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Degenerate quantum erasure decoding

®| Check for updates

Kao-Yueh Kuo'?( & Yingkai Ouyang'

Erasures are the primary type of errors in physical systems dominated by leakage errors. While
quantum error correction (QEC) using stabilizer codes can combat erasure errors, it remains unknown
which constructions achieve capacity performance. If such codes exist, decoders with linear runtime
in the code length are also desired. In this paper, we present erasure capacity-achieving quantum
codes under maximum-likelihood decoding (MLD), though MLD requires cubic runtime in the code
length. For QEC, using an accurate decoder with the shortest possible runtime will minimize the
degradation of quantum information while awaiting the decoder’s decision. To address this, we
propose belief propagation (BP) decoders that run in linear time and exploit error degeneracy in
stabilizer codes, achieving capacity or near-capacity performance for a broad class of codes,
including bicycle codes, product codes, and topological codes. We furthermore explore the potential
of our BP decoders to handle mixed erasure and depolarizing errors, and also local deletion errors via

concatenation with permutation invariant codes.

Erasure conversion' ™"’ is a recent technique that converts leakage errors into

erasures' . In systems dominated by leakage errors, such as ultracold
Rydberg atoms' ™, superconducting circuits”, trapped ions’, or photonic
systems'’, erasure conversion ensures that the majority of errors are era-
sures, by paying necessary physical resource or time for the conversion. In
the context of quantum error correction (QEC), the promised structure of
errors affords potentially better error thresholds and decoding efficiency
compared to unstructured errors. We aim to explore optimal QEC per-
formance in erasure-dominated systems.

The rate of a QEC code is the ratio of the number of encoded qubits k to
the number of physical qubits n. The quantum erasure channel capacity,
C(p) =1 — 2p'*", represents the maximum rate (k/n) for which a decoder
can almost surely correct typical erasures, where p is the independent era-
sure probability per qubit. This capacity quantifies the highest rate of reliable
quantum information transmission over a noisy erasure channel. A central
question in quantum information theory is: how closely can practical QEC
codes approach C(p) with low-complexity decoders?

This question is particularly pertinent for quantum stabilizer codes
with code parameters [[#, k]] and low-weight commutative Pauli operators,
known as quantum low-density parity-check (QLDPC) codes. Two out-
standing open problems in this area are: (1) identifying stabilizer code
constructions that achieve capacity r= 1 — 2p for arbitrary rates r = k/n, and
(2) developing decoders that enable these constructions to achieve near-
capacity performance with linear runtime complexity. This paper solves
both of these problems.

Previously, only two-dimensional (2D) topological codes, such as
surface or toric codes, were known to achieve erasure capacity'*'* with linear
decoding time'’, but their code rate vanishes (r — 0) as n increases.

A recent breakthrough by IBM significantly reduce qubit overhead
(1 — %) compared to surface codes, using non-zero rate QLDPC codes—
specifically bivariate bicycle codes—highlighting their non-vanishing rate
and potential for nearly 2D layouts". Bicycle-type codes with hundreds of
qubits achieve comparable performance to surface codes with thousands,
protecting a similar number of information qubits, offering a 10 times
reduction in the number of physical qubits.

A further significant reduction in qubit overhead can be achieved
using higher-rate codes, with long code lengths ensuring the correction
of a large fraction of errors, which we include in this work. First, we
show that the bicycle construction'® achieves capacity for moderate-to-
high rate codes on the quantum erasure channel. Second, for low-rate
(but non-zero rate) cases, product constructions with flexible rate,
such as lifted-product (LP) codes'’, also achieve erasure capacity.
Third, to facilitate practical applications, we provide linear-time
decoders universal for these codes, also supporting vanishing-rate 2D
topological codes.

For erasures, the task of decoding (inferring the error) reduces to
solving a system of linear equations (cf. (3)-(7)). The optimal decoder is the
maximum-likelihood decoder (MLD), which is often implemented using a
Gaussian decoder. This approach employs Gaussian elimination with a
complexity of O(n*), or O(n**7)***".

In classical erasure error-correction, a binary bit-flipping belief pro-
pagation (Flip-BP,) decoder is preferred over MLD for classical LDPC codes
due to its linear runtime O(n) and near-capacity performance™ ", The
success of BP is evident in 5G networks™ . However, naively applying Flip-
BP, to QLDPC codes is problematic due to inevitable small stopping sets in
the quantum case (see Supplementary Note 3 for more details). Small

'School of Mathematical and Physical Sciences, University of Sheffield, Sheffield, UK. 2Department of Electrical Engineering, Yuan Ze University, Taoyuan

City, Taiwan. e-mail: kywukuo@saturn.yzu.edu.tw; y.ouyang@sheffield.ac.uk

npj Quantum Information | (2026)12:75


http://crossmark.crossref.org/dialog/?doi=10.1038/s41534-026-01212-3&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1038/s41534-026-01212-3&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1038/s41534-026-01212-3&domain=pdf
mailto:kywukuo@saturn.yzu.edu.tw
mailto:y.ouyang@sheffield.ac.uk
www.nature.com/npjqi

https://doi.org/10.1038/s41534-026-01212-3

Article

7283233 and are avoided in the clas-

stopping sets obstruct BP convergence
sical code design™™.

In the quantum case, various techniques have been proposed for
decoding QLDPC codes under erasures. First, the peeling decoder was
proposed to decode 2D topological codes, including peeling on toric or
surface codes (in linear time)'® or extended peeling on color codes (with
additional complexity)**. (The peeling decoder includes a spanning-tree
step”’, followed by a peeling step resembling a Flip-BP, in”, as pointed in
ref. 38). Second, for product codes, the pruned peeling (improved over
peeling decoder) and a Vertical-Horizontal (VH) post-processing were
proposed ™. The “pruned peeling + VH” has complexity O(n*), or O(n'®) for
a probabilistic version. Third, modifications of minimum-weight perfect
matching (MWPM) were showed good erasure decoding accuracy for 2D
codes™”, though without linear time". Recently, BP was improved with
guided decimation®’; and cluster decomposition (extending the VH tech-
nique) was proposed in ref. 42 to balance accuracy and complexity between
MLD and VH. Both works*"** focused on product codes.

In this paper, we study a broad class of QLDPC codes, including 2D
topological codes* ™ and their variants such as XZZX codes”’™, as well as
bicycle codes', hypergraph-product (HP) codes™, generalized HP (GHP)
codes™, and LP codes". These are CSS-type codes™*, except for the XZZX
codes. General QLDPC codes admit low-complexity quantum circuits and
offer the benefits of (1) enabling error-corrected quantum computation with
constant encoding rates™** and (2) enhancing quantum network commu-
nication rates™.

