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Abstract
We show that any SU(2) BPS monopole of charge k with rotational spatial
dihedral symmetry is gauge equivalent to the Nahm data obtained from affine
Toda equations of C(1)

l type when k= 2l or A(2)
2(l−1) type when k= 2l− 1.

Keywords: monopoles, integrable systems, affine Toda, dihedral symmetry

1. Introduction

Nahm’s equations originally arose in the study of magnetic monopoles as a symmetry reduc-
tion of the anti-self-dual equation

∗FA =−FA, (1)

for a principal G-bundle E and connection A over a 4-dimensional manifold. By taking Γ =
R3 to be the closed subgroup of R4, the group of translations, and requiring the bundle and
connection on R4 to be invariant under Γ this gives us a (reduced) anti-self-dual pair (A,E)

∗
Author to whom any correspondence should be addressed.

Original Content from this work may be used under the terms of the Creative Commons Attribution
4.0 licence. Any further distribution of this work must maintain attribution to the author(s) and the

title of the work, journal citation and DOI.

© 2024 The Author(s). Published by IOP Publishing Ltd 1

https://doi.org/10.1088/1751-8121/ad92cf
https://orcid.org/0000-0003-4991-9205
https://orcid.org/0000-0002-6597-2463
mailto:hwb@ed.ac.uk
mailto:a.l.disney-hogg@leeds.ac.uk
http://crossmark.crossref.org/dialog/?doi=10.1088/1751-8121/ad92cf&domain=pdf&date_stamp=2024-11-22
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


J. Phys. A: Math. Theor. 57 (2024) 495207 H W Braden and L Disney-Hogg

over X= R4/Γ that satisfies Nahm’s equations, the system of ordinary differential equations

dT1
ds

= [T4,T1] + [T2,T3] ,

dT2
ds

= [T4,T2] + [T3,T1] ,

dT3
ds

= [T4,T3] + [T1,T2] .

(2)

Here T1(s),T2(s),T3(s),T4(s) are antihermitian k× k matrix-valued functions and the real
parameter s lies in an interval, or union of intervals, depending on the problem. A gauge trans-
form acts as

Ti 7→ UTiU
−1, i = 1,2,3,

T4 7→ UT4U
−1 − dU

ds
U−1,

whereU(s) is a unitary k× kmatrix on the same interval(s). By a choice of gauge transformwe
may set T4 = 0, and the residual gauge freedom acts via constant U. The boundary condition
for the T∗’s also depend critically on the problem. We shall refer to Nahm data as solutions
to (2) satisfying these (as yet to be specified) boundary conditions for the relevant interval, or
union of intervals. If one takes the dual space X∗ = R4/Γ∗, where Γ∗ is isomorphic to R, the
reduced anti-self-dual pair (Â, Ê) is a BPS monopole. This correspondence between equations
on X and X∗ is known as the Nahm transform, an operation here that transforms solutions of
Nahm’s equations into monopoles, and vice versa [Nah80, Nah83]. The natural appearance
of Nahm’s equations in such diverse areas as hyperkähler geometry and representation theory
has led to their own independent study.

Of particular interest to us is the connection between integrable systems and Nahm’s
equations. Upon setting (with Ti† =−Ti, T†4 =−T4)

α= T4 + iT3, β = T1 + iT2,

L= L(ζ) := β−
(
α+α†)ζ −β†ζ2, M=M(ζ) :=−α−β†ζ,

(3)

for ζ ∈ C one finds3

Ṫi = [T4,Ti] +
1
2

3∑
j,k=1

ϵijk [Tj (s) ,Tk (s)]⇐⇒ L̇= [L,M] . (4)

The characteristic equation P(ζ,η) := det(η−L(ζ)) = 0 defines the spectral curve C, a com-
pact algebraic curve of genus (k− 1)2 which takes the form

P(ζ,η) := ηk+ a1 (ζ)η
k−1 + . . .+ ak (ζ) = 0, degai (ζ)⩽ 2i. (5)

The antihermiticity of the Nahm matrices T∗ means that the curve has a real structure, that is,
it is invariant under the anti-holomorphic involution

J : (ζ,η)→
(
−1/ζ,−η/ζ

2
)
. (6)

Thus Nahm’s equations may be associated with a spectral curve endowed with real structure.
Hitchin in his seminal paper [Hit83] established a fundamental trichotomy between Euclidean

3 Throughout we use the standard notation of ˙ to mean d
ds
.
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su(2) BPS monopoles up to gauge equivalence, Nahm data for the interval [0,2] up to gauge
equivalence and such spectral curves. Here the Nahm data ensures that the monopoles are
regular on R3; these conditions on the Nahm data become conditions on the spectral curve.
Variations of this set-up for example allow the description of BPS monopoles for other gauge
groups [HM89] and Dirac U(1) multimonopoles (see for example [BCQ23]). Further, integ-
rable systems techniques allow one to associate solutions to Nahm’s equations with a linear
flow on the Jacobian Jac(C) [ES89, BE18] and making use of the Baker–Akhiezer function
one may even reconstruct the solutions of (1) [BE21].

We shall now focus on Euclidean su(2)BPSmonopoles. Despite the maturity of the subject
the number of explicitly known spectral curves (equivalently monopoles) is few. This is in
part because the Nahm data impose transcendental constraints [Bra21] on the curve C that
we shall presently describe. Those curves and monopoles we do know have been found by
using symmetry (see for example [HMM95]). Recently some new examples have been found
[BDH23] and this work extends that.

In particular, we prove the following theorem4 (theorem 5.1 in the main text).

Theorem. Any Dk rotationally dihedrally symmetric charge-k Euclidean su(2) BPSmonopole
is, up to an overall rotation, given by Nahm data gauge equivalent to (12) obtained from the
su(k) affine Toda equations A(1)

k−1 subject to the restriction of the variables (25) arising from a

folding procedure. For k= 2l and k= 2l− 1 these are respectively the C(1)
l and A(2)

2(l−1) affine
Toda equations.

In section 2 we describe the action of the Dk symmetry on the monopole both via its action
on the Nahm data and via its action on the variables of the spectral curve. We also give a brief
description of the conditions imposed on the Nahm data/spectral curve, the difficulty present
in imposing them, and as such the motivation for finding reductions to more tractable problems
by imposing symmetry. In section 3 we introduce the affine Toda equations including the role
of the underlying Lie algebra and the folding procedure. We also review how solutions to the
affine Toda equations give solutions to Nahm’s equations. Section 4 applies this to the case of
monopoles withDk symmetry, explaining also what the spectral curves of such monopoles are
and why Nahm’s equations linearize on the Jacobian of a hyperelliptic curve. Finally section 5
proves our main theorem. We will not describe the relevant solutions here though section 6
will comment on the these. We conclude in section 7 with some discussion.

