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FAITHFUL COVERS OF KHOVANOV ARC ALGEBRAS

C. BOWMAN, M. DE VISSCHER, A. DELL’ARCIPRETE, A. HAZI, R. MUTH, AND C. STROPPEL

Abstract. We show that the extended Khovanov algebra Km
n is an (|n − m| − 1)-faithful

cover of the Khovanov arc algebra Hm
n .

1. Introduction

The Khovanov arc algebras, Hm
n , were first introduced by Khovanov (in the case m = n) in

his pioneering construction of homological knot invariants for tangles [Kho00, Kho02]. These
homological knot invariants have subsequently been developed by Rasmussen and put to use in
Piccirillo’s proof that the Conway knot is not slice [Ras10, Pic20]. The Khovanov arc algebras
and their quasi-hereditary covers, Km

n , have been studied from the point of view of symplectic
geometry [MS22] and representation theory [BS10, BS11a, BS11b, BS12a, BS12b, BW], and
they provide the exciting possibility of constructing algebraic invariants suitable for Crane–
Frenkel’s approach to the smooth 4-dimensional Poincaré conjecture [Man].

For m,n ∈ N, the Khovanov arc algebra Hm
n is a symmetric algebra and hence has infinite

global dimension. These algebras are best understood by way of their covers, the extended arc
algebras Km

n for m,n ∈ N. The extended arc algebras are Koszul, quasi-hereditary algebras,
and therefore they possess standard modules, have finite global dimension, and rigid cohomo-
logical structure (for example their radical structures can be encoded combinatorially via the
grading). We wish to understand the limits of what cohomological information can be passed
back-and-forth between the Khovanov arc algebras and their quasi-hereditary covers by way of
the Schur functor f : Km

n −mod → Hm
n −mod and its inverse. Rouquier’s language of “faithful-

ness” of quasi-hereditary covers allows us to address this question for important subcategories
of Km

n −mod and Hm
n −mod, namely the subcategories of modules possessing standard/cell fil-

trations (see Section 2 for more details). Throughout this paper we work over an arbitrary
field k of characteristic p ⩾ 0.

Theorem A. The extended arc algebras Km
n are (|n−m| − 1)-faithful covers of the Khovanov

arc algebras Hm
n for m,n ∈ N. In other words,

ExtiKm
n
(M,N) ∼= ExtiHm

n
(f(M), f(N))

for M,N a pair of standard-filtered modules and 0 ⩽ i ⩽ |m− n| − 1.

It is worth noting that the cohomological connection of Theorem A becomes stronger as
|n − m| increases. We know of only one other similar instance of this phenomenon: over
a field of characteristic p, the classical Schur algebra is a (p − 3)-faithful cover of the group
algebra of the symmetric group, [HN04, Corollary 3.9.2] and [Don07]; that is, the cohomological
connection becomes stronger as the characteristic of the field increases.

To the authors’ knowledge, all other results concerning faithfulness of quasi-hereditary covers
concern only 0 and 1-faithfulness; the most famous of which are Rouquier–Shan–Varagnolo–
Vasserot’s proof that, under mild conditions on the parameters, the cyclotomic Hecke algebras
have 0-faithful covers over C (the categories O for cyclotomic rational double affine Hecke
algebras [RSVV16]), and Webster’s extension of this result to arbitrary ground fields by way
of the weighted KLR algebras [Web17].
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Structure of the paper. Sections 2, 3 and 4 contain all the necessary background for this
paper. Section 2 recalls the notions of highest weight category, Schur functors and quasi-
hereditary covers. Section 3 contains the combinatorics of weights, cups and caps needed to
define the (extended) arc algebras and study their representation theory. Section 4 introduces
the extended arc algebra Km

n and its quasi-hereditary structure. Here we also introduce pro-
jective functors relating the module categories of extended arc algebras of different ranks which
play a crucial role in most of our proofs. Section 5 is new and gives an inductive construction
of the indecomposable tilting modules for the extended arc algebras (see Theorem 5.1). In
Section 6, we introduce the Khovanov arc algebra Hm

n as an idempotent truncation of Km
n . We

also study analogues of the projective functors for Hm
n . In Section 7, we prove that Km

n is a
0-faithful cover of Hm

n when m ̸= n (see Theorem 7.2). Finally, Section 8 contains the proof of
Theorem A (see Theorem 8.4).

Acknowledgements. We would like to thank Steve Donkin and Harry Geranios for interesting
and informative conversations during the writing of this paper. The authors are grateful for
financial support from EPSRC grant EP/V00090X/1 (first and third authors) and EPSRC
Programme Grant EP/W007509/1 (fourth author).

2. Background: Highest weight categories and Schur functors

In this section we recall the abstract framework required for this paper, that of quasi-
hereditary covers. All of the material in this section can be found in the excellent references
[Don98, Appendix] and [Rou, Section 4].

2.1. Highest weight categories. We start by recalling the notion of highest weight categories
introduced by Cline, Parshall and Scott in [CPS88].

Let k be a field and A be a finite dimensional k-algebra. We will be working with the
category A–mod of finite dimensional left A-modules. Throughout the paper, we will identify
isomorphic modules. We define the radical of a finite-dimensional A-moduleM , denoted radM ,
to be the smallest submodule of M such that the corresponding quotient is semisimple. The
radical series is given by setting rad0M = M and radiM = rad(radi−1M) for i ⩾ 1 and
the radical layers radiM are the semisimple subquotients radiM = radi(M)/ radi+1(M) for
i ⩾ 0. We define the socle of a finite-dimensional A-module M , denoted socM , to be the
largest semisimple submodule of M . The socle series is defined by setting soc0M = {0}
and soci+1M = π−1

i (soc(M/ sociM)) for i ⩾ 0 where πi : M → M/ sociM is the natural
projection. We define the socle layers sociM to be the semisimple subquotients sociM =
soci(M)/ soci−1(M) for i ⩾ 1.

Let (Λ,⩽) be a poset indexing the isomorphism classes of simple A-modules. For each λ ∈ Λ,
we denote the corresponding simple A-module by L(λ) and its projective cover by P (λ). So
we have rad0 P (λ) = P (λ)/ rad1 P (λ) = L(λ). We write A–proj for the subcategory of A–mod
whose objects are the projective A-modules.

For any π ⊆ Λ and M ∈ A–mod we say that M belongs to π if all its composition factors
belong to {L(µ) : µ ∈ π}. For any M ∈ A–mod we define Oπ(M) to be the unique minimal
submodule ofM such thatM/Oπ(M) belongs to π. Now, for λ ∈ Λ, set π(λ) = {µ ∈ Λ, µ < λ}
and define the standard module ∆(λ) by

∆(λ) = P (λ)/Oπ(λ)(radP (λ)).

For λ, µ ∈ Λ, we write [∆(λ) : L(µ)] for the composition factor multiplicity of L(µ) in ∆(λ).
By construction we have that [∆(λ) : L(µ)] ̸= 0 implies µ ⩽ λ and [∆(λ), L(λ)] = 1. We let

∆ = {∆(λ) | λ ∈ Λ}.

For M ∈ A–mod, we say that M has a ∆-filtration if we have a filtration of A-modules

0 =M0 ⊂M1 ⊂ . . . ⊂Mn =M
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such that Mi/Mi−1 is isomorphic to a standard module for all 1 ⩽ i ⩽ n. We let (A–mod)∆

denote the subcategory of A–mod whose objects admit a ∆-filtration. For M ∈ (A–mod)∆

and λ ∈ Λ we write (M : ∆(λ)) for the multiplicity of ∆(λ) as a section in a ∆-filtration of M .
Note that this does not depend on the choice of filtration. We can now give the main definition
for this section.

Definition 2.1. We say that A is a quasi-hereditary algebra and that the category A–mod is a
highest weight category (with respect to the poset (Λ,⩽)) if for all λ ∈ Λ we have

◦ P (λ) ∈ (A–mod)∆,
◦ (P (λ) : ∆(λ)) = 1, and
◦ (P (λ) : ∆(µ)) ̸= 0 implies µ ⩾ λ.

We will assume from now on that A–mod is a highest weight category. The following
proposition is well known.

Proposition 2.2. Let 0 → M1 → M2 → M3 → 0 be an exact sequence in A–mod. If M2 and
M3 belong to (A–mod)∆ then so does M1.

