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Abstract: This paper investigates a multi-depot unpaired pickup and delivery problem with inventory 

redistribution and recovery in an integrated omnichannel retail transportation system. In this setting, a 

retailer operates multiple warehouses and physical stores, served by a homogeneous fleet that fulfills 

online customer orders while replenishing and recovering inventory for stores. We consider two product 

categories: saleable items, which can be redistributed among stores and customers, and unsaleable items, 

which must be collected and returned to warehouses. We formulate the problem as a mixed-integer 

programming (MIP) model that jointly optimizing routing, pickup–delivery pairing, and warehouse loading 

to minimize transportation and vehicle costs. The proposed model captures several key operational features, 

including multiple depots and commodities, unpaired pickup and delivery, time windows, and a hybrid 

routing structure that allows vehicles to follow closed or half-open routes, returning to any depot after task 

completion. To solve the model efficiently, we develop a branch-and-price-and-cut algorithm incorporating 

a bidirectional labeling scheme for the pricing subproblem, subset-row inequalities to strengthen the LP 

relaxation, and acceleration strategies to enhance computational performance. Extensive numerical 

experiments demonstrate the effectiveness of the proposed algorithm and offer managerial insights into the 

impact of redistribution strategies, demand heterogeneity, routing flexibility, and online–offline integration. 

Keywords: Vehicle routing problem; unpaired pickup and delivery; redistribution and recovery; 
Branch-and-price-and-cut; omnichannel retailing 

1. Introduction 

1.1. Background and motivation 

With the rapid expansion of e-commerce, traditional retailers are increasingly transforming their 
operations to adopt omnichannel retailing models that integrate physical stores with online channels. 
Omnichannel retailing aims to provide customers with a seamless shopping experience but introduces 
significant challenges in logistics and fulfillment. To meet the demands of both online and offline channels, 
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retailers must replenish store inventories and deliver products to online customers. Simultaneously, 
consumer returns are particularly prevalent. According to David Sobie, CEO of Happy Returns, the return 
rate for online orders typically ranges from 15% to 40%, compared to 5% to 10% for in-store purchases. 
Additionally, many stores face the challenge of managing unsold inventory. As a result, retailers must 
handle two critical tasks: collecting unsold products from stores and returned items from online customers, 
and delivering replenishment stock to physical stores as well as fulfilling orders for online customers. 
These logistics operations are essential to meet customer expectations and improve the operational 
efficiency of the omnichannel model. However, existing studies on omnichannel retailing often focuses on 
inventory optimization or customer order fulfillment (Acimovic and Farias, 2019; Bayram and Cesaret, 
2021; Goedhart et al., 2023), while neglecting the simultaneous integration of inventory replenishment, 
order fulfillment, and reverse logistics. Moreover, the distribution demands in this process lead to high 
transportation cost. For example, in 2018, Amazon’s shipping cost accounted for 11.89% of its net sales 
(Wei et al., 2018). Therefore, efficient fleet organization and route planning has become a critical issue, 
and designing a distribution system tailored to the omnichannel model has also emerged as an urgent 
challenge for retailers, which have received limited attention in existing research.  

In reality, some omnichannel retailers, such as JD.com and Tmall, manage distribution tasks for 
physical stores and individual customers separately. Their logistics infrastructure typically include a central 
warehouse, satellite hubs, and physical retail stores. Products for stores are replenished directly from the 
central warehouse using large vehicles, while items for online customers are initially stocked at the central 
warehouse, transferred to satellite hubs by trucks, and then delivered to customers by smaller vehicle (Li 
and Wang, 2025). Many studies focus on either delivering products from warehouses to stores (Paul et al., 
2019a, 2019b; Qiu et al., 2025) or modeling these systems as a multi-echelon vehicle routing problem 
(Janjevic et al., 2021; Tahirov et al., 2025). However, this siloed approach often results in inefficiencies, 
such as the need for larger fleet sizes and higher travel costs (Abdulkader et al., 2018). Therefore, 
coordinating and organizing the distribution tasks for online and offline channels is critical for 
omnichannel retailing. Based on the above analysis, this paper proposes a novel pickup-and-delivery 
framework that integrates store replenishment, recovery of unsold products, and pickup/delivery for online 
customers, aiming to address the vehicle routing problem within this integrated context. 
1.2. Problem statement and contributions 

This paper contributes an unpaired pickup and delivery problem with inventory redistribution and 
recovery (UPDP-RR). Figure 1 illustrates the product flows in this novel integrated omnichannel 
distribution system. The physical retailer operates multiple warehouses (D), several retail stores (R), and 
serves numerous online customers (C). Most product returns stem from reasons such as size, color, or 
personal preferences, with only a small proportion due to defects (Ratcliff, 2014). Unsold products in 
stores are often linked to demand mismatch rather than quality issues. The system considers two product 
categories: saleable products, which are delivered to stores or customers and returned in good condition, 
and unsaleable products, which are defective. Stores require replenishment of saleable products and 
collection of returns, while online customers place delivery orders for saleable items and return both 



 

saleable and unsaleable products. Saleable products recovered from stores or customers can be 
redistributed to other stores or customers, while unsaleable products need to be returned directly to 
warehouses and cannot be temporarily stored elsewhere.  

 

Fig. 1. The product flows among warehouses, stores and customers1 

In practice, many retailers have adopted strategies to support such distribution flexibility. For instance, 
ship-from-store-to-store (SFSTS) strategies enable retailers like Best Buy to allow inter-store 
replenishment. Stores can also receive returns from both online and offline customers, as implemented by 
IKEA, J. Crew, Sephora, Walmart, and J.C. Penney. Moreover, online order fulfillment can be jointly 
handled by warehouses and stores, as practiced by Urban Outfitters, Walmart, and Amazon. A single 
vehicle fleet is dispatched from multiple warehouses to serve both stores and customers along optimized 
routes. We allow both closed routes and half-open routes (i.e., routes that start and end at the same 
warehouse, or start at one and end at another, respectively), as illustrated in Fig. 2. 

We formulate UPDVRP-RR as a closed and half-open mixed multi-depot multi-commodity unpaired 
pickup and delivery problem with time windows (HMM-UPDPTW). Due to the allowance of redistribution 
among stores and customers, this model relaxes the constraint that online customer orders must be fulfilled 
by stores (Abdulkader et al., 2018; Martins et al., 2020) and the constraint that stores can only be 
replenished by the central warehouse (Li and Wang, 2025), thereby expanding the route selection space. 
Additionally, both types of products can be stored in the warehouses, so it is also necessary to decide the 
quantity of saleable products to be dispatched from the warehouse, which is interdependent with both the 
routing and pairing decisions, resulting in a highly challenging optimization task. Despite the extensive 

 
1  Unsaleable products need be returned directly to warehouses (line “1” and “2”). Saleable products delivered to 

stores/customers may originate from warehouses (line “3” / “6”), other online customers (line “4” / “7”), or other stores (line “5” / 
“8”). Collected saleable products that are not redistributed are returned to warehouses (line “9” and “10”). 



 

research on unpaired pickup and delivery vehicle routing problem (UPDVRP) (Erdoğan et al., 2014; Zhang 
et al., 2019; Osorio et al., 2021), to the best of our knowledge, little attention has been given to 
simultaneous collaborative routing for recovery and inventory replenishment for retail stores and pickup 
and delivery for online customers in the context of omnichannel retailing. Moreover, most studies 
addressing vehicle routing problems in omnichannel retailing rely on heuristic algorithms (Abdulkader et 
al., 2018; Schubert et al., 2021), while this paper proposes an exact algorithm to bridge this research gap. 

 

Fig. 2. An example of HMM-UPDPTW with two feasible routes2 

The contributions of our study are threefold: First, we introduce and formulate a novel variant of the 
vehicle routing problem (VRP), termed HMM-UPDPTW. This problem captures the operational 
complexities of omnichannel retailing by integrating multiple depots, multiple commodities (saleable and 
unsaleable), unpaired pickup and delivery, redistribution and recovery, closed and half-open routing 
structures, and time window constraints. A comprehensive mixed-integer programming (MIP) formulation 
is developed to represent these interacting components. Second, we propose an exact solution method 
based on the branch-and-price-and-cut (BPC) framework, which incorporates an efficient bidirectional 
labeling algorithm with tailored dominance rules to solve the pricing subproblem. In addition, we 
implement several acceleration strategies, including two-cycle elimination, subset-row inequalities, time 
window tightening, and feasible solution recovery techniques, to enhance computational performance. 
Third, we conduct extensive computational experiments using customized instances adapted from 
Solomon’s benchmark datasets. The algorithm’s effectiveness is evaluated through performance metrics 
and sensitivity analyses. We examine the influence of critical operational factors, such as redistribution 
mechanisms, customer demand heterogeneity, the use of half-open routes, and integrated fulfillment 
between stores and customers—on overall system cost and efficiency. These results offer managerial 
insights into the design of resilient and efficient omnichannel distribution systems. 

The remainder of this paper is organized as follows. Section 2 presents a comprehensive literature 
review of relevant research. Section 3 describes the HMM-UPDPTW in detail and formulate the problem 
as a MIP model. In section 4, a BPC algorithm is proposed. Section 5 reports the computational 

 
2 In the half-open route, saleable products for store 2 are supplied by warehouse 1, store 1 and customer 1. Meanwhile, 

collected unsaleable products from store 1 and saleable products from customer 2 are returned to warehouse 2. In the closed route, 
customer 4 is supplied by warehouse 2, customer 3, and store 3, while collected unsaleable products from store 3 are returned to 
warehouse 2. 



 

experiment results. Finally, the conclusions and promising research directions are discussed in Section 6.  

2. Literature review 

2.1. Omnichannel vehicle routing problem 

The transportation of products in omnichannel retailing has garnered significant attention (Guo et al., 
2021; Schubert et al., 2021; Yang and Li, 2023). Many studies have considered the fulfillment of online 
orders through retail stores, focusing on the vehicle routing problem associated with the transportation of 
products from warehouses to stores, consisting of products replenished to stores and to be delivered for 
online orders. However, the subsequent delivery of online orders from stores to end customers is often 
neglected. For example, Li and Wang (2025) examined the distribution of both store inventory and online 
orders from central warehouses to physical stores or satellite facilities in omnichannel retail systems, and 
developed an adaptive large neighborhood search algorithm for solution optimization. Paul et al. (2019a; 
2019b) and Qiu et al. (2025) investigated scenarios where online customers could pick up their orders in 
stores. Their studies addressed the issue of store replenishment and online order delivery. Additionally, the 
products replenished to stores and those delivered to online orders come from different dedicated 
warehouses. They also allowed some online orders to be transferred from online delivery vehicles to 
replenishment delivery vehicles through a capacity-sharing strategy. Furthermore, some scholars have 
investigated multi-echelon vehicle routing problems that considered delivery to customers’ doorsteps. For 
example, Janjevic et al. (2021) developed a three-echelon capacitated location-routing model and analyze 
the strategic configuration of three-tiered multi-modal distribution networks, where the hubs were 
restricted from directly serving online customers. Tahirov et al. (2025) proposed an omnichannel model for 
a distribution scenario that integrates a location-routing problem within a two-tier supply chain network, 
where online orders are fulfilled via the manufacturer, dark stores, or buy-online-pick-up-in-store. They 
further developed a heuristic method to solve the problem.  

With the integration of online and offline channels in omnichannel retailing, some studies have 
focused on joint optimization problems. These studies employ a fleet of vehicles to simultaneously 
replenish stores and fulfill online orders. Abdulkader et al. (2018) were the first to address this problem, 
proposing a two-phase heuristic method and a multi-ant colony algorithm. The most solutions in this work 
were improved by Bayliss et al. (2020) via a two-phase local search with a discrete-event heuristic.  
Schubert et al. (2021) designed an algorithm based on general variable neighborhood search to address the 
integrated order picking-vehicle routing problem. However, these studies overlook key aspects such as 
product returns and the redistribution of inventory between stores and customers. Furthermore, they mostly 
assume that online orders can only be fulfilled by either stores or a central warehouse. In contrast, our 
study addresses these limitations by offering greater flexibility and a broader decision space. 