In our approach, we define erasure bounded-distance decoding (eBDD)
(Def. 4) as a metric for evaluating decoding accuracy. We estimate the error
threshold py, of a code family by checking whether a constant correction
radius t/n exists as n increases, where ¢ is the expected number of corrected
erasures. If so, we set py, = #/n. For clarity, we may denote pgﬁp) for BP and
p(tilww) for MLD if they differ. We emphasize that the threshold values in this
paper apply to independent erasures; other error types, such as depolarizing
errors, yield different thresholds.

Quantum decoding relies on exploiting degeneracy, enabling a decoder
to converge to any (degenerate) error equivalent to the occurred errorup toa
stabilizer, resulting in remarkable accuracy”™. Our constructed codes
achieve capacity performance with r =1 — 2p£24w) using the Gaussian
decoder (MLD), which always finds a solution likely to be a degenerate error,
at the cost of O(1’) complexity. To achieve linear runtime O(), we first
propose a gradient-descent Flip-BP, (GD Flip-BP,) to address stopping sets
via a simple GD scheme (which is supported by the symmetry of degenerate
errors; see ref. 57 or Supplementary Note 4 for more discussions). Next, we
introduce a soft binary BP with memory effects (MBP,), its adaptive version
(AMBP,), and their quaternary counterparts (A)MBP,. A soft BP decoder
mimics a soft GD optimization, providing strong convergence to degenerate
solutions. For our constructed codes, we achieve near-capacity performance
with r =1— 2.5p§fp) using (A)MBP or GD Flip-BP, for non-zero rate
codes, with AMBP providing very strong accuracy at low error rates. In
addition, AMBP, achieves the optimal threshold of 0.5 for vanishing-rate
2D topological codes.

The success of (A)MBP stems from multiple factors. First, we apply
message softization (15) to have non-extreme and non-zero BP message
values, enabling updates within stopping sets. Second, we link BP to gradient
descent to determine a proper update step-size and, when necessary, adjust
the prior error distribution to ensure sufficient update gradients, further
mitigating harmful stopping sets. Third, we extend binary decoders to
quaternary ones, leveraging correlations between the X-portion and Z-
portion of a QLDPC check matrix to prevent BP from being halted by
stopping sets in one portion. Moreover, inspired by Hopfield nets**, (A)
MBP uses fixed inhibition (see Supplementary Note 5 (part b)), adding
memory effects to BP to improve convergence. Additionally, we employ a
group random schedule for message updates to improve convergence,
similar to a serial schedule™, while processing multiple messages in parallel
(see Supplementary Note 8). Finally, we propose a strategy to make AMBP
as efficient as MBP to facilitate practical applications.

We also explore the potential of our decoders to manage deletions of
untracked particle losses (with the assistance of permutation-invariant (PI)
codes™*) or mixed erasure and depolarizing errors.

Results
Figure 1 compares the decoding complexity of various decoders. BPs
developed in this paper have accuracy comparable to the Gaussian decoder
(MLD), but with linear complexity. The thresholds achieved by BP and
MLD are analysed and compared with the channel capacity in Fig. 2.
Physical fidelity decays exponentially over time (characterized by the
decoherence time™*). We plot the erasure error rate p on alog scale to depict
the exponential effort to maintain coherence. In Fig. 2, except for the 2D
topological codes, each code family is represented by two data points,
indicating the thresholds achieved by BP and MLD. There is a small gap
between the accuracy of BP (linear-time decoder) and MLD (non-linear
time decoder). The each code family has nearly fixed row and column
weights to ensure linear BP complexity (see Supplementary Note 7 (part b)).

In Fig. 2, we also plot rate upper bounds estimated by [ref. 13, Theorem
3.8], which depend on stabilizer weight w. While not necessarily tight, these
bounds align with our findings in that higher code rates require higher w.

To obtain a precise estimate of the rate currently achieved via BP at
erasure probability p, we replot Fig. 2 on a linear scale in Supplementary
Note 7 (part f). By interpolation, the rate achieved by BP is r=1 — 2.5p — 2p
+ 6p’.

In Table 1, we compare our results with other linear-time or MLD
decoders in the literature'****"*,

Quantum erasure channel
Erasures occur when certain qubits are lost, with a detector identifying their
locations. A lost qubit is represented by an “erasure state” |2), orthogonal to

the computational basis states |0) and [1). Thus, we consider'>":

Definition 1. A quantum erasure channel independently erases each qubit
p1 with probability p < 0.5, leaving it unchanged otherwise, resulting in the
following error process:

pi—>(1 —plpy +pI2)(2], 1)

with the location of the erased qubit known.

Assume that an [[n, k]] stabilizer code is used. For decoding, we insert
an ancilla qubit at each lost qubit’s location, creating a noisy codeword state
of length n for stabilizer measurements. After measurements, each ancilla
qubit collapses randomly, encountering Pauli I, X, Y, or Z with equal
probability 1/4. Thus, an erased qubit (with its location known) encounters
the following error before decoding:

1
Pl'_)(l_P)Pl"‘Piv (2)

where $ = Yy cux vz i WP WT. The error process (2) is similar to the
depolarizing channel, but with a key distinction: we know which qubits are
completely depolarized.

Let r € {1,2,...,n} be the set of erased coordinates. If j € r, then
qubit j is erased. The complement, T = {1,2,...,n} \ I, contains the non-
erased coordinates.

LetE=E; ® -+ @ E,, be the n-fold Pauli error (up to global phase) after
measurements, where Ei=LX,Y,orZ with equal probabilityi ifj € r,and
E=IifjeT.

A stabilizer decoder infers E from r and the syndrome of E obtained
through measurements, as detailed below.

Erasure decoding problem in stabilizer codes
We refer to”* for background on stabilizer codes. For decoding, we
represent the measured stabilizers H, ..., H" ™ as a (quaternary) Pauli
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check matrix

HD
e {I,X,Y,z)n=Rxn, 3)
H®=h
To have a linear decoding problem, we map I, X, Y, Z to (0[0), (1]0), (1]1),

(0]1), respectively. Conventionally, this defines a map ¢: {L, X, Y, Z}" — {0,
1}, and we have a (n — k) x 2n binary check matrix

(p(H(l)) H, H,, H,,,
—k
(P(H(n )) Hn—k Hn—k4,1 Hn—k.Zn

ond)r
. [ Gaussian or cluster decoders with unconstrained cluster sizes ]
E
Q.
g o(nZ) L
o Pruned peeling + VH
% BP with damping and guided decimation
O