We will assume further that the algebra A is endowed with an anti-automorphism ∗ : A→ A.
This gives a duality functor

⃝⋆ : A–mod → A–mod : M 7→M⃝⋆ = HomA(M, k)

where for a ∈ A and ψ ∈ M⃝⋆ we have (aψ)(m) = ψ(a∗m) for all m ∈ M . We will assume
further that L(λ)⃝⋆ ∼= L(λ) for all λ ∈ Λ. Then we have the following reciprocity.

Theorem 2.3 (Brauer–Humphreys reciprocity). Let A be a quasi-hereditary algebra endowed
with an anti-automorphism ∗ : A→ A. For any λ, µ ∈ Λ we have

(P (λ) : ∆(µ)) = [∆(µ) : L(λ)].

We call T ∈ A–mod a tilting module if T and T⃝⋆ belong to (A–mod)∆ and write A–tilt for
the subcategory of A–mod whose objects are tilting modules.

Theorem 2.4 ([Rin91]). For each λ ∈ Λ there is an indecomposable tilting module T (λ) with
the following properties

◦ (T (λ) : ∆(λ)) = 1, and
◦ (T (λ) : ∆(µ)) ̸= 0 implies µ ⩽ λ.

The set {T (λ) : λ ∈ Λ} is a complete set of pairwise non-isomorphic indecomposable tilting
modules.

2.2. Schur functors and covers. Now let e = e2 ∈ A be an idempotent in A and set B = eAe
to be the corresponding idempotent subalgebra. We have the Schur functor

f : A–mod → B–mod : M 7→ eM

and the inverse Schur functors

g : B–mod → A–mod : N 7→ HomB(eA,N),

and

g̃ : B–mod → A–mod : N 7→ Ae⊗B N.

The functor f is exact, the functor g is left exact and the functor g̃ is right exact. Moreover,
f is left adjoint to g and right adjoint to g̃ i.e.

HomB(fM,N) ∼= HomA(M, gN) and HomB(N, fM) ∼= HomA(g̃N,M)

for all M ∈ A–mod, N ∈ B–mod. We have the corresponding unit ε : fg → Id and counit
η : Id → gf . The unit ε is an isomorphism.

Proposition 2.5 ([Rou, Proposition 4.33]). The following statements are equivalent.
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◦ A ∼= EndB(eA).
◦ The map η(M) :M → gf(M) is an isomorphism for all M ∈ A–proj.
◦ The functor f restricted to A–proj is fully faithful.

In this case we say that (A, f) is a cover of B (or that A is a cover of B when the functor f
is clear from the context).

Definition 2.6 ([Rou, Definition 4.37]). Let i ⩾ 0. We say that (A, f) is an i-faithful cover of
B if

ExtiA(M,M ′) ∼= ExtiB(fM, fM ′)

for all M,M ′ ∈ (A–mod)∆.

Proposition 2.7 ([Rou, Proposition 4.40]). The following statements are equivalent.

◦ (A, f) is a 0-faithful cover of B.
◦ For all M ∈ (A–mod)∆, the map η(M) :M → gf(M) is an isomorphism.
◦ For all T ∈ A–tilt, the map η(T ) : T → gf(T ) is an isomorphism.

3. Combinatorics

We now recall the combinatorics of (extended) Khovanov arc algebras (see also [BS11a] and
[BDH+]). We let Sn denote the symmetric group on n letters.

3.1. Weights and partitions. Fixm,n ∈ N. We denote by Λm,n the set of labelled horizontal
strips of length n +m where each integer point 1 ⩽ i ⩽ n +m is labelled by either ∧ or ∨ in
such a way that the total number of ∧ is equal to m (and so the total number of ∨ is equal to
n). We call the elements of Λm,n weights. We define the partial order ⩽ on the set of weights
to be generated by the basic operation of swapping a ∨ and an ∧ symbol; getting bigger means
that the ∨’s move to the right.

A partition λ is defined to be a weakly decreasing sequence of non-negative integers λ =
(λ1, λ2, . . .). We define the Young diagram of a partition to be the collection of tiles

[λ] = {[r, c] | 1 ⩽ c ⩽ λr}

depicted in Russian style with rows at 135◦ and columns at 45◦. We identify a partition with
its Young diagram. We let λt denote the transpose partition given by reflection of the Russian
Young diagram through the vertical axis. Given m,n ∈ N we let Pm,n denote the set of all
partitions which fit into an m× n rectangle, that is

Pm,n = {λ | λ1 ⩽ m,λt1 ⩽ n}.

There is a bijection beween Λm,n and Pm,n given as follows. Read the labels of a weight in Λm,n

from left to right. Starting at the left most corner of the m×n rectangle, take a north-easterly
step for each ∨ and a south-easterly step for each ∧. We end up at the rightmost corner of
the rectangle, having traced out the “northern perimeter” of the Russian Young diagram. An
example is given in Figure 1.

Throughout the paper, we will identify weights with their corresponding partitions. In
particular we have that the maximal element in Λm,n is given by

∧ ∧ . . . ∧ ∨ ∨ . . .∨ = ∅

and the minimal element in Λm,n is given by

∨ ∨ . . . ∨ ∧ ∧ . . .∧ = (mn).

More generally for λ, µ ∈ Λm,n we have λ < µ if and only if the partition µ is a subset of the
partition λ, written as µ ⊂ λ.

Remark 3.1. The set Λm,n is easily seen to be a labelling set for the cosets of the product of
symmetric groups Sm × Sn inside Sm+n. Figure 1 shows how to associate a minimal length
coset representative to a given partition. Under this bijection, the partial order ⩽ described
above corresponds to the opposite of the Bruhat order.
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∧∧
∨

∧
∨ ∨

∧
∨ ∨

∧

∧∧∧∧∧
∨ ∨ ∨ ∨ ∨

Figure 1. Along the top we picture the weight ∨∧∨∧∧∨∨∧∧∨ ∈ Λ5,5, which corresponds to
the partition (5, 4, 22) ∈ P5,5. To obtain the corresponding minimal length coset representative
of S5×S5 in S10, simply fill each box in the partition with an si generator. The corresponding
product gives the minimal length coset representative (which when applied to the element ∅
of Λ5,5 permutes the ∧s and ∨s so as to arrive at the given weight).

3.2. Cups, caps and Kazhdan–Lusztig polynomials. The following definitions come from
[BS11a, Section 2].

Definition 3.2. ◦ To each weight λ we associate a cup diagram λ and a cap diagram λ. To
construct λ, repeatedly find a pair of vertices labeled ∨ ∧ in order from left to right that are
neighbours in the sense that there are only vertices already joined by cups in between. Join
these new vertices together with a cup. Then repeat the process until there are no more such
∨ ∧ pairs. Finally draw rays down at all the remaining ∧ and ∨ vertices. The cap diagram
λ is obtained by flipping λ through the horizontal axis. We stress that the vertices of the cup
and cap diagrams are not labeled.

◦ Let λ and µ be weights. We can glue µ under λ to obtain a new diagram µλ. We say that
µλ is oriented if (i) the vertices at the ends of each cup in µ are labelled by exactly one ∨
and one ∧ in the weight λ and (ii) it is impossible to find two rays in µ whose top vertices
are labeled ∨ ∧ in that order from left to right in the weight λ. Similarly, we obtain a new
diagram λµ by gluing µ on top of λ. We say that λµ is oriented if µλ is oriented.

◦ Let λ, µ be weights such that µλ is oriented. We set the degree of the diagram µλ (respectively
λµ) to be the number of clockwise oriented cups (respectively caps) in the diagram.

◦ Let λ, µ, ν be weights such that µλ and λν are oriented. Then we form a new diagram µλν
by gluing µ under and ν on top of λ. We set deg(µλν) = deg(µλ) + deg(λν).

Examples are provided in Figure 2 and 3.

∨ ∨
∧ ∧ ∧

∨ ∨
∧ ∧

∨

Figure 2. Continuing with the weight λ = ∨∧∨∧∧∨∨∧∧∨ ∈ Λ5,5 from Figure 1, we depict
the diagram λλ and the cup diagram λ.
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Definition 3.3. [BS11a, (5.12)] For each λ, µ ∈ Λm,n we define the Kazhdan–Lusztig polyno-
mial nλµ(q) to be the monomial

nλ,µ(q) =

{

qdeg(µλ) if µλ is oriented

0 otherwise.