2.2. Unpaired pickup and delivery vehicle routing problem（UPDVRP） 

UPDVRP can be categorized into single-commodity UPDVRP (1-UPDVRP) and multi-commodity 
(M-UPDVRP). For 1-UPDVRP, Raviv et al. (2013) first introduced the UPDVRP with single-depot, 
multiple vehicles and solved it using a two-stage exact algorithm. Lei and Ouyang (2018) developed a 



 

Lagrangian relaxation based algorithm to solve their proposed hybrid model. Dubey and Tanksale (2023) 
developed an elitist genetic algorithm and a hybrid genetic algorithm to address 1-UPDVRP. For 
M-UPDVRP, Chen et al. (2014) were the first to study the UPDVRP with multiple vehicles and 
commodities within a multi-plant tobacco manufacturing system, assuming that each plant's material 
inventory levels were either zero or unbounded. This means that the loads picked up from each support 
vertex are uncertain and it only need to ensure the full satisfaction of the delivery demand. And they 
propose an easy-to-implement heuristic and later improving its performance with a VNS (variable 
neighborhood search)-based local search algorithm. Zhang et al. (2019) designed an adaptive memory 
programming-based algorithm to solve a multi-commodity many-to-many vehicle routing problem with 
simultaneous pickup and delivery. Zhao et al. (2023) addressed a green split m-UPDVRP and introduced a 
two-phase search quantum particle swarm optimization method. All these studies assumed that all types of 
commodities can be balanced, which is a great distinction from our work. A notable application of UPDP is 
the bike relocation problem (BRP), which had been extensively studied. For example, Ho and Szeto (2017) 
introduced a hybrid large neighborhood search to address a BRP. Szeto and Shui (2018) proposed an 
improved artificial bee colony algorithm to solve a static BRP, which allowed demand dissatisfaction. 
Dell’Amico et al. (2018) developed branch-and-cut algorithm to address a BRP with stochastic demand. 
Zhang et al. (2020) studied a BRP combined bicycle repositioning and recycling challenge and developed 
an adaptive tabu search algorithm integrated with six neighborhood structures. However, most BRP studies 
do not consider time window constraints at each station. In the omnichannel retail system, it is essential to 
account for the time preferences of retail stores and online customers, ensuring that vehicles provide 
services within specified time windows to enhance customer satisfaction. Additionally, in BRP, multiple 
visits are typically allowed so that vehicles can temporarily store bikes at stations and retrieve them later 
(Chemla et al., 2013). This characteristic differs significantly from our problem, where such flexibility is 
not permitted. 

2.3. Multi-depot pickup and delivery problem（MDPDP） 

The HMM-UPDPTW considers multiple warehouses, which is a variant of MDPDP, where each 

depot can dispatch vehicles to provide pickup and delivery services for customers. MDPDP can be 

classified into four subcategories: closed multi-depot pickup and delivery problem (CMDPDP), open 

multi-depot pickup and delivery problem (OMDPDP), close-open mixed multi-depot pickup and delivery 
problem (COMDPDP), and close and half-open mixed multi-depot pickup and delivery problem 
(CHMDPDP). 

In CMDPDP, all vehicles must return to their originating depots after completing their pickup and 

delivery tasks. Dayarian et al. (2015) proposed a branch-and-price methodology to solve a milk collection 

problem. Dridi et al. (2019) introduced the MDPDP with time windows and multiple vehicles 

(m-MDPDPTW) and proposed an innovative particle swarm optimization-based algorithm. Nafstad et al. 

(2021) formulated a helicopter flight scheduling problem as compact and extended mathematical model 

and apply delayed constraint generation to accelerate the solution process. In OMDPDP, vehicles are 

allowed to park at arbitrary locations after completing their tasks, meaning the travel cost of returning to 



 

the depot from the last visited vertex is generally not considered. Tarantilis and Kiranoudis (2002) were the 

first to study the open vehicle routing problem with multiple depots and proposed a list-based 

threshold-accepting metaheuristic approach. Lahyani et al. (2019) designed a hybrid adaptive large 

neighborhood search algorithm, incorporating three insertion heuristics, five removal operators, and four 

local search strategies, while Brandão (2020) developed a memory-based iterated local search algorithm. 

Recently, an innovative adaptive variable neighborhood search approach was specifically designed by 

Hwang et al. (2024). In COMDPDP, both closed and open route modes are allowed. Zhen et al. (2022) 

proposed column generation-based solution methods, while Hamid et al. (2023) designed an efficient 

self-adaptive hyper-heuristic to solve COMDPDP and address a scheduling problem for homemade meal 

delivery involving drones and a crowd-sourced fleet. In CHMDPDP, vehicles can return to either their 

originating depot or a different depot. Ensafian et al. (2023) designed an adaptive backtracking-simulated 

annealing metaheuristic algorithm to address this variant. 

Table 1 summarizes the most closely relevant works, aiming to highlight the contributions of this 
paper. As can be seen, most studies on pickup and delivery problem with open routes and multiple depots 

mainly employ heuristic algorithms. In contrast, we propose an exact algorithm to address the UPDP with 

multi-depot and half-open routes, offering a more flexible solution with greater cost reduction potential. 
 

Table 1 

Overview of literature of omnichannel retailing relevant to the problem in this paper. 

Reference 
Time 
windows 

Depot Pick-up and 
delivery 

Warehouses can dispatch 
or receive products 

Commodity Algorithm 

Li and Wang (2025) √ SD, CR delivery-only √, × MC Heuristic 

Paul et al. (2019a) × MD, CR delivery-only √, × MC BC, Heuristic 

Paul et al. (2019b) × MD, CR delivery-only √, × MC Heuristic 

Qiu et al. (2025) × MD, CR delivery-only √, × MC 
A three-layer 
procedure 

Janjevic et al. (2021) × MD, CR delivery-only √, × MC Solver 
Tahirov et al. (2025) × SD, CR delivery-only √, × MC Heuristic 

Abdulkader et al. (2018) × SD, CR unpaired √, × MC Heuristic 

Bayliss et al. (2020) × SD, CR unpaired √, × MC Heuristic 

Schubert et al. (2021) √ SD, CR delivery-only √, × MC Heuristic 

This study √ 
MD, CR, 
HOR 

unpaired √, √ MC BPC 

MD: multi-depot; SD: single-depot; CR: Closed routes; OR: Open routes; HOR: half-open routes; Paired: paired pick-up and 
delivery; Unpaired: unpaired pick-up and delivery; MC: multi-commodity; SC: single-commodity. 
 

3. Problem description and model formulation 

In this section, we first describe the HMM-UPDPTW, and then present an arc-based mixed integer 
formulation of the problem. In order better to track the narrative, the main notations used in the paper are 
listed in Table A.1 of Appendix A. 

3.1. Problem description 

We consider an omnichannel retailing company that operates a network of multiple warehouses and 

retail stores. Each day, the company must replenish inventory and manage recovery at retail stores while 

simultaneously fulfilling online delivery and pick-up demand from customers. These two operations 

require the design of efficient vehicle routes to visit both stores and customers. To improve vehicle 



 

utilization, the company integrates these two operations, allowing stores and customers to be visited in a 

single route. This integration leads to a variant of the pickup and delivery problem. Formally, the problem 

is defined on a directed graph { ,  }=G V A , where the vertex set '=   V D R C D  consists of a 

warehouse vertex set D , a dummy warehouse vertex set 'D , a retail store vertex set R  and a customer 

vertex set C . The arc set is defined as   {( ,  ) | , ,  }=  A i j i j V i j . 

As mentioned earlier, products are categorized as saleable and unsaleable ones. The former refer to 

products that are originated from warehouses or returned in good condition and can be delivered to stores 

and customers directly, while the latter denote defective items that cannot be delivered. Each retailer store 

i R  has a replenishment demand of 
id  units saleable products, and a pickup demand of 

ip  units 
saleable products and iu  units unsaleable products, respectively. It is reasonable to assume that 0i id p , 
meaning that each single retail store i R  cannot simultaneously have both replenishment and saleable 
pickup demand. Similarly, each customer i C  has either a delivery demand of id units saleable products 

or a pick-up demand of either ip  units saleable products or iu  units unsaleable products. 

Each required visited vertex  i R C  is associated with a strict time window [ , ]i ie l , meaning that 

if the vehicle arrives before ie , it must wait until ie  to begin service. Additionally, the vehicle must not 

arrive later than il . We assume each warehouse o D  has a sufficiently large fleet of homogeneous 

vehicles. Each vehicle incurs a fixed cost  , has a maximum range of L  kilometers, and a capacity limit 

of Q  units products. Vehicles are not required to return to their originating warehouse, allowing for both 

closed and half-open routes, as long as they return to any warehouse 'd D  before the operational time 

dl  ends.  

For a homogeneous fleet, the travel time on each arc ( ,  )i j A  is given by /= +ij i ijt s d v , where is

denotes the service time at vertex i , ijd  represents the travel distance along arc ( , )i j ,  and v  is the 

vehicle speed. The transportation cost ijc  along arc ( ,  )i j A  is calculated as =ij ijc d , where   is a 

constant that represents the per-kilometer transportation cost.  

The objective of this problem is to identify the vehicle routes and determine the outbound quantity of 

saleable products from a warehouse for each vehicle, ensuring that the demands of retail stores and 

customers for saleable products are satisfied, including those collected along the route. Additionally, the 

goal is to minimize the total cost, which consists of transportation cost and fixed vehicle cost.  

3.2. Arc-based formulation 

Several decision variables are introduced in this problem. Let ijkx  be a binary variable that equals 1 if 
vehicle k travels along arc ( ,  )i j A , and 0 otherwise. Continuous variables ikT  and ikb  represent the 
time at which vehicle k K  starts offering services at vertex i V , and the accumulated travel distance 
when vehicle k K  arrives at vertex i V , respectively. The quantities of saleable and unsaleable 
products carried by vehicle k K  when arriving at vertex i V  are denoted by the non-negative integer 
variables ikP  and ikU , respectively. Similarly, the quantities of saleable and unsaleable products carried 
by vehicle k K  when departing from vertex i V  are represented by the non-negative integer 
variables '

ikP  and '

ikU , respectively. Furthermore, the non-negative integer variable ikN  is defined as the 
quantity of saleable products carried by vehicle k K  when departing from warehouse i D . This 



 

variable contributes to the complexity of the problem due to its interdependence with vehicle routes 
selection. Using the notations and variables above, the HMM-UPDPTW is formulated as an arc-based 
formulations in the following: 

( , )

min  Z= 
     

+   ij ijk ijk

k K i j A k K i D j R C

c x x  (1a) 

s.t. 
'\ , 

1,  
  

=     ijk

k K i V D i j

x j R C  (1b) 

'\ , \ , 

,  ,  
   

=     ijk jik

j V D i j j V D i j

x x i R C k K  (1c) 

'

,  
     

=     ijk jik

i D j R C j R C i D

x x k K  (1d) 

(1 ) ,   ( , ) ,  + − −    ik ij ijk jkT t M x T i j A k K  (1e) 

,  ,     ik iT e i V k K  (1f) 

,  ,     ik iT l i V k K  (1g) 
' 0,  ,  = =   ik ikU U i D k K  (1h) 
' ,  ,  =    ik ikP N Q i D k K  (1i) 
' ( ),  ,  = − −    ik ik i iP P d p i R C k K  (1j) 
' ,  ,  = +    ik ik iU U u i R C k K  (1k) 

'(1 ) ,  ( ,  ) ,  + −    jk ijk ikP M x P i j A k K  (1l) 
' (1 ),  ( ,  ) ,   + −   jk ik ijkP P M x i j A k K  (1m) 

' (1 ),  ( ,  ) ,   + −   jk ik ijkU U M x i j A k K  (1n) 
'(1 ) ,  ( ,  ) ,  + −    jk ijk ikU M x U i j A k K  (1o) 

' ' ,  ,  +    ik ikP U Q i V k K  (1p) 

,  ,  +    ik ikP U Q i V k K  (1q) 

(1 ) ,  ( ,  ) ,  + − −    ik ij ijk jkb d M x b i j A k K  (1r) 

,  ,     ikb L i V k K  (1s) 

{0,  1},  ( ,  ) ,     ijkx i j A k K  (1t) 
' '0,  0,  0,  0,  0,  0,  0,  ,           ik ik ik ik ik ik ikT b P P U U N i V k K  (1u) 

The objective of this problem is to minimize the total cost, which consists of the travel cost and fixed 

cost of the used vehicles, as shown in Eq. (1a). Constraints (1b) ensure that each retail store or online 

customer is visited exactly once by one vehicle. Constraints (1c) define the flow conservation at each retail 

store or online customer. Constraints (1d) guarantee that a vehicle departs from one warehouse, and serves 

several vertices, and finally returns to any warehouse, allowing that the starting and ending warehouses are 

different. Constraints (1e) represent the relationship between the service start time ikT  and jkT  when 

vehicle k K  travels arc ( ,  )i j . Constraints (1f) and (1g) restrict the hard time window constraints for 

each vertex i V . Constraints (1h) claim that no vehicle carries unsaleable products when departing from 

a warehouse. Constraints (1i) require that each vehicle may carry some saleable products when leaving a 



 

warehouse, which necessitates decision-making. Constraints (1j) and (1k) describe the change in the 

quantities of saleable and unsaleable products, respectively, loaded on a vehicle before and after serving a 

retail store or an online customer. Constraints (1l) - (1o) impose that there is no change in the quantities of 

saleable and unsaleable products carried by vehicle k  when traveling along arc ( ,  )i j A . Constraints 

(1p) and (1q) ensure that the quantity of products loaded on vehicle k  throughout the entire trip does not 

exceed its capacity limitation Q . Constraints (1r) imply the accumulation of mileage. Constraints (1s) 

restrict the accumulated mileage so that it never exceeds the range limitation L . Constraints (1t) and (1u) 

state the domains of the decision variables.  

