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Abstract

Incorporating explicit reasoning rules within the latent space
of language models (LMs) offers a promising pathway
to enhance generalisation, interpretability, and controllabil-
ity. While current Transformer-based language models have
shown strong performance on Natural Language Inference
(NLI) tasks, they often rely on memorisation rather than ex-
plicit rule-based generalisation. This work investigates how
human-interpretable reasoning rules can be explicitly en-
coded within LMs with the support of Language Variational
Autoencoders (VAEs), as a mechanism for generative control.
We propose a complete pipeline for learning reasoning rules
within Transformer-based language VAEs. This pipeline en-
compasses three rule-based reasoning tasks, a supporting the-
oretical framework, and a practical end-to-end architecture.
The experiment illustrates the following findings: Disentan-
gled reasoning: Under explicit signal supervision, reasoning
rules (viewed as functional mappings) can be disentangled
within the encoder’s parametric space. This separation re-
sults in distinct clustering of rules in the output feature space.
Prior knowledge injection: injecting rule-based constraints
into the Query enables the model to more effectively retrieve
the stored Value from memory based on Key. This approach
offers a simple method for integrating prior knowledge into
decoder-only language models. Moreover, we found that FFN
layers are better than attention layers at preserving the sepa-
ration of reasoning rules in the model’s parameters.

Introduction

Encoding reasoning patterns as explicit rules within latent
representations holds significant promise for enhancing the
generalisation, interpretability, and controllability of neu-
ral models, with high downstream impact on Al safety and
regulatory compliance (Bonnet and Macfarlane 2024; Yu,
Chatzi, and Kissas 2025). Over recent years, Transformer-
based language models (LMs) have achieved notable suc-
cess across a variety of Natural Language Inference (NLI)
tasks (Yang et al. 2024; Qwen et al. 2025). Nonetheless, a
growing body of research has demonstrated that in many in-
stances these models often rely on memorisation rather than
generalisation and that rule-based control mechanisms fail
to be fully enforced (Yan et al. 2025).

Therefore, this investigation focuses on the question: How
can reasoning rules be explicitly encoded within the latent
space of language models? In the context of this work, a rea-

soning rule is defined as an input—output pattern that reflects
a specific transformation of inference behaviour. It is impor-
tant to note that this study does not aim to explore rule com-
position or generalisation. Rather, the primary objective is to
explicitly encode reasoning input—output constraints within
the model’s latent space, targeting better interpretability and
controllability in the latent space.

Variational Autoencoders (VAEs) (Kingma and Welling
2013) provide a compelling framework for this direction,
where the integration of prior distribution serves as an in-
ductive bias, enabling the model to leverage existing knowl-
edge and providing a principled way to incorporate domain
constraints (Papamarkou et al. 2024). This work focuses on
lightweight LMs (< 1B) as VAE decoders, allowing acces-
sible evaluation of training dynamics, memory capacity, and
model updates of the Transformer architecture (Zhong et al.
2025; Morris et al. 2025). Additionally, because our primary
motivation is to study latent rule learning within the encoder
latent space, we fully re-train the decoder. As a result, the ge-
ometrical properties of the latent space are not constrained
by the model’s architecture, enabling a more controlled anal-
ysis of representation learning.

Accordingly, we propose a complete pipeline for learn-
ing NLI reasoning rules within Transformer-based language
VAE:s (Li et al. 2020; Zhang et al. 2024b):

First, we focus on three distinct rule-based reasoning
tasks, each characterised by unique syntax, inference pat-
terns, and levels of granularity: Mathematical Reasoning
(Meadows et al. 2023), Syllogistic Reasoning (Valentino
et al. 2025), and Explanatory Reasoning (Zhang et al.
2024a).

Second, following the Neural Tangent Kernel (NTK) the-
ory (Jacot, Gabriel, and Hongler 2018), we claim that by su-
pervising the inference rule information, inference rules can
be encoded in the parametric space (i.e., weight matrix) of
the encoder, which subsequently leads to the rule separation
in the latent sentence space. This formalisation allows us to
explicitly encode reasoning rules in the latent space.

Third, we propose an end-to-end VAE architecture where
the latent space can encode both coarse-grained reasoning
rules and fine-grained reasoning patterns that arise from se-
mantic differences in the inputs, and evaluate three ways to
inject the latent space into the LM decoder by intervening in
the attention network.
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(1) Rule-based NLI Tasks
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P2: all edible fruits are fruits.
C: all apples are fruits.
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Explanatory reasoning
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P1: a scar on the knee is a kind of scar.
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kC: a scar on the knee is an acquired characteristic.
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Figure 1: Overview, where (7, x, ¢) represents the (rule, input premise(s), conclusion). To systematically evaluate rule-based
learning within a VAE framework, first, we examine three rule-based NLI tasks. Second, we formalise the hypothesis that
reasoning rules can be functionally and separately encoded within the encoder’s parametric space, enabling rule learning in
the latent space, grounded in the theoretical framework of neural tangent kernels. Third, we introduce an end-to-end VAE
architecture, with three different latent injection setups, designed to capture coarse-grained reasoning patterns in its latent space
while remaining sensitive to the lexical semantics of the input.

We conduct extensive experiments to assess the effective- only LMs, where increasing the number of samples per op-
ness of rule encoding and reasoning generation capabilities eration fails to yield performance improvements beyond a
which elicits the following results and findings: certain threshold. Additionally, we observe that FFN net-
Disentangled Reasoning: Under explicit signal supervi- works are more effective than attention in maintaining the
sion, reasoning rules, as functional mappings, can be disen- separation of reasoning rules within the learned paramet-
tangled within the encoder’s parametric space. This separa- ric space. Both prpvide additional insights.on }lnderstanding
tion results in distinct clustering of rules in the output feature Transformer architectures through memorisation.
space, suggesting the potential for employing rule-based To the best of our knowledge, this is the first study to
NTK theory to better understand the training dynamics and explore the explicit encoding of NLI rules within language
internal geometry of gradient-based neural NLI model. VAE latent spaces, targeting better latent space geometry to

Prior Knowledge Injection: Different latent space injec-

support rule-based inferences.

tion setups result in varying levels of reasoning performance.
The optimal configuration is achieved by injecting the latent Related Work

space into the Query of the attention network. Intuitively,
injecting rule-based reasoning constraints into the Query en-
ables the model to more effectively retrieve the stored Value
from memory based on Key. This approach offers a simple
method for integrating prior knowledge into LMs.

In this section, we review related work around two topics:
rule-based representation learning and language VAEs, to
highlight current research limitations and elucidate the mo-
tivation underlying our work.

Information Bottleneck: A case study on the mathematical Rule-based Representation Learning. Encoder-only
reasoning task reveals a performance bottleneck in decoder- models have been employed for tasks such as mathematical



operations, where the encoder learns structured trans-
formations, as demonstrated by (Valentino et al. 2024).
In addition, VAE-based approaches have shown promise
in tasks requiring structured reasoning, such as program
synthesis, where the goal is to generate programs that fulfil
a specified task (Sun et al. 2018; Bonnet and Macfarlane
2024; van Krieken et al. 2025). Similarly, grammar-based
approaches using VAEs have been applied to infer ordi-
nary differential equation (ODE) formulas from data (Yu,
Chatzi, and Kissas 2025). Moreover, Decoder-only models,
particularly large language models (LLMs), leverage in-
context learning by using demonstrations to infer and apply
underlying reasoning patterns (Liu, Xing, and Zou 2023;
Bhattamishra et al. 2024). Despite these advancements,
relatively few studies have investigated rule-based learning
in the context of NLI, where this study focuses on.

