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estimating equations models
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Abstract

This paper considers pointwise inference for nonparametric estimating equations mod-

els. The paper proposes two general test statistics that are based on a local version of

the Generalized Empirical Likelihood (GEL) approach that can be used to test simple

hypotheses about the unknown infinite dimensional parameters and to test for the correct

specification of the chosen nonparametric estimating equations model. The paper shows

that among the class of the proposed GEL test statistics, the empirical likelihood ratio

is the only one admitting a Bartlett correction, however by appropriately modifying the

other GEL based test statistics, it is still possible to obtain second order accurate infer-

ences. The paper also proposes a new (local) version of the so-called efficient bootstrap

that delivers the same level of second order accuracy as that of the (modified) GEL test

statistics for the correct specification of the chosen nonparametric estimating equations

model. Finally, the paper uses simulations and a real data example to illustrate the finite

sample properties and applicability of the proposed inference methods.
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1 Introduction

Parametric estimating equations (PEE) models, that is models where the unknown parameters

of interest are finite dimensional, are widely used in Economics, Finance and Statistics. For

example, many assets pricing models used in Finance naturally give rise to a set of (possibly

conditional) estimating equations; likewise, quasi-likelihood methods for generalized linear mod-

els also give rise to a set of estimating equations. Estimation and inference for the unknown

finite dimensional parameters of such models are typically carried out using Hansen’s (1982)

generalized method of moments (GMM) approach - see also Qu, Lindsay and Li (2000), or,

alternatively, Newey and Smith’s (2004) generalized empirical likelihood, with the asymptotic

properties of the resulting estimators and test statistics being well-established. However, the

chosen parametric specification is often too restrictive and can result in misspecified models.

For example, the popular stochastic discount factor model widely used in the empirical assets

pricing literature (see Cochrane (2001) for a comprehensive review) relies on a parametric speci-

fication of the utility function, which can result in a misspecified model, see for example Hansen

and Jagannathan (1997) and more recently Gospodinov, Kan and Robotti (2013). Similarly,

in quasi-likelihood estimation for generalized linear models the assumed linearity of the index

might not be appropriate to model possible nonlinear relationships between the covariates, the

response and the unknown parameters.

Nonparametric estimating equations (NPEE) models are useful extensions of PEE models, as

they are robust to possible misspecification, while providing a very flexible way to model po-

tentially complex nonlinear relationships often encountered with real data. Because of these

desirable properties, several authors have considered NPEE models: Severini and Staniswalis

(1994) considered nonparametric quasi-likelihood models, Cai (2003), Lewbel (2007) and Bravo

(2022) considered generic NPEE models that can be used in the context of nonparametric binary

choice, treatment effects and certain stochastic optimization models, Cai, Das, Xiong and Wu

(2006) considered instrumental variables estimation of smooth coefficients model, Cai and Li

(2008) considered nonparametric dynamic panel data models, Fang, Ren and Yuan (2011) and

Cai, Ren and Sun (2015) considered nonparametric stochastic discount factor models.

All of the above papers focus mainly on estimation, whereas this paper considers pointwise

inference. Pointwise inference is important for empirical applications: for example, it can be

used in Economics in the context of demand elasticities and efficient frontiers, where it is of-

ten important to evaluate these functions at a specific point. Similarly, in the nonparametric

treatment effect literature, it is important to evaluate the effectiveness of a given treatment at

a specific point.

This paper focuses on the second order properties of two general test statistics that can be

used to test simple hypotheses about the unknown infinite dimensional parameters as well as

to test for the correct specification of the chosen NPEE model. The proposed test statistics are
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based on a kernel version of the Generalized Empirical Likelihood (GEL) approach. GEL was

introduced by Smith (1997) and Newey and Smith (2004) as a quasi-likelihood alternative to

GMM which includes as special cases Owen’s (1988) empirical likelihood (EL) and continuous

updating (CU) GMM (Hansen, Heaton and Yaron 1996). One important property of GEL is

that, as opposed to GMM, it does not require the estimation of a weight matrix, which, as shown

by Newey and Smith (2004) and Bravo (2022) is an important source of the finite sample bias

for GMM estimators, and it might also explain the relatively poor finite sample performance of

GMM based test statistics, such as Hansen’s (1982) overidentifying restrictions statistic. To the

best of our knowledge this is the first paper that develops and justifies rigorously a second order

asymptotic theory for inference in NPEE models. It is important to note that in order to obtain

second order accurate test statistics we need to deal with the bias resulting from the kernel

estimation. One possibility is to directly estimate the bias. This is the approach followed by

Calonico, Cattaneo and Farrell (2018) (although not in the context of the overidentified NPEE

models considered in this paper). Alternatively, one can undersmooth, which is what we do in

this paper, since, as noted by Hall (1992a), undersmoothing yields more accurate confidence

regions and smaller errors in the rejection probabilities (see also Hall (1992b)). The new results

of the paper are the following:

First, it considers inference for the unknown infinite dimensional parameter when the model is

exactly identified and obtain Edgeworth expansions for local GEL test statistics that can be

used to obtain confidence regions with improved coverage accuracy. This case is empirically

relevant as it includes many nonparametric regression models, where there is some possible

correlation between the covariates and the unobservable errors, see Section 4.2 for an example.

The expansions show that in the class of local GEL test statistics, the one based on EL is the

only one Bartlett correctable, that is, it is the only statistic that admits a scale correction that

improves the order of magnitude of its coverage error. The expansions can also be used to

obtain Bartlett-type corrections to the other members of the family of local GEL test statistics,

as well as to obtain Cornish-Fisher type expansions for the upper quantile of the asymptotic χ2

distribution of the test statistics.

Second, it considers a test for the correct local specification of the chosen NPEE model that

is in the same spirit of Hansen’s (1982) overidentifying restrictions test. This paper shows that

by using the same linear reparametrization of Chen and Cui (2006) and Matsushita and Otsu

(2013), the resulting local EL test statistic is still Bartlett correctable. Bartlett-type corrections

for the other members of the local GEL family of test statistics for overidentifying restrictions

are also considered, as well as Cornish-Fisher type expansions for the upper quantile of the

relevant asymptotic χ2 distribution.

Although theoretically interesting, both the Bartlett and Bartlett-type corrections for the

local GEL test statistic for overidentifying restrictions are very complicated to compute in
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practice, so it is useful to consider alternative methods that deliver the same level of accuracy.

The efficient bootstrap of Brown and Newey (2002) seems a natural way to incorporate the

additional local information into the inference process, as it imposes the null hypothesis on the

resampled observations. The third contribution of this paper is to show that a local version of the

efficient bootstrap can be used to obtain second order improvements to the distribution of the

local GEL test statistic for overidentifying restrictions. As an additional technical contribution,

the paper establishes a new generic efficient bootstrap uniform law of large numbers for kernel

based estimators that is of independent interest.

The fourth contribution of this paper is to illustrate its results both analytically and numer-

ically with two examples: a nonparametric binary choice model and a smooth coefficient model

with endogenous covariates, that is covariates that are possibly correlated with the unobservable

errors.

The final contribution of this paper is to consider an empirical application, where the rela-

tionship between earnings, years of schooling and work experience is examined using a varying

coefficients specification that allows for the endogeneity of the covariates, which shows the use-

fulness of the proposed inference methods.

These new results contribute to the literature on higher order asymptotics of EL and more

generally GEL inference for models with infinite dimensional parameters, which includes Chen

(1996), Chen and Qin (2000), Otsu, Xu and Matsushita (2015) and Bravo (2022) among others.

The rest of the paper is structured as follows: next section introduces the NPEE model,

two motivating examples and the test statistics. Section 3 contains the main results. Section 4

contains the results of some Monte Carlo simulations that are used to illustrate the finite sample

properties of the proposed test statistics. Section 5 contains the empirical application, whereas

section 6 contains some concluding remarks. An Appendix contains all the proofs, whereas an

online Appendix contains additional Monte Carlo results and robustness checks for the empirical

application.

The following notation is used throughout the paper: “T” indicates transpose, a prime and

double prime indicate, respectively, first and second derivatives of a function with respect to its

argument. Finally, as it is customary in the higher order asymptotics literature, the paper uses

tensor (or index) notation - see for example McCullagh (1987), so for the components indices

j, k, l etc., vj,vjk and vjkl represent, respectively, a vector, a matrix and a three dimensional

array. For such arrays the summation convention is also used, meaning that for any two (or

more) repeated indices their sum is understood, so for example vjvj =
∑

j vjvj.
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2 The NPEE model

Let {Wi}
n
i=1 denote a random sample from the distribution PW of W taking values in W ⊂R

dW ,

let {Zi}
n
i=1 denote a random sample of so-called instruments from the distribution PZ taking

values in Z ⊂R
dZ 1 and let h ∈ H = H1 × H2 × ... × Hk denote a k dimensional vector of

unknown functions - the infinite dimensional unknown parameters, where Hj(j = 1, ..., k) are

pseudo-metric spaces of functions.

The NPEEmodel we consider is defined through a vector of known functions g : W ×Z ×H →R
l

(l ≥ k) such that

E [g (h (Z) ,W ) |Z] = 0 a.s. for a unique h0 ∈ H; (1)

note that for a given point z ∈ Z (1) implies that

E [g (h0 (z) ,W ) |Z = z] f(z) = 0, (2)

where f(·) is the marginal density of Z.

The following two examples illustrate the type of NPEE models that are the focus of this paper:

Example 1 Consider the following nonparametric binary choice model

Y = I (h0 (Z)− ε ≥ 0) (3)

where I (·) is the indicator function, h : Z → R is an unknown function and ε is an unob-

servable error assumed to be independent of Z. Let Fε denote the known distribution of ε; then

E (Y − Fε (h0 (Z)) |Z) = 0 a.s. and g(h(Z),W ) = Y − Fε(h(Z)).

Example 2 Consider the following smooth coefficients model

Y = XTh0 (Z) + ε, (4)

where X and Z are, respectively, a k and dZ dimensional vectors of covariates and h : Z → R
k

is a vector of unknown functions. We assume that the X covariates are endogenous and that

E (ε|Z) = 0 a.s., so that the Z covariates can be used as instruments. Let g (h (Z) ,W ) =

r (Z)
(
Y −XTh (Z)

)
, where r : Z → R

l (l ≥ k) is a vector of known functions. Then

E (r (Z) ε|Z) = 0 a.s., where ε = Y −XTh0 (Z).

Let b =: b (n) denote the bandwidth and K : Z →R denote a multivariate (product) kernel

function; then (2) suggests that estimation and inference for h0 can be based on

g (h (z) ,W )K

(
Z − z

b

)
, (5)

1Note that Z may contain some of the elements of W.
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which forms the basis for the inference considered in this paper. To be specific, let

Γγ (λ, h, z) = γ

(
λ (z)T g (h (z) ,W )K

(
Z − z

b

))

denote the local GEL criterion function, where γ is a known scalar valued function and λ is a

vector of auxiliary unknown parameters. Examples of Γγ (λ, h, z) include

ΓEL (λ, h, z) = log

(
1− λ (z)T g (h (z) ,W )K

(
Z − z

b

))

which corresponds to a local version of Owen’s (1988) EL,

ΓET (λ, h, z) = − exp

(
λ (z)T g (h (z) ,W )K

(
Z − z

b

))

which corresponds to a local version of exponential tilting (see for example Kitamura and Stutzer

(1997)), and finally

ΓCU (λ, h, z) = −
1

2

(
1 + λ (z)T g (h (z) ,W )K

(
Z − z

b

))2

which corresponds to a local version of the continuous updating (CU) estimator of Hansen et al.

(1996).

Given a random sample {W T
i , Z

T
i }

nT
i=1 and a suitable restriction, say HC , on the parameter space

H to be defined precisely in Section 3 below, let

gKi (h (z)) := g (h (z) ,Wi)K

(
Zi − z

b

)
;

denote the local version of the NPEE g(·), and let

ĥ (z) := arg min
h∈HC

Γ̂γ

(
λ̂, h, z

)
(6)

where

Γ̂γ (λ, h, z) =
1

nbdZ

n∑

i=1

γ
(
λ (z)T gKi (h (z))

)
and (7)

λ̂ (z) = arg max
λ∈Λn(h)

Γ̂γ

(
λ, h, z

)

for some h ∈ HC , with Λn (h) =
{
λ (z)T gKi (h (z)) ∈ V0, i = 1, ..., n

}
, where V0 is an open

interval containing 0 for all z ∈ Z, and λ̂ (z) can be interpreted as the local Lagrange multiplier

estimator associated with (2).
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The two test statistics we consider are

Sγ

(
λ̂, h0

)
= 2nbdZ

(
Γ̂γ

(
λ̂, h0, z

)
− Γ̂γ (0, h0, z)

)
(8)

and

Sγ

(
λ̂, ĥ
)
= 2nbdZ

(
Γ̂γ

(
λ̂, ĥ, z

)
− Γ̂γ

(
0, ĥ, z

))
, (9)

which can be used, respectively, to construct confidence regions for h0 (·) at Z = z under the

additional assumption that dim (g) = dim (h)2 and to test for the local correct specification of

E [g (h0 (z) ,W ) |Z = z] f(z) = 0.

3 Asymptotic results

We first discuss the parameter space HC . Since the seminal work of Wong and Severini (1991,

Theorem 1), HC is often assumed to be a compact set (see for example Lewbel (2007) and

Bravo (2022)). Note that compactness can also be deduced indirectly using various compact

embedding results (see, for example, Nickl and Potscher (2007)) under some additional regularity

conditions on H. For example, suppose that H = WC
p+p0,∞

for some finite positive constant C,

that is H is the space of functions with Sobolev sup norm max|α|≤p+p0 ||D
αf ||∞ ≤ C, where Dα

is a multi-index differential operator. Then the embedding WC
p+p0,∞

→֒ WC
p,∞ is compact and

HC = WC
p,∞. Let

G (z) = E
[
∂g (h0 (Z) ,W ) /∂hT |Z = z

]
, Ω (z) = E

[
g (h0 (Z) ,W ) g(h0(Z),W )T |Z = z

]
,

and assume that:

A1 (i) There exists a unique h0 ∈ HC such that E [g (h0 (z) ,W ) |Z = z] = 0, (ii) h0 is

twice continuously differentiable on Z with uniformly bounded derivatives, (iii) The dZ-

dimensional random vector Z has compact support Z and its density f is bounded away

from 0 on Z,

A2 (i) ∂g (h) /∂hT exists and is continuous for each h ∈ HC a.s., (ii) the classes of functions

GK
1 =

{
gK (h (z)) , b > 0, z ∈ Z, h ∈ HC

}
and GK

∂h =
{
∂gK (h (z)) /∂hT , b > 0, z ∈ Z, h ∈ HC

}

are Euclidean with integrable envelopes G1 and G∂1 , (iii) the envelope G2 = G2
1 is inte-

grable,

2Note that second order accurate confidence regions for h0(z) in the general case dim(g) > dim(h) can be

constructed using the test statistic

Sγ(λ̃, λ̂, h0, ĥ) = 2nbdZ (Γ̂γ(λ̃, h0, z)− Γ̂γ(λ̂, ĥ, z)),

where λ̃ = argmaxλ∈Λn(h0) Γ̂γ(λ, h0, z). To do so, one needs to expand Γ̂γ(λ̃, h0, z) (along the lines of the case

dim(g) = dim(h)), use the expansion for Γ̂γ(λ̂, ĥ, z) and combine both expansions.
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A3 for all z ∈ Z (i) E ∥g (h (z) ,W )∥δ < ∞ for all h ∈ HC and some δ > 2, (ii) Ω (z) is

positive definite, (iii) rank (G (z)) = k,

A4 γ (v (z)) is twice continuously differentiable in v in a neighborhood of 0 for all z ∈ Z with

γj = ∂jγ (v) /∂vj|v=0 = −1 for (j = 1, 2),

A5 The kernel function K (·) is symmetric and has compact support, say [−1, 1].

Assumption A1(i) is a local identification condition, which is implied by (1) and can be

often verified by imposing more primitive conditions on g and/or the covariates W and Z (see

Section 4 below for two examples). A1(ii)-(iii) are standard in the nonparametric estimation

literature; in particular A2(ii) ensures that the C used to define HC exists. Assumption A2(i)

requires smoothness of g in terms of its first derivative and is used to show the (pointwise)

asymptotic normality of the estimators λ̂ and ĥ. Assumption A2(ii) is a high level condition

requiring that the classes of functions GK
1 and GK

∂1
are Euclidean with integrable envelopes -

see Pakes and Pollard (1989) for a definition of an Euclidean class of functions. In Proposition

7.1 in the Supplemental appendix we provide a set of sufficient conditions that imply A2(ii).

Assumptions A3-A4 are similar to those used by Newey and Smith (2004); in particular A4 is

a normalization assumption that can be always be achieved by a simple rescaling of the local

GEL criterion function -see Newey and Smith (2004)[p. 222]. Finally, A5 is standard in the

nonparametric estimation literature. Under the above regularity conditions, it is possible to

obtain a uniform first order expansion for λ̂(z), ĥ(z) and obtain their uniform convergence rate

- see for example Bravo (2022). Note also that A3(i) for h = h0 and a given Z = z, is sufficient

for the Lyapunov central limit theorem to apply; combined with A3(iii) it yields the asymptotic

normality of the estimators λ̂ (z) and ĥ (z). In particular, for
(
nbdZ

)1/2
→ ∞

(
nbdZ

)1/2 (
ĥ (z)− h0 (z)− b2B (z)

)
d
→ N

(
0,

Σ (z)

f (z)

)
, (10)

where

Σ (z) =
(
G (z)T Ω (z)−1 G (z)

)−1
∫

K2 (u) du,

B (z) =
1

2f (z)

dZ∑

j=1

(
h′′
j0 (z) f (z) + 2h′

0 (z) f
′ (z)T

)∫
uujK (u) du.

which shows that the asymptotic mean squared error (AMSE) for ĥ (z) is

AMSE
(
ĥ (z)

)
=

b4

4
∥B (z)∥2 +

∫
K2 (u) du

nbdZ
tr (Σ (z)) , (11)

where tr (·) is the trace operator, which implies that the optimal bandwidth bdZ∗ minimizing (11)

is

bdZ∗ =

(
1

n

) 1

dZ+4
(
dZ

∫
K2 (u) dutr (Σ (z)) ∥B (z)∥−2

) 1

dZ+4

, (12)
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and the optimal convergence rate is of order n−4/(dZ+4).

We consider the problems of testing simple hypotheses and constructing confidence regions for h0

at a given point z - when dim (h) = dim (g), and of testing for the correct local specification of (1).

