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Abstract

For a level-dependent quasi-birth-death process X with time-varying transi-
tion rates, we propose a computational approach to compute the probability
law of first-passage times to higher levels, as well as related hitting probabil-
ities, at a fixed horizon T < oo. The approach involves approximating the
first-passage time distributions of X at time T by their counterparts in a suit-
ably defined process with piecewise-constant transition rates at an independent,
Erlang-distributed horizon with S stages and mean 7. The solution is exempli-
fied by numerical experiments in the context of epidemics and queueing models.
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1. Introduction

This article focuses on quasi-birth-death (QBD) processes with time-varying
transition rates. These processes arise in the performance evaluation of Marko-
vian systems that feature non-stationary changes in their parameters, such as
service systems with cyclic demands (Green et al. [23]; Margolius [36, [39, [41]),
call centers with retrials (Grier et al. [24]; Mandelbaum et al. [33]), air and road
traffic systems (Bookbinder [4]; Green and Kolesar [22]), computer and com-
munication networks (Kuraya et al. [32]) and epidemics with term-time forcing
(Britton and Lindholm [7]), among others. An excellent survey on queueing
models with time-varying parameters is the article of Schwarz et al. [48]; for a
related work, see Tripathi and Duda [52]. In the setting of epidemic models, a
review of results on the influence of time heterogeneities, including seasonality,
on the transmission pattern of infectious diseases can be found in Ref. [§].

Some of the aforementioned systems are based on M;/M;/1 and M;/PH;/1
queues, and M;/M;/c and PH;/M;/c queues with a fixed finite number of
servers (Margolius [34]; Ong and Taaffe [43]; Taaffe and Ong [51]; Zhang and
Coyle [60]), whence they can be readily encompassed within the class of level-
independent QBD processes with time-varying transition rates. For these sys-
tems, a number of results on the transient and periodic families of the under-
lying asymptotic distributions can be then derived from the more general solu-
tion of Margolius [37, 38, [40]. On the contrary, M;/M;/c(t) and PH;/M;/c(t)
queues with a time-varying number of servers (Green and Kolesar [23]; Mar-
golius [35], 36]), M;/PH /oo queues (Dong and Whitt [14]; Green and Kolesar
[22]), time-dependent Erlang loss models and multi-server queues with retrials
(Grier et al. [24]; Mandelbaum et al. [33]), and Markovian epidemic models with
seasonal fluctuations (Britton and Lindholm [7]; Buonomo et al. [g]), among
others, require a level-dependent (LD) structure in their QBD formulation, for
which a general-purpose solution has not been formally derived.

Analytical results for the transition function of systems with an underlying

time-inhomogeneous LD-QBD process can be found only under very particular
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distributional assumptions, as is the case with the linear rate birth and death
process (Kendall [30]), the Weiss’ carrier-borne process with time-varying tran-
sition rates (Dietz [I2 Section 5]), certain finite birth processes arising from
epidemic models (Giorno and Nobile [20]), a special class of birth and death
processes with time-varying transition rates (Giorno and Nobile [I8] Section
4]), and the non-homogeneous Prendiville process (Zheng [61]). We also refer
to the articles by Satin et al. [46], and Zeifman et al. [59], and the refer-
ences cited therein, for truncation-based approximations and related bounds
in time-inhomogeneous birth and death processes. For classical results in the
time-homogeneous setting, see Refs. [5l [6].

The aim of this article is to approximate the first-passage time distributions
of a LD-QBD process with time-varying transition rates at a fixed finite hori-
zon T by the corresponding ones of a suitably defined process at an independent
random time Y with Erlang distribution of .S stages and mean 7". The Erlangiza-
tion method, also referred to as Canadization (Asmussen [3]), is a well-known
approach for modeling and analyzing stochastic descriptors in insurance risk
models (Asmussen et al. [2]), American option values of Black-Scholes models
(Carr [10]), fluid queues applied to a forestry problem (Stanford et al. [50]),
Markov modulated fluid flow models (Ramaswami et al. [44]) and stochastic
control problems (Yoshioka and Tsujimura [57]; Yoshioka et al. [58]). In He
et al. [25], and Wu and He [56], continuous phase-type (PH) distributions are
constructed as Erlangian approximations for a finite discrete probability distri-
bution and a discrete PH distribution. The method exploits the property that
Y = T in distribution as S — oo; and, significantly, it concerns the Widder’s
Laplace transform inversion formula (Jagerman [28, Theorem 1]; Ramaswami
et al. [44], Section 1]) for a continuous and bounded non-negative function f(-)

on [0,00). To be concrete, this inversion formula has the form

o0

f(I)y = lim gs,(u) f(u)du,

S—o0 Jg

where gsr(u) is the density function of Y and the convergence is uniform on

compact intervals along which f(7T') is continuous; for further properties, see Sec-
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tions IIT and IV in Jagerman [28], and Ref. [29]. For any time-dependent func-
tional f(-) of a process X, the integral [~ gs7(u)f(u)du can then be used as an
approximation to f(T). Since expressions for the integral [ gs r(u) f(u)du are
almost never known in the time-inhomogeneous framework, we shall replace here
the dynamics of X' until the expiration of the independent, Erlang-distributed
time Y by those of a more tractable time-inhomogeneous process that, for a suf-
ficiently large .S, retains essential average characteristics of the original process
X. In the univariate setting of a time-inhomogeneous birth and death process,
the problem is addressed by Giorno and Nobile [19] in terms of Volterra integral
equations of second kind and the underlying transition function.

The remainder of the article is organized as follows. Section [2|introduces the
class of LD-QBD processes with time-varying transition rates, provides back-
ground information on numerical evaluation of their transition function, and
constructs, using Erlangization, time-inhomogeneous processes that preserve
average dynamics of the original process, with the key feature of being analyt-
ically solvable under time-homogeneous environmental conditions. Sections
and [ derive algorithmic procedures for first-passage times to higher levels in
the resulting Erlangian processes. In Section [5] the results of Sections are
applied to two examples in the context of queueing and epidemic models with
sinusoidal rates. Finally, Section [6] presents some concluding remarks on the

methodological and computational aspects of the article.

2. Statement of the problem

Let X = {(I(t),J(t)) : t > 0} be a regular time-inhomogeneous LD-QBD
process —with I(t) and J(t) as the level and phase variables—, which takes
values in a countable set S = U/_ L (i) with I* € NU {oo}, where the subsets
L(7) (also termed levels) are specified by {(4,7) : j € {0, ..., M;}} with M; € N
and Ny = {0} UN. The infinitesimal dynamics of process X are governed by the
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g-matrix

Qoo(t) Qoa(t)
Qio(t) Qua(t) Qi2(t)
Q2,1(t) Q22(t) Q23(t)

where @Q;/(t) is a matrix of dimension (1 + M;) x (1 + M;/) with elements
(i), 1) (1), for states (i, ) with phases j € {0,..., M;}, and (', j') with i’ €
{max{0,i—1},4, min{i +1,I*}} and j' € {0, ..., M;/ }. Specifically, time-varying
transition rates q(; jy,(iv,;/)(t) correspond to jumps of X' from state (i,7) into
(@', 4") # (i,7) at time ¢, and are right continuous in ¢; in the case (7', j') = (4, 7),
it holds that
W@ = = D dag.aan(),
(7,5 €S\{(4,5)}

for any state (i,j) € S and time ¢ > 0, corresponding to a conservative g-matrix.