2. Curves, symmetry and flows

Hitchin’s description of monopoles may be understood as a dimensional reduction of the twis-
tor correspondence that described (see [WW91]) solutions of (1). The reduction of twistor
space becomes the Euclidean mini-twistor spaceMT, the space of oriented lines in Euclidean
3-space. If the direction of an oriented line is given by ζ, an affine coordinate of [ζ0 : ζ1] ∈ P1,
and η ∈ C describes the point in the plane perpendicular to this through which the line passes
then we have η∂ζ ∈ TP1 ∼=MT. Here J :MT→MT is the involution that sends a line with
orientation to the same line with opposite orientation5. The monopole spectral curve C is then

4 We use the label Dk to refer to the dihedral group of degree k and order 2k, following the convention [LMF23].
When k is odd then D2k = Dk ×C2.
5 We identifyMT=

{
(u,v) ∈ S2 ×R3 |u · v= 0

}
with TP1 by ζ := ζ0/ζ1 = (u1 + i u2)/(1− u3) and η = dζ(v) =

(v1 + iv2 + ζv3)/(1− u3)where v= v1∂u1 + v2∂u2 + v3∂u3 ∈ TuS2. Here J(u,v) = (−u,v). Note that (u1,u2,u3) =(
ζ+ ζ, [ζ− ζ]/i, |ζ|2 − 1

)
/(1+ |ζ|2).
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a subset of TP1, and in fact a compact algebraic curve. Hitchin’s construction thus gives us
something different from the usual spectral curve of an integrable system: here we also have
an interpretation of the extrinsic geometry of the curve and the space in which it lies.

2.1. Actions of symmetries

In particular the action of the Euclidean group E(3) = R3 ⋊O(3) and symmetries of con-
figurations of monopoles are reflected in an action on mini-twistor space, the spectral
curve and Nahm’s equations. For example translations x ∈ R3 act on Nahm data via x :
Tj 7→ Tj+ i xj Idk; in terms of the spectral data this corresponds to the shift x : η 7→ η−
i
[
(x1 + ix2)− 2i x3ζ +(x1 − i x2)ζ2

]
. Such a translation yields a shift in the coefficient a1(ζ)

of the spectral curve and henceforth we will use this freedom to set a1(ζ) = 0. This gives us a
centered monopole and the subgroup of E(3) that fixes this center is called a point group; it is
a subgroup of O(3).

To describe the remaining Euclidean symmetries it is easiest to first describe rotations acting
upon (ζ,η); these come from the natural action of SO(3) on MT. If A ∈ SO(3) corresponds

to a rotation about n ∈ S2 by angle θ, then we may associate to

(
a+ ib c+ id

−[c− id] a− ib

)
∈ SU(2)

the fractional linear transformation6

A : (ζ,η) 7→

(
[a+ ib]ζ + [c+ id]
− [c− id]ζ + [a− ib]

,
η

(− [c− id]ζ + [a− ib])2

)
(7)

where a= cos(θ/2), b= n3 sin(θ/2), c= n1 sin(θ/2), d= n2 sin(θ/2). OnNahm data we have
the corresponding transformation

A : Ti 7→ Aij
[
ρ(A)Tjρ(A)

−1
]

where ρ(A) is the image ofA in SU(k) in the appropriate representation. (This will be described
below once the Nahm data for our problem is prescribed.)

The two transformations both depends on choices of convention that must be chosen to be
compatible. To test compatibility one may consider the k= 1 case where the Nahm matrices
are Tj = i xj for some constant xj ∈ R. The spectral curve is then given by

η−
[
(ix1 − x2)+ 2x3ζ +(ix1 + x2)ζ

2
]
= 0.

We shall use three examples which shall be important later.

(1) A rotation about the x1-axis by angle π send x2 7→ −x2, x3 7→ −x3, and fixes x1. This means
the spectral curve is sent to

ζ2
{(

η/ζ2
)
−
[
(ix1 + x2)(−1/ζ)2 + 2x3 (−1/ζ)+ (ix1 − x2)

]}
= 0,

and we see that the corresponding transform of the TP1 variables is (ζ,η) 7→ (−1/ζ,η/ζ2).

6 As discussed in section 2.1 the conventions here have been chosen so as to make the action of rotations on the
TP1 coordinates be equal to that on the corresponding Nahm matrices, via the definition of the spectral curve. Our
conventions are equivalent to those in [HMM95, (14), (25)] but differ from those taken in [MS04, (8.198), (8.219)].
The latter conventions give inconsistent actions on the Nahm data, as can be seen by considering a charge-1 monopole.
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(2) A similar rotation now about the x2-axis sends the spectral curve to

−ζ2
{(

−η/ζ2
)
−
[
(ix1 + x2)(1/ζ)

2
+ 2x3 (1/ζ)+ (ix1 − x2)

]}
= 0,

so the transform is (ζ,η) 7→ (1/ζ,−η/ζ2).
(3) A rotation about the x3-axis by angle 2π/n sends x1 + i x2 7→ ω(x1 + i x2) and so the spectral

curve to

ω

{(
ω−1η

)
−
[
(ix1 − x2)+ 2x3

(
ω−1ζ

)
+(ix1 + x2)

(
ω−1ζ

)2]}
= 0⇒ (ζ,η) 7→ (ωζ,ωη) .

Wenote that although the fullMöbius groupwill act on ζ (and consequently η) and the curve
C and its transform have the same period matrices, it is only if we restrict to SU(2) that the
real structure is preserved. It remains to describe the action of the elements A ∈ O(3) \SO(3).
These are antiholomorphic and follow from7

− Id : (ζ,η) 7→
(
−1/ζ̄, η̄/ζ̄2

)
.

By composing the transformation for − Id with a rotation by π about the x1-axis we see, for
example, that the reflection σ = diag(−1,1,1) corresponds to σ : (ζ,η) 7→ (ζ̄, η̄).

Because the action of E(3) on the spectral curve variables is nontrivial, or equivalently
because the action on the Nahm matrices is not just by conjugation, these transforms do not
give gauge equivalent monopoles.

2.2. The Hitchin and Nahm conditions

It remains to describe the Nahm data for Euclidean su(2) BPS monopoles of charge k, first,
following Nahm, for the system (2) and then Hitchin’s conditions on the monopole spectral
curve equivalent to the these. They are8:

N1 Nahm’s equation (2) are satisfied,
N2 Ti(s) is regular for s ∈ (0,2) and has simple poles at s= 0 and s= 2, the residues of which

form an irreducible k-dimensional representation of su(2),
N3 Ta(s) =−T†a(s), Ta(s) = TTa(2− s)9.
H0 C has no multiple components, i.e. each irreducible component has multiplicity 1.

H1 Reality conditions ar(ζ) = (−1)rζ2rar(−1/ζ ),
H2 Let Ls denote the holomorphic line bundle on TP1 defined by the transition function g01 =

exp(−sη/ζ) and let Ls(m)≡ Ls⊗π∗O(m) be similarly defined in terms of the transition
function g01 = ζm exp(−sη/ζ). Then L2 is trivial on C and L1(k− 1) is real.

H3 H0(C,Ls(k− 2)) = 0 for s ∈ (0,2).

We have already encountered N1, N3(a) and the reality of the spectral curve H1; the remaining
conditions, which encode the regularity of the gauge fields, restrict the curve. The poles of

7 Note that− Id acts onMT as (u,v) 7→ (−u,−v). The map− Id is called inversion in [HS96a], whereas the reflec-
tion diag(1,1,−1) corresponding to the map (ζ,η) 7→ (1/ζ̄,−η̄/ζ̄2) is called inversion in [HMM95].
8 We use the suffix convention i ∈ {1,2,3} and a ∈ {1, . . . ,4}.
9 Given Nahm matrices satisfying all the Nahm conditions except for Ta(s) = TTa(2− s), one can always find a gauge
in which this final condition holds [HMM95].
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the Nahm data at s= 0,2 corresponds to a flow on the Jacobian that begins and ends on the
Θ-divisor. This identification follows by observing that degLs(k− 2) = k(k− 2) = g(C)− 1,
and so we may view Ls(k− 2) as a straight line curve inWg−1 (the image of effective degree-
(g− 1) divisors in the Jacobian via the Abel-Jacobi map) of period 2 in the direction [η/ζ] ∈
TLs(k−2)Pic

g−1(C)∼= H1(C,OC), not intersecting the theta divisor for any s ∈ (0,2). (Changing
the basepoint of the AJ map which maps the degree-(g− 1) divisor into Wg−1 ⊂ Jac(C) just
corresponds to a translation, so this statement is basepoint independent.) Via the Riemann
vanishing theorem [FK92, p 298] only points on the Θ-divisor have H0(C,Ls(n− 2)) 6= 0.
Now [η/ζ] corresponds to the set of Laurent tails

{
r0j
}
, r0j =

ηj(0)
ζ , where (ζ,ηj(ζ)) are the

preimages of ζ in C and we set 0j = (0,ηj(0)), ∞j = J(0j). Under Serre duality this gives

the linear map on holomorphic differentials ω 7→
∑

jRes0j
(

η
ζω
)
. We get the coordinates of a

vector U in the Jacobian viewed as Cg/Λ by fixing a canonical homology basis {aj,bj} and
basis of a-canonically normalized differentials {νj} (i.e.