4. The branch-and-price-and-cut algorithm 

The solution process for the arc-based formulation proposed above is significantly constrained by the 

instance size. Specifically, its application to large-scale examples is extremely time-consuming and may 

even fail to identify a feasible solution. To overcome this limitation, we reformulate the HMM-UPDPTW 

as a set partitioning model, where feasible routes are used as decision variables based on Dantzig-Wolfe 

decomposition (Dantzig and Wolfe, 1960; Lübbecke and Desrosiers, 2005; Desaulniers et al., 2005). The 

reformulated model is referred to as the master problem (MP). From its dual solution, we derive the pricing 

subproblem (SP), which corresponds to an elementary shortest-path problem with resource constraints 

(ESPPRC). 

We develop an enhanced branch-and-price-and-cut (BPC) algorithm to solve the HMM-UPDPTW. 

Before delving into the algorithm, Figure 3 illustrates an overview with a flowchart. The BPC algorithm 

integrates a branch-and-bound algorithm with column generation. A greedy insertion algorithm is applied 

to generate an initial feasible solution, thereby creating the root node of the branch-and-bound tree. 

Column generation involves an iterative procedure to solve the linear relaxation of the master problem 

(LMP). At each iteration, the restricted LMP (RLMP), which contains only a subset of all the route 

variables, is solved using the simplex method. The dual solution of the RLMP is then used as the input of 

SP. A bidirectional labeling algorithm is employed to identify columns with negative reduced cost. To 

accelerate the process, several acceleration strategies are applied. If some such columns are found, they are 

added to the RLMP and trigger the next iteration. Otherwise, if Condition 1 is satisfied, a violating 

subset-row inequality is searched for and added to the RLMP to lift the lower bound of the LMP, 

continuing the next iteration. The column generation terminates when no new columns are found and 

Condition 13 is not satisfied. If Condition 24 is satisfied, an integer feasible solution can be recovered 

from all the current columns, and the upper bound is updated. In the branch-and-bound framework, if the 

solution of the LMP is not fractional, the upper bound is updated, and the termination conditions are 

checked. Otherwise, three branching strategies are introduced to generate new branches and continue the 

column generation process. The details of the BPC algorithm are described in the following. 

 

 
3 Condition 1 represents that either (the current node depth is no more than 3 with no more than 2 cuts found), or (the current 

node depth exceeds 3 with no cuts found). 
4 Condition 2 will be introduced in section 4.5.3. 



 

        

Fig. 3. The flowchart of the proposed BPC algorithm 

 

4.1. The master problem（MP) 

We reformulate the problem into a set partitioning model. Let   denote the set of all the feasible 
routes. Associate a binary decision variable r  with a route r , which equals 1 if and only if the route 
is selected in the optimal solution, and 0 otherwise. Let ri  be a binary variable indicating whether route 
r  visits vertex  i R C . Moreover, the cost of route r  consisting of the travel cost and the fixed 
cost, is denoted by rc . Based on these notations, the formulation is expressed as follows: 



 

min  

 r r

r

c  (2a) 

. .   1,   


=    ri r

r

s t i R C  (2b) 

{0,  1},   =  r r  (2c) 

where ( ,  ) = + i j Ar ijr ij
c z c , and ijrz  is a binary variable specifying whether or not route r  travels arc 

( ,  )i j A . Objective (2a) minimizes the total cost of selected routes. Constraints (2b) ensure that each retail 
store or customer is visited exactly once. Constraints (2c) define the feasible domains for the binary 
decision variables, allowing for an exponential number of them. 

To tighten the lower bound on the LMP, we consider the subset-row (SR) inequalities introduced by 
Jepsenet al. (2008). An SR inequality for our problem is defined over a vertex set  S R C  that 
contains exactly three vertices. Let   denote the set of identified subsets (i.e., S ). 2  i S ir

 
equals 1 if route r  visits at least two vertices in  S R C  and 0 otherwise. Eqs. (3) ensure that no 
more than one route visiting at least two vertices in S  can be selected in the optimal solution. Otherwise, 
there exists at least one vertex that is visited more than once, thereby violating Constraints (2b). 

2 1,  ,  3 
 

 
   = 

 
  ir r

r i S

S S  (3) 

4.2. The pricing subproblem (SP) 

At each iteration, based on the optimal dual solution of the RLMP, the pricing problem is constructed 
to find feasible routes r  with negative reduced cost, denoted as rc . Let ,    i i R C  and 

,   S S  denote the dual variables associated with Constraints (2b) and Eqs. (3), respectively. The 
reduced cost of route r  is then calculated by 

( , )

2

    = 2

   

  

   

  

 
= − −  

 
 

+ −  
 

  

  

r r ir i ir S

i R C S i S

ijr ij ir S

i j A S i S

c c

x c

 (4) 

where 𝑐𝑖̅𝑗 represents the redefined cost of arc ( , )i j A  and 
,         

,   
 =  −   

ij

ij

ij i

c i D
c

c i R C
. 

4.3. Initial solution 

A high-quality initial solution can significantly reduce subsequent iteration time. To obtain such a 
solution within a reasonable timeframe, we propose a greedy insertion algorithm, which is based on Li’ et 
al. (2020) work. The pseudocode of the algorithm is shown in Algorithm 1. First, the set uV  containing 
uninserted customer and store vertices and the set InitR  of closed and half-open empty routes whit all 
possible warehouse combinations are defined and initialized (lines 1-4, Algorithm 1). Then, the customer 
closest to all warehouses in distance is selected to generate the shortest route newr , which includes the 
customer and the corresponding two warehouses, and newr  is added to InitR  (lines 5, Algorithm 1). Note 
that during subsequent insertions, if a vertex is inserted into an empty route, another new route visiting this 
vertex and corresponding two warehouses should be generated and added to InitR , ensuring that InitR  



 

always maintains the empty routes of all warehouse combinations as the initial set. Then, at each iteration, 
a vertex that brings the lowest cost increment is selected and inserted into the appropriate position of the 
corresponding route. This process is repeated until all customers and stores are inserted into the routes. 

 

Algorithm 1. The greedy insertion 

1 Let 
uV  be the set of uninserted customer and store vertices; 

2: Let 
InitR  be the set of initial routes, and 'oo

r  represent the empty route from warehouse o D  to warehouse ' o D . 

3: Initialize  uV R C ; 

4: Initialize '

' '{ |  ,  }   Init oo
R r o D o D ; 

5: 
Select the corresponding customer or store  i R C  with '

' ',  ,  
min { }

    
+oi io

o D o D i R C
d d  to generate a new route 

newr . Then 

add 
newr  to 

InitR  and remove vertex i  from 
uV ; 

6: While  uV  do 

7:   
min +c ; 

8:   for all  ui V  do 

9:     for all  Initr R  do 

10:       for all insertion position pos  of r  do 

11:         if it is feasible to insert i  into pos  then 

12:           if r  is an empty route then 

13: 
            Calculate the cost increment  = +

d
c c  after the insertion, where d

c  represents the increased travel 
cost. 

14:           else 

15:              =
d

c c ； 

16:           end if 
17:         end if 
18:         if 

min c c  then 

19:           
min =c c ， * =r r， * =v i , * =pos pos； 

20:         end if 
21:       end for 

22:     end for 

23:   end for 

24:   if *r  is an empty route then 

25:     Generate a new open route 
newr  that is exactly the same as *r in *r , and add it to 

InitR ; 
26:   end if 
27:   Insert *v  into the position *pos  of route *r ; 
28:   Remove *v  from 

uV ； 

29: end while 

30: Return the set of non-empty routes in 
InitR . 

 

4.4. The bidirectional labeling algorithm 

In this subsection, we propose a tailored bidirectional labeling algorithm to solve the SP. The 

bidirectional labeling technique has been widely applied to various variants of vehicle routing problem 

(Righini and Salani, 2006; Li et al., 2020; Su et al., 2023). Its key feature is the simultaneous generation 

and extension of forward and backward labels, which are eventually merged to form complete routes. In 

this approach, the critical resource is defined as the time duration of warehouses. Forward labels and 

backward labels, originating form a warehouse o D  and a dummy warehouse 'd D , respectively, 

propagate until the time consumption exceeds the defined limit / 2T . In the following, we provide a 

detailed explanation of the forward labeling, backward labeling and merging procedures.  



 

Algorithm 2. The bidirectional labeling algorithm 

1: Initialize , 0cn ; 
2: for all o D  do 

3:   Generate a new forward label {\,  0,  ,  0,  ,  0,  0,  {0,...,0} ,  ,  }=  f

o o Sl e Q ; 

4:   Add f

ol  to f

oUL , f

oTL ; 
5: end for 

6: for all ' 'o D  do 

7:   Generate a new backward label ' '{\,  0,  ,  0,  0,  0,  {0,...,0} ,  ,  }=  b

So o
l l ; 

8:   Add '

b

o
l  to '

b

o
UL , ' b

o
TL ; 

9: end for 

10: for all  i R C  do  

11:   f

iUL , f

iTL , b

iUL , b

iTL ; 
12: end for 

13: while ( )
 

 f b

i i
i V

UL UL  do  

14:   ( )
 

 f b

u i i
i V

L UL UL , ( )
 

 f b

i i
i V

UL UL ; 

15: 
  for  

all i ul L  (
il  can be a forward or a backward label) do 

16:     Move *f

il  from f

iUL  to f

iTL  (assume 
il  is a forward label *f

il )； 

17:     if  i R C  then 

18:       Dominance Test ( i , f

iUL , f

iTL , b

iUL , b

iTL , 
uL )5; 

19:     end if 
20:     if *f

il  is dominated then 

21:       Go to line 16; 
22:     end if 
23:     if  i R C  then 

24:       Merge ( i , f

iUL , f

iTL , b

iUL , b

iTL , LC , 
cn )6; 

25:     end if 
26:     if 

maxcn n  then 

27:       Go to line 38; 
28:     end if 

29:     if *

2
f

i

T
t  then 

30:       Go back to line 16; 
31:     end if 
32:     for *\  f

ij R C U  do 

33:       Extend *f

il  to j  and generate a new label *f

jl , if *f

jl  is feasible according to conditions (5a) - (5d); 

34:       Add *f

jl  to f

jUL ; 
35:     end for 

36:   end for 

37: end while 

 

4.4.1. Forward labeling 

Denote by { ,  ,  ,  ,  ,  ,  ,  ,  { } ,  ,  }      = f f f f f f f f f f f f

i i i i i i i i i S i S i il c a t U  the label of a forward partial 
route f

ir  with the lasted visited vertex '\i V D , where 

  f

i : the predecessor label of f

il ; 
 f

ic : the reduced cost of the partial route f

ir ; 
 f

it : the earliest feasible service start time at vertex i ; 
 

5 The retails are demonstrated in Algorithm C.1. 
6 The retails are demonstrated in Algorithm C.2. 

LC



 

  f

i : the accumulated mileage of the partial route f

ir ; 
  f

i : the maximum possible quantity of saleable products on the vehicle, sourced from the 
warehouse, after serving vertex i ; 

  f

i : the current quantity of saleable products collected from retail stores and online customers by 
the vehicle along the partial route f

ir  after serving vertex i . Note that it refers to the quantity of collected 
saleable products currently on the vehicle, not the accumulated quantity of collected saleable products. For 
example, when the vehicle redistributes some of those to a vertex with delivery demand along the partial 
route, the current quantity on the vehicle will be less than the accumulated quantity. 

  f

i : the accumulated quantity of unsaleable products collected from retail stores and online 
customers by the vehicle along the partial route f

ir  after serving vertex i . 
  f

S i : the accumulated number of visits to vertices in S  along the partial route f

ir . 
  f

i : the set of retail store and online customer vertices visited along the partial route f

ir . 
 f

iU : the set of retail stores and online customers that are visited along the partial route f

ir  or are 
unreachable when further propagating. A vertex  n R C  is called unreachable if any of the following 
conditions holds: + f

i in nt t l ,  + f

i ind L  or max{ , } + f

i n nu d Q . In such cases, vertex n  cannot be 
part of any feasible forward propagation of the partial route f

ir . 
A forward label f

il can propagate to vertex \  f

ij R C U  to form a new forward label f

jl . The 
label f

jl  is considered infeasible if any one of the following conditions is satisfied, and it is discarded. 
+ f

i ij jt t l  (5a) 

 + f

i ijd L  (5b) 

,   if    − + + +  f f f

i j j i j j id p u Q d  (5c) 

0    ,   if     − +   +  f f f f

i j i i j j id u Q d  (5d) 

Forward label extension. The initial forward label originated from one warehouse o D  is defined 
as {\,  0,  ,  0,  ,  0,  0,  {0,...,0} ,  ,  }=  f

o o Sl e Q . If none of the conditions (5a) - (5d) satisfies, a new label 
{ ,  ,  ,  ,  ,  ,  ,  ,  }    = f f f f f f f f f f

j j j j j j j j i jl c t U  can be generated through the propagation of label f

il  along 
arc ( ,  ) ,  \   f

ii j A j R C U , where 

 =f f

j il  (6a) 