O |-

£ om [ Peeling BPs in this paper ]

|
2D grid codes Product codes General QLDPC codes

Fig. 1 | Comparison of decoders. The vertical axis indicates complexity, while the
horizontal axis shows code types with increasing connectivity from left to right. BPs
in this paper perform accurately across various code types, similar to the Gaussian

H{l Hi(n H%l H%,n
=EYH )= 0 ()
Hi(fk.l e Hil(fk‘,n Hf—kJ Hf—k‘n

Consider the operation under mod 2 for the binary field I, = {0, 1}. For
two binary matrices A and B of 2n columns, define a bilinear form (called
symplectic inner product)

(A,B) = AABT,

where A = [0” L, ]and (-)" is the matrix transpose. Two operators E, F €
{I, X, Y, Z}" comnfute if the corresponding E, F satisfy (E, F) = 0, and
anticommute if (E, F) = 1. We denote zero and identity matrices by 0 and 1,
respectively, using the subscript n to specify dimension # x n. Notice that
(H, H) = 0. The row-space of H is a linear code C = Row(H) C F3", which
is symplectic self-orthogonal. That is, C C C*, where C" is the symplectic
dual of Cin IF}.

For any stabilizer codes, we have this degeneracy: for an error
E € {0, 1}, its logical coset is E + C; any errors E € E + C are degenerate
errors of E with an equivalent effect on the code space. Degenerate errors
share the same syndrome s = (E, H) = (E, H), but syndrome matched
errors form a larger error set called error coset (E + C") of syndrome s.

Definition 2. (Quantum erasure decoding problem) Given a binary matrix
H e {0, 1}, m > n — k, erasure information r C {1,2,...,n}, and a
syndrome s € {0, 1}", where s = (E, H) for some E € {0, 1}** drawn from the
erasure channel, a decoder is asked to find an E € {0, 1}?" such that Ec
E + C with probability as high as possible.

Given 1 and s, an erasure- and syndrome-matched solution satisfies a
system of linear equations:

decoder, with a slight threshold gap but with linear complexity. The achieved (H A)ET = [HZ |[HX ](EX |EZ)T =sT, <
thresholds are shown in Fig. 2. (E]X|E]Z) — (0j0)Vj € E. (6)
Fig. 2 | Quantum erasure capacity and thresholds Quantum erasure channel: capacity and performance of codes
of codes. For 2D topological codes, BP and MLD —_—— IR ; R
share a threshold of py, = 0.5. For other codes, a small o=
accuracy gap is indicated by two points: pgfp) (left) 09 r .
and p%vrw) (right). The constructed codes achieve
capacity with MLD, r = 1 — 2p(MLD), and near- 0.8F J
capacity with BP, r = 1 — 2.5p£h ). We summarize '
our decoders and tabulate their accuracy figures in
Table 1. For bicycle codes, BP thresholds are 0.7 ]
achieved using GD Flip-BP, or (A)MBP,. For LP
codes, BP thresholds are achieved using AMBP,, and :0_? 0.6 1
GD Flip-BP, shows similar accuracy for rate 0.118 s
LP codes. For 2D topological codes, a threshold of L 05 erasure capacity (r = 1 — 2p) .
0.5 is achieved using AMBP,. Higher-rate codes 8 — — — — a reference of (r = 1 — 2.5p) \
require larger stabilizer weight w, consistent with the ~04rb [DZ13] Thm. 3.8 (w < 12) \\ \ -
trend from" (plotted as curves labeled [DZ13]). = [DZ13] Thm. 3.8 (w < 4) y
03k [DZ13] Thm. 3.8 (w < 2) | |
—&— Rate 3/4, Bicycle py, (w ~ 36) V%
—o6— Rate 1/2, Bicycle py, (w = 18) *‘\_*
0.2 | —s— Rate 1/4, Bicycle py, (w ~ 12) v 7
——+— Rate 0.118, LP py, (w = 8) |
0.1 I | —— Rate 0.04, LP py, (w =7) i ¥ A
v Rate — 0, 2D Topol. py, (w =4) \H
0 | L s P | L L \ 7
107 107 10 10°
p (erasure error rate)
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Fig. 3 | Tanner graphs of Example 1. a Tanner
graph induced by the binary matrix H in (8).

b Tanner graph induced by the Pauli matrix Hin (9),
with edge types X (solid line), Y (dashed line), and Z
(dotted line).

where left arrows indicate the errors to be discussed.

When only the second qubit is erased, we easily identify a unique
solution IZII. MLD always succeeds in this error case.

When the 2nd and 4th qubits are erased, i.e., r = {2, 4}, we have E=1
forj € T = {1, 3}. As indicated by the left arrows above, the occurred error
is a Pauli operator in either

I 2z I 1 I Z 1Y
or .
I X 1Y I X I 1
An MLD will output a solution in one of the cosets, but the actual error may
lie in the other coset, leading to a logical error rate of 1/2 in this error case.
Using the above error cases, we illustrate the coset structure in Sup-
plementary Note 1 (see S Fig. 1 therein).

A good code can resolve many erasures with || = np atlarge p, and we
aim to resolve them in linear time.

(10)

Bit-Flipping BP algorithm

Given (6), BP can approximate the solution with high accuracy, by running a
message passing on the Tanner graph induced by the code’s check matrix. For
classical BP, see refs. 71-75. For quantum decoding, we can perform binary
decoding based on a binary check matrix H € {0, 1}"**", or a quaternary
decoding based on a Pauli check matrix H € {I, X, Y, Z}"™". For example,
matrices in (8) and (9) induce the two Tanner graphs shown in Fig. 3.

For a Tanner graph, let /(i) be the set of neighbouring variable node
indices of check node i. Let M(j) be the set of neighbouring check node
indices of variable node j. For example, for a Tanner graph induced by an H
€ {0, 1},

NG
M() =

ie(l,2,....2n) : H; =1},
{ie{1,2,...,m}:Hl.j:1},

For BP erasure decoding, important code properties include stopping
sets and girth. For details, see Supplementary Note 3. However, due to the
degeneracy of stabilizer codes, the solutions are generally not unique. Spe-
cifically, the number of feasible solutions in a logical coset (Lemma 1)
increases with the number of erasures (cf. Example 1). When decodinga code,
we aim for the decoder to combat an erasure rate p as high as possible, which
leads to many erasures and, consequently, many feasible solutions in the
logical coset where the actual error is located. In particular, we observe strong
symmetry of degenerate errors (see’” or more details in Supplementary Note
4). This motivates us to use heuristics to converge to any feasible solution.
Thus, we propose a bit-flipping algorithm with a gradient descent (GD) step,
referred to as GD Flip-BP,, as outlined in Algorithm 1. (This algorithm
behaves more like a greedy approach to minimize a discrete function (11), but
can be linked to GD optimization for a differentiable function (18)).