´
aj
νk = δjk,

´
bj
νk = τjk, where τ is

the Riemann matrix). Then the jth entry of the vector in Cg corresponding to [η/ζ] is

Uj =
∑
l

Res0l

(
η

ζ
νj

)
=

1
2π i

˛
bj

γ0 =
1
2π i

˛
bj

γ∞.

The final expressions come from using the reciprocity law for differentials and by choosing a
differential of the second kind γ0 (respectively γ∞) such that γ0 ∼ d(η/ζ) around 0j (γ∞ ∼
d(−η/ζ) around ∞j) and γ0 (γ∞) is holomorphic everywhere else. These final expressions
were introduced by Ercolani and Sinha [ES89] and we call U the Ercolani–Sinha vector.

Lemma 2.1 (Ercolani–Sinha constraints [ES89, HMR00, BE10]). The following are equi-
valent:

(i) L2 is trivial on C.
(ii) There exists a 1-cycle es= n · a + m · b for (n,m) ∈ Z2g such that for every holomorphic

differential Ω=
(
β0η

k−2 +β1(ζ)η
k−3 + . . .+βk−2(ζ)

)
dζ/(∂P/∂η),

˛

es

Ω=−2β0, (8)

(iii) 2U ∈ Λ⇐⇒ U=
1
2πı

(˛
b1

γ∞, . . . ,

˛
bg

γ∞

)T

=
1
2
n+

1
2
τm.

Thus for a monopole spectral curve we require that U is a half-period. Further, from H3
the vector U should be primitive, i.e. sU 6∈ Λ for s ∈ (0,2). We call es the Ercolani–Sinha
cycle and if it exists for a curve C then it is unique. The Ercolani–Sinha constraints place g
transcendental constraints on the curve C [Bra21].

We have then that the spectral curve of a Euclidean su(2) BPS monopole comes equipped
with a particular half-period. From J∗es=−es or J∗U=−U then 2U may be identified with
the imaginary lattice point of Hitchin [Hit83, p 164]. Although we do not know how to impose
the Ercolani–Sinha constraints, given a curve satisfying them it is algorithmic to use numerical
methods to compute the integers (n,m).

6
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2.3. Symmetry reduction and hyperelliptic curves

One may ask about the action of Aut(C) on es, or equivalently the action on U. In [HMR00] it
was shown that es is invariant under the A4 tetrahedral subgroup of the S4 ×C3 full automorph-
ism group of the tetrahedral 3-monopole spectral curve, and more generally it was shown in
[HMR00, Bra11] that es is invariant under the action of any rotation. One may indeed verify
that for the tetrahedral 3-monopole es is invariant under the S4 subgroup of the automorph-
ism group, but not under the C3 action (ζ,η) 7→ (ζ,e2π i/3η) which does not correspond to any
transformation in E(3). In good cases the invariance of the spectral curve C and the Ercolani–
Sinha vector under G⩽ Aut(C) means that the flow on C comes from the pull back of a flow
on C/G: this allows simplifications (see [Bra11, BDE11]).

We have now discussed spectral curves, some of their symmetries, and the flows that are
needed to describe BPS monopoles, but before proceeding it is helpful to note a less obvious
feature of the spectral curve C: it is non-hyperelliptic for charge-k⩾ 3, a fact which follows
from classical algebraic geometry [BDH23, section 2]. One immediate consequence is that
generic monopoles cannot be described by familiar integrable systems whose spectral curves
are hyperelliptic. In what follows we shall show however that some monopoles constrained by
symmetry are so expressible.

3. The affine Toda equations

In what follows we shall refer to the affine Toda equations and this section recalls these and
a number of their properties. We begin by describing the untwisted algebras and then discuss
their reduction by folding. Folding is a procedure for constructing non-simply laced Lie algeb-
ras from simply laced algebras by means of a Dynkin diagram automorphism τ , for both finite
and affine algebras. Such an automorphism is an outer automorphism of the algebra and the
τ -invariant subalgebra is then the desired algebra. The untwisted finite and affine algebras are
most easily seen, arising from a diagram automorphism of the finite algebra; describing the
twisted affine algebras is somewhat more involved. For the purposes of this paper we may cir-
cumvent these constructions and just use the resulting Cartan matrices together with an obser-
vation of Olive and Turok [OT83]: as the Toda equations are based on the Cartan matrices
and folding arises by a diagram automorphism, folding also extends to these equations and we
obtain the Toda equations of the folded algebra.

3.1. The equations for g(1)

Let g be a simple Lie algebra (over C) of rank r and h⊂ g a fixed Cartan subalgebra. We
have the root space decomposition g= h

⊕
(⊕α∈Φgα) where Φ⊂ h∗ denotes the set of roots

for the pair (g,h). Endow h∗ with the inner product ( , ) and let W be the associated Weyl
group. By averaging we may always take ( , ) to be Weyl-invariant. If κ is the Killing form
on g the isomorphism ν : h→ h∗ defined by κ(h1,h2) = ν(h1)(h2) (for h1,2 ∈ h) enables the
identification κ(h1,h2) = (ν(h1),ν(h2))/c where c is a constant to be defined below. Choose
a set of simple roots∆ := {α1, . . . ,αr} ⊂ Φ. To each α ∈ Φ set ϵα := 2/(α,α), α∨ := ϵαα :=
2α/(α,α), the dual root. We write ϵi := 2/(αi ,αi) for αi ∈∆. The Cartan matrix is10 K :=
(aij)with aij := (α∨

i ,αj). The corresponding Chevalley basis of g consists of {Hi := Hαi}α∈∆,

10 Conventions here differ between authors: we follow [Car05, p 71] which is the transpose of [Hel78, X lemma 3.3].

7
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the basis of h, and {Eβ}β∈Φ, then satisfies

[Hα,Eβ ] = (α∨,β) Eβ , [Eα,Eβ ] =


Hα if α+β = 0,

Nα,βEα+β if α+β ∈ Φ,

0 if α+β 6= 0and α+β 6∈ Φ.