Language VAEs. Language VAEs have been widely ap-
plied in NLP tasks, such as style transfer tasks: modifying
sentences with regard to markers of sentiment, formality, af-
firmation/negation (Shen et al. 2020; John et al. 2019; Bao
et al. 2019a; Hu and Li 2021; Vasilakes et al. 2022; Gu et al.
2022; Liu et al. 2023; Gu et al. 2023), story generation (Fang
et al. 2021), dialogue generation (Zhao, Zhao, and Eskenazi
2017), text paraphrasing (Bao et al. 2019b), and textual, syn-
tactic, semantic representation learning domain, such as syn-
tax disentanglement (Mercatali and Freitas 2021), semantic-
syntax separation (Zhang et al. 2024b), semantic disentan-
glement (Carvalho et al. 2023; Zhang, Carvalho, and Freitas
2024), etc. Comparatively, in this work we focus on Natural
Language Inference (NLI) with an emphasis on rule-based
control.

In the next section, we start by introducing the reasoning
tasks and provide a formal illustration of rule-based learning
through Neural Tangent Kernel theory.

Rule-based Learning for NLI
Natural Language Inference Rules

We investigate three distinct types of reasoning tasks: math-
ematical derivation (Meadows et al. 2024), syllogistic rea-
soning (Valentino et al. 2025), and explanatory reasoning
(Zhang et al. 2024a). Specifically, (1) Mathematical reason-
ing: Mathematical expressions (Valentino et al. 2023; Mead-
ows et al. 2023) follow a well-defined syntactic structure and
set of symbolic rules that are notoriously difficult for neural
models. The dataset (Meadows et al. 2023) includes seven
human-annotated symbolic rules, encompassing operations
such as differentiation and integration. (2) Syllogistic rea-
soning: Syllogistic reasoning involves classical categorical
logic, including four standard forms: Universal Affirmative
(A) — “All A are B,” Universal Negative (E) — “No A are
B,” Particular Affirmative (I) — “Some A are B,” and Par-
ticular Negative (O) — “Some A are not B.” The dataset
encodes 24 valid syllogistic inference patterns, such as AA1
(Barbara). (3) Explanatory reasoning: Consists of material
inferences with clearly defined explanatory sentence struc-
tures (Jansen et al. 2018; Valentino et al. 2022) providing
a semantically challenging yet sufficiently well-scoped sce-
nario to evaluate the syntactic and semantic organisation of

the space. Based on the EntailmentBank corpus (Dalvi et al.
2021), Zhang et al. (2024a) we can define ten inference types
based on these explanatory patterns, providing a diverse set
of tasks which instantiate rule-based reasoning. A summari-
sation of each task and corpus is provided in Table 4 in the
supplementary material.

Rule-based Neural Tangent Kernel

This work aims to encode latent reasoning rules within a
low-dimensional latent space to guide the LM decoder’s
reasoning generation, leveraging the VAE framework. We
frame rule-based learning as learning the transformation
from input premise(s) to output conclusion within the en-
coder. We formalise this framework by introducing a novel
method grounded in the Neural Tangent Kernel (NTK) the-
ory (Jacot, Gabriel, and Hongler 2018).

Latent subspace separation. Let M be a VAE model
parameterised by 0 = (fenc,Odec). Suppose the encoder
can represent a set of symbolic inference rules II
{m1,m2,...,m }. Then, under supervised training with rule
annotations:

Proposition: the encoder’s parameters 0.,. induce a
parametric structure in which each inference rule w; cor-
responds to a distinct subspace S, C RP of the encoder
representation space.

Vr,mp €L mp #my = Sy, NSy, = (1)

This parametric separation (Figure 2) directly leads to
clearly delineated latent feature subspaces (Figure 3), each
uniquely encoding a symbolic inference rule.

Connection to NTK theory. NTK theory provides a rigor-
ous theoretical framework for understanding neural network
training dynamics by examining the kernel induced by gradi-
ents of the network’s outputs with respect to its parameters.
It suggests that during gradient descent, the network effec-
tively learns linear approximations within distinct functional
subspaces, each approximating discrete symbolic reasoning
rules within the target reasoning task. Formally, let fencoqe be
the encoder function such that:

fencode : (777@" C) = Z(r,a,c) € zZC RP 2

where  is the input premise(s), c is the conclusion, 7 € 11
is the reasoning rule, and Z is the latent representation space
of dimension D. Each rule 7 is explicitly embedded as part
of the model input. As a result, the model effectively learns a
function fy (7, z, ¢). The function fy thus jointly depends on
both the content of transformation from premise(s) to con-
clusion and the nature of the symbolic operation to be per-
formed. Within the NTK framework, the similarity between
two input examples of the same inference type 7 is captured
by the NTK as follows:

Or(z,23") = Vofo(z,m) Vo fo(z', ) (3)

where x represents (z, ¢) pair for concision. Vg fy(z, 7) de-
notes the gradient of the model output with respect to its pa-
rameters, evaluated at the input (z, 7). This kernel quantifies
how a parameter update from one input-output pair would
affect another pair, conditioned on the shared rule.



According to the NTK theory, the evolution of the model’s
predictions under gradient descent training can be described
by a linear kernel regression in the RKHS (Reproducing
Kernel Hilbert Space) associated with © . Specifically, the
prediction at time ¢, f;(x, ), evolves as:

fol@,m) = fo(z,m) — Oxla, ) [Ox + M| (fo—¢) &)

where fo(z, 7) is the model’s output at initialisation for each
training input, A is a regularisation parameter, and c is the
vector of ground truth conclusions.

Crucially, this formulation implies that each rule 7 in-
duces a distinct kernel ©, which in turn defines a unique
RKHS H,—that is, a function space within which the
model’s solutions for rule 7 reside. As the 7 is varied, the
structure of the kernel and the corresponding function space
changes, reflecting the distinct reasoning behaviours asso-
ciated with different inference operations. Thus, the model
encodes different symbolic inference patterns in distinct,
kernel-induced subspaces.

For two different rules, m; # m;, we examine the rela-
tionship between their corresponding NTKs, ©, and O,.
Specifically, we are interested in the interaction between the
parameter gradients induced by inputs associated with dif-
ferent inference types. Given two data points z and z’, possi-
bly corresponding to different premise pairs, the NTK entry
for each rule is:

@wi($7$/) = V@fg(x,ﬂ'i)TVQfg(xl,ﬂ'i) (5)

and
On, (x,2") = Vofo(x,m;) Vo fola ;) (6)

When considering cross-rule similarities, we are interested
in the inner product between the gradients for different rules.

Gij(x,l'/) = <vaf9(x77ri)7VQf9($/,7Tj)> (7)

If the rules 7; and 7; encode fundamentally different reason-
ing operations (e.g., addition vs. subtraction in Math Deriva-
tion), the gradients with respect to # for inputs labeled with
m; and those labeled with 7; will tend to point in different
directions in parameter space of the encoder.

Under idealised training, where the data for each rule is
sufficiently distinct and the network has enough capacity,
the gradients for one rule will have minimal overlap with
those of the other. This can be formalised by observing that:

(Vofo(z,m),Vofola',m;)) =0  form #m; (8)

This property implies that the parameter updates driven by
examples from different rules are approximately orthogonal,
meaning that training on one type will not interfere with or
alter the function learned for the other type. In the language
of NTK and kernel regression, this corresponds to the in-
duced RKHS for each type, Hm; and H;, being approxi-
mately disjoint:
Hm; N Hr o~ 0 ©)
In the next section, we will use this foundation to intro-

duce the proposed VAE architecture and its supporting opti-
misation function.

