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Highlights

Polarisation sets of Green operators for normally hyperbolic equations

Christopher J. Fewster

e Polarisation sets of Green operators are computed for normally hyperbolic operators.
e Results are expressed in terms of Weitzenbock parallel transport along null geodesics.
e Wavefront sets of related operators are also computed.

e Results are applied to the (non-normally hyperbolic) Proca equation.
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ARTICLE INFO ABSTRACT

Keywords: The polarisation set of a vector-valued distribution generalises the wavefront set and captures
Polarisation set fibre-directional information about its singularities in addition to their phase space description.
wavefront set Motivated by problems in quantum field theory on curved spacetimes, we consider normally
normally hyperbolic operators hyperbolic operators on vector bundles over globally hyperbolic spacetimes, and compute the
Green operators polarisation sets of the kernel distributions for their advanced and retarded Green operators and
Proca equation the difference thereof. This permits the computation of related polarisation and wavefront sets

for operators whose solution theory is related to the normally hyperbolic case. As a particular
example, we consider the Proca equation that describes massive relativistic spin-1 particles,
identifying and closing a gap in a recent paper on that subject.

1. Introduction

Normally hyperbolic partial differential operators play an important role in the theory of quantum fields on
curved spacetimes. Some theories are formulated directly using normally hyperbolic equations, while the solution
theory of others relies on relating the field equation to an auxiliary normally hyperbolic operator — see, e.g., [3].
The corresponding Green operators, and their singularity structure, are likewise important. Often it is sufficient to
understand the wavefront set of the Green operators, but, as will be described below, there are occasions where a more
detailed description of the singularities is required. This will be provided by the present paper, which computes the
polarisation set [5] of the advanced and retarded Green operators, and their difference, for general normally hyperbolic
operators on vector bundles over globally hyperbolic spacetimes, and allows the wavefront set of related operators to be
computed. This paper is a companion to [7, 8] in which the present results are applied to discuss the class of Hadamard
states for a range of quantum fields, including the Proca equation that models massive spin-1 particles such as the W
and Z bosons of particle physics. On that subject, this paper will also close a gap in a recent paper [31], as will be
discussed in section 5. Let us describe the main results in more detail.

Let (M, g) be a Lorentzian manifold with Levi-Civita connection V. Writing Q for the bundle of weight a-densities
on M, we extend V to act on ['®(Q%) so that V(—g)*/2 = 0, where (—g)!/? is the metric density. Now let B - M
be a finite-rank complex vector bundle over M, so that '**(B ® 0172y are the %—densitised smooth sections of B. By
definition, a normally hyperbolic operator on I'*(B) is a second-order differential operator P : I'*(B) — I'*(B)
whose principal symbol is given by p(x, k) = —g;l(k, k)idp . Thus (recalling the correspondence k, <> —id,) in a
local frame for B, P is equivalent to a matrix of differential operators P, with

P =g"v, V6% + U, (1.
where U is a matrix of first order differential operators. Every normally hyperbolic operator can be put into a simpler
standard form. Namely, there exists a Weitzenbick connection VB on B that gathers all the first order terms so that

Pp=0f+v, O° :=g"V] MEEVE, (1.2)

where V' € I'°(End(B)) while VI "M®B = v ®1+1Q V5 is the natural extension of V2 to a connection on 7*M ® B.
The existence of the Weitzenbock connection V2 is established e. g., in Proposition 3.1 of [2] or Lemma 1.5.5 of [1]; see
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Polarisation sets of Green operators

also section 1 of [24]. As will be seen in Section 3.2, the Weitzenbdck connection of a normally hyperbolic operator P
on ' (B) governs the propagation of polarisations for the %-densitised operator (—2)/4P(—g)"/* onT®(BQ Q!/?).

Now suppose that (M, g) is globally hyperbolic, which means that it is time-oriented, contains no closed causal
curves, and has the property that every compact subset of K has a compact causal hull. Then (see, e.g., [1]) any normally
hyperbolic operator P on I'®(B) has retarded (+) and advanced (—) Green operators E; . r 8°(B) — I"®(B) so that
ELPf = f = PEyf forall f € [(B) and with support

supp E5 f C J*(supp f), (1.3)

where J*(S) are the causal future/past of S C M. (See below for our other main conventions.) The difference of the
advanced and retarded operators, Ep = E, — E ;, plays an important role in quantum field theory.

It is often convenient to consider operators on bundles with an explicit %-density factor. If P is normally hyperbolic

on ' (B® Q!/2), then its Green operators have distributional kernels in 2’ ((BX] B*) ® Q}Vﬁ o) Where B* is the dual
bundle to B and [X] denotes the external bundle product. The wavefront sets of these distributions can be described
as follows. Let N C T*M be the bundle of nonzero null covectors on (M, g), and, for (x, k), (y,Z) € N, write
(x, k) ~ (y,7) if and only if there is a null geodesic segment y connecting x and y, with tangent vectors k¥ and £% at
the endpoints, which are related by parallel transport along y (understanding (x, k) ~ (x,¢) if and only if k = £ is
null); in this case we say that the geodesic segment y witnesses to the relation (x, k) ~ (¥, ). With these definitions,

set

R={0k;x',-kYe N XN :(x, k)~ (' k"} (1.4)
o ((nkx,—K) ER : x € JHX)). (15)

Then the kernel distributions E Ii, and Ep have wavefront sets

WE(E) = R* U WE(id), (1.6)
WER(Ep) = R, (1.7)

where id is the kernel distribution of the identity operator on B. This result generalises the scalar case [6, 33] and was
proved for bundles as Theorem A.5 in [35] based on a scaling limit structure of the Green operators in terms of Riesz
distributions. Closely related statements for Feynman parametrices can be found in [24].

Our main interest is in computing the polarisation sets of these distributions. The motivation for this arises in
quantum field theory [7], in the description of Hadamard states — generally agreed to be the class of physical states for
linear field theories. For example, consider the Klein—-Gordon theory, with classical field equation ((]+m?)¢ = 0. In the
quantised theory, every sufficiently regular state determines a distributional two-point function W € 2'(M X M). The
Hadamard condition for states of the quantised theory was originally stated in terms of a Hadamard series expansion
of the two-point function at nearby points [28], which is somewhat unwieldy when stated with full precision [28, 30].
A major breakthrough was the realisation by Radzikowski [33] that a state is Hadamard if and only if its two-point
function satisfies the wavefront set condition

WEW) = RB .= ((x, k;x', k') €R : k€ N'F}, (1.8)

where N'T C N is the bundle of future-pointing nonzero null covectors. The Hadamard condition was subsequently
described in similar terms for various other linear field theories of interest, notably those based on the Dirac, Proca,
Maxwell and linearised Einstein equations. See e.g., [19, 35, 9, 23] for original sources and [3] for an exposition
of some of the theories mentioned. Here one encounters a problem, because these field equations are not normally
hyperbolic. For example, the Proca equation describes 1-forms A obeying

(=6d + m*)A =0, (1.9)

where d and 6 are the exterior derivative and codifferential on (M, g) and m > O is the mass parameter. As
—6dA = VA(V,A, — V A, it s clear that the Proca operator is not normally hyperbolic. However its solution
theory is closely related to that of the normally hyperbolic 1-form Klein—-Gordon operator K = —6d + dé + m?, and
a short calculation shows that the operators

E%=E% oR (1.10)
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provide advanced and retarded Green operators for P = —5d 4+ m?, where R = 1 —m~2dé. The definition of Hadamard
states for the Proca field given in [9] made use of this relationship: a state of the Proca field was said to be Hadamard if
its two-point function obeys W = Ho(1® R) and H is a Hadamard-form bisolution for K1) obeying WF(H) = RHad,

In an interesting recent paper [31], Moretti, Murro and Volpe (MMYV) revisited the Proca theory with the aim of
giving a more direct definition of the Hadamard condition that directly constrains WF(W). To do this, they need to
compute WF(Ep). Standard bounds on the wavefront set, together with the known form of WF(Eg)) yield

WEF(Ep) C R ¢ WF(Ep) U (Char(1 @ R)NR), (1.11)

so if the last term on the right-hand side is empty then one has WF(E p) = R. This is what is claimed in part (b) of the
proof of Proposition 4.7 in [31], unfortunately on the basis of an incorrect assertion that Char(1 ® R) = T*M X 07+,
where for any vector bundle B, Oy denotes the corresponding zero section (and we drop the subscript where there is
no ambiguity). In fact, the principal symbol of R acts on T M by r(x, k)v = —m~2g~(k, v)k, which vanishes on the
annihilator of k¥, so Char(R) = T*M and thus Char(1 ® R) = T*(M x M). Accordingly, the standard calculus of
wavefront sets cannot be used to determine WF(E p) and the MMV paper contains a gap at this point, affecting a number
of their results (see [7] for further discussion). A similar situation arises for the Dirac equation, whose Green operators
are given in terms of the normally hyperbolic spinorial Klein—-Gordon operator composed with another operator that,
inconveniently, is characteristic on N (see e.g., [29] for discussion).

In this paper, we will establish general results that enable the gap in MMV to be closed — with the result that
WF(Ep) = R. The main tools are Dencker’s polarisation set and his associated results on the propagation of
polarisation [5]. We recall that the polarisation set WFpol(u) of a vector-valued distribution u € 2/(B @ Q!/?) is
a subset of the pullback bundle z* B, where = : T*M — M is the bundle projection, so that

WFpol(u) = ﬂ {(x,&;w)en*B : E+0, w e kero(A)(x, &)}, (1.12)
Auel'=(Q1/2)

where the intersection is taken over properly supported classical pseudodifferential operators A € ‘I‘SI(B ®Ql/2 Ql/?7)
that render u smooth, and o(A) denotes the homogeneous principal symbol of A. Evidently WF,,;(u) contains the zero
section of z*B over T*M :=T*M \ 0; the wavefront set WF(u) is given by the set of (x, k) € T*M over which the
fibre of WE,; () is nonzero. Further properties of polarisation sets will be described in Section 3.

To describe our main results, let P be a normally hyperbolic operator on I (B®Q!/2). Let VB be the Weitzenbock
connection on B induced by the normally hyperbolic operator (—g)~'/4P(—g)!/*, and let V5" be the dual connection
on B. Next, let Hi;f’ € Lin(B
geodesic segment connecting x’ to x that witnesses to the relation (x, k) ~ (x', k). If (x, k) ~ (x, k'), then we set

! !
Hi ]’ck = 0. We can now define the sets

+» B.,) be the operator of parallel transport with respect to V2 along the (unique) null

RY = (e kix',—K'w) € (rx 1) (BRI BY) : (x.k;x',—k') € RY, we €I '}, (1.13)

where # stands for 4, or — or no symbol, and the sets R* were defined in (1.4). We have also identified Lin(B;, B,)
with B, ® B;,. At first sight, there appears to be an asymmetry in (1.13), but note that (x, k) ~ (x’, k') if and only if

gt ’_pt .
(x, —k) ~ (x’,—k") and Hi I’(k = Hi ’_kk . Our main result can now be stated.