, , 1


  =

= + − 
f

S i

f f

j i ij S

j S S

c c c  (6b) 

max{ ,  }= +f f

j i ij jt t t e  (6c) 

 = +f f

j i ijd  (6d) 

1,  if 
,   

,       otherwise





 + =  


f

f S i

S j f

S i

j S
S  (6e) 

{ } =  f f

j i j  (6f) 

{ }=  f f f

j i jU U j  (6g) 

=  +f f

j i ju  (6h) 



 

max{0,  } = − +f f

j i j jd p  (6i) 

min{ ,  },          if       

min{ ,  },  otherwise

   


  
 − − =  − + −

f f f f

i j j j if

j f f f

i j i j

Q d

d Q
 (6j) 

where  f

j
 is the subset of the vertices in ( ) \ f

iR C U  that are unreachable from the partial route 
associated with label f

jl . Extension conditions (6a) - (6g) are straightforward. Condition (6h) represents 
the accumulated unsaleable products picked up from previous visited vertices along the partial route f

jr  
of label f

jl . The explanation for conditions (6i) and (6j) is as follows: When d  f

j i
, the saleable 

products collected from previous visited vertices along the partial route f

jr  are sufficient to meet the 
delivery demand for saleable products of vertex j . As a result, the remaining saleable products collected 
form retailer stores and customers by the vehicle after servicing vertex j  will be  − +f

i j jd p . This 
implies that there is no need to use the saleable products originated from the warehouse. Given the load 
capacity limitation, min{ ,  }   = − −f f f f

j i j jQ  is satisfied. On the other hand, when d  f

j i , the 
saleable products collected from previous visited vertices are insufficient to meet the demand for saleable 
products of vertex j . In this case, an additional − f

j id units must be sourced from the warehouse, 
making 0 =f

j  and min{ ,  }   = − + −f f f f

j i j i jd Q . 
Forward dominance rules. Label algorithms can generate an exponentially large number of labels. 

To accelerate this process and efficiently identify columns that significantly reduce the objective of RLMP, 
we propose novel effective dominance rules. These rules ensure the optimality of the LMP while 
discarding as many unpromising columns as possible. 

For any two forward labels { ,  ,  ,  ,  ,  ,  ,  ,  }    = f f f f f f f f f f

i i i i i i i i i il c t U  and ' ' ' ' '{ ,  ,  ,  ,   =f f f f f

i i i i il c t

' ' ' ' ',  ,  ,  ,  }   f f f f f

i i i i iU , the former dominates the latter if 
'( ) \ ( ) \  f f

i iR C U R C U  (7a) 
' f f

i i  (7b) 
'f f

i it t  (7c) 
' '   +  +f f f f

i i i i  (7d) 
' '   +  +f f f f

i i i i  (7e) 
' f f

i i  (7f) 
'f f

i ic c  (7g) 
'1  ( 1  mod 2 1),        =  =  f f f

S i S i S i S  (7h) 

Proposition 1. Forward dominance rules (7a) - (7h) are valid. 
Proof. See Appendix B.1. 

4.4.2. Backward labeling 

Denote by { ,  ,  ,  ,  ,  ,  { } ,  ,  }     = b b b b b b b b b b

i i i i i i i S i S i il c t U  the label of a backward partial route b

ir  
with the lasted visited vertex \i V D . The meanings of components of the label b

il  are analogous to 
those of the forward label, except that: 

 b

it : the latest feasible service start time at the vertex i ; 



 

  b

i : the minimum quantity of saleable products loaded on vehicle when arriving at vertex i  that 
ensures the delivery demand along the partial route b

ir  can be fully satisfied. Note that  b

i  is not the 
accumulated delivery demand of the partial route b

ir , and the former never exceeds the latter. We assume 
that the saleable products collected from retail stores and online customers can be redistributed to satisfy 
the delivery demands of other vertices. Therefore, if the partial or the total delivery demand of a vertex 
visited later than vertex i  along the partial route b

ir  is satisfied by saleable products collected from other 
retail stores or customers,  b

i  is smaller than the accumulated delivery demand of the partial route b

ir . 
  b

i : the quantity of products loaded on the vehicle when the loads along this partial route is at its 
maximum, updated after serving vertex i . 

 f

iU : the set of retail stores and online customers that are visited along the partial route b

ir  or that 
are unreachable when further propagating. A vertex  n R C  is called unreachable if − b

i ni nt t e , 
 + b

i nid L  or  + b

i nu Q , in which case it cannot be part of any feasible forward propagation of the 
partial route b

ir . 
A backward label b

il  can propagate to vertex j  along arc ( ,  ) ,  \   b

ij i A j R C U  to form a new 
backward label b

jl . The label b

jl  is considered infeasible if any of the following conditions are satisfied, 
and it is discarded.  

− b

i ji jt t e  (8a) 

 + b

i jid L  (8b) 

max{ ,  } ,   if    + − +  b b b

j i j i j j id p u Q p  (8c) 

max{0,  } + + − b b

i j j iu p Q  (8d) 

Backward label extension. The initial backward label originated from ' 'o D  is defined as 

' '{\,  0,  ,  0,  0,  0,  {0,...,0} ,  ,  }=  b

So o
l l . If none of the conditions (8a) - (8d) satisfies, a new label 

{ ,  ,  ,  ,  ,  ,  { } ,  ,  }     = b b b b b b b b b b

j j j j j j j S j S j jl c t U  can be generated through the propagation of label b

il  along 
arc ( ,  ) ,  \   b

ij i A j R C U , where  

 =b b

j il  (9a) 

, , 1


  =

= + − 
b
Si

b b

j i ji S

j S S

c c c  (9b) 

min{ ,  }= −b b

j i ji jt t t l  (9c) 

 = +b b

j i jid  (9d) 

1,  if 
,   

,       otherwise





 + =  


b

b S i

S j b

S i

j S
S  (9e) 

{ } =  b b

j i j  (9f) 

{ }=  b b b

j i jU U j  (9g) 

max{0,  } = + −b b

j j i jd p  (9h) 

=max{max{ ,  } ,  max{0,  }}   + + + −b b b b

j j i j i j j ip u u p  (9i) 

where b

j  is the subset of the vertices in ( ) \ b

iR C U  that are unreachable from the partial route 



 

associated with label b

jl . Extension conditions (9a) - (9g) are straightforward. The explanation for 
conditions (9h) and (9i) is as follows: When  b

j ip , it indicates that the saleable products picked up from 
vertex j  are sufficient to meet the delivery demand for saleable products of the vertices along the partial 
route b

ir  of the label b

il . Therefore, the saleable products loaded on the vehicle when arriving at vertex j  
only need to meet the delivery demand for saleable products of vertex j , which gives  =b

j jd . 
Meanwhile, − b

j ip  represents the additional units of saleable products loaded on the vehicle along b

ir . 
Thus, the maximum load of the vehicle along b

ir  is  + − +b b

i j i jp u , and the total load on the vehicle 
when it leaves vertex j  is +j jp u . Hence, the condition =max{ ,  }  + + + −b b b

j j j i j j ip u u p  holds. 
When  b

j ip , it indicates that the saleable products picked up from vertex j  are insufficient to meet the 
delivery demand for saleable products of the vertices along the partial route b

ir . In this case, the saleable 
products arriving at vertex j  satisfies  = + −b b

j j i jd p , where jd  units are used to meet the delivery 
demand of vertex j  and  −b

i jp  units of saleable products transported by the vehicle to vertex j  are 
delivered to vertices along b

ir . This shows that no additional saleable products, except for  b

i  units need 
to be transported to the predecessor vertex of b

il . The maximum load on the b

ir  is  +b

i ju , and the total 
load on the vehicle when vehicle leaves vertex j  is  +b

i ju . Hence, the condition =max{ ,  +b b

j i ju

 } +b

i ju  holds. 
Backward dominance rules. Similarly, we propose novel effective backward dominance rules to 

ensure the optimality of LMP, thereby discarding as many unpromising columns as possible. 
For any two backward labels { ,  ,  ,  ,  ,  ,  { } ,  ,  }     = b b b b b b b b b b

i i i i i i i S i S i il c t U  and ' ' ' '{ ,  ,  ,  =b b b b

i i i il c t

' ' ' ' ' ',  ,  ,  { } ,  ,  }     b b b b b b

i i i S i S i iU , the former dominates the latter if (7a) - (7b) and (7g) - (7h) are satisfied, 
together with conditions 

'b b

i it t  (10a) 
' b b

i i  (10b) 
' b b

i i  (10c) 
' '   −  −b b b b

i i i i  (10d) 

Proposition 2. Backward dominance rules (10a) - (10d) are valid. 
Proof. See Appendix B.2. 

4.4.3. Merging forward and backward labels 

During the generation of forward and backward labels, all forward and backward labels propagating 
to the same vertex must be merged to form complete routes. Complete routes with negative reduced cost 
are then added to the RLMP, while others are discarded. Given that a forward label f

il  and a backward 
label b

il  that have latest visited vertex i , denote by { ,  ,  ,  ,  ,  ,  { } ,     =b b b b b b b b

pre pre pre pre pre pre pre S pre Sl c t

,  }b b

pre preU  the predecessor label of b

il . And then f

il  and b

il  can be merged if all the following 
conditions are satisfied. 

f b

i it t  (11a) 

 + f b

i i L  (11b) 

{ }  =f b

i i i  (11c) 



 

max{ ,  } ,  if        + + + −  =f f f f b b b

i i i i pre pre i iQ d  (11d) 

  max{0,  } ,  if         +   − + − +  f f b b f b f b

i i pre i i i pre i i iu Q d  (11e) 

Condition (11a) ensures the time feasibility of the complete route. Condition (11b) indicates that the 
accumulated travel mileage cannot exceed L . Condition (11c) respects that f

il  and b

il  cannot serve the 
same vertex, except for vertex i . Condition (11d) and (11e) guarantee that the delivery demand for 
saleable products of each vertex along the b

il  can be totally satisfied and the loads carried by the vehicle 
along the complete route can never exceed the capacity limitation. 

Relying on the merge at vertex i , the reduced cost 
rc  of the complete route r  in the concatenation 

is calculated by 

  


= + + −f b

r i i S S

S

c c c  (12) 

where 
1,     if  1   =1  

1,   if   =2   =2  ,  

0,     otherwise                            

 
  

 =   
= −     



f b

Si Si

f b

S Si Si

i S

i S S  is aimed at refining the number of visiting vertices 

in S  along the complete route. 
The overview of the bidirectional labeling algorithm described in Algorithm 2, Algorithm C.1 and 

Algorithm C.2 (cf. Appendix C). f

iUL  and f

iTL  are the set containing all unprocessed and processed 

forward labels that propagating to vertex i , respectively. Similarly, b

iUL  and b

iTL  are the corresponding 

sets of backward labels. uL  is a set aiming at storing labels. LC  is the set of complete routes with 

negative reduced costs. And let cn  and maxn  be the size of LC  and a constant representing the 

controllable quantity of complete routes with negative reduced cost that need to be found at each iteration 

of column generation, respectively.  

4.5. Acceleration Strategies 

4.5.1. Time windows adjustments 

We adopt the method introduced by Desrochers et al. (1992) to tighten the time windows of retail 

stores and customers based on four conditions: minimal arrival time from predecessors, minimal arrival 

time to successors, maximal departure time from predecessors, and maximal departure time to successors. 

At each vertex, these conditions are sequentially applied to eliminate arcs that violate time window 

constraints, rendering them infeasible. This process is repeated iteratively until no further tightening of 

time windows is possible at any vertex. This step is performed prior to executing the BPC algorithm. 

4.5.2. Two-cycle Pricing subproblem 

The pricing subproblem aims to find an elementary route that visits each vertex no more than once, 
which is essentially an ESPPRC. The ESPPRC is proven to be NP hard. Due to the high time complexity 

of solving it, we relax the elementary condition and adopt the shortest path problem with resource 
constraints (SPPRC) with two-cycle elimination, first introduced by Houck et al. (1980), as the pricing 
subproblem. This relaxation accelerates the process of solving the SP but changes the structure of the SP 
above. For simplicity, we only explain the changes in forward labeling and label concatenation, as the 



 

analysis for backward labeling is analogous. 
Given that vertices in R C  is allowed to be visited multiple times, the component  f

i  is 
discarded, and f

iU  represents the set of unreachable vertices of label f

il . Therefore, each vertex visited 
along the partial route of f

il  cannot be added to f

jU , unless it is unreachable. Furthermore, in the 
two-cycle SP, a two-cycle “ − −v u v ” is not allowed in any partial route, thereby preventing propagation to 
its predecessor vertex. The parameter  f

Si  denotes the number of visiting vertices in S , which can be 
any non-negative integer, not necessarily no more than three. Thus, the new reduced cost f

jc  can be 
computed as Eq. (13a) and the dominance rule (9f) is refined as condition (13b). 