Approach

Latent space properties. We posit that the latent space
should satisfy two essential geometrical properties:
Property 1: Rule-level encoding. The latent space must
capture the transformation defined by the reasoning rule m,
which maps an input x to a conclusion ¢, i.e., 7 : x — c.
Property 2: Semantic-level encoding. The latent space
should also encode the lexical semantics of x, accounting for
fine-grained variations in reasoning patterns that arise from
semantic differences in the inputs. For example, within the
Math Derivation task, under differentiation, different inputs
yield distinct transformations: 7 : 21 — ¢;: 8 \sin{(u)} —
8 \cos{u} and 7 : 2 — co: \log{ K} — \frac{1}{K}. By
ensuring both properties, the latent space can capture both
coarse-grained and fine-grained reasoning patterns.

Architecture. We adopt a Transformer-based VAE frame-
work, employing two distinct encoders, both instantiated
with BERT (Devlin et al. 2018), to model the prior and pos-
terior Gaussian distributions. The posterior encoder is opti-
mised to capture the reasoning rule transformation, thereby
satisfying Property I. Simultaneously, the prior encoder
serves as a regulariser, encouraging the posterior to encode
fine-grained sub-rule variations grounded in the lexical se-
mantics of the input, thereby satisfying Property 2.

Concretely, given a target (7, ) pair, we first retrieve a set
of semantic similar examples {(m, z1,¢1),..., (T, N, cn)}
using a retrieval function (e.g. BM25 and N=12). These ex-
amples are defined as inputs to the posterior encoder, which
learns a latent representation of the reasoning transformation
by averaging the latent vectors of the retrieved instances.
Geometrically, averaging the latent sample vectors positions
the target x at the centroid of the surrounding samples within
the latent space, which is naturally aligned with how infor-
mation is encoded in the latent space (Zhang, Carvalho, and
Freitas 2025). The decoder then uses this aggregated rep-
resentation to generate the corresponding conclusion ¢ for
the target triplet (, x, ¢). In parallel, the prior encoder pro-
cesses the target (7, x) pair to predict the rule = within the
latent space via a linear classifier. By minimising the Kull-
back-Leibler (KL) divergence between the posterior and
prior distributions, the latent space is encouraged to satisfy
both geometric properties.

Latent injection. We adopt three strategies to inject the
latent variable z into the decoder (e.g., Qwen2.5 (Qwen et al.
2025)). Each approach modifies the attention mechanism to
incorporate information from the latent space.

1. kv_add Following (Zhang et al. 2024b), the latent vec-

tor z is added to both the Key (/) and Value (V') matrices
T

in the attention network: softmax (%) [z+ V]

2. kvmem Following (Li et al. 2020), the latent vec-
tor z is concatenated to the Key and Value matrices:

softmax (%) [z; V]

3. query_add In this setup, the latent vector z is added

to the Query (@) matrix: softmax (%) \"



Base Model = Math Derivations Math Derivations (OOD) Syllogistic Reasoning Explanatory Reasoning
bleu acc bleu acc bleu acc bleu
GPT2-medium 0.2019  0.0171  0.0206 0.0018 0.0108 0.0000 0.5947
Llama3-1B 0.3412  0.0257  0.0625 0.0114 0.3612 0.1200 0.3160
Qwen2-0.5B  0.4200 0.1171  0.0869 0.0128 0.8130 0.4600 0.5372
Qwen2.5-0.5B  0.6260  0.3800  0.1293 0.0185 0.9014 0.7000 0.6566

Table 1: Quantitative evaluation for decoder-only models. We can observe that Qwen2.5-0.5B demonstrates strong performance
across various baselines, making it a suitable choice as the decoder component in our VAE architecture.

Here, @, K, and V denote the query, key, and value ma-
trices in the attention mechanism, each with dimensions
Rdimxsed \where dim is the attention dimensionality and seq
is the sequence length.

Optimisation. Finally, the model can be trained end-to-
end via the evidence lower bound (ELBO) on the log-
likelihood of the data x (Kingma and Welling 2013). To
avoid the KL vanishing issue, we select the cyclical schedule
to increase weights of KL 3 from 0 to 1 (Fu et al. 2019) and
a KL thresholding scheme (Li et al. 2019) that chooses the
maximum between KL and threshold A. The final objective
function can be described as follows:

‘CVAE :Eqd,(zhr,x,c) 1ng9 (TF, €T, C|Z)

— Bmax [\, KLgy (2|7, , ¢)|[p(z|r,z)]  (10)

+ cls_weight X Lgassifier

where ¢4, p, and pg represent the posterior encoder, prior
encoder, and decoder, respectively. c1s_weight controls
the strength of the classification loss. In our experiments,
cls_weight is evaluated at 1.0, 0.5, and O.1.

Empirical Analysis
Decoding Evaluation

Base model. First, we evaluate the reasoning performance
of different decoder-only models, including Qwen2 (Yang
et al. 2024), Qwen2.5 (Qwen et al. 2025), GPT2 (Rad-
ford et al. 2019), and trimmed Llama3 (Grattafiori et al.
2024). Due to the scale of the dataset and limitations
in computational resources, we restrict our fine-tuning to
smaller models with fewer than 1 billion parameters. Dur-
ing training, the input format of decoder is described as:
operation: 7, premise: x, conclusion: c¢. During inference,
we omit ¢, allowing the model to generate the conclusion.
All models are evaluated on the same testset. Further exper-
imental details are provided in the supplementary material.

To evaluate generation quality, we employ both the BLEU
score (Papineni et al. 2002) and accuracy (acc) as perfor-
mance metrics. For the Math Reasoning task, in addition
to the in-distribution test set, we also assess model perfor-
mance on an out-of-distribution (OOD) test set, where the
mathematical expressions are composed using a different set
of variables. As shown in Table 1, Qwen2.5 demonstrates
consistently strong performance across all tasks. Based on
these results, we select Qwen2.5 as the decoder model for
subsequent experiments.

VAE model. Next, we evaluate the performance of the
proposed VAE setting on downstream reasoning tasks,
where the decoder is Qwen2.5-0.5B, the latent dimension is
32 following the same setup as Optimus (Li et al. 2020). In
addition, we include results from the base model trained via
fine-tuning (denoted as FT) as well as inference using few-
shot examples. The input format remains consistent with
previous settings, with examples repeated accordingly. For
few-shot selection, we employ BM25 to retrieve the most
relevant samples.

As illustrated in Table 2, we can observe that injecting the
latent space into the query can generally result in better per-
formance compared with base model and other setups. In-
tuitively, injecting reasoning information into the Query en-
ables the model to more effectively retrieve the stored Value
from memory based on the Key (Finding 1). In this setup,
models with a trainable prior demonstrate improved perfor-
mance on mathematical reasoning tasks, but not necessarily
on other NLI tasks. This performance gain is attributed to
the highly regular and syntactically consistent nature of the
target mathematical expressions. In such contexts, retrieving
structurally similar examples can effectively enhance model
performance by reinforcing pattern recognition.

Furthermore, when the base model is trained using few-
shot examples, its performance declines significantly. We
observe that the model repeats to generate more examples.
To ensure a fair comparison, we did not apply any filtering
to remove these redundant outputs (Finding 2).

Additionally, we evaluate the performance of the VAE
model trained with and without BM25-based sample se-
lection. In the absence of the relevance function, train-
ing samples are randomly drawn from the corpus. In Ta-
ble 3, integrating BM25-based selection during training
yields enhanced performance, indicating the effectiveness
of relevance-guided sampling. From a geometric perspec-
tive, BM25 retrieves samples that exhibit the highest lexical
similarity, effectively selecting the nearest neighbours in the

latent space (Finding 3).