∨ ∨
∧ ∧ ∧

∨∨
∧∧

∨

Figure 3. The diagram µλ for λ = (4, 3, 1) and µ = (5, 4, 22) in Λ5,5. This diagram has three
clockwise arcs, hence deg(µλ) = 3.

Remark 3.4. As mentioned already, the set Λm,n is a labelling set for the cosets of the prod-
uct of symmetric groups Sm × Sn inside Sm+n. The polynomials described above are then
the corresponding anti-spherical Kazhdan–Lusztig polynomials of type (Sm+n, Sm × Sn) as de-
fined by Deodhar for arbitrary parabolic Coxeter systems (see [Deo87]); the first combinatorial
description for type (Sm+n, Sm × Sn) was given by Lascoux–Schützenberger in [LS81].

3.3. Regular weights. A subset of the set of weights will play an important role in this paper.
It can be defined in three different ways as given below.

Proposition 3.5. Let m′ = min{m,n}. For any λ ∈ Λm,n, we define

ℓt(λ) := #{1 ⩽ j ⩽ t in λ labelled by ∨} − #{1 ⩽ j ⩽ t in λ labelled by ∧}.

Then the following conditions are equivalent.

(1) The partition λ contains the staircase partition (m′,m′ − 1,m′ − 2, . . . , 1).
(2) The cup diagram λ contains m′ cups.
(3) Assume m′ = m. For each 1 ⩽ t ⩽ m+ n we have ℓt(λ) ⩾ 0.

In this case, we say that λ is regular and we denote the set of all regular weights by Λ◦
m,n.

Proof. This follows immediately from the bijection between Λm,n and Pm,n, and the construc-
tion of λ. □

Remark 3.6. (1) There is a similar description to (3) above in the case m′ = n but we will
not need it in this paper.
(2) Regular weights are called weights of maximal defect in [BS11a] and [BS10], where the defect
of a weight λ is defined to be the number of cups in λ.

For each λ ∈ Λm,n, we will associate a regular weight λ◦ ∈ Λ◦
m,n which will play an important

role in the representation theory of the arc algebras.

Definition 3.7. [BS10, Section 6] For each λ ∈ Λm,n, we define the regular weight λ◦ ∈ Λ◦
m,n

as follows. Start with the weight λ. Now add clockwise cups connecting ∧ ∨ pairs of vertices
which are neighbours in the sense that there are no vertices in betwwen them not yet connected
by cups. When no more such pairs are left, add nested anticlockwise cups connecting as many
vertices as possible. Finally, add rays on the remaining vertices. Then λ◦ is the weight whose
cup diagram λ◦ is the one just constructed.

An example is given in Figure 4.
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∨ ∨∨
∧ ∧

∨
∧ ∧

∨ ∨
∧λ

λ◦

∨ ∨∨
∧

∨
∧

∨ ∨
∧∧∧λ◦

Figure 4. An example of the construction of the regular λ◦ = (53, 4, 32) ∈ Λ5,6 associated to
λ = (53, 3, 12) ∈ Λ5,6

3.4. Inverse Kazhdan–Lusztig polynomials. In [BS10, Section 5], Brundan and Stroppel
give a closed combinatorial description of another family of polynomials pλµ(q). These poly-
nomials can be defined by specifying that the matrix (pλµ(−q)) is the inverse of the matrix
of anti-spherical Kazhdan–Lusztig polynomials (nλµ(q)) (see [BS10, Corollary 5.4]). We will
not need their explicit description but will instead recall the recursive definition of these and
deduce some useful properties. We start by introducing some notation which will be useful
throughout the paper.

Definition 3.8. For 1 ⩽ i < m+n we will write Λ∨∧
m,n(i) for the subset of all weights λ ∈ Λm,n

with vertices i and i + 1 labelled by ∨ and ∧ respectively. Similarly, we will write Λ∧∨
m,n(i) for

the subset of all weights λ ∈ Λm,n with vertices i and i + 1 labelled by ∧ and ∨ respectively.
Now fix some 1 ⩽ i < m + n. Given any λ ∈ Λ∨∧

m,n(i) ∪ Λ∧∨
m,n(i), we will denote by λ′ the

unique weight in Λm−1,n−1 obtained from λ by removing the symbols in position i and i + 1.
Conversely, given any λ′ ∈ Λm−1,n−1, we will denote by λ+, respectively λ−, the unique weight
in Λ∨∧

m,n(i), respectively Λ∧∨
m,n(i), obtained from λ′ by inserting ∨∧, respectively ∧∨, between the

first (i− 1) symbols and the last (m+ n− i− 1) symbols. Examples are given in Figure 5.

∨ ∨ ∨ ∨
∧ ∧ ∧ ∧ ∧λ+ ∨ ∨ ∨ ∨

∧ ∧ ∧ ∧ ∧λ− ∨ ∨ ∨
∧ ∧ ∧ ∧λ′

Figure 5. Examples of the weights λ′ ∈ Λ4,3, λ
+ ∈ Λ∨∧

5,4(4) and λ− ∈ Λ∧∨
5,4(4). We have not

drawn λ explicitly here, but notice that λ ∈ {λ+, λ−} by definition.

Definition 3.9. [BS10, Lemma 5.2] For each λ, µ ∈ Λm,n, we define the polynomial pλµ(q) ∈
N0[q] inductively as follows. We set pλλ = 1 and pλµ = 0 if µ ≱ λ. Now if µ > λ, we can find
i such that λ = λ+ ∈ Λ∨∧

m,n(i) and we set

pλµ(q) = pλ+µ(q) =

{

pλ′µ′(q) + qpλ−µ if µ = µ+ ∈ Λ∨∧
m,n(i)

qpλ−µ(q) otherwise.

We will only require some properties which follow easily from the inductive description given
above. We start by making the following definition.

Definition 3.10. For λ, µ ∈ Λm,n we write λ → µ if µ can be obtained from λ by swapping a
symbol ∨ in position i with a symbol ∧ in position j > i such that the sequence of symbols in
between, that is in position i+ 1, i+ 2, . . . , j − 1, belongs to Λ◦

t,t with 2t = j − i− 1 ⩾ 0.

Proposition 3.11. Assume m ⩽ n. Then we have

p(mn)(mm)(q) = qm(n−m). (3.1)
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Write pλµ(q) =
∑

k⩾0 p
(k)
λµ q

k with p
(k)
λµ ∈ N0. Then if p

(k)
λµ ̸= 0 then we have

λ = λ0 → λ1 → λ2 → . . .→ λk = µ (3.2)

for some λi ∈ Λm,n.

Proof. We first consider (3.1). Recall that (mn) = ∨ . . . ∨ ∧ . . .∧ (n ∨’s followed by m ∧’s)
and (mm) = ∨ . . . ∨ ∧ . . . ∧ ∨ . . .∨ (m ∨’s followed by m ∧’s followed by n −m ∨’s). So, by
repeatedly applying the rule pλ(mm)(q) = qpλ−(mm)(q) we can move all the ∧ symbols in the
weight (mn) to the left, past the last n−m ∨ symbols and hence obtain

p(mn)(mm)(q) = qm(n−m)p(mm)(mm)(q) = qm(n−m).

(Note that we have m ∧ symbols moving past n−m ∨ symbols so we apply the rule a total of
m(n−m) times.)

We now consider (3.2). We proceed by induction on m ∈ Z⩾0. If m = 0 there is nothing to
prove. Now assume that the result holds for m − 1. We will use downwards induction on λ.
If λ is maximal then pλµ(q) ̸= 0 implies that µ = λ and there is nothing to prove. Now take
λ non-maximal and assume that the result holds for all weights greater than λ. Let µ ∈ Λm,n

with pλµ(q) ̸= 0. If µ = λ, then again there is nothing to prove. So assume µ > λ then we have
λ = λ+ ∈ Λ∨∧

m,n(i) for some i ⩾ 1 and we have

pλµ(q) = pλ+µ(q) =

{

pλ′µ′(q) + qpλ−µ if µ = µ+ ∈ Λ∨∧
m,n(i)

qpλ−µ(q) otherwise.

By induction, as λ′ ∈ Λm−1,n−1, we have that if p
(k)
λ′µ′ ̸= 0 then we have

λ′ = λ′0 → λ′1 → . . .→ λ′k = µ′.