Here (for all α ∈ Φ) we have Hα =
∑r

i=1 ciHi where the ci are defined by α∨ =
∑r

i=1 ciα
∨
i ;

the ci ∈ Z as {α∨
i } is a basis for Φ∨ := {α∨ |α ∈ Φ}. We will not need to further specify

Nα,β for what follows. One finds ν(Hα) = cα∨. Let Θ=
∑

α∈∆ nαα be the highest root of
Φ and set ∆̄ = ∆∪{−Θ} and also n−Θ = 1. The highest root is always a long root and we
normalize so that (Θ,Θ) = 2. Further denoting α0 =−Θ we have the extended Cartan matrix
Kij for i, j ∈ 0, . . . ,r which has right null-vector ni (≡ nαi) and left null-vector mi = ni/ϵi (≡
mαi). The Coxeter number for g is then h=

∑
α∈∆̄ nα with the dual Coxeter number being

g=
∑

α∈∆̄mα; the constant c introduced earlier is then c= 2g for all root systems apart from

A(2)
2l which has three root lengths. The Cartan matrix for the untwisted affine Kac–Moody

algebra g(1) is then K.
The key property that we now exploit11 is that the difference of any two vectors in ∆ or

∆̄ (or the roots associated with the twisted constructions below) is not a root. In particular
[OTU93, (2.19)], upon setting

E=
∑
α∈∆̄

√
mαEα, E† =

∑
α∈∆̄

√
mαE−α.

We have (noting that θ∨ = θ =
∑

α∈∆ nαα=
∑

α∈∆mαα
∨) the vanishing of[

E,E†]= ∑
α∈∆

mα [Eα,E−α] + [E−Θ,EΘ] =
∑
α∈∆

mαHα −HΘ = 0.

We now give an ansatz for a Lax pair that encodes the affine Toda equations for g(1) in a form
that makes connection with (3).

Lemma 3.1. Nahm’s equations for the Lax matrices (3) become the affine Toda equations
associated to the algebra g(1) with the following ansatz: let T4= 0 (which means α= α†) and
taking12 ϕ = ϕ† ∈ h, E†

α = E−α, set

β = T1 + iT2 = eϕ/2Ee−ϕ/2, β† =−T1 + iT2 = e−ϕ/2E†eϕ/2, α+α† = 2iT3 = ϕ̇. (9)

Proof. The reality of q and p= q̇ is equivalent to the Hermiticity requirements that T†a =−Ta.
Then Nahm’s equations are (see also [BE18, (3.5)])

ϕ̈ = 2iṪ3 =
[
β,β†]= e−ϕ/2

[
eϕEe−ϕ,E†]eϕ/2

which are the Toda equations. Setting h= eϕ we have

ϕ̈=
[
eϕEe−ϕ,E†]⇐⇒ d

ds

(
ḣh−1

)
=
[
hEh−1,E†] .

11 [Bog76] calls such an admissible root system.
12 This should be viewed as a suggestive notation; when we fix a representation ρ of the algebra below we will have
ρ(Eα)† = ρ(E−α).

8
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Using eϕEαe−ϕ = Adeϕ Eα = eα(ϕ)Eα and our earlier remarks about E this becomes

ϕ̈ =
r∑

i=1

mi

[
eαi(ϕ) − e−Θ(ϕ)

]
Hi =

∑
α∈∆̄

mα e
α(ϕ)Hα

which may be cast into a (perhaps) more familiar form under the isomorphism ν. With φ =
ν(ϕ)/c and noting then that α(ϕ) = (α,φ) we have

φ̈ =
∑
α∈∆

nααe
(α,φ) −Θe−(Θ,φ) =

∑
α∈∆̄

nααe
(α,φ). (10)

If we introduce the fundamental weights {λj}rj=1 for which (λj,α
∨
j ) = δij and set φ =∑r

i=1φ iϵiλi calling φ 0 =−(Θ,φ) =−
∑r

i=0 niφ i we have (for i ∈ {0, . . . ,r})

φ̈ i =
r∑

j=0

K
T
ijmj e

φ j . (11)

Clearly the variable φ0 is redundant but makes the equations more symmetric. Further∑r
i=0mi pi = 0 (where pi = φ̇ i) for consistency; for the A

(1)
r case this is usually interpreted

as the momentum of the center of mass. The associated Hamiltonian is H= (p,p)/2+∑
α∈∆̄ nα e

(α,φ).

Thus far we have only used the properties of the root system of the finite dimensional
Lie algebra g. We will not need the full construction of the affine algebra g(1) but note that
the standard construction(see [Kac90, Car05]) proceeds via the loop algebra C[w,w−1]⊗C g
and has generators ei = 1⊗Eαi , fi = 1⊗E−αi , hi = 1⊗Hi (i = 1, . . . ,r) together with e0 =
w⊗E−Θ, f0 = w−1 ⊗EΘ along with h0 and some other generators whose exact form we will
not need to specify. IfD(g) (respectivelyD(g(1))) denotes the Dynkin diagram of g (g(1)) with
diagram automorphisms Aut(D(g)) (Aut(D(g(1)))) we have

Aut(D(g))⩽ Aut
(
D
(
g(1)
))

⩽ Aut(Φ(g))

as the roots of D(g) are a subset of those of D(g(1)) which are themselves a subset of Φ(g).
Let τ ∈ Aut(D(g)) have order N; this fixes Θ. We may extend τ to a twisted automorphism τ̂
of g(1) with an action on the generators above given by τ̂(wi⊗ x) = δ−iwi⊗ τ(x), where δ is a
primitive Nth root of unity and x ∈ g. Then we have the twisted affine algebra g(N) := (g(1))τ̂

as the fixed algebra; there is a range of notation for these. For our examples below we note
Aut(D(Ar))∼= C2 and Aut(D(A(1)

r ))∼= Dr+1 for r⩾ 2; for r= 1 we have Aut(D(A1)) trivial
and Aut(D(A(1)

1 ))∼= C2. For Ar (r⩾ 2) we have X 7→ −XT is an outer automorphism [Jac79,
IX theorem 5].

3.2. A(1)
k−1

Here ni = mi = 1 and (9) yields Sutcliffe’s ansatz [Sut96]. Expressing the roots in terms of a
Euclidean basis αi = ei− ei+1 (i = 1, . . . ,k− 1), |ei|2 = 1, we have (with indices being taken

9
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mod k so qk = q0) in the k-dimensional representation

T1 + iT2 =


0 e(q1−q2)/2 0 . . . 0
0 0 e(q2−q3)/2 . . . 0
...

. . .
...

0 0 0 . . . e(qk−1−qk)/2

we(qk−q1)/2 0 0 . . . 0



T1 − iT2 =−


0 0 . . . 0 e(qk−q1)/2/w

e(q1−q2)/2 0 . . . 0 0
0 e(q2−q3)/2 . . . 0 0
...

. . .
...

0 0 . . . e(qk−1−qk)/2 0



T3 =− i
2


p1 0 . . . 0
0 p2 . . . 0
...

. . .
...

0 0 . . . pk

 (12)

where pi, qi are real and we see
∑k

i=1 pi = 0; for this algebra the center of mass coordinate,
corresponding to the center of themonopole, may be reinstated byworkingwith the Lie algebra
gl(k,C). Setting w= 1 the equations of motion are ṗi = eqi−qi+1 − eqi−1−qi which follow from
the affine Toda Hamiltonian

H=
1
2

(
p21 + . . .+ p2k

)
−
[
eq1−q2 + eq2−q3 + . . .+ eqk−q1

]
.