Encoding Evaluation

Latent parametric space. As illustrated in Section

(Equation 8), by measuring the cosine similarity between
gradient vectors associated with different rules, we can
quantify the separability between different rule subspaces in
the encoder, comparing settings with strong cls_weight
= 1.0 (left) and weak cls_weight =0.1 (right) during
training. As illustrated in Figure 2, when the classifica-



Injection Train Setup Math Reason = Math Reason (OOD) Syllogistic Reason Explanatory Reason
bleu acc bleu acc bleu acc bleu

Zero-shot 0.6260 0.3800 0.1293 0.0185 0.9014  0.7000 0.6566
Base model Few-shot 0.1596 0.0614 0.1011 0.0057 0.1534  0.0000 0.0765
Few-shot (FT) 0.1601 0.0557 0.1022 0.0028 0.1712  0.0000 0.0801
prior=False ~ 0.7285 0.5285 0.1055 0.0200 0.4839  0.3400 0.6127
kv_add weight=1.0 0.4986 0.2128 0.0869 0.0157 0.0719  0.0000 0.2049
weight=0.5 0.4925 0.2814 0.0504 0.0185 0.4870  0.0900 0.2623
prior=False ~ 0.6430 0.4185 0.0985 0.0200 0.4672  0.3300 0.6313
kv_mem weight=1.0 0.5255 0.2300 0.0956 0.0185 0.0000  0.0000 0.6022
weight=0.5 0.6808 0.4857 0.1130 0.0185 0.9452  0.8500 0.5987
prior=False ~ 0.6501 0.3885 0.1130 0.0200 0.9681  0.9200 0.6449
query_add weight=1.0 0.7262 0.5057 0.1223 0.0214 0.4373  0.3300 0.6118
weight=0.5 0.8130 0.6642 0.1441 0.0185 0.9461  0.8600 0.6220

Table 2: Quantitative evaluation, where the base model is Qwen2.5-0.5B. Top two values are highlighed in bold and bold.
Prior=False is the setup of VAE without trainable prior. We can observe that query_add leads to the best performance in general.
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Figure 2: Gradient heatmap for the last posterior encoder layer (query_add setup), where the left: math derivation, middle:
explanatory reasoning, right: syllogistic reasoning, Top: c1s_weight is 1.0, bottom: cls_weight is 0.1. We can observe
that the non-diagonal values are notably close to O when providing higher c1s_weight (the red colour elements are less
scattered), suggesting that incorporating rule information during training enhances the separation of rule subspaces in the
encoder’s parameter space. We provide the heatmaps of all layers in the supplementary material.

tion weight (c1s_weight) is set to 1.0, most non-diagonal
values are close to zero (orthogonality). In contrast, with
cls_weight set to 0.1, a greater number of non-diagonal
elements exhibit higher values (the red colour elements are
much more scattered). This observation suggests that ex-
plicit supervision facilitates the separation of reasoning rules

space, as shown in Figure 3, the sentence representations
tend to form distinct clusters that reflect rule information
when the classifier is given a higher c1s_weight. How-
ever, when the c1s_weight approaches zero, these rule-
based clusters disappear. This suggests that the neural net-
work relies more on the memorisation of lexical combina-

within the encoder’s parameter space (Finding 4).

Latent sentence space. Since rule separation in the para-
metric space leads to corresponding separation in the feature

tion than on rule-based learning (Finding 5).




Figure 3: PCA visualisation for query_add injection setup, where left three: c1s_weight is 1.0, right three: cls_weight
is 0.1. We can observe that the model struggle to learn the rules when the weight is close to zero, indicating the neural network
try to deliver reason behaviour via memorisation, rather than rule-based learning. For other injection setups, their visualisations
are provided in Figure 11, 12, and 13 in the supplementary material.

Accuracy Score by Sample Size

Qwen2.5-0.5B: Parametric Rule Separability by Sample Size
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Figure 4: Case study for Math Reasoning task, where left: analysing how varying the number of training samples for each
operation affects the reasoning capabilities. Right: comparing the parametric rule separation between attn and ffn at the last
layer in Qwen2.5-0.5B, a pretrained checkpoint with a training sample size of 4k.

Injection Prior BM25 bleu acc
kv_add False False 0.3691 0.0614
kv_mem False False 0.5525 0.2371

query_add False False 0.5914 0.3021
kv_add False True 0.7285  0.5285
kv_mem False True 0.6430 0.4185

query_add  False True  0.6501 0.3885

Table 3: Quantitative evaluation for VAE model with or
without BM25 in Math Reasoning task.

Case Study for Math Reasoning

Information bottleneck. First, we analyse how varying
the number of training samples for each operation affects the
reasoning capabilities of the decoder-only LM (Qwen2.5-
0.5B). In Figure 4 (left bar plot), it can be observed that
when the number of samples per category exceeds 2,000,
there is a noticeable decline in accuracy. This suggests that
increasing the sample size may introduce greater variabil-
ity or complexity, potentially disrupting the consistency of
each operation. The observation also highlights a limitation
of current autoregressive LMs: rather than engaging in rule-
based reasoning, they tend to rely on retrieving memorised
training instances embedded in their parameters (Zhong
et al. 2025). Explicitly injecting latent reasoning represen-
tations can help mitigate this issue (Finding 6).

Parametric rule separation. Second, we assess the para-
metric separation of rule-based information across different
model components, specifically the attention (attn) and feed-
forward network (FFN) layers, using the same methodology

outlined previously. We report the sum of the average diag-
onal values across all layers. As illustrated in Figure 4 (right
bar plot), the FFN layers (right) exhibit a greater tendency
to encode rule-based information compared to the attention
layers, indicating a more prominent role in capturing struc-
tured reasoning patterns (Finding 7).

Conclusion and Future Work

This work serves as a foundational step in exploring rule-
based representation learning under the language VAE ar-
chitecture for NLI tasks. We propose a complete pipeline
for learning reasoning rules within Transformer-based lan-
guage VAEs. This pipeline encompasses three rule-based
reasoning tasks, a supporting theoretical framework, and a
practical end-to-end architecture. The experiment illustrates
the following findings: Disentangled reasoning: Under ex-
plicit signal supervision, reasoning rules can be disentan-
gled within the encoder’s parametric space, resulting in dis-
tinct clustering of rules in the output feature space. Prior
knowledge injection: injecting reasoning information into
the Query enables the model to more effectively retrieve the
stored Value from memory based on Key. This approach of-
fers a simple method for integrating prior knowledge into
decoder-only language models. In addition, we found that
FFN layers are better than attention layers at preserving the
separation of reasoning rules in the model’s parameters. In
the future, we will focus on the investigation of diffusion-
based language models, such as Mmada (Yang et al. 2025),
which can improve flexibility for constraining the decoding
process.



References

Bao, Y.; Zhou, H.; Huang, S.; Li, L.; Mou, L.; Vechtomova,
0O.; Dai, X.; and Chen, J. 2019a. Generating Sentences from
Disentangled Syntactic and Semantic Spaces. In Proceed-
ings of the 57th Annual Meeting of the Association for Com-
putational Linguistics, 6008—-6019.

Bao, Y.; Zhou, H.; Huang, S.; Li, L.; Mou, L.; Vechtomova,
O.; Dai, X.-y.; and Chen, J. 2019b. Generating Sentences
from Disentangled Syntactic and Semantic Spaces. In Pro-
ceedings of the 57th Annual Meeting of the Association for
Computational Linguistics, 6008—6019. Florence, Italy: As-
sociation for Computational Linguistics.

Bhattamishra, S.; Patel, A.; Blunsom, P.; and Kanade, V.
2024. Understanding In-Context Learning in Transformers
and LLMs by Learning to Learn Discrete Functions. In The
Twelfth International Conference on Learning Representa-
tions.

Bonnet, C.; and Macfarlane, M. V. 2024. Searching Latent
Program Spaces. arXiv:2411.08706.

Carvalho, D. S.; Mercatali, G.; Zhang, Y.; and Freitas, A.
2023. Learning Disentangled Representations for Natural
Language Definitions. In Vlachos, A.; and Augenstein, L.,
eds., Findings of the Association for Computational Linguis-
tics: EACL 2023, 1371-1384. Dubrovnik, Croatia: Associa-
tion for Computational Linguistics.