, ,  mod 2 1


  =

= + − 
f

Si

f f

j i ij S

j S S

c c c  (13a) 

' mod 2   mod 2,     f f

Si Si S  (13b) 

The dominance rule for ESPPRC described above is very strict on the relationship between the 
potentially accessible vertices sets of two labels, as defined by condition (7a). Kohl (1995) and Jesper 
(1999) proposed an enhanced dominance rule for the two-cycle-SP, where introduces three types of 
dominant labels. This enhancement eliminates the need to consider condition (7a). In our problem, we 
adopt the enhanced dominance rule, which provides improved computational efficiency. For further details, 
refer to Irnich and Villeneuve (2006). 

When merging two labels at the same vertex i , condition (11c) is no longer obligatory. Considering 
the two-cycle elimination, the predecessor vertices of the forward label and backward label must differ. 
Furthermore, the reduced cost of complete route rc  is refined by updating the formula for  S  as follows 

1,     if   mod  2 1   mod  2 1  

1,  if   mod  2 0   mod  2 0  ,  

0,    otherwise                                                         

 
  

 =  =  
= − =  =    



f b

Si Si

f b

S Si Si

i S

i S S  

4.5.3. Recovering a feasible solution 

After solving a branch node in the branch-and-bound tree using the CG algorithm, the pricing 
problem generates a set of routes. If the LMP’s optimal solution of a branch is fractional and the gap 
between the current upper bound and lower bound exceeds 0.02 (i.e., Condition 2), we attempt to solve the 
MP of the branch node with the integrality constraints (2c) using CPLEX before branching. This yields a 
feasible integer solution, which serves as a new upper bound (UB) if the feasible integer solution is less 
than the current UB. The improved UB enables us to cut more branches, thereby accelerating the 
convergence of the algorithm. 

4.6. Branching strategies 

We explore the branch-and-bound tree through depth-first search strategy introduced by Desaulniers 
et al. (2014). When the optimal objective of LMP is fractional, branching is performed. At each fractional 
branch node of the search tree, the following branching strategies are evaluated sequentially until two 
branches are successfully generated.  

(i) Branching on the number of vehicles. If the total number of utilized vehicles in the current 



 

solution of LMP is fractional, we implement two branches '     ‘r rr r and '     ‘r rr r , and 
these branching constraints are incorporated into the RLMP. Let   be dual variable associated with the 
branch constraint, which is eventually passed to the SP. The reduced cost (Eq. 12) of complete route needs 
to be reformed as    = + + − −f b

Sr i i S S
c c c .  

(ii) Branching on the outflow of a set   with two vertices in R C . We choose a set   R C  
whose outflow '( ) \       =   r i j R C D ijr r

F x  is closest to 1.5, and create two branches 1 F  and 
2 F . Assume that the set   is composed of the sets associated with all the identified inequalities, let 

  be the dual value of the corresponding inequality of  . Therefore, the reduced cost of the forward 
label needs to be reformed as ,  ,  1 ,  ,      =    = + − − f

Si

f f

j S S i jj i ij S
c c c . 

(iii) Branching on an individual arc variable ijf , which presents the flow of arc ( ,  )i j . We select an 
arc ( ,  )i j  with ijf  closest to 0.5, and create two branches 0=ijf  and 1=ijf . 0=ijf  indicates that the 
arc ( ,  )i j  is forbidden in any route. In this case, we remove ( ,  )i j  from the physical network and discard 
all the routes containing ( ,  )i j  from the columns set. 1=ijf  implies that vertex i  can only propagate to 
vertex j . If ,   i j R C , we need to eliminate all the ingoing arcs ending at vertex j  and all the 
outgoing arcs starting from vertex i  except for ( ,  )i j  in the physical network. Additionally, we discard 
any columns that do not traverse arc ( ,  )i j  but visit vertex i  or j . If i D  and  j R C , we need to 
eliminate all the ingoing arcs ending at vertex j  except for ( , )i j  in the physical network. And we 
discard any columns that do not traverse arc ( ,  )i j  but visit vertex j . If  i R C  and j D , we need 
to eliminate all the outgoing arcs starting from vertex i  except for ( ,  )i j  in the physical network. And 
we discard any columns that do not traverse arc ( ,  )i j  but visit vertex i . 

5. Computational study 

5.1. Experimental setup 

The algorithm is coded in Java, and the RLMP is implemented using CPLEX 22.1.1. All experiments 
are carried out on an HP personal computer equipped with an Intel Core i5-1340 1.9GHz CPU, 32 GB of 
RAM, and running the Windows 11 operating system. Computational times are recorded in CPU seconds, 
with a time limit of 7200 seconds set for each run on each instance. 

5.2. Instance generation 

To the best of our knowledge, no existing benchmark instances perfectly align with our problem. 
Therefore, we generate new instances based on Solomon’s benchmark datasets (Solomon, 1987). The 
Solomon instances consist of 100 customer vertices and 1 warehouse vertex. We selected 100 customer 
vertices from the C101–C109 and R101–R112 instances to represent retail store and customer vertices in 
our large-scale instances. Additionally, to generate small- and medium-scale instances, we select the first 
25 and 50 customer vertices from each instance, respectively. The coordinates, time windows, and service 
time information remain consistent with those provided in Solomon’s benchmark datasets. 

Based on product demand, retail stores are categorized into five types: 1) 0d , 0=p , 0=u ; 2) 
0=d , 0p , 0=u ;3) 0=d , 0=p , 0u ; 4) 0=d , 0p , 0u  and 5) 0d , , . 

Customers are categorized into three types: 1) 0d , 0=p , 0=u ; 2) 0=d , 0p , 0=u ;3) 0=d , 

0p = 0u 



 

0=p , 0u , which are defined as 
AC , 

BC  and 
CC  respectively. The delivery and recovery demands 

for saleable products, as well as the pick-up demand for unsaleable products at retail stores, are generated 
as random numbers in the range of [30, 50]. For online customers, the demands are random numbers in the 
range of [7, 13]. 

For the selection of retail store and online customer vertices, we apply the k-medoids method 
introduced by Kaufman and Rousseeuw (1987). For example, in the large-scale instance, we cluster the 
100 vertices into 10 groups and select the center of each cluster as retail stores, while the remaining 
vertices are designated as customer vertices. To determine warehouse locations, we use the k-means 
method (MacQueen, 1967). For instance, by clustering the 100 vertices into 8 clusters, the centroids of 
these 8 clusters are chosen as warehouse locations. Finally, the selected 8 warehouses replace the single 
warehouse in Solomon’s benchmark datasets. 

Based on the number of warehouses, retail stores and customers, we generate baseline instances of 
different sizes and name them ‘X_dm_cn’, where ‘X’ is the original Solomon’s instance name (e.g., C101, 
R101), ‘m’ denotes the number of warehouses, ‘n’ represents the number of online customers and retail 
stores. For the large-scale instances, generated from Solomon’s instances with 100 vertices, there are 10 
retail stores, with each type having 2 stores. The remaining vertices are customers, consisting of 35 AC , 35 

BC , and 20 CC . We consider 6, 7, and 8 warehouses, resulting in a total of 63 instances. For the 
medium-scale instances, generated from Solomon’s instances with 50 vertices, there are 5 retail stores, 
with each type having 1 store. The remaining vertices are customers, including 18 AC , 17 Type B BC , 
and 10 CC . We consider 5 warehouses, resulting in a total of 21 instances. For the small-scale instances, 
generated from Solomon instances with 25 vertices, there are 5 retail stores, with each type having 1 store. 
The remaining vertices are customers, including 8 AC , 8 BC , and 4 CC . We consider 2 warehouses, 
resulting in a total of 21 instances. In total, we generate 105 instances. Finally, other parameters used in the 
HMM-UPDPTW formulations (i.e., in Eqs. (1a) - (1u)) are also specified. The capacity, range limitation 
and speed of each vehicle are set to 150 units, 80 km and 60km/h, respectively. And the unit travel cost is 
set to 0.5 dollars per kilometer, and each used vehicle incurs a fixed cost of 25 dollars. 

5.3. Performance of the Branch-and-Price-and-Cut algorithm 

5.3.1. Effectiveness of the SR inequalities 

We evaluate the effectiveness of the SR inequalities (SRCs) by comparing the proposed BPC 
algorithm and the algorithm without SRCs, denoted as BP algorithm. We conduct experiments on 21 
large-scale instances with 8 warehouses. The results are summarized in Table 3. The “Instance” column 
represents the name of each instance. The “Gap (%)” column displays the integrity gap between the upper 
bound obtained by our BPC algorithm (UB ) and the corresponding optimal value of the LMP ( LB ) in 
percentage, which is calculated as 100 ( ) / −UB LB UB . The “rObj” column indicates the optimal value of 
the LMP at the root branch node. The “rCuts”, “Cuts” and “Nodes” columns record the number of SRCs 
added to the root branch node, the number of SRCs added during the whole computational process and the 
number of branch nodes explored on the branch-and-bound tree, respectively. The “Time (s)” column 



 

reports the total computational time in seconds. If an instance is not solved within the time limit, the "Time 
(s)" column includes a “\” to indicate this. 

 
Table 3 

The effectiveness of SRCs. 
Instance Without SRCs  With SRCs 

 Gap (%) rObj Nodes Time (s)  Gap (%) rObj rCuts Cuts Nodes Time (s) 

C101_d8_c100 0.00 478.50  1 3.82   0.00 478.50  0 0 1 3.72  

C102_d8_c100 0.00 474.80  5 42.06   0.00 475.20  3 3 1 36.94  

C103_d8_c100 0.00 462.33  67 1195.00   0.00 462.94  3 16 7 514.82  

C104_d8_c100 1.64  453.94  62 \  1.52  454.47  3 15 9 \ 

C105_d8_c100 0.00 477.40  1 4.41   0.00 477.40  0 0 1 4.56  

C106_d8_c100 0.00 477.10  1 7.19   0.00 477.10  0 0 1 7.45  

C107_d8_c100 0.00 476.90  1 7.49   0.00 476.90  0 0 1 7.36  

C108_d8_c100 0.00 475.40  1 14.58   0.00 475.40  0 0 1 14.55  

C109_d8_c100 2.48  463.63  290 \   0.00 465.41  3 29 17 749.57  

R101_d8_c100 0.00 1004.05  11 3.21   0.00 1005.10  3 3 1 2.29  

R102_d8_c100 0.00 904.15  213 187.74   0.00 905.23  3 17 11 37.45  

R103_d8_c100 0.00 770.40  21 48.50   0.00 770.83  3 3 3 27.72  

R104_d8_c100 5.21  603.16  90 \   3.91  604.38  3 17 9 \  

R105_d8_c100 0.00 822.40  381 379.59   0.00 824.53  3 52 55 130.33  

R106_d8_c100 2.33  755.47  816 \   1.65  756.49  3 173 261 \  

R107_d8_c100 3.01  665.62  163 \   1.73  666.69  3 24 15 \  

R108_d8_c100 3.87  585.55  31 \   3.18  588.20  3 9 3 \  

R109_d8_c100 3.19  714.37  784 \   2.73  715.35  3 56 67 \  

R110_d8_c100 3.73  665.67  306 \   3.36  668.30  3 32 24 \  

R111_d8_c100 2.92  667.16  201 \   2.48  668.69  3 24 16 \  

R112_d8_c100 4.37  600.18  6 \   4.10  601.85  3 3 1 \  

 

The results clearly highlight the effectiveness of the SR inequalities. Specifically, our BPC algorithm 
finds the optimal solution for one additional instance within the time limit compared to the BP algorithm 
and is able to exactly solve 12 instances. For example, the BP algorithm fails to optimally solve 
C109_8_100 within the time limit of 7200 seconds, whereas the BPC algorithm achieves the optimal 
solution in only 749.57 seconds. To better illustrate the impact of the SRCs, we only analyze the instances 
where at least one SR inequality is added by the BPC algorithm, referred as Set*7. The introduction of 
SRCs reduces the integrity gap for the instances8 n Set* that cannot be optimally solved by the BP 
algorithm. For example, the average integrity gap is 3.27% for the BP algorithm, but decreases to 2.47% 
for the BPC algorithm, as shown in column "Gap (%)". Furthermore, from columns "rObj" and "rCuts", we 
observe that the optimal value of the LMP on the root branch node for Set* increases by 0.2% on average 
when an average of 3 SRCs are added to the root branch node. It is well known that lifted lower bounds 
allow for pruning more branch nodes. This is supported by column "Nodes", where the number of branch 
nodes explored by the BPC algorithm is 87.77% fewer on average than that of the BP algorithm for Set*. 
This strongly indicates that the SRCs significantly accelerate the solution process. Finally, columns "Time 
(s)" and "Cuts" reveal that, for the instances9 in Set* that are exactly solved by both algorithms, the 
computational time is reduced by 47.72% on average, due to the introduction of an average of 16 SRCs in 
total. 

 
7 Set*: 102_d8_c100 - C104_d8_c100, C109_d8_c100, R101_d8_c100 - R112_d8_c100. 
8 These instances conclude C104_d8_c100, C109_d8_c100, R104_d8_c100, R106_d8_c100 - R112_d8_c100. 
9 These instances conclude C102_d8_c100, C103_d8_c100, R101_d8_c100 - R103_d8_c100, R105_d8_c100. 



