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estimating equations models
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Abstract

This paper considers pointwise inference for nonparametric estimating equations mod-
els. The paper proposes two general test statistics that are based on a local version of
the Generalized Empirical Likelihood (GEL) approach that can be used to test simple
hypotheses about the unknown infinite dimensional parameters and to test for the correct
specification of the chosen nonparametric estimating equations model. The paper shows
that among the class of the proposed GEL test statistics, the empirical likelihood ratio
is the only one admitting a Bartlett correction, however by appropriately modifying the
other GEL based test statistics, it is still possible to obtain second order accurate infer-
ences. The paper also proposes a new (local) version of the so-called efficient bootstrap
that delivers the same level of second order accuracy as that of the (modified) GEL test
statistics for the correct specification of the chosen nonparametric estimating equations
model. Finally, the paper uses simulations and a real data example to illustrate the finite

sample properties and applicability of the proposed inference methods.
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1 Introduction

Parametric estimating equations (PEE) models, that is models where the unknown parameters
of interest are finite dimensional, are widely used in Economics, Finance and Statistics. For
example, many assets pricing models used in Finance naturally give rise to a set of (possibly
conditional) estimating equations; likewise, quasi-likelihood methods for generalized linear mod-
els also give rise to a set of estimating equations. Estimation and inference for the unknown
finite dimensional parameters of such models are typically carried out using Hansen’s (1982)
generalized method of moments (GMM) approach - see also Qu, Lindsay and Li (2000), or,
alternatively, Newey and Smith’s (2004) generalized empirical likelihood, with the asymptotic
properties of the resulting estimators and test statistics being well-established. However, the
chosen parametric specification is often too restrictive and can result in misspecified models.
For example, the popular stochastic discount factor model widely used in the empirical assets
pricing literature (see Cochrane (2001) for a comprehensive review) relies on a parametric speci-
fication of the utility function, which can result in a misspecified model, see for example Hansen
and Jagannathan (1997) and more recently Gospodinov, Kan and Robotti (2013). Similarly,
in quasi-likelihood estimation for generalized linear models the assumed linearity of the index
might not be appropriate to model possible nonlinear relationships between the covariates, the
response and the unknown parameters.

Nonparametric estimating equations (NPEE) models are useful extensions of PEE models, as
they are robust to possible misspecification, while providing a very flexible way to model po-
tentially complex nonlinear relationships often encountered with real data. Because of these
desirable properties, several authors have considered NPEE models: Severini and Staniswalis
(1994) considered nonparametric quasi-likelihood models, Cai (2003), Lewbel (2007) and Bravo
(2022) considered generic NPEE models that can be used in the context of nonparametric binary
choice, treatment effects and certain stochastic optimization models, Cai, Das, Xiong and Wu
(2006) considered instrumental variables estimation of smooth coefficients model, Cai and Li
(2008) considered nonparametric dynamic panel data models, Fang, Ren and Yuan (2011) and
Cai, Ren and Sun (2015) considered nonparametric stochastic discount factor models.

All of the above papers focus mainly on estimation, whereas this paper considers pointwise
inference. Pointwise inference is important for empirical applications: for example, it can be
used in Economics in the context of demand elasticities and efficient frontiers, where it is of-
ten important to evaluate these functions at a specific point. Similarly, in the nonparametric
treatment effect literature, it is important to evaluate the effectiveness of a given treatment at
a specific point.

This paper focuses on the second order properties of two general test statistics that can be
used to test simple hypotheses about the unknown infinite dimensional parameters as well as

to test for the correct specification of the chosen NPEE model. The proposed test statistics are



based on a kernel version of the Generalized Empirical Likelihood (GEL) approach. GEL was
introduced by Smith (1997) and Newey and Smith (2004) as a quasi-likelihood alternative to
GMM which includes as special cases Owen’s (1988) empirical likelihood (EL) and continuous
updating (CU) GMM (Hansen, Heaton and Yaron 1996). One important property of GEL is
that, as opposed to GMM, it does not require the estimation of a weight matrix, which, as shown
by Newey and Smith (2004) and Bravo (2022) is an important source of the finite sample bias
for GMM estimators, and it might also explain the relatively poor finite sample performance of
GMM based test statistics, such as Hansen’s (1982) overidentifying restrictions statistic. To the
best of our knowledge this is the first paper that develops and justifies rigorously a second order
asymptotic theory for inference in NPEE models. It is important to note that in order to obtain
second order accurate test statistics we need to deal with the bias resulting from the kernel
estimation. One possibility is to directly estimate the bias. This is the approach followed by
Calonico, Cattaneo and Farrell (2018) (although not in the context of the overidentified NPEE
models considered in this paper). Alternatively, one can undersmooth, which is what we do in
this paper, since, as noted by Hall (1992a), undersmoothing yields more accurate confidence
regions and smaller errors in the rejection probabilities (see also Hall (1992b)). The new results
of the paper are the following:

First, it considers inference for the unknown infinite dimensional parameter when the model is
exactly identified and obtain Edgeworth expansions for local GEL test statistics that can be
used to obtain confidence regions with improved coverage accuracy. This case is empirically
relevant as it includes many nonparametric regression models, where there is some possible
correlation between the covariates and the unobservable errors, see Section 4.2 for an example.
The expansions show that in the class of local GEL test statistics, the one based on EL is the
only one Bartlett correctable, that is, it is the only statistic that admits a scale correction that
improves the order of magnitude of its coverage error. The expansions can also be used to
obtain Bartlett-type corrections to the other members of the family of local GEL test statistics,
as well as to obtain Cornish-Fisher type expansions for the upper quantile of the asymptotic x?
distribution of the test statistics.

Second, it considers a test for the correct local specification of the chosen NPEE model that
is in the same spirit of Hansen’s (1982) overidentifying restrictions test. This paper shows that
by using the same linear reparametrization of Chen and Cui (2006) and Matsushita and Otsu
(2013), the resulting local EL test statistic is still Bartlett correctable. Bartlett-type corrections
for the other members of the local GEL family of test statistics for overidentifying restrictions
are also considered, as well as Cornish-Fisher type expansions for the upper quantile of the
relevant asymptotic x? distribution.

Although theoretically interesting, both the Bartlett and Bartlett-type corrections for the

local GEL test statistic for overidentifying restrictions are very complicated to compute in



practice, so it is useful to consider alternative methods that deliver the same level of accuracy.
The efficient bootstrap of Brown and Newey (2002) seems a natural way to incorporate the
additional local information into the inference process, as it imposes the null hypothesis on the
resampled observations. The third contribution of this paper is to show that a local version of the
efficient bootstrap can be used to obtain second order improvements to the distribution of the
local GEL test statistic for overidentifying restrictions. As an additional technical contribution,
the paper establishes a new generic efficient bootstrap uniform law of large numbers for kernel
based estimators that is of independent interest.

The fourth contribution of this paper is to illustrate its results both analytically and numer-
ically with two examples: a nonparametric binary choice model and a smooth coefficient model
with endogenous covariates, that is covariates that are possibly correlated with the unobservable
errors.

The final contribution of this paper is to consider an empirical application, where the rela-
tionship between earnings, years of schooling and work experience is examined using a varying
coefficients specification that allows for the endogeneity of the covariates, which shows the use-
fulness of the proposed inference methods.

These new results contribute to the literature on higher order asymptotics of EL. and more
generally GEL inference for models with infinite dimensional parameters, which includes Chen
(1996), Chen and Qin (2000), Otsu, Xu and Matsushita (2015) and Bravo (2022) among others.

The rest of the paper is structured as follows: next section introduces the NPEE model,
two motivating examples and the test statistics. Section 3 contains the main results. Section 4
contains the results of some Monte Carlo simulations that are used to illustrate the finite sample
properties of the proposed test statistics. Section 5 contains the empirical application, whereas
section 6 contains some concluding remarks. An Appendix contains all the proofs, whereas an
online Appendix contains additional Monte Carlo results and robustness checks for the empirical
application.

“I” indicates transpose, a prime and

The following notation is used throughout the paper:
double prime indicate, respectively, first and second derivatives of a function with respect to its
argument. Finally, as it is customary in the higher order asymptotics literature, the paper uses
tensor (or index) notation - see for example McCullagh (1987), so for the components indices
J, k, 1 etc., vj,v; and vj represent, respectively, a vector, a matrix and a three dimensional
array. For such arrays the summation convention is also used, meaning that for any two (or

more) repeated indices their sum is understood, so for example vjv; = . v;v;.



2 The NPEE model

Let {W;}"_, denote a random sample from the distribution Py of W taking values in W CR%W
let {Z;}_, denote a random sample of so-called instruments from the distribution Pz taking
values in Z CR%! and let h € H =H; X Hy X ... X H;, denote a k dimensional vector of
unknown functions - the infinite dimensional unknown parameters, where H;(j = 1,...,k) are
pseudo-metric spaces of functions.
The NPEE model we consider is defined through a vector of known functions g : W x Z x H —R!

(I > k) such that

Elg(h(Z),W)|Z] =0 a.s. for a unique hy € H; (1)

note that for a given point z € Z (1) implies that
Elg(ho(2),W)|Z = 2] f(2) =0, (2)

where f(-) is the marginal density of Z.
The following two examples illustrate the type of NPEE models that are the focus of this paper:

Example 1 Consider the following nonparametric binary choice model
Y =1(ho(Z)—¢=>0) (3)

where I () is the indicator function, h : Z — R is an unknown function and € is an unob-

servable error assumed to be independent of Z. Let F. denote the known distribution of €; then

E(Y —F.(ho(£2))]|Z) =0 a.s. and g(h(Z),W) =Y — F.(h(Z)).
Example 2 Consider the following smooth coefficients model
Y = XThy(Z) + ¢, (4)

where X and Z are, respectively, a k and d; dimensional vectors of covariates and h : Z — RF
1s a vector of unknown functions. We assume that the X covariates are endogenous and that
E (e|Z) = 0 a.s., so that the Z covariates can be used as instruments. Let g(h(Z),W) =
r(2)(Y — XTh(Z)), where r : Z — R' (I > k) is a vector of known functions. Then
E(r(Z)elZ)=0 a.s., wheree =Y — XThy(Z).

Let b =: b(n) denote the bandwidth and K : Z —R denote a multivariate (product) kernel

function; then (2) suggests that estimation and inference for hy can be based on

o) )i (455)), 5)

!Note that Z may contain some of the elements of W.
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which forms the basis for the inference considered in this paper. To be specific, let

Ly (. .2) :7<)‘(Z>T9(h(2),W)K(Zb_Z)>

denote the local GEL criterion function, where v is a known scalar valued function and X is a

vector of auxiliary unknown parameters. Examples of I', (X, b, 2) include

Per (A h,2) = log (1 ~A@) g (h(2), W) K <Zb—Z)>

which corresponds to a local version of Owen’s (1988) EL,

Ler (A hy2) = —exp (A ()T g(h(z), W) K (Zb—z))

which corresponds to a local version of exponential tilting (see for example Kitamura and Stutzer

(1997)), and finally

Loy (A h, 2) = _% (1+)‘(2)T9(h(2),W)K(Z;Z))Q

which corresponds to a local version of the continuous updating (CU) estimator of Hansen et al.
(1996).
Given a random sample {W, ZI'}"1 and a suitable restriction, say H¢, on the parameter space

‘H to be defined precisely in Section 3 below, let

df (h(2) = g () W) 1 (22

denote the local version of the NPEE ¢(-), and let

h(z):= arg min r, ()\,h, z> (6)
where
~ R T oK
Lk = —=3 7 (M=) g (h(2)) and (7)
i=1
/):(z) = arg max fv (A A, 2)
AeA, ()

for some h € He, with A, (h) = {)\(Z)Tg{( (h(2)) € Vo, i = 1,...,n}, where V) is an open
interval containing 0 for all z € Z, and P\ (z) can be interpreted as the local Lagrange multiplier

estimator associated with (2).



The two test statistics we consider are
S, (X, h0> — onptz (f7 (X, ho, z) — T (0, ho, z)) (8)

and
5, (35) =2 (5, (L5 2) T (0.5.2)). o
which can be used, respectively, to construct confidence regions for hg (-) at Z = z under the

additional assumption that dim (g) = dim (h)? and to test for the local correct specification of
Elg(ho (2),W)|Z = 2] f(2) = 0.

3 Asymptotic results

We first discuss the parameter space Hc. Since the seminal work of Wong and Severini (1991,
Theorem 1), H¢ is often assumed to be a compact set (see for example Lewbel (2007) and
Bravo (2022)). Note that compactness can also be deduced indirectly using various compact
embedding results (see, for example, Nickl and Potscher (2007)) under some additional regularity

conditions on H. For example, suppose that H = WS for some finite positive constant C,

p+po,00
that is H is the space of functions with Sobolev sup norm maxja|<pp, || D f|lc < C, where D*
is a multi-index differential operator. Then the embedding W¢,

e > Wi is compact and
_ WC
Ho = WC.. Let

G () = B [09 (ho (2) W) JOW"Z = 2], Q(2) = E [g (ho (2) . W) g(ho(2), W)"|Z = 2]
and assume that:

A1l (i) There exists a unique hy € Hc such that Efg(ho(z),W)|Z =2 = 0, (ii) ho is
twice continuously differentiable on Z with uniformly bounded derivatives, (iii) The d?-
dimensional random vector Z has compact support Z and its density f is bounded away

from 0 on Z,

A2 (i) Og (h) /ORT exists and is continuous for each h € Hc¢ a.s., (ii) the classes of functions
G ={g" (h(2)),b>0,2€ Z,h € Hc} and Gf, = {9g" (h(2)) JORT,b> 0,z € Z,h € Hc}
are Euclidean with integrable envelopes G and Gg,, (iii) the envelope Gy = G? is inte-

grable,

ZNote that second order accurate confidence regions for hg(z) in the general case dim(g) > dim(h) can be

constructed using the test statistic

Sy (A, A, ho, h) = 2nb% (T, (X, ho, 2) — Ty (A, 1, 2)),

where \ = arg maxyea,, (ho) IAX, (X, ho, 2). To do so, one needs to expand fW(X, ho, z) (along the lines of the case
dim(g) = dim(h)), use the expansion for fV(X,E, z) and combine both expansions.

