369 | 0.1667 0.2378 0.0838 | 0.0938  0.1292  0.0253
n2,2:  -2.00 | 0.0289  0.1647 0.0277 | 0.0933 0.2025 0.0493 | 0.0290 0.1124 0.0133
b2: 0.50 | -0.0389 0.2689 0.0731 | -0.1611 0.3328 0.1356 | -0.0434 0.1811 0.0343
73,1: 0.50 -0.0309 0.2059 0.0429 0.1615 0.2243  0.0759 0.0567 0.1420  0.0232
n3,2: -0.50 | -0.0142 0.1870 0.0348 | 0.0426 0.1765 0.0326 | 0.0324  0.1187 0.0150
03: 1.00 0.0377  0.2854 0.0821 | -0.0590 0.2845 0.0836 | -0.0337 0.1917 0.0375

Parameters

Table A.2: Estimation results for Case 1 under the assumption of heterogeneous transitions via
covariates. The table reports the BIAS, SD, and MSE for the estimated state-specific Poisson GLM
coefficients B; = (B0, 51,1), transition parameters 7, and ¢;. Results are shown for three (N,T')
combinations: (50,100), (5,1000), and (10,1000) based on repeated Monte Carlo simulations.

Case 2
(T, N)=(5,1000) (T, N)=(5,2000) (T, N)=(5,3000)
Parameters — py ) g SD MSE | BIAS SD MSE | BIAS SD MSE

B1,0:  -1.00 | -0.0823 0.1381 0.0256 | -0.0614 0.0964 0.0130 | -0.0820 0.0716 0.0118
B1,1: -1.00 | -0.0994 0.2768 0.0857 | -0.1480 0.2104 0.0657 | -0.1202  0.1643 0.0412
B2,0 1.00 | -0.0739 0.0391 0.0070 | -0.0560 0.0319 0.0041 | -0.0475 0.0262 0.0029
B2,1: -0.50 | 0.0540 0.0677  0.0075 | 0.0216 0.0498  0.0029 | 0.0172 0.0407  0.0019
B3,0: 2.00 | -0.0040 0.0207 0.0004 | -0.0057 0.0161 0.0003 | -0.0059 0.0127  0.0002
B3,1 2.00 | 0.0048 0.0274  0.0008 | 0.0074 0.0219  0.0005 | 0.0070 0.0173  0.0003
ni,1: -2.00 | 0.0097 0.1939  0.0373 | 0.0256 0.1322  0.0180 | 0.0407 0.1025 0.0120
n1,2:  -0.50 | 0.0025 0.2252  0.0502 | 0.0477 0.1508 0.0248 | 0.0610 0.1217 0.0184
01: 0.50 | 0.0068 0.3343  0.1107 | 0.0151 0.2234 0.0496 | 0.0055 0.1749  0.0303
n2,1:  -0.50 | 0.1667 0.2378  0.0838 | 0.1441 0.1402  0.0402 | 0.1230 0.1224  0.0300
n2,2:  -2.00 | 0.0933 0.2025 0.0493 | 0.0808 0.1364 0.0250 | 0.0711 0.1208 0.0195
da: 0.50 | -0.1611 0.3328 0.1356 | -0.1183 0.2213 0.0625 | -0.1039 0.1864 0.0452
n3,1:  0.50 | 0.1615 0.2243 0.0759 | 0.1355 0.1460 0.0395 | 0.1187 0.1060  0.0252
n3,2:  -0.50 | 0.0426 0.1765 0.0326 | 0.0240 0.1139  0.0134 | 0.0153 0.0922  0.0086
03: 1.00 | -0.05690 0.2845 0.0836 | -0.0374 0.1756 0.0319 | -0.0360 0.1386  0.0203

Table A.3: Estimation results for Case 2 under the heterogeneous transition assumption as via
covariates. The table reports the BIAS, SD, and MSE for the estimated state-specific Poisson GLM
coefficients 3, = (8,1, Bi,2), transition parameters n; 5, and 6;. Results are shown for increasing
sample sizes N = 1000, 2000, 3000 with a fixed number of time periods T' = 5, based on repeated
Monte Carlo simulations.
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Autoregressive Heterogeneous Transition Assumption via Past Claims and Covariates:
Table [A-4HAF| present the SD and MSE of the parameter estimators for the simulation study involv-
ing autoregressive covariant on the transtion structure (see Section [2.2.3]) in a 3-state setting. As