Theorem 1.1. Let B be a finite-rank complex vector bundle over a globally hyperbolic spacetime (M, g). Let P be a
normally hyperbolic operator on T®(B @ Q/2), and Rpiol, R o1 be as defined in (1.13). Then:

a) The polarisation sets of the kernel distributions for the Green operators E% of P satisfy
WFpol(E;—;) = R;Ol U WF,,(id), (1.14)
where the polarisation set of the kernel distribution of the identity operator on Fg" (B® QY2 is
WE,(id) = {(x, k; x, =k; w) € (7 X n)*(BXIB") : ke T:M, weCs,}u0, (1.15)

in which 6, is the image of idg_under the identification of Lin(B,) with B, ® B.
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. . . . . —_ - _ + .
b) The polarisation set of the kernel distribution of Ep = E, — E7 is

WF,i(Ep) = Ry UO. (1.16)

c) Consequently, the wavefront sets of E;—; and Ep are

WF(E;) = R* U WF(d), WEF(Ep) = R. (1.17)
Part (c) follows trivially from (a) and (b), and provides an alternative proof of (1.6) and (1.7) that avoids scaling
limits or an expansion into Riesz distributions. Special cases of Theorem 1.1 have been studied before [29] but the
result seems to be new in this generality.
A simple consequence of Theorem 1.1 is

Corollary 1.2. Under the hypotheses of Theorem 1.1, suppose that Q € ‘PZQ (BQ QY2 BQ® Q%) and R €
‘P:;R(E ® Q72 B ® Q%) have principal symbols q and r, where B — M and B — M are finite-rank complex
vector bundles.

Iffor all (x,k;x',—k') € R one has

q(x. k)oITY For(x k') # 0 (1.18)

then WE(QEpR) = R. This holds in particular if Q = id and r is nonvanishing on N, or if R = id and q is
nonvanishing on N'.

Using Corollary 1.2 we can close the gap in MMV quite easily, because (1.10) corresponds to the situation where
O = id and r is nonvanishing, albeit everywhere characteristic. We will go into more detail about this in section 5,
where we will also compute the polarisation set of the Proca advanced-minus-retarded operator.

Corollary 1.2 is intended as a useful general tool to facilitate the use of Theorem 1.1, particularly when applied
to quantum field theory in curved spacetimes. Further applications appear in [7, 8]. In particular, Ref. [7] introduces
a generalised Hadamard condition for states of QFTs based on a class of real, formally hermitian, Green-hyperbolic
operators (RFHGHO’s) satisfying a decomposability condition on the wavefront set of the advanced-minus-retarded
operator Ep, namely that

WE(Ep) C (VT xV)u (V™ xVH), (1.19)

where V* are nonintersecting opposite conic sets (V= = —V*) that are relatively closed in 7% M, whereupon a state
is said to be V*-Hadamard if its two-point function W satisfies WF(W) C V* x V™. The cones V* need not be
related to the spacetime metric. Corollary 1.2 is used in cases (including the Proca equation) where the advanced-
minus-retarded operator of a RFHGHO T takes the form E; = QFEpR, where P is a normally hyperbolic operator.
The conclusion is that T is then decomposable with respect to the usual null cones N'* and that the N *-Hadamard
condition implies (1.8) in such cases — see Corollary 5.6 of [7]. These results also feed into Section 7 of [7], where
the existence of Hadamard states for the neutral Proca field on arbitrary globally hyperbolic spacetimes is established
and the N'*-Hadamard condition is shown to be equivalent to the MMV definition and the definition given originally
in [9]. Meanwhile, in [8] results from [7] are used to show that Hadamard states exist for the charged Proca field in an
external electromagnetic field and for a variety of other coupled Proca theories. The solution theory of these systems
turns out to be quite involved, but can be related to that of normally hyperbolic operators so that Corollary 1.2 applies.
We expect that other applications will follow.

The paper is structured as follows. After some preliminaries in section 2, the polarisation set is described in
section 3 along with its basic properties. In particular, Dencker’s results on the propagation of polarisation are set out
in section 3.2. Our main results, Theorem 1.1 and Corollary 1.2, are proved in section 4. These results are applied to the
specific example of the neutral Proca field in section 5, where they are used to close the gap in the MMV paper [31]. In
fact we go beyond what is necessary for that task and compute the full polarisation set of the advanced-minus-retarded
operator for the Proca field in any globally hyperbolic spacetime. This has the interesting, and perhaps inconvenient,
feature that it is influenced by the constraint that distinguishes solutions of the Proca equation among Klein—Gordon
solutions, rather than by the propagating physical degrees of freedom. We conclude with a summary and outlook in
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section 6. To make the presentation in sections 3 and 4 accessible to a wider readership, some of the basic definitions
of pseudodifferential operator theory are summarised in appendix A.

To conclude this introduction, we mention some further literature on Hadamard states, particularly in relation to
pseudodifferential techniques and polarisation sets. A wider selection of references is given in [7], but it is relevant
to mention that pseudodifferential methods have played a role in the construction of Hadamard and adiabatic states
since the works of Junker [25, 26] and Junker and Schrohe [27], and subsequently by Gérard, Wrochna and coauthors
who have given constructions for Hadamard states of the scalar field [16, 15] and also linear theories with gauge
freedom including the linearised Yang—Mills [17] and linearised gravity [14]; see also [13] for an exposition. Microlocal
formulations of Hadamard states for vector-valued fields were first studied in generality by Sahlmann and Verch [34],
including the Dirac field, while the works on the Dirac field by Kratzert [29] and Hollands [19] also include discussion
of the polarisation set of the two-point function. However it was not clear how much was gained by using the
polarisation set, and a consensus formed — shared by this author — that the wavefront set was sufficient for the description
of Hadamard states. So, for example, Sanders’ comprehensive treatment of the Dirac field [35] only refers to the
polarisation set as a means to prove propagation of singularities results and Gérard’s monograph [13] does not mention
it at all. The recent discussion of Hadamard states for Proca fields [31, 7, 8] has shown that the consensus view was
not entirely correct and that there are some occasions where the polarisation set provides valuable finer detail that is
encapsulated in the results presented here.

2. Background on distributions and pseudodifferential operators

General conventions The symbol C does not exclude equality. When symbols are stacked vertically, e.g., E*, the
alternatives are ordered from top to bottom. Duality pairings V* X ¥V — C are indicated by double angle-brackets,
(-, -)y; the subscript is dropped where there is no ambiguity. Lorentzian metrics have mostly minus signature.

Manifolds and bundles Let X be a smooth n-manifold. If E is a finite-rank complex vector bundle over X then
I'**(E) denotes the space of smooth sections of E and I'°(E) those of compact support. The bundle of weight-a
densities over X is denoted Q% suppressing the subscript if there is no ambiguity about the base manifold. The
notation 7*X denotes the cotangent bundle of X with its zero section excised. For bundles E and F, E [X F is the
external tensor product bundle over the Cartesian product of the base spaces, while, if applicable, E ® F is the tensor
product bundle over the common base space of E and F.

Distributions and kernels We regard distributions as generalised functions, so 2'(X) = (% ). Similarly, for a
bundle E over X, Z'(E) = F(°)°(E* ® Q)" with the weak topology, and there is an inclusion 1y : [®(E) - 2'(E)

(1x0)w) = /X (ep ¢ €TS(E), ueI2(E" @ Qy). @1

Here, we have extended the notation for duality pairing to densitised sections, so that it takes values in densities

of the total weight of the arguments. Half-densitised sections have the convenient feature that 9'(E ® Q;(/ 2) =

Ie(E* ® Q\/?y.

Next, suppose E and F are bundles over manifolds X and Y, and T : l"g"(E ® Q;(/z) - I'°(F ® Q;,/ 2) is a
continuous linear map. Then there is a kernel distribution 7"" € 2'(F X E*) ® (Q;,/X2 ) defined by
T ®e) = /((u, Te)p, eelPE®RQ?), velP(F*®Q!/?) (2.2)

Typically we will write the knl superscript only for emphasis.

Pseudodifferential operators Let X be a smooth n-manifold and let 7 : T*X — X be the projection map. For any
m € R, W (X) will denote the space of classical (i.e., properly supported, 1-step polyhomogeneous) pseudodifferential
operators on X . For convenience the definition of ‘P:i (X) and related concepts, such as the symbol classes S™(X), are
recalled in Appendix A following [22], while the following summary serves to fix notation.

Each A € ‘PZ}(X ) is in particular a continuous linear map A : Cg" X)) » CS"(X ) that extends continuously to
A &'(X) - &'(X). There is an associated principal symbol (A), often written a, which belongs to the symbol
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class S™(X) c C*(T*X) and is homogeneous of degree m in the covector argument outside a neighbourhood of the
zero section, where it is uniquely determined by A; conversely 6(A) uniquely determines A up to addition of elements
in ‘Pcml‘l(X ). A basic example is that, for any vector field V' € I'*°(T X), the symbol given by a(x,&) = i{&, V. )

corresponds to the directional derivative operator V,, modulo operators in lI‘gl()( ). Every chart on X determines a
chart representative of A € W (X), which is specified up to smoothing operators by its full symbol.

If E and F are finite-rank complex vector bundles over X, then W7|(E, F) is the space of continuous linear maps
A 1 TF(E) - I'(F) so that, for each e € '(E), v € [®(F*), one has A”, € ‘PZ;(X), where AV, f = (v, A(fe))).
We write lPC”’I(E) for ‘PZ’;(E, E).Each A € lI"C’i(E, F) has a principal symbol a € S™(z* Hom(E, F)) so that

o(A”)(x,8) = vy, a(x, b)ey ), (2.3)
foralle e I'°(E), v € I'®°(F*), and (x, ) € T*X. We define
kera= {(x,&w) € n*E : £ #0, a(x,&w = 0}, 2.4)

and describe A or a as characteristic (resp., noncharacteristic)at (x, &) € T*X if ker a|(x,§) C E, is nontrivial (resp.,
trivial), also writing

Char A = {(x,&) € T*X : ker a(x, &) # 0}. 2.5)

If E and F have equal rank, a is noncharacteristic at (x, £) if and only if there is a symbol in .S~ (z* Hom(F, E)) that
is inverse to a in a conic neighbourhood of (x, &).

Subprincipal and refined principal symbols Any operator A € ‘Pg’i(ﬂl/ %) has a refined principal symbol a* €

S”’(X)/S”’_Z(X) defined as follows (see [22, 18.1.33]). Let (X, k) be a chart in X and let the corresponding chart
representative of A have full symbol a, € S™(x(X,) X R"). One defines af( € C®(T*R" |K( XK)) by

. 2
ldak

a8 = a0+ 55 o

(x, ). (2.6)

Then a* € S™(T*X)/S™*(T*X) is uniquely defined by requiring a‘ox™ — a. € S’"_Z(K(XK) x R™) for all
local coordinate systems. (Here, we identify x(X,) X R" with T*x(X,) for the purpose of applying the pullback
k* 1 T*k(X,) — T*X.) Furthermore, A has a subprincipal symbol a**® € S™~1(X) that, outside a neighbourhood of
the zero section, is homogeneous of degree m — 1 in the covector argument and obeys a' = a + @ (mod S™2(X)).