We explain Algorithm 1. The binary check matrix has 2#n columns.
Givenr C {1,2,...,n}, we have

r, =1U(r+n),

wherer 4+ n = {j + n : j € r}. The GD step performs when no updates are
performed during an iteration. This step tries to minimize an objective

function defined as the sum of the numbers of unresolved bits in each check,
expressed as

S INGN L) (i
i=1

Algorithm 1. GD Flip-BP,
Input:
A binary matrix H € {0, 1} a syndrome s € {0, 1}", erased coor-
dinates r, C {1,2,...,2n}, and an integer T, >0. (H = [B’B"]
from a binary check matrix B = [B¥|B”]).
Initialization.
* Letl;=0ifjery,andl;j=+1ifj€T,.

Iterative Update.
e Porie{l,2,...,m}: Compute A; = |N (i) N 1,|; Thenif 4;=1,
let j be the single element in A/(i) N I, and set

L= ] 1

JENO\(}

* (GD Step) If no I} is updated in the previous sub-step: Find a
J € 1, such that the corresponding column in Hy has a max-
imum  column  weight. Set I} = - 1.

+ Ifany I} is updated during this iteration, remove j from r,.

Judgement. N
o Ifr, = ¥:Forallj= 1,...,2n,iffj:+ 1,setEj = O,andifI:l:f
1, set  E=1 Generate 5= (E,B) = EH".

- if s = s: return “CONVERGE”;
— else: return “GD_FAIL”.
* Else: if the maximum number of iterations T, is reached, halt
and return “FAIL”.
* Repeat from the step of Iterative Update.

Algorithm 2. MBP, (with an optional soft GD step)
Input:
A binary matrix H € {0, 1}*", a syndrome s € {0, 1}", an integer
T nax > 0, areal > 0, and initial LLRs A; = ln(p;o) / p]m Yforj=1,2,
..., 21 (cf. (14)). (H = [BYB"] from a binary check matrix B =
[B¥|B”]). GD parameters: an integer Tgp > 0 and a real [Agp| > 0.

Initialization.
» Forje{l,2,...,2n} and i € M(j): Let I;_; = soft(A)).
Check-Node Computation

e For i € {1, 2, ..., m} Let Ai:(—l)s‘EﬂjEN(i)Fjﬁi.
o Forie({l,2,...,mbandj e N(i): LetA;= A, BT

Variable-Node computation.
* For j € {L, 2, ..., 2n}: Let T; = A; + (1/0)D " ic pqyDisr
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e Forje{l,2,..,,2n} and i € M(j): Compute
R A”f’ (12)
rj—>i = SOﬂ( ]—>1

* (Optional soft GD Step) When the number of iterations
is a multiple of Tgp: Forj € {1, 2, ..., 2n},

if Tl <1Agpl, then set A; = sign(l“j) [Agpl-  (13)

Judgement.
e Foralj=1, ...,2n,1fF>0 setE =0, andlff <0 set
IAEJ- =1 Generate S= (E B) = EHT.
- if§ = s: return “CONVERGE”;
- elseif the maximum number of iterations T, is
reached: halt and return “FAIL”.
- else:  repeat from  the
Computation step.

Check-Node

MBP;, and its adaptive version (AMBP,)
A soft-valued decoder improves decoding accuracy. A bit could be 0, 1 or
erased (denoted by ?). The values 0, ?, 1 are mapped as + 1,0, — 1 in GD Flip-
BP, for computation. Once a decision is made, ? becomes a bit value 0 or 1
and remains fixed, though it may be incorrect. Generally, we consider a soft-
valued decoder, where the messages are represented as soft values, allowing
them to adjust their signs and magnitudes during iterations, improving
decision accuracy.

We describe this decoder generalization. We have the initial prob-

abilities p(o) = Pr(E; = 0) and P b= =Pr(E; = 1) forj=1,2,...,2n, where
11y i
O 50) = @ 50y (3:3) ifier
®; "2 ) = Bjfn Pivn) = { (L.0) ifj et (14)

The initial log-likelihood ratios (LLRs) are A; = ln(pJ(O) / p}l)) forj=1,2,..,,
2n. The (hard) values 0, 2, 1 of E;map to + 0,0, — coas A;. We will updaAte
these LLRs, and denote the updated LLRs as [}, j=1,2, ..., 21, to estimate E;.

We restrict variable-to-check messages from taking values in — 0,0, oo,
avoiding representing the three (hard) values 0, ?, 1. The function achieves

our purpose:

sign(x) LLR MAX,  if |x| > LLR MAX,
sign(x) LLR.MIN,  if |x| < LLR_MIN,

X, otherwise.

soft(x) =

(15)

This maintains LLR numerical stability and enables updates even within
stopping sets. Suggested values for LLR_MAX and LLR_MIN are provided
in Supplementary Note 9.

Remark 3. We do not apply the function soft( - ) in (15) to initial LLRs A;.
This ensures I; = A; = + oo for j € T,, making our BP output always erasure-
matched, though convergence (syndrome matching, s = s) is not guaranteed.

We will update LLRs to meet the target syndrome. For two LLRs I'; and
I, following Gallager”, we define

I\ HL, = sign(T,5,) £~ (F(T, ) + f(IT,]), (16)

where | - | is absolute value, f(x) = = In(coth(3)), and notice that
(%) = flx). An equlvalent expression is
T,Hr, = Ztanhfl(tanh(%) tanh(%))’""‘, and in general,
ETEI [;:= 2tanh™" ﬁ tanh5 (17)
= j=1 2)

To resolve all erasures (minimizing (11)) while satisfying the target syn-
drome, we define a check-satisfaction reward function for maximization:

STy, Ty, ..., Typ) _Z( 1)

JeN (r)

(18)

Algorithm 2 presents MBP,, performing a soft message-passing to
approximate a solution to (6) by updating LLRs. Specifically, it approx-

imates I to In Pr(E=0| syndromeis 5 by maximizing (18) (see (22)-(27)).

Pr(E;=1] syndromeiss)

The check-to-variable messages A;_;are normalized by some o > 0, like
classical normalized BP”*”. Typically, a>1 is chosen to suppress over-
estimated messages. Here, we also consider « < 1 to enlarge the BP step-size
to search more possible solutions. Larger step-size may cause divergence.
Inspired by Hopfield nets™®, MBP uses fixed inhibition (12), adding
memory effects to BP to improve convergence even with a < 1%’ (see Sup-
plementary Note 5 (part b)).