7



A3 forall z € Z (i) E|g(h(z),W)|]’ < oo for all h € He and some 6 > 2, (i) Q(2) is
positive definite, (iii) rank (G (z)) = k,

A4 v (v(z)) is twice continuously differentiable in v in a neighborhood of 0 for all z € Z with
v = 097 (v) JOv],—g = —1 for (j = 1,2),

A5 The kernel function K (-) is symmetric and has compact support, say [—1, 1].

Assumption A1(i) is a local identification condition, which is implied by (1) and can be
often verified by imposing more primitive conditions on g and/or the covariates W and Z (see
Section 4 below for two examples). A1(ii)-(iii) are standard in the nonparametric estimation
literature; in particular A2(ii) ensures that the C' used to define H¢ exists. Assumption A2(i)
requires smoothness of ¢ in terms of its first derivative and is used to show the (pointwise)
asymptotic normality of the estimators X and h. Assumption A2(ii) is a high level condition
requiring that the classes of functions Gf* and Qég are Euclidean with integrable envelopes -
see Pakes and Pollard (1989) for a definition of an Euclidean class of functions. In Proposition
7.1 in the Supplemental appendix we provide a set of sufficient conditions that imply A2(ii).
Assumptions A3-A4 are similar to those used by Newey and Smith (2004); in particular A4 is
a normalization assumption that can be always be achieved by a simple rescaling of the local
GEL criterion function -see Newey and Smith (2004)[p. 222]. Finally, A5 is standard in the
nonparametric estimation literature. Under the above regularity conditions, it is possible to
obtain a uniform first order expansion for X(z), /ﬁ(z) and obtain their uniform convergence rate
- see for example Bravo (2022). Note also that A3(i) for h = hy and a given Z = z, is sufficient
for the Lyapunov central limit theorem to apply; combined with A3(iii) it yields the asymptotic

normality of the estimators A (z) and % (z). In particular, for (nbt= )1/ 5

(nb)"/? (ﬁ (2) — ho (2) — B*B (z)) AN (0, %) , (10)

where

N(z) = <G(2)TQ(Z)1G(Z)>1 / K2 (u) du,

B = g2 (& @+ 266 1)) [k e

j=1
which shows that the asymptotic mean squared error (AMSE) for h (2) is

AMSE (ﬁ (z)> - Z’Z 1B (2)|> + %tr (2 (2)), (11)

where tr (-) is the trace operator, which implies that the optimal bandwidth %7 minimizing (11)

bl — (1) (dz [ @y dutr (2(2) HB(z)H*)dzl”, (12)

n

18
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and the optimal convergence rate is of order n~=*/(4z+4),

We consider the problems of testing simple hypotheses and constructing confidence regions for hg
at a given point z - when dim (h) = dim (g), and of testing for the correct local specification of (1).
As mentioned in the Introduction, to obtain valid inferences for the unknown parameter hg one
needs to correct for the asymptotic bias either by directly estimating it or with undersmoothing,
which is the approach we follow. Note that to construct confidence regions for hg using a score
or Wald statistic or to test for the correct specification of (1) requires the explicit estimation of
2(z), ¥ (2) and of the density f (z). On the other hand this additional estimation is not required
by the local GEL statistics (8) and (9); indeed under the undersmoothing assumption nb®*4 —
0, a second order Taylor expansion and standard results on quadratic forms in asymptotically
normal random vectors show that (8) and (9) enjoy the so-called Wilks’ phenomenon (Wilks
1938), that is

-1
- 1 & 1 < R
_ d K T K ®2 K d o
Sy (A, ho) = b (nbdz ;:1 gi° (ho) ) (nbdz ;:1 gi (ho) ) i ;:1 gi- (ho) +0p (1) = Xi,

n n -1 n
5, (VB) = o (% > @T) (2 >t () ) N S (1) +on() %t

where gX(ho)®? = g5 (ho)gX(ho)T. Note that as with all specification tests, rejection of the
null hypothesis could be due to the fact that either h could be misspecified, or because the

instruments Z; are not valid or because of a misspecified g. We first consider the second order
properties of S, (X, h0>. Note that by inverting .S, /):, h0> one can construct confidence regions

for hy with nominal coverage 1 — «, that is for P (x; < ¢,) =1 — « and
Ro(h) = P <h|57 (X, h) < ca) 7

we have P (hg € R, (h)) =1—a+o0(1).

It is convenient to switch from matrix to the tensor notation typically used in higher order
asymptotics, see for example McCullagh (1987). For the indices j,[, .. running from 1 to k, let
wj (h) = E [g]K (h) g (R) Jb%2], [w' (h)]l/2 denote the matrix square root of its inverse and,

using the summation convention, define the standardized multivariate moments

i () = B [ (0] gt () [ (0] 2 g2 (1) (13)
W™ (W] gi (h)..

with 5 (h) = 0; the Kronecker delta. Let k = k + k (k+1) /2 + k(k+ 1) (k +2) /3! denote



the dimension of the vector

Us (h K) = ([ ()] gl () o [ ()] 72 g6 (1) (14)

The following assumptions are sufficient for justifying the second order expansion for the
coverage probability of the confidence region R, (h) in the Edgeworth sense, see for example
Hall (1991):

A4’ for all z € Z (i) v(v(z)) is five times differentiable in v a neighborhood of 0, ii) there
exists an integrable function ¢ such that |0°y (v (2)) /Ov® — 5| < w|v (2)],

A6 (i) E (|lg (ho, W)]\15) < o0, (ii) for any @ € R such that ||0]] = 1, there exists a partition
of [-1,1], =1 = u; < ... < U = 1 such that 67U (ho, K) is either strictly increasing or

decreasing on each interval (u,,_1,u,,) for m =1,....;m(0).

Assumption A6(i) is sufficient to ensure the existence of the higher order moments required
to prove the validity of the Edgeworth expansion of the signed squared root of the statistic
Sy </)\\, h0>, and is commonly assumed in the higher order asymptotics literature for empirical
likelihood inference in both parametric estimating equations models (see for example Chen and
Cui (2007) and Matsushita and Otsu (2013)) and nonparametric estimating equations models
(see for example Otsu et al. (2015)); A6(ii) is similar to Assumption 5(c) of Horowitz (1998)
and is used to verify Hall’'s (1991) analog of the standard Cramer condition (see also Hall
(1992b)[Lemma 5.6]) which is used to justify the validity of the resulting Edgeworth expan-
sion. Note that A4’ and A6 imply that the approximation error in the Edgeworth expansion of
Sy (X, h0> is of order O, ((nbdz ) 72) . Before we state the main theoretical results of this section,
it is useful to provide some intuitive explanations about them. The validity of the Edgeworth ex-
pansions of Theorems 1 and 2 follows by the (standard) argument based on the so-called signed
squared root decomposition of the stochastic expansions (up to the order O, ((nb?)=3/2)) of the
test statistics (8) and (9). Both expansions are shown to be valid in the sense of Bhattacharya
and Ghosh (1978); we then use the results of Chandra and Ghosh (1980) combined with the
oddness/evenness property of the Hermite polynomials (Barndorff-Nielsen and Hall 1988) ap-
pearing in the formal Edgeworth expansions of .S, (X, ho) and Sy (X, 1) to obtain the O((nb%2)~2)
error’s order of magnitude in the expansions - see also DiCiccio and Romano (1989) for this

point. For the Bartlett correction and generalized Bartlett correction given, respectively, in
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Corollaries 1.1 and 1.2 the results follows by a standard application of the delta method and
the general approximation results to a x? distribution of Cox and Reid (1987a).

Theorem 1 Under A1, A4’, A6 and nb%?+* — 0,

Plho€ Ro(h) =1—a+ # ]io By (K) Gpsay (ca) + O ((nb;y) | (15)
where
By (K) = % (—bs (IC) + 3by (K) — 36b, (K)).
By(K) = o by () — 20y (K) + 120, (K).
By (K) = 57 (=bs () by (K)), By (K) = 200 (K),
and

5 2
b (K) = (9= ) g (ho) + (1 + 30+ l) it (o) piim (ho) +

4 3 2
+2)?
%Mm (ho) timm (ho)
10vs 273
by (K) = [3] [(7a — 473 — 2) fjimn (ho) +2 [ 4+ 5 + 3 ) Hatm (ho) noo (ho) +
(12 + 1473 + 47%) Hjlo (hO) Hmno (h())} 5jl(5mn>
by (K) = [15](2+3)° jim (ho) inop (F0) 0510mn0op-

Note that the terms by (K) and b3 (K) are 0 for EL (i.e. for 3 = —2 and 74 = —6), which
implies that a simple scale correction to the original statistic - the Bartlett correction - improves

the coverage accuracy of the local EL statistic to the order (nbdz)_2. Let

bipr (K)

BC(K):l-f-W

(16)

denote the Bartlett correction.

Corollary 1.1 Under the same conditions of Theorem 1,

SEL (X, ho) _ . L0 ( 1 )
———><c | =1—« .
BC(K) — (nbdz)?

P

It is important to note that expansion (15) can be used to improve the accuracy of the

confidence regions for hg for all the other local GEL statistics. To be specific, we consider
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a modified local GEL statistic similar to that proposed by Cordeiro and Ferrari (1991) for

parametric likelihood models, that is

i1 (X, ho)

s (Aho) = 85 (A ho) |1~ 2i (i B, (K)) — . (17)

where T'; = 2/T' (k/2 + j) /T (k/2), T'(-) is the gamma function and the term in the square

brackets can be interpreted as a generalized Bartlett correction. Let

R™(h) = P (h|s;" (X, h) < ca>

«

denote the corresponding confidence region; the following corollary to Theorem 1 shows that

R (h) is second order accurate.

Corollary 1.2 Under the same assumptions of Theorem 1,

P(heRZ‘(h)):1—a+0<<nb}lz>2>. (18)

It is also important to note that (17) can also be used to obtain the asymptotic expansion
of the upper quantile of the distribution of S, (/):, h0>, that is for

d7:c<1+2Z<ZBZ(K)>>%, (19)

j=1 \i=j

one has that

P (SV (X hO) < d’y) =Gy (c)+0 ((nbilZ)Q) ;

thus (19) can be used with ¢, replacing ¢ to directly improve the coverage accuracy of R, (h).
In practice the b; (K)’s are unknown and need to be estimated; let /b\j (K) denote the sample
analog of the corresponding b; (K) with hg replaced by T and let Sf‘ <X, h0> and ciy denote the

modified local GEL statistics and upper quantile based on the /b\j (K)’s.

Assume that

A2’ (i) A2 holds, (ii) the classes of functions Gig = {(9¢" (h)/ORT)gl*(h),b > 0,h € Hc} and
Gao = {(0g™ (h)/ORT)g} (h)g{*(h),b > 0,h € Hc} for j,1 = 1,...k are Euclidean with
integrable envelopes G5 and Goy, (iii) the envelopes G3 = G5 and G4 = G are integrable.

Corollary 1.3 Under the same assumptions of Theorem 1 and A2’

P(s7 () <) = 1-ar0 (o).

P(s, () <2) = Gul)+0 (s )

12



Corollary 1.3 is important because it shows that using the sample analogs /b\j (K) does not
change the order of the approximation error of the modified test statistics, a fact first noted by
Barndorff-Nielsen and Hall (1988) for Bartlett corrected likelihood ratio statistics.

Remark 1 It is interesting to note that the standardized multivariate moments i (ho) and
tjkim (ho) appearing in the modified statistic SI' ()\, h0> given in (17) (and in the asymptotic
expansion of the upper quantile d., given in (19)) can be replaced by pojr (ho) and pojkm (ho),

where
ojea (ho) = E ([Q )" g o (2) [ 1] g, o (2)) x (20)
o112 B [ K2 (u) du
("] gﬂ%@»w—%)Uqumﬁm

poan (o) = B ([2617)" g o (20) [2.] " g0 10 (2))
[ K* (u) du

2] 0 00 (2) .G 0, (2012 = =) e (55

Let b; and B; denote the b; (K) and Bj (K) (j = 1,2,3) terms expressed in terms of pojr (ho)
and fojrim (ho). Since pm (ho) — poer (ho) + O (b) and jgim (ho) — pojrim (ho) + O (b), the
same arguments as those used in the proof of Theorem 1 imply the following corollary:

Corollary 1.4 Under the same assumption of Theorem 1

Plhoc Ro(h)) =1—a+ % > BiGria (c0) + 0 <%) | (21)

Corollary 1.4 shows that the coverage error R, (h) based on the the Bls is at best of order
0 (1/nbdz) under the undersmoothing assumption of Theorem 1. Therefore, the approximation
errors in Corollaries (1.1), (1.2) and (1.3) have the same order o (1/nb?).

We now consider the overidentifying restrictions test statistic S, (X, E) defined in (9). The
following convention is used to denote the components of the estimating equations and of the
parameters: the indices r,s,t,... run from 1 to [ — k, the indices 7, k,[, ... run form 1 to [ and
the indices a, b, ... run from 1 to k. We use the same approach as that developed by Chen and
Cui (2007) and Matsushita and Otsu (2013), which relies on an appropriate reparametrization
of the local estimating equations g/ (h). To be specific let T35, denote an [ x [ orthogonal matrix

such that
1/2 1 (8glK (h())

Tin [w (ho)’ﬂ B (T

bdz ) Toap = [Aalh Ok—i—rb] ) (22)

13



where Ty, is a k X k orthogonal matrix, Ay, is a k X k nonsingular diagonal matrix, O, is an
(I — k) x k matrix of zeroes and the index k in (22) is fixed and corresponds to the dimension

of h, so that the matrix Oy, is an (I — k) x k matrix of zeroes. Let

1/2

U (h) = Tuge [ (0)"] 0 () (23)

denote the (standardized) reparametrized local estimating equation,

1
Hktrk+sk+t... (h) = Ebd_Z [Uk+r (h) Uk-i-s (h) Uk-i-t (h) ] )

a1, 1 [0Ussr (h) 0'Upss (h)
10-:a5,01..0p,. k+r k+s
Y h) = E— h) ...
Verrkrskr.. () biz [ahal Dhy, OO, Ukt (h) )
a1...amq,b1...bm a Ulk+7‘ )am2 Uik+s (h> ai...amq ,b1...bm
ij—rk+;k—il-t.. : (h) = nbd 1/2 Z (8ha1 6h 3hb1---ahbm2 Uik+t (h) e (h)k+rk+§kit.,. ? >

where, as in (22), the index k appearing in the multivariate moments fig 1. and expected

. . aj...aj,by...by,... .
derivatives v\ 0 s fixed.