 

5.3.2. Effectiveness of acceleration strategies 

The incorporation of bidirectional labeling and two-cycle elimination strategies are designed to 
enhance the efficiency of the column generation process. To evaluate the effectiveness of these acceleration 
techniques, we compare four versions of the algorithm based on 21 large-scale instances with 8 warehouses: 
(i) BS – the baseline version without either acceleration strategy, (ii) AT – with two-cycle elimination but 
without bidirectional labeling, (iii) AB – with bidirectional labeling but without two-cycle elimination, and 
(iv) ALL – incorporating both acceleration strategies. The experimental results, presented in Table 4, 
clearly demonstrate that both bidirectional labeling and two-cycle elimination significantly improve the 
algorithm's performance and complement each other. These strategies enable the algorithm to optimally 
solve more instances, narrow the integrity gap for unsolved instances, and reduce the average 
computational time for solved instances. Comparative analysis shows that while two-cycle elimination 
demonstrates superior individual efficacy, their combined implementation produces the most significant 
improvement in computational efficiency.  

 
Table 4 

The effectiveness of acceleration strategies. 
Instance Baseline   AT   AB   ALL  

 Time (s) Gap (%)  Time (s) Gap (%)  Time (s) Gap (%)  Time (s) gap (%) 
C101_d8_c100 76.88  0.00  5.09  0.00  16.88  0.00  3.72  0.00 

C102_d8_c100 \ 100.00  860.00  0.00  565.36  0.00  36.94  0.00 

C103_d8_c100 \ 100.00  \ 0.52   6528.16  0  514.82  0.00 

C104_d8_c100 \ 100.00  \ 100  \ 100  \ 1.52  

C105_d8_c100 421.07  0.00  7.83  0.00  42.30  0.00  4.56  0.00 

C106_d8_c100 975.03  0.00  11.10  0.00  51.45  0.00  7.45  0.00 

C107_d8_c100 1669.71  0.00  10.60  0.00  57.35  0.00  7.36  0.00 

C108_d8_c100 \ 100.00  27.60  0.00  170.81  0.00  14.55  0.00 

C109_d8_c100 \ 100.00  \ 2.35   1427.73  0.00  749.57  0.00 

R101_d8_c100 52.61  0.00  4.40  0.00  11.92  0.00  2.29  0.00 

R102_d8_c100 \ 100.00  347.95  0.00  231.50  0.00  37.45  0.00 

R103_d8_c100 \ 100.00  179.04  0.00  173.91  0.00  27.72  0.00 

R104_d8_c100 \ 100.00  \ 100.00  \  100.00  \  3.91  

R105_d8_c100 \ 100.00  2689.73  0.00  3763.43  0.00  130.33  0.00 

R106_d8_c100 \ 100.00  \ 2.59   \ 1.67   \  1.65  

R107_d8_c100 \ 100.00  \ 2.66   \ 100.00  \  1.73  

R108_d8_c100 \ 100.00  \ 100  \ 100.00  \  3.18  

R109_d8_c100 \ 100.00  \ 3.42   \ 100.00  \  2.73  

R110_d8_c100 \ 100.00  \ 5.17   \ 100.00  \  3.36  

R111_d8_c100 \ 100.00  \ 3.97   \ 100.00  \  2.48  

R112_d8_c100 \  100.00  \  100.00  \ 100.00  \  4.10  

 

Specifically, the results show that the BPC algorithm, with both acceleration strategies, can exactly 
solve 12 out of 21 instances. In contrast, applying only two-cycle elimination, only bidirectional labeling 
and no acceleration strategy optimally solve 10, 12 and 5 instances, respectively, with 4, 8, and 16 
instances even failing to find a feasible solution. Furthermore, for the instances10 that are not exactly 
solved in baseline scenario (i.e., BS), the addition of only two-cycle elimination, only bidirectional labeling 
and both strategies can contribute to an average reduction of the integrity gap by 73.71%, 49.90% and 

 
10 These instances conclude C102_d8_c100 - C104_d8_c100, C108_d8_c100, C109_d8_c100, R102_d8_c100 - 

R112_d8_c100. 



 

98.46%, respectively. A more detailed examination of the instances11 optimally solved across all four 
scenarios reveals that the average computational times decrease by 98.78%, 93.05% and 99.21%, 
respectively, compared to the baseline results when only two-cycle elimination, only bidirectional labeling, 
and both strategies are applied. This dramatic reduction is attributed to the fact that the majority of the 
computation time in the CG algorithm is spent on solving the pricing problem using the labeling algorithm. 

5.3.3. Computational results of small-, medium-, and large-scale instances 

The effectiveness of the developed BPC algorithm is evaluated through a direct comparison with the 
arc-based formulation solved using CPLEX, applied to both small-scale and medium-scale instances, as 
shown in Table 5 and 6. It presents several key performance metrics, including “Times (s)”, “Gap (%)”, 
the final upper bound achieved either when the instance is optimally solved or when the procedure is 
forcefully terminated due to time limit (Obj) and the integrity gap on the root branch node (rGap (%)), 
respectively. 

 
Table 5 

Performance of the BPC compared with CPLEX on the small-scale instances.  
Instance CPLEX    BPC    

Small-scale Times (s) Obj Gap (%)  Times (s) Obj Gap (%) rGap (%) 
C101_d2_c25 0.08  136.9 0.00   0.16  136.9 0 0 

C102_d2_c25 85.20  135.1 0.00   3.35  135.1 0 0 

C103_d2_c25 \  135.1 28.42   181.83  135.1 0 2.92  

C104_d2_c25 \  133.6 43.43   \ 133.6 3.64  3.64  

C105_d2_c25 0.15  136.9 0.00   0.18  136.9 0 0 

C106_d2_c25 0.08  136.9 0.00   0.15  136.9 0 0 

C107_d2_c25 0.16  136.9 0.00   0.19  136.9 0 0 

C108_d2_c25 2.33  136.9 0.00   0.85  136.9 0 0 

C109_d2_c25 1154.85  136.1 0.00   288.32  136.1 0 17.47  

R101_d2_c25 0.11  459.6 0.00   0.06  459.6 0 0 

R102_d2_c25 1869.12  430.7 0.00   0.69  430.7 0 1.73  

R103_d2_c25 \  371.2 25.42   0.69  371.2 0 0 

R104_d2_c25 \  347.1 28.88   0.34  347.1 0 0 

R105_d2_c25 1.38  412 0.00   0.53  412 0 0.74  

R106_d2_c25 \  390.8 13.01   23.34  390.8 0 4.21  

R107_d2_c25 \  358.3 29.16   0.91  358.3 0 0.18  

R108_d2_c25 \ 347 37.92   0.77  347 0 1.87  

R109_d2_c25 104.75  361.7 0.00   1.02  361.7 0 0.26  

R110_d2_c25 \  353.1 26.52   12.58  349.7 0 3.52  

R111_d2_c25 \  368.1 30.11   1.60  359.3 0 0.05  

R112_d2_c25 \  343.9 35.47   183.07  343.9 0 7.36  

 

Notably, CPLEX optimally solves only 19 out of 42 instances, while the BPC algorithm successfully 
solves 40 out of 42 instances. The instances solved optimally by CPLEX are generally less complex, as 
evidenced by the fact that the BPC algorithm can solve them at the root node, which can be inferred from 
column “  (%)rootGap ”. And these instances primarily belong to the “C” series, characterized by clustered 
geographical distributions and narrow time windows. Conversely, CPLEX performs poorly on “R” series 
instances, which feature random geographical distributions, solving only 6 out of 24 instances to optimality, 
all with narrow time windows. Specifically, only the instances C104_d2_c25 and C104_d5_c50 could not 
be solved optimally by the BPC algorithm within the time limit, with minor integrity gaps of 3.64% and 

 
11 These instances conclude C101_d8_c100, C105_d8_c100 - C107_d8_c100, R101_d8_c100. 



 

2.21%, respectively. In contrast, the average integrity gap for instances unsolved by CPLEX within the 
time limit is significantly larger, reaching 27.12% for small-scale instances and 39.68% for medium-scale 
instances. 

 
Table 6 

Performance of the BPC compared with CPLEX on the medium-scale instances.  
Instance CPLEX    BPC    

Medium-scale Times (s) Obj Gap (%)  Times (s) Obj Gap (%) rGap (%) 
C101_d5_c50 0.22  220.7 0.00   0.91  220.7 0 0 

C102_d5_c50 673.97  219.9 0.00   8.45  219.9 0 0 

C103_d5_c50 \  216.1 30.55   36.75  216.1 0 0.12  

C104_d5_c50 \  214.4 47.27   \  214.2 2.21  2.21  

C105_d5_c50 0.31  219.3 0.00   0.96  219.3 0 0 

C106_d5_c50 0.25  219.6 0.00   0.85  219.6 0 0 

C107_d5_c50 0.31  219.3 0.00   1.32  219.3 0 0 

C108_d5_c50 28.51  218.7 0.00   3.12  218.7 0 0 

C109_d5_c50 \  218.3 28.93   55.71  218.3 0 1.76  

R101_d5_c50 0.85  669.8 0.00   4.81  669.8 0 0.45  

R102_d5_c50 \  582.5 28.74   1.92  580.1 0 0.14  

R103_d5_c50 \  513.5 40.12   79.61  502.1 0 0.96  

R104_d5_c50 \  451.4 40.48   1668.82  426.8 0 1.45  

R105_d5_c50 123.38  577.4 0.00   6.07  577.4 0 0.93  

R106_d5_c50 \  525.1 37.68   36.14  516.9 0 1.95  

R107_d5_c50 \  500.1 45.65   482.08  475.3 0 2.87  

R108_d5_c50 \  460.4 47.10   122.01  426.8 0 2.47  

R109_d5_c50 \  537.5 28.77   7.37  516.6 0 1.29  

R110_d5_c50 \  503.8 46.08   262.24  471.6 0 3.24  

R111_d5_c50 \  496.1 45.03   15.87  472.1 0 1.91  

R112_d5_c50 \  463.9 49.40   222.39  421.5 0 4.28  

 
Table 7 

Performance of the BPC on the large-scale instances with 6, 7 and 8 warehouses. 
Instance 6 warehouses   7 warehouses   8 warehouses  

 Time (s) Gap (%)  Time (s) gap (%)  Time (s) Gap (%) 

C101 3.02 0.00  3.66 0.00  3.72 0.00 

C102 114.23 0.00  147.97 0.00  36.94 0.00 

C103 1162.83 0.00  744.22 0.00  514.82 0.00 

C104 \ 1.73  \ 1.38  \ 1.52 

C105 3.06 0.00  4.33 0.00  4.56 0.00 

C106 4.75 0.00  6.56 0.00  7.45 0.00 

C107 4.51 0.00  8.18 0.00  7.36 0.00 

C108 15.43 0.00  15.53 0.00  14.55 0.00 

C109 346.04 0.00  435.76 0.00  749.57 0.00 

R101 9.87 0.00  2.37 0.00  2.29 0.00 

R102 8.80 0.00  11.91 0.00  37.45 0.00 

R103 309.29 0.00  36.47 0.00  27.72 0.00 

R104 \ 4.61  \ 4.40  \ 3.91 

R105 \ 1.90  \ 1.89  130.33 0.00 

R106 \ 2.24  \ 1.86  \ 1.65 

R107 \ 3.19  \ 3.67  \ 1.73 

R108 \ 3.24  \ 4.24  \ 3.18 

R109 \ 2.71  \ 3.53  \ 2.73 

R110 \ 4.25  \ 4.23  \ 3.36 

R111 \ 3.05  \ 3.03  \ 2.48 

R112 \ 4.40  \ 4.67  \ 4.10 

 

Furthermore, the BPC algorithm demonstrates superior computational efficiency compared to CPLEX. 
It solves the vast majority of small- and medium-scale instances in significantly less time. Specifically, for 
the 21 small-scale instances, the BPC algorithm solves 12 instances within 1 second and 17 instances 



 

within 25 seconds. For the 21 medium-scale instances, it solves 15 instances within 80 seconds and 19 
instances within 500 seconds. Notably, for certain instances, the BPC algorithm reduces computational 
time by more than three orders of magnitude compared to CPLEX. 

We also present a comparative analysis of the computational results of the BPC algorithm applied to 
large-scale instances with varying numbers of warehouses. Table 7 summarizes the results for instances 
with 6, 7, and 8 warehouses, where “k” represents the fleet size. The BPC algorithm successfully identifies 
the optimal solution for 11 out of 21 instances with 6 warehouses, 11 out of 21 instances with 7 warehouses, 
and 12 out of 21 instances with 8 warehouses. For instances where the optimal solutions are obtained 
within the time limit, the average computational times are 180.17 seconds, 128.81 seconds, and 128.06 
seconds, respectively. For instances where the optimal solution is not achieved, all gaps remain below 5%. 
Moreover, the results indicate that “R” series instances are more challenging to solve than “C” series 
instances. Additionally, instances with wider time windows are more difficult to solve than those with 
narrower time windows, primarily due to the larger search space. 