We can select a proper « value using GD optimization to maximize
(18). In METHODS, we validate this by linking BP update rules with GD.
Given the physical error rate p, we can determine « from a locally linear
function of p using the continuity of the reward function (18) (see
(22)-(27)). Furthermore, we introduce an optional step (13) to adjust the
initial LLR A; to have enough magnitude |Agp|, ensuring enough update
gradients in harmful stopping sets. This is performed whenever the updated
LLR T} for index j does not have enough magnitude (i.e., |I}| < |[Agpl) after
every Tgp iterations.

In BP, the message A;; is typically computed by A,;=
(=1 By enviin(jIy—i- For efficiency, we compute it by

A =AT

i—j it j—i

:= 2tanh™! (tanh / tanh jﬁl), (19)

where A; = (=1)"Hjep [} is computed first and every I ; # 0. This
ensures 0 < |4l < |I;—| for numerical stability, which is guaranteed by the
function soft( - ) in (15). Compared to the typical computation, this reduces
the BP complexity from O(2nj,(j, — 1)) to O(2nj,) per-iteration, where j, is
the mean column-weight of H.

Additionally, we observe that altering the message-update schedule can
significantly improve decoding convergence for highly degenerate codes
(Supplementary Note 8).

Algorithm 3. AMBP,
Input: The same as in Algorithm 2 but further with a sequence of real
values a; > ap > - > ap > 0.
Initialization: Let i = 1.
MBP Step: Run MBP MBP,(H, s, T .., «;, {7 }), which returns an
indicator “CONVERGE” or “FAIL” with an estlmated Ee {0, 1}%".
Adaptive Check:
o Ifthereturn indicator is “CONVERGE”, return “CONVERGE”
(with & = o and the estimated E);
e Otherwise, let i « i + 1; if i > ¢ return “FAIL%
¢ Otherwise, repeat from the MBP Step.

For erasure decoding, all MBP instances with different « values can run
in parallel, halting all instances as soon as one finds a feasible solution.

As discussed earlier, we can select the & value from GD, but it is based
on the reward function (18) and not necessarily optimal. First, the function
in (18) is not concave and has vanishing gradients when encountering
stopping sets, so a gradient-based step-size search does not ensure con-
vergence. Second, directly using a large step-size may lead to oscillations and
prevent the algorithm from converging. To mitigate this, we can test a list of
decoders with step-sizes ranging from small to large step-sizes (1/a). Thus,
we also propose an adaptive MBP, (AMBP,), as in Algorithm 3, which tests
alist of &y > -~ > atp and adaptively select a proper o .
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Fig. 4| Local deletion to erasure rate conversion using [[£, 1]] PI codes for £ =4, 7,
9,15 (***%**%%)_ The [[4, 1]] PI code converts € = 0.385 to p = 0.5, which can then be
handled by topological codes. At € = 0.1, an [[£ < 15, 1]] PI code achieves p < 0.1,
allowing a QLDPC code rate above 3/4 (Fig. 2). At € = 0.01, using a 7-qubit PI code
achieves p < 10, which allows QLDPC codes to attain a rate of essentially 1.

MBP,, and unified (A)MBP, notation, g =2 or 4
We also consider quaternary BP (BP,). This BP leverages the correlation
between bits jand j + 1 via the Pauli check matrix H € {L, X, Y, Z}"*" for error
correction, enhancing accuracy in both classical’® and quantum settings®’,
when compared to binary BP. Indirectly, this can be interpreted as a turbo
update between the two error components (E¥|E”)”, reducing the likelihood
of the decoder being halted by binary stopping sets in either the X or Z
portion. Preliminary simulations show very good accuracy, so we do not
design a GD step for quaternary BP.

For quaternary BP in the quantum setting, we express the variable-to-

check (j — i) message, following™", as

Pr(Pauli error E; and entry H;; commute)

Pr(Pauh error E; and entry H;; antlcommute) (20)
PJ P j
eg.,= lnp formltlalLLR(] — )if Hy =X. (21)
j

Extending the derivations in (22)-(27), we obtain quaternary MBP (MBP,)
and its adaptive version (AMBP,)”.

Algorithm 4. Erasure decoding with (A)MBP,, g = 2 or 4
Input:
A check matrix H € {I, X, Y, Z}""", a syndrome s € {0, 1}", erased
coordinates r € {1,2,...,n}, an integer T, . >0, and a set of real

o> 0> >ap>0.
Include Tgp and |Agp| if the GD step is applied to (A)MBP,.
Initialization.
* Set (pIpX p]Z)_(4747474) for jer and

(p pX pY’ pZ/) =(1,0,0,0) for j € T. (Convert to binary
dlstrlbutlons (14) ifg=2)

Decoding.
* Run (A)MBP(H, s, Ty, (9], 27,0] .07}, {aa}izy), with
optional GD step with input (Tgp, |Agpl) if applied, and
obtain an estimate E € {I, X, Y, Z}".

Output. R R R
 Return E € {0, 1}*" imd?: (E, H), where E and H are the
binary version of E and H, respectively.

Given a Pauli check matrix H € {I, X, Y, Z}"™, which uniquely
determines a binary check matrix H € {0, 1}""*", we consider a unified (A)
MBP notation: let £ = 1 for MBP and € > 1 for AMBP, and refer the decoder
by

(AMBP(H, s, Ty, (), 27507 P71 L)),

with g =4 for (A)MBP, and q =2 for (A)MBP,. We state a unified (A)MBP,
algorithm in Algorithm 4.

For (A)MBP,, if the optional GD step is applied, we refer the algorithm
as GD (A)MBP, in simulations.

Discussions

We analysed the general erasure decoding problem, and proposed efficient
decoders suitable for this task. Topological codes were known to achieve
capacity with vanishing code rate'*'°. We construct various rate bicycle and
LP codes, and their MLD thresholds attain the erasure capacity (Fig. 2). Soft
(A)MBP decoders behave like MLD at low logical error rate, achieving near-
capacity performance with a small gap. The GD flipping decoder performs
well on bicycle and LP codes, despite its extremely low complexity.

The Gaussian decoder resembles the core idea of ordered statistics
decoding (OSD)", solving linear equations restricted to unreliable error
estimates. Combining BP with OSD improves BP accuracy for decoding
depolarizing errors®®. For erasures, a similar BP + Gaussian approach can
achieve MLD performance. In this setting, Gaussian elimination targets only
erasures left by BP. This reduces complexity compared to using the Gaussian
decoder alone, though the overall complexity remains O(r’); see Supple-
mentary Note 10 for details.