Now, note that for each λ′t ∈ Λm−1,n−1, we have that the corresponding λ
+
t is obtained from λ′t

by adding a pair of neighbouring symbols ∨∧ in positions i and i+1. In particular, if λ′t → λ′t+1

then we have λ+t → λ+t+1. Thus we obtain

λ = λ+ = λ+0 → λ+1 → . . .→ λ+k = µ+

as required. Finally, assume p
(k−1)
λ−µ

̸= 0. Note that λ− > λ = λ+, so by induction we have

λ− = λ0 → λ1 → . . .→ λk−1 = µ.

Now as λ = λ+ → λ− (λ− is obtained from λ+ by swapping the symbols ∨∧ in position i and
i+ 1), we obtain the required sequence. □

We will need the following combinatorial lemma in Section 8.

Lemma 3.12. Let λ, µ ∈ Λm,n and assume that λ→ µ. Then we have

min{ℓh(µ) : h is labelled by ∧ in µ} ⩾ min{ℓh(λ) : h is labelled by ∧ in λ} − 1.

Proof. Assume that µ is obtained from λ by swapping the symbols ∨ ∧ in positions i < j
respectively. By definition of λ→ µ and the ℓh function we have

ℓi(µ) = ℓj(λ)− 1

and

ℓk(µ) =

{

ℓk(λ)− 2 for i < k < j
ℓk(λ) for k ⩾ j or k < i.

Now note that, as the symbols in positions i + 1, . . . , j − 1 in λ (and µ) form a weight in Λ◦
t,t

for some t ⩾ 0 we must have ℓk(λ) ⩾ ℓj(λ) + 1 for all i < k < j. This implies that for any
i < k < j with k labelled by ∧ we have

ℓk(λ) ⩾ min{ℓh(λ) : h is labelled by ∧ in λ}+ 1.

This proves the claim. □
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4. The extended Khovanov arc algebras Km
n

We now introduce the quasi-hereditary algebras of interest in this paper, the extended Kho-
vanov arc algebras, and recall some of the results concerning their representation theory from
[BS10, BS11a] which will be useful in what follows.

4.1. Definition. We now recall the definition of the extended Khovanov arc algebras studied
in [BS10, BS11b, BS12a, BS12b]. Let k be a field. We define Km

n to be the k-algebra spanned
by the set of diagrams

{λµν | λ, µ, ν ∈ Λm,n such that µν, λµ are oriented}

with the multiplication defined as follows. First set

(λµν)(αβγ) = 0 unless ν = α.

To compute (λµν)(νβγ) place (λµν) under (νβγ) then follow the ‘surgery’ procedure. This
surgery combines two circles into one or splits one circle into two using the following rules
for re-orientation (where we use the notation 1 = anti-clockwise circle, x = clockwise circle,
y = oriented strand). We have the splitting rules

1 7→ 1⊗ x+ x⊗ 1, x 7→ x⊗ x, y 7→ x⊗ y.

and the merging rules

1⊗ 1 7→ 1, 1⊗ x 7→ x, x⊗ 1 7→ x, x⊗ x 7→ 0, 1⊗ y 7→ y, x⊗ y 7→ 0,

y ⊗ y 7→







y ⊗ y if both strands are propagating, one is
∧-oriented and the other is ∨-oriented;

0 otherwise.

Example 4.1. We have the following product of Khovanov diagrams

∨ ∨
∧ ∧

∨ ∨
∧ ∧

=

∨ ∨
∧ ∧

∨ ∨
∧ ∧

= ∨
∧ ∧

∨ + ∨
∧ ∧

∨

where we highlight with arrows the pair of arcs on which we are about to perform surgery. The
first equality follows from the merging rule for 1⊗ 1 7→ 1 and the second equality follows from
the splitting rule 1 7→ 1⊗ x+ x⊗ 1.

Example 4.2. We have the following product of Khovanov diagrams

∨ ∨
∧ ∧

∨ ∨
∧ ∧

=

∨ ∨
∧ ∧

∨ ∨
∧ ∧

= ∨
∧ ∧

∨ + ∨
∧ ∧

∨

where we highlight with arrows the pair of arcs on which we are about to perform surgery. This
is similar to Example 4.1.

Proposition 4.3 ([BS11a, Section 3]). The map ∗ : Km
n → Km

n defined by λµν 7→ (λµν)∗ =
νµλ is an algebra anti-automorphism, giving a duality functor

⃝⋆ : Km
n –mod → Km

n –mod.
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Remark 4.4. There is also another algebra anti-isomorphism ↶ : Km
n → Kn

m defined by rotat-
ing each diagram λµν by 180 degrees. Composing this map with the algebra anti-automorphism
∗ gives an isomorphism between Km

n and Kn
m.

4.2. Standard modules. Brundan and Stroppel showed in [BS11a, Section 5] that Km
n is a

quasi-hereditary algebra with respect to (Λm,n,⩽). For each λ ∈ Λm,n we denote by L(λ) =
Lm,n(λ) the corresponding simple module, by P (λ) = Pm,n(λ) its projective cover and by
∆(λ) = ∆m,n(λ) the corresponding standard module. So for any λ, µ ∈ Λm,n we have

◦ [∆(λ) : L(µ)] ̸= 0 ⇒ µ ⩽ λ, and
◦ [∆(λ) : L(λ)] = 1.

Moreover, Brundan and Stroppel showed that L(λ)⃝⋆ = L(λ) for all λ ∈ Λm,n. They also
describe explicitly the composition factor multiplicities for standard modules in terms of
Kazhdan–Lusztig polynomials.

Theorem 4.5 ([BS11a, Theorem 5.2]). For all λ, µ ∈ Λm,n we have

[∆(λ) : L(µ)] = nλµ(1) =

{

1 if µλ is oriented
0 otherwise

Remark 4.6. In fact, Brundan and Stroppel showed that Km
n is also positively graded and that

the actual Kazhdan–Lusztig polynomials nλµ(q) describe the graded decomposition numbers. We
will not consider the grading explicitly in this paper as it does not play a significant role and
as it is notationally cumbersome (but one can incorporate this in a standard fashion).

Moreover, they obtained the following structural result on standard modules.

Theorem 4.7 ([BS10, Theorem 6.6 and Corollary 6.7]). For each λ ∈ Λm,n, the standard
module ∆(λ) is rigid, i.e. its radical and socle filtration coincide and for each k ⩾ 0 we have

radk ∆(λ) =
⊕

µ

L(µ)

where the sum is over all µ ∈ Λm,n with µλ oriented of degree k. Furthermore, for each
λ ∈ Λm,n, we have soc∆(λ) = L(λ◦) where λ◦ is defined in Definition 3.7.

We will make use of the following special cases.

Corollary 4.8. Assume n ⩾ m. Then we have that ∆m,n(∅) is uniserial of length m+1 with

radt∆m,n(∅) = L(tt) (4.1)

for 0 ⩽ t ⩽ m and ∆m,n(m
n−m) is uniserial of length m+ 1 with

radt∆m,n(m
n−m) = L(mn−m, tt) (4.2)

for 0 ⩽ t ⩽ m.

Proof. This follows directly from Theorem 4.7 as ∅ = ∧ . . .∧∨ . . .∨ (m ∧’s followed by n ∨’s)
and (mn−m) = ∨ . . . ∨ ∧ . . . ∧ ∨ . . .∨ (n−m ∨’s followed by m ∧’s followed by m ∨’s). □

Brundan–Stroppel also gave explicit projective resolutions for standard modules.

Theorem 4.9 ([BS11a, Theorem 5.3]). For any λ ∈ Λm,n, we have an exact sequence

· · · → P2 → P1 → P0 → ∆m,n(λ) → 0

where

Pk =
⊕

µ∈Λm,n

p
(k)
λµPm,n(µ)

and pλµ(q) =
∑

k p
(k)
λµ q

k are the inverse Kazhdan–Lusztig polynomials defined in Subsection 3.4.
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4.3. Projective functors. One of the key ingredients used by Brundan–Stroppel throughout
[BS10, BS11b, BS12a, BS12b] is their so-called projective functors. These are given by tensoring
by certain bimodules defined using ‘crossingless matchings’, which generalise the geometric
bimodules defined by Khovanov [Kho02]. We will only need very special cases of these functors,
corresponding to the matchings given by the following diagrams

i+1i

ti =

i+1i

t∗i =

where ti (respectively t
∗
i ) has m + n − 2 vertices at the top (respectively bottom) and m + n

vertices at the bottom (respectively top). The bimodule Kti has basis given by all oriented
diagrams of the form µνtiλη for λ, η ∈ Λm−1,n−1 and µ, ν ∈ Λm,n. This is a leftKm

n -module and

a right Km−1
n−1 -module where the actions are given by the surgery procedure described earlier.