The subprincipal symbol generalises to operators A € Y(E ® Q!/2) with scalar principal symbol, a = bid E-
Consider sections e, € ['°(E) and v, € I'°(E™) (1 < r < 1kE) that provide a local framing for E and a dual framing
of E*. Then one has an r X r-matrix (Asr)ilfs’i | Withentries A*, 1= Auser € ‘I‘g’i(Ql/ 2, each of which has its own refined
principal symbol. The matrix of refined principal symbols a” does not transform as a section of 7* Hom(E), but there is
a related invariantly defined object obtained as follows. Let V£ be any connection on E, and define connection 1-forms
with respect to the framing e, by (F{f)s .= oy, V{fe, ) for any V' € I'°(T M). The pullback connection V7 £ on z* E

is defined so that V;;EJT*SI(XJ() = Vf*Wslx for (x,k) € T*M, s € I'*(E) and W € T, ,,T*M. Its connection

1-forms obey F’V’;E = Ff or relative to the framing 7w*e,. The connection 1-forms and refined principal symbols

w
have a related transformation law under a change of framing. Namely, if X, is the Hamiltonian vector field

db db
sz_’(i__’(i 2.7
9g, oxt  9&, dEH

determined by b, then the matrix a" + iFﬁ*bE transforms, modulo S”~2(z* Hom(E)), as a section of 7* Hom(E) (see

Appendix A for more detail on this point). In this way, the matrix of subprincipal symbols a*"®

as a partial connection along the Hamiltonian flow of b.

= a—d" can be regarded

The formal dual Each A € ¥"(E ® Q/2, F ® Q!/?) has a formal dual *A € ¥"(F* @ Q!/2, E* @ Q!/?), so that
*Au)(f) = u(Af) foru € Z'(F* @ Q!/?), f € IP(E ® Q'/?). Its principal symbol is

(*a)(x,&) = a(x, =), 2.8)
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where the star on the right-hand side denotes the dual map. This is easily obtained as a modification of Theorem 18.1.7
(cf. also Theorem 18.1.34") in [22].
Suppose E and F are finite-rank complex vector bundles over smooth manifolds X and Y. If T : I'*(EQQ

I'*(F ® Q;/z) is a continuous linear map and R € ‘I’g(E ® Q;/z), (OR= ‘I’Z’;’ (F® Q;/z

1/2
X
), then one has the identity

)—>

(QTRM = (Q ® *R) T (2.9

for the kernel distributions.

3. The polarisation set

3.1. Definition and basic properties
We take the calculus of wavefront sets for scalar or densitised distributions for granted [21, 20]. For u €
P'(E @ Q'/2), one defines

WFw = | WF(/ - u(fs). @3.1)

sEM®(E*)

which can be restricted to a union over sections forming a local frame for E* near x, for the purposes of computing
WE(u) at x. Itis easily checked that various standard results on scalar distributions generalise immediately. In particular,
one has

WE(Pu) ¢ WF(u) (3.2)
for all pseudodifferential operators P. Similarly, a sufficient condition for a continuous linear map T' : I'°(E ®Q;(/2) -
Ie(F®Q)/*) toactonu € 2'(E ® QY) is that WF(T*) 0 (0 x WE(w)) = i, whereupon

WE(Tu) ¢ WF (TX") « WF(u), (3.3)
where

WF/(T*") « WR(u) := {(x,&) € T*X : 3 (y,n) € WF(), s.t. (x,& y, —n) € WR(T*™)}

= pryy WE (T 0 (T X x WE(u)). (3.4)

Scalar distributions also obey WF(x) C WF(Pu) U (Char P n WF(u)) but this result does not follow easily from (3.1).
It can be derived instead using the polarisation set, to which we now turn.
Let # : T*X — X be the bundle projection. As already mentioned, the polarisation set [S] WF(u) of

u € 9'(E ® Q'/?) is the subset of the pullback bundle z* E over T*X given by

WFpol(u) = m {(x,&;w) e n*E : E#0, w € ker 6(A)(x, &)}, 3.5)
Auel'=(Q1/2)

taking the intersection over A € ‘PSI(E ®Q!/2,Q1/2) 50 that Au is smooth. In fact, Dencker introduced polarisation sets

for distributions valued in CV but (as mentioned in [5]) the generalisation to bundles is straightforward. It is convenient
to define the polarisation set as a subset of 7* E rather than 7* E ® Q!/2, because the propagation of polarisation result
for P € Y(E® Q!/2) of real principal type turns out to be described using a connection on z* E pulled back from

E. Note that T*X x 0 C WF,(u) for every u € 7'(E ® Q1/2).
The relationship between the polarisation set and the wavefront set is

WE(u) = #(WEp () \ 0) = {(x,&) € T*X : 3w € E, \ {0} s.t. (x,& w) € WF, (1)}, (3.6)

as shown in Proposition 2.5 of [5], so WF,() C #~Y(WFu)) U 0. Here, # : n*E — T*X is the induced bundle
projection and we have abbreviated 7* X x 0 by 0.
The following is a basic result on polarisation sets.
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Lemma 3.1. Letu € 2'(E ® Q). IfA € YI(E ® Q2 F @ Q%) with homogeneous principal symbol
a € S"™(z* Hom(E, F)), then
a(WF, (1)) C W, (Au), 37

where a acts fibrewise, a(x, &, w) = (x,&; a(x, E)w). In the special case where E and F have equal rank and A is
noncharacteristic at (x,&) € T*X, the inclusion in the above equation can be replaced by equality over a conical
neighbourhood of (x, £). Consequently (returning to the general case), if for some (x,&) € T* X one has

a(x’ 5)(WFpol(u)|(x,§)) 75 07 (38)
then (x,&) € WF(Auw). If (3.8) holds for all (x, &) € WF(u), then WFE(Au) = WF(u).

Proof. The first two parts rewrite Proposition 2.7 and Corollary 2.8 of [5] in the bundle context. For the consequence,
by hypothesis, there exists (x,&;w) € WF,01(1) so that a(x,&w # 0. Eq. (3.7) implies WFpol(A”)kx,g) # 0,
whereupon (3.6) implies that (x,&) € WF(Au). The additional hypothesis now implies WF(u#) € WF(Au), and
WEF(Au) € WF(u) holds in general. O

Lemma 3.1 implies that WFpol(u) C a‘l(WFPO](Au)) C a‘l(WFpol(Au) \ 0) U ker a, where

kera = {(x,&w) € #*E : w € ker a(x, &)}, 3.9
giving

WE, () C a_l(WFpol(Au) \ 0) U(WF,(u) nker a) C a’! (WF,1(Au) \ 0) U ker a, (3.10)
and hence one obtains the bound

WF(u) ¢ WF(Au) U (WF(u) n Char A) € WF(Au) U Char A, (3.11)

which is well-known in its scalar version [21]. Note that WFpol(Au) cannot be bounded above in terms of WFpol(u),
because the polarisation set only tracks the strongest singularity (see below). However, the standard result WF(Au) C
WEFE(u) implies

WE,1(Au) € 7°E |y U 0. (3.12)

Examples 1. We compute WE,,;(id), where id is the kernel distribution of the identity operator on E ® Q!/2_ For any
A€ ‘PZ’;(E ® Q!/2), the operator identity Aoid = ido A translates to the kernel identity (A ® 1)idknl =(1® *A)id".
Thus if w € WF,(id)](x ¢.xv —¢ry then (a(x, &) ® Dw = (1 ® a(x',&')")w for all a, which implies that w = 0 unless
x =x',&= ¢, in which case w € Cé,, the element of E, ® E identified with idj; . Thus

WE,(id) € {(x, & x, & w) € (xx 1) (ER E*) : € T X, w e C6,} U0, (3.13)

Conversely, the bound WE() = WE(idu) € WF'(id") « WE(u) (u € 2'(E ® Q'/2)) shows that WE(id"") contains
the twisted diagonal {(x,&;x, =¢&) : (x,§) € T*X} and so WFpol(id) must be nontrivial over all such points, giving
the result stated in (1.15).

2. As a (slightly cautionary) example, consider any u € 2'(E ® Q!/?) and A € ¥"(E ® Q!/2, F @ Q!/?) with
m>0.Letv=u® Au € 2'((E ® F) ® Q'/?). Then prz v = uand prp = Au, where pr and pr  are the projection
maps from E @ F to E and F respectively. Applying Lemma 3.1, one has

prg(WFE1(0)) € WE,(prg v) = WE,1(w),
er(WFpol(U)) Cc WFpol(er v) = WFpol(Au)' (3.14)

However, one also has (A —1) v = 0, in which (A —1) € ‘I’g’i((E DF)® 91/2; FQ® 91/2) has symbol (a 0)
(because m > 0), giving the further constraint ao pr p(WF,;(v)) = 0. Overall, this gives the upper bound

WEp1(u @ Au) C (WF, (1) N ker a) @ WF,o (Au). (3.15)

Thus some of the singularities in WF,,(u) C z*E might not appear in WF,,(u @ Au), because they appear more
strongly in z* F due to the action of A.

The second example shows that polarisation sets do not have as convenient a calculus as that of wavefront sets.
Even addition requires care.
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Lemma 3.2. Suppose that u,v € 9'(E @ Q'/?). Then
WE,(u + v) = WE, (1) + WE,(v), (3.16)
holds fibrewise over the complement of WF(u) N WF(v).

Proof. Let (x, &) belong to at most one of WF(u) or WF(v), say WF(u), so WFpol(U)|(x,§) = 0. Then A € ‘I’SI(E ®
Q!/2; 1/2) makes A(u+v) smooth at (x, &) if and only if Au is smooth at (x, &), so WE o1 (+0)](x 5y = W1 (@) (1 g) =
WE 01| (x.6) + WEp01(0) |« ¢) as required. O

Our previous example shows that one cannot expect a result of this type above WF(u) N WF(v). For we have seen
that WF,,;(u @ Au) can be strictly smaller than WE,;;(u @ 0) + WF,,;;(0® Au), while, by the same token, WE,;;(u @ 0)
can contain elements outside WFpol (ud Au) + WFpol 0 & (—Aun)).

Lemma 3.3. Suppose thatu € 2'(QY?) and s € T®°(E). Then su € 2'(E ® Q%) and
WEi(su) = {(x, & w) € 7*E : (x,&) € WF(su), w € Cs, } UO. (3.17)

Proof. Multiplication by s defines S € lI‘Sl(Ql/z;E ® Q!/2) with symbol (x,&) — s, € Hom(C, E,). Now
WE, (1) \ 0 = WF(u) X C, so Lemma 3.1 shows that

{(x,&;w) e n"E @ (x,&) € WFu), we Cs, }u0C WE,o1(s1). (3.18)

Taking intersections with 7! (WF(su)) U 0, one sees that the right-hand side of (3.17) is contained in the left-hand
side. Conversely, we need only show that WF,;(su) \ 0 C Cx*s, because it is automatic that WF (su) C 7™ E|wg(g)-
Consider the operator S* € ‘PSI(E ® QY2 (E® E) ® Q!/2) acting on v € 2'(E ® Q'/2) by S"v = s A v, where
AV(f)=uv(s-f—f-s)for f e FS"((E QEY Q%) and (s- f)B = sAfAB, (f - s)4 = fABsp in an obvious
index notation. Evidently, s A (su) = 0, so the polarisation set of su at (x, ¢) lies in the kernel of w0 — s A w, i.e.,
WEFpoi(su) \ 0 C Cz*s as required. O

Bundle pullbacks 1f w : X — Y is an embedding and F is a bundle over Y, then one has the usual pullback
w* o TO(F) - TPW*F), (w*s)(x) = s(w(x)). As densities also pull back, we can extend this to w*

~F ® Q2

v ) - I'®°W*F ® Q;(/z). The restriction of y* to sections compactly supported in y(X) is invertible

and the inverse is the pushforward vy, : F8°((y/* F)® Qi(/z) - FS"(F ® Q;,/z). Then foru € 2'(F @ Q;,ﬂ), we can
define a distribution y*u € 2'(w*F ® Q}(ﬂ) by

W) =uw,f),  fETWF) @l (3.19)
noting that (y* F)* = w*F*.
Lemma 3.4. Defining ¢ : T*X - T*Y by y(x, &) = (w(x), (Dy/|::)_1§), one has

WE,o () = i WE,g () 1= {(x,& w) € my ™ F © ((x,£); w) € W, (W)}, (3.20)

where y : T*X — X is the bundle projection.