As mentioned in the Introduction, to obtain valid inferences for the unknown parameter h0 one

needs to correct for the asymptotic bias either by directly estimating it or with undersmoothing,

which is the approach we follow. Note that to construct confidence regions for h0 using a score

or Wald statistic or to test for the correct specification of (1) requires the explicit estimation of

Ω (z), Σ (z) and of the density f (z). On the other hand this additional estimation is not required

by the local GEL statistics (8) and (9); indeed under the undersmoothing assumption nbdZ+4 →

0, a second order Taylor expansion and standard results on quadratic forms in asymptotically

normal random vectors show that (8) and (9) enjoy the so-called Wilks’ phenomenon (Wilks

1938), that is

Sγ

(
λ̂, h0

)
= nbdZ

(
1

nbdZ

n∑

i=1

gKi (h0)
T

)(
1

nbdZ

n∑

i=1

gKi (h0)
⊗2

)−1
1

nbdZ

n∑

i=1

gKi (h0) + op (1)
d
→ χ2

k,

Sγ

(
λ̂, ĥ
)
= nbdZ

(
1

nbdZ

n∑

i=1

gKi

(
ĥ
)T
)(

1

nbdZ

n∑

i=1

gKi

(
ĥ
)⊗2
)−1

1

nbdZ

n∑

i=1

gKi

(
ĥ
)
+ op (1)

d
→ χ2

l−k,

where gKi (h0)
⊗2 = gKi (h0)g

K
i (h0)

T . Note that as with all specification tests, rejection of the

null hypothesis could be due to the fact that either h could be misspecified, or because the

instruments Zi are not valid or because of a misspecified g. We first consider the second order

properties of Sγ

(
λ̂, h0

)
. Note that by inverting Sγ

(
λ̂, h0

)
one can construct confidence regions

for h0 with nominal coverage 1− α, that is for P (χ2
k ≤ cα) = 1− α and

Rα (h) = P
(
h|Sγ

(
λ̂, h
)
≤ cα

)
,

we have P (h0 ∈ Rα (h)) = 1− α + o (1) .

It is convenient to switch from matrix to the tensor notation typically used in higher order

asymptotics, see for example McCullagh (1987). For the indices j, l, .. running from 1 to k, let

ωjl (h) = E
[
gKj (h) gKl (h) /bdZ

]
,
[
ωjl (h)

]1/2
denote the matrix square root of its inverse and,

using the summation convention, define the standardized multivariate moments

µjlm... (h) = E
1

bdZ

[[
ωjn (h)

]1/2
gKn (h)

[
ωlo (h)

]1/2
gKo (h)× (13)

[ωmp (h)]1/2 gKp (h) ...
]
,

with µjl (h) = δjl the Kronecker delta. Let k = k + k (k + 1) /2 + k (k + 1) (k + 2) /3! denote
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the dimension of the vector

Uk (h,K) =
[[
ω1m (h)

]1/2
gKm (h) , ...,

[
ωkm (h)

]1/2
gKm (h) , (14)

[
ω1n (h)

]1/2
gKn (h)

[
ω1o (h)

]1/2
gKo (h) , ...,

[
ωkn (h)

]1/2
gKn (h)

[
ωko (h)

]1/2
gKo (h) ,

[
ω1n (h)

]1/2
gKn (h)

[
ω1o (h)

]1/2
gKo (h)

[
ω1p (h)

]1/2
gKp (h) , ...,

[
ωkn (h)

]1/2
gKn (h)

[
ωko (h)

]1/2
gKo (h)

[
ωkp (h)

]1/2
gKp (h)

]T
.

The following assumptions are sufficient for justifying the second order expansion for the

coverage probability of the confidence region Rα (h) in the Edgeworth sense, see for example

Hall (1991):

A4’ for all z ∈ Z (i) γ (v (z)) is five times differentiable in v a neighborhood of 0, ii) there

exists an integrable function φ such that |∂5γ (v (z)) /∂v5 − γ5| ≤ φ |v (z)| ,

A6 (i) E
(
∥g (h0,W )∥15

)
< ∞, (ii) for any θ ∈ R

k such that ∥θ∥ = 1, there exists a partition

of [−1, 1], −1 = u1 < ... < um(θ) = 1 such that θTUk (h0, K) is either strictly increasing or

decreasing on each interval (um−1, um) for m = 1, ...,m (θ).

Assumption A6(i) is sufficient to ensure the existence of the higher order moments required

to prove the validity of the Edgeworth expansion of the signed squared root of the statistic

Sγ

(
λ̂, h0

)
, and is commonly assumed in the higher order asymptotics literature for empirical

likelihood inference in both parametric estimating equations models (see for example Chen and

Cui (2007) and Matsushita and Otsu (2013)) and nonparametric estimating equations models

(see for example Otsu et al. (2015)); A6(ii) is similar to Assumption 5(c) of Horowitz (1998)

and is used to verify Hall’s (1991) analog of the standard Cramer condition (see also Hall

(1992b)[Lemma 5.6]) which is used to justify the validity of the resulting Edgeworth expan-

sion. Note that A4’ and A6 imply that the approximation error in the Edgeworth expansion of

Sγ

(
λ̂, h0

)
is of order Op

((
nbdZ

)−2
)
. Before we state the main theoretical results of this section,

it is useful to provide some intuitive explanations about them. The validity of the Edgeworth ex-

pansions of Theorems 1 and 2 follows by the (standard) argument based on the so-called signed

squared root decomposition of the stochastic expansions (up to the order Op((nb
dZ )−3/2)) of the

test statistics (8) and (9). Both expansions are shown to be valid in the sense of Bhattacharya

and Ghosh (1978); we then use the results of Chandra and Ghosh (1980) combined with the

oddness/evenness property of the Hermite polynomials (Barndorff-Nielsen and Hall 1988) ap-

pearing in the formal Edgeworth expansions of Sγ(λ̂, h0) and Sγ(λ̂, ĥ) to obtain the O((nbdZ )−2)

error’s order of magnitude in the expansions - see also DiCiccio and Romano (1989) for this

point. For the Bartlett correction and generalized Bartlett correction given, respectively, in

10



Corollaries 1.1 and 1.2 the results follows by a standard application of the delta method and

the general approximation results to a χ2 distribution of Cox and Reid (1987a).

Theorem 1 Under A1, A4’, A6 and nbdZ+4 → 0,

P (h0 ∈ Rα (h)) = 1− α +
1

nbdZ

3∑

j=0

Bj (K)Gk+2j (cα) +O

(
1

(nbdZ )2

)
, (15)

where

B0 (K) =
1

72
(−b3 (K) + 3b2 (K)− 36b1 (K)) ,

B1 (K) =
1

24
(b3 (K)− 2b2 (K) + 12b1 (K)) ,

B2 (K) =
1

24
(−b3 (K) + b2 (K)) , B3 (K) =

1

72
b3 (K) ,

and

b1 (K) =
(
γ3 −

γ4
4

)
µjjll (h0) +

(
1 +

5γ3
3

+
γ2
3

2

)
µjlm (h0)µjlm (h0) +

(γ3 + 2)2

36
µjjl (h0)µlmm (h0) ,

b2 (K) = [3]

[
(γ4 − 4γ3 − 2)µjlmn (h0) + 2

(
4 +

10γ3
3

+
2γ2

3

3

)
µjlm (h0)µnoo (h0)+

(
12 + 14γ3 + 4γ2

3

)
µjlo (h0)µmno (h0)

]
δjlδmn,

b3 (K) = [15] (2 + γ3)
2 µjlm (h0)µnop (h0) δjlδmnδop.

Note that the terms b2 (K) and b3 (K) are 0 for EL (i.e. for γ3 = −2 and γ4 = −6), which

implies that a simple scale correction to the original statistic - the Bartlett correction - improves

the coverage accuracy of the local EL statistic to the order
(
nbdZ

)−2
. Let

BC (K) = 1 +
b1EL (K)

knbdZ
(16)

denote the Bartlett correction.

Corollary 1.1 Under the same conditions of Theorem 1,

P



SEL

(
λ̂, h0

)

BC (K)
≤ cα


 = 1− α +O

(
1

(nbdZ )2

)
.

It is important to note that expansion (15) can be used to improve the accuracy of the

confidence regions for h0 for all the other local GEL statistics. To be specific, we consider

11



a modified local GEL statistic similar to that proposed by Cordeiro and Ferrari (1991) for

parametric likelihood models, that is

Sm
γ

(
λ̂, h0

)
= Sγ

(
λ̂, h0

)

1− 2

3∑

j=1

(
3∑

l=j

Bl (K)

)
Sj−1
γ

(
λ̂, h0

)

nbdZΓj


 , (17)

where Γj = 2jΓ (k/2 + j) /Γ (k/2), Γ (·) is the gamma function and the term in the square

brackets can be interpreted as a generalized Bartlett correction. Let

Rm
α (h) = P

(
h|Sm

γ

(
λ̂, h
)
≤ cα

)

denote the corresponding confidence region; the following corollary to Theorem 1 shows that

Rm
α (h) is second order accurate.

Corollary 1.2 Under the same assumptions of Theorem 1,

P (h ∈ Rm
α (h)) = 1− α +O

(
1

(nbdZ )2

)
. (18)

It is also important to note that (17) can also be used to obtain the asymptotic expansion

of the upper quantile of the distribution of Sγ

(
λ̂, h0

)
, that is for

dγ = c

(
1 + 2

3∑

j=1

(
3∑

l=j

Bl (K)

))
cj−1

nbdZΓj

, (19)

one has that

P
(
Sγ

(
λ̂, h0

)
≤ dγ

)
= Gk (c) +O

(
1

(nbdZ )2

)
;

thus (19) can be used with cα replacing c to directly improve the coverage accuracy of Rα (h) .

In practice the bj (K)’s are unknown and need to be estimated; let b̂j (K) denote the sample

analog of the corresponding bj (K) with h0 replaced by ĥ and let Sm̂
γ

(
λ̂, h0

)
and d̂γ denote the

modified local GEL statistics and upper quantile based on the b̂j (K)’s.

Assume that

A2’ (i) A2 holds, (ii) the classes of functions G1∂ = {(∂gK(h)/∂hT )gKj (h), b > 0, h ∈ HC} and

G2∂ = {(∂gK(h)/∂hT )gKj (h)gKl (h), b > 0, h ∈ HC} for j, l = 1, ..., k are Euclidean with

integrable envelopes G1∂ and G2∂ , (iii) the envelopes G3 = G3
1 and G4 = G4

1 are integrable.

Corollary 1.3 Under the same assumptions of Theorem 1 and A2’

P
(
Sm̂
γ

(
λ̂, h0

)
≤ cα

)
= 1− α +O

(
1

(nbdZ )2

)
,

P
(
Sγ

(
λ̂, h0

)
≤ d̂γ

)
= Gk (c) +O

(
1

(nbdZ )2

)
.

12



Corollary 1.3 is important because it shows that using the sample analogs b̂j (K) does not

change the order of the approximation error of the modified test statistics, a fact first noted by

Barndorff-Nielsen and Hall (1988) for Bartlett corrected likelihood ratio statistics.

Remark 1 It is interesting to note that the standardized multivariate moments µjkl (h0) and

µjklm (h0) appearing in the modified statistic Sm
γ

(
λ̂, h0

)
given in (17) (and in the asymptotic

expansion of the upper quantile dγ given in (19)) can be replaced by µ0jkl (h0) and µ0jklm (h0),

where

µ0jkl (h0) = E

([
Ω (z)jm

]1/2
gm (h0 (Z))

[
Ω (z)kn

]1/2
gn (h0 (Z))× (20)

[
Ω (z)lo

]1/2
go (h0 (Z)) |Z = z

) ∫
K3 (u) du

(∫
K2 (u) du

)3/2 ,

µ0jklm (h0) = E

([
Ω (z)jn

]1/2
gn (h0 (Z))

[
Ω (z)ko

]1/2
go (h0 (Z))×

[
Ω (z)lo

]1/2
go (h0 (Z)) [Ω (z)mp]

1/2
gp (h0 (Z)) |Z = z

) ∫
K4 (u) du∫
K2 (u) du

.

Let bj and Bj denote the bj (K) and Bj (K) (j = 1, 2, 3) terms expressed in terms of µ0jkl (h0)

and µ0jklm (h0). Since µjkl (h0) → µ0jkl (h0) + O (b) and µjklm (h0) → µ0jklm (h0) + O (b), the

same arguments as those used in the proof of Theorem 1 imply the following corollary:

Corollary 1.4 Under the same assumption of Theorem 1

P (h0 ∈ Rα (h)) = 1− α +
1

nbdZ

3∑

j=0

BjGk+2j (cα) +O

(
b

(nbdZ )

)
. (21)

Corollary 1.4 shows that the coverage error Rα (h) based on the the B′
js is at best of order

o
(
1/nbdZ

)
under the undersmoothing assumption of Theorem 1. Therefore, the approximation

errors in Corollaries (1.1), (1.2) and (1.3) have the same order o
(
1/nbdZ

)
.

We now consider the overidentifying restrictions test statistic Sγ

(
λ̂, ĥ
)
defined in (9). The

following convention is used to denote the components of the estimating equations and of the

parameters: the indices r, s, t, ... run from 1 to l − k, the indices j, k, l, ... run form 1 to l and

the indices a, b, ... run from 1 to k. We use the same approach as that developed by Chen and

Cui (2007) and Matsushita and Otsu (2013), which relies on an appropriate reparametrization

of the local estimating equations gK (h). To be specific let T1jk denote an l× l orthogonal matrix

such that

T1jk

[
ω (h0)

kl
]1/2

E
1

bdZ

(
∂gKl (h0)

∂ha

)
T2ab = [Λab, Ok+rb] , (22)

13



where T2ab is a k× k orthogonal matrix, Λab is a k× k nonsingular diagonal matrix, Ok+rb is an

(l − k) × k matrix of zeroes and the index k in (22) is fixed and corresponds to the dimension

of h, so that the matrix Ok+rb is an (l − k)× k matrix of zeroes. Let

U (h) = T1jk

[
ω (h)kl

]1/2
gKl (h) (23)

denote the (standardized) reparametrized local estimating equation,

µk+rk+sk+t... (h) = E
1

bdZ
[Uk+r (h)Uk+s (h)Uk+t (h) ...] ,

γ
a1...aj ,b1...bl,...
k+rk+sk+t... (h) = E

1

bdZ

[
∂jUk+r (h)

∂ha1 ...∂haj

∂lUk+s (h)

∂hb1 ...∂hbl

Uk+t (h) ...

]
,

G
a1...am1

,b1...bm2

k+rk+sk+t.. (h) =
1

(nbd)1/2

∑(
∂m1Uik+r (h)

∂ha1 ...∂ham1

∂m2Uik+s (h)

∂hb1 ...∂hbm2

Uik+t (h) ...− γ (h)
a1...am1

,b1...bm2

k+rk+sk+t...

)
,

where, as in (22), the index k appearing in the multivariate moments µk+rk+s... and expected

derivatives γ
a1...aj ,b1...bl,...
k+rk+sk+t.. is fixed.

Let l = (l − k)+(l − k) ((l − k) + 1) /2+(l − k) ((l − k) + 1) ((l − k) + 2) /3!+k (k + 1) /2+

(l − k) k (k + 1) /2+k (l − k) ((l − k) + 1) /2+k (l − k) ((l − k) + 1) ((l − k) + 2) /3! denote the

dimension of the vector

Ul (h,K) = [Uk+1 (h) , ..., Ul (h) , Uk+1k+1 (h) , ..., Ull (h) ,

Uk+1k+1k+1 (h) , ..., Ulll (h) ,

G1
k+1 (h) , ..., G

k
k+1 (h) , ..., G

k
l (h) , G

1,1
k+1 (h) , ...,

Gk,k
k+l (h) , G

1
k+1k+1 (h) , ..., G

k
k+lk+l (h) , G

1
k+1k+1k+1 (h) , ...,

Gk
k+1k+1k+1 (h) , ..., G

k
k+lk+lk+l (h)

]T

Assume that:

A2” (i) A2’(i)-(ii) hold, (ii) the classes of functions

GK
3∂ =

{
(∂gK (h) /∂hT gKj (h))gKk (h)gKm(h), b > 0, h ∈ HC

}
,

GK
1∂2 =

{
(∂2gK (h) /∂hT∂ha)g

K
j (h), b > 0, h ∈ HC

}
,

GK
2∂2 =

{
∂2gK (h) /∂hT∂hag

K
j (h)gKk (h), b > 0, h ∈ HC

}
,

for (j, l,m = 1, ..., k; a = 1, ..., k) are Euclidean with integrable envelopes G3∂ , G1∂2 and

G2∂2 ,

A6’ (i) E
(
∥g (h0,W )∥15

)
< ∞, E

(∥∥∂g (h0,W ) /∂hT
∥∥5
)
< ∞, E

(∥∥∂2g (h0,W ) /∂hT∂ha

∥∥5
)

< ∞,

E
(∥∥∂g (h0,W ) /∂hTgj (h0,W )

∥∥5
)
< ∞ and E

(∥∥∂g (h0,W ) /∂hT gj (h0,W ) gk (h0)
∥∥5
)
<

14



∞ for a = 1, ..., k and j, k = 1, ..., l, (ii) for any θ ∈ R
l such that ∥θ∥ = 1, there exists

a partition of [−1, 1], −1 = u1 < ... < um(θ) = 1 such that θTUl (h,K) is either strictly

increasing or decreasing on each interval (um−1, um) for m = 1, ...,m (θ).

Let

∆ab = T2acΛ
bc, (24)

where Λbc is the matrix inverse of the diagonal matrix defined in (22) and the orthogonal matrix

T2ac is also defined in (22). Let P
(
χ2
l−k ≤ cα

)
= 1 − α; the following theorem establishes the

second order expansion for the rejection probabilities of Sγ

(
λ̂, ĥ
)
.