The (Km−1
n−1 ,K

m
n )-bimodule Kt∗i is defined similarly. Tensoring with these bimodules gives rise

to two functors

Gti : Km−1
n−1 −mod → Km

n –mod Gt∗i : Km
n –mod → Km−1

n−1 −mod

N 7→ Kti ⊗Km−1
n−1

N M 7→ Kt∗i ⊗Km
n
M

for all N ∈ Km−1
n−1 −mod and M ∈ Km

n –mod. These functors satisfy the following properties.

Theorem 4.10. [BS10, Corollary 4.3, 4.4, 4.9, and Theorem 4.10]

(1) Kti is projective as a left Km
n - and right Km−1

n−1 -module. Similarly, Kt∗i is projective as

a left Km−1
n−1 - and right Km

n -module.

(2) The functors Gti and Gt∗i are exact and take projective modules to projective modules.
(3) The functors Gti and Gt∗i commute with the duality functor ⃝⋆ .
(4) The functor Gt∗i is both left and right adjoint to the functor Gti, i.e. for any X ∈

Km
n –mod, Y ∈ Km−1

n−1 −mod we have

HomKm
n
(X,Gti(Y )) ∼= HomKm−1

n−1
(Gt∗i (X), Y )

and

HomKm
n
(Gti(Y ), X) ∼= HomKm−1

n−1
(Y,Gt∗i (X)).

We also recall the effect of these functors on projective, simple and standard modules. Recall
the notation from Definition 3.8.

Theorem 4.11. [BS10, Theorem 4.2, 4.5, and 4.11] Let 1 ⩽ i < m+n. Suppose λ+ ∈ Λ∨∧
m,n(i)

with corresponding λ′ ∈ Λm−1,n−1 and λ− ∈ Λ∧∨
m,n(i). Then we have

GtiPm−1,n−1(λ
′) = Pm,n(λ

+). (4.3)

There is a non-split exact sequence

0 → ∆m,n(λ
−) → Gti∆m−1,n−1(λ

′) → ∆m,n(λ
+) → 0. (4.4)



12 C. BOWMAN, M. DE VISSCHER, A. DELL’ARCIPRETE, A. HAZI, R. MUTH, AND C. STROPPEL

We also have

Gt∗i ∆m,n(µ) =

{

∆m−1,n−1(λ
′) if µ = λ+ ∈ Λ∨∧

m,n(i) or µ = λ− ∈ Λ∧∨
m,n(i)

0 if µ /∈ Λ∨∧
m,n(i) ∪ Λ∧∨

m,n(i)
(4.5)

and

Gt∗iLm,n(µ) =

{

Lm−1,n−1(λ
′) if µ = λ+ ∈ Λ∨∧

m,n(i)
0 if µ /∈ Λ∨∧

m,n(i)
(4.6)

5. Tilting modules for Km
n

We are now ready to construct the tilting modules for the extended Khovanov arc algebras.

Theorem 5.1. For each λ ∈ Λm,n, define T (λ) = Tm,n(λ) inductively as follows.

◦ For λ = (mn) we define T (mn) = ∆(mn) = L(mn).
◦ Now for λ > (mn) we have λ = λ− ∈ Λ∧∨

m,n(i) for some 1 ⩽ i < m+ n. Let λ′ ∈ Λm−1,n−1 be
the weight obtained from λ by removing the symbols in position i and i+ 1 and define

Tm,n(λ) = Gti(Tm−1,n−1(λ
′)).

Then T (λ) satisfies the following properties.

(1) T (λ)⃝⋆ ∼= T (λ).
(2) We have an exact sequence

0 → ∆(λ) → T (λ) → J(λ) → 0

with J(λ) ∈ (Km
n –mod)∆ and (J(λ) : ∆(µ)) ̸= 0 implies µ < λ.

(3) T (λ) has simple socle isomorphic to L(λ◦).

Thus T (λ) is the indecomposable tilting module with highest weight λ.

Proof. First note that as (mn) is minimal, we have ∆(mn) = L(mn). We have that (1) is
immediate as L(mn)⃝⋆ ∼= L(mn) and the functor Gti commutes with ⃝⋆ by Theorem 4.10(3).

We now consider (2). For λ = (mn), we have T (mn) = ∆(mn) = L(mn) and J(mn) =
{0}. Now assume by induction that Tm−1,n−1(λ

′) satisfies (2). So we have (Tm−1,n−1(λ
′) :

∆m−1,n−1(µ
′)) ̸= 0 implies µ′ ⩽ λ′ and (Tm−1,n−1(λ

′) : ∆m−1,n−1(λ
′)) = 1. Now applying the

exact functor Gti to each ∆(µ′) gives two factors ∆(µ−) and ∆(µ+) satisfying µ+, µ− ⩽ λ = λ−.
Moreover, µ− = λ− if and only if µ′ = λ′, and so (Tm,n(λ) : ∆m,n(λ)) = 1 as required. Now, by
induction we have ∆m−1,n−1(λ

′) →֒ Tm−1,n−1(λ
′). Applying the exact functor Gti we obtain

Gti(∆m−1,n−1(λ
′)) →֒ Tm,n(λ).

Using equation (4.4) gives the required inclusion.

Finally, we consider (3). We have socT (mn) = socL(mn) = L(mn) and by construction
(mn)◦ = (mn) so the result holds for λ = (mn). Now for λ > (mn) we have

HomKm
n
(Lm,n(µ), Tm,n(λ)) = HomKm

n
(Lm,n(µ), G

tiTm,n(λ
′))

= HomKm−1
n−1

(Gt∗iLm,n(µ), Tm−1,n−1(λ
′)).

by Theorem 4.10(4). Now using equation (4.6) we have

Gt∗iLm,n(µ) =

{

Lm−1,n−1(µ
′) if µ = µ+ ∈ Λ∨∧

m,n(i)
0 otherwise

.

By induction we have

HomKm−1
n−1

(Lm−1,n−1(µ
′), Tm−1,n−1(λ

′)) =

{

k if µ′ = (λ′)◦,
0 otherwise.

Finally, note that if µ′ = (λ′)◦ then µ = µ+ = λ◦ by construction (remember that λ = λ− ∈
Λ∧∨
m,n(i)). This proves that Tm,n(λ) has simple socle isomorphic to Lm,n(λ

◦) as required. □
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6. Schur functor and the Khovanov arc algebra Hm
n

We now introduce the original Khovanov arc algebras as idempotent truncations of the
extended Khovanov arc algebras. Whilst this is anti-chronological, this way of presenting the
material is more natural from our perspective and involves less doubling-up of content.

Theorem 6.1. [BS10, Theorem 6.1] Let λ ∈ Λm,n. The following conditions are equivalent.

(1) λ ∈ Λ◦
m,n.

(2) P (λ)⃝⋆ ∼= P (λ).
(3) P (λ) is projective injective.

For each λ ∈ Λm,n, we set eλ = λλλ ∈ Km
n . Then it’s easy to check that e2λ = eλ and

eλeµ = 0 when λ ̸= µ. Note further that e∗λ = eλ.

Definition 6.2. [BS11a, (6.8)] We define the Schur idempotent to be the element

e = em,n =
∑

λ∈Λ◦

m,n

eλ ∈ Km
n .

Then the Khovanov arc algebra Hm
n is defined to be the idempotent truncation Hm

n := eKm
n e.

Remark 6.3. Note that the algebra isomorphism ↶ ◦∗ : Km
n → Kn

m given in Remark 4.4
maps em,n to en,m and so we also have Hm

n
∼= Hn

m.

We have the corresponding Schur functor

f = fm,n : Km
n –mod → Hm

n –mod : M 7→ eM

and inverse Schur functors

g = gm,n : Hm
n –mod → Km

n –mod : N 7→ HomHm
n
(eKm

n , N)

and

g̃ = g̃m,n : Hm
n –mod → Km

n –mod : N 7→ Km
n e⊗Hm

n
N.