Case 1
(T,N)=(50,100) (T,N)=(5,1000) (T,N)=(10,1000)

BIAS SD MSE BIAS SD MSE BIAS SD MSE
B1,0:  -1.00 | -0.04199 0.15463  0.02544 | -0.11350 0.14059 0.03245 | -0.03598  0.09522  0.01027
B1,1: -1.00 | 0.10642  0.35129 0.13349 | -0.11499 0.28826  0.09548 | -0.12262 0.22627  0.06572
B2,0: 1.00 | -0.02340 0.05850 0.00394 | -0.09430 0.05042 0.01141 | -0.03881 0.03517  0.00273
B2,1: -0.50 0.01937 0.10460 0.01121 0.05061 0.09021 0.01062 0.01037 0.06923  0.00485
B3,0: 2.00 0.00189  0.01492 0.00022 | 0.00128 0.01354 0.00018 | 0.00494  0.00930 0.00011
B3,1: 2.00 0.00063  0.01859 0.00034 | -0.00071 0.01735 0.00030 | -0.00392 0.01237 0.00017
71,18 -2.00 0.03036 0.21956  0.04865 0.04603 0.19763  0.04079 0.05614 0.14103  0.02284
ni,2: -0.50 | 0.05919  0.24453 0.06270 | -0.00256 0.24082  0.05742 | 0.07998  0.16964  0.03489

01: 0.50 | -0.01480 0.43235 0.18527 | -0.03675 0.35169 0.12380 | -0.01064 0.23738  0.05590
ag: 0.25 0.00147  0.48399  0.23190 | -0.35970 0.54161  0.41979 | -0.11585 0.37433 0.15214
n2,1: -0.50 | 0.02012  0.30869 0.09474 | 0.16878 0.37694 0.16915 | 0.14548  0.27727  0.09727
nm2,2:  -2.00 | 0.02057  0.27725 0.07652 | 0.09169 0.36836  0.14274 | 0.09956  0.24247  0.06811

02: 0.75 0.00647  0.30518 0.09224 | -0.07044 0.30415 0.09655 | -0.08219 0.19119  0.04294

g 0.50 -0.00384 0.17858 0.03159 | -0.02090 0.21984 0.04828 | -0.02186 0.15613  0.02461
n3,1: 0.50 | -0.01182 0.73336  0.53258 | -0.03694 0.63090 0.39542 | -0.03798 0.42039 0.17641
n3,2:  -0.50 | -0.03310 0.66116 0.43386 | -0.23109 0.67084  0.49893 | -0.09553 0.43192 0.19381

d3: 1.00 | -0.03258 0.68703 0.46835 | -0.03913 0.70866 0.49871 | -0.08587  0.45830 0.21531
as: 0.75 0.01290  0.32649 0.10570 | 0.07916  0.30571 0.09879 | 0.03856  0.20491  0.04306

Parameters

Table A.4: Estimation results for Case 1 under the autoregressive heterogeneous transition as-
sumption. The table reports the BIAS, SD, and MSE for the estimated state-specific Poisson GLM
coefficients B; = (81,0, 81,1), transition parameters 7, 0;, and o;. Results are shown for three (N,T')
combinations: (50,100), (5,1000), and (10,1000) based on repeated Monte Carlo simulations.

the number of subjects N increases in Table[A5] estimation precision improves, reflected in reduced
standard deviations and mean squared errors.