Theorem 2 Under A1, A2”, A6’ and nbdZ+4 → 0,

P
(
Sγ

(
λ̂, ĥ
)
≥ cα

)
= α +

1

nbdZ

3∑

j=0

Cj (K)Gk+2j (cα) +O

(
1

(nbdZ )2

)
, (25)

where

C0 (K) =
1

72
(−c3 (K) + 3c2 (K)− 36c1 (K)) ,

C1 (K) =
1

24
(c3 (K)− 2c2 (K) + 12c1 (K)) ,

C2 (K) =
1

24
(−c3 (K) + c2 (K)) , C3 (K) =

1

72
c3 (K) ,
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c1γ (ρ,K) =
(γ4
4

+ 2
)
µk+rk+rk+tk+t (h0) +

(
5γ3
6

+
59

36

)
µk+rk+rk+t (h0)µk+tk+uk+u (h0) +

(
25

9
+

5γ3
3

+
γ2
3

18

)
µk+rk+tk+u (h0)µk+rk+tk+u (h0) +

(3 + γ3)
2

36
µk+rk+sk+s (h0)µk+rk+tk+t (h0) + [2]∆abγa

k+rk+sb (h0) +

[2]
γ3
2
∆abµk+rk+sb (h0) γ

a
k+uk+u (h0)−

1

2
∆abµk+rk+sb (h0) γ

a
k+rk+t (h0)

−
1

2
∆ab∆bc∆df∆efγad

k+r (h0) γ
be
k+r (h0)−∆ac∆bcγab

k+rk+r (h0) +

1

2
∆ac∆bc∆df∆efγab

k+r (h0) γ
cd
k+r (h0) + ∆ab∆cdγab

k+r (h0) γ
cd
k+r (h0)

−

(
γ3 + 3

3

)
∆ac∆bcµk+rk+tk+t (h0) γ

ab
k+r (h0)−

[2]∆ab∆ce∆deγa
k+rb (h0) γ

cd
k+s (h0) ,

c2γ (ρ,K) = [3]

[
(γ4 + 6) τ4 +

(γ2
3 + 5γ3 + 6)

6
τ3 +

2

9

(
2γ2

3 + 21γ3 + 34
)
τ4−

[4] (γ3 + 2)µk+tk+sk+t (h0)
(
−∆abγa

k+ub (h0) + ∆ac∆bcγab
k+u (h0)

)

(γ3 + 2)

2

[
∆ac∆bcγa

k+rk+s (h0) γ
b
k+tk+u (h0) + ∆abγa,b

k+rk+sk+tk+u (h0)
]
+

(γ3 + 2)

3
µk+rk+s (h0)∆

ab
(
γab
k+tk+u (h0) + γa,b

k+tk+u (h0)
)]

δk+rk+sδk+tk+u,

c3γ (ρ,K) = [15] (2 + γ3)
2 µk+rk+sk+t (h0)µk+uk+vk+w (h0) δk+rk+sδk+tk+uδk+vk+w.

Theorem 2 shows that, as with the exactly identified case, the terms c2 (K) and c3 (K) are

0 for EL, which implies that the EL ratio statistic is Bartlett correctable. Similarly, one can

consider the modified statistic Sm
γ

(
λ̂, ĥ
)
analog to that given in (17). Note that the modified

statistic Sm
γ

(
λ̂, ĥ
)
could also be computed using the original local estimating equations, since,

as shown in Theorem 2, the reparametrization (23) is useful only for the EL ratio because it

implies its Bartlett correctability.

Let BC (K) = 1 + c1EL (K) /
(
knbdZ

)
denote the Bartlett correction; then

Corollary 2.1 Under the same assumptions of Theorem 2

P



SEL

(
λ̂, ĥ
)

BC (K)
≥ cα


 = α +O

(
1

(nbdZ )2

)
(26)

P
(
Sm
γ

(
λ̂, ĥ
)
≥ cα

)
= α +O

(
1

(nbdZ )2

)
.

Finally, (25) can be used to obtain the asymptotic expansion of the upper quantile of the
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distribution of Sγ

(
λ̂, ĥ
)
, that is for

dγ = c

(
1 + 2

3∑

j=1

(
3∑

l=j

Cj (K)

))
cj−1

nbdZΓj

, (27)

one has that

P
(
Sγ

(
λ̂, ĥ
)
≥ dγ

)
= 1−Gl−k (c) +O

(
1

(nbdZ )2

)
. (28)

.

Consistent estimators for the terms Cj (K) (j = 0, 1, 2, 3) can be obtained using their sample

analogs, as in the case of Corollary (1.3). However, given their complex form and the lengthy

number of calculations involved, it is useful to have an alternative approach that delivers the

same level of second order asymptotic accuracy. Brown and Newey’s (2002) efficient bootstrap

(EB) provides such an alternative and is discussed in the next subsection.

3.1 Efficient local bootstrap

EB differs from the standard bootstrap in that the observations are resampled according to a

distribution that is constrained to satisfy a given constraint, which in the context of this paper

is given by E [g (h0 (z) ,W ) |Z = z] f(z) = 0. Let

π̂i (z) =
γ1 (v̂i (z))∑n
j=1 γ1 (v̂j (z))

(29)

denote the implied local GEL probabilities 3 and let
{
W ∗T

i , Z∗T
i ]
}n
i=1

denote a sample drawn from

the resulting constrained distribution P ∗ (W = Wi) = π̂i (z). Let g (h,W
∗
i ) = g∗i (h) denote the

bootstrap analog of gi (h) and note that

E∗

[
g∗K (h)

bdZ

]
=

n∑

i=1

π̂i (z)
gKi (h)

bdZ
=

1

nbdZ

n∑

i=1

gKi (h)−
1

nbdZ

n∑

i=1

gKi

(
ĥ
)
+ op (1) ,

which shows that the resampled local estimating equation does not need recentering - a key point

to obtain second order asymptotic refinements (see for example Hall and Horowitz (1996)).

Let

S∗
γ

(
λ̂∗, ĥ∗

)
= 2nbdZ

(
Γ̂γ

(
λ̂∗, ĥ∗

)
− Γ̂γ

(
0, ĥ∗

))
(30)

denote the bootstrap analogs of (9), where λ̂∗ and ĥ∗ are the bootstrap analogs of λ̂ and ĥ, and

note that, because of the automatic recentering, the probability limit of λ̂∗ is 0 and not λ̂ (see

3Note that (29) can also be computed as π̃i(z) = γ1(λ̂
T gKi (h̃))/

∑n

i=1 γ1(λ̂
T gKi (h̃)), where h̃ is any consistent

estimator for h0.
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the proof of Theorem 3 for further details). Let c∗α denote the 1−α quantile from the empirical

distribution of S∗
γ

(
λ̂∗, ĥ∗

)
obtained by computing (30) using B {W ∗

i , Z
∗
i }

n
i=1 samples.

Theorem 3 Under the same assumptions of Theorem 2,

P
(
Sγ

(
λ̂, ĥ
)
≥ c∗α

)
= α +O

(
1

(nbdZ )2

)
.

Theorem 3 shows that bootstrapping Sγ

(
λ̂, ĥ
)
delivers the same order of accurate inference

as that delivered by the modified statistics Sm
γ

(
λ̂, ĥ
)
.

4 Examples and Monte Carlo results

This section illustrates both analytically and numerically the results of the previous section with

the two examples 1 and 2 and contains a discussion on the bandwidth selection.

4.1 Nonparametric binary choice model

For the nonparametric binary choice model (3) estimation of h0 at the point z can based on the

random sample
(
Wi =

[
Yi, Z

T
i

])n
i=1

using the local estimating equation

gKi (h (z)) = (Yi − Fε (h (z)))K

(
Zi − z

b

)
.

Let fε (h) = dFε (h) /dh, f
′
ε (h) = d2Fε (h) /dh

2, f ′′
ε (h) = d3Fε (h) /dh

3 and so on, and note that

Ω (z) = E [Fε (h0 (Z)) (1− Fε (h0 (Z))) |Z = z] and G (z) = −E [fε (h0 (Z)) |Z = z]. Assume

that:

NBC1 (i) P (h (z) ̸= h0 (z)) > 0 for all h ̸= h0 ∈ HC and all z ∈ Z, (ii) A1(ii)-(iii) hold,

NBC2 (i) fε (h), f
′
ε (h), f

′′
ε (h) and f ′′′

ε (h) exist and are continuous for each h ∈ HC a.s., (ii)

E
[
supz∈Z , suph∈HC

|fε (h (z))|
β
]
< ∞ for β = 1, 2, 3, E

[
supz∈Z , suph∈HC

|f ′
ε (h (z))|

]
< ∞,

E
[
supz∈Z , suph∈HC

|f ′′
ε (h (z))|

]
< ∞ and E

[
supz∈Z , suph∈HC

|f ′
ε (h (z)) fε (h (z))|

]
< ∞,

NBC3 for all z ∈ Z (i) E |Y − Fε (h (z))|
δ < ∞ for all h ∈ HC and some δ > 2, (ii) Ω (z) > 0,

NBC4 A4’ and A5 hold.

Assumption NBC1(i) implies the identification condition A1(i) by the monotonicity of

Fε (h) in h. NBC2(i) requires Fε to be sufficiently smooth; combined with NBC2(ii) implies
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that the Euclidean and envelope assumptions in A2(ii) and A2’(iii)-(iv) are satisfied, and it

can be shown that as
(
nbdZ

)1/2
→ ∞, the asymptotic distribution of the estimator ĥ is

(
nbdZ

)1/2 (
ĥ (z)− h0 (z)

)
d
→ N

(
B (z) ,

E [Fε (h0 (Z)) (1− Fε (h0 (Z))) |Z = z]

f (z) (E [fε (h0 (Z)) |Z = z])2

∫
K2 (u) du

)
,

where

B (z) = −
1

2f (z)
trace

[(
h′′
0 (z) f (z) + 2h′

0 (z) f
′ (z)T

)∫
uuTK (u) du

]
.

For inference, we assume that:

NBC5 (i) E
[
|Y − Fε (h0)|

15] < ∞, (ii) A6(ii) holds;

then, the terms required in the Edgeworth expansion of Sγ

(
λ̂, h0

)
(15) and its modified

version Sm
γ

(
λ̂, h0

)
(17) are

ωjl (h0) := ω2 (h0) = E

[
(Y − Fε (h0 (z)))

2 K
(
Z−z
b

)2

b

]
→

f (z)E [Fε (h0 (Z)) (1− Fε (h0 (Z))) |Z = z]

∫
K2 (u) du+O (b) ,

µj1...jk (h0) := µk (h0) = E


1
b

(
(Y − Fε (h0 (z)))K

(
Z−z
b

)

ω2 (h)
1/2

)k

 k = 3, 4,

µ3 (h0) →
1

f (z)1/2
E [Fε (h0 (Z)) (1− Fε (h0 (Z))) (1− 2Fε (h0 (Z))) |Z = z]

E [Fε (h0 (Z)) (1− Fε (h0 (Z))) |Z = z]3/2
×

∫
K3 (u) du

(∫
K2 (u) du

)3/2 +O (b) ,

µ4 (h0) →
1

f (z)

E [Fε (h0 (Z)) (1− Fε (h0 (Z)))

E [Fε (h0 (Z)) (1− Fε (h0 (Z))) |Z = z]2
×

(
3Fε (h0 (Z))

2 − 3Fε (h0 (Z)) + 1
)
|Z = z]

∫
K4 (u) du

(∫
K2 (u) du

)2 +O (b) .

4.2 Smooth coefficients model with endogenous covariates

For the smooth coefficients model with endogenous covariates (4) estimation of h0 can based on

the random sample
(
Wi =

[
Yi, X

T
i , Z

T
i

]T)n
i=1

using the local estimating equations

gKi (h (z)) = r (Zi)
(
Yi −XT

i h (z)
)
K

(
Zi − z

b

)
.

Let Ω (z) = E
[(
r (Z) r(Z)T ε2

)
|Z = z

]
and G (z) = E

(
r (Z)XT |Z = z

)
, and assume that:
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SCM1 A1(ii)-(iii) hold,

SCM2 (i) E
(∥∥r (Z)XT

∥∥β
)
< ∞ for β = 1, 2, 3, (ii) E

∥∥r (Z)
(
Y −XTh (Z)

)∥∥δ < ∞ for all

h ∈ HC and some δ > 2, (iii) Ω (z) is positive definite, (iv) rank (G (z)) = k,

SCM3 A4’ and A5 hold.

Assumption SCM2(i) ensures that the Euclidean and envelope assumptions in A2(ii) and

A2’(iii)-(iv) are satisfied; SCM2(iv) implies the identification condition A1(i) as in standard

linear instrumental variables models. It is then possible to show that as
(
nbdZ

)1/2
→ ∞ the

asymptotic distribution of the estimator ĥ (z) is

(
nbdZ

)1/2 (
ĥ (z)− h0 (z)

)
d
→ N (B (z) ,Σ (z)) ,

where B (z) is as given in the previous example and

Σ (z) =
1

f (z)

(
E
(
r (Z)XT |Z = z

)T
E
[
(r (Z) ε)⊗2 |Z = z

]−1
E
(
r (Z)XT |Z = z

))−1
∫

K2 (u) du.

For inference, we assume that:

SCM4 (i) E
[
∥r (Z) ε∥15

]
< ∞, E

(∥∥r (Z)XT
∥∥5
)
< ∞, E

(∥∥r (Z)XT ε
∥∥5
)
< ∞ and E

(∥∥r (Z)XT ε2
∥∥5
)

< ∞, (ii) A6’(ii) holds;

then, by Theorem 2 and Corollary 2.1 the terms required in the Edgeworth expansion of
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Sγ

(
λ̂, h0

)
(15) and its modified version Sm

γ

(
λ̂, h0

)
(17) are

ωjl (h0) = E

[
1

bdZ

(
rj (Z) rl (Z) ε

2
)
K

(
Z − z

b

)2
]
→

f (z)E
[
rj (Z) rl (Z) ε

2|Z = z
] ∫

K2 (u) du+O (b) ,

µjkl (h0) = E

[
1

bdZ
T1jj′ω

j′m (h0)
1/2 rm (Z)T1kk′ω

k′o (h0)
1/2 ro (Z)T1ω

lp (h0)
1/2 rp (Z) ε

3K

(
Z − z

b

)3
]
→

1

f (z)1/2
E
[
ωjm (h0)

1/2 rm (Z)ωko (h0)
1/2 ro (Z)ω

lp (h0)
1/2 rp (Z) ε

3|Z = z
]
×

∫
K3 (u) du

(∫
K2 (u) du

)3/2 +O (b) ,

µjklm (h0) = E

[
1

bdZ
T1jj′ω

j′n (h0)
1/2 rn (Z)T1kk′ω

k′o (h0)
1/2 ro (Z)T1ll′ω

l′p (h0)
1/2 rp (Z)×

T1mm′ωm′q (h0)
1/2 rq (Z) ε

4K

(
Z − z

b

)4
]
→

1

f (z)
E
[
T1jj′ω

j′n (h0)
1/2 rn (Z)T1kk′ω

k′p (h0)
1/2 rp (Z)T1ll′ω

l′p (h0)
1/2 rp (Z) ×

T1mm′ωm′q (h0)
1/2 rq (Z) ε

4|Z = z
] ∫

K4 (u) du
(∫

K2 (u) du
)2 +O (b) ,

γa
k+r (h0) = E

[
−

1

bdZ
T1k+rjω

jm (h0)
1/2 rm (Z)XaK

(
Z − z

b

)]
→

f (z)1/2 E
[
−T1k+rjω

jm (h0)
1/2 rm (Z)Xa|Z = z

] 1
(∫

K2 (u) du
)1/2 +O (b) ,

γa
k+rk+s (h0) = O

(
b2
)
,

γa,b
k+rk+s (h0) = E

[
1

bdZ
T1k+rjω

jm (h0)
1/2 rm (Z)XaT1k+skω

ko (h0)
1/2 ro (Z)XbK

(
Z − z

b

)2
]
→

E
[
T1k+rjω

jk (h0)
1/2 rk (Z)XaT1k+slω

lm (h0)
1/2 rm (Z)Xb|Z = z

]
+O (b) .

4.3 Bandwidth selection

The discussion in Section (3) shows that the optimal (minimizing the asymptotic mean squared

error) bandwidth bdZ∗ for ĥ (z) is of order O
(
n
− 1

dZ+4

)
, that is the standard nonparametric rate,

and data driven methods, such as least squares cross validation (see for example Li and Racine

(2004) for some optimality properties of such procedure) could be used to automatically select

bdZ∗ . On the other hand, the results of Theorems 1, 2 and 3 require undersmoothing, hence
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least squares cross validation or other bandwidth selection methods cannot be used directly to

automatically choose the bandwidth. For inference, one possibility is to develop an Edgeworth

expansion for the coverage errors given in (15) and (25) that explicitly depends on bdZ , as for

example in Chen (1996) and Chen and Qin (2000) and then choose the bandwidth that minimizes

the resulting coverage errors. However, the statistical models considered in this paper involve

potentially many more estimating equations than those considered by Chen (1996) and Chen

and Qin (2000) with the bandwidth based on a possibly dZ dimensional covariate, which makes

this possibility very difficult in practice - see also Otsu et al. (2015) on this point. Another

possibility is to follow the ad-hoc procedure suggested by Otsu et al.’s (2015) and use least

squares cross validation to estimate the bandwidth and then multiply the resulting bandwidth

by a power of the sample size that is consistent with undersmoothing. In this paper we consider

another method, that is similar to the ad-hoc cross validation method of Otsu et al.’s (2015) but

is less computationally intensive. Specifically, we consider a simple sample splitting procedure,

which consists of computing for a random subset4, say Sτ with 0 < τ < 1 - the training set- and

a pilot bandwidth bp
5

ĥp (z) = arg min
h∈HC

1

nτb
dZ
p

∑

i∈Sτ

γ
(
λ̂ (z)T g

Kbp

i (h)
)
,

where Kbp := K ((Zi − z) /bp), λ̂(z) is computed using the same pilot bandwidth bp, and then

using the remaining part of the sample S1−τ - the validation set- to select the bandwidth as

b̂ = argmin
b∈B

1

n1−τbdZ

∑

i∈S1−τ

γ
(
λ̂ (z)T gKi

(
ĥp

))
, (31)

where B is a grid of possible values of b. In the simulations results of next section we choose

τ = 80%, which is a commonly used percentage for the sample sizes considered; in the Additional

tables section available in the Online supplement we have also considered τ = 70% - see Tables

7-8. Finally, as in Otsu et al. (2015) b̂ is multiplied by a power of the sample size that is

consistent with undersmoothing.

4It is important to note that in the context of the models considered in this paper, the way the sample is

split does not seem to affect the finite sample properties of the proposed test - see Tables 9-12 in the ”Additional

tables” section available in the Online supplement.
5One simple practical way to choose bp is to use the standard deviation of the first principal component (PC)

in the PC analysis of the n× dZ matrix of conditioning variables Z, in which case bp corresponds to the square

root of the largest eigenvalue of the sample covariance matrix of Z; as a robustness check, one could also choose

some values within the interval ±20% of the standard deviation of the first principal component to verify the

stability of the chosen bandwidth - see Tables 13-17 in the ”Additional tables” section available in the Online

supplement.
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4.4 Monte Carlo results

For the nonparametric binary choice model (3) we consider the following logit specification for

Fε

P (Yi = 1|Zi = z) =
exp(sin(πz))

1 + exp(sin(πz))
,

with Zi ∼ U (−2, 2) . We use the second order bi-weight kernel

K (u) =
15

28

(
1−

u2

2

)2

I (|u| ≤ 2) , (32)

where I (·) is the indicator function and generate 5000 replications with sample sizes n = 100,

n = 400 and n = 1000. Note that for this kernel
∫
K2 (u) du ≃ 0.535,

∫
K3 (u) du ≃ 0.158

and
∫
K4 (u) du ≃ 0.112. We consider constructing confidence intervals for h0 at the points

z = 0 and z = 1 with nominal coverage 0.95, using three local GEL statistics, namely the

local empirical likelihood SEL

(
λ̂, h0

)
, the local exponential tilting SET

(
λ̂, h0

)
and the local

continuous updating SCU

(
λ̂, h0

)
, defined, respectively, as

SEL

(
λ̂, h0

)
= 2

n∑

i=1

log
(
1− λ̂ (z) gKi (h0 (z))

)
,

SET

(
λ̂, h0

)
= 2

n∑

i=1

(
1− exp

(
λ̂ (z) gKi (h0 (z))

))
,

SCU

(
λ̂, h0

)
= −

1

2

n∑

i=1

(
1 + λ̂ (z) gKi (h0 (z))

)2
.