Proof. For x € X, choose a local framing of F ® Q;/ 2 over a chart neighbourhood (Y, k) of y(x) contained in y(X).
Pulling back via y, one obtains a local framing of y*F ® Q;ﬂ over a chart neighbourhood (y/‘l(YK), koy) of x.
Foru € 9'(F @ )/
TSI(W*F®Q§(/2’ Q;(/Z) for which Ay *u is smooth, and one may restrict to those A mapping FS°((1//*F®Q;,/2)|W_1(YK))

to itself. But each such A has a corresponding operator v, Ay™ € ‘Pgl(F ®Qi,/ 2, Qi,/ 2
matrix principal symbol is related to that of A by

), the polarisation set WFPOl(w*u) is determined by considering an intersection over those A €

) that makes u smooth, and whose

oy, Ay*)oyr = o(A) (3.21)
because the chart representatives (y, Ay ™), and A, are equal and where the framings of F ® Qi,/ % and v*F® Q;(/z

mentioned above are used to construct the matrices. It follows that w € WF,,(y*u)l,, if and only if w €
WEpor )l x)- H
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Tensor pullbacks Let T'Y be the complexified bundle of rank (;) tensors over Y. Then the tangent mapping Dy
determines a map

T = (Dy))™H® @ (Dy)® : TX((TL X)) - TTE Y)Y (3.22)
and then permits the construction of the tensor pullback y : Z"(T°Y ® Q;,/ o T X ® Qi(/z) by
i) = u(py I p3 2 1), (3.23)

where py is any nonvanishing density on Y and py = w*py. One has

yru = A"y u, (3.24)
where A™ € ‘Pgl(y/*Té’SY ® Q;(/Z, Té’sX ® Q;(/z) has symbol
a"(x, &) = (D] )™H® @ (Dy[H®". (3.25)

Then

WE o (wru) = WF (A y ™ u) = a"™* " WF, ()
= {(x, Dy [3¢;a™ (x, Dy [ O)w) € iy TS X (w(x), & w) € WE ()}, (3.26)

which is to say that the wavefront set transforms tensorially under the tensor pullback. This result extends in an obvious
way to bitensorial distributions.

3.2. Propagation of polarisation for systems of real principal type

Dencker’s main achievement in [5] was to establish a theorem on the propagation of polarisations that refines the
propagation of singularities theorem due to Duistermaat and Hérmander [6].

To start, recall that the integral curves of the Hamiltonian vector field X q lying in the zero set g 10) of g €
C®(T*X;R) are called bicharacteristic strips for q. Also recall that the radial vector field on T* X is given by 5”0514,
and a vector field X on T* X is nonradial at points where X ¢ Ré”ééﬂ. Adapting Definition 3.1 of [5] to the bundle
setting, a system P € ‘Pg’i(B) with principal symbol p(x, &) has real principal type at (y,n) € T* X if there is a symbol
p € S”"(zr* Hom(B)) and a scalar symbol g € S”’+’"'(T*X) so that (pp)(x, &) = q(x, é)ide in a neighbourhood
of (y,7) on which q is real-valued, and so that either g(y,#n) # 0 or X q is nonradial at (y,#) (the same is true in a
neighbourhood of (y, #) in either case).

In this situation, let s, be a local bundle frame for B near y. Then [5] there is a partial connection Dp on 7* B along
the bicharacteristic strips of ¢ near (y, ) defined by

| .
(Dpw)® = X + ~({p, phw)” +ip7,(p™")’ ", (3.27)

where w = wiz*s, € T®(z*B), p* is the subprincipal symbol of P, and {, p} is a Poisson bracket. If ¢ is such
a bicharacteristic strip, then any line bundle Rw spanned by a smooth solution w to Dpw = 0 along c is called a
Hamilton orbit of P. The Hamilton orbits of P are independent of the choices made in constructing D p (see Section 4
of [5]). We can now state Dencker’s result (Theorem 4.2 in [5]) along with its main consequence.

Theorem 3.5. Let P € ‘I’:{(B ® Q%) and u € 2'(B ® Q/2). Suppose that P has real principal type at
(y,n) € Char(P)\ WF(Pu) C T*X. Overa neighbourhood of (y, ) in Char(P), WFpol(u) is a union of Hamilton orbits
of P. Consequently, if P has real principal type along a bicharacteristic strip c for P that does not meet WE(Pu), then
any Hamilton orbit above c is either contained in or disjoint from WE,;(u), and c is either contained in or disjoint

from WFE(u).

Proof. Only the consequence requires justification as the rest is already covered in Theorem 4.2 in [5]. For a < b,
let ¢ : [a,b] » T*M be a bicharacteristic strip not meeting WF(Pu). Suppose that a given Hamilton orbit
A = (c(4), w(A)) above c is not disjoint from WFpol(u), so there exists some A € [a, b] with (c(4y), w(4y)) € WFpol(u).
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Then the set of A in [a, b] for which (c(4), w(4)) € WFPO] (u) is nonempty (as it contains A), closed (because WFPO](u)
is), and relatively open (by the first part of Theorem 3.5); hence it is equal to [a, b] and the whole Hamilton orbit is
contained in WE1(w). If ¢ is not disjoint from WF(u) then there is a Hamilton orbit through a point of WE, () \O
above ¢ which must be completely contained in WE,;(u); thus ¢ € WF(u). O

The last part of Theorem 3.5 is the propagation of singularities theorem for systems of real principal type,
generalising the scalar result Theorem 6.1.1 in [6] (see also Theorem 2.13 of [24] for a result on the propagation
of Sobolev regularity in the bundle context).

The description of Hamilton orbits simplifies when p = gid g, because the choice jp(x, &) = idp gives

(Dpw)* = X, w +i(p™*), w’. (3.28)

Then the equation Dpw = 0 along a bicharacteristic strip ¢ for ¢ becomes a system of ordinary differential equations
for the frame components of W = woc,

W +i(p™Poc)’, WP =0. (3.29)

In the next section, these results will be applied to operators P, P® 1,1 @ *Pand P® 1 — 1 @ * P, where P is
normally hyperbolic.

4. Polarisation sets of Green operators

4.1. Normally hyperbolic operators
Let (M, g) be a globally hyperbolic spacetime with Levi-Civita connection V. Consider first the operator [] =
g"'V,V, on I*(Q!/2).In local coordinates, and writing d,, = 9/dx*,

O=(-g)/*,8"(-g)"/%0,(-g)""/* 4.1y
=g"a,0, +(d,8"")9, + zero order, 4.2)
so the full symbol is —g#"k  k, +1(d,g"")k, up to zeroth order terms. The principal symbol is q(x, k) = —g""k ,k, =
—g~1(k, k), so Char(P) = N, while the refined principal symbol is
2

. i 0°q
", k) = —g"k k., +i(0, 8"k, + &
q (x, k) =—-g""k,k, +100,8 )V+20x/40k”

= q(x, k), 4.3)

and the subprincipal symbol is thus ¢**°(x, k) = 0. The Hamiltonian vector field determined by ¢ is

0 ag* o
X, =-2¢g"k, — +k k,————, 4.4
7 T S g T xn o, @
and its integral curves take the form c(4) = (x(4), k(4)), where x(4) is an affinely parametrised geodesic and k = —Ls

is invariant under parallel transport along x, and cotangent to x; c¢ is a bicharacteristic strip precisely when x(4) is a
null geodesic.

Now consider a normally hyperbolic operator P on I'°(B ® Q'/2), where B is a finite-rank complex vector bundle
over M. Then (—g)~'/4 P(—g)!/4 is a normally hyperbolic operator on I'*°(B) and may be written in Weitzenbock form

~o Pt =0 +v.  OF i=gtV] MEEY] @.5)

where V' € T'°(End(B)) and V# is the Weitzenbock connection on B. Introduce a local frame s, for B and define
connection 1-forms obeying

sarfab = vfjsb. (4.6)
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A short calculation shows that (P f)? = P”b f b where the operators P“b on ['*® (Ql/ 2) are
P4 =50+ 2g””1"5“bav +V4 4.7)

for some possibly-modified zero-order part V%, and where [] acts on [ (Q!/2) as in (4.1). The principal symbol is

p(x, k) = q(x, k)id B> SO the subprincipal symbol can be understood as a partial connection as described earlier.

Because qS“b = 0, and the additional contributions to P”b are of first order, it follows that

(P07, (x k) = 2ig"k, T, = —i(T% B)°,, 4.8)

where X, is the Hamiltonian vector field obtained above. In particular the invariantly defined expression PP+ iFﬁ*B
vanishes. Our result here is closely related to the discussion of P-compatible connections in Section 2.2, aI(;d
particularly Theorem 2.8, of [24] and we have benefited from their presentation (of which ours may be considered
a reworking). Similar results have been obtained in more specific contexts, including the Laplace—Beltrami operator
on arbitrary rank covectors [18], and the 1-form Maxwell equation and Dirac equations [29, 19]. For future reference,
we note the formula

ip(x k) =T P k) =Ty (0 =T2, (x), 4.9)

in which indices have been suppressed.

Next, consider the operators P ® 1 and 1 ® *p acting on I'*((B X B*) ® Q
to P and has Weitzenbdck form

1/2

v )s Where * P is the formal dual

*p=0F +*v, (4.10)
as is seen by a short calculation. The principal symbols are

o(P @ D(x.k,y,1) = q(x, k)idp gp:. o(1® *P)(x, k, 1) = q(», Didg g p: (4.11)
o)

Char PQ 1 = (WNy XT*M)\ 0, Char 1 ® *P = (T*M X Ny) \ 0, (4.12)

and the corresponding scalar symbols are ¢ ® 1 and 1 ® g. As a derivation on C®(T*(M X M)), regarded as the
completed tensor product C®(T* M Y®C®(T* M), the symbol ¢® I has Hamiltonian vector field X, ® 1, with integral
curves in T*M X T*M taking the form A — (c(4); y, 1), where c is an integral curve of X e The bicharacteristic strips
for ¢ ® 1 are the integral curves of this type for which c is a bicharacteristic strip for g, together with the somewhat
trivial bicharacteristic strips 4 — (x,0;y,/) in 0 X T*M. Similarly, the Hamiltonian vector field 1 @ X q of 1 ®q
generates integral curves (resp., bicharacteristic strips) in T*M X T*M of the form A — (x, k;c(1)), where ¢ is an
integral curve of X q (resp., bicharacteristic strip for ¢) and trivial bicharacteristic strips 4 — (x, k; y,0) in T*M x 0.
Choosing a frame for B and a dual frame for B*, the matrices of subprincipal symbols at (x, k; y,/) € T*(M X M) are
P (x, k) ® id and id @ * p*°(y, I).