5.4. Sensitivity analysis and Managerial insights 

5.4.1. Impacts of redistribution varying from different vehicle capacity 

We first analyze the benefits of redistribution for saleable products by comparing our transportation 
model, which allows redistribution, with a model that does not, under varying the vehicle capacity 
limitation. The vehicle capacity Q  is varied within the range of {90,  100,  110,  120,  130,  140,  150,  160} . 
The instances selected for analysis include C101_d5_c50 - C103_d5_c50 and C105_d5_c50 - 
C109_d5_c50 of medium-scale instances. To enable a more effective comparison, we select instances that 
can be optimally solved across the entire capacity range in both transportation modes (i.e., C101_d5_c50, 
C105_d5_c50, and C106_d5_c50) and conduct a detailed analysis, as presented in Fig. 4.  

As shown in Fig. 4(a), as vehicle capacity increases, the average fixed cost (av.FixC)，the average 
transportation cost (av.TranC) and the average total cost (av.TolC) for both models initially decrease and 
then stabilize, with “av.TranC” experiencing a particularly notable decline. This can be attributed to the 
fact that increasing vehicle capacity allows each vehicle to serve more customers and stores, thereby 
expanding the solution space. In Fig. 4(b), according to the index “av.fdLoad”, which refers to average 
loads from warehouses, when redistribution is not allowed, all 270 units of saleable products must be 
sourced from the warehouses. However, when redistribution is allowed, only an average of 148 units are 
sourced from warehouses, with the remainder coming from customers and stores. Furthermore, Figure 4(a) 
demonstrates that our model, which allows redistribution, consistently achieves a lower “av.TolC” when 
vehicle capacity is less than 150 units, with an average reduction of 9.1%. For capacity greater than 150, 
the “av.TolC” values for both models converge. Notably, thresholds exist for both models: once the vehicle 
capacity reaches or exceeds a certain threshold, the optimal vehicle routes and “av.TolC” remain 
unchanged. This indicates that vehicle routing is no longer limited by capacity but instead influenced by 
other factors, such as time windows. Additionally, the threshold 130=Q  for our model with redistribution 
occurs at a lower capacity than that of 150=Q  for the model without redistribution. The observation 
highlights that redistribution enhances vehicle capacity utilization, reduces the quantity of products sourced 



 

from the warehouses, and allows a smaller fleet with lower capacity to complete the service, thereby 
reducing costs and improving efficiency. Under the current parameter settings, a vehicle capacity of 130 
units is sufficient to achieve the optimal reduction in total cost.  

 

 

Fig. 4. The impact of redistribution for saleable products with different vehicle capacity limit 

 

We further observe from Fig. 4(b) that as vehicle capacity increases, average loads for saleable 
products collected from customers or retail stores and redistributed (av.reLoad) initially decrease and then 
stabilize. This is because, when vehicle capacity is small, the capacity constraints (1p) and (1q) become 
more significant, leading to the selection of more circuitous routes with bigger “av.reLoad” values. This 
trade-off helps control fleet size. As capacity increases, these constraints become less restrictive, and more 
direct routes with smaller “av.reLoad” values are preferred. This variation reflects the balance between 
transportation cost and fixed vehicle cost, as well as the joint decision-making involved in route selection 
and delivery-pickup demand pairing. Figure 4(c) shows that when the vehicle capacity increases to a 
certain value, the average computational time (av.Time) becomes very small. For the eight selected 
instances, the optimal solution ratio (i.e., the proportion of instances solved optimally within the time limit 
(optRatio)) first decreases, then increases, and finally stabilizes. This phenomenon contrasts with the 
intuitive expectation that larger vehicle capacities, which expand the solution spaces, would make the 
problem more difficult to solve. Additionally, Figure 4(d) reveals that in both scenarios, the average root 



 

integrity gaps (av.rGap) first increase and then decrease, indicating an initial increase in the number of 
branch nodes explored, followed by a decline. This suggests that computational time is influenced not only 
by column generation but also by branch-and-bound procedure. 

5.4.2. Analysis on the customer demand heterogeneity  

We consider three types of customers with heterogeneous demands. Due to the mechanism of 
redistribution for saleable products and recovery of unsaleable products, different customer combinations 
have a significant impact on vehicle routing and overall cost. In this section, we generate new instances 
based on the medium-sized instance C101_d5_c50 by adjusting the demand data of store and customer 
nodes. In the experiment, the vehicle capacity limitation is set to 100 units, and other parameters remain 
consistent with the baseline experiment. 

Analysis on the delivery-to-pickup customer ratio for saleable products. We adjust the 
delivery-to-pickup customer ratio for saleable products (i.e., the ratio of customers with delivery demand to 
customers with pick-up demand for saleable products, ( −d pratio )) to investigate the impact of delivery and 
recovery demands for saleable products on the logistics system. We create seven instance sets with 
different “ −d pratio ”, where the variation in the number of customers of AC , BC , and CC  falls within the 
following ranges: {(0_40_5), (5_35_5), (10_30_5), (20_20_5), (30_10_5), (35_5_5), (40_0_5)}. Each 
instance set includes five sub-instances with the same “ −d pratio ” but different demand data. Therefore, a 
total of 35 distinct instances are generated. The average experimental results for each set are visualized in 
Fig. 5(a), which shows the variation in average total costs ( .Cosav t ) and average fleet size (av.k) under 
different  “ −d pratio ”. As “ −d pratio ” increases, “ .Cosav t ” generally exhibits a trend of first dramatically 
decreasing and then increasing at a slower rate. It reaches its minimum when the −d pratio  approaches 1. 
This phenomenon can be attributed to the fact that when the number of customers with saleable product 
delivery demand is similar to that with saleable product pickup demand, vehicles can perform 
redistribution more frequently. Such a high frequency of redistribution improves vehicle capacity 
utilization and further reduces the number of vehicles, as demonstrated by the chart of “av.k”. Specifically, 
“av.k” decreases when 1− d pratio . However, when −d pratio  exceeds 1, “k” remains unchanged and the 
increase in “ .Cosav t ” becomes more gradual, with some results even deviating from the overall trend. 
This is mainly because with a larger −d pratio , more saleable products are delivered to customers, freeing 
up more space to collect both types of products, thereby enlarging the solution space to some extent. 
Therefore, when the ratio approaches 1, the balance between the delivery demand and the pick-up demand 
for saleable products leads to more efficient transportation, optimizing vehicle utilization and achieving the 
lowest total cost. 

Analysis on the ratio of customers with pickup demand for unsaleable products. In addition to the 
demand for saleable products, the quantity of unsaleable product returns from customers also plays a great 
role.. Similar to the previous section, we generate six new instance sets, with different combinations of AC , 

BC  and CC  customer quantities: { (20_20_5), (18_18_9), (15_15_15), (10_10_25), (5_5_35), (0_0_45) }. 
Each set includes five sub-instances with different demand data, resulting in a total of 30 distinct instances. 



 

As shown in Fig. 5(b), it is noteworthy that as the number of customers with pickup demand for unsaleable 
products increases, the average total cost and the fleet size exhibit an upward trend. Since unsaleable 
products cannot be redelivered, more vehicles are required to meet the increased demand for product 
returns. This increase in fleet size contributes to the observed rise in “av.Cost”. 

 

 

Fig. 5. The impact of the ratio of the quantities of different types of customers 

5.4.3. Impacts of half-open routes 

Experiments are conducted using the “R” series medium-scale instances to analyze the impacts of 
allowing half-open routes on routes selection. We compare our model (which allows half-open and closed 
routes, i.e., a hybrid model) with the closed-route model (i.e., a closed model). The experimental results are 
visualized in Fig. 6, which demonstrates the fixed cost (FixC), transportation cost (TranC), redistribution 
loads (reLoad), and half-open route ratio (oRatio) for each instance in both models. 

 

 

Fig. 6. The impacts of half-open routes. 

 



 

From Fig. 6(a), it can be observed that, “TranC” for all instances in the hybrid model is lower than 
that of the closed model, with an average reduction of 3.11%. However, “FixC” remains unchanged, 
indicating that allowing half-open routes plays a significant role in reducing transportation cost. Figure 6(b) 
shows that in the hybrid model, “oRatio” is 43.78%, whereas no half-open routes are selected under the 
closed model. Furthermore, in most cases, more saleable products collected from stores and customers are 
redistributed in the hybrid model, with “reLoad” increasing by an average of 11.96%. This is mainly due to 
the expanded route selection space enabled by half-open routes, which allows the selection of more 
advantageous routes with larger “reload”, thereby contributing to a reduction in total cost. 

5.4.4. Effectiveness of integrated redistribution system 

To evaluate the effectiveness of our proposed integrated distribution system, we conduct an 
experiment comparing it with a three-echelon independent distribution system. In the three-echelon 
independent distribution system, three separate fleets are employed to handle the distribution tasks. The 
first echelon delivers saleable products from warehouses to retail stores to replenish store inventory while 
reserving saleable products for subsequent customer deliveries. The fleet then collects both saleable and 
unsaleable products and returns them to the warehouses. The second echelon picks up saleable products 
from retail stores, delivers them to customers, and returns both types of products to the stores. In the third 
echelon, the fleet departs from the warehouses, collects two types of products that are returned to stores by 
customers in the second echelon, and ultimately returns to the warehouses. 

 
Table 8 

Impact of Integrated distribution system. 
Instance Three-echelon  Integrated   

 ThreeObj  
Threek   InteObj  

Intek  Obj  (%) k
 (%) 

C101_5_50 384.7 9  220.7 5 42.63  44.44  

C102_5_50 383.9 9  219.9 5 42.72  44.44  

C103_5_50 380.3 9  216.1 5 43.18  44.44  

C104_5_50 383.8 9  214.2 5 44.19  44.44  

C105_5_50 384.4 9  219.3 5 42.95  44.44  

C106_5_50 384.7 9  219.6 5 42.92  44.44  

C107_5_50 384.4 9  219.3 5 42.95  44.44  

C108_5_50 383.4 9  218.7 5 42.96  44.44  

C109_5_50 383.3 9  218.3 5 43.05  44.44  

R101_5_50 843.5 15  669.8 12 20.59  20.00  

R102_5_50 770.4 14  580.1 10 24.70  28.57  

R103_5_50 683.2 12  502.1 9 26.51  25.00  

R104_5_50 611.6 11  426.8 7 30.22  36.36  

R105_5_50 765.9 14  577.4 10 24.61  28.57  

R106_5_50 708.2 13  516.9 9 27.01  30.77  

R107_5_50 658.2 12  475.3 8 27.79  33.33  

R108_5_50 611.6 11  426.8 7 30.22  36.36  

R109_5_50 687.3 12  516.6 9 24.84  25.00  

R110_5_50 636.1 11  471.6 8 25.86  27.27  

R111_5_50 658.4 12  472.1 8 28.30  33.33  

R112_5_50 603.3 11  421.5 7 30.13  36.36  

Average      33.73  36.24  

 

Experiments are conducted on the medium-scale instances, with the results presented in Table 8. 
Column “ Obj  (%)” gives the total cost reduction rate, which is calculated as 100 ( =  −Obj ThreeObj



 

) /Inte ThreeObj Obj , where 
ThreeObj  and 

InteObj  are the total costs obtained in the three-echelon and the 
integrated distribution system, respectively. Column “ k

 (%)” gives the fleet size reduction rate, which is 
calculated as 100 ( ) / =  −k Three Inte Threek k k , where 

Threek  and 
Intek  are the fleet size used in the 

three-echelon and the integrated distribution system, respectively. The results reveal that, compared to the 
three-echelon independent distribution system, the integrated distribution system achieves an average total 
cost reduction of 33.73% and an average fleet size reduction of 36.24%. These findings demonstrate that 
the integrated distribution system significantly outperforms the three-echelon system by sharing vehicle 
resources, maximizing vehicle space utilization, and dynamically selecting and combining multiple types 
of tasks. 

6. Conclusions 

In the context of omnichannel retailing, the traditional independent transportation system for the 
replenishment and recovery of stores and the pick-up/delivery order fulfillment of customers must adapts 
to the increasing demands for integrated logistics. This paper proposes an integrated logistics and 
distribution system, modeled as a closed and half-open mixed multi-depot multi-commodity unpaired 
pickup and delivery problem with time windows. This problem involves making simultaneous decisions on 
vehicle routing, matching pickup and delivery demands between stores and customers, and determining the 
quantity of products dispatched from warehouses, making it computationally challenging. To address these 
challenges, we propose an enhanced branch-and-price-and-cut algorithm, which introduces an innovative 
bidirectional labeling algorithm, along with several acceleration strategies to enhance the efficiency of 
subproblem solving. Additionally, we identify that the subset-row inequalities can lift the lower bound, 
further improving the algorithm’s performance. Extensive computational experiments demonstrate the 
algorithm’s superior performance, especially when compared with the CPLEX solver. Key findings 
indicate that allowing redistribution, using half-open routes, and adopting the integrated distribution model 
can significantly improve operational efficiency and reduce logistics cost. Furthermore, sensitivity analyses 
on vehicle capacity and customer demand heterogeneity provide practical insights for logistics operations. 