Tables 1-2 report the finite sample coverage and average length of the confidence intervals based

on three local GEL statistics and the three modified statistics Sm
EL

(
λ̂, h0

)
, Sm

ET

(
λ̂, h0

)
and

Sm
CU

(
λ̂, h0

)
defined in (17), using three different choices of the bandwidth: b = b̂n−a with

a = [3/7, 1/3, 1/4], where b̂ is chosen using the sample splitting procedure described in Section

4.3, with the pilot bandwidth bp = 1.15 - the standard deviation of Zi and the grid B consisting

of points equally spaced by 0.1 on the interval 0.7 and 1.4.

Tables 1- 2 approx here

The results of Tables 1-2 can be summarized as follows: first the three local original GEL statis-

tics are all characterized by a certain degree of undercoverage, which is reduced as the sample

size increases. The modified local statistics improve the coverage accuracy of the original ones,

with those based on the Bartlett correction delivering a slightly larger improvement compared

to the other two statistics based on (17) . Tables 1-2 show also that smaller bandwidths increase

the coverage whereas larger bandwidth decreases the length of the confidence intervals, which is
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to be expected since it is a simple reflection of the bias-variance trade-off of kernel estimators,

where the bias affects the coverage and the variance affects the length. Finally, between the

three local test statistics, the local EL statistic has the better coverage across the three different

bandwidths.

For the smooth coefficient model (4) we consider the following specification

Yi = X1i exp (−0.5Zi) +X2i cos (πZi/2) + εi

X1i = Zi + ui

where Zi ∼ U (−2, 2), X1i ∼ N (0, 1) and

[
εi

ui

]
∼ N

([
0

0
,

1 0.5

0.5 1

])
.

The vector of instruments r (Z) is specified as r (Z) = [Z,Z2, X2, X
2
2 , ]

T
, that is the degree of

overidentification is 2, and and generate 5000 replications with sample sizes n = 100, n = 400

and n = 1000. We consider testing for the correct specification of (4) at the points z = −0.5

and z = 1 at a 0.05 significance level, using the same bi-weight kernel function (32) and the

same three different choices of the bandwidth as those used in the previous example with the

pilot bandwidth bp set to 0.9 and the grid B consisting of points equally spaced by 0.1 on the

interval 0.5 and 1.3. The test statistics are

SEL

(
λ̂, ĥ
)

= 2
n∑

i=1

log
(
1− λ̂ (z)T gKi

(
ĥ (z)

))
,

SET

(
λ̂, ĥ
)

= 2
n∑

i=1

(
1− exp

(
λ̂ (z)T gKi

(
ĥ (z)

)))
,

SCU

(
λ̂, ĥ
)

= −
1

2

n∑

i=1

(
1 + λ̂ (z)T gKi

(
ĥ (z)

))2
,

where the estimators λ̂ and ĥ appearing in each test statistic are based on the corresponding

local GEL objective function, and their EB analogs S∗
γ

(
λ̂∗, ĥ∗

)
for γ = ”EL”, ”ET” and

”CU”, which are calculated using the local implied GEL probabilities (29) based on the local

ET estimator, that is π̂i (z) =
∑n

i=1 exp
(
λ̂ (z)T gKi

(
ĥ (z)

))
/ exp

(
λ̂ (z)T gKi

(
ĥ (z)

))
. Tables 3

and 4 report the finite sample rejection probabilities (finite sample sizes) of the three local GEL

statistics and their EB analogs, which are based on B = 500 replications.

Tables 3-4 approx here

The results of Tables 3 and 4 show that the three local GEL statistics are all characterized by

rejection probabilities that are larger than the nominal size and that their EB version provides
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an effective method to improve the rejection probabilities. As with the previous example, the

choice of bandwidth has some bearings on the finite sample properties of the test statistics,

which however becomes less evident as the sample size increases.

5 Empirical application

We consider a varying coefficients specification of the so-called Mincer’s (1956) equation, a cor-

nerstone of modern empirical economics, which estimates the returns of schooling by analyzing

the relationship between earnings, years of schooling and work experience. We use the Young

Men Cohort of the National Longitudinal Survey (NLS-Y) data originally used by Griliches

(1976), available in the R package gmm (wage) and also in https://lachlandeer.github.io/hayashir/.

We first specify the model as an exactly identified instrumental variables varying coefficients

model, since it has long being acknowledged that years of schooling and possibly work experi-

ence might be endogenous, that is they might be correlated with the unobservable errors. The

model is

gi(h(Zi)) = [1, ZT
i ]

T (Yi − h1(Zi)−X1ih2(Zi)−X2ih3(Zi)), (33)

where Yi is the log-wage, X1i is years of education, X2i is work experience and the instruments

Zi = [Z1i, Z2i]
T are, respectively, IQi, an IQ test scores used as a measure of ability, and AGEi.

Figure 1 approx. here

Figure 1 shows an important feature of the wage equation, which is well captured by the varying

coefficients specification (33), that is that there are some nonlinearities in the smooth coefficients,

a fact noted by Trostel (2005) among many others. As expected, all three varying coefficients

are increasing in both IQ and AGE, with the first estimated coefficient representing the effects

of AGE and IQ on the log wages. Next, we consider inference for the three varying coefficients

model. The bandwidth is chosen using the sample splitting technique of Section 4.3, with pilot

bandwidth bp = 1.026 and n−1/3, which corresponds to the square root of the largest eigenvalue

of the sample covariance matrix of Zi. Figures 2-4 show the 95% confidence regions for h1,

h2 and h3 using the EL and CU statistics SEL(λ̂, h) and SCU(λ̂, h) and their modified versions

Sm̂
EL(λ̂, h) and Sm̂

CU(λ̂, h).

Figures 2-4 approx. here

Figures 2-4 show two interesting features of the confidence regions: first, those based on

EL are data adaptive in the sense that their shape is determined by the data (hence are not

necessarily ellipsoidal). Second the modified statistics are characterized by smaller confidence

regions indicating a better accuracy. Finally, we consider two overidentified specifications of
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(33). Specifically, we consider the vectors of instruments r1(Zi) = [1, ZT
i , Z

2
1i, Z

2
2i]

T and r2(Zi) =

[1, ZT
i , Z

2
1i, Z

2
2i, Z

3
1i, Z

3
2i]

T , which give the degrees of overidentification l−k of 2 and 4, respectively.

We use the test statistics SEL(λ̂, ĥ) and SCU(λ̂, ĥ) to test for the correct local specification of

the two overidentified nonparametric models evaluated at the 25%, 50% and 75% quantiles of

iq and age, that is over the grid [95.25, 104, 103.86]×[30, 33, 36]. The rejection probabilities are

computed using the EB statistics S∗
EL(λ̂

∗, ĥ∗) and S∗
CU(λ̂

∗, ĥ∗) with B = 500.

Tables 5-6 approx.here

Tables 5 and 6 show that both overidentified specifications are rejected at the traditional 5%

significance level, although for the R1(Zi) specification with IQ = 95.25 and AGE = [30, 33, 36]

it cannot be rejected at the 10% significance level. Overall, the results of Tables 5-6 imply

that adding additional instruments does not improve the original (exactly identified) specifi-

cation, suggesting that the additional instruments are either irrelevant (that is they have no

additional explanatory power or possibly a weak association with the endogenous covariates

they are intended to instruments for) and/or not valid (that is they might have a direct effect

on the dependent variable). In either cases Tables 5-6 suggest that the chosen exactly identified

specification seems adequate. To check the robustness of these conclusions, we have calculated

the same statistics for two alternative pilot bandwidths, b
(1)
p = 0.85 and b

(2)
p = 1.25. The results,

which are reported in Tables 16-19 in the ”Robustness checks for the empirical application ”

section available in the Online Appendix, provide additional evidence supporting the overall

conclusions implied by Tables 5-6.

6 Conclusions

This paper considers inference for nonparametric estimating equations models. The paper pro-

poses a general class of local GEL test statistics that can be used to make inferences about the

unknown infinite dimensional parameter. Under a standard undersmoothing assumption, the

paper shows that the proposed test statistics can be modified with a Bartlett correction (for the

local empirical likelihood) or Bartlett-type corrections to improve their finite sample accuracy.

The paper also considers a local version of the efficient bootstrap of Brown and Newey (2002)

that can be used to obtain asymptotic refinements to the proposed test statistics. The results of

the paper are illustrated both numerically and analytically with two examples and a real data

application. These results are encouraging and suggest that the proposed methods improve the

finite sample performances of the test statistics and they are useful in practice.
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7 Supplemental appendix

Throughout the Appendix “CMT”, “CLT”, ”LLN”, denote Continuous Mapping Theorem,

Central Limit Theorem, (possibly uniform) Law of Large Numbers and with Probability Ap-

proaching 1. For any square matrix say M , σmin (M) and σmax (M) denote its minimum and

maximum eigenvalue. Finally, for simplicity of notation, let dZ := d,
∑n

i=1 :=
∑

and from

Proposition (7.2) onward we drop the dependence on z of λ, h and related estimators.

7.1 Preliminary results

Proposition 7.1 Let |p| = j1+ ...+jp and ∂p· = ∂p ·/∂hj1 ...∂hjp for j = 1, ..., l and js = 1, ..., k

denote a partial differential operator; assume that there exist integrable functions φ1 (W ) and

φp (W ) such that for any h, h̃ ∈ HC and z, z̃ ∈ Z

∥∥∥gK (h (z))− gK
(
h̃ (z̃)

)∥∥∥ ≤ φ1 (W )
∥∥∥h (z)− h̃ (z̃)

∥∥∥ ,
∥∥∥∂pgKj (h (z))− ∂pgKj

(
h̃ (z̃)

)∥∥∥ ≤ φp (W )
∥∥∥hjs (z)− h̃js (z̃)

∥∥∥ .

Then the classes of functions

GK
1 =

{
gK (h (z)) , b > 0, z ∈ Z, h ∈ HC

}
,

GK
∂p =

{
∂pgKj (h (z)) , b > 0, z ∈ Z, h ∈ HC

}
.

are Euclidean with envelopes (|gj|+ Cφ1 (W )) supz∈Z K (Z − z) := G1 and (|∂pgj (h)|+ Cφp (W ))×

supz∈Z K (Z − z) := G∂p, where gj and ∂pgj (h) are evaluated at any arbitrary h ∈ HC . Fur-

thermore any componentwise products of the classes GK
1 and G∂p are Euclidean as long as the

corresponding envelopes are integrable.

Proof. Consider the classes of functions

G1 = {g (h (z)) , b > 0, z ∈ Z, h ∈ HC} ,

K =

{
K

(
Z − z

b

)
, b > 0, z ∈ Z

}
.

Note that for any h, h̃ ∈ HC and z, z̃ ∈ Z

∥∥∥h (z)− h̃ (z̃)
∥∥∥ ≤ sup

z∈Z

∥∥∥h (z)− h̃ (z)
∥∥∥+ ∥z − z̃∥ sup

z ̸=z̃∈Z

∥∥∥h (z)− h̃ (z̃)
∥∥∥

∥z − z̃∥

≤
∥∥∥h (z)− h̃ (z)

∥∥∥
L
+ C ∥z − z̃∥ ,
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for some C > 0, where || · ||L is the Lipschitz norm, and thus

∥∥∥g (h)− g
(
h̃
)∥∥∥ ≤ Cφ1 (W )

(∥∥∥h− h̃
∥∥∥
L
+ ∥z − z̃∥

)
.

The class of functions K is also Euclidean with envelope supz∈Z K (Z − z), hence the class

of functions GK
1 is Euclidean with envelope (∥g∥+ Cφ1 (W )) supz∈Z K (Z − z), since it is the

pointwise product of two Euclidean classes Pakes and Pollard (1989). A similar argument can

be used to show that the class of functions GK
∂p is Euclidean. The last statement follows again

by the fact that products of Euclidean classes are Euclidean given the assumed integrability of

their envelops.

Note that the assumptions of Proposition 7.1 are satisfied for φ1 (W ) = suph∈HC ,z∈Z

∥∥∂gK (h) /∂hT
∥∥

and similarly for φ2 (W ).

The following proposition establishes an EB LNN (EBLLN). For any EB statistic T ∗K , let∥∥T ∗K
∥∥ = op∗−p (1) denote

P
{(

P ∗
∥∥T ∗K

∥∥ > ε
)
> δ
}
= o (1)

for any ε, δ > 0 as nbd → ∞.

Proposition 7.2 Assume that the classes of functions FK =
{
gK (h) , b > 0, h ∈ HC

}
and

FK
∂p =

{
∂pgKj (h) , b > 0, h ∈ HC

}
(j = 1, ..., l) where ∂p is the partial differential operator of

Proposition 7.1 are Euclidean with integrable envelopes F1 and F∂p. Then for all h ∈ HC

∥∥∥∥
1

nbd

∑
g∗Ki (h)− E∗

[
g∗Ki (h)

bd

]∥∥∥∥ = op∗−p (1) ,

∥∥∥∥∥
1

nbd

∑
∂pg∗Kij (h)− E∗

[
∂pg∗Kij (h)

bd

]∥∥∥∥∥ = op∗−p (1) .

Proof. Note that

E∗

∥∥∥∥
g∗Ki (h)

bd

∥∥∥∥ ≤
∣∣∣1 + max

i

∣∣∣λ̂T gKi (h)
∣∣∣
∣∣∣ 1

nbd

∑∥∥gKi (h)
∥∥ = Op (1) + op (1)

and that by Chebychev’s and Markov’s inequalities, for any given h ∈ HC and ε, δ > 0

P

(
P ∗

(∥∥∥∥∥
1

nbd

∑
g∗Ki

(
h
)
− E∗

[
g∗Ki

(
h
)

bd

]∥∥∥∥∥ ≥ ε

)
≥ δ

)
= O

(
1

nbd

)
= o (1)

as nb → ∞, hence ∥∥∥∥∥
1

nbd

∑
g∗Ki

(
h
)
− E∗

[
g∗Ki

(
h
)

bd

]∥∥∥∥∥ = op∗−p (1) . (34)

Furthermore, exploiting the fact that HC is a compact set, we can cover HC by a number N (ζ)

of subsets Hk
C centered at hk with radius ζ > 0, which is bounded by a positive constant that
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depends only on ζ. Then by triangle inequality

sup
h∈HC

∥∥∥∥
1

nbd

∑
g∗Ki (h)− E∗

[
g∗Ki (h)

bd

]∥∥∥∥ ≤ max
k

∥∥∥∥
1

nbd

∑
g∗Ki (hk)− E∗

[
g∗Ki (hk)

bd

]∥∥∥∥+

max
k

∥∥∥∥
1

nbd

∑
g∗Ki (h)−

1

nbd

∑
g∗Ki (hk)

∥∥∥∥+max
k

∥∥∥∥E
∗

[
g∗Ki (h)

bd

]
− E∗

[
g∗Ki (hk)

bd

]∥∥∥∥ (35)

and by (34) and the fact that the class of functions FK
1 is Euclidean, it can be shown that, for

an appropriately chosen ζ, the first two terms in (35) are op∗−p (1) and the last one is op (1) (see

for example Horowitz and Hall (1996) combined with Proposition 7.1). The same arguments

can be used to show the second conclusion.

7.2 Proof of the main results

Proof of Theorem 1. Recall that

µjkl... (h) = E

[
1

bd
[
vjm (h)

]1/2
gKm (h)

[
µkn
]1/2

gKn (h)
[
µlo (h)

]1/2
gKo (h) ...

]
,

and define

UK
jkl... (h) := Ujkl... (h) =

1

(nbd)1/2

∑([
ωjm (h)

]1/2
gKim (h)

[
ωkn (h)

]1/2
gKin (h)×

[
ωlo (h)

]1/2
gKio (h) ...− µjkl... (h)

)
.

By a Taylor expansion of the FOCs

0 =
1

nbd

∑
γ1

(
λ̂
)
gKij (h0) , (36)

and solving for
(
nbd
)1/2

λ̂j, it follows that under nb
d+4 → 0

(
nbd
)1/2

λ̂j = −Uj (h0) +
1

(nbd)1/2

(
Ujk (h0)Uk (h0) +

γ3
2
µjklUk (h0)Ul (h0)

)
+ (37)

1

nbd

(
−
γ3
2
Ujk (h0)µknoUn (h0)Uo (h0)+

γ3
2
Ujlm (h0)Ul (h0)Um (h0)− γ3µjlm (h0)Ul (h0)Ump (h0)Up (h0)−

γ2
3

2
µjlm (h0)Ul (h0)µmnoUn (h0)Uo (h0)− Ujl (h0)Ulm (h0)Um (h0) +

γ4
4!
µjklm (h0)Uk (h0)Ul (h0)Um (h0)

)
+Op

(
1

(nbd)3/2

)
,
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A Taylor expansion of Sγ

(
λ̂, h0

)
about 0 yields

Sγ

(
λ̂, h0

)
= 2

(
−
∑

gij (h0) λ̂j −
1

2

∑(
gij (h0) λ̂j

)2
+ (38)

γ3
3!

∑(
gij (h0) λ̂j

)3
+

γ4
4!

∑(
gij (h0) λ̂j

)4)
+Op

((
nbd
) (

nbd
)−5/2

)
=

2

(
−Uj (h0)

(
nbd
)1/2

λ̂j −
1

2

(
Ujk (h0)

(nbd)1/2
+ µjk (h0)

)
(
nbd
)
λ̂jλ̂k+

γ3
3!

(
Ujkl (h0)

nbd
+

µjkl (h0)

(nbd)1/2

)
(
nbd
)3/2

λ̂jλ̂kλ̂l +

γ4
4!nbd

µjklm (h0)
(
nbd
)2

λ̂jλ̂kλ̂lλ̂m

)
+Op

(
1

(nbd)3/2

)
,

hence using (37) we have

Sγ

(
λ̂, h0

)
= Uj (h0)Uj (h0) +

1

(nbd)1/2
{−Ujk (h0)Uj (h0)Uk (h0)− (39)

γ3
3
µjkl (h0)Uj (h0)Uk (h0)Ul (h0)

}
+

1

nbd

{
−
γ3
3
Ujkl (h0)Uj (h0)Uk (h0)Ul (h0)+

γ3µjkm (h0)Uj (h0)Ukp (h0)Um (h0)Up (h0) + Ujl (h0)Uj (h0)Uln (h0)Un (h0) +

γ2
3

4
µjkl (h0)Uj (h0)Uk (h0)µloh (h0)U0 (h0)Uh (h0) +

γ4
12

µjklm (h0)Uj (h0)Uk (h0)Ul (h0)Um (h0)
}
+Op

(
1

(nbd)3/2

)
.