Finally, we also consider the difference P®1—1®* P, with scalar principal symbol ¢® 1 —1®q, and characteristic
set

Char(P® 1 -1 ® *P) = {(x,k: X', k') € T*(M x M) : g'(k. k) = g (K", K)}, (4.13)

which includes the set (0 X M) U (N x 0). The Hamiltonian vector field is X ¢ ®1—1® X,. Because g is quadratic
in momenta, the integral curves in 7* M X T*M may be expressed in the form A — (c¢(4), —¢/(4)) where ¢ and ¢’ are
integral curves of X q and the minus sign is understood as usual in 7% M ; among these, the integral curves in which ¢
and ¢’ are over geodesics of the same causal type and with the same ‘energy’ are bicharacteristic strips. There are also
degenerate bicharacteristic strips of the form ¢ X (x’, 0) or (x,0) X (—c’), where ¢ and ¢’ are bicharacteristic strips of
g. The subprincipal symbol at (x, k; y, 1) € T*(M x M) is p*™®(x, k) ® id — id ® * p***(y, ).

Finally, if P is normally hyperbolic then it has real principal type everywhere in T* M, while P® 1 (resp., |  * P)
has real principal type on T* M X T*M (resp., T*M X T*M) and P ® 1 — 1 ® * P has real principal type everywhere
in T7%(M x M). In each case this is seen because the relevant Hamiltonian vector field is nonradial on the given sets.
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4.2. Hamilton orbits for normally hyperbolic and related operators
Continuing with the above notation, let us now describe the Hamilton orbits of the operators P, P® 1,1 @ *P
and P ® 1 — 1 ® * P that will be needed in the proof of Theorem 1.1.
The subprincipal symbol of P satisfies ip*®(c(1)) = F”(;l;’(c(/l)) x( »
bicharacteristic strip ¢, where x(4) = z(c(4)) and x = =,¢. Consequently, (3.29) is equivalent to the equation of
parallel transport

(x(4)) (in any frame) along any

Vi Pw=0, (4.14)

along c. However, (3.29) is also equivalent to the equation of VB-parallel transport along the null geodesic x = woc. As
X never revisits any point of M, it follows that the Hamilton orbits of P are spanned by curves A — (x(4), k(4); w(A))

in #* B, where x is an affine null geodesic, k(1) = —%xu)b, and wis VB -parallel. Thus,
20)k(A
w(A) = T w(ay), (4.15)

where, as in the introduction, Hi/,’ck/ denotes the operator of V2-parallel transport from x’ to x along the unique
witnessing null geodesic if (x, k) ~ (x', k"), and Hfl’(kl = 0 otherwise.
Turning to the operator P ® 1, the Hamilton orbits over T* M X T* M are spanned by curves A + (c(A); y, [; z(1))

in (z X 7)*(B X B*), where c¢(4) = (x(4), k(4)) is as before and the partial section z obeys Dpg;z = 0 along
A — C(A) = (c(A); y,1). Writing Z = zoC, the analogue of (3.29) is

Z() +i(p™°(e(4) @ i) Z(4) =0, (4.16)
in a frame for B [X] B*, but with indices suppressed, i.e., with x = zoc,

Z() + E(x(2) ®id)Z(4) =0, (4.17)
which is solved by

2(0) = (T @ id)z(Ay). (4.18)

Similarly, the Hamilton orbits of 1 ® * P in T*M X T*M are spanned by curves A — (y,[; c(A); z(1)) with

2(0) = (id ® "1 )z(4y), (4.19)

where Hj}( is defined analogously to l'IX * but for VE -parallel transport.

Fmally, consider the Hamilton orblts of P®1—-1Q®*Pin T*M X T*M (we w111 not need the orbits in
(OXT*M)U(T* M x0)). These are spanned by curves A — (c(A); —c’(A); z(A)), where ¢ and ¢’ are integral curves of X,
in T* M with equal energy (see Section 4.1), and z solves D pg_jg* pz = O along cX—c’. Then Z(A) = z(c(A), —c' (1))
satisfies

Z(A) +i(p™(c(d) ® id — id ® *p* (=’ (1)) Z(4) = 0, (4.20)
in a frame for B [X] B*, with indices suppressed as before. Using (4.9),

P () =TE,

’ _ _TB* ’
) = T8 () .21
because x = —2k¥ along integral curves of X,. Thus Z solves
Z(A)+ (l"xu)(x(l)) ®id+id®TI3 (i)(x DNZ) =0, (4.22)

and the solutions obey

C(ﬂo) *—¢'(A9)
Z(A) =11 () T ) )Z(Ag), (4.23)
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where we have temporarily abused the notation for the parallel propagator to cover timelike and spacelike geodesics as
well. However, we will only use (4.23) when x and x are null geodesics. Note that the minus sign in (4.23) is a matter
¢'G) _ wppe’ Go)
c/(4) @’
parallel transport of (7 X 7)*z along ¢ X —c’ with respect to V77" BRB"

In short, we have seen how the propagation of polarisation for the operators P, P®1, 1®* P and P®1—1®™* P can
be understood in terms of parallel transport along suitable curves under the Weitzenbodck connection for the operator
(—g)‘l/ 4P(—g)1/ 4 and connections constructed from it. We now use these results to determine the polarisation sets for
Ey and Ep.

of convention, because *TI_ but this seems a natural choice because (4.23) can also be interpreted as

4.3. Proof of Theorem 1.1 and Corollary 1.2

We recall the main assumptions of Theorem 1.1. Let P be a normally hyperbolic operator on I'°(B ® Q!/2),
where B is a finite-rank complex vector bundle over globally hyperbolic spacetime (M, g). Let V2 be the Weitzenbock
connection on B determined by (—g)‘l/ 4P(—g)1/ 4 and define R;—"()l, Rpol asin (1.13). Our task is to compute WFpol(E;—;)

and WF,(Ep). There is a special case in which WFPOI(E;) are easily computed.

Lemma 4.1. Under the hypotheses of Theorem 1.1, suppose that B admits a global frame of smooth sections s, and
a global dual frame t° for B*, with respect to which P takes the diagonal form

pab = 5“bQ 4.24)

where Q is a normally hyperbolic operator on F°°(Q1/ 2). Then WFPOI(Eli,) = R;Ol U WFpol(idknl).

Proof. The hypothesis implies that P(f“s,) = (Q f)s, for coefficient half-densities f¢ € I'*® (Ql/ R consequently,
the Green operators of P are

+ _ +

EP = saEQt“ 4.25)
with distributional kernel

E5(x,y) = Eé(x, )$,(x) @ t9(y), (4.26)

1/2

: + /
recalling that EQ € 7"(Qyxm

Lemma 3.3 that

). AsI1(x, y) = s,(x) @ t*(y) defines a nonvanishing section IT of B [X] B*, we have by

WFpol(E;—;) ={(x, k;x',—k';w) € (x x )" (B B*) : (x,k;x', k') € WF(E;—;), w € CI(x,x")} U 0. (4.27)

In particular, note that Il(x, x) = 6,, the image of id B, under the identification of Lin(B,) with B, @ B;".
Now define P = (—g)‘1/4P(—g)1/4, 0 = (—g)‘1/4Q(—g)1/4. Writing P in Weitzenbdck form, and using the
normal hyperbolicity of Q and hence Q, one has

Of)3a+2V8, ySa+ [Psg =@ +2V,f + W )s, [ € CO(M) (4.28)

for some smooth vector field Z and scalar field W. Considering f = 1, one sees that Ps o = Ws,, and we may thus
simplify to obtain

vEs,=72"®s,. (4.29)

It follows that s, is VE-parallel along any curve, up to a nonzero scalar integrating factor (which can depend on the
curve). Applied to the witnessing geodesic for the relation (x, k) ~ (x/, k'), this yields II(x, x") € CHi ;Ck , which
concludes the proof. ’ O

The proof of Theorem 1.1 employs the following strategy. Using propagation of polarisation for P® 1 and 1 ® * P,
we show how WFpol(E;—;) is determined by its fibres over the twisted diagonal {(x, k; x, —k) € T*(M X M) : (x,k) €
T*M} of T*(M x M). We show that such fibres either belong to WFpol(id) or lie over points (x, k; x, —k) with
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(x, k) € N'. In the latter case, we construct a normally hyperbolic operator P that agrees with P near x, but is diagonal
near some y, where (y,/) lies on the bicharacteristic strip through (x, k). Then the polarisation sets of E; and E;
agree over (x, k; x, —k), and this fibre can be connected to the fibre over (y, /; y, —I) (given by Lemma 4.1) using the
propagation of polarisation for P® 1 — 1 ® * P. This results in an upper bound WFpol(Ei) C Rgol U WF,(id). The
reverse inclusion is shown by another propagation of singularities argument.

Proof of Theorem 1.1. (a) We compute WFpol(E;) in four steps (the computation of WF,(E}) is analogous). First,
the identities

(P® I)E; =id=(1®*P)E?, (4.30)
together with the fact that P and * P have scalar principal symbols, give

WE(E}) € Wy (id) U (7 X 2)*(B R B")| (w0 (4.31)
where we have used (3.10). Moreover, the support bound supp E :; f € J*(supp f) implies that

WF(E}) C {(x, k;x", —k") e T*(M x M) : x € J*(x)}. (4.32)

Second, we use propagation of polarisation to obtain a global upper bound for WFpol(E;) in terms of its fibres over
the twisted diagonal. Suppose that (x, k; x’, —k'; w) € WFPOI(E;) \ WFpol(id) with £ # 0. Then by (4.31) we have
(x,k) € N, (X', k") € Ny := N'UO. It follows that if ¢ is the unique complete bicharacteristic strip for P through (x, k)
then ¢ X (x’, —k”) is a bicharacteristic strip for P ® 1, along which it has real principal type (see the end of Section 4.1).
If ex(x’, —k’) does not meet WE((P® 1) E};) = WE(id), i.e., the twisted diagonal, then ¢ x(x’, —k’) is wholly contained
in WF(E;) by the propagation of singularities part of Theorem 3.5 applied to P @ 1. However zoc includes points
outside J*(x"), contradicting (4.32). Accordingly, ¢ must meet (x’, k'), thus giving (x, k) ~ (x’, k") and in particular
k' #0,s0 (x, k; x',—k") € R*. Furthermore, Theorem 3.5 also implies that (Hi;],‘k, ® hw e WFpol(E:;)l(x/’k,’x,,_k,)
using propagation of polarisation and the closure of the polarisation set. Inverting the parallel transport operator, we
see that 1 € (I ® 1) W (E )| (v 7,01 -1

A similar argument for the operator 1 ® * P shows that WFPOI(E;) \ WF,,1(id) contains no points of the form
(x,0;x', —k’; w) with k¥’ # 0. Thus, we have shown that

WFPOI(E;) C WFpOI(ld) U {(Hi’;{k ® 1)WFpOl(E;)|(x’,k’;x’,—k’)’ (X, k, X,, _k,) S R+} (433)

The third step refines this upper bound using a deformation argument in combination with propagation of
polarisation to show that WFpol(E;)I(X’k;x,_k) C Cé, for any (x,k) € N. For suppose w € WFPOI(E;)l(X’k;X’_k).
Choose a region (i.e., an open causally convex subset of M) N containing x over which there is a local frame s, for
B| y and corresponding dual frame ¢ for B*| . In frame components, P is represented by a matrix of operators on
'*(Q!/2) given by

PY =50+ AM Y, + VO (4.34)

where 4 is an abstract spacetime index, and AH? b is a matrix of smooth vector fields over N, while V‘Z is a matrix of

smooth functions over N.
Now choose Cauchy surfaces % for N, with ¥* C I#(ZF) and x € I'*(Z%). Choose y € C®(N) with y = 1 on
Nt =TI*(E")and y =0on N~ = I~(X7), and define a normally hyperbolic P on N with frame components

PY =60+ XAV + 2V (4.35)

As N#* are regions of N, the distributional kernels of E;; and E; coincide on Nt x N*, while the diagonal form of
P in N~ fixes WFPOI(E;) over N~ X N~ by Lemma 4.1.