Let ng = inf{t > 0 : I(¢) = K} be the first-passage time to L(K), for a
predetermined finite integer K € N with K < I'* in the case I* < co. For initial
states (i,7) € Uf:_olﬁ(k), the probability law of ng at a fixed finite horizon T’

may be determined from the conditional probabilities
F(Tli,j; K,j') = Plix <T,J(nx) =" | (1(0), J(0)) = (5, 7)),  (2)

for j' € {0, ..., Mk }. They are related to the finite-state QBD process X(K) =
{(I(t; K),J(t; K)) : t > 0} with state space

K-1
Svay = | Lk)uLEK)
k=0
and g-matrix

QK —1) Q* (K —1)
Qxx)(t) = ;
0(1+MK)xz§=—01(1+Mk) 01+ M) x (14 M)
where 0, is the null matrix of dimension r x ¢, and Q(¢; K — 1) and Q*(¢t; K —

1) are sub-matrices that record time-varying transition rates for jumps of X
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from states in Uy, L(k) to subsets Uy, L(k) and L(K), respectively. In our
arguments, states in subset U2 . L(k) are discarded, since the interest is
in the first passage of X to L(K); and states in £(K) are considered to be
absorbing in process X' (K), which allows one to make explicit the phase of X
at its first visit to £(X). The partitioning of Sy () into subsets Uj ' £(k) and
L(K) yields the following structured form for the transition function Py (x)(s,?)
of process X(K):
P(s,t; K — 1) P*(s,t; K — 1)
Pxx)(s,t) = ,
04 Mi)x SET (14 M) JERB Y

for 0 < s < t, with Py(g)(t,t) = IZkK:o(l+Mk)’ where I is the identity matrix of
order d. Then, for initial states (i, j) € Up_'£(k), and phases j’ € {0, ..., Mk},
the value of F(Tli, j; K., ') in (2) is given by the ((1 = 6;0) SiZh(1 + My) +1
+7, 1+j/)—th element of P*(s,t; K —1) at pair (s,t) = (0,T), where J, denotes
the Kronecker’s delta.

It should be pointed out that, since Sy (k) is finite, the transition function
of X(K) satisfies the Kolmogorov forward equation (see, e.g., Heidergott et al.
[26, Section 2]) and, consequently, can be written as the Péano series

Px)(0,T) = Isx qimy)

oo

+Z/O Qu(x)(t1) - Qu(xey (tn)dty - - dty. (3)

—Jo<ti<o<t.<T
The product-integral of the g-matrix Qx(x)(-) in does not, in general, yield
any analytically usable expression and its numerical treatment results in highly
demanding computational costs, with the exception of special distributional
assumptions; for instance, finite-state processes with a g-matrix that makes
discrete changes (Rindos et al. [45]). Traditionally, the most efficient numerical
procedure for evaluating is the uniformization technique of van Dijk [53]
(see also van Dijk et al. [54] Section 5]) and its variants (Arns et al. [I]; Burak
and Korytkowski [9]; Inoue [27]; van Moorsel and Wolter [55]). For a survey on

product-integration and related literature, we refer to the book of Slavik [49]

and the article of Gill and Johansen [17].
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Below we propose a different approach that, via Erlangization (Asmussen
[3]), uses instead a more analytically tractable transition function of a certain
process X’ (K). Throughout the rest of this section, we assume that level L(K)
is accessible from any state (i,) € Ur_' L(k).

In defining process X’(K), we first replace the fixed horizon T by an inde-
pendent, Erlang-distributed horizon Y with S stages and mean 7', which can be
decomposed into S successive stages, each taking an independent, exponential-

distributed amount of time with mean A~! = S~!7. This enables us to write

S

Y = Y v,

for S independent random variables with Y; ~ Exp(\), for s € {1,...,S}. As
an important consequence of this, it holds that Y = T in distribution (also in
probability and quadratic mean) as S — oco. We associate with Y a Markov
chain ¥ = {Y'(¢) : t > 0} with state space {0}U{1, ..., S} and initial probability
vector elT+S(2), where e.(b) represents a column vector of order ¢ with b-th
element equal to 1, and 0 otherwise, and 7 denotes transposition. The g-matrix

of Y consists of elements

A, ifsed{l,.,S—1}and s =s+1,
A, ifs=8ands =0,
qs,s’ =
’ “A, ifse{l,..,S),

0, otherwise,

whence the absorption time into state 0 in ) is identically distributed to Y,
with Y ~ Erlang(S, A).

For initial states (i,7) € UX 'L(k), we then approximate probabilities
F(T|i,j; K,j") in corresponding to first-passage times to states (K, j'), for
' €{0,..., Mg}, in process X(K) (equivalently, X) by their counterparts in an
augmented time-homogeneous process (Y, X'(K)) = {(Y'(t),I'(t; K), J'(t; K)) :
t > 0} with state space

S K-1 S
Syaxy = {00ulJ U st xLk)ul {s} x LK),
s=1 k=0 s=1
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and g-matrix in structured form

0 OZS,K—I 0§(1+MK)
Quxi(k) = w' (K —1) QK —1) W'(K —1) ;

Osa+my)  Osa+mu)xes s OS(1+Mg)xS1+Mx)

where

OC 1,K—1
w(K—-1) = sohE ,

)‘101,K71

Q[l](K - 1) - /\Icl,K—l )\Icl,K—l
QE-1) =

Q[Sil] (K - 1) - )\ICI,K—l

W/(K—1) = diag (Q*W (K —1),....Q"5(K - 1)) :

the column vector 0. (respectively, 1.) has ¢ elements, all equal to 0 (respectively,
1), and ¢, g1 is the cardinality of subset U%_; UE "t ({s} x L(k)); i.e., Cax—1 =
a ZkK;()l(l + My,). In these expressions, sub-matrices QI*/(K — 1) and Q*[*)(K —
1), for each stage s € {1,...,S}, are related to a process X’(K) that, under
appropriate conditions for the time-varying transition rates q(; j) ;) (t) to be
locally integrable, aims to preserve the average dynamics of X(K) within the

independent, Erlang-distributed horizon Y through the transition rates from
(i,) to (i',5")
A7ls
qgf}j)y(i/,j/) = /\/AI(SI) (i), 50 (t)dt, (4)
for states (i,) € Up_y L(k) and (7, ;') # (i,j) with integers i/ € {max{0,i —
1},4,min{i + 1, K}} and phases j' € {0,..., M; }. This results in sub-matrices

Al

C1,K—1

Q[S] (K - 1) - )\ICI,K—I
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QPI(K —1) and Q*I|I(K — 1) with the structured form

[s] [s]
0,0 0,1
e RO
Q[S](Kfl) - ;
Q[f?—z,x—s [I?—Q,K—2 [IS<]—2,K—1
[Is(]—l,K—z [Is(]—l,K—l
0
«[s] K—1 _ c1,k—2X(1+Mg)
QUK 1) . ,

K-1,K
for s € {1,...,S}, and the property that, in a similar manner to X(K), level
L(K) for process X’(K) is also accessible from any state (i) € Ur_ ' £(k).

Remark 1. Since A\™' = S™IT, the transition rate qgf}j) (3" n can be in-
terpreted as the mean value of q(; ;) (7.7 (t) in the interval [S_l(s - 1T, S‘lsT),
for each stage s € {1,...,S}.

Remark 2. In the spirit of the piecewise-constant approximation in Ref. [{7],
another choice for sub-matrices QP(K — 1) and Q*¥(K — 1) is specified by
QUI(K —1) = QU (s — 1); K — 1) and Q¥ (K — 1) = Q"(A~1 (s — 1); K — 1),
for s € {1,...,S}, which only requires the more general assumption that time-

varying transition rates q(i’j),(i/,j/)(t) are right continuous in t, for t € [0,T).

With this, the probabilities F(Ti, j; K, j') for the first-passage time 7y for
each (K,j') € L(K) in process X(K) are approximated, for a sufficiently large
S, by values

S
Fs(Tli,j; K,5') = > fs(T,i, 555, K, §), (5)

s=1
where fg(T'|1,14,7;s, K,j’) is defined as the hitting probability
P((Y' (), J' (s K)) = (s,5") | (Y(0), I'(0; K), J'(0; K)) = (1,1, 7)),

for initial states (i,7) € Uf:_olll(k) and phases j' € {0,..., Mk}, and 0} is the



185

190

195

200

first-passage time of X’(K) to L(K). Values Fg(T|i,j; K,j') in are there-
fore based on the replacement of X'(K) by X’(K), and the Widder’s inversion
formula

F(Tli,j; K,j') = lim 9s,r(u)F (uli, j; K, j')du,

S—o0 Jg

from which F (T4, j; K, j') is approximated by the value

S
D P () I (1 K)) = (5,4) | (Y/(0), 1'(0; K), J' (0 K)) = (1,1, ),

s=1

for a sufficiently large S.