Dalvi, B.; Jansen, P.; Tafjord, O.; Xie, Z.; Smith, H.; Pi-
patanangkura, L.; and Clark, P. 2021. Explaining answers
with entailment trees. arXiv preprint arXiv:2104.08661.

Devlin, J.; Chang, M.-W.; Lee, K.; and Toutanova, K. 2018.
Bert: Pre-training of deep bidirectional transformers for lan-
guage understanding. arXiv preprint arXiv:1810.04805.

Fang, L.; Zeng, T.; Liu, C.; Bo, L.; Dong, W.; and Chen, C.
2021. Transformer-based Conditional Variational Autoen-
coder for Controllable Story Generation. arXiv:2101.00828.

Fu, H.; Li, C; Liu, X.; Gao, J.; Celikyilmaz, A.; and Carin,
L. 2019. Cyclical Annealing Schedule: A Simple Approach
to Mitigating KL Vanishing. In Proceedings of the 2019
Conference of the North American Chapter of the Associa-
tion for Computational Linguistics: Human Language Tech-
nologies, Volume 1 (Long and Short Papers), 240-250. Min-
neapolis, Minnesota: Association for Computational Lin-
guistics.

Grattafiori, A.; Dubey, A.; Jauhri, A.; Pandey, A.; Kadian,
A.; Al-Dahle, A.; Letman, A.; Mathur, A.; Schelten, A.;
Vaughan, A.; Yang, A.; Fan, A.; Goyal, A.; Hartshorn,
A.; Yang, A.; Mitra, A.; Sravankumar, A.; Korenev, A.;
Hinsvark, A.; Rao, A.; Zhang, A.; Rodriguez, A.; Gregerson,
A.; Spataru, A.; Roziere, B.; Biron, B.; Tang, B.; Chern, B.;
Caucheteux, C.; Nayak, C.; Bi, C.; Marra, C.; McConnell,
C.; Keller, C.; Touret, C.; Wu, C.; Wong, C.; Ferrer, C. C.;
Nikolaidis, C.; Allonsius, D.; Song, D.; Pintz, D.; Livshits,
D.; Wyatt, D.; Esiobu, D.; Choudhary, D.; Mahajan, D.;
Garcia-Olano, D.; Perino, D.; Hupkes, D.; Lakomkin, E.;
AlBadawy, E.; Lobanova, E.; Dinan, E.; Smith, E. M.; Rade-
novic, F.; Guzman, F.; Zhang, F.; Synnaeve, G.; Lee, G.;
Anderson, G. L.; Thattai, G.; Nail, G.; Mialon, G.; Pang,

G.; Cucurell, G.; Nguyen, H.; Korevaar, H.; Xu, H.; Tou-
vron, H.; Zarov, I.; Ibarra, I. A.; Kloumann, I.; Misra, I.;
Evtimov, L.; Zhang, J.; Copet, J.; Lee, J.; Geffert, J.; Vranes,
J.; Park, J.; Mahadeokar, J.; Shah, J.; van der Linde, J.; Bil-
lock, J.; Hong, J.; Lee, J.; Fu, J.; Chi, J.; Huang, J.; Liu,
J.; Wang, J.; Yu, J.; Bitton, J.; Spisak, J.; Park, J.; Rocca,
J.; Johnstun, J.; Saxe, J.; Jia, J.; Alwala, K. V.; Prasad, K.;
Upasani, K.; Plawiak, K.; Li, K.; Heafield, K.; Stone, K.; El-
Arini, K.; Iyer, K.; Malik, K.; Chiu, K.; Bhalla, K.; Lakho-
tia, K.; Rantala-Yeary, L.; van der Maaten, L.; Chen, L.; Tan,
L.; Jenkins, L.; Martin, L.; Madaan, L.; Malo, L.; Blecher,
L.; Landzaat, L.; de Oliveira, L.; Muzzi, M.; Pasupuleti,
M.; Singh, M.; Paluri, M.; Kardas, M.; Tsimpoukelli, M.;
Oldham, M.; Rita, M.; Pavlova, M.; Kambadur, M.; Lewis,
M.; Si, M.; Singh, M. K.; Hassan, M.; Goyal, N.; Torabi,
N.; Bashlykov, N.; Bogoychev, N.; Chatterji, N.; Zhang,
N.; Duchenne, O.; Celebi, O.; Alrassy, P.; Zhang, P.; Li, P.;
Vasic, P.; Weng, P.; Bhargava, P.; Dubal, P.; Krishnan, P,;
Koura, P. S.; Xu, P;; He, Q.; Dong, Q.; Srinivasan, R.; Gana-
pathy, R.; Calderer, R.; Cabral, R. S.; Stojnic, R.; Raileanu,
R.; Maheswari, R.; Girdhar, R.; Patel, R.; Sauvestre, R.;
Polidoro, R.; Sumbaly, R.; Taylor, R.; Silva, R.; Hou, R.;
Wang, R.; Hosseini, S.; Chennabasappa, S.; Singh, S.; Bell,
S.; Kim, S. S.; Edunov, S.; Nie, S.; Narang, S.; Raparthy,
S.; Shen, S.; Wan, S.; Bhosale, S.; Zhang, S.; Vandenhende,
S.; Batra, S.; Whitman, S.; Sootla, S.; Collot, S.; Gururan-
gan, S.; Borodinsky, S.; Herman, T.; Fowler, T.; Sheasha, T.;
Georgiou, T.; Scialom, T.; Speckbacher, T.; Mihaylov, T.;
Xiao, T.; Karn, U.; Goswami, V.; Gupta, V.; Ramanathan,
V.; Kerkez, V.; Gonguet, V.; Do, V.; Vogeti, V.; Albiero, V.;
Petrovic, V.; Chu, W.; Xiong, W.; Fu, W.; Meers, W.; Mar-
tinet, X.; Wang, X.; Wang, X.; Tan, X. E.; Xia, X.; Xie,
X.; Jia, X.; Wang, X.; Goldschlag, Y.; Gaur, Y.; Babaei,
Y.; Wen, Y.; Song, Y.; Zhang, Y.; Li, Y.; Mao, Y.; Coudert,
Z. D.; Yan, Z.; Chen, Z.; Papakipos, Z.; Singh, A.; Srivas-
tava, A.; Jain, A.; Kelsey, A.; Shajnfeld, A.; Gangidi, A.;
Victoria, A.; Goldstand, A.; Menon, A.; Sharma, A.; Boe-
senberg, A.; Baevski, A.; Feinstein, A.; Kallet, A.; Sangani,
A.; Teo, A.; Yunus, A.; Lupu, A.; Alvarado, A.; Caples, A.;
Gu, A.; Ho, A.; Poulton, A.; Ryan, A.; Ramchandani, A.;
Dong, A.; Franco, A.; Goyal, A.; Saraf, A.; Chowdhury,
A.; Gabriel, A.; Bharambe, A.; Eisenman, A.; Yazdan, A.;
James, B.; Maurer, B.; Leonhardi, B.; Huang, B.; Loyd, B.;
Paola, B. D.; Paranjape, B.; Liu, B.; Wu, B.; Ni, B.; Han-
cock, B.; Wasti, B.; Spence, B.; Stojkovic, B.; Gamido, B.;
Montalvo, B.; Parker, C.; Burton, C.; Mejia, C.; Liu, C.;
Wang, C.; Kim, C.; Zhou, C.; Hu, C.; Chu, C.-H.; Cai, C.;
Tindal, C.; Feichtenhofer, C.; Gao, C.; Civin, D.; Beaty, D.;
Kreymer, D.; Li, D.; Adkins, D.; Xu, D.; Testuggine, D.;
David, D.; Parikh, D.; Liskovich, D.; Foss, D.; Wang, D.;
Le, D.; Holland, D.; Dowling, E.; Jamil, E.; Montgomery,
E.; Presani, E.; Hahn, E.; Wood, E.; Le, E.-T.; Brinkman, E.;
Arcaute, E.; Dunbar, E.; Smothers, E.; Sun, F.; Kreuk, F.;
Tian, F.; Kokkinos, F.; Ozgenel, F.; Caggioni, F.; Kanayet,
F.; Seide, F.; Florez, G. M.; Schwarz, G.; Badeer, G.; Swee,
G.; Halpern, G.; Herman, G.; Sizov, G.; Guangyi; Zhang;
Lakshminarayanan, G.; Inan, H.; Shojanazeri, H.; Zou, H.;
Wang, H.; Zha, H.; Habeeb, H.; Rudolph, H.; Suk, H.; As-
pegren, H.; Goldman, H.; Zhan, H.; Damlaj, I.; Molybog,