Our results extend beyond erasure errors. First, we consider deletion
errors, which follow the same model as erasure errors but without knowl-
edge of the error locations. We apply our results on concatenated QLDPC
codes with permutation-invariant (PI) codes***>****’ as inner codes. Deletion
errors can be catastrophic for stabilizer codes, but PI codes can correct
them™**, Unlike erasures, a primary challenge of deletion errors is the lack of
error location information, making decoding more difficult, as mis-
identifying even one location can cause failure. Accurately locating all
deletions to obtain erasures aids decoding but is time-consuming, increasing
the physical error rate. Thus, accepting imperfect erasure conversions,
where some leakage errors remain as localized deletions, can be more
effective. We assume a local deletion model where each block of ¢ physical
qubits has an identifiable boundary, protected by an [[¢, 1]] PI code, con-
verting deletions into erasures. Figure 4 shows the deletion-to-erasure
conversion performance in a channel with deletion probability e, using a PI
code that corrects ¢ deletions (see legend). The [[4, 1]] PI code®****’ converts
local deletions with probability € = 0.385 into erasure errors of rate p < 0.5,
which topological codes can handle. At € = 0.1, an [[¢, 1]] code with £ < 15
achieves a converted p < 0.1, allowing a QLDPC code rate above 3/4 (Fig. 2).
In particular, if the per-qubit deletion probability is 0.01, then using a
7-qubit PI code can bring the logical erasure rate to below 107, which allows
QLDPC codes to attain a rate of essentially 1, which is close to the maximum
possible rate.

Second, in a large system, after converting dominant noise into era-
sures at known locations, we model additional errors that occur as qubit
depolarizing errors. This mixed error model is discussed in” using peeling
on 2D codes. In contrast, (A)MBP can decode general QLDPC codes in this
error model. We show this using a [[1054, 140]] LP code (from") with the
simulation setup in METHODS. With (A)MBP,, we adapt by adjusting the
initial error djstribution for the non-erased qubits to (p!, p*, p¥, p?) =
(1 = po, PS" , ‘[’3" , 3), where p, can be set to either the depolarizing error rate
Paep OF a suitable fixed value < pge,”””. With (A)MBP,, the initial error
distribution is (p©, p"), where p® = p* + p*' = p* + p*and p© =1 — p. The
adjustment enables soft BP decoders to simultaneously correct both erasure
and depolarizing errors. Figure 5 shows our decoder accuracy, assuming
Paep = 0.01. GD Flip-BP; cannot handle depolarizing errors, so we use MBP,
with « = 1 as a soft extension. All decoders successfully handle mixed errors.
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Fig. 5 | BP accuracy for mixed erasure and depo- Mixed error model (erasures and depolarizing errors), [[1054,140]] LP code
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Among them, AMBP, shows the best accuracy, as depolarizing errors
exhibit strong correlations between X and Z errors.

Our findings highlight the proposed decoders’ adaptability and accu-
racy in handling various error types, including erasures, deletions, and
depolarizing errors. We expect the versatility and high performance of our
proposed decoders to contribute to the development of quantum LDPC
codes and fault-tolerant quantum computation.

For practical use, the tanh rule (17) can be approximated by the min-
sum rule, which selects the minimum magnitude among the input LLRs and
combines signs separately’”””*”*. It retains soft information and may out-
perform flip BP, motivating its study in quantum erasure correction.

Quantum channel limits have long been known**>,"”. For the depo-
larizing channel, the hashing bound (also known as the quantum Hamming
bound) sets the capacity for non-degenerate codes, though degenerate codes
may slightly exceed it at low physical error rates™"”. However, near-hashing-
bound decoding has emerged only recently”. By contrast, although the
capacity of the erasure channel is known'?, comparable decoding results for
erasure noise models remain largely unexplored. Our work closes this gap by
providing decoders simultaneously achieving near-erasure-capacity accu-
racy and linear-time complexity.

A recent review” surveys decoding algorithms for surface codes,
including erasure decoding, although focusing on the union-find (peeling)
decoder. We recall that peeling decoder + clusters decomposition with
unconstrained size (O(n’) complexity) achieves MLD on GHP codes®.
More recently, a quantum Maxwell erasure decoder for CSS QLDPC codes™
extends peeling with guessing, which interpolates between linear-time
decoding (constant guessing budget) and MLD (unconstrained budget). Its
asymptotic performance has been analyzed and simulated for bivariate
bicycle and quantum Tanner codes.

Circuit-level decoding plays a key role in fault-tolerant quantum
computation®, with substantial progress focused mainly on depolarizing
and gate noise with unknown locations, notably for topological codes” "
and bivariate bicycle codes'. Implementing circuit-level simulations can be

assisted by the stabilizer-circuit tool Stim'”, following standard practice in
104-107

extends to phenomenological or circuit-level noise by representing the
syndrome, data, and two-qubit gate errors with mixed-alphabet variables
in BP®”°. While circuit-level errors with unknown locations are more
challenging, prior results demonstrate the viability of this mixed-alphabet
approach®™”.

A detailed treatment of circuit-level erasures, which requires additional
erasure-conversion circuits'*™'", lies beyond the scope of this paper.

Methods

BP update rules and the relation with GD

For BP, syndrome decoding in the erasure channel, we have to satisfy two
constraints, I and s (i.e,, the erasure locations and the syndrome). The
erasure information r is embedded in the initial distributions (14). The

syndrome information s is included in BP, to update the initial LLR A; =

1 Pr(E;=0) Pr(E;=0 | syndrome s s)

N prg =1y 1O [;=In

2n. It is well-known that normalized BP,”*”” provides an efficient compu-
tation

PHE =1 [syndrome's ) for each binary error E; forj=1,2,...,

] B T,
VRS DS i | R (22)
i€ M(j) JeEN O\
_ 1
=M+ D A (23)
ie M(j)

like Algorithm 2. We justify this computation for the first iteration, with o =
1, in Supplementary Note 5 (part a).

To determine the value of & in Algorithm 2, we relate BP to GD*'".
Define the satisfaction at check node i as (—1)* 2tanh_1(HjE A tanh %).
Summing this for all check nodes, we get the reward function (18), which is:

circuit-level decoding under unknown error locations orerasures' ", " . . I

Our approach can be generalized similarly using Stim. Alternatively, STy Ty) = Z (=1)"2tanh H tanh 2 24
to retain the benefits of non-binary (A)MBP decoding, our approach =1 JeN ()
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an « value such that

Then
—= Z (1) tanh &
8 5 (25)
J i€ M(j) JEN O\
where g;; is a positive term, as a function of (I, ..., I2,,), as
1 — tanh? %
>0. (26)

gij(rl, )=

r,.2
1— (Hj’e/\/(i) tanh 1)

Notice that |I;_;| < co due to the use of soft( - ) in (15). For non-erased part,
Aj =+ oo, enforcing I'; = A; in (22) and fixing bit j decision as 0. For erased
part Aj =0 in (22), so the other term determines the dec151on of bit j.
Comparmg this term in (22) and (25), and noting that tanh™ '(-yand 8i>0
(asamultiplier) preserve the sign, we conclude that for BP, we should choose