Remark 3. Since probabilities fs(T|1,4,j;s,K,j') are related to the absorp-
tion of (¥, X'(K)) into states (s,K,j') € US_,({s'} x L(K)), the Erlangian
approzimations {Fs(T|i,j;K,5") : T > 0} characterize the probability law of
the first-passage time 0y to L(K) in process X'(K) before the independent,

Erlang-distributed horizon Y expires.

3. First-passage times to higher levels in process (Y, X'(K))

In the construction of (Y, X’(K)), process ) controls the environmental
changes in states of X’(K) in such a way that, for any time 0 < ¢t < Y with
Y'(t) = s and (I'(; K),J' (t; K)) = (4,]), for stages s € {1,...,S} and states
(i,§) € Uy L(k), the dynamics of X'(K) are linked to sub-matrices QESE,, for
i' € {max{0,7 — 1},4,7 + 1}, instead of @, (¢). This makes the augmented
process (Y, X'(K)) a versatile modelling tool for our purposes, as we will show
below.

In the time-homogeneous framework of (), X’(K)), the probability law of
the first-passage time 1% can be characterized from restricted Laplace-Stieltjes

transforms ¢ ; j)(6;s', K, j'), defined as

E | e " Lyt ey =(s 0y | (Y(0),(0; K), J'(0; K)) = (s,4,4)| ,

10
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for R(P) > 0, initial states (s,i,7) with s € {1,...,S} and (i,5) € Uf_'L(k),
stages s’ € {s,...,S} and phases j' € {0,..., Mk}, where 14 specifies the in-
dicator function of subset A; note that, as a result, fs(7T'|1,4,7;s, K,7’) in
is the value of o1, ;)(6;s,K,j') at point # = 0. To be concrete, by introduc-
ing column vectors 5 ;(0; s', K, j') —for which the (1 + j)-th element is given
by ©(s,i,5) (055", K, j'), for j € {0,..., M;}—, and applying first-step analysis to
(Y, X'(K)), transforms ¢, ; ;(0;s', K, j") are found to be the unique solution
of

(64 Moy, = QUK = 1)) w655, K, ')

= (1 - 53’,5)/\‘I/s+1(9§ SI,K, ]/) + 68’,SQ*[S] (K - 1)61+MK(1 +j/)’ (6)
for stages s € {1,...,S} and ¢’ € {s,..., S}, with

%70(9; 5/7 K7j/)
¢ 71(9; S/aKy.j/)
(05, K, ) = o
¢S,K71(9; S/, K?jl)
By adapting arguments of Di Crescenzo et al. [II], Section 2.2], an iterative
scheme for computing v, ;(0; s’, K, j') can then be derived from @ by exploit-
ing the structured form of sub-matrices QI*l(K — 1) and Q*[*/(K —1). This is

summarized in the following result.

Theorem 1 For any stage s € {1,...,S} and phase j' € {0,..., Mk}, vectors
ws,i(9;87Kaj/) S(ltZSfy

ws,i(e;vamj/) = [s]
Hs,Kfl(e;K)QK_17K61+]WK(1 +j/)7 if i=K—1,

; s s -1
with Hy ;(6; K) = ((9 + M agpar, — QY — (1= 6;,0)QF_ Heim (65 K)QE—]M‘) ;
and vectors s (058", K,j'), for s € {s+1,..., 5}, satisfy

Hy (0 K)QVL, (s 01 (038, K, '), if i €{0,... K —2},

(7

)

Hoi(0: K)QP . by i1(0;8', K, ') + hes(0;8, K, 7)), ifi€{0,..,K—2},
bsi(0: 8", K, j') = (0 H0Gsiaosn T+ ol 7, iried J (8)
hsx—1(0;5", K, j'), ifi=K-—1,

11



225

230

235

where

holbss' K.j') = Hoa(6:K)
% (Mss1,i(658', K, 51) + (1= 80) Q1o 1 (635, K, 7))

From Theorem 1, the probability law of 7% on the sample paths {J'(n%; K) =
j'} of process (¥, X'(K)), provided that (1,4, ) is its initial state, can then be

determined from the transform

S S

Z w(l,i,j)(a;slaKaj/) - 6T+M1(1+‘7) Zwl,i(e;slaKajl)a
s'=1 s'=1

for R(0) > 0, (i,5) € Up_,' L(k) and j" € {0, ..., M }; and related hitting prob-
abilities P(J'(nf; K) = j' | (Y'(0),I'(0; K), JJ'(0; K)) = (1,4,7)) (i-e., values
Fs(T|i,j; K,7) in (5))) can be evaluated as

S
e’{‘l’Mi(l +.7) Z ’(/}Syi(o; S/v K,j/),

s'=1

for (i,7) € Up_;'L(k) and j' € {0, ..., M }. It is also clear that

S Mg
el (L+3) YD w1038, K, ') = Py <Y [ (I'(0),.7'(0) = (i, ),
s/'=135"=0

for any (i,5) € Up_' L(k).
In a similar way to Theorem 1, the column vectors

dnws,l(ea 8/7 K7 jl)
dem 0—0

for n € N, integers i € {0, ..., K —1}, stages s € {1, ..., S} and ¢’ € {s,..., S}, and

m) (s K. ) = (=)

phases j’ € {0, ..., Mk}, can be iteratively evaluated, starting with m( )(s K,j")
=15,(0;¢, K, j'), from

m{ (s K.j) = o
h’qu 1(5aK7.] )a lf’L:[(—l7
where H, ;(K) = H,;(0; K') and

hiz)(8'7KaJ') = Hs,i(K) (nmgliil)(slﬂKJ/) + (1 - 52',0)62% 1h£nz) 1(8/7K7j/)

000051 QR sceriane (L+5) + (1= 0,0, AmD (5 K, 1))

12

H, (K)QY, om{™ (s K, ") + (s K. §), itie{0,. K —2},

9)
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As a result, the (1 + j)-th element of 25/21 mﬁ?(s’, K, j’) corresponds to

E [0 gt ror=3ry | (V' (O),1'(0:K), (0, K)) = (1,,)]

for n € N, initial states (i,j) € Uf_'£(k) and phases j' € {0, ..., Mk }.

The solution in Eqgs. — and @ leads to Algorithms 1
and 2 lb respectively. Specifically, vectors mi?i) (s',K,j) and ma-
trices H, ;(K) in Algorithm 2 must be previously evaluated from Algorithm 1
as ¥, ,:(0;¢', K,j') and Hy;(6; K) at point § = 0, respectively.

4. First-passage times to higher levels under taboo of level £(0)

In Section [2] we considered hitting probabilities and hitting times for sample
paths of process X' that move from any initial state (i,7) € UkKZ_Olﬁ(k) to a
higher level L(K). Here, we focus on the subset of those sample paths that, in
particular, do not visit level £(0) before the first passage of X to L(K); i.e., we

consider the conditional probabilities

G(Tli,j; K,j') = P(nx <T,J(nx) =35, nx <no | (1(0), J(0)) = (i, 7)),

(10)

for initial states (4,j) € Uy—,'£(k) and phases j' € {0, ..., Mk}, where 1y repre-
sents the first-passage time of X to £(0).