The signed square root of Sγ

(
λ̂, h0

)
is

Sγj

(
λ̂, h0

)
= S1

γj

(
λ̂, h0

)
+ S2

γj

(
λ̂, h0

)
+ S3

γj

(
λ̂, h0

)
+Op

(
1

(nbd)3/2

)
, (40)

where

S1
γj

(
λ̂, h0

)
= Uj (h0) , S2

γj

(
λ̂, h0

)
=

1

(nbd)1/2

(
−
1

2
Ujk (h0)Uk (h0)−

γ3
6
µjkl (h0)Uk (h0)Ul (h0)

)
, S3

γj

(
λ̂, h0

)
=

1

nbd

(
−
γ3
6
Ujkl (h0)Uk (h0)Ul (h0)+

5γ3
12

µjkl (h0)Ulm (h0)Uk (h0)Um (h0) +
3

8
Ujk (h0)Ukl (h0)Ul (h0) +

γ2
3

9
µjkl (h0)Uk (h0)µlmn (h0)Um (h0)Un (h0) +

γ4
24

µjklmUk (h0)Ul (h0)Um (h0)

)
,
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and note that

Sγ

(
λ̂, h0

)
= S1

γj

(
λ̂, h0

)
S1
γj

(
λ̂, h0

)
+ 2S2

γj

(
λ̂, h0

)
S1
γj

(
λ̂, h0

)
+

2S3
γj

(
λ̂, h0

)
S1
γj

(
λ̂, h0

)
+ S2

γj

(
λ̂, h0

)
S2
γj

(
λ̂, h0

)
.

Some calculations show that the first four moments of Sγj

(
λ̂, h0

)
are

E
[
Sγj

(
λ̂, h0

)]
= −

1

(nbd)1/2
(3 + γ3)

6
µjkk (h0) +Op

(
1

(nbd)3/2

)
,

E
[
Sγj

(
λ̂, h0

)
Sγk

(
λ̂, h0

)]
= δjk +

1

nbd

{(
−γ3 +

γ4
4

)
µjkll (h0)+

(
3

4
+

5γ3
6

+
2γ2

3

9

)
µjkl (h0)µlmm (h0) +

(
1 +

5γ3
3

+
γ2
3

2

)
µjlm (h0)µklm (h0) +

(
1

2
+

γ3
6

)2

µjll (h0)µkll (h0)

}
+Op

(
1

(nbd)2

)
,

E
[
Sγj

(
λ̂, h0

)
Sγk

(
λ̂, h0

)
Sγl

(
λ̂, h0

)]
=

µjkl (h0)

(nbd)1/2
−

[3] (3 + γ3)

(nbd)1/2 6
δjkµlmm (h0) +Op

(
1

(nbd)3/2

)
,

E
[
Sγj

(
λ̂, h0

)
Sγk

(
λ̂, h0

)
Sγl

(
λ̂, h0

)
Sγm

(
λ̂, h0

)]
= [3] δjkδlm +

1

nbd

[
(γ4 − 4γ3 − 2)µjklm (h0) +

(
3γ4
2

− 6γ3

)
δjkµlmnn (h0)+

(
4 +

10γ3
3

+
2γ2

3

3

)
µjkl (h0)µmnn (h0) +

(
12 + 14γ3 + 4γ2

3

)
µjkn (h0)µlmn (h0) +

(
9

2
+ 5γ3 +

4γ2
3

3

)
δjkµlmn (h0)µnoo (h0) +

(
6 + 10γ3 + 3γ2

3

)
δjkµlno (h0)µmno (h0) +

(3 + γ3)

6

2

δjkµlnn (h0)µmoo (h0)

]
+Op

(
1

(nbd)2

)
,

35



with the higher approximate moments being of order Op

((
nbd
)−3/2

)
or smaller. Then using

the following formulas for the cumulants

κj,k (h0) = E
[
Sγj

(
λ̂, h0

)
Sγk

(
λ̂, h0

)]
− κj (h0)κk (h0) , (41)

κj,k,l (h0) = E
[
Sγj

(
λ̂, h0

)
Sγk

(
λ̂, h0

)
Sγl

(
λ̂, h0

)]
−

[3]κj (h0)E
[
Sγk

(
λ̂, h0

)
Sγl

(
λ̂, h0

)]
+ 2κj (h0)κk (h0)κl (h0) ,

κj,k,l,m (h0) = E
[
Sγj

(
λ̂, h0

)
Sγk

(
λ̂, h0

)
Sγl

(
λ̂, h0

)
Sγm

(
λ̂, h0

)]
−

[3]E
[
Sγj

(
λ̂, h0

)
Sγk

(
λ̂, h0

)]
E
[
Sγl

(
λ̂, h0

)
Sγm

(
λ̂, h0

)]
−

[4]κj (h0)E
[
Sγk

(
λ̂, h0

)
Sγl

(
λ̂, h0

)
Sγm

(
λ̂, h0

)]
+

2 [6]κj (h0)κk (h0)E
[
Sγl

(
λ̂, h0

)
Sγm

(
λ̂, h0

)]
−

6κj (h0)κk (h0)κl (h0)κm (h0) ,

it follows that the first four approximate cumulants κj (h0), κj,k (h0), κj,k,l (h0) and κj,k,l,m (h0)

of Sγj

(
λ̂, h0

)
are

κj (h0) = −
1

(nbd)1/2
(3 + γ3)

6
µjkk (h0) +Op

(
1

(nbd)3/2

)
,

κj,k (h0) = δjk + κ
(2)
j,k (h0) , κ

(2)
j,k (h0) = −

1

nbd

((
−γ3 +

γ4
4

)
µjkll (h0)+

(
3

4
+

5γ3
6

+
2γ2

3

9

)
µjkl (h0)µlmm (h0) +

(
1 +

5γ3
3

+
γ2
3

2

)
µjlm (h0)µklm (h0)

)
+Op

(
1

(nbd)2

)
,

κj,k,l (h0) = −
µjkl (h0)

(nbd)1/2
(2 + γ3) +Op

(
1

(nbd)3/2

)
,

κj,k,l,m (h0) =
1

nbd
[(γ4 − 4γ3 − 2)µjklm (h0)+

(
4 +

10γ3
3

+
2γ2

3

3

)
µjkl (h0)µmnn (h0) +

(
12 + 14γ3 + 4γ2

3

)
µjkn (h0)µlmn (h0)

]
+Op

(
1

(nbd)2

)
.

A formal Edgeworth expansion for Sγj

(
λ̂, h0

)
is

sup
A∈A

∣∣∣∣P
(
Sγj

(
λ̂, h0

)
∈ A

)
−

∫

A

p1n (u)ϕ (u) du

∣∣∣∣ = O

(
1

(nbd)3/2

)
, (42)
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where A is a class of Borel measurable subsets of Rk, k = k + k (k + 1) /2 + k2 (k + 1) /2,

p1n (u) = 1 + κj (h0)Hj (u) +
1

6
κj,k,l (h0)Hjkl (u) +

1

2

[
κ
(2)
j,k (h0) + κj (h0)κk (h0)

]
Hjk (u) +

1

24
[κj,k,l,m (h0) + [4]κj (h0)κk,l,m (h0)]Hjklm (u) +

1

72
κj,k,l (h0)κm,n,o (h0)Hjklmno (u) ,

and Hj (·) , ...., Hjklmno (·) are the first six multivariate Hermite polynomials (see for example

McCullagh (1987) ). Assuming that (42) is valid, using results of Bravo (2004), it follows that

for any c ∈ [c0,∞) (c0 > 0)

P
(
Sγ

(
λ̂, h0,

)
≤ c
)
= Gk (c) +

∫

uTu≤c

p1n (u)ϕ (u) +O

(
1

(nbd)3/2

)
= Gk (c) + (43)

1

nbd

{
1

2
b1γ (K)∇Gk (c) +

1

24
b2γ (K)∇2Gk (c) +

1

72
b3γ (K)∇3Gk (c)

}
+O

(
1

(nbd)2

)
,

where ∇kGk (·) is the kth difference operator applied to the distribution Gk (·) i.e. ∇kGk (·) =∑k
j=0 (−1)j

(
k
j

)
Gk2(k−j) (·) ,

b1γ (K) =
(
γ3 −

γ4
4

)
µjjkk (h0) +

(
1 +

5γ3
3

+
γ2
3

2

)
µjkl (h0)µjkl (h0) +

(γ3 + 2)2

36
µjjk (h0)µkll (h0) ,

b2γ (K) = [3]

[
(γ4 − 4γ3 − 2)µjklm (h0) + 2

(
4 +

10γ3
3

+
2γ2

3

3

)
µjkl (h0)µmnn (h0)+

(
12 + 14γ3 + 4γ2

3

)
µjkn (h0)µlmn (h0)

]
δjkδlm,

b3γ (K) = [15] (2 + γ3)
2 µjkl (h0)µmno (h0) δjkδlmδno,

and the order of the remaiinder follows by the oddness/evenness property of the Hermite poly-

nomials (Barndorff-Nielsen and Hall 1988), hence the conclusion follows after some algebra. To

justify the validity of (42), we can use the same arguments of Bhattacharya and Ghosh (1978)

noting that (40) can be expressed as a smooth function of Uj (h0), Ujk (h0) and Ujkl (h0) and

the Cramer’s condition is replaced by the (similar) one given for example in Hall (1991). To be

specific, note that

∣∣E exp
(
ιtTUk (h0, K)

)∣∣ ≤
∣∣E (1− F (h|W )) + F (−h|W ) exp

(
ιtTU (h0)

)∣∣+ (44)
∣∣∣∣
∫ ∫ 1

−1

exp
(
ιtTUk (h0, K)

)
f (z|w) dzdF (w)

∣∣∣∣

where

Uk (h,K) = [U1 (h) , ..., Uk (h) , U11 (h) , ..., Ukk, U111 (h) , ...., Ukkk (h)]
T .
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Then by a Taylor expansion the first term in (44) is less than 1−hE (f (0|W )) and by partitioning

[−1, 1] so as to satisfy A6(ii), following Horowitz (1998) it is possible to show that for Vk (ξ) =

tTUk (h0, K) / ∥t∥ and τ = ∥t∥

sup
∥t∥>ε

∫ 1

−1

exp
(
ιtTUk (h0, K)

)
f (0|w) dz = sup

τ>ε

∫ um

um−1

exp (ιτVk (ξ)) dξ < C1 < 1.

Also, since P (Uk (h0, K) = 0) < 1, there exist η > 0 and γ < 1 such that
∫
∥w∥<η

f (0|w) dF (w) =

γC2 for some C2 > 0 hence
∣∣∣∣
∫ ∫ 1

−1

exp
(
ιtTUk (h0, K)

)
f (0|w) dzdF (w)

∣∣∣∣ < b (γC2 + (1− γ)C2C1) = bC3

where C3 < 1. Since
∫ 1

−1

|f (hξ|w)− f (0|w)| dξdF (w) ≤ εE (f (0|W ))

for b sufficiently small, we have by the triangle equality that

sup
∥t∥>ϵ

∣∣E exp
(
ιtTUk (h0, K)

)∣∣ < 1− bE (f (0|W )) (1− ε− C3) , (45)

which is Hall’s (1991) analog of Cramer’s condition for nonparametric estimators. It remains to

justify expansion (15); first note that by (39)

Sγ

(
λ̂, h0

)
= Uj (h0)Uj (h0) qn (Uj (h0) , Ujk (h0) , Ujkl (h0)) ,

where qn is a polynomial in Uj (h0), Ujk (h0) and Ujkl (h0). Furthermore (45) and the validity

of (42) imply the validity of the Edgeworth expansion (43) in the sense of Chandra and Ghosh

(1980), that is

sup
c∈[c0,∞)

∣∣∣∣P
(
Sγ

(
λ̂, h0,

)
≤ c
)
−Gk (c)−

∫

uTu≤c

p2n (u)ϕ (u)

∣∣∣∣ = O

(
1

(nbd)2

)
,

which in turn implies the validity of (13).

Proof of Corollary 1.1. By the recurrence relation

Gk+2 (c) = Gk (c)−
2

k
cgk (c) (46)

we have that

P
(
SEL

(
λ̂, h0

)
≤ cα

)
= 1− α−

b1EL (K) cα
(nbd) k

gk (cα) +O

(
1

(nbd)2

)
,

so that by a straightforward application of the delta method

P



SEL

(
λ̂, h0

)

BC (K)
≤ cα


 = 1− α +O

(
1

(nbd)2

)
.
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Proof of Corollary 1.2. By (46) and noting that
∑3

j=0 Bj (K) = 0, it follows that expansion

(13) in the main text can be written as

P
(
Sγ

(
λ̂, h0

)
≤ cα

)
= 1− α− gk (cα)

3∑

j=1

B′
j (K) (cα)

j +Op

(
1

(nbd)2

)

where

B′
j (K) =

2Γ
(

1
2k

)∑3
l=j Bl (K)

2jΓ
(

1
2k

+ j
) ,

and Γ (·) is the gamma function. The conclusion follows using the results of Cox and Reid

(1987b) applied to the modified statistic Sm
γ

(
λ̂, h0

)
.

Proof of Corollary 1.3. Let ω̂
(
ĥ
)

denote the sample analog of ω (h0). By the triangle

inequality, a mean value expansion, the LLN (which hold by A2’(ii)-(iii)), we have for j, l,m =

1, ..., k

∣∣∣∣ω̂
jl
(
ĥ
)1/2

− ωjl (h0)
1/2

∣∣∣∣ ≤
∣∣∣∣ω̂

jl
(
ĥ
)1/2

− ω̂jl (h0)
1/2

∣∣∣∣+
∣∣∣ω̂jl (h0)

1/2 − ωjl (h0)
1/2
∣∣∣ ≤ (47)

inf
h∈HC

σmin (ω̂jl (h))
−1/2 sup

h∈HC

1

nbd

∑
∣∣∣∣∣
∂gKij (h) g

K
il (h)

∂hm

∣∣∣∣∣
∣∣∣ĥm − h0m

∣∣∣+

σmin (ωjl (h0))
−3/2

2

∣∣∣∣∣
∆(h0)

(nbd)1/2

∣∣∣∣∣+Op

((
nbd
)−1
)
= Op

(
(nb)−1/2

)

where ∆ (h0) =
(∑

gKij (h0) g
K
il (h0)− E

[
gKj (h0) g

K
l (h0)

])
/
(
nbd
)1/2

= Op (1) by the CLT. Let

µ̂jlm denote the sample analog of µjlm; then as in (47)

|µ̂jlm − µjlm| ≤

∣∣∣∣ω̂
jl
(
ĥ
)1/2

− ωjl (h0)
1/2

∣∣∣∣
3

sup
h∈HC

1

nbd

∑∣∣gKij (h)
∣∣3 +

inf
h∈HC

σmin (ωjl (h))
3/2

(
sup
h∈HC

1

nbd

∑
∣∣∣∣∣
∂gKij (h) g

K
il (h) g

K
im (h)

∂hn

∣∣∣∣∣
∣∣∣ĥn − h0n

∣∣∣+

∣∣∣∣∣
1

nbd

∑
gKij (h0)− E

[
gKj (h0)

bd

]∣∣∣∣∣

3

 = Op

((
nbd
)−3/2

)
+Op

((
nbd
)−1/2

)
+Op

((
nbd
)−3/2

)
.

Similarly, it can be shown that µ̂jlmn = µjlmn + Op

(
(nb)−1/2

)
, thus by the delta method

P (Sm̂
γ (λ̂, h0) ≤ cα) = P (Sm

γ (λ̂, h0) ≤ cα) + O(1/(nbd)3/2 and the first conclusion follows by

the oddness/eveness property of the Hermite polynomials (Barndorff-Nielsen and Hall (1988)).

A similar argument can be used to prove the second conclusion.
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Proof of Theorem 2. Recall that the indices a, b, ... run from 1 to k, j, k, .. run from 1 to l

and r, s, ... run from 1 to l − k, and recall also that

G
a1...am1

,b1...bm2

jkl.. (h) =
1

(nbd)1/2

∑(
∂m1Uij (h)

∂ha1 ...∂ham1

∂m2Uik (h)

∂hb1 ...∂hbm2

Uil (h)− γ (h)
a1...am1

,b1...bm2

jkl..

)
;

(48)

then the same Taylor expansion as that given in (38) combined with a further Taylor expansion

about h0 yields

Sγ

(
λ̂, ĥ
)
= 2

(
−
∑

Uij

(
ĥ
)
λ̂j −

1

2

∑(
Uij

(
ĥ
)
λ̂j

)2
+

γ3
3!

∑(
Uij

(
ĥ
)
λ̂j

)3
+

γ4
4!

∑(
Uij

(
ĥ
)
λ̂j

)4)
+Op

(
1

(nbd)3/2

)
=

2

{
−λ̂j

[∑
Uij (h0) +

∑ ∂Uij (h0)

∂ha

(
ĥ− h0

)
a
+

1

2

∑ ∂2Uij (h0)

∂ha∂hb

(
ĥ− h0

)
a

(
ĥ− h0

)
b
+

1

3!

∑ ∂3Uij (h0)

∂ha∂hb∂hc

(
ĥ− h0

)
a

(
ĥ− h0

)
b

(
ĥ− h0

)
c

]
−

λ̂jλ̂k

2

[∑
Uij (h0)Uik (h0) + [2]

∑ ∂Uij (h0)

∂ha

Uik (h0)
(
ĥ− h0

)
a
+

[2]

2

∑(
∂2Uij (h0)

∂ha∂hb

Uik (h0) +
∂Uij (h0)

∂ha

∂Uik (h0)

∂hb

)
×

(
ĥ− h0

)
a

(
ĥ− h0

)
b

]
+

γ3
3!
λ̂jλ̂kλ̂l

∑
[Uij (h0)Uik (h0)Uil (h0)+

[3]
∂Uij (h0)

∂ha

Uik (h0)Uil (h0)
(
ĥ− h0

)
a

]
+

γ4
4!
λ̂jλ̂kλ̂lλ̂m

∑
Uij (h0)Uik (h0)Uil (h0)Uim (h0)

}
+Op

(
1

(nbd)3/2

)
.
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By (48) it then follows that

Sγ

(
λ̂, ĥ
)
= 2

{
−
(
nbd
)1/2

λ̂j

[
Uj (h0) +

Ga
j (h0)

(nbd)1/2
(
nbd
)1/2 (

ĥ− h0

)
a
+ (49)

γa
j (h0) (nb)

1/2
(
ĥ− h0

)
a
+

Gab
j (h0)

2nbd
(
nbd
) (

ĥ− h0

)
a

(
ĥ− h0

)
b
+

γab
j (h0)

2 (nbd)1/2
(
nbd
) (

ĥ− h0

)
a

(
ĥ− h0

)
b
+

γabc
j (h0)

3!nbd
(
nbd
)3/2 (

ĥ− h0

)
a

(
ĥ− h0

)
b

(
ĥ− h0

)
c

]
−

(
nbd
) λ̂jλ̂k

2

[
Ujk (h0)

(nbd)1/2
+ δmn + [2]

Ga
jk (h0)

nbd
(
nbd
)1/2 (

ĥ− h0

)
a
+ [2]

γa
jk (h0)

(nbd)1/2
×

(
nbd
)1/2 (

ĥ− h0

)
a
+

[2]

2

(
γab
jk (h0)

nbd
+

γa,b
jk (h0)

nbd

)
(
nbd
) (

ĥ− h0

)
a

(
ĥ− h0

)
b

]
+

γ3
3!