LetT=(I—k)+(—k) (I—=k)+1) /241 = k) (1 —k)+ 1) (1 — k) +2) /31+k (k+1) /2+
l—K)Ek(k+1))24k(U-k)((I—Fk)+1)/24k({l—Fk)((I—k)+1)((I —k)+2) /3! denote the
dimension of the vector

Us(h K) = [Upsr (R) .o, Ui (B), Ussapsr (R) oo, Un (B)
Uk+1k+1k+1 (h) 7Ulll (h) )
Grir (B) ;- Giyr (h), o, GE(R), Gty (B, o,
Gllifl <h) ) Gk+1k+1 (h) Gk+lk+l (h> 7Gllc+1k+1k+1 (h> AR

T
Glstsinst (B) o G£+lk+lk+l ()]
Assume that:
A2” (i) A2’(i)-(ii) hold, (ii) the classes of functions

Gsp = {(9g" (h) JOR" gj* (h))gi’ (R) gy (R),b > 0, h € He},
Gle = {(0%g" (h) JORTOh,) g (h),b > 0,h € Hc},

J

G = { 079" ( /8hT8hagj (h)gr (h),b>0,h € He},

for (j,L,m = 1,....,k;a = 1,...,k) are Euclidean with integrable envelopes G, G192 and

Gao2,

A6’ (i) E (|lg (ho, W)|"®) < oo, E(||ag (ho, W) /8hTH5> < 0, E(Ha?g (ho, W) /ahTahaH5>
< 00,
E (Hag (ho, W) JONT g; (ho, W)|| ) < oo and E (Hag (ho, W) JORT g; (ho, W) g1 (hO)H5) <

14



oo for a = 1,....k and j, k = 1,....1, (ii) for any 0 € R! such that |10]] = 1, there exists
a partition of [—1,1], =1 = u; < ... < Up(p) = 1 such that 67U; (h, K) is either strictly

increasing or decreasing on each interval (u,,_1,u,,) for m =1,...,m ().

Let
A" = Ty, A% (24)

where A% is the matrix inverse of the diagonal matrix defined in (22) and the orthogonal matrix
Tqe is also defined in (22). Let P (XIZ—k < ca) = 1 — «; the following theorem establishes the

second order expansion for the rejection probabilities of S, (X,ﬁ) .

Theorem 2 Under A1, A2”, A6’ and nb%2+* — 0,

P(8, (Ah) 2 e) =at ndeZ D~ O3 (K) Gy (ea) +0 ((nb;y) , (25)
where
Co (K) = % (=5 () + 3¢5 (K) — 360, (K)) |
4 (K) = i (c3 () — 265 (K) + 1261 (K)),
Cy (K) = 5 (~es (K) 02 (K)), - Cs (K) = e (K,
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V4 53 99

4 6 36

Cly (Pa K) = (_ + 2) Hkerk+rk+tk+t (ho) + (_ + —) Hk+rk4rk+t (ho) Mkt th+uk4u (ho) +

25 5 3
(_ + ﬂ + 7_3) Mhetrk+thk-+u (ho) Hkdrk+th+u (hO) +

9 3 18
3+73)° b
%Mk—kﬂc—ksk—&-s (ho) pkgrittre (ho) + [2] A b7k+rk+sb (ho) +
f)/ a a 1 a a
2] §3A *piirerss (ho) Vo sw (ho) — §A *tikrer s (Ro) Vi pirs (ho)

1
—SAPANT ATy (ho) . (ho) — A AL i (ho) +

1
SATATATATGE (o) 3%, (ho) + AT AL, (ho) 75, (ho)

+ 3 ac C a
- (%) AN Pktrittie (Po) ’Ykir (ho) —

[2] AabAceAdevg—&—rl) (ho) rygis (ho) )

21+ 5y;4+6 2
ey (p, K) = [3] {(74 +6)7y + 0 673 )7'3 + 9 (273 + 2173 + 34) 7y—
[4] (73 + 2) phehrshre (ho) (=AY (ho) + A AP~ (Ro))
(73 +2)

ac A be_a ab_ab
9 [A AP Vitrk+s (ho) 72+tk+u (ho) + A b7k+rk+sk+tk+u (ho)} +

(3 +2)
3

C3y (Pa K) = [15] (2 + V3)2 HEktrk+sk+t (ho) MEktruk+vk+w (ho) 5k+rk+s5k+tk+u5k+uk+w-

Hk4rk+s (ho) A <7gitk+u (hO) + %jftmu (ho)ﬂ Ok-trkts Okt thus

Theorem 2 shows that, as with the exactly identified case, the terms ¢y (K) and c3 (K) are
0 for EL, which implies that the EL ratio statistic is Bartlett correctable. Similarly, one can
consider the modified statistic S7" <X, ﬁ) analog to that given in (17). Note that the modified

statistic ST (X,E) could also be computed using the original local estimating equations, since,

as shown in Theorem 2, the reparametrization (23) is useful only for the EL ratio because it

implies its Bartlett correctability.
Let BC' (K) =1+ cip (K) / (knb?) denote the Bartlett correction; then

Corollary 2.1 Under the same assumptions of Theorem 2

p Ser (Xj;) 0 1
N > - -
BC(K) ~— Ca ot ((nbdz)z)

P(S;” (X,B)zca) - a+o((nb;)2).

(26)

Finally, (25) can be used to obtain the asymptotic expansion of the upper quantile of the
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distribution of S, <X, ﬁ) , that is for

3 j—l
(1 +2 Z <Z C; (K )) T (27)
one has that

P8, (A1) 2 ) =1-Gril0+0 (). (28)

Consistent estimators for the terms C; (K) (j = 0, 1,2, 3) can be obtained using their sample
analogs, as in the case of Corollary (1.3). However, given their complex form and the lengthy
number of calculations involved, it is useful to have an alternative approach that delivers the

same level of second order asymptotic accuracy. Brown and Newey’s (2002) efficient bootstrap

(EB) provides such an alternative and is discussed in the next subsection.

3.1 Efficient local bootstrap

EB differs from the standard bootstrap in that the observations are resampled according to a

distribution that is constrained to satisfy a given constraint, which in the context of this paper

is given by E'[g (ho (2),W)|Z = z] f(2) = 0. Let

A CIC)
T @ ()

denote the implied local GEL probabilities * and let {W*T Z *T]} denote a sample drawn from
the resulting constrained distribution P* (W = W) =7, (z). Let g (h, W) = g7 (h) denote the
bootstrap analog of g; (h) and note that

- [g*%)] _ Z":@(Z)M:

bz
1 n
iz 29 bdzzgf (1) +en 1),

1=

(29)

which shows that the resampled local estimating equation does not need recentering - a key point

to obtain second order asymptotic refinements (see for example Hall and Horowitz (1996)).

Let
sy (A h) =2mt (T, (A, 0) = T, (0.77) ) (30)
denote the bootstrap analogs of (9), where 2* and h* are the bootstrap analogs of X and ﬁ, and

note that, because of the automatic recentering, the probability limit of 2* is 0 and not A (see

3Note that (29) can also be computed as 7;(2) = 71(XTgZ-K (%))/ Yrm (:\\TgiK (71)), where & is any consistent
estimator for hyg.
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the proof of Theorem 3 for further details). Let ¢, denote the 1 — a quantile from the empirical
distribution of S7 (X*,ﬁ*) obtained by computing (30) using B {W;*, Z;}."_, samples.

7

Theorem 3 Under the same assumptions of Theorem 2,
P<S (Xﬁ>>*>— ot
v ) ZCy) T (nbdz)2 :

Theorem 3 shows that bootstrapping S, (X h) delivers the same order of accurate inference

as that delivered by the modified statistics S <X ﬁ)

2

4 Examples and Monte Carlo results

This section illustrates both analytically and numerically the results of the previous section with

the two examples 1 and 2 and contains a discussion on the bandwidth selection.

4.1 Nonparametric binary choice model

For the nonparametric binary choice model (3) estimation of kg at the point z can based on the

random sample (WZ [Yu ZT] )z using the local estimating equation

6K (h (=) = (Yi = F. (h () K (Zfb‘z).

Let f. (h) = dF. (k) /dh, f.(h) = d*F. (h) /dh?, f! (k) = d*F. (h) /dh® and so on, and note that
Q(z) = B[ (ho(2)) (1 = Fo(ho (£2))) |2 = 2] and G (2) = —E[fe(ho(2)) ]2 = 2]. Assume
that:

NBC1 (i) P (h(z) # ho(z)) > 0 for all h # hy € He and all z € Z, (i) A1(ii)-(iii) hold,

NBC2 (i) f-(h), fL(h), f/(h) and f” (h) exist and are continuous for each h € H¢ a.s., (ii)
E [Supzeg, SuphE'HC |f€ (h (Z))’Bi| < o0 for 6 = 17 27 37 E [SuPZEZJ SuphE'Hc ’fs/ (h (Z))H < 00,
E [sup.cz,suppey, | f2 (7 (2))|] < o0 and E [sup,cz,supey, [f2 (h(2)) f: (A (2))]] < o0,

NBC3 forall z € Z (i) E|Y — F. (h(2))|° < oo for all h € H¢ and some 6 > 2, (i) Q(z) > 0,

NBC4 A4’ and A5 hold.

Assumption NBC1(i) implies the identification condition A1(i) by the monotonicity of
F.(h) in h. NBC2(i) requires F. to be sufficiently smooth; combined with NBC2(ii) implies

18



that the Euclidean and envelope assumptions in A2(ii) and A2’(iii)-(iv) are satisfied, and it

can be shown that as (nbdz)l/ 2 00, the asymptotic distribution of the estimator h is

e (2 Y e (i B0 (Z) (= Eba@)|Z =2 [
()" (R 2 %(U%A(B(* ) B (ho (2)) |Z = 7)) /K<>d)

where

B(z2) = —2f1<z)tmce {(hg (2) f (2) + 2hg (2) [ (z)T) /uuTK (u) du} :

For inference, we assume that:
NBC5 (i) E[|Y — F. (hy)|"’] < oo, (ii) A6(ii) holds;

then, the terms required in the Edgeworth expansion of S, <X, ho) (15) and its modified
version S <X, hg) (17) are

Wit (ho) = Wo (h()) =F

(Y_EMMmVKM?fI%
b

f(2) EF (ho (2)) (1 = Fz (ho (Z)))IZIZ]/K2 (u) du+O(b),

o (1) (1) — £ [% ST S ] —

ws (h)1/2
i3 (ho) — — EF: (ho (2)) (1 = Fe (ho (2))) (1 = 2 (ho (2))) |2 = 2]
f(2)'? E[F. (ho(2)) (1 = F. (ho (2)))|Z = 2]**
[ K3 (u)du
a0
) s L ELF (0 (2)) (1= F. (1 (2))

f(2) BIF. (ho (2)) (1 = F: (ho (2)))|Z = 2]
[ K* (u) du

3F. (ho (Z))* = 3F. (ho (2)) +1) |Z = 2 s+
(3F% (ho (2)) (ho (Z)) +1) | ](fm(u)du)

O ).

4.2 Smooth coefficients model with endogenous covariates

For the smooth coefficients model with endogenous covariates (4) estimation of hg can based on
n
the random sample (VVZ =Y, X7 Z-T}T> using the local estimating equations

i g .
=1

gf%@hzﬂ&wn—&%@»K(&gz)

Let Q(z) = E [(r (2)r(2)"e?) |Z = z] and G (z) = E (r (2) XT|Z = z), and assume that:
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SCM1 A1(ii)-(iii) hold,

scMz2 (i) E (||r (2) X7|*) < oo for 8 = 1,2,3, (i) E||r(2) (v = X"h(2))||" < o0 for al

h € He and some § > 2, (iii) Q (2) is positive definite, (iv) rank (G (2)) = k,
SCM3 A4’ and A5 hold.

Assumption SCM2(i) ensures that the Euclidean and envelope assumptions in A2(ii) and
A2’(iii)-(iv) are satisfied; SCM2(iv) implies the identification condition A1(i) as in standard
linear instrumental variables models. It is then possible to show that as (nbdz)l/ > 5 oo the

asymptotic distribution of the estimator % (z) is

()" (R (2) = ho (2)) 5 N (B(2), 2 (2),
where B (z) is as given in the previous example and

2(2) = ; gz) (E (r(2)X"|Z = 2)" E[(r(2)e)*?|Z = 2]

For inference, we assume that:

-1

E(r(2)X"|Z = z)>_1/K2 (w) du

SCM4 (i) E [|Ir (2)£]|®] < o0, E (||r (2) XTH5> <0, B <H7“ (2) XT5H5> < ocoand E <Hr (2) XT52H5>
< 00, (ii) A6°(ii) holds;

then, by Theorem 2 and Corollary 2.1 the terms required in the Edgeworth expansion of
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S, </)\\, h0> (15) and its modified version ST (X, h0> (17) are

o o (£7)]

fG)E[rj(2)r(2)e*Z = 2] /K2 (u)du+ O (b),

(Jle (ho) =F

1 - ’ 7 —z 3
pikt (ho) = E-| o T jye”™ (ho)"2 1 (Z) Tupow® (ho) 2 70 (2) Tiw™ (ho)? 7, (Z) £ K ( b ) ] -
1 )
[ 0 (2 1) (D) () 1y (2) 12 = 2]
[ K3 (u)du

(J K2 (u du)3/2 o0

1 / /
Hikim (ho) =F |f)d lejlw (h(])l/? T, (Z) lek/wk o (h0>1/2 r. (Z) Tlll’wl D (ho)l/Q r, (Z) %

/

Z—2\*
T w™ (h0)1/2 re(Z) 'K ( b >

1
18
Time™ (ho)' 1, (2) 1|2 = 2| :

B | Ty (o) 1o (2) Ty (o) vy (2) T (o) 1, (2)

fK4 ) du
[ K?(u du)

O(b),

1 4 —z
rYl(clJrr (hO) =FE [ bd le—i—r]wj (h0)1/2 T'm (Z) XaK( b >:| —

1
(f K2 (u) du)"?