Observe that G(T|i,j; K, j') in Eq. is the probability that, under the
taboo of £(0), process X reaches level L(K) before time T and do so in phase j' €
{0, ..., Mk}, when (4, ) is its initial state. Therefore, we may follow closely the
approach of Section [2|in the sense that, for any initial state (¢,7) € UkK:_llﬁ(k),
values of G(Ti,j; K,j') are linked to the visit to £(K) in a process X (K) =
{(I(t;K),J(t; K)) : t > 0}, which is defined to be a finite-state QBD process
with state space S;\?(K) = Sx(k) and g-matrix

O (14 Mo) x (14Mo) 0(1+M0)xz;§;11(1+Mk) 0(14+Mo) x (14 M)

Qru)(t) = Q™ (t; K - 1) QK —1) Q*(t, K —1)

O Mr)yx(140M0)  Ogary Kty M) x (14 0x)

13
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where Q**(t; K —1), Q(t; K —1) and Q*(t, K — 1) record the time-varying tran-
sition rates for jumps of X’ from states in Uj_ ' £(k) to subsets £(0), Up—,' L(k)
and L(K), respectively.

The augmented process (Y, X’(K)), used in Section [2| to approximate prob-
abilities F(T|i,j; K,j’) through Fs(Ti,j; K,j'), is now replaced by an aug-
mented time-homogeneous process (Y, X'(K)) = {(Y'(t),I'(t; K), J'(t; K)) :
t > 0} that takes values on

S K-1 S
Sy = {O}UHH ({s} x L(k L_J ({s} x L(K

in such a way that state 0 represents either the absorption in the Markov chain
Y or a visit to taboo states in X'; i.e., states in £(0). The g-matrix of (¥, X' (K))
has the form of Qy x/(k)) in Sectionwith the value ¢g g1 instead of cs x—1,

sub-vector w' (K —1) = —@/(K—l)lés,lp1 —W'(K—1)114 pm, , and sub-matrices
Q[l](K - 1) - AI&I,K—I AI&I,K—I

QK-1) = )
Q[S_l] (K - 1) - )\Iél,K—l

W' (K —1) diag (Q*m (K —1),....0"5(K — 1)) ,

where é, k1 = azk 1 "(1+ M) is the cardinality of Us_, UESE ({s} x L(K)),
and Q¥ (K —1) and Q*I*J(K —1) are obtained from Q*J(K —1) and Q*I*I(K —1)
by removing rows and columns of taboo states.

Then, similarly to Eq. , probabilities G(T'|¢, j; K, j') in process QE(K) can
be approximated, for a sufficiently large S, by their counterparts Gg (T, j; K, j')
in X'(K); i.e., for initial states (i, j) € U £(k) and phases j' € {0, ..., Mk},

S
GS(T|Z7.]’K’]/) = ZQS(T‘I,i’j;S7K7j/)’ (11)

s=1
whete gs(TIL, 1,55, K,3') = PV (i), ' (i K)) = (5.7) | (V(0), F/(0; ),
J'(0;K)) = (1,i,7)), and 7} is the first-passage time of X’(K) to L(K).

By adapting the approach of Section [3| to process (JAA/'?'(K)), values of
g9s(T|1,4,7;s8,K,j') can accordingly be evaluated as hitting probabilities on

14
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states in US_; ({s} x £L(K)). To be concrete, the probability law of the first-
passage time 7} to subset US_, ({s} x £(K)) in (¥, X'(K)) can be determined
from restricted Laplace-Stieltjes transforms @, ; ;)(0;s', K, j), defined as

{7 (), I (7 K))=(s",5")} | (?’(O)JA’(O;K),j'(O;K)) = (5,4,7)|

E [e‘eﬁlki
for R(A) > 0, initial states (s,i,7) with s € {1,...,S} and (i,j) € Up_'L(k),
stages s’ € {s,...,5} and phases j' € {0,..., Mx}. We do this by introducing
(08, K, j'"), for j €
{0, ..., M;}—, which are found to satisfy Eqs. and for s € {1,...,S},
i€{l,..,.K—1} (instead of ¢ € {0, ..., K —1}), stages s’ € {s, ..., S} and phases

vectors 1[)571(9; s',K,j') —with (1 4 j)-th elements @, ;

j' €{0,..., Mk}, with matrices H, ;(6; K) and vectors hs;(6;s’, K, j') replaced
by

Als Als 2 Als -1
(0+ N D = Q= (1= 6,008 (000, )
H,(6;K)

X ()\djs-‘rl,i(e; S/7Ka ]I> + (1 - 6i71)QA£"537]iL87i—1(9; 8/7 K7 ]/)) )

f{s,i(e; K)

Bs,i(e; S/a K7j/)

respectively. This means that the probability Gg (T, j; K, j') in Eq. is the

value of

S
11,]) 9 8 K ]) = e,{+M7(1+;7) Zwl,i(a;slaKaj/)

s'=1

Hmm

at point § = 0, and the hitting probabilities

P(ng <T,J(nk) =3,k <no | (1(0),J(0)) = (,5))

in the original process X' can be approximated, for a sufficiently large S, by

P(J (ifi; K) = 3" | (Y'(0),I'(0; K), J'(0; K)) = (1,4, 5))
S
= e,{—i-Mi(]' +.7) Z 1/;1,1'(0; 3/7 Kaj/)v

s'=1

for initial states (i,) € Up_,'£(k) and phases j' € {0,..., Mx}. As a result, it

15
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holds that

P(nx < T,nx <no | (I1(0), J(0)) = (i, 7))
Mg S

~elia(L4+0) Y > 108, K, §),

§'=0s'=1

since the taboo probability P(nx < T,nx < no | (I(0),J(0)) = (4,7)) can be
expressed as the value limg_, Z;\,ﬁ(o Zf,:l P((Y'(ni), J(ni; K)) = (s,5) |
(Y'(0), 1(0; K), J(0; K)) = (1,3,5)) and €Ty, (14 5) X520 S5, 1,40, K,
§') = P(ig <Y | (Y/(0),1'(0; K), J'(0; K)) = (1,7, 7))

For the sake of completeness, Algorithm 3 (Appendix C)) evaluates vectors
77/;‘971(0;5’,K,j’), fori e {1,..,.K -1}, s € {1,..,5}, s € {s,...,S} and j' €
{0, ..., Mk}, from the above results, and Algorithm 4 summarizes

the iterative scheme to calculate n-th moments
E [(ﬁ}()nl{j/(ﬁ;{;z():j/} | (Y’(O),f’(O;K),j’(O;K)) = (17iuj):| )

for n € N, initial states (i,j) € Up_'£(k) and phases j' € {0, ..., Mk }.

5. Numerical work

In this section, the objective is to propose how to choose the number of stages
S in our Erlangian solution and exemplify the approach with numerical exper-
iments for M;/G /oo queues with Erlang service times and sinusoidal arrivals,
and SIR epidemic models with sinusoidal forcing of transmission. To preserve
the average dynamics of the underlying processes X (K) and X(K) in these
models, the corresponding augmented processes (¥, X’(K)) and (¥, X' (K)) are
defined from the transition rates qu}j)y(i,,j,) in Eq. .

5.1. On the selection of S

In the preceding discussions S is assumed to be selected as a sufficiently
large integer, which should not be done only from the asymptotic property
that Y = T in distribution as S — oo. In the following, we adopt the usual

method; i.e., we consider a matrix norm of the difference between the mass

16
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functions {F(T|i,j; K,j') : 7' € {0,..., Mk }} and their Erlangian approxima-
tions {Fs(Ti,j; K,j') : j' € {0, ..., Mk }}, for initial states (i,4) € Ur_'L(k)
and fixed values T and K, and we stop the procedure when this becomes less
than a predetermined tolerance. Our arguments below can be adapted, with
minor modifications, to the mass function {G(T|i,j; K,j’) : j' € {0,..., Mg}}
and its related approximation {Ggs(Ti,j; K,j') : 7/ € {0,..., Mk}}, and are
thus omitted here.