(
nbd
)3/2

λ̂jλ̂kλ̂l

(
Ujkl (h0)

nbd
+

µjkl (h0)

(nbd)1/2
+ [3]

γa
jkl (h0)

nbd
(
nbd
)1/2 (

ĥ− h0

)
a

)
+

γ4
4!

(
nbd
)2

λ̂jλ̂kλ̂lλ̂m
µjklm (h0)

nbd

}
+Op

(
1

(nbd)3/2

)
.

In order to simultaneously consider derivatives with respect to h and λ we introduce the Greek

letters indices α, β, ..., which run from from 1 to l + k; let

σαβ (h) = E

(
∂2Γγ (λ, h)

∂ηα∂ηβ

)
|λ=0 =

[
−δjk −γa

j (h)

−γa
j (h) Oab

]

where ηα = [λj, (h− h0)a] and

vα1α3...αk
(h) = E

(
σα1α2 (h) ∂kΓγ (λ, h)

∂ηα2...αk

)
|λ=0,

Vα1α3...αk
(λ, h) =

(
nbd
)1/2

(
σα1α2 (h) ∂kΓ̂γ (λ, h)

∂ηα2...αk

− vα1α3....αk

)
, k ≥ 2,
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where σαβ (h) denotes the matrix inverse of σαβ (h). Note that

∂3Γγ (λ, h)

∂λj∂λk∂λl

= γ3 (v (z)) gj (h) gk (h) gl (h) ,

∂3Γγ (λ, h)

∂λj∂λk∂ha

= [2] γ2 (v (z))
∂gj (h)

∂ha

gk (h) + γ3 (v (z)) gj (h) gk (h)
∂gl (h)

∂ha

λl,

∂3Γγ (λ, h)

∂λj∂ha∂hb

= γ1 (v (z))
∂2gj (h)

∂ha∂hb

+ [2] γ2 (v (z))
∂gj (h)

∂ha

∂gk (h)

∂hb

λk +

γ2 (v (z)) gj (h)
∂2gk (h)

∂ha∂hb

λk + γ3 (v (z)) gj (h)
∂gk (h)

∂ha

λk
∂gl (h)

∂hb

λl,

∂3Γγ (λ, h)

∂ha∂hb∂hc

= γ1 (v (z))
∂3gj (h)

∂ha∂hb∂hc

λj + [3] γ2 (v (z))
∂2gj (h)

∂ha∂hb

λj
∂gk (h)

∂hc

λk +

γ3 (v (z))
∂gj (h)

∂ha

λj
∂gk (h)

∂hb

λk
∂gl (h)

∂hc

λl,

∂4Γγ (λ, h)

∂λj∂λk∂λl∂λm

= γ4 (v (z)) gj (h) gk (h) gl (h) gm (h) ,

∂4Γγ (λ, h)

∂λj∂λk∂λl∂ha

= [3] γ3 (v (z)) gj (h) gk (h)
∂gl (h)

∂ha

+ γ4 (v (z)) gj (h) gk (h) gl (h)
∂gm (h)

∂ha

λm,

∂4Γγ (λ, h)

∂λj∂λk∂ha∂hb

= [2]

(
γ2 (v (z))

∂gj (h)

∂ha

∂gk (h)

∂hb

+ γ2 (v (z))
∂2gj (h)

∂ha∂hb

gk (h)+

γ3 (v (z))
∂gj (h)

∂ha

gk (h)
∂gl (h)

∂hb

λl

)
+

γ3 (v (z))

(
[2]

∂gj (h)

∂ha

gk (h)
∂gl (h)

∂hb

λl + gj (h) gk (h)
∂2gl (h)

∂ha∂hb

λl

)
+

γ4 (v (z)) gj (h) gk (h)
∂gl (h)

∂ha

λl
∂gm (h)

∂hb

λm,
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∂4Γγ (λ, h)

∂λj∂ha∂hb∂hc

= γ1 (v (z))
∂3gj (h)

∂ha∂hb∂hc

+ [6] γ2 (v (z))
∂2gj (h)

∂ha∂hb

∂gk (h)

∂hc

λk +

γ2 (v (z)) gj (h)
∂3gk (h)

∂ha∂hb∂hc

λk + [3] γ3 (v (z))
∂gj (h)

∂ha

∂gk (h)

∂hb

λk
∂gl (h)

∂hc

λl +

[3] γ3 (v (z)) gj (h)
∂2gk (h)

∂ha∂hb

λk
∂gl (h)

∂hc

λl +

γ4 (v (z)) gj (h)
∂gk (h)

∂hb

λk
∂gl (h)

∂hc

λl
∂gm (h)

∂hb

λm,

∂4Γγ (λ, h)

∂ha∂hb∂hc∂hd

= γ1 (v (z))
∂4gj (h)

∂ha∂hb∂hc∂hd

λj + γ2 (v (z))
∂3gj (h)

∂ha∂hb∂hc

λj
∂gk (h)

∂hd

λk +

[6] γ2 (v (z))
∂2gj (h)

∂ha∂hb

λj
∂2gk (h)

∂hc∂hd

λk +

[6] γ3 (v (z))
∂2gj (h)

∂ha∂hb

λj
∂gk (h)

∂hc

λk
∂gl (h)

∂hd

λl +

γ4 (v (z))
∂gj (h)

∂ha

λj
∂gk (h)

∂hb

λk
∂gl (h)

∂hc

λl
∂gm (h)

∂hd

λm,

so that

Vα (0, h) =
[
Oa, Uk+r (h) ,∆

abUb (h)
]
, (50)

Vαβ (0, h) =




∆abGb
c (h) ∆abGb

k+r (h) Oab

Uk+ra (h) Uk+rk+s (h) −Ga
k+r (h)

∆ab∆cdGd
b (h)−∆abUbc (h) ∆ab∆cbGc

k+r (h)−∆abUbk+r (h) ∆abGb
c (h)


 ,

(51)

for j = 1, ..., l

Vjαβ (0, h) =




[2]∆acGc
jb (h) [2]∆acGc

jk+r (h) ∆abGbc
j (h)

−γ3Ujk+ra (h) −γ3Ujk+rk+s (h) [2]Ga
jk+r (h)

γ3
(
−∆abUjbc (h) + [2]∆ab∆cdGd

jb (h)
)

Vjk+ra (0, h) Vjab (0, h)


 , (52)

where

Vjk+ra (0, h) = γ3
(
−∆abUjk+rb (h) + [2]∆ab∆bcGc

jk+r (h)
)
,

Vjab (0, h) = −∆ac∆bdGc
jd (h) + [2]∆abGbc

j (h)

and for l fixed and a = 1, ..., k

Vl+aαβ (0, h) =




∆acGcd
b (h) ∆acGcd

k+r (h) Oab

[2]Ga
k+rb (h) [2]Ga

k+rk+s (h) Gab
k+r (h)

−∆ac∆bdGcd
b (h)− [2]∆adGd

bc (h) Vl+ak+rb (0, h) ∆adGbc
d (h)


 , (53)

where

Vl+ak+rb (0, h) = −∆ac∆bdGcd
k+r (h) + [2] γ2∆

adGd
k+rc (h) .
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By expanding the FOCs

0 =
σαβ (h0) ∂Γ̂γ (η̂)

∂ηβ
,

solving for
(
nbd
)1/2

(η̂ − η0)a and noting that vαβ (0, h0) = δαβ, we have

(
nbd
)1/2

(η̂ − η0)α = −Vα (0, h0) +
1

(nbd)1/2
(Vαβ (0, h0)Vβ (0, h0)− (54)

vαβγ (h0)

2
Vβ (0, h0)Vγ (0, h0)

)
+

1

nbd

(
−Vαβ (0, h0)Vβγ (0, h0)Vγ (0, h0) +

vβγδ (h0)

2
Vαβ (0, h0)Vγ (0, h0)Vδ (0, h0)+

vαβγ (h0)Vβδ (0, h0)Vγ (0, h0)Vδ (0, h0)−

vαβγ (h0) vβδε (h0)

2
Vγ (0, h0)Vδ (0, h0)Vε (0, h0)−

1

2
Vαβγ (0, h0)Vβ (0, h0)Vγ (0, h0) +

vαβγδ (h0)

6
Vβ (0, h0)Vγ (0, h0)Vδ (0, h0)

)
+Op

(
1

(nbd)3/2

)
,
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Using (54) in (49) yields

Sγ

(
λ̂, ĥ
)
= 2

{
−

[
−Vj (0, h0) +

1

(nbd)1/2
(Vjα (0, h0)Vα (0, h0)− (55)

−
vjαβ (h0)

2
Vα (0, h0)Vβ (0, h0)

)
+

1

nbd

(
−Vjα (0, h0)Vαβ (0, h0)Vβ (0, h0) +

vαβγ (h0)

2
Vjα (0, h0)Vβ (0, h0)Vγ (0, h0)+

vjαβ (h0)Vαγ (0, h0)Vβ (0, h0)Vγ (0, h0)−
vjαβ (h0) vαγδ (h0)

2
Vβ (0, h0)Vγ (0, h0)Vδ (0, h0)−

1

2
Vjαβ (0, h0)Vα (0, h0)Vβ (0, h0) +

vjαβγ (h0)

6
Vα (0, h0)Vβ (0, h0)Vγ (0, h0)

]
×

{
Uj (h0) +

(
Ga

j (h0)

(nbd)1/2
+ γa

j (h0)

)
[−Vl+a (0, h0)+

1

(nbd)1/2

(
Vl+aβ (0, h0)Vβ (0, h0)−

vl+aβγ (h0)

2
Vβ (0, h0)Vγ (0, h0)

)
+

1

nbd

(
−Vl+aβ (0, h0)Vβγ (0, h0)Vγ (0, h0) +

vαβγ (h0)

2
Vl+aα (0, h0)Vβ (0, h0)Vγ (0, h0)+

vl+aαβ (h0)Vαγ (0, h0)Vβ (0, h0)Vγ (0, h0)−
vl+aαβ (h0) vαγδ (h0)

2
Vβ (0, h0)Vγ (0, h0)Vδ (0, h0)−

1

2
Vl+aαβ (0, h0)Vα (0, h0)Vβ (0, h0) +

vl+aαβγ (h0)

6
Vα (0, h0)Vβ (0, h0)Vγ (0, h0)

)]
+

Gab
j (h0)

2nbd

(
−Vl+a (0, h0) +

1

(nbd)1/2

(
Vl+aα (0, h0)Vβ (0, h0)−

vl+aαβ (h0)

2
Vα (0, h0)Vβ (0, h0)

))
×

(
−Vl+b (0, h0) +

1

(nbd)1/2

(
Vl+bγ (0, h0)Vγ (0, h0)−

vl+bγδ (h0)

2
Vγ (0, h0)Vδ (0, h0)

))
+

γab
j (h0)

Vl+a (0, h0)Vl+b (0, h0)

2 (nbd)1/2
+ γabc

j (h0)
Vl+a (0, h0)Vl+b (0, h0)Vl+c (0, h0)

3!nbd

}

−
1

2

(
−Vj (h0) +

1

(nbd)1/2

(
Vjα (0, h0)Vα (0, h0)−

vjαβ (h0)

2
Vα (0, h0)Vβ (0, h0)

)
+

1

nbd

(
−Vjα (0, h0)Vβα (0, h0)Vβ (0, h0) +

vαβγ (h0)

2
Vjα (0, h0)Vβ (0, h0)Vγ (0, h0)+

vjαβ (h0)Vαγ (0, h0)Vβ (0, h0)Vγ (0, h0)−
vjαβ (h0) vαγδ (h0)

2
Vβ (0, h0)Vγ (0, h0)Vδ (0, h0)−

1

2
Vjαβγ (0, h0)Vβ (0, h0)Vγ (0, h0) +

vjαβγ (h0)

6
Vα (0, h0)Vβ (0, h0)Vγ (0, h0)

)
×
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(
−Vk (0, h0) +

1

(nbd)1/2

(
Vkδ (0, h0)Vζ (0, h0)−

vkδζ (h0)

2
Vδ (0, h0)Vζ (0, h0)

)
+

1

nbd

(
−Vkδ (0, h0)Vδζ (0, h0)Vζ (0, h0) +

vδζη (h0)

2
Vkδ (0, h0)Vζ (0, h0)Vη (0, h0)+

vkδζ (h0)Vδη (0, h0)Vζ (0, h0)Vη (0, h0)−
vkδζ (h0) vδηξ (h0)

2
Vζ (0, h0)Vη (0, h0)Vξ (0, h0) +

vkδζ (h0)Vδξ (0, h0)Vζ (0, h0)Vξ (0, h0)−
vkδζ (h0) vδξς (h0)

2
Vζ (0, h0)Vξ (0, h0)Vς (0, h0) +

vkδζξ (h0)

6
Vδ (0, h0)Vζ (0, h0)Vξ (0, h0)

)
×

[
Ujk (h0)

(nbd)1/2
+ δjk+

[2]
Ge

jk (h0)Vl+e (0, h0)

nbd
+ [2]

γe
jk (h0)

(nbd)1/2
(−Vl+e (0, h0)+

1

(nbd)1/2

(
Vl+eκ (0, h0)Vκ (0, h0)−

vl+eκµ (h0)

2
Vκ (0, h0)Vµ (0, h0)

))
+

[2]

2

(
γab
jk (h0)

nbd
+

γa,b
jk (h0)

nbd

)
Vl+a (0, h0)Vl+b (0, h0)

]
+

γ3
3!

(
−Vj (0, h0) +

1

(nbd)1/2

(
Vjκ (0, h0)Vκ (0, h0)−

vjκµ (h0)

2
Vκ (0, h0)Vµ (0, h0)

))
×

(
−Vk (h0) +

1

(nbd)1/2

(
Vkκ (0, h0)Vκ (0, h0)−

vkκτ (h0)

2
Vκ (0, h0)Vτ (0, h0)

))
×

(
−Vl (h0) +

1

(nbd)1/2

(
Voε (0, h0)Vε (0, h0)−

vmεζ (h0)

2
Vε (0, h0)Vζ (0, h0)

))
×

(
µjkl (h0)

(nbd)1/2
+ [3]

γe
jkl (h0)

nbd
Vl+e (0, h0)

)
+

γ4
4!

µjklm (h0)Vj (h0)Vk (h0)Vl (h0)Vm (h0)

nbd

}
+Op

(
1

(nbd)3/2

)
.

Using (50)-(53), the signed squared root decomposition is

Sγk+r

(
λ̂, ĥ
)
= S1

γk+r

(
λ̂, ĥ
)
+ S2

γk+r

(
λ̂, ĥ
)
+ S3

γk+r

(
λ̂, ĥ
)
+Op

(
1

(nbd)3/2

)

46



where

S1
γk+r

(
λ̂, ĥ
)
= Uk+r (h0) , S2

γk+r

(
λ̂, ĥ
)
=

1

(nbd)1/2

(
1

2
Uk+rk+s (h0)Uk+s (h0)−

γ3
6
µk+rk+sk+t (h0)Uk+s (h0)Uk+t (h0)−∆abGa

k+r (h0)Ub (h0) +

1

2
∆ac∆bdγab

k+r (h0)Uc (h0)Ud (h0) + ∆abγa
k+rk+s (h0)Uk+s (h0)Ub (h0)

)
,

S3
γk+r

(
λ̂, ĥ
)
=

1

nbd
Ga

k+t (h0)

(
∆ab∆bcGc

k+r (h0)Uk+r (h0)−
1

2

(
[2] γa

k+rk+s (h0)Uk+r (h0)Uk+s (h0)+

∆bcγab
k+r (h0)Uk+r (h0)Uc (h0) + [2]∆bcγa

k+rb (h0)Uk+r (h0)Uc (h0)
))

+

1

2
∆ac∆bdGab

k+t (h0)Uc (h0)Ud (h0)−

1

3!
∆ad∆be∆cfγabc

r+k (h0)Ud (h0)Ue (h0)Uf (h0) +

∆ad

(
Uk+rk+s (h0)−

1

2

(
−γ3µk+rk+s (h0) + [2]∆bcγb

k+rk+s (h0)Uc (h0)+

γ3
(
−∆efUk+rk+sf (h0) + [2]∆eh∆hiGi

k+rk+s (h0)
)
∆egUg (h0)

)
×

Gd
k+s (h0)Ud (h0) +

{
−Vk+r (0, h0)∆

abGb
k+s (h0)− Vk+rk+t (0, h0)Uk+sk+t (h0)+

Vk+rl+a (0, h0)
(
∆ab∆bcGc

k+s (h0)−∆abUb (h0)Uk+rk+s (h0)
)
+

1

2
Vk+rk (0, h0)

[
−γ3µk+rk+sk+t (h0)Uk+t (h0) + ∆ab

(
[2] γa

k+rk+s (h0)− γ3µk+rk+ra (h0)
)
Uk+r (h0)Ub (h0)

]

1

2
Vk+rl+a (0, h0)

[
−γ3µak+sk+t (h0)Uk+t (h0) + [2]

(
γb
ak+s (h0) + γb

k+sa (h0)
)
Ub (h0)

]
+

(
[2]∆abγb

j (h0)Uk+t (h0) + ∆ab∆cdγbc
k+t (h0)Ud (h0)

)
∆aeGe

k+s (h0) +

[2] γb
ak+s (h0)∆

bcUc (h0)
)
+
(
−γ3µk+rk+sk+t (h0)Uk+t (h0) + [2] γa

k+rk+s (h0)∆
abUb (h0)

)
×

(
−γ3µk+rk+sk+t (h0)Uk+t (h0) + [2]∆abγa

k+s (h0)Ub (h0)
)
Uk+sk+u (h0)Uk+u (h0)−

1

2

(
−γ3Uk+rk+sk+t (h0)Uk+t (h0) + [3]∆abGa

k+rk+s (h0)Ub (h0)−

∆abµk+rk+sa (h0)Ub (h0)
)
+

1

6
[−γ4Uk+rk+sk+tk+u (h0)Uk+t (h0)Uk+u (h0)−

[3] γ3∆
abγa

k+rk+sk+t (h0)Uk+t (h0)Ub (h0)− γ4∆
ab∆bcUk+rak+sk+t (h0)Uk+t (h0)Uc (h0) +

[3] γ3∆
ab∆bc∆cdγa

k+rk+sk+t (h0)Uk+t (h0)Ud (h0)−

[3] γ3∆
ab∆cd∆deγa

k+rck+s (h0)Ub (h0)Ue (h0)− [2]∆ab∆bc∆de
(
γa,d
k+rk+s + γad

k+rjk+s

)
Uc (h0)Ue (h0)−

[3] γ3∆
abγa

k+rk+sk+t (h0)Uk+t (h0)Ub (h0)−∆ac∆bdγabk+s
k+r (h0)Uc (h0)Ud (h0)−

[3]∆ab∆ae∆cdγb
k+rck+s (h0)Ud (h0)Ue (h0)

]}
γe
k+s (h0)Ue (h0) +

[2]

2
∆abGa

k+rk+s (h0)Vk+s (0, h0)Ub (h0)−
[2]

2
γa
k+rk (h0)Vk (0, h0)Ul+a (h0)−

[2]

2

(
γab
k+rk (h0) + γa,b

k+rk (h0)
)
Vk (0, h0)Vl+a (0, h0)Vl+b (0, h0) +

[2]

2
Uk+rk (h0)Uk (h0)−
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γ3
3!

[3]∆abγa
k+rkl (h0)Vk (0, h0)Vl (0, h0)Ub (h0) +

γ3
3!
µk+rkl (h0)Vk (0, h0) (Uk+rk+s (h0)Uk+s (h0)−

γ3
2

(
µk+rk+sk+t (h0)Uk+s (h0)Uk+t (h0)−∆abµk+rk+sb (h0)Uk+s (h0)∆

afUf (h0)
)
×

(
∆ac∆bdγd

jc (h0) + [2]∆acγbc
j (h0)

)
∆beUe (h0) +

γ4
4!
µk+rklm (h0)Vk (0, h0)Vl (0, h0)Vm (0, h0) .