[ () B |~ Tigsr?™ (o) 1 (2) Xl Z = 2| +0(b),
VngrkJrs (ho) =0 (b2) ’

1 . Z -2\’
iz ik ()" 1 (2) XaTisid® (o)1, (2) 016 (25 ] -

a,b
Vi+rk+s (ho) = &

E T’ (h) 14 (Z) X Ty ai™ (ho)? 1 (2) Xo| Z = z} +0(b).

4.3 Bandwidth selection

The discussion in Section (3) shows that the optimal (minimizing the asymptotic mean squared
error) bandwidth 092 for h (2) is of order O (n_ﬁ), that is the standard nonparametric rate,
and data driven methods, such as least squares cross validation (see for example Li and Racine
(2004) for some optimality properties of such procedure) could be used to automatically select

b%. On the other hand, the results of Theorems 1, 2 and 3 require undersmoothing, hence
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least squares cross validation or other bandwidth selection methods cannot be used directly to
automatically choose the bandwidth. For inference, one possibility is to develop an Edgeworth
expansion for the coverage errors given in (15) and (25) that explicitly depends on b9, as for
example in Chen (1996) and Chen and Qin (2000) and then choose the bandwidth that minimizes
the resulting coverage errors. However, the statistical models considered in this paper involve
potentially many more estimating equations than those considered by Chen (1996) and Chen
and Qin (2000) with the bandwidth based on a possibly dz dimensional covariate, which makes
this possibility very difficult in practice - see also Otsu et al. (2015) on this point. Another
possibility is to follow the ad-hoc procedure suggested by Otsu et al.’s (2015) and use least
squares cross validation to estimate the bandwidth and then multiply the resulting bandwidth
by a power of the sample size that is consistent with undersmoothing. In this paper we consider
another method, that is similar to the ad-hoc cross validation method of Otsu et al.’s (2015) but
is less computationally intensive. Specifically, we consider a simple sample splitting procedure,
which consists of computing for a random subset?, say S, with 0 < 7 < 1 - the training set- and
a pilot bandwidth b,”

™ . 1 N T Kb,
hy (2) = arg min pTE ; v (A (2)" g; (h)> 7
where K, = K ((Z; — z) /by), Mz) is computed using the same pilot bandwidth by, and then
using the remaining part of the sample S;_.- the validation set- to select the bandwidth as

~ 1 ~ ~

b= argmin ——— Z v ()\ (2)" gk (hp>) , (31)

beB ’I’Llf-rbdz .
1€

SI—T

where B is a grid of possible values of b. In the simulations results of next section we choose
7 = 80%, which is a commonly used percentage for the sample sizes considered; in the Additional
tables section available in the Online supplement we have also considered 7 = 70% - see Tables
7-8. Finally, as in Otsu et al. (2015) b is multiplied by a power of the sample size that is

consistent with undersmoothing.

41t is important to note that in the context of the models considered in this paper, the way the sample is
split does not seem to affect the finite sample properties of the proposed test - see Tables 9-12 in the ” Additional

tables” section available in the Online supplement.
®One simple practical way to choose by, is to use the standard deviation of the first principal component (PC)

in the PC analysis of the n x dz matrix of conditioning variables Z, in which case b, corresponds to the square
root of the largest eigenvalue of the sample covariance matrix of Z; as a robustness check, one could also choose
some values within the interval £20% of the standard deviation of the first principal component to verify the
stability of the chosen bandwidth - see Tables 13-17 in the ” Additional tables” section available in the Online

supplement.
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4.4 Monte Carlo results

For the nonparametric binary choice model (3) we consider the following logit specification for

F
exp(sin(7z))

1 + exp(sin(rz))’
with Z; ~ U (—2,2). We use the second order bi-weight kernel

PY; =12 =z) =

K (u) = ;g (1 _ %) [(ju <2), (32)

where I (-) is the indicator function and generate 5000 replications with sample sizes n = 100,
n = 400 and n = 1000. Note that for this kernel [ K?(u)du ~ 0.535, [ K?(u)du ~ 0.158
and [ K*(u)du ~ 0.112. We consider constructing conﬁdence intervals for hg at the points
z=0 and z = 1 with nominal coverage 0.95, using three local GEL statistics, namely the
local empirical likelihood Sgr, (X, h0>, the local exponential tilting Sgr <X, h0> and the local

continuous updating S¢y (X, h0>, defined, respectively, as

SeL (X7h0> = QZlog (1— 9; (ho( )))
Spr (X, h0> _ Z (1 —exp (X (2) g& (ho (z)))) ,
Sev (Ahg) = ——Z( g (ho (=)

Tables 1-2 report the finite sample coverage and average length of the confidence intervals based
on three local GEL statistics and the three modified statistics Sg; <:\\, ho), Sgr (X, h0> and

sm (X, h0> defined in (17), using three different choices of the bandwidth: b = bn~® with

a=[3/7,1/3,1/4], where b is chosen using the sample splitting procedure described in Section
4.3, with the pilot bandwidth b, = 1.15 - the standard deviation of Z; and the grid B consisting
of points equally spaced by 0.1 on the interval 0.7 and 1.4.

Tables 1- 2 approx here

The results of Tables 1-2 can be summarized as follows: first the three local original GEL statis-
tics are all characterized by a certain degree of undercoverage, which is reduced as the sample
size increases. The modified local statistics improve the coverage accuracy of the original ones,
with those based on the Bartlett correction delivering a slightly larger improvement compared
to the other two statistics based on (17) . Tables 1-2 show also that smaller bandwidths increase

the coverage whereas larger bandwidth decreases the length of the confidence intervals, which is
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to be expected since it is a simple reflection of the bias-variance trade-off of kernel estimators,
where the bias affects the coverage and the variance affects the length. Finally, between the
three local test statistics, the local EL statistic has the better coverage across the three different
bandwidths.

For the smooth coefficient model (4) we consider the following specification

Y; = Xl'i exp (—05ZZ)+X21 COS (7TZ1/2)—|—€1
X = Zitu

where Z; ~ U (—2,2), X1; ~ N (0,1) and

U; 0 05 1

The vector of instruments r (Z) is specified as r (Z) = [Z, Z2, X5, X2,]", that is the degree of

overidentification is 2, and and generate 5000 replications with sample sizes n = 100, n = 400

and n = 1000. We consider testing for the correct specification of (4) at the points z = —0.5
and z = 1 at a 0.05 significance level, using the same bi-weight kernel function (32) and the
same three different choices of the bandwidth as those used in the previous example with the
pilot bandwidth b, set to 0.9 and the grid B consisting of points equally spaced by 0.1 on the

interval 0.5 and 13, The test statistics arc
S0 (35) = 23 tow (1=30" o8 (519)),
Spr (X,E) - zi (1 —exp (X (2)7 g (
) = %i(uww(ﬁ(z))ﬁ

where the estimators A and h appearing in each test statistic are based on the corresponding
local GEL objective function, and their EB analogs 57 (X*,E*) for v = "EL”, "ET” and
7CU”, which are calculated using the local implied GEL probabilities (29) based on the local
ET estimator, that is 7; (2) = >, exp (X (2)" gk (ﬁ (z))) / exp (/): (2)" gk <E (z))) Tables 3
and 4 report the finite sample rejection probabilities (finite sample sizes) of the three local GEL

I~
—
N
SN—
~—
~—
N~

>)

Scu (

statistics and their EB analogs, which are based on B = 500 replications.
Tables 3-4 approx here

The results of Tables 3 and 4 show that the three local GEL statistics are all characterized by

rejection probabilities that are larger than the nominal size and that their EB version provides
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an effective method to improve the rejection probabilities. As with the previous example, the
choice of bandwidth has some bearings on the finite sample properties of the test statistics,

which however becomes less evident as the sample size increases.

5 Empirical application

We consider a varying coefficients specification of the so-called Mincer’s (1956) equation, a cor-
nerstone of modern empirical economics, which estimates the returns of schooling by analyzing
the relationship between earnings, years of schooling and work experience. We use the Young
Men Cohort of the National Longitudinal Survey (NLS-Y) data originally used by Griliches
(1976), available in the R package gmm (wage) and also in https://lachlandeer.github.io/hayashir/.
We first specify the model as an exactly identified instrumental variables varying coefficients
model, since it has long being acknowledged that years of schooling and possibly work experi-
ence might be endogenous, that is they might be correlated with the unobservable errors. The

model is
9:(h(Z:)) = [L, ZIT" (Vi — hi(Z;) — X1iho(Zs) — Xaihs(Zs)), (33)

where Y; is the log-wage, X; is years of education, Xy, is work experience and the instruments

Z;i = 2, Zgi}T are, respectively, 1Q;, an 1(Q) test scores used as a measure of ability, and AGE;.
Figure 1 approx. here

Figure 1 shows an important feature of the wage equation, which is well captured by the varying
coefficients specification (33), that is that there are some nonlinearities in the smooth coefficients,
a fact noted by Trostel (2005) among many others. As expected, all three varying coefficients
are increasing in both 1) and AGFE, with the first estimated coefficient representing the effects
of AGE and I(Q on the log wages. Next, we consider inference for the three varying coefficients
model. The bandwidth is chosen using the sample splitting technique of Section 4.3, with pilot
bandwidth b, = 1.026 and n~3 which corresponds to the square root of the largest eigenvalue
of the sample covariance matrix of Z;. Figures 2-4 show the 95% confidence regions for hy,
hy and hs using the EL and CU statistics S EL(/)\\, h) and SCU(/):, h) and their modified versions
™ (X, h) and ST, (X, h).

Figures 2-4 approx. here

Figures 2-4 show two interesting features of the confidence regions: first, those based on
EL are data adaptive in the sense that their shape is determined by the data (hence are not
necessarily ellipsoidal). Second the modified statistics are characterized by smaller confidence

regions indicating a better accuracy. Finally, we consider two overidentified specifications of
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(33). Specifically, we consider the vectors of instruments r,(Z;) = [1, ZI, Z%, Z2]" and ro(Z;) =
1,z 72, 72 73 73T, which give the degrees of overidentification [ —k of 2 and 4, respectively.
We use the test statistics S EL(X, ﬁ) and SCU(X, ﬁ) to test for the correct local specification of
the two overidentified nonparametric models evaluated at the 25%, 50% and 75% quantiles of
iq and age, that is over the grid [95.25, 104, 103.86]x[30, 33, 36]. The rejection probabilities are
computed using the EB statistics SEL(/):*,E*) and SZYU(/):*,E*) with B = 500.

Tables 5-6 approx.here

Tables 5 and 6 show that both overidentified specifications are rejected at the traditional 5%
significance level, although for the R(Z;) specification with 1Q) = 95.25 and AGE = [30, 33, 36]
it cannot be rejected at the 10% significance level. Overall, the results of Tables 5-6 imply
that adding additional instruments does not improve the original (exactly identified) specifi-
cation, suggesting that the additional instruments are either irrelevant (that is they have no
additional explanatory power or possibly a weak association with the endogenous covariates
they are intended to instruments for) and/or not valid (that is they might have a direct effect
on the dependent variable). In either cases Tables 5-6 suggest that the chosen exactly identified
specification seems adequate. To check the robustness of these conclusions, we have calculated
the same statistics for two alternative pilot bandwidths, b;l) = 0.85 and bf) = 1.25. The results,
which are reported in Tables 16-19 in the "Robustness checks for the empirical application ”
section available in the Online Appendix, provide additional evidence supporting the overall

conclusions implied by Tables 5-6.

6 Conclusions

This paper considers inference for nonparametric estimating equations models. The paper pro-
poses a general class of local GEL test statistics that can be used to make inferences about the
unknown infinite dimensional parameter. Under a standard undersmoothing assumption, the
paper shows that the proposed test statistics can be modified with a Bartlett correction (for the
local empirical likelihood) or Bartlett-type corrections to improve their finite sample accuracy.
The paper also considers a local version of the efficient bootstrap of Brown and Newey (2002)
that can be used to obtain asymptotic refinements to the proposed test statistics. The results of
the paper are illustrated both numerically and analytically with two examples and a real data
application. These results are encouraging and suggest that the proposed methods improve the

finite sample performances of the test statistics and they are useful in practice.
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7 Supplemental appendix

Throughout the Appendix “CMT”, “CLT”, "LLN”, denote Continuous Mapping Theorem,
Central Limit Theorem, (possibly uniform) Law of Large Numbers and with Probability Ap-
proaching 1. For any square matrix say M, owin (M) and oyax (M) denote its minimum and
maximum eigenvalue. Finally, for simplicity of notation, let dz := d, >, := > and from

Proposition (7.2) onward we drop the dependence on z of A\, h and related estimators.

7.1 Preliminary results

Proposition 7.1 Let [p| = ji+...+j, and OP- = OP- /Oh;,...0h;, for j =1,...,l and js =1, ...,k
denote a partial differential operator; assume that there exist integrable functions o1 (W) and
w, (W) such that for any h,h € He and 2,z € Z

lo ) - (R@)|
gl (h(=) — o7l (R ()|

IA

Y

o1 (W) [n(2) -1 (3)
on W) [, (2) = s, 2.