Consider the matrix norm || - HOQE and measure the overall estimation error
in terms of ||V (T|K) — V4(T|K)||., where the ((1 —3i0) S (1 4+ My) + 1+
g1 j’)—th clements of V(T K) and V4(T|K) are given by F(Tli, j; K, ') and
Fs(T|i,j; K, j"), respectively, for (i,5) € UkK:_Olﬁ(k) and j/ € {0,..., Mg}. In

llo

selecting S as the smallest integer that leads to
IV(TIK) = V5(TIK)ll, < e (12)

for the prespecified tolerance € > 0, the main difficulty concerns the fact that
V(T|K) is a sub-matrix of the transition matrix Pyx)(0,7) in Eq. , while
matrix V§(T|K) is iteratively evaluated from (7)-(8). To overcome this draw-
back, we may introduce a suitably defined time-inhomogeneous process Z(K)
for which an explicit expression for its transition matrix Pz k) (0,7") can be writ-
ten. Specifically, this auxiliary process Z(K) takes values on the set UK L(k)
(ie., Sz(x) = Sx(k)) and its g-matrix is defined to have discrete changes as

follows:

Qzo(t) = Q¥lyy, ifte [T 8 for s {1,..., 5},

I The matrix norm || - ||oo is here defined on the R-vector space of matrices with Zi{;ol 1+

M) rows and 1 + Mg columns, and takes the form

14+ Mg
HAHOO = max { Z Iam,m’l}v

me{l,.., S r MY | =

for any matrix A with R-valued elements a,, .-

17
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where Q has the structured form

[s] B Q¥I(K —1) QK —1)
QZ(K) = ,
Oy )y x K aenr)  O0+Mi)x (14 M)
and sub-matrices QI¥I(K — 1) and Q*[*)(K — 1), for stages s € {1,..., S}, are
those used in Section [3] in the Erlangian approximation. With this, process
Z(K) is defined at time instants ¢ € [0,7") —for any ¢ € [T',00), Qz(k)(t) can be

arbitrarily defined— in such a way that the product-integral form characterizing

its transition function becomes
—1
Pz(x)(0,T) Hesz T (13)

] g-1
where the ordered product Hle e?z0% T must be evaluated from the small-
est stage (s = 1) to the largest one (s = S); see, e.g., Rindos et al. [45], Equation
(8.9)].

From the structured form

P(0,T; K —1) P*(0,T; K — 1)
PZ(K) (07 T) = )
O i) xS K1 (14 M) Ty b
the product of matrices in (13) enables sub-matrix P* (0,T; K — 1) to be eval-
uated and, therefore, matrix Vg(T|K) = P*(0,T; K — 1) to be introduced in
our arguments as a piecewise-constant approximation of V(T|K). Then, for
processes X (K) and Z(K) with sup,c(o 7 ||Qux(x)(t)|| . < M(T; K — 1) and
SUPyeio,1) ||QZ(K) (t)||oo < M(T; K —1), for a finite constant M (T'; K — l)ﬂ the

triangle inequality yields

M(T;K-1)T _
IV(T|K) = Vi(TIK)|l., < esr(Qu)(), QZ(K)())e !

M(T; K —1)
Vs (TIK) = Va(TIK)|| (14)
where €5 7(Qx(x) (), Qz(x) () = subiejo 1) || Qu(x) (£) — Qz () (1)]] - In par-

ticular, the first term on the right-hand side of is derived from the relation

2For transition rates qglj) @5 defined from (also from Remark 2), it is seen that

SUP;eo, 7] HQZ(K)(t)HOO < SUP:eo, 1] HQX(K)(t)HOO, for any number S of stages.

18
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IV(T|K) = Vs(T|K)|| o < ||Prx)(0.T) = Pzk) (O,T)||OOE| and Theorem 5 of
Esquivel et al. [16].

By using , the number S of stages can therefore be selected as the small-
est integer such that

eM(T;Kfl)T 1
!/
€S,T(QX(K)(')7QZ(K)('))W + HVS(T|K) - VS(T|K)HOO < g

for a predetermined value € that typically ranges between 0.05 and 0.005, once
the term ||Vs(T|K) — VI(T|K)||, is evaluated at each S from — and .
Unfortunately, it is frequently the case that there is a risk of floating-point
overflow in the computation of the term eM(T3K=UT when M(T; K — 1)T is
quite large; furthermore, it may also happen that, when the cardinality of Z(K)
becomes large, the computation of is unstable. Instead, we may use either

an approach based on successive iterations

(WVs(T|K) = Va1 (T|K)|

[l

or another one based on the property

esT(Qur) (1), Rz () — 0,

as S — oo. The former is usually seen to be satisfactory when the procedure
converges relatively rapidly; however, the Erlangian approximation Vg(T'|K)
may be far from the solution V(T'|K) when the procedure is converging slowly.

The latter is investigated in our numerical experiments in Subsections [5.2) and

370 by using, for a better probabilistic interpretation, the Hellinger distance of

two mass functions instead of the matrix norm || - || co-

5.2. M/G/oo queues with Erlang service times and sinusoidal arrivals

For our first example, we consider the M;/G /oo queue used by Green and

Kolesar [22] to predict the maximum congestion from the customer arrivals

3The matrix norm ||-||, on the right-hand side of this inequality is defined on the R-vector

space of square matrices of order S0 (1 + My).
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peak at queues with cyclic arrivals. Specifically, in Ref. [22] customers arrive

according to a non-stationary Poisson stream with arrival rate

B(t) = Bo (1 + %Sin 2T7Tt> ,
where By > 0 is the overall mean arrival rate, with 7' = 24 hours and the peak
of customer arrivals at ¢ = 6 hours. Service times are independent, Erlang
distributed with 2 stages and mean a~'2, for a > 0, and are also mutually
independent of the inter-arrival times.

In the framework of Section [2] the level and phase variables are defined here
as I(t) = Ji(t) + J2(t) and J(t) = Jo(t), where Ji(t) and Jo(t) represent the
number of servers operating at stages 1 and 2, respectively, at time t. This
results in a time-inhomogeneous LD-QBD process X' that takes values on the
set S = U2, L(7), where levels £(i) are defined as {(¢,7) : j € {0,...,i}}; for a
concrete specification of sub-matrices @Q; i/ (¢), for i € {max{0,7 — 1},4,7 + 1},
see Since the level variable I(t) is related to congestion, the event
{nKk < 24,J(nk) = j'} specifies that the system reaches a congestion level with
K customers before 24 hours have elapsed with, in particular, K — j' and j’
servers operating in stages 1 and 2, respectively, at the first time when this
congestion level is reached; and F(24]i, j; K, j') is its conditional probability,
provided that ¢ — j and j servers are initially operating in stages 1 and 2,
respectively.

As discussed in the previous section, we shall begin by showing how the
fact that lims o0 €5,7(Qx (k) (), Qz(k)(-)) = 0 can be used to select S in our
approach. To do this, the solution P(K) = {F(24]i,5; K,j’) : 7 € {0,...,K}}
is first evaluated from a simulation study of X, for congestion levels K ranging
between 5 and 50, and the closeness of P(K) and its Erlangian approximation
Ps(K) = {Fs(24]1,0; K, j") : ' € {0, ..., K} } is measured by using the Hellinger
distance H(P(K), PS(K))EI, for a number of stages S = 2™ with m € Ny. Then,

a numerical evidence-based criterion is proposed to select S by analyzing how

4For the discrete distributions P(K) and Pg(K), the Hellinger distance H(P(K), Ps(K))

20
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Figure 1: The Hellinger distance H(P(K), Ps(K)) as a function of S, in scenarios with
Bo = 40.0 (left) and 50.0 (right) and o = 2.0, for congestion levels K ranging between 5 and
50.

sufficiently small values of H(P(K),Ps(K)) and es,7(Qx(x)(-), Qz(x)(-)) are
related to each other in our numerical experiments.