Table 2 | Average BP iteration counts for the [[882, 48, 16]]
GHP code

average iteration p=0.255 p=0.328 p=0.392
counts
AMBP,, a4 =1.2 3.28 10.54 4628.89
AMBP,, a4 = func(p) 3.28 8.33 90.27
MBP4, a=1.2 3.27 6.14 80.12
GD AMBP,, a1 =1.2 3.30 11.98 5330.62
GD AMBP,, a4 3.30 10.67 94.75
= func(p)
GD MBP,, a=1.2 3.30 6.80 83.55
GD Flip-BP» 2.99 5.18 51.51

We include more decoders for reference thanin Fig. 11. All BPs remain efficient at low error rates. For
AMBP, two strategies (31) (fixed a4) and (32) (a4 = func(p)) are compared, where (32) provides much

faster runtime at high error rates.

T... T,
L stanh™! anh "= | ocgy [[ wmh @)
[21
j e NG) j e NG)
j#i j#i

to minimize (24). Using (27), we can express « as a locally linear function of

p- A proper initial « value from p notably reduces AMBP iteration count (see

Table 2).

We determine « by associating I'; with the physical error rate p. This

step is crucial to prevent wrong decisions in the first iteration that would

propagate incorrect information in subsequent iterations. As all functions in
(27) are continuous, « is locally linear in ;. Associating I'; with the channel
error rate p, we express « as a locally linear function of p. We also associate o
with the GD parameters in Algorithm 2 and obtain Tgp = 5and |Agp| =0.25
for enough gradients for algorithm updates. See Supplementary Note 5

(part c).

Simulation setup
We conduct computer simulations for HP** and GHP codes™, bicycle

codes'®, LP codes', and topological toric**** and XZZX codes”~*. Supple-
mentary Note 7 provides more information about the codes. We test BP and
MLD on theses codes.

For our BP decoders, weset T,
scales as O(loglog n) at relevant error rates, as discussed later. For (A)

MBP, unless otherwise stated, we use the group random schedule (Sup-
plementary Note 8), and select o from1.2,1.19,...,0.3is using adaptive

scheme.

= 100. The average iteration count

Fig. 6 | Accuracy of GD Flip-BP, and MLD on 100 Qauntum erasure channel Blcycle codes, GD th >$~
i = T Z
bicycle codes. Decodfers (A) MBP, have accuracy 2 —r~— +3/4, [946,710]] (w=38 ) 2 F ; e
comparable to GD Flip-BP, on these codes. BP r —3/4, [[1892,1420]] (w=36) /D & //7/; /D[/ va, 1
threshold for rate 1/4 can be improved from 0.26 to [ | == r=3/4, [[3786, 2840]] (w=38) D}D & /f/v‘ 55! W
0.285 by using row-weight w = 12 (as shown in 107 E|” E - r:ig’ H?gg;;ig”(q(‘ 71?;) 5 ‘Q i D/»//*/ ,//;‘ -
S - r=i/2 s w= i l] o] (-
Supplementary Note 7 (part c)). F |- = - r=1/2, [[3786,1892]] (w=18) 's a Jir Y @ e
F | —p—r=1/4, [[946,236]] (w=14) B/ rh b o
M| —e—r=1/4, [[1892,472]] (w=14) Of [ P .
102 | |——r=1/4, [[3786,946]] (w=14) ) i t 1 /D> 1 i
F |- ——— MLD, r=3/4 »/ P i ik 1t 3
F|-——— MLD, r=1/2 % [ ¢ B I
[ |- —— - MLD, r=1/4 Iol e A e
& eBDD t/n = 0.092 B> N P D’ ] il
E 103§ eBDD t/n = 0.187 s EEE i 4
5 ; eBDD t/n = 0.260 plool 1 1K e
= [ eBDD t/n = 0.125 i | | / ! D’ | 1 ]
- I eBDD t/n = 0.250 S /i 1 T e
S 4l eBDD t/n = 0.375 i i il I il i
& 107 ,D> * ! o f ! IR
- F i [ Con i ol ; 1
r B> (ORI Py ! ]
L i i | I ] I |
5§ lo I | /N
10° ¢ i S et 3
F i 0] ! | 1
/ P | I
¥ g i SN 1
I ' i | © ]
Ploo i
10-6 E / Y i / |ox =
; . o ]
r S0 1
10-7 1 1 1 1 | 1 L 1 1 | 1 P S [N S P SN P T W W A WA MR
0.05 0.1 0.15 02 025 03 03504

0.02

p (erasure error rate)

npj Quantum Information | (2026)12:75


www.nature.com/npjqi

https://doi.org/10.1038/s41534-026-01212-3

Article

A sphere-packing bound for accuracy evaluation
We aim for correcting ¢ erasures with ¢  n. If a qubit is erased, it encounters
I, X, Y, or Z with equal probability 1/4. Using (2), a qubit encounters I with
probability 1 —p+£=1—2p, and encounters X, Y, or Z with equal
probability 2. Thus, before specifying r, we have

p

2

When t 1 are both large, we expect most occurred errors E€ {I, X, Y, Z}" to
have approximately 3 ¢ components as X, Y, or Z. The probability that the
number of such components deviates from 2 ¢ by &t for any 8 > 0 is expo-
nentially suppressed in ¢ o #.

) (28)

3 p
4

@p*.p 0" = (1 -

s

0 Qauntum erasure channel, LP codes, asymptotic rate 0.118

— - — AMBP; [[1054,140]]
— 3 — AMBP, [[2210,276]]
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1072 b [ AMBP, [[1054,140]] 1
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Fig. 7 | Accuracy of AMBP and MLD on rate 0.118 LP codes. Our AMBP, exhibita
threshold of py, = 0.368. MLD curves suggest a higher threshold of py, = 0.44. (Results
for rate 0.04 LP codes are in Supplementary Note 7 (part d)).

Definition 4. The logical error rate of erasure bounded-distance-decoding
(eBDD) with parameters #, t, and p is

n n 3 j 3 n—j
PeBDD(na tvp) = E < ) (1P> (1 - ZP) .
j=ra+ N

If a code family has decoding accuracy closely matching Pegpp(, £, p)
witha constant £ = p,, as n grows, then py, serves an estimated threshold for
the code family. With a fixed £ = p,, in (29), at any physical error rate p < p,
the function Pspp(#, ¢, p) decays exponentially as # increases (see Sup-
plementary Note 6). The accuracy estimated from eBDD is more reliable
than the intersection of performance curves, particularly at low error rates
(see Fig. 8).