In terms of the Lax matrix

1
2
TrL2 (ζ) =

1
2
Tr
[
β−

(
α+α†)ζ −β†ζ2

]2
= ζ2Tr

(
1
2
ϕ̇2 − eϕEe−ϕE†

)
:= ζ2H

upon using 0= TrE2 = Tr ϕ̇(β−β†). This Hamiltonian is not bounded below corresponding
to a potential of the wrong sign which is necessary as the monopole boundary conditions
require Ti ∼ ρi/s as s∼ 0, where {ρi} is the irreducible k-dimensional representation. We also
define the Flaschka variables ai = e(qi−qi+1)/2 = eφi/2 and bi = pi (with indices taken mod k).
Then

ȧi =
1
2
ai (bi− bi+1) , ḃi = a2i − a2i−1 (13)

again following from H= 1
2

∑k
i=1 b

2
i −
∑k−1

i=0 a
2
i . In terms of Flaschka variables we have upon

reinstating w that

L̃=


−b1ζ a1 0 . . . 0 −a0ζ2/w
−a1ζ2 −b2ζ a2 . . . 0 0

...
. . .

...
0 0 0 . . . −bn−1ζ an−1

wa0 0 0 . . . −an−1ζ
2 −bnζ

 (14)

10
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Figure 1. The folding A(1)
2l−1 → C(1)

l . The vertices of the folded diagram are the orbits of
the graph automorphism. The edges of the folded diagram are single unless two incident
edges map to the same edge in which case these multiple edges are retained and point
from the (fixed) incident vertex.

det
(
η− L̃(ζ)

)
= ηk+

(∑
i

bi

)
ηk−1ζ + . . .+(−1)k−1

(
k−1∏
i=0

ai

)(
ζ2k/w+(−1)kw

)
,

(15)

and we identify a1 = 0.

3.3. C(1)
l

(l⩾ 2) This is given by the folding A(1)
2l−1 → C(1)

l , see figure 1. Given a Euclidean basis {ei}
with |ei|2 = 1/2 we may take simple roots αi = ei− ei+1 (i = 1, . . . , l− 1), αl = 2el. Then
2= n1 = . . .= nl−1, nl = 1 and Θ= 2e1. We have 1= m0 = m1 = . . .= ml. This has Cartan
matrix

0 1 2 . . . l− 2 l− 1 l

K=

0
1
2
.
.
.
l− 2
l− 1
l



2 −1
−2 2 −1

−1 2 .
. . .

. . .
. . .

. 2 −1
−1 2 −2

−1 2


. (16)

3.4. A(2)
2l

This twisted affine algebra is rather exceptional having three root lengths (see [Car05]), see
figure 2. If we choose α0 to be the longest root we have n0 = 1, n1 = · · ·= nl−1 = nl = 2.
Further taking (Θ,Θ) = 2 then (αi,αi) = 1 (i = 1, . . . l− 1), (αl,αl) = 1/2 and then m0 =
m1 = · · · −ml−1 = 1 but ml = 1/2 is no longer an integer.

11
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Figure 2. Labelling of the simple roots of A(2)
2l .

The Cartan matrix for A(2)
2l is

0 1 2 . . . l− 2 l− 1 l

K=

0
1
2
.
.
.
l− 2
l− 1
l



2 −1
−2 2 −1

−1 2 .
. . .

. . .
. . .

. 2 −1
−1 2 −1

−2 2


. (17)

The Lax matrix for A(2)
4 which is representative for more general l is

L(ζ) :=


b1ζ a1 0 0 −a0ζ2/w

−a1ζ2 b2ζ a2 0 0
0 −a2ζ2 0 a2 0
0 0 −a2ζ2 −b2ζ a1
a0w 0 0 −a1ζ2 −b1ζ

 ;

this yields a (generically genus-16 non-hyperelliptic) spectral curve

0= det(η−L) = η5 +
(
a20 + 2a21 + 2a22 − b21 − b22

)
ζ2η3 +

(
2a20a

2
2 − a20b

2
2 + a41

+2a22a
2
1 + 2b1b2a

2
1 − 2b21a

2
2 + b21b

2
2

)
ζ4η+ a0a

2
1a

2
2

(
ζ10

w
−w

)
(18)

where we observe that a0a21a
2
2 is a Casimir.

4. Dihedrally symmetric monopoles and affine Toda equations

In the previous section we encountered Sutcliffe’s ansatz (12) that reduced Nahm’s equations
for charge-k to the A(1)

k−1 affine Toda equations. The resulting spectral curve had Ck cyclic
symmetry. This work was later strengthened to give

Theorem 4.1 ([Bra11, theorem 3.1]). Any Ck cyclically symmetric charge-k Euclidean su(2)
BPS monopole is, up to an overall rotation, given by Nahm data gauge equivalent to (12)
obtained from the su(k) affine Toda equations A(1)

k−1.

This theorem has computational significance. For a fixed subgroupG⩽ SO(3) it was shown
in [HMM95, HS96d, HS96c, HS96b, BDH23, DH23] how to use invariant theory in order to
construct G-invariant Nahm matrices. The resulting ODE’s in this construction are typically
rather opaque, but knowing the existence of the form (12) it was shown in [BDH23] how these
ODE’s could be regrouped to reproduce this form.

12
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The theorem does not assert the existence of appropriate solutions (for which a separate
argument is required); Sutcliffe’s elliptic solution for k= 3 failed though a solution in terms
of functions on a genus-2 curve was given in [BDE11]. Recently new elliptic solutions within
this ansatz were found [BDH23]. These new solutions have an enhanced dihedral symmetry
and satisfy a reduction of the affine Toda equations. In this section we will discuss dihedrally
symmetric monopoles and their connection with (particular) affine Toda equations leaving
aside a discussion of their solution to a later section. First we need to specify which dihedral
symmetry we have.

4.1. Dihedral symmetry and spectral curves

We have already noted that subgroups of E(3) that fix the monopole center are the space groups
and we are interested when this is a dihedral group. Now there are a number of space groups
(Dk,Dkd,Dkh, Ckv) isomorphic as abstract groups to a dihedral group but onlyDk lies in SO(3)
with the remaining groups containing reflections. This is the dihedral group we shall focus on.

The general centered Ck-invariant spectral curve C (with reality imposed) is

ηk+α2η
k−2ζ2 +α3η

k−3ζ3 + . . .+αk−1η ζ
k−1 +αkζ

k+β
[
ζ2k+(−1)k

]
= 0, (19)

where αi,β ∈ R. The axis of the Ck symmetry has been aligned via an overall rotation with
the x3-axis such that Ck = 〈s〉 where

s=

cos(2π/k) −sin(2π/k) 0
sin(2π/k) cos(2π/k) 0

0 0 1

 ,

which acts on the coordinates of TP1 as (for an k-root of unity ω) s : (ζ,η) 7→ (ωζ,ωη). The
curve (19) is the k : 1 unbranched cover of the hyperelliptic curve C/Ck of genus k− 1,

y2 =
(
xk+α2x

k−2 +α3x
k−3 + . . .+αk

)2 − (−1)k 4β2, (20)

where x= η/ζ and y= β[ζk− (−1)kζ−k]. The reality of αi,β also means that (19) is invariant
under σ : (ζ,η) 7→ (ζ̄, η̄) which corresponds to the reflection σ : v→ diag(−1,1,1)v as seen
earlier. Therefore (19) is also invariant under t := J ◦σ : (ζ,η) 7→ (−1/ζ,−η/ζ2) and13 〈s, t〉
(abstractly the dihedral group Dk) is the full automorphism group. On the quotient curve (20)
t becomes the hyperelliptic involution t : (x,y)→ (x,−y).

From equation (7) the most general order-2 rotation about an axis orthogonal to the x3-axis
is rq : (ζ,η) 7→ (−q̄/(qζ),η/(qζ)2) for some q ∈ C with |q|= 1. Assuming that this rotation
is a symmetry of C we get the equation(

1
qζ

)2k
{
ηk+

k∑
i=2

(
−|q|2

)i
αiη

k−iζ i+β
[
(−q̄)2k+

(
−q2

)k
ζ2k
]}

= 0.