I.; Tufanov, 1.; Leontiadis, I.; Veliche, 1.-E.; Gat, 1.; Weiss-
man, J.; Geboski, J.; Kohli, J.; Lam, J.; Asher, J.; Gaya, J.-
B.; Marcus, J.; Tang, J.; Chan, J.; Zhen, J.; Reizenstein, J.;
Teboul, J.; Zhong, J.; Jin, J.; Yang, J.; Cummings, J.; Carvill,
J.; Shepard, J.; McPhie, J.; Torres, J.; Ginsburg, J.; Wang, J.;
Wu, K.; U, K. H.; Saxena, K.; Khandelwal, K.; Zand, K_;
Matosich, K.; Veeraraghavan, K.; Michelena, K.; Li, K.; Ja-
gadeesh, K.; Huang, K.; Chawla, K.; Huang, K.; Chen, L.;
Garg, L.; A, L.; Silva, L.; Bell, L.; Zhang, L.; Guo, L.; Yu,
L.; Moshkovich, L.; Wehrstedt, L.; Khabsa, M.; Avalani, M.;
Bhatt, M.; Mankus, M.; Hasson, M.; Lennie, M.; Reso, M.;
Groshev, M.; Naumov, M.; Lathi, M.; Keneally, M.; Liu, M.;
Seltzer, M. L.; Valko, M.; Restrepo, M.; Patel, M.; Vyatskov,
M.; Samvelyan, M.; Clark, M.; Macey, M.; Wang, M.; Her-
moso, M. J.; Metanat, M.; Rastegari, M.; Bansal, M.; San-
thanam, N.; Parks, N.; White, N.; Bawa, N.; Singhal, N.;
Egebo, N.; Usunier, N.; Mehta, N.; Laptev, N. P.; Dong, N.;
Cheng, N.; Chernoguz, O.; Hart, O.; Salpekar, O.; Kalinli,
0O.; Kent, P.; Parekh, P.; Saab, P.; Balaji, P.; Rittner, P.; Bon-
trager, P.; Roux, P.; Dollar, P.; Zvyagina, P.; Ratanchandani,
P; Yuvraj, P; Liang, Q.; Alao, R.; Rodriguez, R.; Ayub,
R.; Murthy, R.; Nayani, R.; Mitra, R.; Parthasarathy, R.; Li,
R.; Hogan, R.; Battey, R.; Wang, R.; Howes, R.; Rinott, R.;
Mehta, S.; Siby, S.; Bondu, S. J.; Datta, S.; Chugh, S.; Hunt,
S.; Dhillon, S.; Sidorov, S.; Pan, S.; Mahajan, S.; Verma,
S.; Yamamoto, S.; Ramaswamy, S.; Lindsay, S.; Lindsay, S.;
Feng, S.; Lin, S.; Zha, S. C.; Patil, S.; Shankar, S.; Zhang,
S.; Zhang, S.; Wang, S.; Agarwal, S.; Sajuyigbe, S.; Chin-
tala, S.; Max, S.; Chen, S.; Kehoe, S.; Satterfield, S.; Govin-
daprasad, S.; Gupta, S.; Deng, S.; Cho, S.; Virk, S.; Subra-
manian, S.; Choudhury, S.; Goldman, S.; Remez, T.; Glaser,
T.; Best, T.; Koehler, T.; Robinson, T.; Li, T.; Zhang, T.;
Matthews, T.; Chou, T.; Shaked, T.; Vontimitta, V.; Ajayi,
V.; Montanez, V.; Mohan, V.; Kumar, V. S.; Mangla, V.;
Tonescu, V.; Poenaru, V.; Mihailescu, V. T.; Ivanov, V.; Li,
W.; Wang, W.; Jiang, W.; Bouaziz, W.; Constable, W.; Tang,
X.; Wu, X.; Wang, X.; Wu, X.; Gao, X.; Kleinman, Y.; Chen,
Y.; Hu, Y.; Jia, Y.; Qi, Y.; Li, Y.; Zhang, Y.; Zhang, Y.; Adi,
Y.; Nam, Y.; Yu; Wang; Zhao, Y.; Hao, Y.; Qian, Y.; Li, Y;;
He, Y.; Rait, Z.; DeVito, Z.; Rosnbrick, Z.; Wen, Z.; Yang,
Z.;7Zhao, Z.; and Ma, Z. 2024. The Llama 3 Herd of Models.
arXiv:2407.21783.

Gu, Y.; Feng, X.; Ma, S.; Zhang, L.; Gong, H.; and Qin, B.
2022. A Distributional Lens for Multi-Aspect Controllable
Text Generation. In Goldberg, Y.; Kozareva, Z.; and Zhang,
Y., eds., Proceedings of the 2022 Conference on Empiri-
cal Methods in Natural Language Processing, 1023—-1043.
Abu Dhabi, United Arab Emirates: Association for Compu-
tational Linguistics.

Gu, Y.; Feng, X.; Ma, S.; Zhang, L.; Gong, H.; Zhong, W.;
and Qin, B. 2023. Controllable Text Generation via Prob-
ability Density Estimation in the Latent Space. In Rogers,
A.; Boyd-Graber, J.; and Okazaki, N., eds., Proceedings of
the 61st Annual Meeting of the Association for Computa-
tional Linguistics (Volume 1: Long Papers), 12590-12616.
Toronto, Canada: Association for Computational Linguis-
tics.

Hu, Z.; and Li, L. E. 2021. A causal lens for controllable

text generation. Advances in Neural Information Processing
Systems, 34: 24941-24955.

Jacot, A.; Gabriel, F.; and Hongler, C. 2018. Neural tangent
kernel: Convergence and generalization in neural networks.
In Advances in Neural Information Processing Systems, vol-
ume 31.

Jansen, P. A.; Wainwright, E.; Marmorstein, S.; and Morri-
son, C. T. 2018. Worldtree: A corpus of explanation graphs
for elementary science questions supporting multi-hop in-
ference. arXiv preprint arXiv:1802.03052.

John, V.; Mou, L.; Bahuleyan, H.; and Vechtomova, O. 2019.
Disentangled Representation Learning for Non-Parallel Text
Style Transfer. In Proceedings of the 57th Annual Meeting
of the Association for Computational Linguistics, 424—434.

Kingma, D. P.; and Welling, M. 2013. Auto-encoding varia-
tional bayes. arXiv preprint arXiv:1312.6114.

Li, B.; He, J.; Neubig, G.; Berg-Kirkpatrick, T.; and Yang,
Y. 2019. A Surprisingly Effective Fix for Deep Latent Vari-
able Modeling of Text. In Proceedings of the 2019 Confer-
ence on Empirical Methods in Natural Language Process-
ing and the 9th International Joint Conference on Natural
Language Processing (EMNLP-IJCNLP), 3603-3614. Hong
Kong, China: Association for Computational Linguistics.