In the simulation study, the occurrence of the event {nx < 24} and the stages
of those servers operating at time 1y are estimated from 10° simulated paths of
process X starting at the beginning of a busy period —that is, with initial state
(i,7) = (1,0)—, in scenarios with values 8y € {40.0,50.0} and o = 2.0. From
this study, Figure [1| confirms that, in terms of H(P(K),Ps(K)), the Erlangian
approximation Pg(K) converges to P(K) as S — co. However, it is also noticed
that H(P(K),Ps(K)) is not necessarily a monotonically decreasing function of
S, except when K = 50 and 8y = 40.0 in our numerical results. In its more
usual behavior, H(P(K),Pgs(K)) is seen to start increasing to its maximum
value and then decreases to 0 with increasing values of S, which is not easy

to explain from the system parameters. For illustrative purposes, Figure

can be evaluated as

K
H(P(K),Ps(K)) = % > (VF@ILGK.7) ~ VFs@IL 0K, 7))
=0

which is equivalent to the Euclidean norm (v2)~!||\/P(K) — /Ps(K)||2, with 0 <
H(P(K),Ps(K)) < 1.
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Figure 2: The solution P(K) (solid line in red) versus its Erlangian approximation Pg(K)
(histogram in blue) in a scenario with 8o = 40.0 and o = 2.0, for congestion levels K = 5, 30

and 50 (from left to right).

graphically shows the closeness of P(K) and Ps(K) for different choices of K,
in a scenario with 8y = 40.0. In contrast to the behavior of H(P(K),Ps(K)), it
is seen that €5, 7(Qx (k) (+), Qz (k) (-)) always behaves as a decreasing function in
S, which is shown in Table 1] for a number of stages S = 2™ with m € {1,...,9}
and values By = 40.0 and « = 2.0. In particular, Tables [I] and [2| and numerical
results we do not report here, show that the number S = 128 of stages, which is
related to the first value of €5 7(Qx (k) (), Qz(x)(+)) less than 1, can be selected
to obtain values of H(P(K),Ps(K)) always less than 0.025 for any K and values
Bo and a.

The above comments provide a criterion for choosing S —as an integer verify-
ing €5, 7(Quk)(-), Qz(k)(-)) < 1— that results in Erlangian approximations to
P(K) sufficiently accurate in terms of H(P(K'),Pg(K)) for any congestion level
and scenario in our experiments, although a value of es,7(Qx(x)(-), Qz(x)(-))
close to 1 is far from its limiting value 0 as S — oc.

Following this criterion, numerical experiments are carried out to analyze,
as a function of the expected service time, how plausible it is that a busy period

ends before reaching a certain level K of congestion. It is clear that long service

22



S es,7(Qx(x) (1), Qz(x)(+)

2 25.4648
8 14.9169
32 3.9144
64 1.9619
128 0.9816
256 0.4908
512 0.2454

Table 1: Values of €5 7(Qux (k) (+), @z (k) (+)) as a function of S in a scenario with 8o = 40.0 and
a = 2.0. Note that, since the service rate is constant, the values of e5,7(Qx(x)("), Qz(x)("))

do not depend on the congestion level K.

K S=64 S=128

50 0.0191  0.0179
45 0.0219  0.0195
40 0.0231  0.0192
35 0.0270  0.0235
30 0.0210  0.0189
25 0.0172  0.0132
20 0.0176  0.0160
15 0.0110  0.0108
10 0.0140  0.0108
) 0.0068  0.0067

Table 2: Values of H(P(K),Ps(K)) as a function of K, for stages S = 64 and 128, in a
scenario with By = 40.0 and a = 2.0.
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Figure 3: Erlangian approximations {Fs(24|1,0; K,5’) : j/ € {0, ..., K}} (histogram in blue)
and {Gg(24|1,0; K,5') : 7/ € {0,..., K}} (histogram in red) in a scenario with 8y = 40.0 and
a = 4.0, for K € {5,20,35,50}.
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Figure 4: Erlangian approximations {Fs(24|1,0; K,5’) : j/ € {0, ..., K}} (histogram in blue)
and {Gs(24]1,0; K,5") : 5 € {0,..., K}} (histogram in red) in a scenario with 8y = 40.0 and
a =12.0, for K € {5,20,35,50}.
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Figure 5: Erlangian approximations {Fs(24|1,0; K,5’) : j/ € {0, ..., K}} (histogram in blue)
and {Gg(24|1,0; K,5") : 7/ € {0,..., K}} (histogram in red) in a scenario with 8y = 40.0 and
a =24.0, for K € {5,20,35,50}.

times result in highly congested systems, so it is not likely that a busy period will
end before the system reaches small levels of congestion. This is related to the
similarity between {Fs(24|1,0; K, 5’) : j' € {0,..., K}} and {Gs(24]1,0; K,j') :
j' €40, ..., K}} shown in Figure [3] for congestion levels K € {5,20, 35,50} and
service times with 30 minutes of mean duration (that is, @ = 4.0). In contrast,
higher congestion levels are less likely to be reached before a busy period ends
when service times have shorter durations, as illustrated in Figures [] and [5]
for service times with 10 minutes (o = 12.0) and 5 minutes (o = 24.0) of
mean duration, respectively. An important observation is that, at the epoch of
congestion, approximately 50% of the servers will operate in stage 1 (customers
with shorter waiting times) when K is sufficiently large, while that proportion

decreases when the level of congestion is smaller.

5.8. SIR epidemic models with sinusoidal forcing of transmission

In this section, we focus on the SIR (susceptible-infective-recovered) epidemic
model, which is reasonably predictive for infectious diseases whose recovery

confers lifelong immunity (Britton and Lindholm [7]; Kermack and McKendrick
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[31]; Neuts and Li [42]). In particular, the following description of a Markov
chain model for an SIR-like epidemic is used to reflect seasonal oscillations of
influenza incidence (Dushoff et al. [I5]) and requires that the contact rate be
time dependent.

Consider a closed population of N < oo individuals, which are homoge-
neously well mixed, and assume that, from each infected individual, the disease
is transmitted at random points of a non-stationary Poisson stream with rate
B(t) in such a way that the newly infected individual is selected, under in-
dependent and uniform assumptions, from the sub-population of susceptible
individuals. Infectious periods are assumed to be governed by independent,

1 and are also

exponential-distributed random variables with mean length v~
mutually independent of the infectious contact processes.

These distributional assumptions lead to a finite-state QBD process X =
{(I(t),J(t)) : t > 0}, where the level and phase variables denote the number
of infected and susceptible individuals —so that R(t) = N — I(t) — J(¢) is
the number of recovered individuals— at time ¢. For a population consisting
initially of Ny infected and N susceptible individuals —that is, I(0) = N; and
J(0) = Ny with Ny + Ny = N—, X takes values in S = UY (£(i) with £L(i) =
{(2,5) : 1 € {0,...; Ny + Ny — j},5 € {0,...,N;}}, for integers ¢ € {0,..., N}.
Level £(0) consists of disease-free states, which are absorbing, whereas states in
UN , L(i) are transient and correspond to an outbreak in progress. Elements of
Qi (t), for ' € {max{0,i — 1},4, min{é + 1, N}}, are easily derived, as shown
in

In our numerical experiments, the seasonal transmission rate has the form

B(t) = BN <1+acos (277 (t— ;))) ,

where the parameter o € [0, 1] amounts to the strength of seasonal forcing and
Bo > 0 is the person-to-person contact rate in the standard SIR model (i.e.,
with ¢ = 0.0). This choice for the contact rate §(t) is usually referred to as
Dietz’s model [13]; for related work, see Buonomo et al. [§], and Grassly and

Fraser [21I], among others. In Figure @ we plot the time-varying reproduction
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Figure 6: The time-varying reproduction number Rq(t) as a function of ¢ in the standard SIR

model and SIR models with time-varying contact rates, for a scenario with N = 100.

number Ry(t) = v~ !3(t) as a function of ¢, for a population consisting of N =
100 individuals, infectious periods with mean duration y~! = 7.3 days, and
parameters Sy = 5.0 and o € {0.0,0.02,0.2,0.5}. It is seen that, for strictly
positive values of o, Ry(t) evolves periodically over an interval of length 7' =1
year and reaches its maximum value at t = 6 months, while Ry (t) becomes the
basic reproduction number Ry = v !5y N in the standard SIR model. Using
the expression for 3(¢), it holds that

miy = (1vows(or(e- 1))

which reflects how the average transmission potential governed by Ry can fluctu-
ate over time due to the seasonal conditions introduced by ¢. For example, when
Ry =10.0 and o > 0, the curve of Ry(t) exhibits seasonal behavior in influenza
transmission —from mild to more pronounced patterns— in which transmission
tends to increase during winter months and decrease during warmer periods, as
a result of climatic conditions, changes in social behavior, school calendars and
indoor activities, among other factors; see, e.g., Dushoff et al. [I5]. This tem-
poral variability can significantly influence the spread of the disease, depending

on the time of year at which the infection is introduced into the population.
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Figure 7: The Erlangian approximation of probability P(nx < T | (1(0),J(0)) = (1,99)) as
a function of Ry in the standard SIR model and SIR models with time-varying contact rates,

for T =1, K € {5,25,50,75} and a scenario with N = 100.