Lengthy calculations show that

E
[
Sγk+r

(
λ̂, ĥ
)]

= −
(3 + γ3)

(nbd)1/2 6
µk+rk+sk+sj (h0)−∆abγa

k+rb (h0) +
1

2
∆ac∆bcγab

k+r (h0) +Op

(
1

(nbd)3/2

)
,

E
[
Sγk+r

(
λ̂, ĥ
)
Sγk+s

(
λ̂, ĥ
)]

= δk+rk+s +
1

nbd

{(γ4
4

+ 2
)
µk+rk+sk+tk+t (h0)+

(
γ3 + 3

6

)2

µk+rk+tk+tµk+sk+uk+u (h0) +

(
5γ3
6

+
59

36

)
µk+rk+sk+t (h0)µk+tk+uk+u (h0) +

(
25

9
+

5γ3
3

+
γ2
3

18

)
µk+rk+tk+u (h0)µk+sk+tk+u (h0) + [2]∆abγa

k+rk+sb (h0) +

[2]
γ3
2
∆abµk+rk+sb (h0) γ

a
k+uk+u (h0)−

1

2
∆abµk+sk+sb (h0) γ

a
k+rk+t (h0)−

1

2
∆ab∆bc∆df∆efγad

k+r (h0) γ
be
k+s (h0)−∆ac∆bcγab

k+rk+s (h0) +

1

6
∆ab∆bcµk+rk+sk+tγ

ab
k+t (h0) +

(
2γ3 + 1

3

)
∆abµk+sk+sk+t (h0) γ

a
k+tb (h0) +

[2]∆ac∆bc∆deγab
k+r (h0) γ

d
k+se (h0) + ∆ac∆bcγa

k+rk+t (h0) γ
b
k+sk+t (h0)−

[2]

2
∆ab∆cdγab

k+r (h0)µk+scd (h0) + ∆ab∆cdγa
k+rb (h0) γ

c
k+rd (h0) +

1

4
∆ac∆bc∆df∆efγab

k+r (h0) γ
cd
k+s (h0) + [2]

(
γ3 + 3

6

)
∆abµk+rk+tk+t (h0) γ

a
k+sb (h0)−

[2]

(
γ3 + 3

12

)
∆ac∆bcµk+rk+tk+t (h0) γ

ab
k+s (h0)−

[2]

2
∆ab∆ce∆deγa

k+rb (h0) γ
cd
k+s (h0)

}
+Op

(
1

(nbd)2

)
,

E
[
Sγk+r

(
λ̂, ĥ
)
Sγk+s

(
λ̂, ĥ
)
Sγk+t

(
λ̂, ĥ
)]

=
µk+rk+sk+t (h0)

(nbd)1/2
+

[3]

(nbd)1/2

(
(3 + γ3)

6
µk+rk+uk+u (h0) δk+sk+t −

(3 + γ3)

3
µk+rk+sk+t (h0)−

∆abγa
k+rb (h0) δk+sk+t +

1

2
∆ac∆bcγab

k+r (h0) δk+sk+t

)
+Op

(
1

(nbd)3/2

)
.

Let

τ1 = µk+rk+sk+tk+u (h0) , τ2 = [3] δk+rk+sδk+tk+u,

τ3 = [4]µk+rk+sk+t (h0)µk+uk+vk+v (h0) , τ4 = [3]µk+rk+sk+v (h0)µk+tk+uk+v (h0) ;
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note that

E
[
Sγk+r

(
λ̂, ĥ
)
Sγk+s

(
λ̂, ĥ
)
Sγk+t

(
λ̂, ĥ
)
Sγk+u

(
λ̂, ĥ
)]

=

E
[
S1
γk+r

(
λ̂, ĥ
)
S1
γk+s

(
λ̂, ĥ
)
S1
γk+t

(
λ̂, ĥ
)
S1
γk+u

(
λ̂, ĥ
)]

+

[4]E
[
S2
γk+r

(
λ̂, ĥ
)
S1
γk+s

(
λ̂, ĥ
)
S1
γk+t

(
λ̂, ĥ
)
S1
γk+u

(
λ̂, ĥ
)]

+

[6]E
[
S2
γk+r

(
λ̂, ĥ
)
S2
γk+s

(
λ̂, ĥ
)
S1
γk+t

(
λ̂, ĥ
)
S1
γk+u

(
λ̂, ĥ
)]

+

[4]E
[
S3
γk+r

(
λ̂, ĥ
)
S1
γk+s

(
λ̂, ĥ
)
S1
γk+t

(
λ̂, ĥ
)
S1
γk+u

(
λ̂, ĥ
)]

and that

E
[
S1
γk+r

(
λ̂, ĥ
)
S1
γk+s

(
λ̂, ĥ
)
S1
γk+t

(
λ̂, ĥ
)
S1
γk+u

(
λ̂, ĥ
)]

=
τ1
nbd

+ τ2

[4]E
[
S2
γk+r

(
λ̂, ĥ
)
S1
γk+s

(
λ̂, ĥ
)
S1
γk+t

(
λ̂, ĥ
)
S1
γk+u

(
λ̂, ĥ
)]

−

[12]E
[
S2
γk+r

(
λ̂, ĥ
)
S2
γk+s

(
λ̂, ĥ
)]

E
[
S1
γk+t

(
λ̂, ĥ
)
S1
γk+u

(
λ̂, ĥ
)]

=

−6τ1 −

(
γ3 + 3

6

)
τ3 −

2

3
(2γ3 − 3) τ4 −

[4]∆abγab
k+rb (h0)µk+sk+tk+u (h0) +

[4]

2
∆ac∆bcγab

k+r (h0)µk+sk+tk+u (h0) ,

[6]E
[
S2
γk+r

(
λ̂, ĥ
)
S2
γk+s

(
λ̂, ĥ
)
S1
γk+t

(
λ̂, ĥ
)
S1
γk+u

(
λ̂, ĥ
)]

−

[6]E
[
S2
γk+r

(
λ̂, ĥ
)
S2
γk+s

(
λ̂, ĥ
)]

E
[
S1
γk+t

(
λ̂, ĥ
)
S1
γk+u

(
λ̂, ĥ
)]

=

3τ1 − τ2 + (γ3 + 3)2
τ3
6
+
(
4γ2

3 + 24γ3 + 27
) τ4
9
−

[6]

3
(γ3 + 3)

(
∆ac∆bcµk+rk+tk+u (h0) γ

ab
k+s (h0)− 2∆abµk+rk+tk+u (h0) γ

a
k+sb (h0)

)
,

[4]
[
S3
γk+r

(
λ̂, ĥ
)
S1
γk+s

(
λ̂, ĥ
)
S1
γk+t

(
λ̂, ĥ
)
S1
γk+u

(
λ̂, ĥ
)]

−

[12]E
[
S3
γk+r

(
λ̂, ĥ
)
S1
γk+s

(
λ̂, ĥ
)]

E
[
S1
γk+t

(
λ̂, ĥ
)
S1
γk+u

(
λ̂, ĥ
)]

=

[4]

4
(γ4 + 8) τ1 + (30γ3 + 59)

τ4
9
+ 3 [4] (γ3 + 2)∆abµk+rk+sb (h0) γ

a
k+tk+u (h0) .

Since

E
[
S2
γk+r

(
λ̂, ĥ
)]{

[4]E
[
S1
γk+s

(
λ̂, ĥ
)
S1
γk+t

(
λ̂, ĥ
)
S1
γk+u

(
λ̂, ĥ
)]

+

[12]E
[
S2
γk+s

(
λ̂, ĥ
)
S1
γk+t

(
λ̂, ĥ
)
S1
γk+u

(
λ̂, ĥ
)]

−

2 [6]E
[
S2
γk+sλ̂, ĥ

]
E
[
S1
γk+t

(
λ̂, ĥ
)
S1
γk+u

(
λ̂, ĥ
)]}

= − [4] (γ3 + 2)µk+rk+sk+t (h0)×
[(

3 + γ3
6

)
µk+uk+vk+v (h0)−∆abγa

k+ub (h0) +
1

2
∆ac∆bcγab

k+u (h0)

]
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using (41) we have that

κk+r (h0) =
1

(nbd)1/2

[
−
(3 + γ3)

6
µk+rk+sk+s (h0)−∆abγa

k+rb (h0) +
1

2
∆ac∆bcγab

k+r (h0)

]
+Op

(
1

(nbd)3/2

)

κk+r,k+s (h0) = δjk + κ
(2)
j,k (h0) , κ

(2)
j,k (h0) =

1

nbd

{(γ4
4

+ 2
)
µk+rk+sk+tk+t (h0)+

(
5γ3
6

+
59

36

)
µk+rk+sk+t (h0)µk+tk+uk+u (h0) +

(
25

9
+

5γ3
3

+
γ2
3

18

)
µk+rk+tk+u (h0)µk+sk+tk+u (h0) +

[2]∆abγa
k+rk+sb (h0) + [2]

γ3
2
∆abµk+rk+sb (h0) γ

a
k+uk+u (h0)−

1

2
∆abµk+sk+sb (h0) γ

a
k+rk+t (h0)−

1

2
∆ab∆bc∆df∆efγad

k+r (h0) γ
be
k+s (h0)−∆ac∆bcγab

k+rk+s (h0) +

1

4
∆ac∆bc∆df∆efγab

k+r (h0) γ
cd
k+s (h0) + [2]

(
γ3 + 3

6

)
∆abµk+rk+tk+t (h0) γ

a
k+sb (h0)−

[2]

(
γ3 + 3

12

)
∆ac∆bcµk+rk+tk+t (h0) γ

ab
k+s (h0)−

[2]

2
∆ab∆ce∆deγa

k+rb (h0) γ
cd
k+s (h0)

}

+Op

(
1

(nbd)2

)
,

κk+r,k+s,k+t (h0) = −
µk+rk+sk+t (h0)

(nbd)1/2
(2 + γ3) +Op

(
1

(nbd)3/2

)
,

κk+r,k+s,k+t,k+u (h0) =
1

nbd

{
(γ4 + 6) τ4 +

(γ2
3 + 5γ3 + 6)

6
τ3 +

2

9

(
2γ2

3 + 21γ3 + 34
)
τ4−

[4]µk+rk+sk+t (h0)

[(
3 + γ3

6

)
µk+uk+vk+v (h0)−∆abγa

k+ub (h0) + ∆ac∆bcγab
k+u (h0)

]
+

(γ3 + 2)

2

[
∆ac∆bcγa

k+rk+s (h0) γ
b
k+tk+u (h0) + ∆abγa,b

k+rk+sk+tk+u (h0)
]
+

(γ3 + 2)

3
µk+rk+s (h0)∆

ab ×

(
γab
k+tk+u (h0) + γa,b

k+tk+u (h0)
)}

+Op

(
1

(nbd)2

)
.

The same arguments as those used to prove Theorem 1 show that the Edgeworth expansion for

Sγ

(
λ̂, ĥ
)

sup
c∈[c0,∞)

∣∣∣∣P
(
Sγ

(
λ̂, ĥ
)
≥ c
)
−G−

l−k (c)−

∫

uTu≥c

p2n (u)ϕ (u)

∣∣∣∣ = O

(
1

(nbd)2

)

is valid in the sense of Chandra and Ghosh (1980), where G−
l−k (c) = 1−Gl−k (c),

∫

uTu≥c

p2n (u)ϕ (u) =
1

nbd

{
1

2
c1γ (K)∇G−

l−k (c) +
1

24
c2γ (K)∇2G−

l−k (cα) +
1

72
c3γ (ρ,K)∇3G−

l−k (cα)

}
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and

c1γ (ρ,K) =
(γ4
4

+ 2
)
µk+rk+rk+tk+t (h0) +

(
5γ3
6

+
59

36

)
µk+rk+rk+t (h0)µk+tk+uk+u (h0) +(56)

(
25

9
+

5γ3
3

+
γ2
3

18

)
µk+rk+tk+u (h0)µk+rk+tk+u (h0) +

(3 + γ3)
2

36
µk+rk+sk+s (h0)µk+rk+tk+t (h0) + [2]∆abγa

k+rk+sb (h0) +

[2]
γ3
2
∆abµk+rk+sb (h0) γ

a
k+uk+u (h0)−

1

2
∆abµk+rk+sb (h0) γ

a
k+rk+t (h0)

−
1

2
∆ab∆bc∆df∆efγad

k+r (h0) γ
be
k+r (h0)−∆ac∆bcγab

k+rk+r (h0) +

1

2
∆ac∆bc∆df∆efγab

k+r (h0) γ
cd
k+r (h0) + ∆ab∆cdγab

k+r (h0) γ
cd
k+r (h0)

−

(
γ3 + 3

3

)
∆ac∆bcµk+rk+tk+t (h0) γ

ab
k+r (h0)−

[2]∆ab∆ce∆deγa
k+rb (h0) γ

cd
k+s (h0) ,

c2γ (ρ,K) = [3]

[
(γ4 + 6) τ4 +

(γ2
3 + 5γ3 + 6)

6
τ3 +

2

9

(
2γ2

3 + 21γ3 + 34
)
τ4−

[4] (γ3 + 2)µk+tk+sk+t (h0)
(
−∆abγa

k+ub (h0) + ∆ac∆bcγab
k+u (h0)

)

(γ3 + 2)

2

[
∆ac∆bcγa

k+rk+s (h0) γ
b
k+tk+u (h0) + ∆abγa,b

k+rk+sk+tk+u (h0)
]
+

(γ3 + 2)

3
µk+rk+s (h0)∆

ab
(
γab
k+tk+u (h0) + γa,b

k+tk+u (h0)
)]

δk+rk+sδk+tk+u,

c3γ (ρ,K) = [15] (2 + γ3)
2 µk+rk+sk+t (h0)µk+uk+vk+w (h0) δk+rk+sδk+tk+uδk+vk+w.

Proof of Corollary 1.4. The proof is similar to that of Corollary 1.3, so is omitted.

Proof of Theorem 3. The consistency of λ̂∗ and ĥ∗ follows by adapting the arguments of

Newey and Smith (2004). First notice that by Proposition (7.2) and the envelope assumption

A2(iii), we have that

sup
h∈HC

∥∥∥∥
1

nbd

∑
g∗Ki (h) g∗Ki (h)T − E∗

[
g∗Ki (h) g∗Ki (h)T

bd

]∥∥∥∥ = op∗−p (1) , (57)

and that max1≤i≤n γ2(λ
∗T
n g∗Ki (ĥ∗)) = op∗−p(1) and γ2(λ

∗T
n g∗Ki (ĥ∗)) ≥ −C with probability ap-

proaching 1 and λ∗
n = (nbd)−δg∗Ki (ĥ∗)/∥g∗Ki (ĥ∗)∥. A second order Taylor expansion yields

Γ̂γ(λ
∗, ĥ∗) ≥ γ0 +

λ∗T
n

nbd

∑
g∗Ki (ĥ∗) +

λ∗T
n

2nbb

∑
γ2(λ

∗T

n g∗Ki (ĥ∗))g∗Ki (ĥ∗)g∗Ki (ĥ∗)Tλ∗
n

≥ γ0 +
1

(nbd)δ
∥

∑
g∗Ki (ĥ)

nbd
∥ −

C

(nbd)2δ
,
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where λ
∗

n is on the line joining 0 and λ∗
n, and the second inequality follows because by (57),

Propositions 7.1 and 7.2

∥
E∗(g∗Ki (ĥ∗)g∗Ki (ĥ∗)T )

bd
≤ sup

h∈HC

∥
1

nbd

∑
gKi (h)gKi (h)T − Ω(h)

∫
K(u)2duf(z)∥ = op(1)

so that σmin(E
∗(g∗Ki (ĥ∗)g∗Ki (ĥ∗)T )/bd > C > 0. Since

∥
1

nbd

∑
g∗Ki (ĥ)∥ ≤ ∥

1

nbd

∑
g∗Ki (ĥ)− E∗(

g∗Ki (ĥ)

bd
)∥+ ∥E∗(

g∗Ki (ĥ)

bd
)∥ = op∗−p(1) (58)

the saddlepoint property of ĥ∗ implies that

γ0+
1

(nbd)δ
∥

∑
g∗Ki (ĥ∗)

nb
∥−

C

(nbd)(2δ)
≤ Γ̂γ(λ

∗
n, ĥ

∗) ≤ sup
λ∈Λn(ĥ)

Γ̂γ(λ, ĥ) ≤ ∥∥
1

nbd

∑
g∗Ki (ĥ)∥2 = op∗−p(1),

(59)

hence as in Lemma 3 of Newey and Smith (2004) we have ∥
∑

g∗Ki (ĥ∗)∥ = op∗−p(1). By Propo-

sition (7.2) it follows that ∥E∗(g∗Ki (ĥ∗))∥ = op(1) so ∥E∗(g∗i (ĥ
∗))|Z∗

i = z)f(z)∥ = op(1). By

A1(i), for η > 0, there exists an ϵ > 0 such that for ∥h∗ − ĥ∥ > ϵ ∥E∗(g∗i (h
∗))|Z∗

i =

z)f(z)∥ > η with probability approaching 1, which impliies ∥ĥ∗ − ĥ∥ = op∗−p(1). Let λ̂∗ :=

argmaxλ∈Λnĥ∗ Γ̂n(λ, , ĥ
∗); given the consistency of ĥ∗, by a second order Taylor expansion with

Lagrange remainder, there exists a λ
∗
on the line joining 0 and ĥ∗ such that

γ0 = Γ̂γ(0, ĥ
∗) ≤ γ0 − λ̂∗T

∑
g∗Ki (ĥ∗)

nbd
+ λ̂∗T

∑
γ2(λ

∗T
g∗Ki (ĥ∗))g∗Ki (ĥ∗)g∗Ki (ĥ∗)T λ̂∗

2nbd

≤ γ0 +
∥λ̂∗∥

nbd

∑
g∗Ki (ĥ∗)− λ̂∗T

∑
g∗Ki (ĥ∗)g∗Ki (ĥ∗)T λ̂∗

4nbd

≤ γ0 + ∥λ̂∗∥∥

∑
g∗Ki (ĥ∗)

nbd
∥ − C∥λ̂∗∥2,

which implies ∥λ̂∗∥ = op∗−p(1). Given the consistency of λ̂∗ and ĥ∗, a mean value expansion and

the above arguments can be used to show that

(
nbd
)1/2

[
λ̂∗

ĥ∗ − ĥ

]
= −

[
Ω (z) f (z)

∫
K2 (u) du G (z) f (z)

G (z) f (z)T 0

]−1 (
nbd
)1/2

[
ĝ∗K

(
ĥ
)

0

]
+op∗−p (1) .