The functor f is exact, the functor g is left exact and the functor g̃ is right exact. Moreover,
f is left adjoint to g and right adjoint to g̃. Also, as e∗ = e we have that all three functors
commute with the duality functor ⃝⋆ .

Theorem 6.4 ([BS10, Proposition 6.3]). The functor f is fully faithful on Km
n –proj and hence

(Km
n , f) is a cover of Hm

n .

Using Theorem 6.1 we have thatHm
n is a symmetric algebra with projective injective modules

given by fP (λ) for λ ∈ Λ◦
m,n, whose simple head and socle are given by D(λ) = Dm,n(λ) :=

fLm,n(λ). In fact, Brundan–Stroppel proved in [BS11a, Theorem 6.2] that Hm
n is a cellular

algebra with cell modules given by S(λ) = Sm,n(λ) := f∆m,n(λ), λ ∈ Λm,n. We denote by
(Hm

n –mod)S the subcategory of Hm
n –mod consisting of modules with a cell filtration.

Using the bimodules Hti := em,nK
tiem−1,n−1 and Ht∗i := em−1,n−1K

t∗i em,n, we obtain ana-
logues of the projective functors for the Khonavov arc algebra, namely

G
ti : Hm−1

n−1 −mod → Hm
n –mod : N 7→ Hti ⊗Hm−1

n−1
N

and

G
t∗i : Hm

n –mod → Hm−1
n−1 −mod : M 7→ Ht∗i ⊗Hm

n
M

for all N ∈ Hm−1
n−1 −mod and M ∈ Hm

n –mod.

Proposition 6.5. The bimodule Hti is projective as a left Hm
n - and right Hm−1

n−1 -module. Sim-

ilarly, Ht∗i is projective as a left Hm−1
n−1 - and right Hm

n -module. Thus, the functors G
ti and G

t∗i

are exact and take projectives to projectives.
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Proof. This follows directly from Theorem 4.10(1) and the definition of the bimodules Hti and
Ht∗i . □

Proposition 6.6. We have the following isomorphisms of functors.

(1) G
tifm−1,n−1

∼= fm,nG
ti and G

t∗i fm,n
∼= fm−1,n−1G

t∗i .

(2) Gti g̃m−1,n−1
∼= g̃m,nG

ti and Gt∗i g̃m,n
∼= g̃m−1,n−1G

t∗i .

Proof. This follows directly from the isomorphisms of functors

em,nK
ti ⊗Km−1

n−1
(−) ∼= Hti ⊗Hm−1

n−1
em−1,n−1(−) : Km−1

n−1 −mod → Hm
n –mod,

em−1,n−1K
t∗i ⊗Km

n
(−) ∼= Ht∗i ⊗Hm

n
em,n(−) : Km

n –mod → Hm−1
n−1 −mod.

given in [BS10, (3.20)]. □

Corollary 6.7. For all X ∈ Km−1
n−1 −mod and Y ∈ Km

n −mod we have

HomHm
n
(fm,n(Y ), G

tifm−1,n−1(X)) ∼= HomHm−1
n−1

(G
t∗i fm,n(Y ), fm−1,n−1(X))

and

HomHm
n
(G

tifm−1,n−1(X), fm,n(Y )) ∼= HomHm−1
n−1

(fm−1,n−1(X), G
t∗i fm,n(Y )).

Proof. We start with the first statement. We have that

HomHm
n
(fm,n(Y ), G

tifm−1,n−1(X)) ∼= HomHm
n
(fm,n(Y ), fm,nG

ti(X))

∼= HomKm
n
(g̃m,nfm,n(Y ), Gti(X))

∼= HomKm−1
n−1

(Gt∗i g̃m,nfm,n(Y ), X)

∼= HomKm−1
n−1

(g̃m−1,n−1G
t∗i fm,n(Y ), X)

∼= HomHm
n
(G

t∗i fm,n(Y ), fm−1,n−1(X))

where the first isomorphism follows by Proposition 6.6(1); the second because g̃m,n is left

adjoint to fm,n; the third because Gt∗i is adjoint to Gti ; the fourth using Proposition 6.6(2);
the fifth because fm−1,n−1 is right adjoint to g̃m−1,n−1.

Now the second statement follows from the first using Proposition 6.6 and the fact that the
functors Gti , Gt∗i , fm,n and fm−1,n−1 commute with duality. □

Using Proposition 6.5 and Corollary 6.7 we deduce the following version of Shapiro’s lemma.

Corollary 6.8. For all X ∈ Km−1
n−1 −mod, Y ∈ Km

n −mod and all k ⩾ 0 we have

ExtkHm
n
(fm,n(Y ), G

tifm−1,n−1(X)) ∼= Extk
Hm−1

n−1

(G
t∗i fm,n(Y ), fm−1,n−1(X))

and

ExtkHm
n
(G

tifm−1,n−1(X), fm,n(Y )) ∼= Extk
Hm−1

n−1

(fm−1,n−1(X), G
t∗i fm,n(Y )).

7. 0-faithfulness

In this section we show that (Km
n , f) is a 0-faithful cover of Hm

n if and only if n ̸= m. We will
make use of Proposition 2.7, which allows us to recast this question solely in terms of tilting
modules.

Proposition 7.1. Assume n ̸= m. Then for all λ ∈ Λm,n, there is an exact sequence

0 → T (λ) → P 0 → P 1

where P 0 and P 1 are projective-injective Km
n -modules.
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Proof. Using Remarks 4.4 and 6.3, we can assume that n > m. For λ = (mn) we have
T (mn) = L(mn). As (mn) ∈ Λ◦

m,n, using Theorem 6.1 we have P (mn)⃝⋆ ∼= P (mn) and so we
get an exact sequence

0 → L(mn) → P (mn)

where P (mn) is projective-injective. We claim that

soc(P (mn)/L(mn)) = soc2 P (m
n) =

⊕

µ∈Γ

L(µ) for some Γ ⊆ Λ◦
m,n.

Taking P 0 = P (mn) and P 1 = ⊕µ∈ΓP (µ) would then prove the result for λ = (mn), once we
verify the claim.

To prove the claim, we first observe that P (mn) = T (mn−m). To see this, note that P (mn)
is self-dual and has a standard filtration, it is therefore an indecomposable tilting module.
Moreover, using Theorem 2.3 and Theorem 4.5, we have that the maximal µ such that

nµ(mn)(1) = (P (mn) : ∆(µ)) ̸= 0

is given by µ = (mn−m), and therefore ∆(mn−m) ⊆ P (mn) ∼= T (mn−m). We re-emphasise the
fact that socT (mn−m) ∼= L(mn) ∼= soc∆(mn−m). Now using Theorem 5.1 parts (2) and (3)
and Theorem 4.7 we have that

soc2 T (m
n−m) ⊆ soc2∆(mn−m)⊕

⊕

µ

soc∆(µ) ∼= soc2∆(mn−m)⊕
⊕

µ

L(µ◦)

where both sums are over all µ ∈ Λm,n such that nµ(mn)(1) ̸= 0. We have that µ◦ ∈ Λ◦
m,n by

Definition 3.7. Now, using (4.2), we have that ∆(mn−m) is uniserial of length m+ 1 with

radt∆(mn−m) = socm+1−t∆(mn−m) ∼= L(mn−m, tt)

for 0 ⩽ t ⩽ m. In particular, for t = m− 1 this gives

soc2∆(mn−m) ∼= L(mn−m, (m− 1)m−1).

Now, as n > m we have (mn−m, (m − 1)m−1) ∈ Λ◦
m,n. This completes the proof of the claim

and hence proves the result when λ = (mn).

Now let λ > (mn) then we have λ = λ− ∈ Λ∧∨
m,n(i) for some 1 ⩽ i < m+ n. We can assume

by induction that we have an exact sequence

0 → Tm−1,n−1(λ
′) → Q0 → Q1

where Q0 and Q1 are projective-injective Km−1
n−1 -modules. Applying the exact functor Gti we

get an exact sequence
0 → Tm,n(λ) → Gti(Q0) → Gti(Q1).

As Gti takes projectives to projectives, and commutes with the duality (see Theorem 4.10 parts
(2) and (3)), both Gti(Q0) and Gti(Q1) are projective-injective Km

n -modules as required. □

Theorem 7.2. Assume n ̸= m. Then (Km
n , f) is a 0-faithful cover of Hm

n , i.e.