We see that for such a rotation to be a symmetry it is certainly necessary that (−q2)k = 1 and
so −q2 = ωm for some m ∈ Z. Conjugating rq by s is equivalent to multiplying q by ω, and q
is only defined up to a sign. As such modulo these equivalences we get q= i or, in the case k

13 Noting rt : (ζ,η) 7→ (−ζ,η) we obtain the point groups Dk = 〈s, r〉, Ckv ∼= Dk = 〈s, t〉 and Ckh ∼= Ck ×C2 =
〈s, rt〉. The prismatic dihedral group Dkh = 〈s, r, t〉 is obtained by adding any two of the above to the rotations, so
giving the third. Abstractly Dkh

∼= Dk ×C2.

13
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is even, q= iω1/2. Taking q= i we have rq := r : (ζ,η) 7→ (1/ζ,−η/ζ2), which corresponds
to the rotation

r=

−1 0 0
0 1 0
0 0 −1

 .

Had we instead taken q= iω1/2 we would find s ◦ rq = r, and so either way the dihedral sym-
metry group is Dk = 〈s,r〉. That this additional rotation extending Ck to Dk existed was recog-
nized in [HMM95].

Remark 4.2. If k is even, then r̃ : (ζ,η) 7→ (−1/ζ,η/ζ2) corresponding to the matrix
diag(1,−1,−1) is also a possible symmetry, and indeed once we have either r or r̃ as a sym-
metry we have both, as sk/2 : (ζ,η) 7→ (−ζ,−η). Further composing we see sk/2rt : (ζ,η) 7→
(ζ,−η), and so even-charge monopoles with Dk symmetry are inversion-symmetric. This is
not true when k is odd.

Now invariance of (19) under r means we keep only the even terms,

ηk+α2η
k−2ζ2 +α4η

k−4ζ4 + . . .+β
[
ζ2k+(−1)k

]
= 0. (21)

Let us denote this curve by C ′; the full automorphism group of C ′ is Dk×C2. Setting x= η/ζ
in (21) we have

xk+α2x
k−2 +α4x

k−4 + . . .+αk+β
[
ζk+ ζ−k

]
= 0, k even,

xk+α2x
k−2 +α4x

k−4 + . . .+αk−1x+β
[
ζk− ζ−k

]
= 0, k odd. (22)

If y= β[ζk− (−1)kζ−k] then r : (x,y)→ (−x,(−1)k−1y); thus y is invariant under r only for
odd k, in which case it will be a function on the quotient curve C ′ ′ = C ′/〈s,r〉; for even k the
function v= xy is invariant. Thus we have curves14

v2 = x2
(
xk+α2x

k−2 +α4x
k−4 + . . .+αk

)2 − 4β2x2 k even,

y2 =
(
xk+α2x

k−2 +α4x
k−4 + . . .+αk−1x

)2
+ 4β2 k odd.

Setting k= 2l or k= 2l− 1 for the even and odd cases of the curves then with u= x2 we have
these curves covering 2 : 1 the curves

v2 = u
(
ul+α2u

l−1 +α4u
l−2 + . . .+αk

)2 − 4β2u k even, (23)

y2 = u
(
ul−1 +α2u

l−2 +α4u
l−3 + . . .+αk−1

)2
+ 4β2 k odd. (24)

The first has genus l and the second has genus l− 1. Under the cyclic transformation, it was
shown in [Bra11] that

ηk−2dζ
∂ηP

= π∗
(
−1
k
xk−2dx
y

)

14 Both curves have genus k− 1 for there are no branch-points associated with the x2 factor in the first equation, this
only being introduced so as to express the curve in manifestly invariant coordinates for the subsequent quotient.

14
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for the curve (20) and we observe that this differential is invariant under r for k both even and
odd. Further

xk−2dx
y

=


x2l−2dx

y
=
x2l−2du
2xy

=
ul−1du
2v

,

x2l−3dx
y

=
x2l−4du

2y
=
ul−2du
2y

.

In each case we obtain themaximum degree in u differential on the corresponding hyperelliptic
curve and the work of [Bra11] tells us the Ercolani–Sinha vector, if it exists, will pullback from
one on the quotient curve.

4.2. Dihedral symmetry and the A(1)
k−1 affine Toda equations

We have shown then that with (rotational) Dk symmetry the spectral curve C covers either
the curves (23) or (24) depending on the parity of k, and in either case the Ercolani–Sinha
vector reduces to one on the quotient curve. We nowwish to identify these curves with spectral
curves obtained by a reduction of the A(1)

k−1 affine Toda equations. At that stage we will have
the equivalent of the Sutcliffe ansatz: an ansatz for Nahm matrices in terms of solutions to the
reduced affine Toda equations.

Motivated by [BDH23] we will prove in the following section that the restrictions

a2i = a2k−i, bi+ bk+1−i = 0, (25)

of the A(1)
k−1 affine Toda equations follow from dihedral symmetry. Here we shall identify the

resulting reductions of the Toda equations and that the curves (23) or (24) are the relevant
spectral curves of the reduced problem.

First, we may view the first equation of (25) as defining a diagram automorphism τ and
subsequently an automorphism of A(1)

k−1 and the second equation as defining the invariant sub-
space. Recalling our identification i ↔ αi we have τ(αi) = αk−i and see for example [GO86]
on how to extend this to the algebra. This automorphism fixes a0 and so α0 and thus is of the
correct form for constructing C(1)

l or A(2)
2l .

We have seen that we must distinguish between the cases k even or odd and begin with
the even case k= 2l. It is perhaps clearest to illustrate this by means of the example k= 4.
Under (25) and the sign choice15 a1 =−a3 the Lax matrix (14) becomes

−b1ζ a1 0 −a0 ζ2w
−a1ζ2 −b2ζ a2 0

0 −a2ζ2 −b3ζ a3
wa0 0 −a3ζ2 −b4ζ

 7→


−b1ζ a1 0 −a0 ζ2/w
−a1ζ2 −b2ζ a2 0

0 −a2ζ2 b2ζ −a1
wa0 0 a1ζ2 b1ζ


and we see [AvM80, (4.25)] describing the C(1)

2 system (equation (2.6) of that reference is to
be compared with our (25)). Equally we may make this identification directly. Again setting
w= 1 for simplicity, the first constraint of (25) reduces the variables to φ0, φ13 := φ1 = φ3,
φ2 (where in general φl is not paired). Now the Toda equations (11) take the form

φ̈0 = 2eφ0 − 2eφ13 , φ̈13 =−eφ0 + 2eφ13 − eφ2 , φ̈2 =−2eφ13 + 2eφ2 ,

15 We are choosing this simply for comparison with the cited reference; we discuss the sign ambiguity in due course.

15
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which may be written as φ̈a =
∑

bK
T
ab e

φb where K is the C(1)
l Cartan matrix (16) and we have

the C(1)
l affine Toda equations. For our present purposes having identified the equations of

motion we need not present the full Hamiltonian reduction and simply note that the constraints
of (25) ensure consistency, as will be proven later. The C(1)

l Toda spectral curve of [AvM80]
or [MW96, (7)] is then identified with the curve C ′ ′ of (22).

Much of the odd case k= 2l− 1 follows similarly. Again it is perhaps clearest to illustrate
this by example. The k= 3 case that leads to the Bullough–Dodd equation given in [BDH23] is
perhaps not the most illustrative and we will instead take k= 5. Now the first constraint of (25)
yields the variables φ0, φ14 := φ1 = φ4, φ23 = φ2 = φ3 and the Toda equation (11) become

φ̈0 = 2eφ0 − 2eφ14 , φ̈14 =−eφ0 + 2eφ14 − eφ23 , φ̈23 =−2eφ14 + eφ23 .