IN

Then the classes of functions

gf = {gK(h(z)),b>O,z€Z,h€Hc},
Gh = {07gF (h(2)),b>0,2€ Z,h € Hel.

are Euclidean with envelopes (|g;| + Co1 (W) sup,ez K (Z — z) := Gy and (|0Pg; (h)| + Cp, (W)) X

SUp,ez K (Z — z) := G, where g; and 0Pg; (h) are evaluated at any arbitrary h € He. Fur-
thermore any componentwise products of the classes G and Ga» are Euclidean as long as the

corresponding envelopes are integrable.

Proof. Consider the classes of functions

G = {g(h(2)),b>0,2€ Z,h€Hc},

K = {K(Z;Z),b>0,zez}.

Note that for any h,% € Heand 2,z € 2

o -ic

[r@-m@] < swplne e+ -20 s
< ||h2) = h(2)|| +Cllz =7,
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for some C' > 0, where || - ||, is the Lipschitz norm, and thus

o = (R)]| < Cor v ([} =5, + 1= ==1).

The class of functions K is also Euclidean with envelope sup,.z K (Z — z), hence the class
of functions Gf is Euclidean with envelope (||g|| + Cp1 (W))sup,cz K (Z — z), since it is the
pointwise product of two Euclidean classes Pakes and Pollard (1989). A similar argument can
be used to show that the class of functions géi is Euclidean. The last statement follows again
by the fact that products of Euclidean classes are Euclidean given the assumed integrability of
their envelops. =

Note that the assumptions of Proposition 7.1 are satisfied for 1 (W) = supj,cs,, .cz |09 (k) /ORT |
and similarly for oo (V).
The following proposition establishes an EB LNN (EBLLN). For any EB statistic 7%, let
HT*KH = 0p«_p (1) denote

P{(P*

T > ) > 8} = 0 (1)

for any €, 6 > 0 as nb? — oco.

Proposition 7.2 Assume that the classes of functions F& = {gK (h),b>0,h € HC} and
FE = {apgf (h),b>0,heHc} (j =1,...,1) where 0P is the partial differential operator of
Proposition 7.1 are Fuclidean with integrable envelopes Fy and Fap. Then for all h € He

%Zg:ﬂm—E* - ’”‘)}H = o),

8pg
H bd Zapgzj ] H = Op—p (1) :

Proof. Note that

g% (h)

E* = H ’1—|—max‘/\T HnbdZHgiK (h)H =0,(1)+0,(1)

and that by Chebychev’s and Markov’s inequalities, for any given h € H¢ and €,0 > 0

P<P* <|ni gZ‘K(E)] 25)26>:O(%>:0(1)

b ZQIK (%) bd
g;kb#] H = 0y (1). (34)

as nb — oo, hence
1 * K
bl Z 9i

Furthermore, exploiting the fact that H¢ is a compact set, we can cover He by a number N (¢)

of subsets Hf, centered at hj, with radius ¢ > 0, which is bounded by a positive constant that

32



depends only on (. Then by triangle inequality

Sup Wzgi (h) - E { " < max WZgi (he) = B* | == -
1 ) g™ (b Lo (b
max | =5 > g ZQK ()| = mpx ’E { bd( >]‘E l bfl ")]H (35)

and by (34) and the fact that the class of functions F[* is Euclidean, it can be shown that, for
an appropriately chosen (, the first two terms in (35) are op«_, (1) and the last one is o, (1) (see
for example Horowitz and Hall (1996) combined with Proposition 7.1). The same arguments

can be used to show the second conclusion. m

7.2 Proof of the main results

Proof of Theorem 1. Recall that

1/2

... (h) = E[; [0 ()] g5 () [7]72 i€ () [ ()]* g5 (h) .|

and define
U () = Up, () = —— S (™ (0] 5, () [ ()] 65 1)

(nbd)
[wlo (h)} gifg (h) ... — L. (h)) :

1/2

By a Taylor expansion of the FOCs

S (R) o (ko). (36)

and solving for (nb?) 12 2, it follows that under nb®™* — 0

(nb")"*X; = ~U; (ho) + W (Ui (ho) U (ho) + 11l (ho) Ui (o) )+ (37)

2

1
Y <_Pyd U]k (hO) ,uknoUn (hO) Uo (ho) +

nb? 2
”;’ i (o) Ui (o) Un (o) =t (o) U (o) Uy (ho) Uy () =
?ﬂ]lm (ho) Ui (ho) tmnoUn (ho) Us (ho) — Uji (ho) Unm (ho) Un (o) +

V4 1
oy Hakim (ho) Uk (ho) Ui (ho) U, (h0)> +Op (W) ’
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A Taylor expansion of S, (3\\, h0> about 0 yields

s, (Am) =2 <— S0 (h0) % — 5 3 (0 (h0) )+ (33)
% (gij (ho) Xj>3 + % 9ij (o) Xj>4) +0, ((”bd) (nbd)%m) =
2 <—Uj (ho) (nb*)"* 3, — % ((jff (’12 + (h0)> (nb) XA+

- (h - (h ~
gt (U”“( o) + pni ( 0)) (nd")** NN +

5 nbd (nbd)l/Q
V4 ANV 1
Wujklm (ho) (nb ) )\])\k>\l)\m) + Op (n—> y

hence using (37) we have

% 1
N (A7 ho) U, (ho) U, (o) +W{_Ujk (ho) Uj (ho) Uy (ho) — (39)
?Mjkz (ho) U; (ho) Uk (ho) U, (hO)} *

1 73
o L5 Ut (o) Uy () Ui (ho) U (ho) +

Yattjikm (ho) U (ho) Uk (ho) U (ho) Uy (ho) + Ui (ho) U (ho) Unn (ho) U (ho) +
,y_g

4 Mt (ho) U; (ho) Uk (ho) tuon (ho) U (ho) Un (ho) +

Y4 1
EMjklm (ho) Uj (hO) Uk (hO) U (hO) Un (ho)} + OP <W> ’

The signed square root of S, (X, h0> is

Sy (Mho) = 82 (X ) + 8% (X ho) + 8% (X o) + O, (W) : (40)
where

~ ~ 1 1

83y (R0) =05 )53 (%) = iy (=50 ) U i) -
~ 1

it (ho) U (ho) Ui (ko)) s 2 (Moo ) = = (=B U (ho) U (ho) Ui (ho) +

by 3

o st (ho) U (o) U (ho) Uy (ho) + £ Ui (ho) U (o) Ui (ko) +

V3

o it (ho) Uk (ho) tmn (ho) U (ho) Un, (ho) + ;/_Z,U/jklmUk (ho) Ui (ho) Uy, (ho)> :
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and note that
S, (X, h0> - s (X, h0> s, (X, h0> +252, (X, h0> st (X, h0> +
253 (Xho) S (A ho) + 52, (A ko) 82 (A o) -

Some calculations show that the first four moments of S,; (X, h0> are

E [Sw‘ (X, ho)} - _ (nbi)lﬂ (3 —l(;%)mkk (ho) + O, (W) :
[

\, ho) Sk (X, h0>] =05 + nid {(—73 + %) tiku (ho) +

E
3 2 5
(Z +—=+ %) i1 (ho) ttimm (ho) + (1 + 22+ %’) #itm (ho) tixim (ho) +
1
2

QCQ
S
VNS

ot
3

3 2

>2Mju (o) (ho)} O ((?%Tld)2> ’

B[S, (N ho) Syt (X 1o) Sy (N )| = 22 (ho)

3] (3+) 1
W(Sjk,ulmm (ho) + Oy ( ) ;

®|§ o

E |85 (3 h0) Sou (3 ho) Soi (X ho) Sy (o) | = [3] 05000m +

1 3
|:(’74 — 4’73 — 2) ,ujklm (hO) <% - 673) 5jkﬂlmnn (hO) +

10 2
( + ﬁ + 73) ikl (ho) Hmnn (hO) —+ (12 + 14*73 + 4’7%) Hikn (h0> Himn (h()) +

9
( ) 6jkﬂlmn (hO) Hnoo (h[)) +
( 10’)/3 + 373) 5jk’,ulno (hO) Hmno (h0> +
(3+)? |
) nn h moo h O y
6 ]k:ul ( 0) 2 ( 0) + p ((nbd)2)
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with the higher approximate moments being of order O, ((nbd) 3 2) or smaller. Then using
the following formulas for the cumulants

ik (ho) = B [S35 (Ao ) Sk (Ao ) | = 15 (o) i (ho) (41)
kjnt (ho) = E [SW (X, h0> S (X, h0> S, (X, ho)] -

815 (o) B | Syi (A o) Soa (X o ) | + 265 (o) i (o) it (ho)

ki (ho) = E [sw- (X, ho) S (X, h0> S, (X, ho) Som (X, hoﬂ -

3] E [SW- (X, ho) S (X, hoﬂ E [57, (X, ho) Som (X, ho)] -

(4155 (ho) B [ Sy (A o) St (Ao ) Sy (3,10 | +

2[6] K (ho) ks (ho) E {sw (X, h0> Som (X, ho)} -

6k (ho) ki (ho) ki (ho) K (ho)

it follows that the first four approximate cumulants x; (ho), £jx (ho), Kjk (ho) and Kjgim (ho)
of S,; (X, h0> are

| 1 B+ 1
Kj (ho) = (nbd)1/2 6 fjkr (ho) + Oy ((nbd)3/2> g

1
Kjk (ho) = djk + "‘35212 (ho) » “;213 (ho) = o <<—’YS + E) tikn (ho) +

4
3 by 293
(1*?*73 byt () s (o) +

(1224 2 b () s (1)) +0, ().

1kt (ho) 1
Kk (ho) = — (i) (24v3)+ 0O, (W) ,

1
Kjktm (ho) = bl (74 — 493 — 2) tjkim (ho) +
( 1073 27%

4+ 5 + T) ikt (Ro) tmnn (Ro) +

(12 + 1493 + 493) tjkn (Ro) tmn (ho)] + O, (Wiy) :

A formal Edgeworth expansion for S.; (X, h0> is

sup
AeA

P (Sw' <X, h0> € A) — /Apln (u) ¢ (u) du

o (W) | )
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where A is a class of Borel measurable subsets of RF, & =k +k (k+1) /24 k2 (k+ 1) /2,

pun(0) = Ly (ho) By () + o (ho) Hia ) + 5 [ (o) + s (o) e ()| H ) +
o7 st (ho) + 1415 (o) i ()] B () +

1

ﬁfﬁj,k,l (hO) 'Lim,n,o <h0> ijlmno (U) )

and H; (), ..., Hjgimno (+) are the first six multivariate Hermite polynomials (see for example
McCullagh (1987) ). Assuming that (42) is valid, using results of Bravo (2004), it follows that
for any ¢ € [¢g, 00) (co > 0)

P <Sa, (X, ho,> < c) = Gy (c) + /UTquln (u) ¢ (u)+ O ((RTI):W> =G}, (c) + (43)

where VFG}, (+) is the kth difference operator applied to the distribution Gy, () i.e. VEGy (+) =

=0 (=1 ()G ()

5 3 +2)?
biy (K) = <’Y3 - E) g (ho) + (14 222 B iy (o) pgma (ho) + %—)ijk (ho) ke (ho) ,
4 3 2 36
10v; . 293
boy (K) = [3] [ (74 — 473 — 2) fjkim (ho) +2 | 4+ 5 + ) Mk (ho) tmnn (ho) +
(12 + 14’}/3 + 4'732) Hikn <h0> Himn (hO)} 5jk5lm7
by, (K) = [15] (2 +73)? a1 (ho) ftamno (7o) 87 01mbno,

and the order of the remaiinder follows by the oddness/evenness property of the Hermite poly-
nomials (Barndorff-Nielsen and Hall 1988), hence the conclusion follows after some algebra. To
justify the validity of (42), we can use the same arguments of Bhattacharya and Ghosh (1978)
noting that (40) can be expressed as a smooth function of U; (hg), U (ho) and Ujg (ho) and
the Cramer’s condition is replaced by the (similar) one given for example in Hall (1991). To be

specific, note that
‘Eexp (LtTUE (ho, K))} < |E (1= F(h|W)) + F (=h|W)exp (LtTU (h0)>’ + (44)

‘//11 exp (ut' Uy (ho, K)) f (2|w) dzdF (w)

where

Uz (h, K) = [Uy (h) ..., U (B) , Uy (h) 5 ooy Ugiey Uy (h) 5 ooy Upgere (B)]
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Then by a Taylor expansion the first term in (44) is less than 1—hE (f (0|]W)) and by partitioning
[—1,1] so as to satisfy A6(ii), following Horowitz (1998) it is possible to show that for V; (§) =
t'Ug (ho, K) / [|t]] and 7 = ||¢]

sup /1 exp (tt" Uy, (ho, K)) f (0Jw) dz = sup /um exp (¢7Vi (€)) dE < Cy < 1.

Ht”>6 -1 T>E JUum-1

Also, since P (U, (ho, K) = 0) < 1, there exist n > 0 and v < 1 such that ||

l[wll<n

f(Olw) dF (w) =
~Csy for some Cy > 0 hence

’/ /11 exp (t"Ug (ho, K)) f (0|w) dzdF (w)‘ < b(7Cs + (1 —~) CoC4) = bCy

where C3 < 1. Since

1
[ 1 ey £ O] dgaF (w) < B (£ (OW)
-1

for b sufficiently small, we have by the triangle equality that

sup |Eexp («t" Uy (ho, K))| <1 =0bE (f (0]W)) (1 —e = Cj), (45)

l[¢]]>e

which is Hall’s (1991) analog of Cramer’s condition for nonparametric estimators. It remains to
justify expansion (15); first note that by (39)

Sy (Xiho) = U (1) Uj (o) @ (U (ho) Uy (ho) U (ko))

where ¢, is a polynomial in U; (hg), Uji, (ho) and Ujg (ho). Furthermore (45) and the validity
of (42) imply the validity of the Edgeworth expansion (43) in the sense of Chandra and Ghosh

< ) ’

sup ) ‘P <S7 <X, ho,) < c> — Gy (c) — /UTu<cp2n (u) ¢ (u)

c€[cp,00

which in turn implies the validity of (13). m

Proof of Corollary 1.1. By the recurrence relation
2
Gz (€) = G () — 2cgi () (46)

we have that

P(ser (o) < ea) =1 —a= B0 0 (L),

so that by a straightforward application of the delta method

Ser (A, ho
% < Cq :1—oz—|—0((nb1d)2>.