As (x,k) € N, there exists (y,1) ~ (x, k) with y € N~ and witnessing bicharacteristic strip c; moreover, we have
(x,k; x,—k;w) € WFpol(E;g) \ 0. Using PR1-1® *13)E1;r = 0, propagation of polarisation along ¢ X (—c) entails
that

(5150 =1 (T @ "I ) € WFoi(E) (4.36)
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and hence, by Lemma 4.1,
w e CAY, ® *TT))5, = C5,. (4.37)

The last identity is proved by choosing a frame s, for B, and a dual frame #* for B;‘ and extending by parallel transport

along the witnessing geodesic with respect to V2 and V2" respectively, so that the frames remain dual. Noting that
8, = 5,(z)®1(z) holds for any z on the witnessing geodesic, and Hi”lksa(y) = 5,(x), *Hi:j{t”(y) = *H}yc’jct"(y) = 1%(x),
one has the required identity.

We have now established that WF,,;(E )|y k:x,—k) € C8y for all (x, k) € N In combination with (4.33) and the

fact that (HX K ® 1)o kk,, this provides the upper bound

X =
WF(E}) € WE(id) UR ). (4.38)

Now the fibre of the right-hand side over WF(id) is at most one-dimensional, but on the other hand, WF(id) =
WE((P ® 1)E}) C WE(E}) by (3.2). Therefore we deduce that W, (id) C WE,(E}).

The fourth step, illustrated in Fig. 1 establishes that R;ol C WFpol(E;;), completing the proof. Take any
(x, k; x',—k") € R* with x # x and let ¢ be the complete bicharacteristic strip for P witnessing to (x, k) ~ (x', k").
Construct a region N containing x and deformed operator P as in the third step, and pick (x”, k") on ¢ so that
x" € NT and x € J*(x"). (It will not matter whether x” lies to the future or past of x’, and the possibility
x" = x' is not excluded.) Also choose distinct points (y,/) and (3/,1') on ¢ with y,)’ € N~ and y € J*(3/). Then
»Ly,-l"e WF(E;) and by propagation of singularities for P® 1 this also implies (x, k; y/, =I') € WF(E;;), noting
that ¢ does not meet (3, I') between (y, ) and (x, k) (see Fig. 1(b)). Similarly, propagation of singularities for 1 ® *p
implies that (x, k; x”’, —k"") lies in WF(E;) and hence WF(E;), because —c does not meet (x, —k) between (3, —I') and
(x",—k") (Fig. 1(c)). Lastly, propagation of singularities for 1 ® * P implies that (x, k; x’, —k") € WF(E?}) because —c
does not meet (x, —k) between (x”', —k'’) and (x’, —k") (Fig. 1(d)). Hence WF(E;) contains every (x, k; x', —k’") € R*
with x’ # x and hence Rt C WF(E;) by closure of the wavefront set. Thus WFpol(E;) has nontrivial fibre above
every point of R* and since the upper bound (4.38) shows that the fibre is at most one-dimensional, it must equal
CH Accordlngly, pol © WE(Ep *) and the proof of (a) for E; * is complete. The computation of WF pol(Ep) 18
dlrectly analogous.

(b) As Ep = E,— E}, is ahomogeneous solution for P®1 and 1Q* P, we have WR(Ep) C (WF(E}) U WR(E))N
(No X Np) = R. A point (x, k; x’, k") € R with x # x belongs to precisely one of WF(E}) and consequently
WFpol(Ep)I(x’k;x,’_k,) = CHij}{k, by Lemma 3.2 for all such points. For points (x, k; x, —k) € R, any (x, k; x, —k; w) €
WE,,,1(Ep) propagates along ¢ X (x, —k) where ¢ is the bicharacteristic strip for P through (x, k), and by what has just
been established, this fixes w € Cs, = CIT™ ]]z Thus, WF,,(Ep) is nontrivial only over R, where its fibres are spanned
by the parallel transport operator. This establishes part (b).

(c) This is immediate from parts (a) and (b) by (3.6). O]

Proof of Corollary 1.2. The kernel of QEpR is (0 ® *R)Ep € Z'(BK B)® Q)| ). By Lemma 3.1, it is enough
to show that

(@@ *r(x, k;x',—k") = q(x, k) @ *r(x’, k") = q(x, k) @ r(x', k')* (4.39)

does not annihilate the fibre of WE,o1(Ep) above any (x, k; x’, —k’) € WF(Ep) = R, which is true because

g, k) @ r(x KV = g(x, koIl For(x! k') # 0, (4.40)

for all such (x, k; x’, —k’). Thus, we have shown that WF(Q E p R) = R. The last statement follows immediately because
!t

Hi ]’ck is an isomorphism for each (x, k; x',—k') e R ¢ N x N O
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AAL

(a) (b) (c) (d)

Figure 1: (a) The points x, x’, y, ¥ and x” along a null geodesic and region N (shaded) and subregions N* appearing in
step 4 of the proof of Theorem 1.1. The unlabelled dotted lines are the Cauchy surfaces X*. One has (y,1;y/,-I") € WF(E;;)
at the outset. (b) Propagation of singularities for P ® 1 is used along the geodesic between y and x without meeting ' to
infer that (x, k;y,-l") € WF(E;). (c) Propagation of singularities for 1 ® *P is used along the geodesic between y' and
x"" without meeting x to infer that (x, k; x”,—k") € WF(E;;)nWF(E;;). (d) Finally, propagation of singularities for 1 ® * P
is used along the geodesic between x” and x’ without meeting x to infer that (x, k; X', —k’) € WE(E}).

5. The neutral Proca field

5.1. Closing the gap in MMV
Now specialise to n = 4 dimensions. For any globally hyperbolic spacetime (M, g), let A’ M be the bundle of
complex-valued p-forms on M. The Hodge dual x : A’M — A*PM is defined by

® A xn = l%wnvol 5.1)

where vol is the metric volume 4-form, and the codifferential & is
Sw = (=1)%E? %71 d % , (5.2)

for any p-form field w, where d is the usual exterior derivative. Fixing m > 0, the p-form Klein—Gordon operator is
K@ = —5d — dé + m?. One has intertwining relations dK® = K@+Dd and sK?+D = K®§, from which it is easily

+ _ p* + _ pt
shown that dEK(p) = EK(p+l)d’ and 5EK(p+l) = EK(p)é.

The neutral Proca operator on I'*® (A'M) is

P=—6d+m?, (5.3)

with Green operators E3 = E;—;(”R, where R = 1 — m™2ds. To see this, note that PR = K) = RP and hence,
. 1 i . i . i . . . . i . i . . .

for j € I'P’(A"M), one has PE;j = PEKu)R] = EK(”PRJ = Jj and likewise EL,Pj = EK(”RPJ = j, while

E; Jj C J*(suppj) by the same property of E;—; (- As already mentioned, the operator R is characteristic everywhere
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on T*M, preventing the use of standard wavefront set calculus to compute WF(E ). Instead we will do this using
Corollary 1.2.
It will be useful to observe that SE5 = Eli((())(é — m~25d8) = m—2E§@ KOs = m=26 on rg’(AlM); similarly

Epd= m~2d on C$°(M), and we obtain
6Ep =0=Epd 64
as a result. In addition, one has the Weitzenbock formula
(KDA), =gV, VA, + (mzaﬂv +R,)A,, (5.5)
where V is the Levi-Civita connection and R,; = R’la ", is the corresponding Ricci tensor, with the Riemann
tensor defined so that (V, V=V, Vot = Raﬂ/l

Civita connection on A! M, which therefore determines the propagation of polarisation for the %-densitised operator
(=)'AKD(—g)"*on A'M ® Q}\f. We come to the main result of this subsection.

#p*. Thus the Weitzenbock connection for K( is simply the Levi—

Theorem 5.1. Let P = —6d + m? be the Proca operator on globally hyperbolic spacetime (M, g). Then
WF(Ep) = R. (5.6)

Proof. Observe that R € lI’gl(Al) has principal symbol r(x, k)v = —m~2g~ (k, v)k at (x, k) € T* M, which is nonvan-
ishing on A" (where it is characteristic, as one sees on setting v = k). One has WF(Ep) = WE((—g)'/*Ep(—g)~!/*) =
WF(Ezm R), where KO = (=g)!/*K(D(-g)~1/* and R = (—g)'/*R(-g)~'/*). As 6(R) = r and KV is normally
hyperbolic, we deduce (5.6) immediately from Corollary 1.2. O

As discussed in the introduction, this closes a gap in the paper of Moretti, Murro and Volpe [31]. Further discussion
can be found in the companion paper [7], in which it is also shown how the MMV definition of Hadamard states is
actually equivalent to the older definition in [9] — completing a partial equivalence established in [31].

5.2. The polarisation set of £,
In this subsection, we build upon Theorem 5.1 to determine the polarisation set of Ep.

Theorem 5.2. Let P = —6d + m? be the Proca operator on globally hyperbolic spacetime (M , g). Then
WFo(—8)*Ep(—g)™ /) = {(x, ks X, =K' w) € (x x 1) A'M R (A" M)*
(x, k;x',—k') € R, w € Ck® (K')*}. (5.7)

The proof involves a few steps. To slightly economise on notation, we write p = (—g)'/2 for the metric density.
First, we establish some useful general results, starting with some a priori bounds on the polarisation set in (5.7).