Recalling that the diagonal elements of a Cartan matrix are 2 and the coefficient of eφ23 in
the final equation is not an integer multiple of this we may worry we are not seeing the Toda
equations. The resolution as described earlier is that ml = 1/2 is non-integral for this root
system with three root lengths, and upon noting this we again arrive16 at the Toda equations

φ̈a =
∑
b

K
T
abmb e

φb , K=

 2 −1 0
−2 2 −1
0 −2 2

 ,

where now K is the A(2)
2l Cartan matrix (17). We have calculated the spectral curve for A(2)

4
in (18) which is seen to yield the appropriate curve C ′ ′ of (22), and the general case fol-
lows similarly. For purposes of comparison [AvMV04, example 9.10] discusses the A(2)

4 case
and our Lax reproduces this. In this regard it is worth noting that curves for the affine Toda
equations are usually given by the vanishing of (15) as a function of η and the affine parameter
w with constant ζ while here we construct the curve in terms of η and ζ with w= 1.

5. The theorem

The theorem we shall prove is the following.

Theorem 5.1. Any Dk rotationally dihedrally symmetric charge-k Euclidean su(2) BPS mono-
pole is, up to an overall rotation, given by Nahm data gauge equivalent to (12) obtained from
the su(k) affine Toda equations A(1)

k−1 subject to the restriction of the variables (25) arising from

the folding procedure. For k= 2l and k= 2l− 1 these are respectively the C(1)
l and A(2)

2(l−1)
affine Toda equations.

Proof. Recall that for a monopole to be invariant under a rotation by A ∈ SO(3), there must
exist a constant matrix C= ρ(A) ∈ SU(k) such that the corresponding Nahm data satisfies

Ti =
3∑

j=1

Aij
[
CTjC

−1
]
.

As shown in section 4.1 by rotating the monopole overall we need only consider the case of
A= r= diag(−1,1,−1), but for the sake of making an observation later we shall pick the

16 Forgetting the root system interpretation, simply at the level of equations we are also free to simply shift φ23 7→
φ23 + ln2.
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matrix A to be the more general diag((−1)m,(−1)m−1,−1) for some m. We shall vectorize17

the above matrix equation with the diagonal A to get the conditions[
1⊗Ti −AiiT

T
i ⊗ 1

]
V(C) = 0,

which we will rewrite as[
1⊗ (T1 ± iT2)− (−1)m (T1 ∓ iT2)

T⊗ 1
]

︸ ︷︷ ︸
M±

V(C) = 0= [1⊗ (2iT3)+ (2iT3)⊗ 1]︸ ︷︷ ︸
M3

V(C) .

To write these conditions explicitly, recall in terms of elementary matrices we have

T1 + iT2 = a0Ek,1 +
k−1∑
i=1

aiEi,i+1,

2iT3 =
k∑

i=1

biEi,i.

This gives M3 = diag(mi) with mk(i−1)+j = bi+ bj for i, j = 1, . . . ,k. For this matrix to have
nontrivial kernel giving an invertible matrix is it certainly necessary that there exists a per-
mutation σ ∈ Sk such that bi+ bσ(i) = 0, and this permutation will be order two. As such, we
can (without loss of generality by permuting the indices) choose σ(i) = k+ 1− i. In order to
have this condition remain valid over the flow it is necessary that

ḃi + ḃk+1−i =
(
a2i − a2i−1

)
+
(
a2k+1−i− a2k−i

)
= 0, (26)

and we shall impose this consistency condition later.
Having imposed the restrictions on the bi, we get the k2 × k matrix

K=
k∑

i=1

Ek(i−1)+(k+1−i),i =
k∑

i=1

E(k−1)i+1,i

whose columns span KerM3. It is simple to compute that

[1⊗ (T1 + iT2)]K= a0Ek2,k+
k−1∑
i=1

ak−iEi(k−1),i,

[
(T1 − iT2)

T⊗ 1
]
K= [−a0]Ek2,1 +

k−1∑
i=1

[−ai]E(k−1)i,i+1,

noting that at present we have not assumed the ai are real-valued. As such if we write V(C) =
Kv for some length-k vector v we then get the equations

a0vk+(−1)m a0v1 = 0,

ak−ivi +(−1)m aivi+1 = 0, i = 1, . . . ,k− 1.

17 All we shall require about vectorization is that it is a linear map V sending matrices to vectors such that V(ABC) =
(CT ⊗A)V(B).
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Recall now at this point we are considering when the spectral curve is irreducible. This cer-
tainly means β 6= 0, and so we cannot have any ai = 0 anywhere. As such we solve these
equations iteratively to have vi+1 = (−1)m−1 ak−i

ai
vi, yielding the compatibility condition (using

β ∝
∏k−1

i=0 ai)

(−1)m−1 a0
a0
v1 = vk = (−1)(k−1)(m−1)

∏
i ai∏
i ai

v1 ⇒ β = (−1)k(m−1)
β.

At this point we shall restrict to the case where we have rotated the overall monopole about
the axis of the Ck-rotation so as to make the ai real-valued. Note that by doing so, we may
be forced into a choice of additional order-2 rotational symmetry, we cannot just assume
it. As an example of this, consider the consistency condition: with ai ∈ R it now reduces
to β = (−1)k(m−1)β, and so to avoid β= 0 in the case of odd k we must have m odd, i.e.
A= diag(−1,1,−1). This tells us that A= diag(1,−1,−1) cannot be a symmetry in the k
odd case, but that it may in the k even case. We have seen this earlier from the perspective of
transforming the variables of the spectral curve in remark 4.2.

Define now the ratios λi =
ak−i

ai
for i = 1, . . . ,k− 1, which we need to be constant in order

to have C be a constant matrix in SU(k). We see

λ̇i =
1
ai2

[ȧk−iai− ak−iȧi] ,

=
ak−i

2ai
[(bk−i− bk−i+1)− (bi − bi+1)] ,

= 0,

when we have restricted to bi+ bk+1−i = 0. This tells us that if a2i − a2k−i = 0 at some s, it is
zero for all s. Finally, we wish to impose the consistency condition of equation (26), yielding

a2i
(
1−λ2

i

)
− a2i−1

(
1−λ2

i−1

)
= 0, i = 2, . . . ,k− 1,

a21
(
1−λ2

1

)
= 0.

If for all i, λ2
i = 1, we get a solution to the above equations. If for some i, λ2

i−1 = 1 but λ2
i 6= 1,

then ai = 0 contradicting our assumption of irreducibility. As such all λ2
i = 1 as λ2

1 = 1.
What we have thus shown is that in the case where all the ai are real valued, provided we

have the restrictions a2i − a2k−i = 0= bi+ bk+1−i for i = 1, . . . ,k− 1, then we can solve the
equations

M+V(C) = 0=M3V(C) ,

with the solution being V(C) = Kv where vi+1 = (−1)m−1 ak−i

ai
vi := λ̃i vi. Now because of our

implicit conventions in vectorization this gives (taking λ̃0 := 1) the antidiagonal matrix

C=
k∑

i=1

viEi,k+1−i = v1

k∑
i=1

λ̃i−1Ei,k+1−i.