P
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[
Proof of Corollary 1.2. By (46) and noting that Z?’:o B, (K) =0, it follows that expansion

(13) in the main text can be written as

P (8, (Ah) <) =1-a—gi(ca) iB} () (e + 0y (s )

where ) )
/ 2T (ﬁ) Zl:j B, (K)
2T (3 +J)
and I'(-) is the gamma function. The conclusion follows using the results of Cox and Reid
(1987b) applied to the modified statistic ST’ (X, h0>. [ |

Proof of Corollary 1.3. Let @ </f;> denote the sample analog of w (hy). By the triangle
inequality, a mean value expansion, the LLN (which hold by A2’(ii)-(iii)), we have for j,1,m =
1.,k

N 1/2 . N .
S (R) =W (o) P < (@ (B) T 07 (h)' )+ [0 (o) = T () V2| < (47)
R 1 9g;; (h) gy (h)
¢ 1/2 ij i — hom
ot i (@ji (h)) hselg)c nbdz o ‘h ho ‘—l—
Omin (w]l (hO)) 32 A (h0> a1\ _ -1/2
5 (1) +0, (")) = 0y (00 ™7)

where A (ho) = (32 g5 (ho) g (ho) — E [¢X (ho) g (ho)]) / (nb*)"* = O, (1) by the CLT. Let
Wjim denote the sample analog of f1;;,; then as in (47)

R o 1/2 ,

Hjim — fjim| < |&7 (h) — W (ho)'?

: 1
‘ (s 3/2 — E
hler?l{fc Tuin (1 (R)) (f&% nb?

% 295 (ho) = B g;{b(dh())] ‘3 = <(”bd)_3/2) +0, ((nbd)_l/2> +0, ((nbd)_?’/Q) .

3
1 K 3
a2 s O +

dgly (h) gl (h) gl (R)
Oh,,

~

hn - hOn

_|_

Similarly, it can be shown that Ljumn = jimn + Op ((nb)_1/2>, thus by the delta method
P(S;?L(/):, ho) < ¢q) = P(S;”(/):, ho) < co) + O(1/(nb?)?? and the first conclusion follows by
the oddness/eveness property of the Hermite polynomials (Barndorff-Nielsen and Hall (1988)).

A similar argument can be used to prove the second conclusion. m
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Proof of Theorem 2. Recall that the indices a,b,... run from 1 to k, 7, k,.. run from 1 to [
and r, s, ... run from 1 to [ — k, and recall also that

mifjy.. marry.
G ) = e 3 (G e U () = B )
(48)
then the same Taylor expansion as that given in (38) combined with a further Taylor expansion
about hg yields

5, (VB) = (2U2]<)A__2(U,.j@;j>2+§ (v, (B) %)+
(5 @3 (i) -

{5 [0 o+ 3 28 ()

LI () (i),

35 ) (i) (7= ), (i -1a) | -

AJQAk {Z Uij (ho) Uik (ho) + [2] an—(hO)U”“ (ho) @ B h0>a *

S

oh,
> 2 Dh.oh, Uk lho) + =5 = | X
(ﬁ . ho) (ﬁ . h0>b] + ngm, S [Us (ho) Ui, (ho) Ui (ho) +

3] wg—}g’O)Uik (ho) Us (ho) (ﬁ . hO)J +

o 1
%)\j)\k)\l)\m Z Uij (ho) Uik (ho) Uit (ho) Ui, (ho)} 0 (W) .
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By (48) it then follows that
A~ o~ 1/2 -~
S, (A1) =2 {— (nbh)"* 3,

2 o) ) (R = o) + S0 Gy (R ) (o) +

G4 (ho) a2 (5
i (nb)"* (A= o) + (49)

a

Uj (ho) +

(n

a 2nbd
b

75 (o) 0 >
> iy (") (7=to), (A= to), +

abe h . . .
o () (i) (- 0), (5 m) | -

/)\\/)\\k Uk (h ) qu (h(J) 1/2 (o "Y(‘lk (ho)

(nbd) J2 (;bd>132 + Opn + [2] JnT (nbd) <h — h0>a + [2] (;Lbd)l/z X

nbd nbd *

(nb)”* (R = ho) + % (ﬁg ) | 2 (hO)) (n) (h—ho) (h=ho),

275 o~~~ ) ) a (h —~
B (k)™ X AN (UJ’“’ (o) | it (o) \ 1oy i (o) (nd")"? (h - ho) ) +

3! nbd (nb?)*/? nb4
Vi an2h R wx Mikim (ho) 1
Z (nb ) )\])\k)\l)\m nbd + Op —(nbd)3/2 .

In order to simultaneously consider derivatives with respect to h and A we introduce the Greek
letters indices «, 3, ..., which run from from 1 to [ + k; let

vus (h) = E(M) hm =

ONaOns
—0jk —%q (h)
_’Y; (h') Oab

where 7, = [);, (h — hg),] and

@102 (B) OFT, (A, h
Vajas...oy (h) = F (U (a/); ’Y( )) |>\:0a
Qg...ap

a0z (R) 9T, (A, h
Varasor (W R) = (nd?)"? <" (h) 97T (A )—v> k> 2,

Moas...on
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where 0 (h) denotes the matrix inverse of 0,5 (h). Note that

% = (v (2) g5 (h) gx (h) gi (h),
T = EneE) e ) @) g 000 0) G,
83T, (A, h) &g; (h) g, (h) dgi; (h) ot

xohdh, ) G an, TR E) T m g

72 (1(2)) g5 (R) ai};, M+ 73 (v (2)) g5 (h) 89((;“,1?)%8%}5? '\,

0D 2 g1 S
o = () 0y (Mg (1) 0 (1) g (),
T = B0y (090 00 060 g ) g )01 ) 22,
ol — ) (o) 222D o e T2 )+
100 () 2 g ) ) 4
200 2 (122500 (0 20 gy g 1) GEN ) +
7 0 () g (0) g () 2 20 By

42



T, (\h) 0%g; (h) 0%g; (h) Ogx. (h)
I onomone — M) G anan, T80 ED T A o

0 020) 35 () ot Oy 4 g (0 (2 2000 28e(00) Bocll)

317 (0 ) gy () 2000 20
10 () g5 ()

o (h)/\ g, (h)/\ Ogm (h)
ohy " on. "' oh
O'Ty (N h) d'g; (h) dg; (h)
Thohonon, — e G e g+ (v(2) 5o o
2 2
6130 (0 () 2241 P ()
dgi (h)

OhyOhy " Oh,Ohy
6] 73 (v (2)) . o,

g, (h) | Oui (h),
DOy, :
dg; (h) . gk (h) . Og;(h) . Ogm (h
o) S I

Ak +

A+

Am

dg (h)
Ohyg

Aj A +

A +

)\j A+

so that
Vo (0, 1) = [Oa, Upsr (h) . A" Uy (B)] (50)
AGE (h) ARG, (h) Ou
Vas (0,h) = Ugtra (R) Uktrirs (h) —Ghgr (B) |
ADPALGE (h) — AUy, (h) A“bACbGZH (h) — AUy, (R)  A®GE (h)
(51)
for j=1,...,1
2] A%G5, (1) 2 A%Ge,, () AVGE (1)
Viap (07 h) = —73Ujk4ra (h) —=Y3Ujktrk+s (h) [ ] jk—l—'r (h) ) (52)
s (A%Ujpe (h) + 2] A®ACGS, (B)  Vikera (0,h)  Viay (0, 1)

where

Viktra (0,h) = 93 (FAUjpsrs (h) + [2] AP AG5,,, (h))
Vi (0,h) = —A“CAbdG‘;d (h) + [2] A“ng’.c (h)
and for [ fixed and a =1,.... k

AGed (h) AGed (h) Ou
Vitaas (0,h) = 2] Gy, (1) 2] Giprrs () GG (R) |5 (B3)
—ACAMGH (h) — [2] A"GY. (h)  Vieaksrs (0,h)  AMGY (h)

where

‘/l-i—ak—}—rb (07 h’) = _AQCAbdGZC_lH‘ (h) [ ] IVQAade-‘rrc (h) :
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By expanding the FOCs
0=

0 (ho) T, (1)
8775 ’
solving for (nbd)l/2 (7 — o), and noting that v,s (0, ho) = dup, We have

(%)% (7= 10) o, = =V (0, o) + W (Vo (0, ho) Vs (0, ) —
2o o)y (0, v, (0>h0)> T

2

1 Vg3 (ho)
— | Va8 (0,70) Vi, (0, 120) V5, (0, o) + ===V (0, ho) V5 (0, ho) Vi (0, ho) +
Vapy (ho) Vﬁd (07 h()) VY (Oa ho) Vs (07 hO) -

1
Vasy (h0)2”556 (ho) V;, (0, ho) Vs (0, ho) V= (0, ho) — 5 Vasn (0, h0) Vi (0, ho) V5 (0, ho) +
Vagrs (ho) 1
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Using (54) in (49) yields

5, (\A) =2 {_
_ Yjag (ho)
2

1
—V; (0, ho) + o (Via (0, o) Va (0, o) — (55)

Vi (0, ho) V3 (0, ho)) +

1

Vagy (ho)
i (—Vja (0, ko) Vs (0, o) V5 (0, o) + %V}a (0, ko) V3 (0, ko) V5 (0, ho) +

Viag (Rg) Vans (R
05 (1) Ve (0,10 Vi (0, ) Vs (0, ) — 2o 0) s (o)
1 Vins~y (R
3 Vi 0010 Vi (0,00 Vi (0. 10) + 22222000, 0,10) Vi 0.0) ¥, 0,10

Vi (0, ho) V5 (0, ho) V5 (0, hg) —

{Uj (ho) + (G? Vo) o <ho>> (—Vira (0, ho) +

1 Viragy (B
( bd)1/2 (‘/Z-i—aﬁ (07 ho) VB (07 hU) - %(O)Vﬁ (O, hO) Vry (07 ho)) —+
n
1 Ve (R
b (‘VW (0, ho) Vs (0, o) Vs (0, o) + #Vm (0, ho) Vi (0, ho) V5 (0, ) +

hO) Vo (hO)
2

Va (0, ho) Vi (0, ho) V4 (0, ho))} +

Vit-aa
Vlt-aap (h()) Vow (0; hO) V,B (07 hO) VW (07 hO) — raad (

1 Ulaagy (P
Vv 0.00) Vi (0.1g) Vi (0 ) 4 ez o)

G5 (ho)
2nbd

Vi (0, ho) V5 (0, ho) Vi (0, ho) —

<—W+a (0, h()) + (nsz (W.,.aa (O, ho) Vﬁ (0, h()) — m%ﬂ(ho)va (O, hO) Vg (0, hg))) X

(ho)

1 v
<—W+b (0, ho) + W (W—&-b'y (0, ho) V5 (0, ho) — %Vy (0, ho) Vs (0, ho))) +
n

Vita (0,h0) Vi (0, ho) Vita (0, h0) Vigs (0, ko) Vige (0, ho)

ab I+ ) 1°0) Vi+b \M, %0 abc + ) + ) + ’

) T e ) b
1 1 Vjap (ho)

D) (‘VJ (ho) + —(nbd)l/2 (VJa (0, 1) Vi (0, ho) — 45— 9 Va (0, ho) V3 (0, hO)) +
1

Vo (R
" (—V;-a (0,10 Vi (0.10) Vi (0. ) + 200y, (0. h) Vi 0.80) 5 0.10) +

Vjaps (ho) Vays (Po)
2

o (D
Vi (0,h0) Vi (0.h0) Vs 0. )+ 222000, (0,00) Vi (0.00) Vs 0.0 )

Vjap (ho) Va’Y (Ov hO) Vﬁ (0? hO) V'y (0, hO) -

1
2

Vi (0, ho) V5 (0, ho) V5 (0, ho) —
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1
(nbd)l/2

(—Vk (0, ho) + (Vk5 (0, ho) Ve (0, ho) — UMCT(hO)V(; (0, ho) V¢ (0, ho)) +

1 h
(s 00m) Va (0.0 Vi 00)+ 252 0,000 V2 0,00 3 0.+
LAV vks¢ (ho) Vang (ho)
vkac (ho) Vay (0, ho) Ve (0, o) V3 (0, ho) — > Ve (0, ho) V3 (0, ho) Ve (0, ho) +
Vksc (ho) Vsec (D
s (ho) Vi (0, ho) Ve (0, ) Ve 0, hg) — 5201 B0y 0y v 0,1 vz (0, o) +
v h Uik (h
15 ) (0, 00) Vi 0,0) Ve 0. 00) ) |20 4k
nb?)
GFx (ho) Vige (0, ho) i (ho)
2] —2 i +[2] (;bd)m (—Viie (0, ho) +
1

1/2 ( l+ek (O hO)V (0 h’O) m%(}m)vn (07 hO) Vu (OahO))> +

(nbe)

'y ’7 hO)
[7 ( J];Lbd ]k bd ) Vita (0, ho) Vigs (0, o)

n

1 Vipy (R
( V; (0,ho) + nbd)1/2 (v (0.10) Vi (0. ko) — 20y 0, v, (o,ho>)> x

Vkrr (ho)
<_ k ( 0 hO O hO) 9 Vi (Oa hO)Vr (07 hO))) X
(—Vz e 7 (Ve 0,0 Vo 0,0) = 2 0.00) 2 0, m))) .
(‘(”’“b’dg’ffﬁ +[3] ”’j} b(f .. (0. ho>> n