To examine this effect, we consider an invasion time —that is, (¢, 5) = (1,99)
is the initial state of ¥— and focus on the probability P(nx < T | (1(0),J(0)) =
(1,99)) of reaching K individuals who are simultaneously infected with influenza
before an interval of length T' = 1 year expires, for integers K € {5, 25,50, 75}.
In our experiments, it is assumed that the baseline value Ry varies between
1.0 and 15.0 (Dushoff et al. [I5]), while the strength of seasonal forcing is
set to o € {0.0,0.02,0.2,0.5}. To approximate P(nx < 1 | (1(0),J(0)) =
(1,99)) via S237°0 ™ Fs(1]1,99; K, j'), the mass function {F(1]1,99; K, j') : j' €
{0,...,100 — K'}} is first estimated from a simulation study similar to that of
Subsection [5.2] and the number S of stages is then selected as the smallest
integer such that es7(Qx(x)(+), @z(x)(-)) is less than one, which always results
in values of the Hellinger distance of {F(1]1,99; K, j) : j' € {0,...,100 — K}}
and {Fs(1]1,99; K,j') : j/ € {0,...,100 — K}} in our SIR models less than
0.025. From Figure[7] it is observed that, regardless of Ry, the peak of infection

will be more significant as seasonal variability decreases. Specifically, increasing
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values of the strength of seasonal forcing make it less likely to accumulate K
simultaneously infected individuals before time T' = 1 year, the standard SIR
model being the one with the highest likelihood of such an event. This behavior
occurs because seasonality introduces both periods of low and high transmission,
but with different implications; in particular, low transmission will reduce the
chance of influenza disease spreading sufficiently, even at high values of R, more
significantly than high transmission will increase spread. This effect highlights
how the interaction between Ry and o shapes the temporal pattern of Ry(t),
limiting the appearance of influenza outbreaks during certain time periods of the
year and making it less likely to observe a significant number of simultaneously
infected individuals. As was expected, for fixed K, the Erlangian approximation
of P(nx < 1| (1(0),J(0)) = (1,99)) increases with increasing values of Ry,

regardless of o.

6. Conclusions

In this article we construct Erlangian approximations to hitting probabilities
at a fixed time T < oo for a time-inhomogeneous LD-QBD process X. The con-
struction replaces time T by an independent, Erlang-distributed random time
Y with S stages and mean 7', and uses the Widder’s Laplace transform inver-
sion formula to approximate the solution {F(Ti,7; K,5’) : j/ € {0,..., Mk}}
(respectively, {G(T|i, j; K,j") : 7/ € {0,..., Mk }}), for a specified integer K and
initial states (i) € U 'L(k) (respectively, (i,7) € Ur_'£L(k)), from the dy-
namics of a suitably defined time-inhomogeneous process X’ (K) (respectively,
X’(K)) before time Y expires.

An important feature of our approach is related to the definition of (Y, X’ (K))
(respectively, (Y, X'(K))) and its relation to the process Z(K). Unlike process
Z(K) —whose g-matrix makes discrete changes over S sub-intervals obtained by
partition of [0, T'), each of length S~'T—, the g-matrix of the augmented process
(Y, X' (K)) (respectively, (¥, X'(K))) makes discrete changes over sub-intervals

of random length, which are defined from the S independent, exponential-
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distributed contributions Y7, ..., Ys to the random (Erlang-distributed) length
of interval [0,Y). In other words, in this article the sequence of sub-intervals
[S™Y(s—1)T,S~1sT), for s € {1, ..., S}, in the well-known piecewise-constant ap-
proximation is replaced by sub-intervals of random length Y;, for s € {1, ..., S},
each with a fixed mean value S™'T. This randomization procedure allows us
to avoid approximating the solution from the transition matrix Pz(x)(0,T),
especially when the underlying matrix exponentials in behave numerically
unstable. Instead, the Erlangian approximation is evaluated by solving sys-
tems of linear equations characterizing first-passage time distributions of process
(Y, X'(K)) (respectively, (¥, X'(K))); see, for example, the iterative scheme for
the computation of {Fs(T)i,j; K,j') : ' € {0,..., Mg }} in Eqs. (@)-(8).

The selection of the number S of stages from is likely to prove highly
satisfactory when M (T; K — 1)T is not large. However, in certain applications,
such as our examples in Subsections and it may become necessary to
examine how the similarity of the g-matrices Qx(x)(t) (respectively, Q ¢ (%))
and Qzx)(t), for t € [0,7) —measured in terms of €5, 7(Qx(x)(-), Qz(x)(-))
(respectively, e5,7(Q 3 (x)(+), @z(x)(-)))— can be used to predict the closeness
of the solution and its Erlangian approximation, for example, in terms of the un-
derlying Hellinger distance of P(K) and Ps(K). To this end, a preliminary sim-
ulation study may allow one to estimate the solution and explore how sufficiently
small values of H(P(K), Ps(K)) are obtained by selecting the number of stages
S according to the behavior limg ;o €5,7(Qx (k) (-), @z(x)(-)) = 0 (respectively,
limg_ o0 es,T(Qi(K)(-), Qz(x)(+)) = 0). More concretely, our examples in Sub-
sections[5.2 and [5.3| show that choosing S such that es 7 (Qx(x)(-), @z (k) (-)) <
1 results in a sufficiently accurate approximation in terms of values of the
Hellinger distance H(P(K),Ps(K)) less than 0.025.

Finally, we note that the aforementioned numerical evidence may be inher-
ently linked to the stochastic descriptor under consideration in this article and,
in particular, the sinusoidal assumption for the time-varying transition rates.
Therefore, we acknowledge that our conclusions on the selection of S may not

be directly applicable to other contexts. Future work could focus, for exam-
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ple, on the case of the transition function

time-varying transition rates.

of a finite-state Markov chain with

Appendix A. Algorithmic solution of Egs. @ and

For fixed values 6 € C with R(6) > 0 and phases j' € {0, ..., Mk}, Algorithm
1 computes the vectors ¢, ;(0; ', K,j') with i € {0,..., K —1}, s € {1, ..., S} and

s e{s, ..., S}

s e {s,...,S}.

s:=S4+1;
i := 0;
while s > 1, do
s:=s—1;
s’ i=s;
\ —1
Hoi(03K) o= (0 + N Tivar, — Q1) 75
while i < K — 1, do

=1+ 1;
Hy (03 K) o= ((0+ NTiar, — Q1= QL
endwhile;

while 7 > 0, do

ii=1—1;
Pai(038, K, §') := Ho (0, K)QI), 14he iq1(0
endwhile;

while s’ < S, do
s =35 + 1;

while i < K — 1, do
1:=1+ 1

endwhile;
s,i(055", K, j') i= hsi (058", K, §');
while 7 > 0, do

ii=1—1

endwhile;

endwhile;

endwhile.