29



Case 2
(T,N)=(5,1000) (T,N)=(5,2000) (T,N)=(5,3000)

BIAS SD MSE BIAS SD MSE BIAS SD MSE
B1,0: -1.00 | -0.11350  0.14059 0.03245 | -0.08728  0.09903 0.01733 | -0.10846 0.07434 0.01724
Bi1,1: -1.00 | -0.11499 0.28826  0.09548 | -0.16645 0.21703  0.07434 | -0.13947 0.16610  0.04677
B2,0: 1.00 | -0.09430 0.05042 0.01141 | -0.07450 0.04236 0.00733 | -0.06864 0.03258  0.00576
B2,1: -0.50 | 0.05061 0.09021 0.01062 | 0.01993 0.07050  0.00532 | 0.01908 0.05520  0.00338
B30 : 2.00 0.00128 0.01354 0.00018 | -0.00134 0.01146 0.00013 | -0.00212 0.00936  0.00009
B3,1: 2.00 | -0.00071 0.01735 0.00030 | 0.00291 0.01496 0.00023 | 0.00263 0.01221  0.00015
n,1: -2.00 | 0.04603 0.19763  0.04079 | 0.04964 0.13361  0.02014 | 0.06656 0.10517  0.01538
71,2t -0.50 | -0.00256  0.24082 0.05742 | 0.03473 0.16693  0.02879 | 0.04961 0.13233  0.01980
01: 0.50 | -0.03675 0.35169 0.12380 | -0.01734 0.23169 0.05344 | -0.03052 0.18441 0.03460
ag: 0.25 -0.35970  0.54161 0.41979 | -0.30617 0.39471 0.24798 | -0.33684 0.32338 0.21699
72,1: -0.50 | 0.16878 0.37694  0.16915 | 0.17703 0.26154  0.09906 | 0.19289 0.20277  0.07791
12,2t -2.00 | 0.09169 0.36836  0.14274 | 0.11081 0.25988 0.07914 | 0.13022 0.20749  0.05958
d2: 0.75 -0.07044  0.30415 0.09655 | -0.05900 0.22532 0.05374 | -0.06856  0.17771  0.03597
ag: 0.50 | -0.02090 0.21984 0.04828 | -0.03658 0.15866 0.02626 | -0.04614 0.13070 0.01904
73,1: 0.50 | -0.03694 0.63090 0.39542 | 0.04035 0.50133  0.25045 | -0.02932 0.42306 0.17805
73,2: -0.50 | -0.23109 0.67084 0.49893 | -0.09241 0.52908 0.28567 | -0.14978 0.42562 0.20178
03: 1.00 | -0.03913 0.70866  0.49871 | 0.00224 0.50489  0.25237 | -0.08907 0.45013  0.20852
as: 0.75 0.07916 0.30571  0.09879 | 0.02412 0.23826  0.05678 | 0.05260 0.19954  0.04219

Parameters

Table A.5: Estimation results for Case 2 under the assumption of autoregressive heterogeneous
transitions. The table reports the BIAS, SD, and MSE for the estimated state-specific Poisson GLM
coefficients 3; = (81,0, 51,1), transition parameters 1, x, 0;, and «;. Results are shown for increasing
sample sizes N = 1000, 2000, 3000 with a fixed number of time periods T' = 5, based on repeated
Monte Carlo simulations.
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Figure presents box plots of the log-likelihood values obtained for each simulation setup.
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Figure A.1: Box Plots of Log-Likelihood Values Across Simulation Setups Using the EM Algorithm
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Descriptive Statistics of Dataset and Sample

This section presents descriptive statistics for the full dataset and the random sample used for model estimation. Stratified sampling
and random subsampling were applied to obtain representative estimation samples, as described previously. Table [A-6]summarizes
key characteristics of client age, engine power, vehicle age, number of claims, claim amounts, and gender distribution for both the

complete dataset and the random sample.

Client Age Engine Power Vehicle Age No. of Claims Claim Amount Gender Total Observations
Mean 61.79 111.34 9.70 0.02 12.55
SD 12.69 44.16 6.38 0.15 256.31 0 22.10%
Data Min 20 5.4 0 0 0 66420
Max 95 560 68 4 27841.14 o
Median 62 105 10 0 0 1m0k
Mean 61.83 111.16 9.63 0.02 24.44
SD 12.83 45.79 6.39 0.19 499.07 0 22.16%
RS Min 21 5.4 0 0 0 6700
Max 89 507 37 3 27841.14
Median 62 105 10 0 0 1 77.84%

Table A.6: Descriptive Statistics

of the Dataset and Random Sample
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