(29)

Performance of capacity-achieving codes

We consider moderate-to-high-rate bicycle codes, low-rate LP codes, and
vanishing-rate 2D topological codes. For bicycle and LP code families, we
estimate the threshold values using eBDD, by comparing the decoder
accuracy with (29) given fixed t/n.

First, we construct bicycle codes with rates 1/4, 1/2, and 3/4. A key step
in bicycle construction is row-deletion, which requires heuristics'®, dis-
cussed in Supplementary Note 7 (part c). GD Flip-BP, suffices for decoding
bicycle codes, with accuracy shown in Fig. 6, including MLD for compar-
ison. Soft decoders (A)MBP have accuracy comparable to GD Flip-BP, on
these codes. Using eBDD, we estimate the threshold values, as shown in the
legend of Fig. 6. Bicycle codes exhibit capacity accuracy (r = 1 — 2p) with
MLD threshold values at p = 0.125, 0.25, 0.375 for rates r = 3/4, 1/2, 1/4,
respectively. The BP threshold follows closely, with a small gap at p = 0.092,
0.187, 0.26 for these rates. BP threshold for rate 1/4 can be improved from
0.26 to 0.285 by using row-weight w = 12, by tolerating some error floor (see
Supplementary Note 7 (part c)).

Second, we construct quantum LP codes [ Example 3] from classical
quasi-cyclic (QC) matrices”'"*'"*. We construct LP code families with rates
0f 0.118 and 0.04. For rate 0.118, Figure 7 show the accuracy of AMBP and
MLD, along with eBDD curves. LP codes exhibit strong accuracy with MLD,

Fig. 8 | GD Flip-BP, vs AMBP, on rate 0.118

Quantum erasure channel, LP codes (rate 0.118),

Comparison of decoders

0
LP codes. AMBP, has a threshold of 0.368 (Fig. 7). 10 3 !

T T T T T

GD Hlip-BP, closely matches AMBP, as # increases.
Also note that good curve intersection does not

guarantee accuracy at low error rates (red line). %
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Fig. 9 | Accuracy of AMBP, and MLD on toric and XZZX codes. Both decoders
achieve a threshold of 0.5. MLD curves are shown in green and cyan for the toric and
XZZX codes, respectively. Both decoders have the same accuracy at low error rates
(as a log-scale figure in Supplementary Note 7 (part e)).
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Fig. 10 | Accuracy of MBP;, on the [[882, 48, 16]] GHP code. Three transition

points occur around p =0.32, 0.33, 0.34, for & = 1.2, 1.0, 0.8, respectively, establishing
a linear relation.

achieving a threshold of pE;IWLD) = 0.44 atrate r = 0.118, closely matching the

capacity r = 1 — 2p. AMBP decoders also achieve a large threshold of
p([hp) = 0.368. For this code family, GD Flip-BP, performs almost as well as
AMBP, when the code length increases, as shown in Fig. 8. This figure also
indicate that good curve intersection does not guarantee accuracy at low
error rates; see the red line.

Estimated thresholds for rate 0.04 LP codes are thMLD) =0.48 and
= 0.405 (Supplementary Note 7 (part d)).
GD Flip-BP, has very low implementation complexity, though
its accuracy may depend on the code construction. Figures 6 and 8
show that it can achieve high accuracy with bicycle and LP
constructions.

Third, for 2D topological codes, we consider (rotated) toric codes [[L?,
2, L]] for even L*** and (twisted) XZZX codes [[(d* + 1)/2, 1, d]] for odd 4"
(see a summary of code structures in ['"*, Table I and figures]). For 2D codes,
the intersection of performance curves, known as the Nishimori point,

(BP)

p th

10°
—— GD Flip-BP,
—A— GD MBPy, a =12
—8— GD AMBP;y, oy = func(p)
—6—GD AMBP;, o = 1.2
% AMBP4 a; =12
° 10-2 L MLD 4
=
g
g
=
5]
s
2
210t 3
100 ¢ 3 3

0.2 0.25 0.3 0.35 0.4
p (erasure error rate)

045 05

Fig. 11 | Accuracy of several decoders on the [[882, 48, 16]] GHP code. For BP
decoders, AMBP-type decoders achieve the best accuracy, and can maintain a low
iteration count when using «; = func(p) as in (32). The runtime is compared in Table
2. More HP and GHP results are in Supplementary Note 7 (part a).

provides an estimate of the critical error probability (threshold) for MLD*.
Among our decoders, AMBP, closely matches MLD accuracy for these
codes, as shown in Fig. 9. Both decoders have a threshold of 0.5, consistent
with'*'°. For AMBP, we use a smaller a; = 0.95 to increase the step-size,
handling mores erasures while maintaining decoder accuracy. To examine
accuracy at low error rates, we replot Fig. 9 on a log scale, showing that
AMBP, matches MLD on these 2D codes (see Supplementary Note 7
(part e)).

Selection of the a value

We demonstrate how to select a proper a value for MBP or an appropriate
initial value a; for AMBP. A code with a transition point in the perfor-
mance curve is convenient for this analysis. Consider the [[882, 48, 16]]
GHP code from™. The accuracy of MBP, with different « values is shown
in Fig. 10. Three transition points occur around p = 0.32,0.33, 0.34, for o =
1.2, 1.0, 0.8, respectively. This locally linear trend aligns with our expec-
tation (see Supplementary Note 5). We establish a linear relation by (p, «)
=(0.32,1.2) and (0.34, 0.8 + margin), where the margin is 0.1 to prevent
from being too small. The obtained relation is: « = — 15p + 6. Hence, we
propose a function:

a = func(p) := max(min(—15p + 6, 1.2),0.3), (30)
where 1.2 and 0.3 are the upper and lower bounds, respectively. Additional
simulations show that a wider range of « values does not lead to further
improvement. With this « selection strategy (30), MBP achieves accuracy as
the lower envelope of the curves in Fig. 10.

For AMBP-type decoders, we evaluate two strategies:

o €{1.2,1.19,...,0.3}, or (31)

o* € {func(p), func(p) — 0.01,...,0.3}. (32)
We present the decoder accuracy in Fig. 11. As shown, the two strategies
exhibit similar accuracy. Both strategies show similar average iteration
counts when p < 0.328 (logical error rate < 10™%), as detailed in Table 2. A
significant difference arises at higher error rates, such as p = 0.392. The
strategy in (32) selects a proper «; for a given physical error rate p, making
AMBP as efficient as MBP. An illustration of the two strategies is shown in
Supplementary Note 5 (see S Fig. 5 therein).
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Data availability
We provide a software implementation package available at https://github.
com/kywukuo/qLDPC_dec.
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