Eﬂjklm(hO)Vj(hO)Vk(hO)Vl(hO)Vm(hO)}+Op<( ! )

4! nb? nbd)3/?2

Using (50)-(53), the signed squared root decomposition is

Sekgr (Xﬁ) = Shtr (X, iAl) + S ()‘ h) + S ( ) + 0y (W)
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where

~ ~ 1 1
e (VB) = Unir (ho) . 2, (A1) = T (§Uk+rk+s (ho) Us (ho) —
V3

E,uk:—l—rk—l—sk-f—t (hO) Uk+s (hO) Uk-‘rt <h0) Aaka—l—r (h ) Ub (ho) +

1
SASAYL (1) U, (ho) Uy (o) + A1 (ho) Uk (o) Uy <ho>) ,

~ o~ 1 1
Shper (M) = =Gy (ho) (MA‘”GW (ho) Urir (o) = 5 (12) Y srices (h0) Ukir (o) Uk (ho) +

Abcﬁir (ho) Uk (ho) Ue (ho) + [2] A5t 4 (Bo) Usr (ho) Ue (ho))) +
AacAbde+t ( ) Ue <h0> Ua (hO) -

gﬁadﬁbeﬁcfﬁfk (ho) Ua (ho) Ue (ho) Uy (o) +

1

A (Uk+7’k+s (ho) — 3 (—stthsriss (ho) + [2] A" gy (ho) Ue (ho) +

9 (=AY Up iy (ho) + [2] AT AMGY 1 (ho)) A%U, (ho)) X

GiH (ho) Ud hO + {_Vk+r (O, hO) AabGZJrs (hO) — Vierrkat (07 ho) Ukt-skt (ho) +

Vitrita (0, ho) (APA*GY, , (ho) — AUy (ho) Upriss (ho)) +

~Viesrk (0, h0) [=¥3ttrsrisire (ho) Unie (ho) + A% ([2) Y rirs (R0) = V3tthtriira (Po)) Uksr (ho) Uy (ho)]

~Viriza (0, ho) [=7sttarrshit (ho) Unte (ho) + 2] (Vs s (Ro) + Vorsa (Po)) Us (ho)] +

[2] A®~7 (ho) Upys (ho) + A A2, (ho) Ua (ho)) A% Gl (ho) +

217215 (ho) A*Ue (ho)) + (=Vsttsrkrsirt (o) Unre (ho) + [2] Vepriss (ho) AUy (ho)) X
Vattktrktskit (ho) Unre (ho) + [2] A%y o (ho) Uy (ho)) Ukt shiu (ho) Ugu (ho) —

(-
1
5( VsUntritshrt (7o) Upse (ho) + [3] A Gy iy (ho) Us (ho) —
A

1
2
1
2
(

fitritsa (ho) Uy (ho)) + é [~Y4Uk vty skt thru (P0) Urte (ho) Upru (Ro) —

]V A Y kit (h0) Unse (ho) Uy (ho) — YA A Upgparr st (ho) Upsr (ho) Ue (ho) +

3] 1 ATA A ke (7o) Uit (ho) Ua (ho) —

3 ATACMAT YL (ho) Uy (ho) Ue (ho) — [2] AT APAT (75frk+s + VZiers) Ue (ho) Ue (ho) —
3] 1AV s siere (70) Unss (ho) Us (ho) — A“AY Y EES (hg) U (ho) Uy (ho) —
BIAPA“A“Y] s (ho) Uq (ho) Ue (ho)] } iy s (ho) Ue (ho) +

CLAGE s (1) Ve (0.10) Uy () — 2. (1) Vi (0, o) U ()

2
(0 )+ 90 (1)) i (0, ) Vi (0,10 Vi (0, F) + 20T (o) U ) —

[
[
[
[

l\D
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3, T [3] A5 (o) Vi (0, o) Vi (0, o) Uy (ho) + %Nlﬁ-rkl (h0) Vi (0, h0) (Uprats (ho) Uets (ho) —

% (bricess (o) Uns (o) Ut (o) = A% psriras (ho) U (ho) AU (Ro)

(A“AM YL (ho) + [2] A4 (ho)) AU, (ho) +
Y4

1 ki (ho) Vi (0, ho) Vl (0, ho) Vi (0, ho) -

Lengthy calculations show that

BN (3—}_73) ab 1 ac A bc__ab 1
E [Svkw </\7h>} = —Wﬂk+rk+sk+sy (ho) — Ay (h0)+§A A"yl (ho) + O, W 7

E |:S'yk+r (X,ﬁ> Sekits (X, E)] = Otrkts + % { (14 + 2) Wt rktsk+tktt (Ro) +

7343\ 2 573 59
6 MEtrkrtk+t Hk+sk+uk+u (ho) +\ — + 55 | Hktrk+sk+t (h(J) ME+tk+uk+u (ho)

6 36
25 5y a
(3 + 3 + 1%) Pketrktthtu (P0) Mkssktkra (o) 4+ [2] A bVHTHSb (ho) +

V3 ga a 1 e a
2] EgA *Hicricrsb (70) Vi (ho) — §A i storsb (ho) Vi riys (ho) =
1
QAabAbcAdeef’yk+r (hO) ’7]215 <h0) - AaCAbC’ygﬁ-rk—Fs (hO) +
293+ 1

1
6AabA Mk+rk+sk+t%+t (ho) + ( ) Aabuk+sk+sk+t (ho) Viettb (ho) +
2] AacAbCAdeVzir (ho) fyl(ci+se (ho) + AacAbc’Yngrkth (ho) ’Yll;+sk+t (ho) —

2
PUATPASD (o) s (o) + APAE (o) e (o) +

2
1 vz + 3

JACAINT AT (ho) 73t (ho) + (2] (T) A% s (o) gy (ho) =

_'_ 3 ac C a. 2 a ce e _..a Ci 1
2] (%) ANl pirenre (ho) Vi (ho) — %A PACAYC L (ho) Vi (ho)} + O, (W> ;

E [kaw (X,ﬁ) Skt (X,ﬁ) St <)\ h)} ktrktskrt (Po) n

(nbd)l/2
3 3+ 3+
(nb[dil/z <( 6 3)Mk+rk+uk+u (ho) Okvskit — ( 5 3>Nk+rk+sk+t (ho) —
ab 1 ac A bc . ab 1
AV ry (h0) Ot shre + §A A" (ho) Srssire | +O0p | ——75 | -
(nb?)
Let
TI = fhrrksskitbru (R0) s To = [3] Oktrbs sOktthtu,
3 = [4] Mktrk+sk+t (hO) MHk+uk+vk+v (hO) , T4 = [3] Mk+rk+sk+v (ho) Mk+th-+uk+v (hO) ;
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note that

E

S
> >
N—— ——
©
>
_l’_
= =
N—— —
|

el
T
+
/N -7/ X

=
ey
QO& 4033 QO& 3
El
+
S~ N -7 N 7 N

ko
+
<

E

+

o
+
3
> oS> o)

ﬁ
Ty T
>) S )
~— —— O
R
>
SO
S/ N7 N -7 N
RS RES)
> > S
N—
R
>
x
S~ N -7 N 7 N
IS
> T T
—— +
+

> ) S
— N— N
R
S
+
7/ N -7 N -7 N

and that
B [Sher () S (3) s (1) S (35)] = 2
48 (S (WF) v (VB) Shese (W B) S (WF)] -
18 [3% (17) 5 ()] 3 () (37

+3 2
—6’7’1 — <736 >T3— 5(2’}/3—3)7'4—

[4] Aangirb (ho) tk+skrthu (Ro) + 4 ]AacAbcﬁi (ho) pktskrthru (ho)
6] E [Sﬁ,m (X,’ﬁ) S <X E) o <>\ h> o (/\ h) .
6] E [S§k+T (X,B) S (X ﬁ)} [S;Ht ()\, h) Sy (X,ﬁ)] -

3 =7+ (a4 3) T 4 (403 + 2405+ 27) 5 —

= (13 + 3) (A A" st (ho) Vi s (ho) = 2A% i ostrrn (ho) Viey w (P0))
[4] [s§k+ </\ h> i ()\ h) Sy <)\ h) o ()\ h)]
115 (8 (1) (1)) [ (37) 50 35 -

(74 +8) 71 + (3073 + 59) o 304 (73 +2) A g it st (F0) Vi (o) -

.—|

Since
(s ()] (0 . (7)1 (). 6]
15 [Sss (M) S (33) S (MB)| -
2[6] £ [53k+ X h| E [Sik—i-t <)\> h) S},k+ <)‘ h)]} —[4] (93 + 2) frrsrbyshre (ho) X

3 + ’y a a 1 ac C . Q.
K 5 3) Hktuk+oko (ho) — A%y, (ho) + gA Abrt (ho)}
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using (41) we have that

Klotr (h()) _ 1 |:_ (3 + 73)

a 1 ac C.Q 1
(nbd)1/2 6 luk‘+7'k‘+sk+s (ho) A bfyk+’rb (ho) + §A Ab fykiT‘ (ho):| -+ Op (_)

(nbd)3/2

1
Kktrjots (ho) = Ok + "55212 (ho) » Hﬁ (ho) = i {(74 + 2> kb skttkrt (ho) +

(573 59

25 53 3
6 + 36

) Pkrktskrt (o) etk sukru (ho) + (— + —= +

5 3 1 8) Petrktthtu (P0) Mo sktthru (Ro) +

a a fy al a
2] A (ho) + [2] EBA *tksrish (P0) Vg (ho) —

1 1
5 A kst (70) Virnss (ho) = SATANATATARL, (ho) i, (ho) = A" A"y (ho) +

2
1 ac C e a C it + 3
ZA APATA f%ir (ho) %is (ho) + 2] ( °

) A raost (o) Vs (o) —

+ 3 ac C a ce e _.a Ci
2] (%) AN gy riepiire (ho) ity (ho) — 2 ]A AN (ho) i (ho)}

0, (ﬁ) ,

HEktrk+sk+t (h0> 1
Rk+r k+s k+t (ho) = - (nbd)1/2 (2 + ’73) + Op <(nbd)3/2 )

1 3+ 573 +6 2
Kt ots o+t hu (R0) = i {(74 +6) 74 + 03 673 )73 + 9 (27§ + 21y3 + 34) Ta—
3+ 3 ab_ a ac A be, ab

[4] prtorsievt (ho) o ) Hiruksoiro (o) = A%y, (ho) + A™ATYEL, (ho) | +

(,}/3 _I_ 2) ac C . a al (73 + 2) a

9 [A A Visrkts (Po) 72+tk+u (ho) + A b7k+rk+sk+tk+u (ho)] 3 fietrits (ho) A b x

a a ]'
<7kitk+u (ho) + 7k:ftk+u (h()))} +0, (T) :
(nb?)
The same arguments as those used to prove Theorem 1 show that the Edgeworth expansion for
S (X,Z)
~ 1
sup ‘P (S7 ()\, h) > c) -G, (¢c)— / Pon () ¢ (u)| = O (T)
c€[co,00) uTu>c (nb )

is valid in the sense of Chandra and Ghosh (1980), where G,_, (¢) =1 — G;_j (¢),

[ ot = o { G () V60 + grea (K) V26, (o) + e (0. K) TG () |
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and

5v; 59

ey (p, K) = (14 + 2) Pktrktrkrthrt (ho) + (? + 36) et rk+rirt (7o) B+ thtuktu (ho) 456)

25 O3 73
<9+ 3 +18

3+ Y 2 ab.a
%Mk+rk+sk+s (hO) Hktrk4th+t (h()) + [2] A b7k+rk+sb (ho) +

2] 2

3 a a 1 a a
2 A b/j’k-i-rk-‘rsb (h()) Ve+uk+u (hO) o §A buk'i‘f‘k-‘rsb (hO) Vitrk+t (ho)

1
__AabAbcAdeef,yadr (hO) 7237« (ho) o AaCAbc,yzirk+T (hO) +

) Hk+rk+th+u (ho) Hk+rk+th+u (ho)

A“CAbCAdf A (ho) gL, (ho) + A Ay (ho) A2, (ho)

+ 3
— (%) AaCAbCMk+rk+tk+t (ho) 7]?3—7” (ho) —

[2] APA“ATA Ly (ho) Viks (ho)

e (p.) = [0y 4 G220

[4] (73 + 2) prtktskre (ho) (_Aab7lg+ub (ho) + AacAbc%ﬁu (hO))

(73 + 2) ac C_.a a a
A A (o) W (0) + A s (o) | +
(73 +2)

2
T3 + § (2’}/:? + 21")/3 + 34) T4a—

HEktrk+s (hO) Aab <ryg—bi-tk+u (ho) + 7]?ftk+u (h0>>:| 5k+rk+55k+tk+ua
C3y (Pa K) = [15] (2 + 73)2 Hk4rk+sk+t (ho) Hk4uk+vk+w (ho) 5k+rk+s5k+tk+u5k+vk+w-

]

Proof of Corollary 1.4. The proof is similar to that of Corollary 1.3, so is omitted. m
Proof of Theorem 3. The consistency of ¢ and h* follows by adapting the arguments of
Newey and Smith (2004). First notice that by Proposition (7.2) and the envelope assumption
A2(iii), we have that

o g T — e [0

0p—p(1) and VQ(A;‘LTg;‘K(ﬁ*)) > —(C' with probability ap-

sup
heH o

\ oy (1), (57

and that max;<;<, ’72()\*T (h*))

proaching 1 and \* = (nb?%)~%g ( /g & (?L*)H A second order Taylor expansion yields
D) = 0+ 2 S g () 2 S 8 g (R () ()
1 Zg ( ) C
> —
2 Y + ( )5 || || (nbd)Q(;?
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where Xz is on the line joining 0 and A, and the second inequality follows because by (57),