(60)

Note that

(
nbd
)1/2 (

ĝ∗K
(
ĥ
)
− ĝK (h0)

)
=
(
nbd
)1/2

(
ĝ∗K (h0)− E∗

(
gi

∗K (h0)

bd

))
− (61)

(
nbd
)1/2 (

ĝK (h0)− ĝ∗K
(
ĥ
))

+
(
nbd
)1/2

(
E∗

(
gi

∗K (h0)

bd

)
− ĝK

(
ĥ
))

=

(
nbd
)1/2

(
ĝ∗K (h0)− E∗

(
gi

∗K (h0)

bd

))
+ op∗−p (1) ,
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where the second equality follows by a mean value expansion and EBLLN of Proposition 7.2,

that is

(
nbd
)1/2 (

ĝK (h0)− ĝ∗K
(
ĥ
))

−
(
nbd
)1/2

(
E∗

(
gi

∗K (h0)

bd

)
− ĝK

(
ĥ
))

=

1

nbd


∑ ∂g∗Ki

(
h
)

∂hT
−
∑ ∂gKi

(
h̃
)

∂hT


 (1 + op (1))

(
nbd
)1/2 (

ĥ− h0

)
=

op∗−p (1) (1 + op (1))Op (1) ,

where h and h̃ are possibly different mean values. To establish the asymptotic normality of(
nbd
)1/2 (

ĝ∗K (h0)− E∗
(
gi

∗K (h0) /b
d
))
, it suffices to consider the univariate case and verify the

Lyapunov condition limn→∞

∑
E∗ |x∗

ni (h0)|
2+δ p

→ 0, for

x∗
ni (h0) =

1

s∗n (h0)

(
g∗Ki (h0)− E∗

[
g∗Ki (h0)

bd

])
,

s∗2n (h0) =
∑(

gKi (h0)− E∗

[
g∗Ki (h0)

bd

])2

.

By LLN s∗2n (h0)
p
→ nbdV ar

(
gKi (h0)

)
and

E∗

∣∣g∗Ki (h0)− E∗
(
gi

∗K (h0) /b
d
)∣∣2+δ

bd
p
→ E

∣∣gKi (h0)− E
(
gi

K (h0)
)∣∣2+δ

bd
,

so that by the cr inequality

lim
n→∞

∑
E∗ |x∗

ni (h0)|
2+δ ≤ lim

n→∞

(
nbbV ar

(
gK (h0)

))−(1+δ/2)
21+δnE

∣∣gK (h0)
∣∣2+δ

+ op (1) =

lim
n→∞

V ar
(
gK (h0)

)−1+δ/2 (
nbd
)−δ/2

21+δE

∣∣gKi (h0)
∣∣2+δ

bd
= op (1) .

Thus by the Cramer-Wold device
(
nbd
)1/2 (

ĝ∗K (h0)− E∗
(
gi

∗K (h0) /b
d
)) d∗

→ N (0,Ω (z)) with

probability approaching 1, hence using (60),

sup
x∈Rl+k

∣∣∣P ∗
((

nbd
)1/2

(η̂∗ − η̂) ≤ x
)
− P (N (0, diag [P (z) ,Σ (z)]) ≤ x)

∣∣∣ = op (1) ,

where η̂∗ − η̂ =

[
λ̂∗T ,

(
ĥ∗ − ĥ

)T]T
; consequently

sup
x∈Rl+k

∣∣∣P ∗
((

nbd
)1/2

(η̂∗ − η̂) ≤ x
)
− P

((
nbd
)1/2

(η̂ − η0) ≤ x
)∣∣∣ = op (1) .

Next, following the proof of Theorem 2, we can obtain the EB analog of the stochastic expansion
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of
(
nbd
)1/2

(η̂ − η0)α given in (54), that is

(
nbd
)1/2

(η̂∗ − η̂)α = −Vα

(
0, ĥ
)
+

1

(nbd)1/2

(
V ∗
αβ

(
0, ĥ
)
V ∗
β

(
0, ĥ
)
−

v∗αβγ

(
ĥ
)

2
V ∗
β

(
0, ĥ
)
V ∗
γ

(
0, ĥ
)

+

1

nbd


−V ∗

αβ

(
0, ĥ
)
V ∗
βγ

(
0, ĥ
)
V ∗
γ

(
0, ĥ
)
+

v∗βγδ

(
ĥ
)

2
V ∗
αβ

(
0, ĥ
)
V ∗
γ

(
0, ĥ
)
V ∗
δ

(
0, ĥ
)
+

v∗αβγ

(
ĥ
)
V ∗
βδ

(
0, ĥ
)
V ∗
γ

(
0, ĥ
)
V ∗
δ

(
0, ĥ
)
−

v∗αβγ

(
ĥ
)
v∗βδε

(
ĥ
)

2
V ∗
γ

(
0, ĥ
)
V ∗
δ

(
0, ĥ
)
V ∗
ε

(
0, ĥ
)
−

1

2
V ∗
αβγ

(
0, ĥ
)
V ∗
β

(
0, ĥ
)
V ∗
γ

(
0, ĥ
)
+

v∗αβγδ

(
ĥ
)

6
V ∗
β

(
0, ĥ
)
V ∗
γ

(
0, ĥ
)
V ∗
δ

(
0, ĥ
)

+Op∗−p

(
1

(nbd)3/2

)
,

and of Sγ

(
λ̂∗, ĥ∗

)
given in (55). Then using the same signed squared root decomposition

and the cumulants calculations of Theorem 2 we obtain the empirical Edgeworth expansion of

S∗
γ

(
λ̂∗, ĥ∗

)
, that is

sup
c∈[c0,∞)

∣∣∣∣P
∗
(
S∗
γ

(
λ̂∗, ĥ∗

)
≥ c
)
−G−

l−k (c) +

∫

uTu≥cα

p̂2n (u)ϕ (u)

∣∣∣∣ = Op

(
1

(nbd)2

)
, (62)

where
∫

uTu≥cα

p̂2n (u)ϕ (u) =
1

nbd

{
1

2
ĉ∗1γ (K)∇Gl−k (c) +

1

24
ĉ∗2γ (K)∇2Gl−k (c) +

1

72
ĉ∗3γ (K)∇3Gl−k (c)

}

and ĉ∗jγ (K) (j = 1, 2, 3) are the bootstrap analog of the cjγ (K)’s given in (56). The validity of

(62) follows by the same arguments as those used in the proofs of Theorems 1 and 2, noting

that

sup
ε<∥t∥≤nc

∣∣∣E∗ exp
(
ιtTUk

(
ĥ, K

))∣∣∣ ≤ sup
ε<∥t∥≤nc

∣∣E exp
(
ιtTUk (h0, K)

)∣∣+

sup
ε<∥t∥≤nc

∣∣∣E∗ exp
(
ιtTUk

(
ĥ, K

))
− E exp

(
ιtTUk (h0, K)

)∣∣∣

≤ sup
ε<∥t∥≤nc

∣∣E exp
(
ιtTUk (h0, K)

)∣∣+ op (1)

= 1− C4b+ op (1) ,

by the same arguments as those used by Horowitz (1998), noting that the class of functions

UK = {Uk (h,K) , b > 0, h ∈ HC} is Euclidean as it consists of products of Euclidean classes of

54



functions, hence the class
{
exp

(
ιtTUk (h,K)

)
, b > 0, h ∈ HC , ε < ∥t∥ ≤ nc

}
is also Euclidean,

since exponentiation is Lipschitz continuous on compact sets. Similar arguments as those used

in the proof of Corollary 1.3 can be used to show that
∣∣∣µ̂∗

k+r1....k+rl

(
ĥ∗
)
− µ̂k+r1....k+rl

(
ĥ
)∣∣∣ =

Op∗−p

((
nbd
)−1/2

)
,
∣∣∣γ̂∗a1...al

k+r1...k+rl

(
ĥ∗
)
− γ̂a1...al

k+r1...k+rl

(
ĥ
)∣∣∣ = Op∗−p

((
nbd
)−1/2

)
and∣∣∣µ̂k+r1....k+rl

(
ĥ
)
− µk+r1....k+rl (h0)

∣∣∣ = Op

((
nbd
)−1/2

)
,
∣∣∣γ̂a1...al

k+r1...k+rl

(
ĥ
)
− γa1...al

k+r1...k+rl
(h0)

∣∣∣ = Op

((
nbd
)−1/2

)
,

hence by CMT we have that
∣∣ĉ∗jγ (K)− cjγ (K)

∣∣ = Op

((
nbd
)−1/2

)
and by the the oddness/evenness

property of the Hermite polynomials (Barndorff-Nielsen and Hall 1988)

sup
c∈[c0,∞)

∣∣∣P ∗
(
S∗
γ

(
λ̂∗, ĥ∗

)
≥ c
)
− P

(
Sγ

(
λ̂, ĥ
)
≥ c
)∣∣∣ = Op

(
1

(nbd)2

)
.

Finally, the asymptotic expansion of the upper quantile of Sγ

(
λ̂, ĥ
)
given in (25) shows that

dγ = cα

(
1 + 2

3∑

j=1

(
3∑

l=j

Cj (K)

))
cj−1
α

nbdΓj

+O

(
1

(nbd)2

)
,

c∗α = cα

(
1 + 2

3∑

j=1

(
3∑

l=j

Ĉj (K)

))
cj−1
α

nbdΓj

+Op

(
1

(nbd)2

)
.

The above results show that
∣∣∣Ĉj (K)− Cj (K)

∣∣∣ = Op

((
nbd
)−1/2

)
, hence the Edgeworth expan-

sion for Sγ

(
λ̂, ĥ
)
and the delta method imply that

P
(
Sγ

(
λ̂, ĥ
)
≥ c∗α

)
= P

(
Sγ

(
λ̂, ĥ
)
− (c∗α − dγ) ≥ dγ

)

= P

(
Sγ

(
λ̂, ĥ
)
−Op

((
nbd
)−3/2

)
≥ cα

(
1 + 2

3∑

j=1

(
3∑

l=j

Cj (K)

))
cj−1
α

nbdΓj

)

= 1−Gl−k

(
cα

(
1 + 2

3∑

j=1

(
3∑

l=j

Cj (K)

))
cj−1
α

nbdΓj

)
+

gl−k

(
cα

(
1 + 2

3∑

j=1

(
3∑

l=j

Cj (K)

))
cj−1
α

nbdΓj

)
+O

(
1

(nbd)2

)
,

since the Op

((
nbd
)−3/2

)
term is actually O

((
nbd
)−2
)
by the oddness/evenness property of the

Hermite polynomials.
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8 Tables

Table 1 Finite sample coverage and average length of confidence intervals

for h0 (0) in the nonparametric binary choice model

b = b̂n−a n = 100 n = 400 n = 1000

Stat COVa LENb COVa LENb COVa LENb

a = 1
4

SEL

Sm
EL

SET

Sm
ET

SCU

Sm
CU

0.897

0.914

0.900

0.910

0.901

0.913

0.338

0.339

0.340

0.341

0.343

0.342

0.910

0.921

0.907

0.917

0.910

0.915

0.325

0.326

0.336

0.330

0.332

0.320

0.926

0.939

0.924

0.937

0.925

0.937

0.296

0.299

0.300

0.302

0.297

0.303

a = 1
3

SEL

Sm
EL

SET

Sm
ET

SCU

Sm
CU

0.902

0.918

0.903

0.915

0.907

0.915

0.344

0.345

0.364

0.366

0.360

0.362

0.917

0.924

0.910

0.920

0.912

0.920

0.339

0.340

0.343

0.346

0.346

0.348

0.930

0.942

0.928

0.940

0.927

0.939

0.293

0.298

0.296

0.300

0.295

0.301

a = 3
7

SEL

Sm
EL

SET

Sm
ET

SCU

Sm
CU

0.908

0.920

0.906

0.918

0.910

0.913

0.382

0.384

0.383

0.386

0.386

0.387

0.918

0.929

0.916

0.925

0.914

0.926

0.343

0.345

0.345

0.348

0.350

0.353

0.934

0.946

0.933

0.944

0.932

0.943

0.287

0.292

0.291

0.296

0.290

0.295

a Coverage, b Average length
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Table 2 Finite sample coverage and average length of confidence intervals

for h0 (1) in the nonparametric binary choice model

b = b̂n−a n = 100 n = 400 n = 1000

Stat COVa LENb COVa LENb COVa LENb

a = 1
4

SEL

Sm
EL

SET

Sm
ET

SCU

Sm
CU

0.893

0.907

0.890

0.904

0.894

0.903

0.424

0.425

0.434

0.435

0.434

0.435

0.908

0.922

0.904

0.918

0.903

0.917

0.392

0.394

0.396

0.398

0.400

0.402

0.928

0.941

0.924

0.940

0.926

0.944

0.294

0.297

0.298

0.300

0.295

0.301

a = 1
3

SEL

Sm
EL

SET

Sm
ET

SCU

Sm
CU

0.901

0.920

0.899

0.915

0.900

0.916

0.423

0.423

0.425

0.427

0.425

0.427

0.915

0.926

0.911

0.921

0.914

0.923

0.385

0.387

0.387

0.389

0.390

0.393

0.932

0.943

0.930

0.940

0.931

0.941

0.385

0.387

0.387

0.389

0.390

0.393

a = 3
7

SEL

Sm
EL

SET

Sm
ET

SCU

Sm
CU

0.906

0.922

0.903

0.918

0.905

0.919

0.402

0.404

0.412

0.413

0.415

0.417

0.919

0.929

0.915

0.926

0.916

0.925

0.376

0.377

0.383

0.385

0.388

0.390

0.934

0.943

0.930

0.942

0.931

0.944

0.291

0.295

0.293

0.298

0.296

0.298
a Coverage, b Average length
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Table 3 Finite sample rejection probabilities for the specification

test in the IV smooth coefficients model for h0 (−0.5)

b = b̂n−a n = 100 n = 400 n = 1000

Stat RP RP RP

a = 1
4

SEL

S∗
EL

SET

S∗
ET

SCU

S∗
CU

0.090

0.065

0.089

0.066

0.091

0.067

0.082

0.054

0.081

0.056

0.081

0.057

0.068

0.051

0.071

0.052

0.070

0.051

a = 1
3

SEL

S∗
EL

SET

S∗
ET

SCU

S∗
CU

0.090

0.068

0.088

0.070

0.089

0.067

0.081

0.053

0.080

0.054

0.080

0.055

0.064

0.050

0.065

0.051

0.065

0.052

a = 3
7

SEL

S∗
EL

SET

S∗
ET

SCU

S∗
CU

0.087

0.067

0.086

0.068

0.085

0.066

0.079

0.052

0.080

0.053

0.080

0.053

0.062

0.050

0.063

0.050

0.064

0.052
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Table 4 Finite sample rejection probabilities for the specification

test in the IV smooth coefficients model for h0 (1)

b = b̂n−a n = 100 n = 400 n = 1000

Stat RP RP RP

a = 1
4

SEL

S∗
EL

SET

S∗
ET

SCU

S∗
CU

0.091

0.067

0.088

0.068

0.090

0.066

0.081

0.058

0.084

0.059

0.086

0.057

0.065

0.051

0.066

0.051

0.066

0.052

a = 1
3

SEL

S∗
EL

SET

S∗
ET

SCU

S∗
CU

0.087

0.065

0.087

0.066

0.085

0.067

0.079

0.056

0.079

0.057

0.078

0.057

0.063

0.052

0.064

0.052

0.063

0.052

a = 3
7

SEL

S∗
EL

SET

S∗
ET

SCU

S∗
CU

0.085

0.067

0.083

0.068

0.086

0.063

0.076

0.055

0.078

0.056

0.077

0.056

0.062

0.050

0.063

0.051

0.062

0.051

Table 5 Rejection probabilities for the r1(Zi) specification

IQ \AGE 30 33 36

95.25
4.64a 4.59b

0.098c 0.100c
4.70a 4.68b

0.095c 0.096c
4.80a 4.86b

0.090c 0.088c

104
5.01a 5.5b

0.078c 0.063c
6.24a 6.66c

0.04c5 0.035c
7.16a 7.06c

0.027c 0.029c

113.75
6.39a 6.56b

0.040c 0.032c
6.71a 6.8b

0.034c 0.033c
7.83a 7.77b

0.019c 0.020c

a S∗

EL, b S
∗

CU , c p-value
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Table 6 Rejection probabilities for the r2(Zi) specification

iq \age 30 33 36

95.25
13.96a 13.37b

0.007c 0.009c
14.25a 14.39b

0.006c 0.006c
14.54a 14.25b

0.005c 0.006c

104
14, 58a 14.31b

0.006c 0.006c
14.52a 14.60c

0.005c5 0.005c
14.71a 14.61c

0.005c 0.005c

113.75
14.32a 14.42b

0.006c 0.006c
14.48a 14.56b

0.005c 0.005c
14.82a 14.73b

0.005c 0.005c

a S∗

EL, b S
∗

CU , c p-value

sectionFigures
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Figure 1: Estimated h′s as a function of Iq and Age
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Figure 2: 95% confidence regions for h1 and h2. The red and red dotted contours correspond to

SEL and Sm
EL; the blue and blue dotted contours correspond to SCU and Sm

CU .
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Figure 3: 95% confidence regions for h1 and h3. The red and red dotted contours correspond to

SEL and Sm
EL; the blue and blue dotted contours correspond to SCU and Sm

CU .
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Figure 4: 95% confidence regions for h2 and h3. The red and red dotted contours correspond to

SEL and Sm
EL; the blue and blue dotted contours correspond to SCU and Sm

CU .
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