Li, C.; Gao, X.; Li, Y.; Peng, B.; Li, X.; Zhang, Y.; and
Gao, J. 2020. Optimus: Organizing Sentences via Pre-
trained Modeling of a Latent Space. In Proceedings of
the 2020 Conference on Empirical Methods in Natural Lan-
guage Processing (EMNLP), 4678-4699.

Liu, G.; Feng, Z.; Gao, Y.; Yang, Z.; Liang, X.; Bao, J;
He, X.; Cui, S.; Li, Z.; and Hu, Z. 2023. Composable
Text Controls in Latent Space with ODEs. In Bouamor, H.;
Pino, J.; and Bali, K., eds., Proceedings of the 2023 Con-
ference on Empirical Methods in Natural Language Pro-
cessing, 16543-16570. Singapore: Association for Compu-
tational Linguistics.

Liu, S.; Xing, L.; and Zou, J. 2023. In-context vec-
tors: Making in context learning more effective and con-

trollable through latent space steering. arXiv preprint
arXiv:2311.06668.

Meadows, J.; Valentino, M.; Teney, D.; and Freitas, A.
2023. A Symbolic Framework for Systematic Evaluation of
Mathematical Reasoning with Transformers. arXiv preprint
arXiv:2305.12563.

Meadows, J.; Valentino, M.; Teney, D.; and Freitas, A. 2024.
A Symbolic Framework for Evaluating Mathematical Rea-
soning and Generalisation with Transformers. In Duh, K.;
Gomez, H.; and Bethard, S., eds., Proceedings of the 2024
Conference of the North American Chapter of the Associa-
tion for Computational Linguistics: Human Language Tech-
nologies (Volume 1: Long Papers), 1505-1523. Mexico City,
Mexico: Association for Computational Linguistics.

Mercatali, G.; and Freitas, A. 2021. Disentangling Gener-
ative Factors in Natural Language with Discrete Variational
Autoencoders. In Moens, M.-F.; Huang, X.; Specia, L.; and
Yih, S. W.-t., eds., Findings of the Association for Computa-
tional Linguistics: EMNLP 2021, 3547-3556. Punta Cana,



Dominican Republic: Association for Computational Lin-
guistics.

Morris, J. X.; Sitawarin, C.; Guo, C.; Kokhlikyan, N.;
Suh, G. E.; Rush, A. M.; Chaudhuri, K.; and Mahlouji-
far, S. 2025. How much do language models memorize?
arXiv:2505.24832.

Papamarkou, T.; Skoularidou, M.; Palla, K.; Aitchison, L.;
Arbel, J.; Dunson, D.; Filippone, M.; Fortuin, V.; Hennig,
P.; Hernandez-Lobato, J. M.; et al. 2024. Position: Bayesian
deep learning is needed in the age of large-scale Al. arXiv
preprint arXiv:2402.00809.

Papineni, K.; Roukos, S.; Ward, T.; and Zhu, W.-J. 2002.
Bleu: a method for automatic evaluation of machine trans-
lation. In Proceedings of the 40th annual meeting of the
Association for Computational Linguistics, 311-318.
Qwen; :; Yang, A.; Yang, B.; Zhang, B.; Hui, B.; Zheng, B.;
Yu, B.; Li, C.; Liu, D.; Huang, F.; Wei, H.; Lin, H.; Yang,
J.; Tu, J.; Zhang, J.; Yang, J.; Yang, J.; Zhou, J.; Lin, J.;
Dang, K.; Lu, K.; Bao, K.; Yang, K.; Yu, L.; Li, M.; Xue,
M.; Zhang, P.; Zhu, Q.; Men, R.; Lin, R.; Li, T.; Tang, T.;
Xia, T.; Ren, X.; Ren, X.; Fan, Y.; Su, Y.; Zhang, Y.; Wan,
Y.; Liu, Y.; Cui, Z.; Zhang, Z.; and Qiu, Z. 2025. Qwen2.5
Technical Report. arXiv:2412.15115.

Radford, A.; Wu, J.; Child, R.; Luan, D.; Amodei, D.;
Sutskever, I; et al. 2019. Language models are unsupervised
multitask learners. OpenAl blog, 1(8): 9.

Shen, T.; Mueller, J.; Barzilay, R.; and Jaakkola, T. 2020.
Educating text autoencoders: Latent representation guidance
via denoising. In International Conference on Machine
Learning, 8719-8729. PMLR.

Sun, S.-H.; Noh, H.; Somasundaram, S.; and Lim, J. 2018.
Neural Program Synthesis from Diverse Demonstration
Videos. In Dy, J.; and Krause, A., eds., Proceedings of
the 35th International Conference on Machine Learning,

volume 80 of Proceedings of Machine Learning Research,
4790-4799. PMLR.

Valentino, M.; Kim, G.; Dalal, D.; Zhao, Z.; and Freitas,
A. 2025. Mitigating Content Effects on Reasoning in Lan-
guage Models through Fine-Grained Activation Steering.
arXiv:2505.12189.

Valentino, M.; Meadows, J.; Zhang, L.; and Freitas, A.
2023. Multi-Operational Mathematical Derivations in La-
tent Space. arXiv:2311.01230.

Valentino, M.; Meadows, J.; Zhang, L.; and Freitas, A.
2024. Multi-Operational Mathematical Derivations in La-
tent Space. arXiv:2311.01230.

Valentino, M.; Thayaparan, M.; Ferreira, D.; and Freitas, A.
2022. Hybrid autoregressive inference for scalable multi-
hop explanation regeneration. In Proceedings of the AAAI
Conference on Artificial Intelligence, volume 36, 11403—
11411.

van Krieken, E.; Minervini, P.; Ponti, E.; and Vergari, A.
2025. Neurosymbolic Diffusion Models. arXiv:2505.13138.

Vasilakes, J.; Zerva, C.; Miwa, M.; and Ananiadou, S. 2022.
Learning Disentangled Representations of Negation and Un-
certainty. In Proceedings of the 60th Annual Meeting of the

Association for Computational Linguistics (Volume 1: Long
Papers), 8380—8397. Dublin, Ireland: Association for Com-
putational Linguistics.

Yan, Y.; Lu, Y.; Xu, R.; and Lan, Z. 2025. Do PhD-
level LLMs Truly Grasp Elementary Addition? Probing
Rule Learning vs. Memorization in Large Language Mod-
els. arXiv:2504.05262.

Yang, A.; Yang, B.; Hui, B.; Zheng, B.; Yu, B.; Zhou, C.;
Li, C,; Li, C.; Liu, D.; Huang, F.; Dong, G.; Wei, H.; Lin,
H.; Tang, J.; Wang, J.; Yang, J.; Tu, J.; Zhang, J.; Ma, J.;
Yang, J.; Xu, J.; Zhou, J.; Bai, J.; He, J.; Lin, J.; Dang, K;
Lu, K.; Chen, K.; Yang, K.; Li, M.; Xue, M.; Ni, N.; Zhang,
P.; Wang, P.; Peng, R.; Men, R.; Gao, R.; Lin, R.; Wang, S.;
Bai, S.; Tan, S.; Zhu, T.; Li, T; Liu, T.; Ge, W.; Deng, X.;
Zhou, X.; Ren, X.; Zhang, X.; Wei, X.; Ren, X.; Liu, X.;
Fan, Y.; Yao, Y.; Zhang, Y.; Wan, Y.; Chu, Y.; Liu, Y.; Cui,
Z.; Zhang, Z.; Guo, Z.; and Fan, Z. 2024. Qwen?2 Technical
Report. arXiv:2407.10671.

Yang, L.; Tian, Y.; Li, B.; Zhang, X.; Shen, K.; Tong, Y;
and Wang, M. 2025. MMaDA: Multimodal Large Diffusion
Language Models. arXiv:2505.15809.