HomKm
n
(M,M ′) ∼= HomHm

n
(fM, fM ′) for all M,M ′ ∈ (Km

n –mod)∆.

Proof. We will use Proposition 2.7 and prove that the counit η is an isomorphism when eval-
uated on tilting modules. Clearly it is enough to prove this for all indecomposable tilting
modules. Applying gf to the exact sequence given in Proposition 7.1 we get a commutative
diagram with exact rows

0 T (λ) P 0 P 1

0 gfT (λ) gfP 0 gfP 1

ϑ

η(T (λ)) η(P 0) η(P 1)
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As the map η(P 0) is an isomorphism we have that the map η(T (λ)) must be injective. Moreover,
as η(P 0) and η(P 1) are both isomorphisms, we have

dim(T (λ)) = dim(Ker(ϑ)) = dim(Ker(gfϑ)) = dim(gfT (λ))

and so η(T (λ)) must be an isomorphism. □

Corollary 7.3. The extended arc algebras Km
n are 0-faithful covers of the Khovanov arc alge-

bras Hm
n if and only if m ̸= n.

Proof. One direction is immediate from Theorem 7.2. To see that 0-faithfulness fails when
m = n, we observe that Sm,m(mm) ∼= Dm,m(mm) ∼= Sm,m whereas

HomKm
m
(∆m,m(∅),∆m,m(mm)) = 0

since rad0(∆m,m(∅)) = Lm,m(∅) is not a composition factor of ∆m,m(mm)) by Theorem 4.5.
□

8. (|n−m| − 1)-faithfulness

We are now ready to prove the main result of the paper: that the extended arc algebras Km
n

are (|n−m|− 1)-faithful covers of the Khovanov arc algebras Hm
n . Throughout this section we

assume without loss of generality that n > m.

Lemma 8.1. For all 0 ⩽ j < n−m we have

ExtjHm
n
(D(mm), D(mn)) = 0. (8.1)

For all 0 < j < n−m and λ ∈ Λm,n we have

ExtjHm
n
(D(mm), fT (λ)) = 0. (8.2)

Proof. We first verify (8.1). As the simple modules are self-dual we have

ExtjHm
n
(D(mm), D(mn)) ∼= ExtjHm

n
(D(mn), D(mm)).

We will show that the latter is zero for 0 ⩽ j < n −m. Consider the projective resolution of
∆(mn) = L(mn) given in Theorem 4.9

· · · → P2 → P1 → P0 = P (mn) → L(mn) → 0.

We claim that Pk is a direct sum of P (µ)’s for µ ∈ Λ◦
m,n for all 0 ⩽ k ⩽ n − m. Using

equation (3.2), we have that if P (µ) is a direct summand of Pk then we have

(mn) = λ0 → λ1 → . . .→ λk = µ.

Now using Lemma 3.12 we have

min{ℓh(λk) : h is labelled by ∧ in λk} ⩾ min{ℓh(m
n) : h is labelled by ∧ in (mn)} − k

= n−m− k ⩾ 0

for 0 ⩽ k ⩽ n−m. Finally note that ℓh(λk) ⩾ 0 for all 1 ⩽ h ⩽ m+ n if and only if this is the
case for all h labelled by ∧ in λk. This proves the claim that µ = λk ∈ Λ◦

m,n.

Now applying the Schur functor to the projective resolution above we get an exact sequence

· · · → fP2 → fP1 → fP0 = fP (mn) → D(mn) → 0.

where fPk is a projective Hm
n -module for each 0 ⩽ k ⩽ n − m. By elementary homological

algebra we have

ExttHm
n
(D(mn), D(mm)) = 0 ⇔ ExtjHm

n
(fPk, D(mm)) = 0 for all j + k ⩽ t.

If j ⩾ 1 and k ⩽ n −m we have ExtjHm
n
(fPk, D(mm)) = 0 as fPk is projective. If j = 0 then

HomHm
n
(fPk, D(mm)) = 0 precisely when D(mm) does not appear in the head of fPk. Now

we have
rad0 fPk =

⊕

µ

p
(k)
(mn)µD(µ)
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and we have p
(k)
(mn)(mm) ̸= 0 if and only if k = m(n −m) using equation (3.1). Thus we have

HomHm
n
(fPk, D(mm)) = 0 for all 0 ⩽ k < n−m as required.

We now verify (8.2). If λ = (mn) is minimal then T (mn) = L(mn) and so fT (mn) = D(mn)
and the result holds by (8.1). Now assume that λ is not minimal, then λ ∈ Λ∧∨

m,n(i) for some
i ∈ Z>0. Let λ

′ ∈ Λm−1,n−1 be the weight obtained from λ by removing the symbols in position
i and i + 1. Then we have T (λ) = Gti(T (λ′)). Now, using Proposition 6.6(1), Corollary 6.8
and equation (4.6) we have

ExtjHm
n
(D(mm), fT (λ)) ∼= ExtjHm

n
(D(mm), G

tifT (λ′))

∼= Extj
Hm−1

n−1

(G
t∗i fL(mm), fT (λ′))

∼= Extj
Hm−1

n−1

(fGt∗iL(mm), fT (λ′))

∼=

{

Extj
Hm−1

n−1

(D((m− 1)m−1), fT (λ′)) if i = m

0 if i ̸= m

= 0

for 0 < j < n−m by induction. □

Lemma 8.2. Assume n > m and λ ̸= ∅ we have that

HomHm
n
(D(mm), S(λ)) = 0.

Proof. By Theorem 4.7 we have that soc∆(λ) = L(λ◦) and by Theorem 6.1 we have that P (λ◦)
is projective-injective; therefore we have an embedding ∆(λ) →֒ P (λ◦). Applying the Schur
functor f we get

S(λ) →֒ fP (λ◦).

Now, as λ◦ ∈ Λ◦
m,n, we have that fP (λ◦) is indecomposable projective-injective and hence has

simple socle D(λ◦). It remains to show that if λ◦ = (mm) then we must have λ = ∅. Now,
the cup diagram (mm) is given by m concentric cups, followed by n −m rays (see Figure 6).

We claim that when λ◦ = (mm), all cups in λ◦λ must be clockwise. This would imply that
λ = ∅. Suppose, for a contradiction that λ◦λ has at least one anti-clockwise cup. Then, by
construction, we must have that the outermost cup, connecting vertices 1 and 2m, must be
anti-clockwise. This means that the vertices 2m and 2m + 1 of λ are labelled with ∧ and ∨,
respectively (see Figure 6). But this contradicts the fact that λ◦ = (mm) as the vertices 2m
and 2m+ 1 should be connected with a cup in λ◦. □

∨ ∨ ∨ ∨ ∨ ∨ ∨ ∨∧ ∧ ∧ ∧(mm)

(mm)

∨ ∨ ∨ ∨ ∨∧λ

(mm)

∨ ∨ ∨ ∨ ∨∧λ

λ◦

∨ ∨ ∨ ∨ ∨ ∨ ∨ ∨∧ ∧ ∧ ∧∅
(mm)

Figure 6. An illustration of the proof that λ◦ = (mm) implies that λ = ∅ when n > m
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Proposition 8.3. Assume n > m. For all Y ∈ (Hm
n –mod)S we have

RjgY = 0 for all 0 < j < n−m.

Proof. For any X ∈ Km
n –mod, Y ∈ Hm

n –mod we have a Grothendieck spectral sequence with
second page

ExtiKm
n
(X,RjgY ) ⇒ Exti+j

Hm
n
(fX, Y ).

If X = P ∈ Km
n –proj then this degenerates to give

HomKm
n
(P,RjgY ) ∼= ExtjHm

n
(fP, Y ).

Now we have RjgY = 0 if and only if

0 = HomKm
n
(P (λ), RjgY ) ∼= ExtjHm

n
(fP (λ), Y ) for all λ ∈ Λm,n.

So we need to show that for any Y ∈ (Hm
n –mod)S and any λ ∈ Λm,n we have

ExtjHm
n
(fP (λ), Y ) = 0 for all 0 < j < n−m.

Clearly, it is enough to show that for all λ, µ ∈ Λm,n we have

ExtjHm
n
(fP (λ), S(µ)) = 0 for all 0 < j < n−m.