One can check that

det(C) = (−1)⌊k/2⌋ vki
∏
i

λ̃i = (−1)⌊k/2⌋+(m−1)
∏
i

λi v
k
1,
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and moreover that

CC† = |v1|2 diag
(∣∣∣λ̃i ∣∣∣2)= |v1|2 I.

As such choosing v1 appropriately we can ensure that C ∈ SU(k). Because we can achieve this
with v1 either pure real or imaginary this further means

M−V(C) =±M+V(C) = 0,

and so we can solve all of the equations to find an appropriate constant C ∈ SU(k).

Changing the sign of any single ai changes the sign of β, and so clearly two choices of
{λi }⌊k/2⌋i=1 which differ only for one i do not give gauge equivalent monopoles, but the corres-
ponding monopoles are related by a rotation. For odd k changing the sign of β just corresponds
to rotating the overall monopole by angle π about the x3-axis, and so two sign changes give
gauge equivalent monopoles. For even k changing the sign of β just corresponds to rotating
the overall monopole by angle π/2 about the x3-axis and so two sign changes gives gauge
equivalent monopoles. As such, two choices of {λi }⌊k/2⌋i=1 give gauge equivalent monopoles if
and only if they differ at an even number of i. Choosing all λi =−1 recovers the identification
with [AvM80] made earlier.

6. Solutions

We know from the rational map construction of monopoles [HMM95] that monopoles with
dihedral symmetry must exist. This means that there must exist solutions to the affine Toda
equations with pole behavior at s= 0,2 such that the corresponding Nahm matrices have
simple poles whose residues form an irreducible representation of su(2). Historically, it was
the difficulty in identifying these boundary conditions that prevented Sutcliffe from finding the
dihedrally symmetric 3-monopole [Sut96].We shall now describe a procedure to find equations
for these boundary conditions and solve them.

The method we shall describe involves constructing the residue variety. We define the
matrices Xi :=− lims→0(sTi) which by assumption are well-defined complex matrices. These
satisfy the equations

[Xi,Xj] =
3∑
l=1

ϵijlXl, (27)

3∑
i=1

X2
i =

−1
4

(
k2 − 1

)
I. (28)

Equation (27) is necessary and sufficient for the Xi to give a k-dimensional representation of
su(2) and follows from Nahm’s equations. Equation (28) is necessary for the representation
to be irreducible, which follows from realizing that

∑
i X

2
i is the representation of a Casimir

of su(2) [Tay86]. Together equations (27) and (28), expanded in terms of the entries of the Xi,
define an affine variety inC3k2 which we call the residue variety. Elements of the reside variety
give boundary conditions for Nahm’s equations at s= 0.
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Return now to the Nahm matrices (12) written in terms of the Flaschka variables, introduce
Laurent series expansions around s= 0

ai =
Ai
s
+
∑
r⩾0

ai,rs
r,

bi =
Bi
s
+
∑
r⩾0

bi,rs
r,

and write Ak = A0. We are able to explicitly describe the residue variety in this case.

Proposition 6.1. Given k> 1, the residue variety is cut out by the equations

Ai =−1
2
Ai (Bi−Bi+1) ,

Bi =−
(
A2
i −A2

i−1

)
,

1
4

(
k2 − 1

)
= A2

i +
1
2
Bi +

1
4
B2
i .

Moreover, the intersection of the residue variety and the plane A0= 0 is exactly the collection
of points

A2
i = i(k− i) ,

Bi =−(k− 2i+ 1) .

Proof. The first two equations follow simply from the Toda equations substituting in the
Laurent series expansion. To find the third equation it is easiest to note∑

i

X2
i = [(X1 + iX2)(X1 − iX2)+ 2iX3] +X2

3,

from which it follows via algebra that

∑
i

X2
i =−diag

[
A2
i +

1
2
Bi +

1
4
B2
i

]
.

We now want to further impose A0 = 0. This is not an artificial condition to impose: if all
Ai are nonzero then we have the equations

Bi+1 = Bi + 2, i = 1, . . . ,k− 1,

B1 = Bk+ 2,

and these are inconsistent. As such, at least one of the Ai is zero, and by cycling the indices
we can choose it to be A0. Observe that we thus get

Bk = A2
k−1, k2 − 1= 2Bk+B2

k ⇒ Bk = k− 1.

(The alternate solution to the quadratic isBk =−k− 1). Note now that if we hadAi = 0= Ai−1

for some i, then Bi = 0 by the second defining equation and then the third defining equation
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is inconsistent. As such we know Ak−1 6= 0, and so we can determine Bk−1 by the linear
equation

1+
1
2
(Bk−1 −Bk) = 0.

We may then determine Ak−1 using the third defining equation, and it will be nonzero. This
allows us to iterate the procedure down to find all the Bi and Ai, giving the desired values.

We observe that for our residues of the Flaschka variables we have

A2
i −A2

k−i = 0= Bi +Bk+1−i,

which are exactly the conditions required in order to have dihedrally symmetric charge-kNahm
data.

7. Discussion

The purpose of this short work in proving theorem 5.1 has been to generalize the work of
[Sut96, Bra11] to give a complete description of the Nahm matrices for charge-k monopoles
with a Dk rotational symmetry in terms of the affine Toda equations associated to certain Lie
algebras, namely C(1)

l and A(2)
2l . This we were able to achieve by making clear the correspond-

ence between folding the A(1)
k−1 Lie algebra associated Ck-symmetric monopoles and imposing

an additional order-2 rotational symmetry on these monopoles. Appealing to the McKay cor-
respondence, Sutcliffe [Sut96] had expected that dihedrally symmetric monopoles would be
related to type-D simply laced Lie algebras, but this appears not to be the case. Although we do
not solve the reduced equations here, leaving this for a future work, we do show that the con-
straints (25) allow for the irreducible representation required of Nahm data. When we return to
the finite-gap integration of our reduced equations we hope to relate our curves to the known
descriptions where Toda flows lie on certain Prym varieties related to the spectral curve (see
[AvM80, Kan89, MS92]) noting again that the latter are in terms of η and the affine parameter
w which differ from our parameterizations of the curves.

A new discovery we had not predicted was that the residue variety for Ck-invariant k-
monopoles completely determines the asymptotic behavior of the Flaschka variables as s→ 0.
If one were to find a real solution to the A(1)

k−1 affine Toda equations with simple poles for the
ai,bi at s= 0 they need not necessarily have the correct residues to get valid Nahm data by
violating the irreducibility condition, as was seen in [Sut96]. The same is true for Dk-invariant
monopoles, but by having already imposed the conditions A2

i −A2
k−i = 0= Bi +Bk+1−i the

number of remaining choices is reduced, so much so that in the k= 3 case just requiring any
Ai is nonzero is sufficient. This suggests that aiming to solve the Nahm constraints for Dk-
symmetric k-monopoles may be less difficult than for other monopoles of the same charge,
owing also to the fact that we know for such curves Nahm’s equations linearize on the Jacobian
of a genus-

⌊
k
2

⌋
curve. As a starting point for future work, one might investigate the charge-

4 D4-symmetric monopoles for which the Nahm data can be solved for in terms of genus-2
hyperelliptic functions, as the k= 3 case was already solved [BDH23].

One aspect that we have not commented on in this work is the role of the principal SO(3)
embedding. It is known from study of affine Toda field theory [OTU93] that there is a key inter-
play between this and the automorphism involved in folding; similarly the principal subalgebra

21



J. Phys. A: Math. Theor. 57 (2024) 495207 H W Braden and L Disney-Hogg

played a crucial role in the proof of [Bra11]. Clarification of this may lead to employing the
ansatz (9) in describing higher-charge monopoles.
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