Yu, K. L.; Chatzi, E.; and Kissas, G. 2025. Grammar-
based Ordinary Differential Equation Discovery.
arXiv:2504.02630.

Zhang, Y.; Carvalho, D.; and Freitas, A. 2024. Learning
Disentangled Semantic Spaces of Explanations via Invert-
ible Neural Networks. In Ku, L.-W.; Martins, A.; and Sriku-
mar, V., eds., Proceedings of the 62nd Annual Meeting of
the Association for Computational Linguistics (Volume 1:
Long Papers), 2113-2134. Bangkok, Thailand: Association
for Computational Linguistics.

Zhang, Y.; Carvalho, D.; and Freitas, A. 2025. Quasi-
symbolic Semantic Geometry over Transformer-based Vari-
ational AutoEncoder. In Proceedings of the 29th Conference
on Computational Natural Language Learning. Association
for Computational Linguistics.

Zhang, Y.; Carvalho, D. S.; Pratt-Hartmann, I.; and Freitas,
A. 2024a. Towards Controllable Natural Language Infer-
ence through Lexical Inference Types. arXiv:2308.03581.

Zhang, Y.; Valentino, M.; Carvalho, D.; Pratt-Hartmann, I;
and Freitas, A. 2024b. Graph-Induced Syntactic-Semantic
Spaces in Transformer-Based Variational AutoEncoders. In
Duh, K.; Gomez, H.; and Bethard, S., eds., Findings of the
Association for Computational Linguistics: NAACL 2024,
474-489. Mexico City, Mexico: Association for Computa-
tional Linguistics.

Zhao, T.; Zhao, R.; and Eskenazi, M. 2017. Learning
Discourse-level Diversity for Neural Dialog Models using
Conditional Variational Autoencoders. In Proceedings of the
55th Annual Meeting of the Association for Computational
Linguistics (Volume 1: Long Papers), 654—664. Vancouver,
Canada: Association for Computational Linguistics.

Zhong, S.; Xu, M.; Ao, T.; and Shi, G. 2025. Understanding
Transformer from the Perspective of Associative Memory.
arXiv preprint arXiv:2505.19488.



Reproducibility Checklist

Unless specified otherwise, please answer “yes” to each
question if the relevant information is described either in
the paper itself or in a technical appendix with an explicit
reference from the main paper. If you wish to explain an an-
swer further, please do so in a section titled “Reproducibility
Checklist” at the end of the technical appendix. This paper:

1.

Includes a conceptual outline and/or pseudocode descrip-
tion of Al methods introduced (yes)

Clearly delineates statements that are opinions, hypothe-
sis, and speculation from objective facts and results (yes)

Provides well marked pedagogical references for less-
familiare readers to gain background necessary to repli-
cate the paper (yes)

. Does this paper make theoretical contributions? (yes)

If yes, please complete the list below.

. All assumptions and restrictions are stated clearly and

formally. (yes)

All novel claims are stated formally (e.g., in theorem
statements). (yes)

Proofs of all novel claims are included. (yes)

. Proof sketches or intuitions are given for complex and/or

novel results. (yes)

. Appropriate citations to theoretical tools used are given.

(yes)

All theoretical claims are demonstrated empirically to
hold. (yes)

All experimental code used to eliminate or disprove
claims is included. (yes)

Does this paper rely on one or more datasets? (yes)

If yes, please complete the list below.

. A motivation is given for why the experiments are con-

ducted on the selected datasets (yes)

. All novel datasets introduced in this paper are included

in a data appendix. (yes)

. All novel datasets introduced in this paper will be made

publicly available upon publication of the paper with a
license that allows free usage for research purposes. (yes)

. All datasets drawn from the existing literature (poten-

tially including authors’ own previously published work)
are accompanied by appropriate citations. (yes)

. All datasets drawn from the existing literature (poten-

tially including authors’ own previously published work)
are publicly available. (yes)

All datasets that are not publicly available are described
in detail, with explanation why publicly available alter-
natives are not scientifically satisficing. (yes)

. Does this paper include computational experiments?

(yes)

If yes, please complete the list below.

10.

11.

12.

. This paper states the number and range of values tried

per (hyper-) parameter during development of the paper,
along with the criterion used for selecting the final pa-
rameter setting. (yes)

Any code required for pre-processing data is included in
the appendix. (yes).

. All source code required for conducting and analyzing

the experiments is included in a code appendix. (yes)

All source code required for conducting and analyzing
the experiments will be made publicly available upon
publication of the paper with a license that allows free
usage for research purposes. (yes)

. All source code implementing new methods have com-

ments detailing the implementation, with references to
the paper where each step comes from (yes)

. If an algorithm depends on randomness, then the method

used for setting seeds is described in a way sufficient to
allow replication of results. (yes)

. This paper specifies the computing infrastructure used

for running experiments (hardware and software), includ-
ing GPU/CPU models; amount of memory; operating
system; names and versions of relevant software libraries
and frameworks. (yes)

. This paper formally describes evaluation metrics used

and explains the motivation for choosing these metrics.
(yes)

. This paper states the number of algorithm runs used to

compute each reported result. (yes)

Analysis of experiments goes beyond single-dimensional
summaries of performance (e.g., average; median) to in-
clude measures of variation, confidence, or other distri-
butional information. (yes)

The significance of any improvement or decrease in
performance is judged using appropriate statistical tests
(e.g., Wilcoxon signed-rank). (yes)

This paper lists all final (hyper-)parameters used for each
model/algorithm in the paper’s experiments. (yes)



Experimental Details

Corpus. Table 4 describes the reasoning tasks in the ex-
periment. For each corpus, the dataset is split into train 60%,
valid 20%, and test 20% sets.

Train setup. Max epoch: 10, Ir: 3e-5, GPU device: A6000
x 2. The latent dimension is 32 during the experiment fol-
lowing the same setup as Optimus. All other experimental
details are provided in the codebase.

Additional Results

Parametric space visualisation. We provide comprehen-
sive heatmaps covering all encoder layers across the full set
of tasks, including Math Reasoning: Figure 5 and 6; Ex-
planatory Reasoning: Figure 7 and 8; Syllogistic Reasoning:
Figure 9 and 10.

Feature space visualisation. We provide the latent space
visualisation across all reasoning tasks in Figure 11, 12, and
13.



Task Example Num of Rules  Sizes

Operation: differentiation
Math Reason Input: \log((\frac{s}{W})), with variable s 7 28k
Output: \frac{1}{s}

Operation: argument substitution
P1: a scar on the knee is a kind of scar.

Explanatory Reason P2: a scar is an acquired characteristic. 8 Sk
C: a scar on the knee is an acquired characteristic.
Operation: AA1

Syllogistic Reason P1: all apples are edible fruits. 2% sk

P2: all edible fruits are fruits.
C: all apples are fruits.

Table 4: Reasoning tasks, examples, number of rules, and dataset sizes.

Figure 5: Math Reasoning: gradient heatmap, where cls_weight is 0.1.



Figure 6: Math Reasoning: gradient heatmap, where cls_weight is 1.0.
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Figure 7: Explanatory Reasoning: gradient heatmap, where cls_weight is 0.1.
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Figure 8: Explanatory Reasoning: gradient heatmap, where cls_weight is 1.0.
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Figure 9: Syllogistic Reasoning: gradient heatmap, where cls_weight is 0.1.



Figure 10: Syllogistic Reasoning: gradient heatmap, where cls_weight is 1.0.
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Figure 11: PCA and T-SNE visualisation for Math Derivation task.
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Figure 12:

PCA and T-SNE visualisation for Explanatory Reasoning task.
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Figure 13: PCA and T-SNE visualisation for Syllogistic Reasoning task.