Lemma 5.3. For any globally hyperbolic spacetime (M, g), the right-hand side of (5.7) is contained in the left-hand
side. Moreover, one has

WF,o (0" Epp™ /) € {(x, k; X', —K'sw) € (x x 2)*A'M R (A" M)*
(x ks x', =K'y € R, w € Ck* @ ()M}, (5.8)
where k* is the subspace of T;M annihilated by k*, and (k")* is defined in the same way.
Proof. Because Ep = (1 — m™2d8)Ex), one has
(2 Epp™ ) = (o121 = m™2d8)p™ ! @ D(E 12t 1) ™. (5.9)

and consequently k ® (k - Hi/l’ck/) (S WFPOI((pl/ZEPp_l/z)knl)|(x,k;x/,_k/) for any (x, k; x’, —k') € T*(M x M) using

Lemma 3.1 and Theorem 1.1(b). Here, (k - H;‘CII’!‘,)/3 = k"(Hj,’(k,)aﬂ = (k’)? in index notation, so this implies the first
statement.
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Turning to (5.8), we already know that WF(Ep) = R, so the polarisation set is only nontrivial over R. Using (5.4)
one obtains

(p\26p71% @ 1)E§}1}2Pp_1/2 =0=(1® p1/2dp—1/2)E§;1/12Pp_1/2, (5.10)

which implies that if (x, k;x', —k';w) € WFpol((pl/zEPp_l/z)knl) then k"’waﬁ and waﬂk'ﬁ both vanish, i.e., w €
Ckt @ ((K')yH)F. O

Lemma 5.4. In any globally hyperbolic spacetime (M, g),

WF,1((p'2dEg08p™ /M) = {(x, ki X', —K';w) € (x x 7)*A'M [ (A' M)*

(ki x',—k) ER, we Ck® (K)). (5.11)

Proof. LetV = (p1/2dEK<o)5p_l/2)knl. Then V = QEI;?}ZK(O)p—l/Z’ where
Q — p]/de—l/z ® p1/2*5p—1/2 (512)
has principal symbol proportional to k ® (K')* at (x, k;x', —k’). As WFPO](E‘;}“/IZK(%_1 p) = RXC)UO, we

deduce that the right-hand side of (5.11) is contained in the left-hand side by Lemma 3.1. Conversely, suppose
(x, k;x", —k';w) € WE, (V) with w # 0, so (x, k; x',—k"y e WE(V) Cc R. As

(22 @ 1)V =0=(1® p'/>*6p7" 2V, (5.13)
Lemma 3.1 implies that

— Vv / _
kw? - kaw”ﬂ =0, w (K'Y —w, (K'Y =0, (5.14)
and consequently waﬁ € Ck,(k')?, as is seen e.g., by contracting the above equations respectively with v and v’ such
that v%k, =1 = U; (k")* (noting that k, k" are nonzero). This demonstrates the reverse inclusion. O

Next, we consider the case of Minkowski spacetime M = R* and n = diag(1, —1, —1, —1) with respect to standard
inertial coordinates (x’, ..., x3). Then ¢ = dx“ provides a global covector frame and e’ = 0/0x? the dual vector
frame. Let the operators S% @ T'*(T*M) — I'*(T*M) be defined by S, f = (e}, f))e?. We will use the facts
that (in general) Ep = Egq) — m—2dE x©0 and (in Minkowski spacetime) Exq) fe® = (Ego f)e®, which have the
following consequence.

Lemma 5.5. In Minkowski spacetime, the following identity holds:

e} Epe’ = 3Ex. (5.15)
Consequently,
S EpS® —3Ep =3m*dEg0é. (5.16)

Proof. First, observe that eZE Ku)eb = eZebE x© = 4Ex©. Next, one has
efdEg0d(fe’) = Ve Exo VS = =V VapEgof = -0Egof = m*Exo f, (5.17)

using translational invariance of Eg) to commute it with the directional derivative. The first relation follows directly.
Then S"bE PSba =3e’Exo eZ = 3Ek), from which the second follows. O

Lemma 5.6. The equality (5.7) holds for Minkowski spacetime.

C.J. Fewster: Preprint submitted to Elsevier Page 19 of 26



Polarisation sets of Green operators

Proof. Suppose (x, k; x', —k'; w) € WFPOI((p]/zEPp_l/z)knl) with w # 0. Then (x, k; x’, —k’) € R by Theorem 5.1.
Applying Lemma 3.1 to (5.16) and using Lemma 5.4, one finds

i) w, et (x") e (x) ® e (x) — 3w € Ck & (K'Y, (5.18)
and consequently
w € CH(x,x") + Ck ® (k')*, (5.19)

where we have written II(x, x') = e%(x) ® ez(x’ ). However, one also has 6 Ep = 0 and hence k“waﬁ =0.Ask

is null and k“l’[aﬁ is nonvanishing, we conclude that w € Ck ® (k’ ), so the left-hand side of (5.7) is contained in
the right-hand side (for Minkowski spacetime). The reverse inclusion holds by Lemma 5.3, thus establishing (5.7) for
Minkowski spacetime. O

Now, we return to the general case. It is useful to introduce some structures familiar in locally covariant quantum
field theory [4, 11]. Let Loc be the category whose objects are 4-dimensional connected oriented globally hyperbolic
spacetimes M = (M, g, o, t), where o and t are equivalence classes of nonvanishing 4-form and timelike 1-form fields,
representing choices of orientation and time-orientation, with equivalence denoting the same (time)-orientation. A
Loc-morphism y : (M, g,0,t) - (M’,g’,0',t') = M’ is a smooth embedding y : M — M’ satisfying g = w*g’,
o = yw*o’, t = y*t’ and such that w(M) is causally convex in M’. If w(M) contains a Cauchy surface of M’ then y
is a Cauchy morphism. An important fact (Proposition 2.4 in [10]) is that any M, M with Cauchy surfaces that are
oriented-diffeomorphic can be connected by a chain of Cauchy morphisms of the form

MM M <«M" > M. (5.20)

Let Pys and Kl((;) denote the Proca and p-form Klein—Gordon operators on M € Loc, and similarly let p,, be the metric
density on M. If y : M — N in Loc then the tensor pullback intertwines the operators on M and N:

WiPy = Pywi,  wikW = KVyr (5.21)
By uniqueness of Green operators, one easily sees that

# # # #
Epy =WrEpwre  Elg =VrE Ve (5-22)
M N

where # stands for 4+, — or no symbol and -, is the tensorial pushforward. At the level of kernels, one has the identity

1/2 P 1/2)kn1

(Pry W X Wh(oy Eb oDk, (5.23)

which is a bitensorial pullback. Consequently,

v Eb oy D = ((x, Dyl X, =Dy 51 (Dy I ® Dy | Hw) -

(W), Ly (), =1 0) € WEg (o Bl oy

WFpo] ((P
k. (5.24)

—1/2 —1/2

Py M), and vice versa.

12 12
In particular, WF,((p / yknl Ny (m)xy () covariantly determines WE,((p ,, /
Note that this is consistent w1th the statement of Theorem 5.2.

Putting these facts together with propagation of polarisation, one obtains the following.

Lemma 5.7. Let M,M’' € Loc with Cauchy surfaces that are oriented-diffeomorphic. If (5.7) fails at some
(x,k;x',—k") € Ry, then for every Cauchy surface T in M’ there exists y € X so that (5.7) fails at (y,1;y,—I)
for some nonzero null covector | at y.

Proof. Suppose that w € WFyu((py, Ep, 03y’ Y™ liesew iy & Ck ® (K)F. As K)Ep = 0, it follows by

propagation of polarisations for (o} )K'}'p7,* ® 1 that (5.7) also fails at (x',k';x', —k'). As also K\ Ep —
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Ep, Kl(‘ll) = 0, by propagation of polarisations for (pzz)Kl(‘ll)p;;/z RIT1I-1Q *(pzngl)p;;ﬂ), (5.7) also fails at

", k" x", —k'") for every (x”, k’") on the bicharacteristic strip (for K;ll)) through (x’, k). In particular, every Cauchy
surface of M contains a point of this type. Now consider a chain of Cauchy morphisms of the form (5.20) linking M

and M’ and deduce successively that (5.7) fails at points of the above type on every Cauchy surface of M"', M"",
M"" and M'. O

Proof of Theorem 5.2. From Lemma 5.3, it follows that the only way (5.7) can fail is if the fibre of WEyo (s Ep, o3, <™

above some point of R 5, contains elements outside Ck ® (k). Suppose this does occur at some point of R 37, which —
without loss — we can take to be of the form (x, k; x, —k) for (x, k) € N » by Lemma 5.7. Let N be a region containing
x whose Cauchy surface is a ball, whereupon (5.7) fails for the Proca operator on M |5 and accordingly also fails for
any M’ € Loc with Cauchy surface topology R3 by Lemma 5.7 (and because all oriented manifolds with topology
R3 are oriented diffeomorphic by either the identity or a reflection; see [32] for a general discussion of the chirality of
manifolds). In particular, (5.7) fails for Minkowski spacetime, contradicting Lemma 5.6. Hence (5.7) holds. O

Theorem 5.2 can be contrasted with the following example, which shows that solutions A € 2/(T* M) to the Proca
equation themselves need not have polarisation set with fibres parallel to k at (x, k). We do this in Minkowski spacetime
for simplicity, using inertial coordinates (t, x', x2,x%). Let o e P (R*) solve K(O)d) = 0 and fix real constants v;
(i=1,2,3), setting v = Uidxi, i.e., v, = (0, v) in components. Then

A =—(Vy)d + (Vy/5P)0 (5.25)

solves KA = 0 and VA, = V5,V :¢ + V :V,,5¢ = 0, and therefore solves the Proca equation. Suppose
(x, k;w) € WFpol(pl/ 2 A)\ 0, which can only occur when k is null, k, = (+||k]|, k), because WE(A) C Char K = N,
We have k*w, = 0 because V¥ A, = 0. Additionally, u* A, = 0 for any fixed 4-vector annihilating d and v, which
gives u#w,, = 0 for such u. Consequently, w lies in the span of d7 and v, leading to the conclusion that w € Cz, where

z = —u(khdr + (dn)(k*)o, (5.26)

ie., z, = (v-k, x| k||v). As WE,;1(4) is nontrivial precisely over WF(A) and the fibres are contained in span of z and
therefore at most one-dimensional, this shows that

WE,o1(4) = {(x, k;w) @ (x,k) € WF(4), we Cz} U0 (5.27)

for solutions of the above type. For given null k, any covector z such that k*z,, = 0 can be written in the form (5.26)
for some v € R3, reflecting the fact that Proca solutions can display three physical polarisations. Meanwhile, if ¢
has spacelike compact support then so does A, from which one may deduce that A = Epj for some j € &' (A M).
At first sight it seems paradoxical that the operator Ep can produce spacelike polarisations when its own polarisation
set consists purely of bitensors k ® (k’)* with k and k’ null. This illustrates that there is no simple composition rule
for polarisation sets; it turns out that WF,,;;(Ep) is dominated by the contributions from the terms that implement the
constraint A = 0 and masks the lower order terms responsible for the propagating degrees of freedom.

6. Conclusion

This paper has determined the polarisation set of Green operators of any normally hyperbolic operator P on a
finite-rank complex vector bundle over a globally hyperbolic spacetime (Theorem 1.1). In particular the fibres of the
polarisation set are given in terms of the parallel propagator for transport according to the Weitzenbock connection
of (—g)~1/2P(-g)'/2, i.e., P shifted to act on sections of density weight % lower. This is in agreement with previous
investigations of specific operators [29, 19, 18]. The main significance of this result is that it allows the computation
of wavefront sets of associated operators via Corollary 1.2.

As a particular application of these results, we have identified a gap in a recent paper on the Hadamard condition
for the quantised Proca field [31], which is closed in Theorem 5.1. Although not strictly necessary for that purpose,
we have also computed the polarisation set of the advanced-minus-retarded Green operator for the Proca operator
on %—densitised 1-forms. This indicates at once the strength and limitations of the polarisation set, because the very
geometrically natural result of Theorem 5.2 does not reflect the existence of three propagating degrees of freedom, but
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is dominated by the constraint that removes the unphysical ghost modes. A very interesting question is whether there
is a more stratified polarisation set that could see behind the constraint to identify the physical degrees of freedom.