There are certain limitations in this paper and the following possible directions can be done for future 
research. This paper assumes fixed time windows and pre-determined delivery and pickup demands. 
However, in practical applications, businesses may face more complex demand fluctuations and variations 
in time windows. Future research could explore how to incorporate uncertainties in time windows and 
real-time demand changes into logistics planning to enhance the system’s flexibility and responsiveness. 
Additionally, since redistribution can reduce the quantity of saleable products dispatched from warehouses, 
warehouse processing costs could further be incorporated into the optimization objective. Finally, the 
proposed BPC algorithm could be combined with some heuristic algorithms to accelerate the solution of 
subproblem, thereby improving the performance of the proposed BPC algorithm.  
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Appendix A. Notations 

Table A.1 

Notations and definitions. 
Notation Definition 

Sets  

R  Set of retail store vertices 

C  Set of online customer vertices 

D  Set of warehouse vertices 
'D  Set of dummy warehouse vertices 

V  Set of vertices in a physical network（ '=   V D R C D ） 

A  Set of arcs in a physical network 

K  Set of a sufficiently large fleet of homogeneous vehicles 

Parameters  

ijc  Travel cost along arc ( ,  )i j A  

ijt  Travel time along arc ( ,  )i j A  

ijd  Travel distance along arc ( ,  )i j A  

id  Delivery demand for saleable products of vertex  i R C  

ip  Pickup demand for saleable products of vertex  i R C  

iu  Pickup demand for unsaleable products of vertex  i R C  

ie  Earliest service start time for vertex i V  

il  Latest service start time for vertex i V  

Q  Capacity limitation of a vehicle 

L  Travel range limitation of a vehicle 
v  Travel speed of a vehicle 
  Fixed cost of a vehicle 

is  Service time at vertex i V  

M  A Large positive number 
Variables  

ijkx  1=ijkx  if vehicle k K  travels arc ( ,  )i j A ; 0, otherwise 

ikT  Service start time for vehicle k K  at vertex i V  

ikb  Accumulated travel distance for vehicle k K  when arriving at vertex i V  

ikP  Quantity of saleable products carried by vehicle k K  when arriving at vertex i V  

ikU  Quantity of unsaleable products carried by vehicle k K  when arriving at vertex i V  
'

ikP  Quantity of saleable products carried by vehicle k K  when departing from vertex i V  

'

ikU  Quantity of unsaleable products carried by vehicle k K  when departing from vertex i V  

ikN  Quantity of saleable products carried by vehicle k K  when departing from warehouse i D  

Appendix B. Proofs of forward and backward dominance rules. 

Appendix B.1. Proof of Proposition 1 

'f

il  is dominated by f

il  if and only if all feasible extensions of 'f

il  are also feasible extensions of 



 

f

il , and the reduced cost of the complete route generated by extending 'f

il  is no less than that generated 
by extending f

il . Let '

1 2 3{ ,  ,  ,  ,  ,  },  ,  {1,  2,  3,  ,  },  =     n mv v v v o v R C m n o D be any one 
feasible extension of 'f

il , and the feasible complete route 
2r  is generated by merging the partial route of 

'f

il  and  . Suppose that f

il can be extended along   to from a complete route 
1r . Clearly, based on 

conditions (7a) - (7c), it can be inferred that the elementary, maximum travel range limits, and time 
window constraints are satisfied. Furthermore, conditions (7d) - (7f) ensure that 

1r  does not violate the 
capacity constraints. The detailed proof is as follows: Suppose

1 1 1 1 1 1 1 1 1
{ ,  ,  ,  ,  ,  ,  ,  X , }   =f f f f f f f f f f

v i v v v v v v v vl l c t U  
and 

' ' ' ' ' ' ' ' ' '

1 1 1 1 1 1 1 1 1
{ ,  ,  ,  ,  ,  ,  ,  X ,  }   =f f f f f f f f f f

v i v v v v v v v vl l c t U  are the label extended from f

il  and 'f

il . Apparently, 
'f

il  is feasible. The forward extension condition (6h) and forward dominance rule (7f) ensure 
1
=  +f f

v i

' '

1 1 1
=  +f f

v v i vu u . Based on the relationship among 
'

 f

i , f

i  and 
1vd , it can be divided into four cases: 1) 

if 
'

1
 f

i vd and 
1

 f

i vd , it can be deduced from the extension conditions (6i) and (6j) that 
' ' ' '

1 1 1 1 1
   + = + + + − f f f f

v v i i v v vp u d Q , 
1 1 1 1 1

   + = + + + −f f f f

v v i i v v vp u d , 
' ' '

1 1 1
min{  + = + −f f f

v v i vp
' '

1 1
,  } + −f f

v i vd Q  and 
1 1 1 1 1

min{ ,  }    + = + − + −f f f f f

v v i v v i vp d Q  holds. It follows from the dominance 
rule (7d) and (7e) that 

' '

1 1 1 1
   +  + f f f f

v v v v Q  and 
' '

1 1 1 1
   +  +f f f f

v v v v is satisfied. 2) if 
'

1
 f

i vd and 

1
 f

i vd , then 
1

0=vp  holds. It can be deduced from the extension conditions (6i) - (6j) and dominance 
rule (7d) - (7f) that

' ' ' ' '

1 1 1 1 1 1 1 1 1
min{ ,  } min{ ,  } 0          + = = + − −  + − − = + f f f f f f f f f f f

v v v i i v v i i v v v vd Q d Q  

and 
' '

1 1 1 1 1
    + =  + f f f f f

v v v v v Q . 3) if 
'

1
 f

i vd and 
1

 f

i vd , then 
1

0=vp  holds, it can be deduced 
from the extension conditions (6i) - (6j) and dominance rule (7d) - (7f) that

1 1 1
min{ ,     + = + −f f f f

v v i i vd
' ' ' ' '

1 1 1 1 1
} min{ ,  }     −  + − − = +f f f f f f

v i i v v v vQ d Q  and 
' '

1 1 1 1 1 1
     + = + + −  + + −f f f f f f

v v i i v v i i v vu d u d
' ' '

1 1 1
   + = + f f f

i v v vu Q . 4) if 
'

 f

i d and  f

i d , then 
1

0=vp holds. it can be deduced from the 
extension conditions (6i) - (6j) and dominance rule (7d) - (7f) that 

1 1 1 1
min{ ,  Q    + = = + − −f f f f f

v v v i i vd
' ' '

1 1 1
} 0  = + f f f

v v v  and 
1 1

 +f f

v v

' ' '

1 1 1 1
   =  = + f f f f

v v v v Q . 
In conclusion，

1

f

vl  does not violate the capacity feasibility constraints (namely, both condition (5c) and 
(5d) are not satisfied) and is feasible. Moreover, 

1

f

vl  and 
'

1

f

vl  still satisfy the dominance rules (7a) - (7f), it 
follows that when 

'

1

f

vl  can sequentially expanded along 2 3{ ,  ,  ,  ,  },  ,  {2,   n mv v v o v R C m

'3,  ,  },  n o D  to obtain a feasible complete route, 
1

f

vl  will also lead to a feasible complete route 1r  by 
extending along '

2 3{ ,  ,  ,  ,  },  ,  {2,  3,  ,  },      n mv v v o v R C m n o D . Furthermore, Since the dual 
variables of the SR inequalities are negative, dominance conditions (7g) and (7h) ensure that the reduced 
cost of 1r  is no greater than that of 2r . Therefore, forward dominance rules (7a) - (7h) are valid. 

Appendix B.2. Proof of Proposition 2 

We only prove rules (10b) - (10d) related to load resource, because the proofs for the other rules and 
the proofs of proposition 1 are similar. Let 1 2 3{ ,  ,  ,  ,  ,  },  ,  {1,  2,  3,  ,  },  =    n mv v v v o v R C m n

o D  be any one feasible extension of 'b

il , and the feasible complete route 2  is generated by merging 
the partial route of 'b

il  and  . Suppose that b

il  can be extended along   to from a complete route 1 . 
Conditions (10b) - (10d) ensure that 1  does not violate the capacity constraints. The detailed proof is as 
follows: Suppose 

1 1 1 1 1 1 1 1 1
{ ,  ,  ,  ,  ,  ,  { } ,  ,  }    = b b b b b b b b b b

v i v v v v v S v S v vl l c t U  and 
1 1 1 1 1 1 1

' ' ' ' ' ' '{ ,  ,  ,  ,  ,  ,    =b b b b b b b

v v v v v v vl l c t

1 1 1

' ' '{ } ,  ,  }  b b b

Sv S v vU  are the label extended from b

il  and 'b

il respectively. Apparently, 'b

il  is feasible. 
Based on the relationship among 

'

b

i ,  b

i  and 
1vp , it can be divided into three cases according to the 



 

backward extension conditions (9h) - (9i) and backward dominance rules (10b) - (10d), i.e., 1) If 
'

1
  b b

v i ip , we can derive
'

1 1 1
 = = b b

v v vd Q ,
1 1 1 1 1 1 1

max{ ,  } max{ ,    = + + − +  +b b b

v v v i v i v v vp u p u p u
' '

1 1 1

'}  + − +  b b b

i v i v vp u Q , and further we obtain 
1 1 1 1 1 1 1 1

' ' '     − = −  − = −b b b b b b

v v v v v v v vd d . 2) If 
'

1
  b b

i v ip , it is easy to derive 
' '

1 1 1 1 1
  =  + − = b b b

v v v i v vd d p Q , 
1 1 1 1

max{ ,    = + − + +b b b

v v v i i vp u p
' ' ' ' '

1 1 1 1 1 1 1

'} max{ , } max{ ,  }      + − + +  + + = b b b b b b

v i v i i v v i v i v vu u p u u u Q  and 
1 1 1 1

max{ − = + −b b

v v v vp u
' '

1 1 1 1 1 1 1 1 1 1 1 1

' ',  } max{ ,  }     − + + −  + − − + + − = −b b b b b b

v i i v v v v v v i i v v v v vd p u d p u d p u d . 3) If 
'

1
  b b

v i ip , 
we can deduce 

' '

1 1 1 1 1 1
   = + −  + − = b b b b

v v i v v i v vd p d p Q , 
'

1 1 1 1
max{ ,  } max{ ,     = + +  +b b b b

v i v i v i vu u u
'

1 1

'} + = b b

i v vu Q and 
' '

1 1 1 1 1 1 1 1 1 1 1
max{ ,  } max{ ,       − = + − − + + −  + − − +b b b b b b

v v v v v i i v v v v v v i ip u d p u d p u d

1 1 1 1 1

' '}  + − = −b b

v v v v vp u d  hold. 
In conclusion, 

1

b

vl  does not violate the capacity feasibility constraints (namely, both condition (8c) 
and (8d) are not satisfied) and is feasible. Similarly, the complete route 1  is feasible and its reduced cost 
is no more than that of 2 . Therefore, backward dominance rules (10a) - (10d) are valid. 

Appendix C. Dominance Test algorithm and Merge algorithm. 

In Algorithm C.1, we check the dominance relationship of forward labels and backward labels 
according to the rules (7a) – (7h) and (10a) – (10d), respectively. And Algorithm C.2 uses the criterions 
(11a) – (11e) to determine whether or not a forward label and a backward label can be merged.  

Algorithm C.1. Dominance Test ( i , f

iUL , f

iTL , b

iUL , b

iTL , 
uL ) 

1: for all 1 2,   f f f f

i i i il l UL TL , 1 2f f

i il l  do 

2:   if the dominance relationship between 1f

il  and 2f

il  did not been test then 

3:     Determine the dominant relationship between 1f

il  and 2f

il  based on conditions (7a) - (7h); 

4:     Discard the dominated label from f f

i iUL TL  and 
uL ; 

5:   end if 
6: end for 

7: for all 1 2,   b b b b

i i i il l UL TL , 1 2b b

i il l  do 

8:   if the dominance relationship between 1b

il  and 2b

il  did not been test then 

9:     Determine the dominant relationship between 1b

il  and 2b

il  based on conditions (10a) - (10d); 

10:     Discard the dominated label from b b

i iUL TL  and 
uL ; 

11:   end if 
12: end for 

 

Algorithm C.2. Merge ( i , f

iUL , f

iTL , b

iUL , b

iTL , LC , 
cn ). 

1: for ,       f f f b b b

i i i i i il UL TL l UL TL  do 

2:   if f

il  and b

il  have never been merged before do 

3:     Merge f

il  and b

il  to create a complete route 
cl , if 

cl  is feasible based on conditions (11a) - (11e); 

4:     if the reduced cost of 
cl  is negative then 

5:       Add 
cl  to LC , 1 +c cn n ; 

6:     end if 
7:   end if 
8: end for 
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