Algorithm 1. Iterative evaluation of v ;(0;s’, K,j’) with i € {0,..., K — 1}, s € {1,...,S} and

Heaio1(0; K)QY! .)’1-
1 Hs,i—1(0; o1, ;

$ei (035, K,5') == Hao i (0; K)QY) e ynr, (14357

is, K,3');

he,i(0;8", K,j') = AH, 5 (0; K)Ysy1,:(65 8", K, j');

B (038 K, 3') i= Hoi (0 K) (Mbaya,i (035, K, 5) + Q) hasim1(058, K, 37) )5

Pai(0;8' K, §') = He i (0; K)QY) e i1 (058", K, §') + hai(858' K, §');
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Appendix B. Algorithmic solution of Egs. @

Starting with mg?g(s',K, J') = ¥s,:(0;¢', K,j"), Algorithm 2 evaluates the
(n)

S,

m(n’_l) (5/7 va/)'

EX

vectors my ; (s', K, j'), for a fixed n € N, from previously computed vectors

Algorithm 2. Iterative evaluation of m<") (s',K,j') with i € {0,..., K — 1}, s € {1,...,S} and

s,%

s’ € {s,...,S}, for a fixed phase j’ € {0, ..., Mk}.

s:=S+1;

i := 0;

while s > 1, do
s:=s—1;
’
s’ = s;

W (s K, 5') = nHo i (K)m(" V(s K, 5');
while i < K — 1, do

1:=14+ 1

(n) s VAN . (n—1) /7 ./ [s] (n) ’ AW

hs,i (s",K,j") == Hs,i(K) nmg ; (8", K,j )+Q1‘17¢_1h5)i_1(5 VK57 )5
endwhile;
W (s K, 57) = h (s K37 + He i (K)QY | reerinny (1+57);
m(;lq;)(svivjl) = hgz>(S/,K7j/)§
while 7 > 0, do

1:=1— 1
(n) .t VAN . [s] (n) ’ v [COYN /N
LU (s, K,j") = Hs,z(K)Qi,i_;.lmS,i_;_l(S VKL g )“"hs,i (s", K, 3");
endwhile;

while s’ < L, do
s =38 + 1;
(' K51 = Hea(K) (nmT 0 (s K5 4+ am(Dy (57 K53
while 1 < K — 1, do

=1+ 1;
(s K3 o= Hoa(K) (nm 0 (80 K57 4 Am (50 K7 + QUL ) (s,
endwhile;

m{")(s' K, j') = b (s K, 5);
while 7 > 0, do

i:=1—1;
m{(s' K, §') = He s (K)QYL m{™) (57, K, 57) + b (87, K, 37
endwhile;
endwhile;

endwhile.

KJ"));
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Appendix C. Algorithmic solution under the taboo of level £(0)

For fixed values §# € C with () > 0 and phases j' € {0,..., Mg}, Al-
gorithm 3 computes the vectors 1ﬁs7i(9;s’,K,j’) with ¢ € {1,...,. K — 1}, s €
{1,...,8} and s’ € {I,..., S}, from which the probability gs(T|1,4,7;s, K,j’) in
can be evaluated as the Laplace-Stieltjes transform ﬂ(u’j)(ﬂ; s, K,j") =
elTJrMi(l + j)qﬁl,i(H; s, K,j') at point § = 0. Algorithm 3 also provides the vec-
tors mi?i)(s’,K,j’) = 1p,4(0; 8", K, j') and matrices H,;(K) = H,,;(6; K) used

in Algorithm 4.

Algorithm 3. Iterative evaluation of 1!35,1-(0;5',1(,]") with 7 € {1,..., K — 1}, s € {1,..., S} and
s’ ef{l,...,S}.

s:=854+1;
1:=1;
while s > 1, do
s:=s—1;
s’ = s;
H,i(0; K) = ((9 + Mg, — QES]L) -
while i < K — 1, do
=1+ 1
H, (0 K) = ((9 + M Ii4nm; — QES]I - ngl_lﬁs,i71(0§ K)ng_]ll) 71;
endwhile;
bo,i (055, K, §) = He i (0 K)QYL yeriar, (1457
while 7 > 1, do
1:=1— 1
Pai(035, K, 5') = He i (0; K)QU), e i1 (0;5, K, §');
endwhile;
while s’ < S, do
s =38 + 1;
ﬁ57i(9; s’ K, j') = )\IA{SJ'(G; K)1[15+1,i(9; s’ K, j');
while i < K — 1, do
i:=14+ 1
hoi(05' K, 5) i= He (03 K) (Mo i (038, K, + QELihe,ima (055 K, 5))s
endwhile;
$ei(0:8", K, §') = hei(0:5' K, §');
while 7 > 1, do

1:=1—1;
Pai(038' K, §') = He (0, K)QY) e iq1 (058", K, 5') + ha (058", K, §');
endwhile;
endwhile;

endwhile.
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Algorithm 4. Iterative evaluation of m(n.)( ' K,j') with i € {1,...,K — 1}, s € {1,...

i

s’ € {l,..., S}, for a fixed phase j' € {0, ..., Mk }.

s:=S+1;
1:=1;
while s > 1, do

s:=s5—1;

’
s’ = s

7 (n) : A(n 1) Y.
hs,i (s, K,3") ==nH, i (K)m (s, K,5");
while i < K — 1, do

=1+ 1

(' K5 = B (B) (70 K5 4+ QUL R (57 KL ))s
endwhile;
R (s K, 5") = b (s K37 + Ha i (B)QY | reerynr, (1+57);
N (n)(S ) — Bg’,Li)(S/vKJ/)?
while 7 > 1, do

i:=14—1;

") (s K, ) = Ha i (K)QY) ™) (s K, 5') + h{") (s K, §);
endwhile;

while s’ < S, do

s’ =35 + 1;

WD (' K5 = B a(B) (70 (s K5 4+ Dy (57 K5
while 7 < K — 1, do

=1+ 1;
R (57 K31 o= (K (nin (0 (8 K57 4 Al (80 K ) + QUL
endwhile;

ﬁlgfli)(sl,K,j/) = iLiZ)(s/,K,j');
while 7 > 1, do
=11
"' K 5) = Haa(B)QE T (s KL ) + RO (s KL )
s, i,i+1""s,i4+1 ’ ’ 3
endwhile;

endwhile;

endwhile.

,S} and
hitli)71(sl*

KJ/));
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Appendix D. Sub-matrices Q; /(t) in the M;/G/oco queue with Er-

lang service times and sinusoidal arrivals

600 For integers ¢’ € {max{0,7 — 1},4,7+ 1} and 7 € Ny, sub-matrices @Q; (t) of
process X' in Subsection [5.2] are given by

o o - 0 0
a 0 .- 0 0
0 2« 0 0
Qiilt) = R : : ’
0 0 i—1a 0
0 0 0 1e’
—(B(t) + i) i 0 0
0 —(B(t) + i) (i—1Da 0
Qui(t) = 0 0 —(B(t) + i) 0
0 0 0 —(B(t) + ia)
0 0 0 0
Bt) 0 0 0 0
0 B(t) o0 0 0
Qiin(t) = 0 0o Bt - 0 O
0O 0 0 B(t) 0

Appendix E. Sub-matrices Q; ;/(t) in the SIR epidemic model with

sinusoidal forcing of transmission

Under the assumption that I(0) = Ny and J(0) = Ny with Ny + Ny = N,

es the g-matrix of process X in Subsection [5.3]is specified from the following sub-
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matrices Q; i (t), for integers i’ € {max{0,7 — 1},4, min{s + 1, N}}:

Quirlt) = viln, 1, ifie{l,.., N},
(Yiln_is1,08—it1), ifi€{N;+1,.. N},
Qii(t) = diag(—qa,0)(t), —qe,1)(t)s s —4@,min{N,,N—i}) (1)),
0 0 0 0
8; ¢ 0 0
Qiin(t) = 0o Bbg ... 0 0|, ie{l,.,N; -1},
; 0 0
0 0 BONi 0
0 0 0
Bh; ¢ 0
Qiis1(t) = 0o By ... 0 . ie{Ny,..,N—1},
0
0 0 - BON )i

where q(; ;) (t) = (N1 B(t)j + 7)i.
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