As mentioned in the introduction, the results given here are part of a wider project on the Hadamard condition for a
class of Green hyperbolic operators beyond the normally hyperbolic type [7, 8], where Corollary 1.2 finds applications.
Among other things, these papers show that the MMV definition of Hadamard states is in fact equivalent to an older
version given in [9] and also show how the notion of Hadamard states can be extended to charged Proca fields in the
presence of an external electromagnetic field and other coupled Proca theories, such as a Proca-scalar system [8]. The
generalised Hadamard condition that is developed in [7] is well-suited for the discussion of measurement in quantum
field theory [12] and will be used in future work.
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A. Background on pseudodifferential operators

For convenience, we summarise the main definitions from [22, Sec. 18.1], to which the reader is referred for full
detail. Certain aspects are elaborated.

Pseudodifferential operators on R" For m € R, let S™ be the symbol class on R” defined in [22, Def. 18.1.1], i.e.,
the space of all a € C*®(R"” x R") so that

sup (1+ [E)™1*]0%0  a(x, £)] < oo (A1)
(x,6)ER2"

for all multi-indices a, f. The above suprema provide seminorms on S" making it into a Fréchet space. If U € R”
is open then S™(U x R") is the set of a € C*®(U X R") so that (¢ @ 1)a € S™ for all ¢ € C(‘)"’(U). (Note that this
definition would not reduce to that of §” when U = R" — see pp. 83-84 in [22].) One also writes S~ = (], S™,
S™®U xR") =, S™U x R").
For a € S™, the pseudodifferential operator Op a is defined by
dné

((Op a)u)(x) = / ——™a(x, Oa), ue SR, (A2)
2n)

where (&) = / d"y e~¥<u(y) is the Fourier transform, thus yielding a class Op S™ of pseudodifferential operators of
order m. Each Op a extends to a continuous endomorphism of .#/(R") ([22, Thm. 18.1.7]). Meanwhile, one obtains
Opa : .'"(R") —» 2'(U) for a € S™(U x R") by

dn :
(Opayu)(f) = / d"x L rertate a@),  f € Gy ). (A3)

X
UxR" (271')”

The composition rule is given by [22, Thm 18.1.8]: fora € ™, d' € S™ there is b € S™™ 5o that

(Opa)(Opd’) =Opb, (A4)
where
b8~ 3 T Gae, 0% )0, ©) = e, 00 (6, ) — 122 (5,82 (x, ) 4 - (A5)
D R PTG B T N '

and the meaning of the asymptotic expansion is explained precisely in [22, Prop. 18.1.3].
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Pseudodifferential operators on manifolds A pseudodifferential operator of order m on a smooth n-manifold X
is a continuous linear operator A : C(‘)’0 (X) = C*®(X) so that for every chart (X, x) and every ¢,y € C(‘)’° (k(X,)),
the map ./ (R") 3 u — ¢(k~!)* Ax*wu belongs to Op S™. In this case A extends to a continuous linear map from
E'(X) - 2'(X), and we write A € P"(X).If (X, k) is a chart and A € P"(X) then one obtains a continuous linear
map A, : CSO(K(XK)) - C®k(X )by A f = (A(fox))ox~!. By [22, Prop. 18.1.9] and the definition of ¥"(X)
this implies that there is a, € S™(x(X,) X R") (determined modulo S™®(x(X,) X R")) so that A, — Opa, is an
operator with integral kernel in C*(k(X ) X k(X,)). We call Op a, a chart representative of A for the chart (X, k).

The symbol class S™(T*X) is defined to be all a € C*®(T*X) whose chart representative a, = aok™ €
C®(T*k(X,)) satisfies a,, € S™(k(X,) x R") for every local chart (X, k). For A € W"(X) the principal symbol
a € S™(T*X) is defined up to addition of symbols in .S~ !(T* X) by patching together pullbacks of symbols obtained
from chart representatives of A (which are themselves defined modulo smoothing operators). See [22, pp.85-86] for
the precise description.

Pseudodifferential operators on bundles and the refined principal symbol If E and F are smooth finite-rank
complex vector bundles over X, then W"(E, F) is defined as the space of A : F8°(E) — I'®(F) so that for any local
frames e,, f; of E and F defined on open Y C X there are A°, € ¥"'(Y) so that

Au= fAS W' (A.6)
onY forall u = u"e, € I'°(E|y) (see [22, Def. 18.1.32]). The notation ¥"(E) is shorthand for ¥"*(E, E). By what
has already been said, this framing results in a matrix of principal symbols a*, € S™(T*Y)/ Sm=l(T*Y).

Suppose one changes frame to ¢/, and f/, so that e, = ¢/, M ”r and f; = f/,N SIS for M and N of appropriate

dimensions with entries in C*®(Y). Then the matrix representing A € W"(E, F) transforms to (A’ )S,r, obeying
soAs AN 4
N> A = (A M" . (A7)

To compute the transformed matrix of principal symbols, we use the composition formulae (A.4) and (A.5) applied to
chart representatives in a chart (X, k) with X, C Y. This yields

N (7 00)@" (6,8 = (@) )e(x, OM” () = (9, (a) ), (x5, D@ M 0k ™)() (A8)
modulo S”~2(T*k(Y)), or more compactly
NKaK = a:(Ml( - l(agya:()(axﬂ M;()v (A9)

with entries modulo S"~2(T*k(Y)), where N, = Nox~!, M, = Mox~!. Consequently, the matrices of principal
symbols obey N S,sasr = (a’)srr,M r /r modulo S™~!(T*Y), which shows that there is a well-defined frame-independent
principal symbol a € S™(z*Hom(E, F)), where z* Hom(E, F) is the pullback of the homomorphism bundle
Hom(E, F), with typical fibre Hom(E, F), = Hom(E,, F,), by the projection # : T*X — X. The second term
on the right-hand side of (A.8) shows that one cannot expect a simple transformation for lower order symbols in
general. As mentioned in section 2, the situation is better for operators A € W”(Q!/2), for which the refined principal
symbol 4" is defined modulo S"~2(T*X) in S"™(T*X).

If one now considers A € Y"(E ® Ql/ 2FQ® Ql/ 2), local framings of E and F result in a matrix with entries
A’ ey (Q'/2) and refined principal symbols with chart representatives obeying the matrix equation (2.6). A change
of frame as before produces a modified matrix (a’)'. To compute this, note that

N *a, _ 0*(Nea)) 0N da, 0@ M) IN, da,
KOxHOE, | OxMOE,  OxM OF,  OxMOE,  OxH OF,
2
do%a, 94 OM,. 9N, da,

= M, + — —, A.10
oxHoE, " 0§, oxH  OxH ¢, ( )
with entries agreeing modulo S”~2(T*k(Y)). Consequently, in the same sense,
i (0d.0M, ON,0
Ned =@ ym, - L (20 2T %0 ) (A.11)
x K 2\ 0§, oxt — oxH 9§,

C.J. Fewster: Preprint submitted to Elsevier Page 23 of 26



Polarisation sets of Green operators

(More precisely, we should write (M, .)ox; we suppress this to simplify the notation.) Now specialise to the case in
which F = E, with local framing e, used for f, so that N = M, and assume the principal symbol is a = bid; (modulo
S 1(E ® Q)). In this case, (A.11) becomes
0b, oM,
M.d" =@ )M, —i—=—=i
K K 9g, ox#

(A.12)

By comparison, suppose that VE is any connection on E, and define connection 1-forms with respect to the framing
e, byTEe, = VEe, forany V € I'*™*(T M). The pullback connection V£ on * E is defined so that VEET*s| (o) =
Vf S|y for (x,k) € T*M, s € T®(E) and W € T(, ,,T*M and has connection 1-forms obeying F’V’;E = Ff WO

relative to the framing z*e,.. If an alternative framing e/ is invoked, with e, = e: M ”r, then the chart representatives
of ' and (I'F)’ obey

EN/ M a]\JK' :
M Ty, =T) M +V Wld. (A.13)
and the connection 1-forms for z* E transform in a similar way. It follows that in this case, a" + iF’If;E is invariantly
defined modulo S™2(z* Hom(E)) for V# = (m ,WHH = 0b,/ 9, which is the projection via z of the Hamiltonian
vector field

db db
Xb=_’fi__’fi (A.14)
9g, ox#  0&, dgH

determined by b. We conclude that a” + iFgE is invariantly defined modulo S™~2(z* Hom(E)).

Polyhomogeneous operators and the subprincipal symbol For m € C, a symbol a € S™ is called polyhomoge-
neous (of step size 1) if a can be realised as an asymptotic expansion

[e]
a~ Y a, (A.15)
j=0

where each g;, € Sk is k-homogeneous away from the origin in &, i.e., a;(x, &) = tkak(x, & forall x € R", t > 1,
£ € R"\ B, where B is the closed unit ball. In this case, we write a € SF’)" o and describe Op a as polyhomogeneous.
(This notion can be defined when m € C but we only use the real case.)

If A € ¥"(X), and all the chart representatives A, of A are polyhomogeneous, then we write A € lI‘}’)”hg()( ). In this
case, the principal symbol a € S™(T* X)) of A can be defined uniquely by choosing a m-homogeneous representative
of the principal symbol defined above; similarly, for A € ‘I‘;”hg (Q!/2), we again have a unique homogeneous principal
symbol a € S™(T*X), but in addition the subprincipal symbol may be defined as the unique (m — 1)-homogeneous
a*® € §"1(T* X) so that " = a + a**"® modulo S"™2(T* X).

Similarly, for A € W"(E, F) (resp., A € ¥"(EQQ!/2, F @ Q!/?)), one says that A is polyhomogeneous if all local
frames e, for E and f for F defined on open Y C X induce matrices A" € ‘Pg’hg(Y) (resp., ‘I’g’hg(Qy 2)), whereupon

one writes A € lI’I’D"hg(E ,F) (resp., A € lI‘;"hg(E ® Q2. F @ Q!/2)). Taking the principal or subprincipal symbols

one obtains matrices with entries that are m-homogeneous elements of S™(T*Y') or (m — 1)-homogeneous elements of
S™=1(T*Y). The principal symbol is thus uniquely defined in S”(z* Hom(E, F)). In the case of A € lI’g’hg(E ®Q!/2)

with principal symbol @ = bid;, and connection 1-forms I'’Y from a connection on E as above, a* + iF?E and hence
b
a" — a+ il F are invariantly defined in S™~!(z* Hom(E, F)). In this sense the subprincipal symbol a*** = 4" — a
b

defines connection 1-forms ia*"® for a partial connection along the integral curves of X - See also [24], Proposition
2.4 for a microlocal version of a similar statement.

Classical pseudodifferential operators By W7(X) we denote the space of classical pseudodifferential operators

. ! oU .
on X, given by all properly supported operators A € lI’;”hg(X )- Each A € W[ |(X) extends to a map Z'(X) - Z'(X);
similarly, W7/(E, F) denotes the properly supported elements of lI‘;"hg(E , F).
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