Propositions 7.1 and 7.2

HE*(g;“ (h’;zlgz‘ (W) - sup H# ng(h)gf(h)T—Q(h)/K(u)2duf(z)|\ = 0p(1)

so that amin(E*(ng(ﬁ*)g;‘K(ﬁ*)T)/bd > C' > 0. Since

g (h) L9 ()
Zg || < I3 Zg b W+ (122 i M= 0pp(1) (58)
the saddlepoint property of B implies that

( bi) (nbd)(%)

T,(A;, h7) < sup TL(A D) < |||| G WP = 0y (1),
AEA, ( )

(59)
hence as in Lemma 3 of Newey and Smith (2004) we have || Z g ()| = op«—p(1). By Propo-
sition (7.2) it follows that ||E*(g;¥ ( N = 0p(1) so |[E*(gF (h*))|ZZ* = 2)f(2)]| = o0p(1). By
A1(i), for n > 0, there exists an ¢ > 0 such that for ||Ar* —EH > € ||E*(gr(h*))|ZF =
2)f(2)| > n with probability approaching 1, which impliies |[2* — h|| = op—p(1). Let A=
argmax,, 7. fn(/\, ,ﬁ*); given the consistency of E*, by a second order Taylor expansion with
Lagrange remainder, there exists a X on the line joining 0 and h* such that

= P07 < g - AT ZIE) | T g (g ()gi ()R

nb? 2nb?
_|| 5 ik ) - 37 EE O
<0+ INELE Y e
which implies HX* || = 0p—p(1). Given the consistency of A* and h*, a mean value expansion and

the above arguments can be used to show that

an1/2 2\ - Q) f(z) [K*(u)du G(z)[(z) - a2 | 7k
) [ﬁ*—ﬁ]_ G ) ] et [
Note that




where the second equality follows by a mean value expansion and EBLLN of Proposition 7.2,

that is
o) (= () 6)-

agl 1/2
% ahT - ahg ) (14 0, (1)) (nb")" (h h )
Op*—p (1) (1+ Op (1)) O, (1),

where i and h are possibly different mean values. To establish the asymptotic normality of
(nb?) 2 (95 (ho) — E* (9% (ho) /b%)), it suffices to consider the univariate case and verify the
Lyapunov condition lim, . 3> E* |z, (he)[*T* % 0, for

o) = i (% o) - 7 [ 2],

sn’ (ho) = Xn: <92K (ho) — E* [g:KbghO)DQ'

By LLN 522 (hg) & nb?Var (gi (h)) and

* * 246 249
N9 (ho) — E* (g% (ho) /04|77 5 |9 (ho) — E (9 (ho))|
E - F ,
be b
so that by the ¢ inequality

Tim S B fay, (ho) P < lim (nb'Var (g (ho))) " 2 B | g (ho)[*" + 0, (1) =

K 2+4
lim Var (¢ (he)) /% (np?) /% 21+ o (ho)[

n—00 bd

=0, (1).

Thus by the Cramer-Wold device (nb?) H2 (G5 (ho) — E* (97 (ho) /b%)) 4N (0,2 (2)) with
probability approaching 1, hence using (60),

sup
zERITE

P () @ = 7) < 2) = PN (0,diag [P (2), 5 (2)]) < )| = 0, (1),

PUNDSUNON u
where * — ) = [)\*T, (h* — h> ] ; consequently

sup
rERITE

P ()" 7 =) < 2) = P (") (7= m) )| =0, (1).

Next, following the proof of Theorem 2, we can obtain the EB analog of the stochastic expansion
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of (nb) i& (7 —mno),, given in (54), that is

(b")""* (7" =) = =Va (0.7) +m( 2 (0.7) Vi (0.7) -

h

o O (o) v (o) ) +

Ld ( (0.8) vz, (0.8) vz (0.7) + w 2 (0.8) vy (0.8) vy (0.7) +
()95 01 03 (07)

05 By 0y 07) v (0) - s (0) 2 07) v (07)
* s (P _ - -

%vﬁ* (0.5) vy (0.8) V5 (0.%) | + 0y, (W) ,

and of S, <X*,/f;*> given in (55). Then using the same signed squared root decomposition

and the cumulants calculations of Theorem 2 we obtain the empirical Edgeworth expansion of
s; (X0, 77), that is

sup ) ‘P* (Sj; (X*,E*) > c) -G, (¢) +/ Don (u) ¢ (u)

c€[co,00 uTu>cq

where

[ B o = {58, () V610 + 5y, () V6 (0 + 7535, (6) T6is 0

and ¢}, (K) (j = 1,2,3) are the bootstrap analog of the ¢;, (K)’s given in (56). The validity of
(62) follows by the same arguments as those used in the proofs of Theorems 1 and 2, noting
that

E* exp (LtTUE (ﬁ, K)) ‘ <  sup ‘Eexp (LtTUE (ho, K))| +

e<|[t||<nc

sup
e<|[t||<nc

E* exp (LtTUE (ﬁ’ K>> — Eexp (ut" Uy (ho, K)))

sup
e<|[t||<nc

< sup |Eexp (" Uy (ho, K))|+0,(1)

e<[t]|<n¢

= 1—C4b+0p(1),

by the same arguments as those used by Horowitz (1998), noting that the class of functions
={Uz(h,K),b>0,h € Hc} is Euclidean as it consists of products of Euclidean classes of
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functions, hence the class {exp («t"Uy (h, K)),b> 0,h € Hc,e < ||t|| < n°} is also Euclidean,

since exponentiation is Lipschitz continuous on compact sets. Similar arguments as those used

in the proof of Corollary 1.3 can be used to show that ’//Il:-&-n....k-&-n (ﬁ*) — Dkt ety (h)‘ =
—1/2 ~%a]...q Tx ~ai...a T -1/2

Op—p ((”bd) / >7 Vet oot (h ) = Vit rr et <h>‘ = Op—p ((”bd) ) and

—~ ™ -1/2 ~ai...a N ai...a —-1/2

Finsrsctr (B) = s (o) | = Op (00 ™), [R5y (B) = A0 s Oh0)| = Oy (1) %)

hence by CMT we have that }’c}k7 (K) = cjy (K)| =0, <(nbd) _1/2> and by the the oddness/evenness

property of the Hermite polynomials (Barndorff-Nielsen and Hall 1988)

-~ ~ 1
* * * * > _ > — .
s [P (s (E) 2 ) =P (s, (35) 2 )| = 0, ()
Finally, the asymptotic expansion of the upper quantile of .S, (X,ﬁ) given in (25) shows that
> > -t 1
dy = co|1+2 C; (K < — 4+ 0 ,
Y ]_Zl ; J ( ) nbdF] ((nbd)Q)
> LN 1 1
= [ 142 (K . — .
o ca | 142) (DG (K) DI +0, <(nbd)2>

j=1 \i=j

The above results show that

@ (K) —C; (K)) =0, ((nbdylﬂ), hence the Edgeworth expan-
sion for S, (X,ﬁ) and the delta method imply that

P(s,(AE) =) = P(s,(AR) ~ (e —d) =)
b <sv (.5) - 0, () ) = . (1 s (z o <K>)> br)
e ( <1+2i(§q<m>>$;>+

i=1 \li=j

9i—k (Ca (1 + 22 (Z Cj (K))) ncé);_rj) + O ((nbld)Q) )

=1 \l=j

since the O, ((nbd) i 2) term is actually O ((nbd) _2) by the oddness/evenness property of the

Hermite polynomials. m
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8 Tables

Table 1 Finite sample coverage and average length of confidence intervals

for ho (0) in the nonparametric binary choice model

b=bn° n = 100 n = 400 n = 1000

Stat COVe LEN® COVe LEN® COVe LEN®

SerL 0.897 0.338 0.910 0.325 0.926 0.296
Ser 0.914 0.339 0.921 0.326 0.939 0.299
Ser 0.900 0.340 0.907 0.336 0.924 0.300
Ser 0.910 0.341 0.917 0.330 0.937 0.302
Scu 0.901 0.343 0.910 0.332 0.925 0.297
Sty 0.913 0.342 0.915 0.320 0.937 0.303

=

SerL 0.902 0.344 0.917 0.339 0.930 0.293
Ser 0.918 0.345 0.924 0.340 0.942 0.298
Ser 0.903 0.364 0.910 0.343 0.928 0.296
Ser 0.915 0.366 0.920 0.346 0.940 0.300
Scu 0.907 0.360 0.912 0.346 0.927 0.295
Sty 0.915 0.362 0.920 0.348 0.939 0.301

Wl

SeL 0.908 0.382 0.918 0.343 0.934 0.287
Ser 0.920 0.384 0.929 0.345 0.946 0.292
Ser 0.906 0.383 0.916 0.345 0.933 0.291
Ser 0.918 0.386 0.925 0.348 0.944 0.296
Scu 0.910 0.386 0.914 0.350 0.932 0.290
Sty 0.913 0.387 0.926 0.353 0.943 0.295

Q
I
~leo

a Coverage, b Average length
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Table 2 Finite sample coverage and average length of confidence intervals

for ho (1) in the nonparametric binary choice model

b=bn° n = 100 n = 400 n = 1000

Stat COVe LEN°® COVe LEN°® COVe LEN°®

SeL 0.893 0.424 0.908 0.392 0.928 0.294
SEr 0.907 0.425 0.922 0.394 0.941 0.297
Ser 0.890 0.434 0.904 0.396 0.924 0.298
Ser 0.904 0.435 0.918 0.398 0.940 0.300
Scu 0.894 0.434 0.903 0.400 0.926 0.295
Séu 0.903 0.435 0.917 0.402 0.944 0.301

=

SeL 0.901 0.423 0.915 0.385 0.932 0.385
SEr 0.920 0.423 0.926 0.387 0.943 0.387
Ser 0.899 0.425 0.911 0.387 0.930 0.387
Ser 0.915 0.427 0.921 0.389 0.940 0.389
Scu 0.900 0.425 0.914 0.390 0.931 0.390
Sty 0.916 0.427 0.923 0.393 0.941 0.393

Wl

SEL 0.906 0.402 0.919 0.376 0.934 0.291
SEr 0.922 0.404 0.929 0.377 0.943 0.295
Ser 0.903 0.412 0.915 0.383 0.930 0.293
Ser 0.918 0.413 0.926 0.385 0.942 0.298
Scu 0.905 0.415 0.916 0.388 0.931 0.296
Séy 0.919 0.417 0.925 0.390 0.944 0.298

S
I
~jw

a Coverage, b Average length
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Table 3 Finite sample rejection probabilities for the specification

test in the IV smooth coefficients model for hy (—0.5)
b=0btn"* n =100 n =400 n = 1000

Stat RP RP RP
Ser 0.090 0.082 0.068
SEr 0.065 0.054 0.051
SeT 0.089 0.081 0.071
Spr 0.066 0.056 0.052
Scu 0.091 0.081 0.070
Stu 0.067 0.057 0.051
SEL 0.090 0.081 0.064
Str 0.068 0.053 0.050
SeT 0.088 0.080 0.065
Spr 0.070 0.054 0.051
Scu 0.089 0.080 0.065
Stu 0.067 0.055 0.052
SEL 0.087 0.079 0.062
Str 0.067 0.052 0.050
SeT 0.086 0.080 0.063
Spr 0.068 0.053 0.050
Scu 0.085 0.080 0.064
Stu 0.066 0.053 0.052

ST

Wl

S
I
~lee
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Table 4 Finite sample rejection probabilities for the specification

test in the IV smooth coefficients model for hg (1)

b=0btn"* n =100 n =400 n = 1000
Stat RP RP RP

Ser 0.091 0.081 0.065
SEr 0.067 0.058 0.051
gl SeT 0.088 0.084 0.066
4 Spr 0.068 0.059 0.051
Scu 0.090 0.086 0.066
Stu 0.066 0.057 0.052
SEL 0.087 0.079 0.063
Str 0.065 0.056 0.052
4ol SeT 0.087 0.079 0.064
3 Spr 0.066 0.057 0.052
Scu 0.085 0.078 0.063
Stu 0.067 0.057 0.052
SEL 0.085 0.076 0.062
Str 0.067 0.055 0.050
43 SeT 0.083 0.078 0.063
7 Spr 0.068 0.056 0.051
Scu 0.086 0.077 0.062
Stu 0.063 0.056 0.051

Table 5 Rejection probabilities for the r;(Z;) specification

IQ \AGE 30 33 36
95.95 4.64*  4.59° 4.70¢  4.68 4.80¢  4.86°
0.098¢ 0.100° 0.095¢ 0.096¢ 0.090° 0.088°
104 5.01¢ 5.5 6.24*  6.66° 7.16*  7.06¢
0.078° 0.063¢ 0.04°5 0.035° 0.027¢  0.029°
113.75 6.39°  6.56° 6.717 6.8 7.83% 7770
0.040¢ 0.032¢ 0.034¢ 0.033° 0.019¢ 0.020°

aSgy,bSty, cp-value
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Table 6 Rejection probabilities for the r5(Z;) specification

iq \age 30 33 36
05.95 13.96* 13.37° 14.25% 14.39° 14.54% 14.25°
0.007¢ 0.009¢ 0.006¢ 0.006°¢ 0.005¢  0.006¢
104 14,58* 14.31° 14.52¢  14.60¢ 14.71¢ 14.61¢
0.006¢  0.006¢ 0.005°5  0.005¢ 0.005¢  0.005¢
113.75 14.32%  14.42° 14.48% 14.56° 14.82% 14.73°
0.006¢ 0.006° 0.005¢ 0.005° 0.005¢ 0.005¢

aS%, bSEy, cp-value

sectionFigures
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Figure 1: Estimated h’s as a function of Iq and Age
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Figure 2: 95% confidence regions for h; and hy. The red and red dotted contours correspond to

Sgr and SE;; the blue and blue dotted contours correspond to Scy and Si;.
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Figure 3: 95% confidence regions for h; and hs. The red and red dotted contours correspond to

Sgr and SE;; the blue and blue dotted contours correspond to Scy and Si;.
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Figure 4: 95% confidence regions for hy and hs. The red and red dotted contours correspond to

Sgr and SE;; the blue and blue dotted contours correspond to Scy and Si;.
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