We prove this by downward induction on λ ∈ Λm,n. If λ = ∅ is maximal then P (∅) = ∆(∅)
and, using (4.1) we have f∆(∅) ∼= D(mm). So we need to prove that

ExtjHm
n
(D(mm), S(µ)) = 0 for all 0 < j < n−m.

We use induction on µ. If µ = (mn) is minimal then S(mn) = D(mn) and we are done by
(8.1). Now let µ > (mn) and assume that the result holds for all ν < µ. Using Theorem 5.1
we have a short exact sequence

0 → ∆(µ) → T (µ) → J(µ) → 0

where (J(µ) : ∆(ν)) ̸= 0 implies ν < µ. Applying the functor HomHm
n
(D(mm), f(−)) we obtain

a long exact sequence

. . .→ Extj−1
Hm

n
(D(mm), fJ(µ)) → ExtjHm

n
(D(mm), S(µ)) → ExtjHm

n
(D(mm), fT (µ)) → . . .

For j > 1 we have that Extj−1
Hm

n
(D(mm), fJ(µ)) = 0 by induction. For j = 1 we have

Extj−1
Hm

n
(D(mm), fJ(µ)) = HomHm

n
(D(mm), fJ(µ)) = 0

by Lemma 8.2 as (J(µ) : ∆(ν)) ̸= 0 implies ν < µ and so ν ̸= ∅. Finally, using (8.2) we have

ExtjHm
n
(D(mm), fT (µ)) = 0.

Thus we must have ExtjHm
n
(D(mm), S(µ)) = 0 for all 0 < i < n−m as required. This completes

the case λ = ∅.

Now let ∅ > λ ∈ Λm,n and assume the result holds for any weight in Λm−1,n−1. Then
there exists i such that λ ∈ Λ∨∧

m,n(i). Let λ′ ∈ Λm−1,n−1 be the weight obtained from λ by
removing the symbols in positions i and i + 1. Then using equation (4.3) we have Pm,n(λ) =
Gti(Pm−1,n−1(λ

′)). Using Proposition 6.6 and Corollary 6.8 we have, for each 0 < j < n−m,
that

ExtjHm
n
(fPm,n(λ), S(µ)) = ExtjHm

n
(G

tifPm−1,n−1(λ
′), f∆(µ))

∼= Extj
Hm−1

n−1

(fPm−1,n−1(λ
′), fGt∗i (∆(µ)))

= 0.

The last equality follows by induction as fGt∗i ∆(µ) ∈ (Hm−1
n−1 −mod)S by equation (4.5). □
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Theorem 8.4. Assume n ̸= m. Then for any X ∈ Km
n –mod and M ∈ (Km

n –mod)∆ we have

ExtjKm
n
(X,M) ∼= ExtjHm

n
(fX, fM) for all 0 ⩽ j < |n−m|.

In particular, (Km
n , f) is an (|n−m| − 1)-faithful cover of Hm

n .

Proof. Assume without loss of generality that n > m. For X ∈ Km
n –mod and Y ∈ Hm

n –mod,
we have a Grothendieck spectral sequence with second page

ExtjKm
n
(X,RigY ) ⇒ Exti+j

Hm
n
(fX, Y ).

Now when Y ∈ (Hm
n –mod)S , using Proposition 8.3, we obtain

ExtjKm
n
(X, gY ) ∼= ExtjHm

n
(fX, Y ) for all 0 ⩽ j < n−m.

Now take Y = fM for some M ∈ (Km
n –mod)∆. Using Theorem 7.2, we have gY = gfM ∼=M

which gives

ExtjKm
n
(X,M) ∼= ExtjHm

n
(fX, fM) for all 0 ⩽ j < n−m

as required. □

Corollary 8.5. For |n−m| ⩾ 2 the functor f induces an equivalence of exact categories from
(Km

n –mod)∆ to (Hm
n –mod)S with inverse g.

Proof. This follows from Theorem 8.4 and [Rou, Proposition 4.41]. □

Remark 8.6. All the results of this paper concern the passage of cohomological information
between the (sub)categories (Km

n –mod)∆ and (Hm
n –mod)S. In our companion paper [BDV+]

we will consider the passage of information between Km
n –mod and Hm

n –mod.

Remark 8.7. In [BS11b, Corollary 8.6] and [HM15, B6. Corollary] they prove that the
(basic algebra of the) unique non-semisimple block of the cyclotomic quiver Hecke (respec-
tively Schur algebra) of level 2, rank mn and quantum characteristic e > m + n is isomor-
phic to the (extended) Khovanov arc algebra Hm

n (Km
n respectively). Combinatorially this

matches up λ ∈ Λm,n of this paper with a pair of partitions φm,n(λ) = (λ, λc) such that
λ + λc = (mn). Therefore our faithfulness results immediately transfer to this setting. In
this remark, we wish to emphasise that the “Scopes-esque” Morita equivalences constructed
in [Sco91, Web24] allow us to widen this faithfulness result to a much broader class of blocks
for quiver Hecke/Schur algebras. In [Web24] the notion of a “RoCK” block is defined for the
quiver Hecke/Schur algebras (and more general categorifications) and their study was initi-
ated in [Lyl22, Lyl24, Web24, MNSS, Del] motivated by the success of this theory in level 1
[CK02, EK18]. Amongst these RoCK blocks the core blocks of Fayers [Fay07a] are the simplest:
for level 1 they are semisimple and for level 2 we claim that they are all Morita equivalent to
the (extended) Khovanov arc algebras.

To make this statement more precise, one may associate to a level two core block RΩ
β (sle, k)

a pair of integers 0 ⩽ mΩ,β ⩽ nΩ,β < e. If t+ and t− are the number of +’s and −’s in

the sign sequence for any bipartition in the block RΩ
β (see [Lyl23]), then mΩ,β = min{t+, t−}

and nΩ,β = max{t+, t−}. The integer mΩ,β is the weight of the core block (see [Fay07a]),
and we have mΩ,β + nΩ,β ⩽ e and nΩ,β − mΩ,β ∈ {|i − j|, e − |i − j|} when Ω = Ωi + Ωj.
Now it is straightforward to show, thanks to combinatorial descriptions of core blocks in level
two [Fay07a, Lyl23] and applications of Scopes equivalences [Sco91, Web24] which preserve
t+, t−, that the core block RΩ

β (sle) is Morita equivalent to a block RΩ
γ′(sle), which contains the

bipartition φm,n(∅) = (∅, (m
nΩ,β

Ω,β )). Thus all core blocks of quiver Hecke (respectively Schur)

algebras are Scopes-equivalent to the (extended) Khovanov arc algebra Hm
n (Km

n respectively).



20 C. BOWMAN, M. DE VISSCHER, A. DELL’ARCIPRETE, A. HAZI, R. MUTH, AND C. STROPPEL

References

[BDH+] C. Bowman, M. De Visscher, A. Hazi, E. Norton, and N. Farrell, Oriented Temperley–Lieb algebras

and combinatorial Kazhdan–Lusztig theory, arXiv:2212.09402.
[BDV+] C. Bowman, A. Dell’Arciprete, M. De Visscher, A. Hazi, R. Muth, and C. Stroppel, Quiver presen-

tations and Schur–Weyl duality for Khovanov arc algebras, preprint.
[BS10] J. Brundan and C. Stroppel, Highest weight categories arising from Khovanov’s diagram algebra. II.

Koszulity, Transform. Groups 15 (2010), no. 1, 1–45.
[BS11a] , Highest weight categories arising from Khovanov’s diagram algebra I: cellularity, Mosc.

Math. J. 11 (2011), no. 4, 685–722, 821–822.
[BS11b] , Highest weight categories arising from Khovanov’s diagram algebra III: category O, Repre-

sent. Theory 15 (2011), 170–243.
[BS12a] , Gradings on walled Brauer algebras and Khovanov’s arc algebra, Adv. Math. 231 (2012),

no. 2, 709–773.
[BS12b] , Highest weight categories arising from Khovanov’s diagram algebra IV: the general linear

supergroup, J. Eur. Math. Soc. (JEMS) 14 (2012), no. 2, 373–419.
[BW] S. Barmeier and Z. Wang, A∞ deformations of extended Khovanov arc algebras and Stroppel’s con-

jecture, arXiv:2211.03354, preprint.
[CK02] J. Chuang and R. Kessar, Symmetric groups, wreath products, Morita equivalences, and Broué’s
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